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Bu ¢alismada soguk plazma i¢indeki bir yarim-diizlemden diizlemsel dalgalarin
kinmm problemi incelenmistir. Bir yarim-diizlemden kirimm, kanonik bir
problemdir ve ¢esitli karmagik nesnelerden sagilma problemlerinin modellenmesinde
kullamlabilmektedir. Bu simr-deger probleminin Fourier doniigiimii teknigiyle
formiile edilmesiyle matris Wiener-Hopf denklemine ulagilir. Elde edilen gekirdek
matris Daniele-Khrapkov yontemiyle faktorize edilebilecek formdadir. Dielektrik
tensdriiniin bir elemam olan &, & — 0 yapilirsa matris Wiener-Hopf denklemi daha
basit bir forma indirgenir. Bu, frekansin w,’ye (cyclotron frekansi) gore ¢ok biiyiik,
@), (plazma frekans:) ile ise aym derecede alinmasiyla veya sadece dc manyetik alan
vektoriintin sifir kabul edilmesiyle miimkiindiir. Alan integrallerinin semer noktasi
yontemi ile asimptotik olarak hesaplanmasi sonucunda yiiksek-frekans kirinim
katsayilan elde edilmigtir. Burada elde edilen ¢6ziimiin dogrulanmas: amaciyla; & =1
durumundaki ifadenin, daha 6nce izotrop ve homojen ortamdaki empedans yarim-
diizlem i¢in elde edilen sonuglarla aym oldugu gésterilmigtir.

Anahtar Kelimeler : Soguk Plazma, Empedans Yarim Diizlem, Wiener-Hopf
Teknigi, Maliuzhinetz Fonksiyonu
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In the present work, the problem of plane wave diffraction by an impedance
half-plane in cold plasma is investigated. Diffraction by an impedance half-plane is a
canonical configuration and may be used in modelling scattering from a variety of
complex objects. The boundary-value problem corresponding to this canonical
structure is formulated by Fourier transform technique, and leads to a matrix Wiener-
Hopf equation. The resulting matrix is expressed in a form convenient to be
factorized by Daniele-Khrapkov method, which yields a formal solution to the
problem under consideration. The matrix Wiener-Hopf equation is reduced to a
simpler form by assuming & — 0, where & is an element of the tensor of dielectric
permittivity. This occurs; if the operating frequency is assumed to be very large
compared to @, (the cyclotron frequency), while it is at the same order with @, (the
plasma frequercy), or if the amplitude of the dc magnetic field vecfor is taken as
zero. Asymptotic evaluation of the field integrals yield the high-frequency diffraction
cocfficients where the field expressions are obtained by the standard saddle-point
technique. As a verification of the solution obtained here, it is shown that the
expressions for the casec = 1 is identical to the previously obtained results for an

impedance half-plane in an isotropic and homogeneous medium.

Keywords: Cold Plasma, Impedance Half Plane, Wiener-Hopf Technique,
Maliuzhinetz Function
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NOTATIONS

D Diffraction coefficient
E Electric field intensity
G(a) Kernel Matrix
Hqc DC magnetic field vector
Mq(2) Maliuzhinetz function
(o) Square root function \/kz_—?z?
u Scattered field
u Diffracted field
£ Tensor of dielectric permittivity of cold plasma
® Operating frequency
®e¢ Cyclotron frequency
®p Plasma frequency
v wm;; E'mm
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1. INTRODUCTION

Knowledge of the characteristics of the ionosphere is based largely upon its
effect on radio waves, either those that penetrate in the case of signals from rockets
and satellites, or those that are reflected from in the case of signals from earth-based
transmitters. Experimentally it is found that at night, signals from the earth-based
transmitters in the broadcast frequency range are reflected back, but in the daytime
the reflected signal is very weak or entirely absent. As the frequency is raised,
however, these daytime reflected waves become stronger, and for frequencies
between 10 and 30 MHz, they may provide strong signals over distances of several
thousand miles. As the frequency is increased still higher, a point is reached where
the waves cease to be reflected back, but instead, penetrate to ionosphere to be lost in
the outer space. Thus there is a range of frequencies roughly between 3 and 30 MHz
where, although the surface wave is greatly attenuated, long-distance transmission
between points on the earth’s surface may still occur because of reflections from the
ionosphere. In general, these “sky-wave” signals are less stable than ground-wave
signals, their strength depending upon the frequency, and upon the condition of the
ionosphere. Although long-distance ionospheric propagation does not have the stable
characteristics of short-distance ground-wave propagation, it does, in general, a
predictable, and therefore usable, means of radio communication.

The ionosphere is an upper region of the atmosphere where gas particles are
ionized, thereby forming a plasma that contains free electrons and positive ions. The
presence of free electrons enables the ionosphere to reflect high-frequency waves and
control radio communication around the earth.

