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Bu caligsmada,yuzeyi kuplajli sinir sartlartyla simulize edilmis sonsuz ince
yarim dizlem chiral tabakaya gelen dizlemsel elekromagnetik dalgamn kirmnim
problemi incelendi. Daha 6nce, M. A. Lyalinov, A. H. Serbest ve T. Ikiz tarafindan
Maliuzhinetz yontemiyle ¢ozilen bu problem Wiener-Hopf teknigiyle ele alinmstur.
Bu yapiya karsilik gelen sinir deger problemi Fourier dontisum teknigi kullanilarak
bir Wiener-Hopf denklemine indirgendi. Bazi belirli dontstimler kullamlarak skaler
Wiener-Hopf denklemi elde edildi. Wiener-hopf c¢ekirdeginin faktorizasyonu
Maliuzhinetz fonksiyonu kullanmilarak yapildi. En dik inis gizgisi yontemi ile analizi
yapilan alan integralinden difraksiyon katsayisi elde edildi ve parametrelerin belirli
degerleri icin nimerik sonuclar elde edildi.
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ABSTRACT
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In this thesis, the diffraction of plane electromagnetic waves from a chiral
half-plane simulated by the surface coupled boundary conditions is investigated. This
problem was considered by M. A. Lyalinov, A. H. Serbest and T. Ikiz and the
solution was obtained by Maliuzhinetz method. Here, the corresponding boundary-
value problem was reduced to a Wiener-Hopf equation by using Fourier transform
technique. By certain transformations, the Wiener-Hopf equation of scalar type was
obtained and the factorization of the Wiener-Hopf kernel is made by using the
Maliuzhinetz function. The diffraction coefficient was obtained by the steepest
descent method and numerical solutions were obtained for certain values of some
parameters.

Keywords: Chiral Half-Plane, Wiener-Hopf Method, Maliuzhinetz Function, Fourier
Transform Technique, The Steepest Descent Method.
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NOTATIONS

The impedance matrix
Thickness of the slab

B

d

Ko The free space wavenumber

K, The wavenumbers for right and left circulary polarized plane
waves

M, (2) Maliuzhinetz function

e Dielectric constant
m Permeabilty

h The impedance of the slab
h, The free space impedance
h Chirality impedance

X Chirality admittance

I The eigenvalues of B

w The circular frequency of the field
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1. INTRODUCTION

Chiral materials have been known and investigated since the beginning of last
century. Due to the possibility of artificial construction of chiral materials and their
applications in the design of antennas, microwave devices and waveguides, the
propagation of electromagnetic waves in an environment with chiral slabs receives a
considerable attention.

There are many studies about chiral media and interaction of electromagnetic
waves with chiral objects. Reflection and transmission characteristics of chiral slabs,
propagation in chiral waveguides, properties of chiral mirrors and similar chiral
materials are investigated by various authors [A. Gokgen and 1. Derin, July 2005,
C.Sabah and S.Uckun, 2005, Quiang Chang and Tie Jun Cui, 10 March 2006, S. A.
Nagvi, Q. A. Nagvi and A. Hussain, May 2006, S. Uckun, T. Ege, 2006, and M.
Yokota, Y. Yamanaka, 8 June 2006]. Because of the possibility of artificial
construction of chiral materials, the investigations about chiral materials for both
academic and practical purposes are improving.

