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ABSTRACT
DEEP FRACTIONAL FOURIER NETWORKS

Emirhan Kog
M.S. in Electrical and Electronics Engineering
Advisor: Aykut Kog
August 2024

This thesis introduces the integration of the fractional Fourier Transform (FrFT)
into the deep learning domain, with the aim of opening new avenues for incorpo-
rating signal processing into deep neural networks (DNNs). This work starts by
introducing FrFT into recurrent neural networks (RNNs) for time series predic-
tion, leveraging its ability and flexibility to perform infinitely many continuous
transformations and offering an alternative to the traditional Fourier Transform
(FT). Despite the initial success, a significant challenge identified is the manual
tuning of the fraction order parameter a, which can be cumbersome and limits
broader applicability. To overcome this limitation, we introduce a novel approach
where the fraction order a is treated as a learnable parameter within deep learning
models. First, a theoretical foundation is established to support the learnability
of this parameter, followed by extensive experimentation in image classification
and time series prediction tasks. The results demonstrate that incorporating a
learnable fraction order significantly improves model performance, particularly
when integrated with well-known architectures such as ResNet and VGG models.
Furthermore, the thesis proposes fractional Fourier Pooling (FrFP), a pooling
technique that replaces traditional Global Average Pooling (GAP) layers in Con-
volutional Neural Networks (CNNs). FrFP enhances feature representation by
processing intermediate signal regions, leading to better model performance and
offering a new perspective on integrating signal transformations within deep learn-
ing frameworks. Overall, this thesis contributes to the growing body of research
exploring advanced signal processing techniques in deep learning, highlighting the
potential of FrF'T as a powerful tool for improving model accuracy and efficiency

across various applications.

Keywords: Fractional Fourier Transform, signal processing in deep learning, im-
age processing, time series prediction, deep neural networks, convolutional neural

networks, recurrent neural networks.
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OZET
DERIN KESIRLI FOURIER AGLARI

Emirhan Kog
Elektrik ve Elektronik Miihendisligi, Yiiksek Lisans
Tez Damigmani: Aykut Kog
Agustos 2024

Bu tez, kesirli Fourier Dontigiimii’niin (KFD) derin 6grenme alanina entegrasy-
onunu tanitarak, sinyal iglemenin derin sinir aglarlariyla (DSA’lar) igbirligine
yeni yollar agmay1 amaglamaktadir. Bu caligma, geleneksel Fourier Dontigiimiine
(FD) bir alternatif sunan kesirli Fourier Déniisimiiniin sonsuz sayida siirekli
dontigim gergeklestirme esnekligi ve yeteneginden yararlanarak, KDF’yi za-
man serisi tahmini igin miikerrer sinir aglarma (MSA’lar) entegre ederek
baglar. Tk basariya ragmen, tespit edilen onemli bir zorluk, kesir parame-
tresi a’min elle (manuel) ayarmin zahmetli olmasi ve daha genig uygulanabilirligi
sinirlayabilmesidir. Bu smirlamayi asmak igin, kesir parametresi a’nin derin
ogrenme modellerinde ogrenilebilir bir parametre olarak ele alindigi yeni bir
yaklagim da sunuyoruz. Ilk olarak, bu parametrenin ogrenilebilirligini destekleyen
teorik bir temel olugturulmug, ardindan goriintii siniflandirma ve zaman serisi
tahmini gorevlerinde kapsamli deneyler yapilmigtir. Sonuclar, 6grenilebilir bir
kesir parametresinin dahil edilmesinin, 6zellikle ResNet ve VGG modelleri gibi
iyi bilinen mimarilerle entegre edildiginde, model performansini énemli 6lciide
artirdigin1 gostermektedir. Ayrica, tez, geleneksel kiiresel ortalama havuzlama
(KOH) katmanlarim evrigimsel sinir aglarinda (ESA’lar) degistiren yeni bir havu-
zlama teknigi olan kesirli Fourier Havuzlamasi'n1 da (KFH) 6nermektedir. KFH,
ara sinyal bolgelerini igleyerek ozellik temsiliyetini gelistirir, bu da model per-
formansi artirir ve sinyal dontigiimlerinin derin 6grenme yapilarina nasil en-
tegre edilebilecegine dair yeni bir bakis acisi sunar. Genel olarak, bu tez, derin
ogrenmede ileri sinyal igleme teknikleri konusunda ilerleyen arastirmalara katkida
bulunarak, KFD’nin ¢esitli uygulamalarda model dogrulugunu ve verimliligini

artirmak icin giiclii bir arag¢ olma potansiyelini vurgulamaktadir.

Anahtar sozcikler: Kesirli Fourier doniigiimii, derin 6grenmede sinyal igleme,
goriintli igleme, zaman serileri tahmini, derin sinir aglari, konvoliisyonel sinir

aglari, miikerrer sinir aglari.
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Chapter 1

Introduction

Machine learning approaches based on neural networks are extensively employed
in various domains, ranging from time series and sequence prediction to image
processing, computer vision, and natural language processing (NLP) [1-7]. Al-
though deep neural networks (DNNs) offer increased performance through sophis-
ticated algorithms, there remains potential for further advancements by incorpo-
rating traditional signal processing techniques and concepts. Recently, there has
been a growing tendency toward developing DNN models that are grounded in
more concrete theoretical and analytical foundations. To this end, the integration
of classical signal processing methods, particularly convolutional neural networks
(CNNs) and recurrent neural networks (RNNs), has gained popularity and led to

prominent improvements in performance. [8-14].

In [10], wavelet scattering transforms are integrated with CNNs to tackle text-
independent speaker identification. The features extracted through wavelet scat-
tering are employed as the initial layer in the CNNs, with the remaining layers
trained under supervision. The experiments demonstrated that wavelet scat-
tering transforms provide effective feature extraction for speaker identification
tasks. In [9], a fractional wavelet scattering network (FrScatNet) is applied to

the gland segmentation task on colon histology images. Features are extracted



via fractional wavelet transform and subsequently used to train CNNs. [11] de-
velops a mathematical model for FrScatNet, achieving superior performance in
image classification tasks compared to traditional CNNs. In [12], the authors
introduce empirical wavelet transforms based on Fourier-Bessel series expansion
(FBSE) for enhanced time-frequency representations (TFR) of non-stationary sig-
nals. Inspired by [12], Gupta et al. [13] proposed a novel TFR method leveraging
Fourier-Bessel decomposition for sleep stage classification using CNNs. In [14],
a new TFR approach is introduced, utilizing improved eigenvalue decomposition
of the Hankel matrix and Hilbert transform (IEVDHM-HT) for the classification

of epileptic seizures using least-square support vector machines (SVM).

Fourier Transform (FT) is also deployed in machine learning mostly to reach
computational accelerations. In [15-17], the convolution property of FT is lever-
aged such that convolution operations in layers of DNNs are replaced with
Hadamard point-wise products in FT domain [17]. Since convolutions are com-
putationally costly, the proposed approach enables significant speed-up without
considerable degradation in model performance. [18] proposed a novel convolution
operator named fast Fourier convolution that examines the ensemble of local and
non-local receptive fields in a convolutional layer. [19] showed that discrete Fourier
transform (DFT) based pooling layer enhances translation invariance and shape-
preserving properties in CNN architectures whose average/max-pooling layers
are replaced with the proposed DFT-pooling operation. In addition to these
frequency domain methods that aim to accelerate the model training process,
techniques such as average pooling and maximum pooling are also used to re-
duce the size of the processed image and handle it more effectively. However,
although these methods increase efficiency, they can lead to significant infor-
mation loss due to the reduction in image size, resulting in a decline in model
performance. To prevent significant information loss and significantly improve
model performance, other methods have been proposed. Xu et al. [20] demon-
strated that learning in the frequency domain better preserves image informa-
tion during preprocessing and achieves higher accuracy compared to traditional
pooling techniques. The FcaNet [21] study mathematically showed that tradi-

tional global average pooling (GAP) is a special case of feature separation in the



frequency domain and proposed a method incorporating multi-spectral channel
attention, which improved model performance in image processing tasks without

significantly increasing computational costs.