In this thesis, diffraction of a plane wave incident on a semi-infinite chiral
slab which was solved in an explicit form by M. A. Lyalinov, A. H. Serbest and T.
Ikiz via Maliuzhinetz technique is solved by Wiener-Hopf method. It is believed that
the Wiener-Hopf solution of this problem will be in a better form to investigate the
effects of various parameters on diffraction phenomena

In this problem, in order to obtain the diffracted field expressions outside the
slab, the slab was modelled with an infinitely thin surface where appropriate
approximate boundary conditions are satisfied. Due to the coupling between the field
components in the chiral medium, a similarity transform is used by introducing to
auxiliary functions to decouple the field components, and then the boundary
conditions are expressed in terms of this auxiliary functions. Fourier transforms are
used to obtain Wiener-Hopf equation and the scattering waves from chiral slab are
obtained by using Wiener-Hopf method. The diffraction coefficients are obtained by
using the steepest descent method for the field analysis. Finally, some numerical

solutions and results are presented.
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2. FORMULATION OF THE PROBLEM

A thin semi-infinite chiral slab of thicknessd is located a xI (-¥ ,0) and y=0;
and the incident field is assumed to be

éH'h,u éA U _
& " u=a. uexpi-ik,rcos(f -f,);. (2.1

Here (r, f ) are the variables of the polar coordinates, k, = o,/ 1, isthe free space
wavenumber and h, =,/m, /e, is the free space intrinsic impedance. (H'Z E'Z) are

the z-components of the incident electromagnetic fields with the z-axis being
directed along the edge of the slab.

The appropriate transition boundary conditions for athin chiral slab in terms
of the total fieldsare [Lyalinov, M. A. and A. H. Serbest, 1998]
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in which [f] = f(x,+0)- f(x-0) and (H,,E,) are the z components of the total

electromagnetic fields and B is the impedance matrix given by

_kk’nh, & hy?  ixh;'o

= L L (2.3
dk? & ixchit hi2

The field components H h, and E, satisfy the Helmholtz equation together

with Meixner’s edge conditions and Sommerfeld’s radiation conditions at infinity.

As is seen, the components Hh, and E, are coupled through the boundary
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conditions in (2.2). In order to decouple the problem two auxiliary scalar functions
U,(r.f),j =12 areintroduced instead of Hh, and E, aswas proposed in [Pelet,
P. and N. Engheta, January 1990]:

eHbo

a (2.4)
éE,

C)C
Q
>
e
(@Y e

where Q isaconstant 2~ 2 matrix to be chosen. It is suggested to take this matrix as

the similarity transform which diagonalizes the impedance matrix B [M. A. Lyalinov
and A. H. Serbedt].
The eigenvalues and the eigenvectors of B can be obtained as

kKhh, [, ) '
| = "Zodkfk_; (ho2 #x2- (-1) d), 2.5)
and
é‘ -2 -2 j l;IT
(a _g zlxchc-)l (hC = hO = (' 1) d) H
=€ . ’ . d
g\/(h;f -hg?- (-1)’ ol)2 +axh;? \/(hf ~hg?- (-1) ol)2 + g
(2.6)
for j=1,2, where d:\/(h(',2 - h(;z)2 +4x%h;? . So, the matrix Q isgivenas
& 2ixh;* 2ixh;* o
(;, =
¢\J(h:?- hg? +d) +ax2n;? \/(h;f- h;2- d) +4x’h;? +
:9 - 2.
© (h:2-h; +d) (h:2-hg?-d)  F &7

g\/ -h,? +d +4xfh(',2 \/(h(;z-hc',z )+4x2h2
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When Eq.(2.4) is substituted into EQ.(2.2), the following decoupled boundary

conditions are obtained:

61 10 L
é 10 . eq)ty u
aly g :gl Ogé@lﬁg
e, U €0 1,08 e U
éﬂ Uzl:I QgJZH.g
elly Uy=+0

for

x<0 (2.8)

So the problem is reduced to the solution of two scalar problems for U, and

U,.The incident electromagnetic waves on the chiral slab from Eq.(2.4) are

expressed as
Q,u_ _ eHhgd
€ 0=Q e " a
éJ20 e, a
resulting with
UV WV E—
é ?u:é]_llgem" (t-fo)
éJ,q éu
inwhich

§(h:*-h®- d)A +axhi Al
\/(h;f -hg?- d) +4xh;?

T =

and

T, = a
\/(h;f- ho? +d) +4x’h,?

&i(h;>-hy? +d) A - axh'Al

(2.9)

(2.10)

(2.11)

(2.12)
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When U, and U, are assumed as the scattered field, then the total field is
taken as the sum of the incident and scattered field for all y: U;, =U,, +U,,. Thus,

the scattered field components will directly satisfy the Helmholtz equation.
By making known mathematical calculations used for solving Helmholtz
equation by separation of variables technique, the following equation is obtained:

I P@)e“ e da,  y>0
_
U,(xy) =i g g (2.13)
1d3(a)e e “*da, y <0.
I L

Here, K (a) :W is defined in the appropriately cut complex a -plane with
K(0) = +k and K (a)=ila| for a ® +¥ . Theintegration line L isany straight line
parallel to the real axis in the regularity band, Im(- k,) <Im(a) <Im(k,) .

The unknown spectral functions A(a) and B(a) could be determined by

using the boundary and continuity conditions given for the respective regions of
gpace. In explicit form, the boundary conditions which are given by Eq.(2.8), for x<0

are
1u; =1, 8J; (x,+0)- U; (x,- O)y (2.14)
ﬂy y=#0
For x>0 and y=0, U, is continuous in the region, so the continuity conditions
are written as;

U; (x,+0)- U; (x,-0) =0, x>0 (2.15)
ﬂlyu;(x,+o)- ﬂ1yu;(x,-o)=o, x>0 (2.16)
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and then Egs.(2.14) and (2.16) yield:

1U;(x,+o)=1u;(x,-o), X® +¥ (2.17)

fy iy

By substituting the integral representation given in Egs.(2.13) and (2.10) into
Egs.(2.14), (2.15) and (2.17), the following system of integral equations are obtained:

- Tiik, sinf & o + Ag(iK @) - 1,) A@) +1 ,B(a) g **da =0,x<0 (2.18)
L

JA(@)- B(a)e™*da=0, x>0 (2.19)
and
JA@)+B@))K@)e**da =0, x® ¥ (2.20)

which yields A@) =- B(a) and then, when A(a) is substituted into Egs.(2.18) and
(2.19), the equations are reduced to the following integral equations

Tk sinf " x<0

E‘iiK(a)- 2l,)A@)e **da —+ 500, 50 (2.21)
and

\ - jax _IO’ X>O

P'ZA(a)e da —% X,  x<0. (2.22)

Here, g(x)and h(x) are the unknown functions. Thus, application of the inverse

Fourier transform to the equations yields:
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iK@)- 2, A(a):iTlikosinf0 : Ma-koosfo) gy L (@) (2.23)
2p o°

and
2A@)=F (@). (2.24)

The functions F “(a) and F " (a) are defined as

o

F*(a):%}p(x)é“dx and  F (@@)=— Qh(x)e*dx (2.25)

1
2

The regularity band is obtained as Im(- k,) <Im(a) < Im(k, cosf ,) . When Eq.(2.24)
is substituted into Eq.(2.23), the following equation is obtained;

aK@)-20,6-. . \_ 1 k,sinf, N

— 5 BF @) p 1—(a- kocosf0)+F @). (2.26)
The above equation is written as

G@)F (@)=F@)+F (@), (2.27)

which is defined in the regularity band and named as Wiener- Hopf equation. Here,
the source function F(a) and kernel function G(a) are defined as follows:

Fa)=— 1t

_adK@)-2,8
2 *(a- kycosf,) ad - G@)Te— = (2.29)
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3. SOLUTION OF WIENER-HOPF EQUATON

The standard procedure will be applied to solve Wiener-Hopf equation which
consist of the scalar functional equations (Noble - 1958). For that reason, firstly the
function G(a) should be expressed as

G@)=G (@)G'(@), (31

where G'(@) and G (a) and their inverses are regular functions of a with
algebraic behaviour in an upper and lower half of the complex a - plane,
respectively.