Similar to the image domain, signal processing tools also enhance the capa-
bility of NLP applications. The seminal work FNet [22] shows that substituting
self-attention layers in transformer encoder [23] with the ordinary, parameter-free
Fourier transform (F'T) considerably accelerates the training with limited perfor-
mance degradation. [24] proposes the introduction of FT into autoencoders to
detect anomalies with less noisy features. The proposed model yields competi-
tive performances with the state-of-the-art. F'T is also used in RNNs to address
vanishing/exploding gradient problems and learn hidden-state information [25].
Several other methods incorporates FT in the DNN models [26-31]

The fractional Fourier transform (FrFT) generalizes the standard FT with a
fraction order parameter a that controls the degree of transformation in the time-
frequency plane enabling representations of signals in a continuum of infinitely
many intermediate domains between time and frequency [32-37]. Thus, FrFT
emerges as a powerful tool with diverse application areas ranging from signal
processing [38], [39] to optical systems [40-42]. Being the direct generalization
of FT, FrFT both inherits FT’s power and provides an additional degree of free-
dom such that a continuum of alternative transformations (and thus information
flow or feature extraction alternative in the neural network models) are accessi-
ble. While FT stands for a single transformation from the time domain to the
spectral domain, FrF'T enables us to scan a family of transforms at a continuum
of intermediate domains between time and frequency, controlled by a single pa-
rameter. The parametric nature of FrFT allows us to map a signal into infinitely
many signal domains and presents a powerful signal analysis tool. In other words,
FrE'T enables us to select the most suitable domains that facilitate the analysis
and operations on the signal. This degree of freedom and capability of FrF'T
motivates us to replace F'T to select the most representative feature domain that
works best in the underlying signal. It is important to note that discrete-time
signals can be represented in fractional Fourier domains using a discrete version

of FrFT, and there are fast digital computation algorithms [43] with O(N log N)

3



time complexity. Analogous to the matrix-vector multiplication in discrete F'T
(DFT) computation, discrete FrF'T (DFrFT) can be calculated by multiplying
the sequence vector with the DFrFT matrix, parameterized with fraction order

a.

These benefits drive the introduction of FrFT/DFrFT to DNNs, where the
underlying models are effectively processed with the most representative signal
domain. In [44], authors take the FNet [22] one step further by introducing
FrENet, a model where the FrFT is employed as a token mixer. They improve
the FNet on several NLP benchmarks without bearing additional model com-
plexity. In a different application domain, [34] also proposed the FrIT model
where self-attention blocks in vision transformer (VIT) [45] are substituted with
FrFT to extract both local and global contexts. Similar to [44], FrFIT outper-
forms the VIT in multimodal remote sensing data classification tasks. In [46],
FrF'T is employed to extract spectral features in hyperspectral anomaly detection

applications.

In previous studies, while efforts were made to find a suitable fractional order
parameter, the values were either not fully reported or confined to a narrow range.
The main purpose of this thesis is to explore the optimal FrFT parameter a in the
context of its application to DNN architectures. To achieve this objective, three
subsequent studies are proposed. The first study involves an extensive parameter
search, treating the fraction order a as a hyperparameter. The second study
defines the fraction order a as a learnable parameter, training the networks to
optimize this parameter by maximizing their performance. Motivated by these
two studies, FrEF'T is applied to image classification task as a trainable maximum

pooling layer.

This thesis is based on the two published journal articles and one conference
proceeding: “Fractional Fourier Transform in Time Series Prediction” [47] and
“Trainable Fractional Fourier Transform” [48], “Maximally Selective Fractional
Fourier Poooling” [49], which are the throughputs of the works conducted during

M.Sc. education.



In this thesis, we first introduce FrFT to the machine learning domain by com-
bining it with RNNs for the time series prediction problem with the motivation of
utilizing a generalized transform capable of implementing infinitely many trans-
formations to increase model performance. We present a model where FrFT is
applied to each segment of windowed time-series signals in the time domain by
replacing STFT-based sequence predictions with fractional orders without chang-
ing the number of computation steps. In other words, FrF'T is applied as equal as
the FT in terms of number of steps. We show that FrFT-based RNN models give
better prediction performances compared to those based on either time and fre-
quency domain. Then, we broaden the scope of utilization of FrFT in the context
of deep learning and propose the fraction order a as a learnable parameter. Thus,
we alleviate the need to search for suitable a and mitigate the shortcomings of the
prevailing studies, which require an extensive tuning process to reach optimal a.
This implies that, through the backpropagation in the network training process,
the FrE'T layers can adapt and optimize the fraction order parameter, thereby
eliminating the need for manual search in determining the proper a value. To
solidify our approach theoretically, we establish a rigorous mathematical formu-
lation showing that the fraction order a can be taken into account of parameter
update through gradient descent in network training. To empirically validate the
efficacy of our proposed theory, we also report experimental results from an ex-
tensive and diverse set of tasks, encompassing image classification and time-series
prediction. In the last study, we present a technique named fractional Fourier
Pooling (FrEFP), which is based on the FrFT. In this approach, we substitute the
Global Average Pooling (GAP) layers that follow the final convolutional layer in
the models with our FrFP layer. This allows for the processing of information

within intermediate signal regions defined by the fractional order a.

The remainder of this thesis is structured as follows. Chapter 2 delves into the
theoretical aspects of FrF'T. Chapters 3, Chapter 4, and Chapter 5 present the
proposed methods and their respective performance results. Finally, Chapter 6

discusses the findings and concludes the thesis.



Chapter 2

Fractional Fourier Transform

> t) =t

Figure 2.1: FrFT is a generalized version of ordinary FT, providing a unified and
intermediate perspective between the time and frequency axis.

FrFT is the generalized version of ordinary Fourier Transform (FT) with a
fraction order a that controls the rotation angle # in the time-frequency plane
and enables us to observe a signal in the intermediate domains between time

and frequency. The FrF'T provides a more versatile analysis tool than the FT,
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allowing a better understanding of signals with time-varying or non-stationary
characteristics. Its ability to smoothly transition between the time and frequency
domains offers valuable insights into the time-frequency behavior of signals. Its
flexibility in balancing time and frequency localizations makes it a powerful tool
for analyzing and processing signals in various domains. It has applications in
a wide range of signal-processing tasks ranging from optical signal processing to

communication systems.

As illustrated in the 2.1, the time representation of the signal corresponds to
the values on the line passing through the time axis. In contrast, the frequency
distribution corresponds to values on the line passing through the frequency axis
of the time-frequency plane. The FrFT allows us to observe the representation
of these signals in arbitrary intermediate domains between time and frequency.
That also corresponds to observing the values in an arbitrary line passing through

the origin of the time-frequency plane.

2.1 Formal Definition

The most direct and concrete definition of a—order FrFT for a signal f(¢) € £L2(R)

is provided in linear integral form as follows:

Falu) = FOLF(0) ) = / " Ka(w ) (t)dt,
Ay, =+/1—jcoty, ¢=an/2, (2.1)

d(u—1), a =4k
Ko(u,t) = ¢ 6(u+1), a =4k +2
Agexp (jm(u® cot ¢ — 2ut csc p + t* cot ¢)), otherwise,

where a € R and k € Z [50-54]. Apart from the continuous-time version, DFrFT
is also established to transform discrete-time signals into fractional Fourier do-
mains. Similar to the well-defined computation of DFT with matrix-vector multi-

plication, DFrFT can also be represented as a matrix-vector multiplication [43,55],

7



where each element of the order-a DFrFT matrix, F¢, is defined as:

Fm,n] = Z ui|m] exp (—j%k) ug[n], (2.2)

k=0
kAN —1+(N),

where (N), = N mod 2, uy, is the k™ discrete Hermite-Gaussian vector whose
derivation thoroughly provided in [2]. Note that the iterated index k takes the
values such that k € M = {0,1,...,N —2,N — (N),}, i.e., the final value of k
is N — (N), which is N — 1 if N is odd, and N if it is even. The DFrFT of a

discrete-time signal X € RY = {x1,xs,...xx} is formally defined as follows:
XF“ == FaX7 (23)

where N is the sequence length and Xpa € RY is the transformed signal in FrFT

domain rotated by 6=a7.