For the factorization of G(a), the expression of G(a) is rewritten in the

following form

aeK(a)+koo'
. ) .. C +
aeMgzliK(a)Ziclg&+ (3.2)
2 g 2 K@) -
o
where | j :Cjko, for j =1,2 with
_khhy (o _
C, _2dkf|22 (ho* +x;2+d), for j=12. (3.3)
Now, the kernel G(a) will be written terms of a function H(a) as
1. 1.,
G@)==iK@)—H"@) (3.9
2 b,
with b, = _1 and H(a):&.
2iC, k, +b,K@)
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The function H(@a) can be factorized as H@)=H"(@)H (@) in terms of

Maliuzhinetz function [ Senior-1952, Uzgoren ve ark.-1989]. So, Eq.(2.27) becomes

.1 K@)_-.,, H'@) H'@) .
|2_blH'(a) (a)—K+(a)F(a)+K+(a)F @). (3.5

In the above equation, the factors H' (@) and H (a) of H(a) can be

obtained in terms of the Maliuzhinetz function. The following variable changes

: : 0
a=-kycosf, and b, =secl ae made with arcsmg@—sfo-R

and
éko g
J1- b7 =-itanl which yield the factors as
aé 0
H* (- kycosf ) = b 2_f(p fotl )f(p-fo-1). (36)
The function f (z) isdefined as
=20 M@ ¥ 37
120072 M, (/2 |

with M (2) being the Maliuzhinetz function.

Then, the next step is to write the additive split of the function which appear
in the right-hand sides of Eq.(3.5). By using the following integral

+ 3.8

2p|CUQL(z-a) (38)
sy, 1 1o ksnf, H'@) 1

£ (a)__Zpi QZpT(z-kocosfo) K*(z)(z-a)dz (39
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is obtained which requires the application of the residue theorem and

T ksinf, eH" @) H* (kocosfo)u

@)= o (a- kg cost,) Sk (@) K (i, cosf o) 4 (310

Similarly for Z" (a ), expression by residue theorem is
T, kesinf,  H"(k,cosf,)

Z @)= 2p (a - k,cosf,) K (k,cosf,) (31D

When Z*(a) are substituted into Eq.(3.5), the following equation

.1 K (a) @)

|2b H @) F@)-2 (a)—K @ )F @)+Z'(@) (3.12)
iswritten and it gives

i. 1 K'(a) . o

i|2 H (@) F@)-2Z @) Im(a) < Im(k, cosf )
q@) = [ : (3.13)

;K E ;F @)+Z'(@); Im@) > Im(- k,)

in which g(a) is a regular function in the complex a - plane and it will be
determined by using the asymptotic behaviour of the function for a ® ¥ that appear
inits expressions which correspond to the edge conditions of the field compenents .

From Liouville's theorem, it gives g(@) =0 and in this case, from Eq.(3.13);

K@  ad F@)=-iznz @ @ (3.14)

I:+(61)=-Z+(61)H+(a) K @)

10
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are obtained. By using Egs.(2.14) and (3.14) the unknown spectral functions are

determined as;

H @)
K @)

A@)=-ib,Z @) (3.15)

11
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4. DIFFRACTION COEFFICIENT

The integral expressions given by Eq.(2.13) are used to obtain the diffraction
coefficient. These integrals can be evaluated approximately for k, ® ¥ (far field

expressions) by using the steepest descent path method.
Let the following variable change made,

x=rcosf , y=rsinf ,a =-k,cost and da =k,sintdt. 4.0

The scattered field expression U, (r,f ) for y>0 is

U,(r.f) =ib1;—5m o (kg cosf JH- (- ky cost)

T cost + cosf
X +/1- coste" gt . (4.2)

The saddle point of the integrand is t, =f , and by considering only the saddle point

contribution, the diffracted field U (r,f ) is calculated as

d A PR | 2p
ul(r,f)»ib,—2 = fi- cost, |— P
R N I TN PTIFTS)