2.2 Derivative of the DFrFT Matrix

We provide a derivative manifestation to the discrete case with matrix-scalar
differentiation. The derivative of DFrFT matrix Eq. (2.2) with respect to the
order a can be computed in element-wise form. Derivation of a matrix with a
scalar produces a matrix with the same size (using numerator notation), where
the elements of the new matrix are element-wise derivatives of the original matrix
with respect to the scalar. The derivative of the DFrFT matrix is denoted as,

F“[m, n|, and provided as the following:

F[m,n] & %F“[m, n] = % keZMuk[m] exp (—j%k) wg[n]
= —jg Z kug[m] exp (—j%k) ug[n]. (2.4)

keM

Element-wise generation of the matrices F*[m,n] and F*m,n] can be tedious,

therefore we can vectorize Egs. (2.2) and (2.4). First, we define some basic



vectors to help us in the vectorization process.

.

HNé[O 1 .-~ N—2 N—(N)Q} : (2.5)
T

AV RN X M M, (2.6)

where A\, = exp (— Ji %k‘) The derivative of a vector with respect to a scalar is
also a vector with an element-wise derivative. Then, by taking the derivative

of Eq. (2.6) with respect to the order a, we have the following;:

(a)
c(a) o OA T va
Av = a_;v > _]E[k)‘k]ke/\/t
Wi T
= =20 X (N = ()N
_Mr" (a)
== ]2<’£®)‘N>7 (2'7)

where ® operator is the Hadamard (element-wise) product. At this stage, we can
directly generate the derivative matrix F¢ by an addition to the last step of the
algorithm provided in [56] such that the eigenvalues relies in )\E\C;) are replaced

with the ones in }\53)

We should indicate that the differentiability of FrFT /DFrFT is the initial step
in discussing and establishing its integrability into neural networks. In Chap-
ter Chapter 4, we use these derivations to justify our approach to constructing

trainable layers within network architectures.



Chapter 3

Fractional Fourier Transform in

Time Series Prediction

The content of this chapter reflects the work described in the following publica-

tion:

e E. Ko¢ and A. Kog, “Fractional Fourier Transform in Time Series Predic-
tion,” IEEE Signal Processing Letters, vol. 29, pp. 2542-2546, 2022..

In this chapter, we introduce the FrFT into time series prediction with se-
quential models including RNNs and gated recurrent units (GRU). We compare
our results with the baseline time domain and standard FT-based methods. We
demonstrated the effectiveness of our approach with several experiments con-
ducted on non-domain specific time series data from a wide range of areas, such

as nonlinear differential equations, finance, and electric energy consumption.
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3.1 Time Series Prediction Using Fractional

Fourier Representations

Our proposed method is structured into two main stages. The first stage, feature
extraction, involves a sequence of cascaded operations designed to produce feature
vectors from time series data. Likewise the short time Fourier transform (STFT)
[57,58], any univariate data sequence X, = {x1,s,x3,...,xr} of length L is
multiplied with a sliding window w, of length 7 and split into M segments.

RM>7  Subsequently, we apply

Resulting segments are stacked to create Xy €
FrFT to each row vector of Xy, by multiplying its transpose with DFrFT matrix of
order a, and Xz« € C™*M is obtained. Finally, {x?}i\le, which are the columns

of Xpa, are extracted as features as the following:

Xn[m] = w,[n — Sm]X,[n], (3.1)
X = W(&,) € RM*™, (3.2)

Xpa = WOXT,, (3.3)

Xpo € C7M iy {x21Y e C7, (3.4)

where W is a mapping from a sequence to a matrix where each row is a windowed
segment X, [m] and W* € C™*" is a DFrFT matrix of a. The second stage of
our approach, referred to as the encoder-decoder phase, employs a many-to-many
encoder-decoder architecture built with either GRU or basic RNN cells [59, 60],
leading to two proposed model variations. The features derived from the first
stage are passed into the encoder component of this stage, while the decoder
operates merely on the original time-series data. Our overall model is illustrated
in Fig. 3.1.

The model is then trained using the training set of the sequential information
that is being studied. The feature extraction procedure is applied to only encoder

. M
training sequences and the features {X}}i: are generated. These features are

1
then fed to the encoder block GRU (or basic RNNs) units sequentially such that
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FEATURE EXTRACTION

Figure 3.1: Feature vectors are extracted from the univariate time series using
3 cascaded operations. The proposed feature extraction method is applied to a
sequence of encoder blocks and fed into GRU/RNN cells. The prediction sequence
of length P is generated at the decoder block.

xL goes to the first encoder unit, and x% goes to the nth one. In the training
procedure’s forward pass, the encoder’s hidden state is initialized to zero, and
weights are initialized with Xavier initializer [61]. In each cell along the encoder,
a new hidden state is produced using the current input and previous state and
passed to the next cell. The state information of the last cell is transferred
to the decoder to initialize the decoder’s hidden states. Similarly, hidden state
information is produced and propagated as in the encoder. Along the decoder,
output vector of each cell is calculated as the multiplication of hidden state vector
hg with output weights Wj,, and passed through tanh activation function. The
output vectors are multiplied with DFrF'T of order —a to calculate the inverse
FrFT, then converted to one-dimensional sequences as in the case with the inverse
STFT [57,58]. The resulting sequence is finally used to perform the prediction.
It is also necessary to mention that the length of the decoder block can differ

from that of the encoder.

In the backward pass, the mean-squared error (MSE) between the predicted

sequence and the decoder training sequence is calculated, and weights are updated
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via backpropagation using RMSProp optimizer [62]. At the end of the training

phase, model parameters, and weights are stored for the inference phase with

unseen test data. In Algorithm 1, we present the details of our training process.

Algorithm 1 Learning sequential information using FRF'T representations. ©
stands for Hadamard point-wise multiplication.

Input: Encoder feature vectors: {XZF}il

Output: Model weights: W fina

1: Parameters: F and D (encoder-decoder sequence lengths), Tj:e, (iteration number)
2: Initialize: W, h? =0

3: for t =1 to Tjte, do

4: Forward Pass:

o: for:=1to F do

6: if GRU then _

7: 28 = 0y (WoaXl + Wioh!ih)

8: i = 0y (WyaXl + Wiehh)

9: ]Alle = tanh(W,, X% + Wi (rl © b 1))
10: hi=zi@h,+(1—2)©hi!
11: else if RNN then .

12: hze = CTg(Wchi—x + Whhhz_l)
13: end if

14:  end for

150 hY« hE

16:  for j=1to D do

17: if GRU then

18: zfl = Ug(thhf_[l)

19: ?"é = ag(Whrhffl)

20: by = tanh (Wi () © )

21: W, =2 o hig+ (1—20) @ k)
22: else if RNN then

23: htji = O'g(Whhhil_l)

24: end if _

25: Vv = tanh(Wy,h’)

26: end for

27: {yp }::1 — {Sf% }]P:l (inverse fractional Fourier Transform and sequence reconstruction)
28: Backward Pass: -

290 Lyse@,y) =+ > i1 (0 —yi)?

30: Update weights: W < W,_;

31: end for

32: return W4

Finally, the stored parameters and weights are used to initialize the test model

in the inference phase. Features extracted from encoder test sequences are fed to
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the encoder network, and the last hidden state is transferred to the decoder. In
each cell along the decoder, output vectors are calculated to generate a prediction

sequence for decoder test data.