+ - (- . _.B
« H ™ (k, cosf ,)H " (- k, cost,) 1 Costselkorb(ts) 2
cost, + cosf

(4.3)

resulting with

12
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Ud(rf)»b o+/1- cosf

e

« H*(kocosfo)H'(-kocosf)eikorei%
cosf +cosf '

(4.9)

Following the similar procedure, the diffracted field UJ (r,f) for y >0 is obtained

as,

ud(rf)»b o/1- cosf

Li 1- cosf
oo i ¥

« H*(kocost)H'(-kocosf)ékoré%
cosf +cosf ,

(4.5)

inwhich b, = 2_1 . It isshown that these expressions are also valid for y<O0.

2
Then, when U/ (r,f) and UZ(r,f) are subgtituted into (2.4), H%h, and E’
can easily obtained, but in practice, the diffraction coefficients D, (f,.,f) and

D (f,.f) are of the most importance and they are defined by the following

equations
aHh, 0 t £)¢ gkl
dZ U’ (0)aED +(of)0e 9
E, & eD (fo’f)g\/m
with
e%lTl\/l' COSfO\/]_- cosf H (kOCOSfo)H ( kOCOSf) O
(fo’f)" (} cosf +cosf, i @
§D._(ff ‘@
A bT\/l cosf ,/1- cosf H* (k, cosf ,)H " (- kycosf ) ©
g cosf +cosf fa

13
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For various parameter values, numerical analysis is performed.
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Figure 4.1.Variation of the diffraction coefficient DE together with the co polarized
and cross polarized terms for p,=1.55+i0.165, x.=0.35+i0.4, & =6.5+i2.74, f =6GHz,
@,=45°, d=1 mm.
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Figure 4.2.Variation of the diffraction coefficient DE together with the co polarized
and cross polarized terms for p, =0.845+i0.225, x_=-0.6+i0.5, &=2.5+i2.25,f=9GHz,
@,=45°, d=1 mm.
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4 10L0gDHE,DHH (dB)
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Figure 4.3.Variation of the diffraction coefficient DH together with the co polarized
and cross polarized terms for p,=1.55+i0.165, x.=0.35+i0.4, & =6.5+i2.74, f =6GHz,

@o=45°, d=1 mm.
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Figure 4.4.Variation of the diffraction coefficient DH together with the co polarized
and cross polarized terms for p, =0.845+i0.225, x_=-0.6+i0.5, &=2.5+i2.25,f=9GHz,

@o=45°, d=1 mm.
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Figure 4.5.Variation of the diffraction coefficient DE obtained when chirality equals

to zero together with the diffraction coefficient DE obtained for the resistive half-
plane in the literature for u,=1.55+i0.165, &, =7.4-11.11, f =6GHz, d=0.02| .
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Figure 4.6.Variation of the diffraction coefficient DE obtained when chirality equals
to zero together with the diffraction coefficient DE obtained for the resistive half-
plane in the literature for u,=1.55+i0.165, & =6.5+i2.74, f =6GHz, d=0.021 .
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5. CONCLUSION

In the present thesis, the diffraction of a plane wave by a thin semi-infinite
chiral slab is considered by Wiener-Hopf technique and the diffraction coefficient is
obtained.

The boundary conditions applied for modeling the isotropic chiral slab can
give the depolarization effect of chirality:

Dy (Fo,f) = Dy + Dy = D { AL105,0, (F o f ) - G0y D, (F o, )]

+ A0, (D, (F o.f ) - Dulfo,F )1} (5.1)

and

De(fo.f) = Dee + Dgy = D {Al0,0(Dy(f o, ) - D,(f o, )]

+A2[0n1q22D2(f O’f )' 0n2q21D1(f O’f )]} (5-2)

In the above equations, D,,(f,.f) aredefined as

H " (k, cosf ,)H" (- k, cosf )

D,,(f,f)=b,,./1- cosf,/1- cosf
1o(fof) =By oV cosf +cosf

(5.3)

and D is the determinant of the matrix Q. The amplitudes of the auxiliary functions
are expressed as T, =D '[q,,A - q,A] and T, =D '[- g, A +q,A]. D, and Dg,
are the cross-polarized componentsand D,,, and D.. are co-polarized components.

Asaverification of the solution, the results obtained by Maliuzhinetz method
are used. Fig.(4.1-4.4) illustrate the numerical results obtained by Maliuzhinetz
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method together with the results obtained by Wiener- Hopf method. As is seen from
the figures same results were obtained by these of two methods.

For a second way of verification; we may use the fact that if chirality equals
to zero, the half-plane would be reduced to aresistive half-plane. From this point of
view, the numerical results obtained when chirality equals to zero are compared with
the results for the resistive half-plane in the literature. As is seen from fig.(4.5 and
4.6), the same results have been obtained.

It is hoped that the results given in this thesis will be a guideline for the future
academic works related with the chiral objects. Also, it is believed that this thesis
would be useful for understanding the behaviour of electromagnetic waves resulting
with the interaction of chiral materials or objects.
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APPENDIX

1. The Flowchart of The Program That Calculates The Diffraction Coefficients

INPUT PARAMETERS

e,mx.f.,e,m.f,d

A4
DEFINE PARAMETERS

w,hy,me,h,h Kk kK, .d,l,,b,

v
DEFINE MATRIX Q and
THE AMPLITUDES T, T, OF THE

AUXILIARY FUNCTIONS

N<180

\ 4
| UPDATE OBSERVATION ANGLE |

A\ 4
SUBROUTINE FFL(f ,f . T,,b,, F,) Y
SUBROUTINE FFL(f ,f,,T,.b,,F,)

WRITE OUTPUT
N,REAL DH(N),AIMAG DH(N)

N,REAL DE(N),AIMAG DE(N)

STOP +_
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2. The Flowchart of Subroutine FF1 That Calculates Angular Parameters
Related to M aliuzhinetz Function

SUBROUTINE FF1

INPUT PARAMETERS
p and |

v
X1=SQRT(1-COS(f ))*SQRT(1- cos(f , ))/(CoS(f )+CO(f ;)
SUBROUTINE MALIUZBS(p -f -ARCCOS(/b ) , ZMPI1)
SUBROUTINE MALIUZBS(p -f +ARCCOS(I/b ) , ZMPI2)

v

SUBROUTINE MALIUZBS(p /2, ZMPI3)
ZMPI4=ZMP3"4/(ZMPI1* ZMPI2)"2
X2=COS(f /2)/(2*(1+b *SIN(f )))

v
X3=1+SQRT(2)*COS((p -f +ARCCOS(1/ b ))/2)
X4=1+SQRT(2)*COS((p -f -ARCCOS(1/ b ))/2)

SONUCA=X1* X 2* X 3* X4* ZMPI 4

v

SUBROUTINE MALIUZBS(p -f,-ARCCOS(/b ) , ZMPI1)

SUBROUTINE MALIUZBS(p -f , +ARCCOS(I/b ) , ZMPI2)
SUBROUTINE MALIUZBS(p /2, ZMPI3)

ZMPI4=ZMP3"4/(ZMPI 1* ZMPI2)"2
X2=COY(f , /2)/(2* (1+ b *SIN(f ,)))
X3=1+SQRT(2)*COS((p -f , +ARCCOS(1/ b ))/2)

v
X4=1+SQRT(2)*COS((p -f ,-ARCCOS(1/ b ))/2)
SONUCB=SONUCA* X 2* X3* X4* ZMPl4
SONUCB=SONUCB*EXP(| *p /4)/SQRT(2*p )

FF=SONUCB* T * b "2

i

| STOP |

SUBROUTINE MALIUZBS that the program computes Maliuzhinetz function.
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