3.2 Experiments & Results

In this section, we first provide the information on the datasets. Then, we de-
lineate the implementation and experimental setup. Finally, we demonstrate our

results and compare them with the existing methods.

3.2.1 Datasets

We conducted our experiments on three datasets from different fields. First, we
have taken care that the datasets are not domain-specific to conduct a generaliz-
able investigation. Therefore, datasets are selected from different domains, such
as differential systems, finance, and energy consumption. Second, time-frequency
varying signals are selected since the window-based methods are more suitable

for signals with time-frequency variations.

3.2.1.1 Mackey-Glass Chaotic Time Series

It is generated from a nonlinear, time delay differential system that is described

by the following differential equation [63]:

dv  pa(t—T)
At~ 1+29(t 1)

— yx(t), (3.5)

where 5 =0.2, v =0.1, dt = 0.1, and T = 17. Starting values up to 7T-th second

are initialized as 1 4 u[—0.1,4+0.1] where u stands for the uniform distribution.
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3.2.1.2 USD-TRY Currency Exchange Ratio

Data on the USD to Turkish Lira (TRY) currency exchange ratio [64] are used
from January 1, 2007, until January 1, 2020. Given the significant volatility in
the USDTRY exchange ratio in this time interval, it is challenging to forecast
future values based on historical values. The missing values are filled with the

average value of the prior and following days.

3.2.1.3 University of California - Irvine (UCI) Electricity Load
Dataset

UCI Electricity Load dataset [65] contains the electricity power consumption of
370 clients between 2011 and 2014, with the kW values recorded in a 15-minute
resolution. The data before 2012 is not used due to many missing values. Power
consumption (kW) is converted to energy consumption (kWh) by dividing each
value by 4. Instead of a 15-minute resolution, daily energy consumption is used.

The daily data of each client is also normalized using min-max normalization.

3.2.2 Implementation Details

In our experiments, we initialize the encoder block with a zero state. We set the
learning rate to 0.001 during training and apply it over 30,000, 10,000, and 30,000
iterations for the respective datasets. To enhance training efficiency, the learning
rate undergoes an exponential decay by a factor of 0.9 every 1,000 steps. For the
currency and electric consumption datasets, we employ a Gaussian window of 64
samples, while for the Mackey-Glass dataset, a window length of 128 samples is
used. Evaluating computational cost is critical for assessing model performance
during both the training and testing phases. For a signal of length N, the Fast
Fourier Transform (FFT) and the direct FrFT both have a time complexity of
Nlog N. Alternatively, FrF'T can also be computed using matrix-vector multipli-

cation with the DFrFT matrix, which has a time complexity of N2. Interestingly,

15



for sequences of 64 and 128 samples, we found that using the DFrFT matrix
yields faster computations compared to direct methods. Hence, in our study, we

opted to compute the FrF'T using the DFrF'T matrix approach.

3.2.3 Results

We present the results of six different variants of the proposed FrEFT-based time
series prediction method in our experiments. Each variant is designed to pro-
cess features in fractional Fourier domains. GRU64 and RNN64 stand for GRU
and RNN architectures with hidden state sizes of 64. Similarly, GRU64,p,, and
RNN64,p,, are GRU and RNN architectures with a hidden state size of 64. How-
ever, they are fed with feature vectors filtered using a low-pass filter where the
cutoff frequency is 1/16 of the original signal bandwidth. cgGRU32 and cgGRU64
architectures stand for complex-gated GRUs with hidden sizes of 32 and 64, re-
spectively. Complex-gated GRU [66] is an advanced architecture capable of being

trained with complex-valued weights.

Table 3.1: Mackey-Glass for various architectures and orders a.

Model
a GRU64 RNN64 GRU64.p, RNN64.p, cgGRU64 cgGRU32
0.5 0.030 0.022 71.84 71.63 0.005 0.022
0.6 0.021 0.034 64.14 64.20 0.010 0.020
0.7 0.026 0.026 47.14 47.55 0.011 0.032
0.8 0.020 0.017 2.256 3.614 0.006 0.054
0.9 0.024 0.013 0.039 0.027 0.010 0.039
(1.0 0.023 0.034 0.044 0.012 0.015 0.175 |
1.1 0.027 0.031 0.040 0.041 0.004 0.078
1.2 0.033 0.023 0.942 2.556 0.011 0.029
1.3 0.018 0.019 46.85 46.91 0.009 0.013
1.4 0.024 0.016 64.13 64.19 0.009 0.014
1.5 0.016 0.017 71.71 71.81 0.013 0.035
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Table 3.2: Try/Usd for various architectures and orders a.

Model
a GRU64 RNN64 GRUG64.p, RNN64.p, cgGRU64 cgGRU32
0.5 9.33 9.78 63.22 63.31 9.07 8.81
0.6 9.72 9.32 49.01 48.95 8.95 7.65
0.7 9.61 10.17 43.43 43.05 9.03 8.48
0.8 9.84 9.28 10.08 10.40 8.84 8.49
0.9 9.99 8.72 9.91 10.39 9.23 9.10
[1.0 9.74 8.15 10.74 10.92 8.57 9.73 |
1.1 9.54 9.03 10.08 10.39 9.33 8.94
1.2 9.43 9.89 10.83 10.92 8.84 8.48
1.3 9.70 10.44 44.55 44.58 8.06 8.15
1.4 10.13 10.05 49.08 48.89 9.38 8.23
1.5 9.05 10.17 62.70 62.96 9.22 8.68

Table 3.3: Electric consumption for various architectures and orders a.

Model
a GRU64 RNN64 GRU64.p, RNN64.p, cgGRU64 cgGRU32
0.5 28.54 11.98 79.52 71.43 17.25 22.30
0.6 21.26 10.92 59.73 55.93 19.39 20.30
0.7 20.62 11.58 56.78 47.2 16.27 19.78
0.8 26.65 10.34 12.98 14.33 15.14 21.71
09 1995 10.36 12.47 7.51 18.41 19.00
(1.0 19.00 10.54 10.12 8.38 16.98 20.63 |
1.1 17.24 11.52 12.94 8.03 16.86 20.62
1.2 18.58 10.40 11.89 8.65 17.18 19.70
1.3 25.38 10.64 53.55 47.26 18.68 25.65
1.4 18.82 10.42 61.86 56.41 19.72 18.38
1.5 21.54 12.19 85.77 71.43 18.41 20.31
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Table 3.4: Best model performances of the proposed method are compared to
baselines that use GRU/RNN.

Dataset Model NMSPE(%)
RNNG64 (a;=0.944) 0.0035
Mackey-Glass cgGRU64 (a=1.1)  0.004

GRU64p4sciine 0.23
RNN64pserine 5.48
: cgGRU32 (¢;=1.277) 6.59
TR P cgGRU64 (a=1.3) 8.06
GRUG64pgsctine 10.30
RNN64pserine 12.01

GRUG4 (4;=0.858)  6.20
RNN64,p, (a=0.9) 7.51

GRU64pqseine 10.84
RNN64paseiine 14.76

Electric Consumption

We utilize normalized mean-squared percentage error (NMSPE) as our assess-

: : S (wi—90)*
ment metric. It is formally defined as 100=£=4 e
1=1\J

age, where vy; is the target value and ¢; is the predicted value. In Tables 3.1-3.3,

and expressed as a percent-

the performances of various methods are presented with respect to different FrFT
orders and architectural differences for all three datasets. In the tables, results
for the special case of the ordinary FT (order a = 1) are boxed as baselines,
and better-performing results with respect to their corresponding baselines are

emboldened.

Our experiments are not confined to fixed parameter search such that we also
conduct experiments by including the fraction order a in the parameter learning
stage. The fraction order @ is taken into account a trainable/learnable weight
likewise to the remaining trainable network parameters. Instead of manually
searching for the optimal value, a is randomly initialized from the uniform distri-
bution U ~ (0.5,1.5) and learned in the network iteratively to minimize training
loss. We denote the learned fraction orders as q; in order to discriminate them

from manually selected fraction orders a that are tabulated in Tables 3.1-3.3. The
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performances of the best model with the value of learned fraction order a; are tab-
ulated in Table 3.4. We also compare our proposed methods with GRU644scrine
and RNN64y4se1ine, Wwhich are conventional time series prediction methods that do

not use Fourier analysis, and the results can be found in Table 3.4.

In each experiment, the best model performance is achieved by the proposed
method, using a manually-adjusted fraction order a, significantly outperforms
the baseline methods at fraction orders other than a = 1.0. Furthermore, our
proposed approach with a learned fraction order a; not only automates the pa-
rameter search process but also significantly enhances model performance. These
encouraging results show that the FrFT-based time series prediction improves
both conventional baseline methods and the standard FT-based time series pre-

diction.

It should be indicated that the fraction order values are mainly considered
as hyperparameter and investigated the suitable values. The notion of train-
ability requires a stronger theoretical foundation to support experiments with
the learnable fractional order a. Therefore, in the following chapter, we present a
mathematical formulation illustrating how the FrFT can be integrated into neural

network layers as a trainable layer.
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Chapter 4

Trainable Fractional Fourier

Transform

This chapter introduces the incorporation of the FrFT, a parametric signal trans-
formation, as a trainable layer within neural networks. We showed that the
fraction order a can be learned concurrently with remaining network parameters
(weights) through backpropagation during the training stage. Our main objec-
tive is to establish a theoretical foundation for this concept, which is verified by
extensive experiments across various tasks. In our image classification experi-
ments, we replace the traditional average pooling layer, located between the last
convolutional layer and the fully connected layers, with a trainable FrFT pool-
ing layer. We use pre-trained models like ResNet18, ResNet34, ResNet101 [67],
and VGGI16 [68] as our base networks, integrating the FrF'T pooling layer and
comparing its performance against the original time-domain baselines and the
DFT/FFT-based pooling method proposed in [19].

For time series prediction, we devise FrF'T as a trainable layer to extract fea-
ture vectors by converting the time-domain input data into the fractional Fourier
domain. These transformed inputs are then processed through encoder-decoder
architectures, including sequence models like RNN, GRU, and LSTM. We com-

pare the performance of these FrET-based sequence models to those trained on
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features in both the time and Fourier domains. Our experimental results support

the potential of our utilization of FrFT across different tasks.

The content of this chapter reflects the work described in the following publi-

cation:

e E. Ko¢ , T. Alikasifoglu, A. C. Aras, and A. Kog, “Trainable Fractional
Fourier Transform,” IEEE Signal Processing Letters, vol. 31, pp. 751-755,
2024..

4.1 FrFT Layer Update

Representation of a network graph where the /** hidden layer is a FrF'T layer is
provided in Fig. 4.1, which can be seen as a dimension-preserving fully-connected
layer, where all the weights are parameterized with the fractional order a, and
the relationship between the activation values of the (™ and (¢ —1)" layers is

given by y© = ¢ (F“y(g_l)) for some activation function ¢.

Let C be the defined cost for the network, which can ultimately be expressed
as a function of the ¢*"-layer output vector of the network, i.e., C = f(y®).
Let V (»C be the row vector representing the gradient of the cost function with
respect to the entries of /** layer’s output vector. Then, for a learning rate of 7,

the update policy for the fractional order can be written as:

da
with (4.1)

— ¢ (Fay(ffl)) o (Fay(871)> ’

Ouy®
Qpew = Qold — 7] (V(Z)C) ’ < Y > )

oy
da

where ¢ is the derivative of the activation function, and F? is derived in

Eq. (2.4). We utilize a basic, fully connected layer to illustrate the concept of
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Figure 4.1: Representation of a network graph where the ¢! hidden layer is the
FrF'T layer, which can be seen as a dimension-preserving fully connected layer
where all the weights are parameterized with the fractional order a, and ygk)
corresponds to activation value of the i index of the k'™ layer’s output.

trainability, intending to clarify how the parameter updating mechanism works.
The process of parameter update in neural networks, irrespective of the model or
architecture, fundamentally depends on backpropagation. Crucially, the principle
of learning the optimum a remains consistent across different applications that
utilize those abovementioned deep neural network architectures; fully connected
layers, CNNs, and RNNs, in their tasks. Hence, the derivations for learning a
constitute a comprehensive formulation applicable to different neural network
training processes, leveraging the backpropagation mechanism and relying on the
gradient descent algorithm. This consistency originates from a common principle
of weight updates across these models, which is primarily driven by the gradient
descent algorithm. As a result, we opted to employ a fully connected layer as an

abstraction to effectively illustrate this concept.
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4.2 'Trainable FrFT Layers

We introduce the FrF'T as a trainable layer in different DNNs,; including CNNs,
and sequence models such as RNN, GRU, and LSTM. In CNN architectures, the
FrF'T pooling layer is placed between the last convolutional and fully connected
layer by substituting the conventional average pooling layer. In sequence models,
FrFT is employed as a learnable feature extraction method, where the time do-
main input features are transformed into fractional Fourier domain and processed

in the time series prediction models.

4.2.1 Trainable FrFT Magnitude Pooling Layer

FC 8192x1
Feature Map  Feature Map in 2D-FrFT Domain S S _IR

IFCQ c R4096 x1

Low-pass FCy K
F (F“ (1) U Filter Flatten |:| I €R
—_—
LP 4x4x512
I, € R !

I c R7X7X512 IFal o € R7><7><512

Figure 4.2: The feature map of size 7 x 7 in the last convolutional layer is trans-
formed to the FrRT domains using 2D-FrFT with fraction orders a; and ay. The
high-frequency components are removed in the transformed domain, and the fully
connected layer takes primarily the low-frequency information contained in the
4 x 4 area at the center of the FrFT coefficients. K stands for the number of
image categories.

The last convolution layer produces feature maps I € REXCXMXM 'where B is the
batch size, C' is the channel size, and M is the spatial resolution. Explicitly, the
M x M feature maps correspond to the activations of neurons encoding the visual
information, such as shape and location, which are employed in discriminating
different image classes [19]. In the base networks, the last convolutional layer is
followed by an average pooling layer such that the feature maps I € REx¢xMxM

IAP c RBXCXIXI

are transformed into , where AP stands for average pooling
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operation.

FrFT magnitude pooling applies a 2D-FrFT to each channel of its input feature
maps I € REXCXMXM “Note that 2D-FrFT is only two consecutive FrFT opera-
tions in an image channel’s width and height dimensions [69]. Subsequently, the
magnitude of the resulting fractional Fourier coefficients is adjusted by cropping
them to a square size of N x N. This cropping effectively removes high-frequency
components from the coefficients. The remaining coefficients primarily represent
low-frequency information and are then passed on to a subsequent fully-connected
layer. In Fig. 4.2, incorporating the FrFT into CNNs as a trainable pooling layer

is illustrated.

Formally, given the input feature maps I € REXCXMXM " the 9D-FrFT trans-

formation with fraction orders a; and ay is defined as:
L =FFT,, (FrFT,, (L)), (4.2)

where denotes the transformed feature maps for batch b and channel c.

1FrFT
C
After transformation, the magnitude of the FrFT coefficients is computed and

cropped to N x N:
mag __ |7FrFT
Ibc - |Ib:C ‘I:N,I:N'

(4.3)
These cropped coefficients are then fed into the fully connected layer, which
performs classification over K image categories. The final classification output

y € RB*K is obtained, and the cross-entropy loss is minimized for training:

B

K
Lop = —% S vinlog fin, (4.4)

=1 k=1

where y; 1, is the ground truth label and g, ; is the predicted probability for class

k of sample 1.
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4.2.2 Trainable FrFT Representations in Time Series Pre-

diction
ENCODER
hi h2
—————> LSTM —> LSTM —> ==+ LSTM
?ﬁ"ﬂ
Xi ER}H,EE {13233*1":-'[‘} DECODER h:!|
i 5 b <
[ Xp cRPM | | LSTM L LSTM <2 LSTM
1 e o
| Xy e REXM | [ Yy € RPM ]
Tw w1

«
L1 L2 T3 vewsss LT time time YT v v Y3 Y2 Y1

Figure 4.3: FrFT is applied to windowed segments obtained from the univariate
time series. The fractional Fourier domain feature vectors are fed into the encoder
blocks that consist of LSTM cells. The decoder output is transformed to the time
domain using inverse FrF'T with fraction order —a.

In time series prediction tasks, we use FrF'T as a trainable layer to extract
features from the input data prior to feeding the features into the encoder-decoder
architectures with sequence models. We follow the similar underlying model
architectures and training strategy proposed in [47] and [60] to investigate the

learnability of fraction order a.

Our proposed method consists of two main stages. First, the univariate

RB*T is transformed into a multivariate sequence data

time series data X €
Xy € RBXEXM “where B is the batch size, T is the length of univariate time
series, L is the multivariate sequence data length and M is the sequence dimen-
sion. The transformation is performed such that X € RZ*7T is divided into L
segments of length M with a sliding window function W € RM. Afterwards,
Xy € RBEXIXM g transformed into FrFT domain with a fraction order a along

c RBxLxM

the M dimension and the resulting feature sets Xga are prepared for

network training. The second stage comprises the training of encoder-decoder
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architecture with basic RNN, GRU, and LSTM cells. The real parts of features
Xpa € REXIXM generated in the initial stage are fed to the encoder of the second
stage as a sequence of feature vectors Xp. = {x!,x?,...,x*}, where x' € RE*M
and L is also the number of encoder cells. The state information hZ of the last cell
is transferred to the decoder to initialize the decoder’s hidden states. Similarly,
hidden state information is produced and propagated as in the encoder. While
the encoder receives input features, the decoder gets zero vectors as input, mean-
ing it receives no input information. The decoder outputs a sequence of vectors
Y ={yly?%...,y}, where y' € RE*M Y can also be devised as the matrix of
feature vectors Y € REXI*M - Then, the feature matrix Y is transformed back
to the time domain with DFrFT of order —a constituting the Yg-o. The result-
ing time domain feature vectors are then converted to one-dimensional sequence
Y,rea € RP*T through inverse window function W', Finally, the network is
trained to update and optimize network weights, including fraction order a, us-
ing backpropagation iteratively and reducing the MSE between Y,..q € RF*T and
the ground-truth values Yi4pget € RE*T | The overall architecture using LSTM as

a sequence model is depicted in Fig. 4.3.

The formal explanation of feature extraction, network training, and optimiza-

tion is given as follows:

Xw = W(X), (4.5)

Xpo = XwFo, (4.6)

Xpa—dpe = {x',x%, ..., x}; x" € RPM, (4.7)
Encoder(State = h°, Input = Xpa) — hZ = S, (4.8)

Decoder(State = hl, Input = 0's) — Y = {y', y* ..., y*}y' e R®*M (4.9

Y =Y ¢ REXEXM (4.10)
YF =Yg, (4.11)
W (Yg-a) = Yprea € REXT (4.12)
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1

£MSE (Ypreda Ytarget) — ﬁ Z(Ypred - Ytarget)27 (413)
acr Y Te 7Y arge
W, Wi — a 155 (Yprea: Yiarg t>, (4.14)
AWy

where W, is the updated weights, Lys5(Y pred, Yiarget) is the MSE loss between

predicted and ground-truth sequences and « is the learning rate.

4.3 Experiments & Results

We considered a comprehensive range of tasks, including image classification using
the CUB-200-2011 [70], CIFAR-100 [71], and CIFAR-10 [72], along with time
series prediction using the Electricity Load [73] and Exchange Rate [64] datasets.
In image classification, we use the variants of ResNet [67] and VGG16 [68] to
conduct our experiments on models with diverse scales. In each dataset, images
are resized to 224 x 224 for compatibility with the CNN models. Encoder-decoder
architectures with RNN, GRU, and LSTM are employed in time series prediction
tasks.

4.3.1 Experimental Setup

For image classification tasks, each model is trained using the SGD optimizer,
with a learning rate of 1073, a momentum of 0.9, and a regularization constant
of 10~*. Due to the complexity of the models, batch sizes of 64 and 32 are chosen
for the ResNet variants [67] and VGG16 [68], respectively. The pooling size N for
the FrF'T pooling layers is set to 4. In time series prediction tasks, each sequence
model is trained with the Adam optimizer, also using learning rate of 10~ and an
Ly-regularization constant of 107*. For experiments on the Electricity Load [73]
dataset, a batch size of 32 is used. The window size for generating segments and

the hidden state dimension of the sequence models are both set to 128.

We also implement baseline models based on the time domain and FF'T using
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the same configurations to ensure a thorough, rigorous and fair comparison with
our FrFT-based models compared to their counterparts. More explicitly, in image
classification tasks, we evaluate our approach against models that use traditional
average pooling layers [67], [68] and FFT pooling layers [19], both with a pooling
size of N = 4. For time series prediction tasks, we compare our method to models

using input features in the time and Fourier domains.

4.3.2 Datasets

In this work, we employ three datasets for image classification and two datasets
for time series prediction experiments. Here, we provide the datasets utilized in
image classification tasks. The information for time series datasets is given in

Section 3.2.1

4.3.2.1 CUB-200-2011

Consists of 11,798 bird images of 200 subcategories, of which 5,994 and 5,794
are selected for training and testing, respectively. It is commonly used in fine-
grained visual categorization tasks. Each image is annotated in detail with one

subcategory label, 15 part locations, 312 binary attributes, and one bounding
box [70].

4.3.2.2 CIFAR-100

The CIFAR-100 dataset is a subset of the Tiny Images dataset and contains
60, 000 color images of size 32 x 32. Image categories are distributed evenly such
that each class consists of 600 images. The 100 classes in the CIFAR-100 are
grouped into 20 superclasses. Each image comes with a “fine” label (the class to

which it belongs) and a “coarse” label (the superclass to which it belongs) [71].
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4.3.2.3 CIFAR-10

Likewise, the CIFAR-10 is a subset of Tiny Images datasets and consists of 60, 000
color images in 10 classes of size 32 x 32, where each image class consists of 6, 000

images [72].

4.3.3 Results

Table 4.1 shows the performance of models with average pooling, FFT-pooling,
and FrET-pooling layers evaluated using CUB-200-2011 [70], CIFAR-100 [71] and
CIFAR-10 [72] datasets on ResNetl18, ResNet34, ResNet101 [67], and VGG16
[68] architectures. The proposed FrFT-based models consistently outperform
the base and FFT-based models over all datasets. In Table 4.2, we compare
the performance of LSTM, GRU, and RNN models that extract features in time,
FFT, and FrFT domains. Each method is evaluated using root mean square error
(RMSE) and mean absolute error (MAE) on Electricity Load and Exchange Rate
datasets. In all datasets, the proposed FrFT performs better than time-domain

and Fourier-domain-based approaches in time series prediction.
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Table 4.1:  Accuracy (in %) of FrFT-based method with time and FFT-based
methods on three benchmarks and four CNN models.

CNN Model Transform

Dataset

CUB-200-2011 CIFAR-100 CIFAR-10

Time 70.95 80.78 95.54
ResNet18 FrFT 71.56 81.20 95.70
FFT 71.14 81.09 95.63
Time 74.64 82.89 96.34
ResNet34 FrFT 74.76 83.91 96.77
FFT 74.30 83.79 96.65
Time 78.81 85.97 97.64
ResNet101 FrFT 79.35 86.81 97.75
FFT 79.00 86.71 96.82
Time 77.75 77.13 94.43
VGG16 FrFT 78.70 77.70 94.78
FFT 78.13 77.44 94.42

Table 4.2: Comparison of the FrFT-based method with time and FFT-based
methods on two benchmarks, and LSTM, GRU, and RNN models.

Model Transform

Dataset

Exchange Rate ‘ Electricity Load

RMSE | MAE | | RMSE | MAE |

Time 1.294 1.193 0.181 0.150
LSTM FrFT 1.170 1.121  0.176 0.138
FFT 1.197 1.136 0.177 0.140
Time 1.293 1.194 0.197 0.146
GRU FrFT 1.201 1.124 0.182 0.144
FFT 1.211 1.333 0.184 0.145
Time 1.185 1.148 0.187 0.151
RNN FrFT 1.142 1.101 0.167 0.133
FFT 1.226 1.158 0.180 0.142
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4.3.3.1 Learned Fraction Orders

The initial value of fraction orders is set as 1.0, ensuring compatibility across
diverse models but also steers models to surpass the FT-based approaches. In
Table 4.3, the learned fraction orders, a; and ao, are presented for our image
classification tasks with ResNet18, ResNet34, ResNet101, and VGG16 on CUB-
200-2011, CIFAR-100 and CIFAR-10. Table 4.4 gives the learned fraction order
a values for our time series prediction tasks with LSTM, GRU, and RNN models

on Exchange Rate and Electric Load datasets.

Table 4.3: The learned fraction order values are presented for image classification
tasks. a; and as refer to the fraction orders of 2D-FrFT operation in width and

height dimensions of the image.

Datasets
Model CUB-200-2011  CIFAR-100  CIFAR-10
ap | as ay | az ar | a
ResNet18  1.0600 | 1.0010  0.9951 | 0.9124  1.0140 | 1.1810
ResNet34  0.9992 [ 0.9967 0.9978 | 1.0410  0.9638 | 0.8142
ResNet101  1.0910 | 1.2380  0.9978 | 1.0950  1.0030 | 1.2300
VGGI6  0.9947[0.9760  0.9974 | 1.0040  1.0030 | 0.9550

Table 4.4: The learned fraction order (a) values are presented for time series

prediction tasks.

D
Model atasets
Exchange Rate Electric Load
LSTM 1.0350 0.9983
GRU 0.9997 0.9973
RNN 0.9998 0.9997
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4.3.3.2 Learned Fraction Orders vs Fixed Fraction Orders

We also examine the performance in both tasks using fixed fractional orders such
as 0.25, 0.5, and 1.0. Subsequently, we compare the model performance with

these fixed orders to the results of our proposed method.

Results indicate that the fixed values of fraction orders still demonstrate
promising performance, especially in image classification tasks. However, their
results are inferior to those with learned fraction orders denoted as a;eqrneq, Where

their exact values for each model, dataset, and task are provided in the Table 4.3
and Table 4.4.

Table 4.5:  Accuracy values (in %) for various fraction orders. 0.25, 0.50, 1.00
(FFT) denotes the fixed fraction orders, and ajeqmeq represents the trainable
fraction orders.

Model Order Dataset

CUB-200-2011 CIFAR-100 CIFAR-10

0.25 69.12 80.09 95.64
ResNet18
0.50 69.87 81.11 95.64
1.00 71.14 81.09 95.63
Alearned 71.56 81.20 95.70
2 2.1 2 42
ResNet34 0.25 72.10 83.23 96
0.50 72.11 83.53 96.67
1.00 74.30 83.79 96.65
Alearned 74.76 83.91 96.77
.2 ) 1 )
ResNet 101 0.25 76.56 86.17 97.36
0.50 78.32 86.57 97.69
1.00 79.00 86.71 96.82
Alearned 79.35 86.81 97.75
0.25 74.66 76.41 93.86
VGG16
0.50 77.16 77.01 94.24
1.00 78.13 77.44 94.42
Alearned 78.70 77.70 94.78
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Table 4.6: Model performance for fixed and learned fraction orders in time series
tasks. 0.25, 0.50, 1.00 (FFT) denotes the fixed fraction orders, and aeqrneq rep-
resents the trainable fraction orders.

Model Order Dataset
Exchange Rate ‘ Electricity Load
RMSE | MAE | ‘ RMSE | MAE |

0.25 1.225 1.479 0.409 0.311

LSTM 0.50 1.224 1.151 0.394 0.307
1.00 1.197 1.136 0.177 0.140
Qlearned 1.170 1.121 0.176 0.138

0.25 1.201 1.214 0.417 0.320

GRU 0.50 1.203 1.216 0.360 0.274
1.00 1.211 1.333 0.184 0.145
A 1.201 1.124 0.182 0.144

0.25 1.197 1.140 0.343 0.265

RNN 0.50 1.216 1.152 0.370 0.294
1.00 1.226 1.158 0.180 0.142
Alearned 1.142 1.101 0.167 0.133

4.3.3.3 Inference Times

In Table 4.7 and Table 4.8, we illustrate the inference times for our image

classification and time series prediction tasks, respectively. The results show that

our FrFT-based methods outperform both the time and FFT-based approaches

without adding a significant computational cost.

The differences in inference

times between our FrFT-based approach and the other methods are mainly due

to our intentional choice of a long sequence length of 128 in the time series

prediction tasks. However, it is important to note that this difference does not

pose a challenge during the training phase, as the inference times remain within

the millisecond range.
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Table 4.7: Inference time (in milliseconds) comparison between time, FFT, and
FrFT-based methods in classification tasks.

Model Transform Dataset
CUB-200-2011 CIFAR-100 CIFAR-10
Time 4.82 0.99 0.99
ResNet18 FrFT 5.42 1.33 1.37
FFT 5.18 1.01 1.10
Time 4.67 1.05 1.02
ResNet34 FrFT 5.51 1.56 1.54
FFT 4.96 1.01 1.04
Time 4.95 1.13 1.16
ResNet101 FrFT 6.00 2.68 2.77
FFT 4.57 1.15 1.20
Time 4.34 0.92 0.91
VGG16 FrET 6.00 2.88 2.91
FFT 4.34 0.98 0.95

Table 4.8: Inference time (in milliseconds) comparison between time, FFT, and
FrFT-based methods in time series prediction tasks.

Model Transform Dataset

Exchange Rate  Electricity Load

Time 1.95 2.00
LSTM FrFT 33.65 20.05
FFT 2.50 2.80
Time 1.70 1.75
GRU FrFT 36.20 22.10
FFT 2.10 2.40
Time 1.10 1.40
RNN FrFT 32.20 28.50
FFT 2.10 2.35
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Chapter 5

Maximally Selective Fractional

Fourier Pooling

In this chapter, we present our pooling approach that combines FrFT and GAP
techniques which are overwhelmingly applied to CNNs in image classification
tasks. More explicitly, to reduce the information loss that may arise from the GAP
technique and to improve the model performance of image classification mod-
els without significantly increasing computational costs, we introduce a method
called FrFP, a FrFT-based pooling technique. Essentially, we replace the GAP
layers following the final convolutional layer of the models with our proposed
FrFP layer, enabling the processing of information in intermediate signal regions
determined by the fractional order a. In this work, we define the fractional order
a as a learnable parameter, allowing the model to automatically determine the

optimal data representation for the FrFP process.

The content of this chapter reflects the work described in the following publi-

cation:

e E. Koc, Y. E. Ekiz, H. Ozaktas and A. Ko¢, “Maximally Selective Frac-
tional Fourier Pooling,” 2024 32nd Signal Processing and Communications
Applications Conference (SIU), pp. 1-4, 2024..
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5.1 Problem Definition

Mathematically, the average pooling method can be expressed as follows: a

RBXCXHXW

feature map X € , after passing through an average pooling layer

that halves the spatial dimensions, is transformed into a new feature map
X c RBXC’XH/QXW/Q
avg .

A more specialized type of pooling, known as GAP, which is predominantly
used between the last convolutional layers and fully connected (FC) layers of
deep neural networks (DNNs), does not solely halve the size of each channel but
instead averages all pixel values in each channel to convey a single scalar value
from each channel to the subsequent layer. More clearly, given an input feature
map X € RBXCXHXW the GAP layer generates Xgap € REXCXIX1 Here, B
denotes the batch size, C' denotes the channel dimension, and H and W denote

the height and width of an image, respectively.

As observed, the information passed to the next layer following the GAP layer
is considerably minimal. Even though this operation aims at increasing efficiency,
it can lead to large information loss. More importantly, the proximity of the GAP

operation to the classification layer makes this loss irreversible and inevitable [74].

To address these potential tackles with GAP, we propose using the FrFP layer
instead. In the FrFP layer, the input feature maps are transformed into the frac-
tional Fourier domain along the H and W dimensions using a two-dimensional
FrFT. It is worth noting that the two-dimensional FrF'T is essentially an exten-
sion of the one-dimensional FrFT process applied separately along both the height
and width dimensions of the image [69]. This operation is performed separately
for each channel. Subsequently, pixel values in the fractional Fourier domain
for each channel are sorted by their absolute magnitudes. From this sorted list,
the top k pixel values are selected. This process is applied separately across
all channels, and the selected values from all channels are combined into a sin-
gle feature vector, which is then forwarded to the fully connected (FC) layer,

similar to GAP. Specifically, given an input feature map X € RBEXCXHXW the
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Figure 5.1: Top: Illustration of the traditional GAP operation. All pixels in
the spatial region of each channel of the feature map are averaged and combined.
The resulting new feature vector is forwarded to the fully connected (FC) layer
for classification. Bottom: Illustration of our FrFP approach. The feature
map is first split into channels. Images in each channel are transformed into
the fractional Fourier domain using DFrFT, and the pixels/coefficients are sorted
by their absolute values. The k-largest coefficient values in each channel are
selected and combined into a single feature vector. The resulting new feature
vector is forwarded to the fully connected (FC) layer for classification. Here, F%?
represents the two-dimensional FrFT.

DFrFT matrices F, € R?*H and F, € RY*W are used for multiplication, result-
ing in Xp,, € REXOHW Here, a and b denote the fractional degrees of the
DFrFT operations. As explained in Section 4, we incorporated these fractional
degrees into the model’s training process, enabling automatic learning. After this
stage, the top k pixel (FrFT coefficient) values with the highest magnitude are
selected for each channel, and these values are combined into a single feature
vector Xp®" € RB*KC | which is then passed to the fully connected (FC) layer. It
is noteworthy that ”k” is treated as a hyperparameter set by the user. All these

processes are visualized in Figure 5.1.
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5.2 Experiments and Results

In this study, we replaced the GAP layers in our image classification models with
the proposed FrFP layers. We trained both the original models with GAP and
the models with FrFP using the same hyperparameters and training strategy on
two different datasets. Specifically, to ensure a fair comparison, we trained and
tested the same model with both GAP and FrFP layers using identical training
methods and configurations. This section presents details of the experiments and

results.

5.2.1 Experiment Details

In this work, we set the batch size to 32 for VGG11 and to 64 for all other models.
This choice is due to the larger memory footprint of the VGG11 model compared
to the others. Similarly, we set the number of epochs to 100 for VGG11 and to
50 for all other models. We chose the pooling size k to be 16, as we observed
that even transferring approximately 1/3 of the information from 7 x 7 pixel-sized
channels was effective in improving model performance. To prevent overfitting,
we employed both Lo-regularization and early stopping. We applied the early
stopping method with a patience value of 10 on the validation dataset. We used

SGD as the optimizer. All hyperparameter values are listed in Table 5.1.
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Table 5.1: Hyperparameters to train models

Hyperparameter Value
Batch size (32, 64]
Initial learning rate 1x1073
Pool size 16

Epoch number [50, 100]
Patience 10
Optimizer SGD
Momentum 0.9
Regularization Ridge (£2)
Regularization coefficient()\) 5x 1074
Scheduler CosineAnnealingLR

5.2.2 Results

To comprehensively compare our FrFP-based pooling method with the traditional
GAP method, we evaluate both FrFP and GAP versions of common CNNs such
as DenseNet121, ResNet variants, VGG11, MobileNetV2, EfficientNet, and the
encoder-based Swin Transformer V2 model on the CUB-200-2011 [70] and CIFAR-
100 [72] datasets. The experimental results show that our FrFP method surpasses
the GAP-based models in all model and dataset combinations, except for the
performance of the ResNet101 model on the CIFAR-100 dataset. Table 5.2
compares the model accuracy of the two different pooling methods across all

models and datasets.
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Table 5.2:  Accuracy comparison of GAP and FrFP-based methods on two
benchmark datasets and nine image classification models.

. Dataset
Model Pooling Method
CUB-200-2011 CIFAR-100
GAP 78.65 82.43
DenseNet121 [75]
FrFP 79.59 84.36
GAP 73.00 79.88
ResNet18 [67]
FrFP 73.76 81.37
GAP 75.04 82.50
ResNet34 [67]
FrFP 75.65 83.61
GAP 78.58 83.52
ResNet50 [67]
FrFP 78.81 83.75
GAP 78.72 86.87
ResNet101 [67]
FrFP 79.48 86.21
GAP 71.78 75.04
VGG11 [68]
FrFP 74.85 75.52
GAP 71.83 79.09
MobileNetV2 [76]
FrFP 73.40 79.26
N GAP 74.00 84.88
EfficientNet BO [77]
FrFP 76.08 85.54
GAP 82.14 87.00
Swin Transformer [78]
FrFP 83.91 87.20
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Chapter 6

Discussion and Conclusion

In this thesis, we introduced and explored the integration of the FrFT within the
deep learning domain, showcasing its potential to enhance model performance
across various tasks. We started our exploration by introducing FrFT into se-
quence models for time series prediction. Our main motivation behind this work
stemmed from FrFT’s ability to perform an infinite number of transformations,
offering a flexible alternative to FT. While this work shows promising results and
underlines the potential of using FrF'T in prospective deep learning studies, one
limitation remains: similar to current works in literature, the fraction order a
has traditionally been considered as a hyper-parameter that requires exhaustive
tuning to determine the optimal value. This process can be cumbersome and

time-consuming, potentially limiting the broader applicability of the models.

By aiming at addressing this limitation, in the second work of this thesis, we
expanded the use of FrFT in the domain of deep learning by introducing the
fraction order a as a learnable parameter. First, we established a robust theoret-
ical and analytical foundation, offering a formal explanation of the parameter’s
learnability. Subsequently, we performed a diverse array of experiments in image
classification and time series prediction tasks demonstrating the success of our ap-
proach. Moreover, in our image classification models, we selected well-established
models such as ResNet18, ResNet34, ResNet101, and VGG16. These models are
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commonly used as backbones for large-scale architectures for image segmentation
and object recognition tasks, where their intermediate features and classification
performance play a pivotal role in the overall success of these tasks. This suggests
that our method can also be effectively integrated into large-scale models through

their backbones, and improves the performance of the aforementioned tasks.

In the final study, we introduced FrFP, a pooling technique that leverages
FrFT to replace GAP layers in CNNs. The FrFP layers processed information
within intermediate signal regions defined by the fractional order a, offering a
more refined representation of features compared to traditional pooling methods.
This approach not only improved model performance but also provided a new
perspective on how signal transformations can be integrated into the deep learning

pipeline.
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