The electrons and ions of the ionosphere are produced by shortwave solar
radiation and cosmic particles that penetrate the upper atmosphere and ionise
molecules and atoms.

It is possible to compute the ion production rate g at each altitude. Since the
atmospheric composition varies with altitude, it follows that g varies with altitude.
When ¢ is balanced against electron loss processes, such as recombination, there

results a steady-state value of electron number density #,.

, TC. YOKSEKOGRETIM KURU: ~
DOMOMANTASY 0N MIETLTT.
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Large values of n, occur from roughly 50 km to several hundred kilometers.
This ionospheric range is divided into three principal regions or layers; D, is below
about 90 km; E, is between 90 and 150 km; and F, is above 150 km.

These values of n, vary with the intensity of incident solar radiation and,
consequently, vary with time of day and of year. There are also less predictable
variations due to solar disturbances. Superimposed on the smooth variations of », are
small-scale irregularities that are caused by atmospheric waves and plasma waves.

Electromagnetic waves propagate through a plasma in much the same manner
as through any dielectric material. To begin an analysis of this wave propagation, let
us assume that the plasma is made up of electrons and ions and that the ions are
relatively immobile (due to their mass) in comparison with the electrons. Maxwell’s
equations in time-varying form must be combined with the equation of motion for
electrons where the electron motions enter Maxwell’s equations in the electron
current density and electron charge density. These are given by
J(r,t) =n(r,Hev(r,t) and p(r,t) =n(r,t)e in which n(r,f) and v(r,r) are time-
varying electron density and electron velocity. If it is assumed that the electron
oscillations are small in amplitude and sinusoidal in form, n(r,?) and v(r,f) may be
written as n(r,f) = N + Re{n(r)exp(-iex)} and v =Re{v(r)exp(-iaf)} in which N is the
steady (or ambient) electron density; the velocity is assumed to have no steady (or
driff) component. Since the oscillations are small in amplitude, current density
expression may be approximated by J(r, /) = NeRe{v(r)exp(-iw¥f)} in which the
product of two small quantities is assumed to be negligible.

The equation of motion with zero external magnetic field is eE(r) = -iwmv(r).
By substituting the equation of motion into Maxwell’s equations, the following

equation can easily be obtained

2

VxH(r)=—iwe,(l—- ]zve JE(r) 1)

a"me

v
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which suggests that the plasma can be represented by a dielectric permittivity given
by e= g[1-(ap / w)*]. Here, w, is called the plasma frequency which is given by a),,z
= Ne? / me, with &, denoting the permittivity where no external magnetic field exists.

The great advantage of the plasma-permittivity concept is that, all the existing
solutions for wave propagation in a dielectric can be used in order to study wave
propagation in a plasma. Wave propagation in a plasma is similar to wave
propagation in an ordinary dielectric, provided that @ > @,. But, if ® < @, then
electromagnetic waves are atfenuated by a plasma. By analogy with a wave guide,
@), may be regarded as the cut-off frequency of a plasma.

One must appreciate that attenuation in a cut-off plasma as described above is
not accompanied by the absorption of power and its subsequent conversion into heat;
in this respect the plasma is like a cut-off wave guide. Thus a wave passing from
free space into a cut-off plasma is not absorbed or transmitted but rather totally
reflected. 1t is this type of reflection which causes radio waves to “bounce” off the
ionosphere, thus making long-range radio communication possible.

Of course, some power loss is always present in a plasma due to the fact that
the electrons frequently collide with gas molecules, ions, or even other electrons.
Such collisions cause some of the power carried by electromagnetic wave to be
transformed into heat. At frequencies above the plasma frequency these collisional
losses cause a propagating wave to be attenuated, and below the plasma frequency
the losses cause total reflection to become partial reflection.

Electrons and ions in the ionosphere are influenced not only by the fields of a
passing electromagnetic wave but also by the earth’s magnetic field, which causes
the charged particles to move in circular or spiral paths. The effects of the earth’s
magnetic field may be taken into account by a suitable modification in the
permittivity, in much the same way as for the case in which no external magnetic
field is present. That is, Maxwell’s equations may be combined with the equation of
motion in such a way as to give a new set of Maxwell’s equations with a permittivity
involving all physical effects.

The relation between magnetic flux density and magnetic field intensity for the
case with earth’s magnetic field effect is as follows
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B(r.f) = B, + Re{B(r)exp(—iot)} = 12, H(r,f) )

and the equation of motion is given as,
¢E = ~iom(l+i—)v +eB, x v, (3)
@

with v denoting the collision frequency.

By arranging the equations appropriately, the permittivity of the plasma may be
obtained in dyadic form as

VxH(r) =—iwe, KE(r) “4)
with

K = K&+ jK'&§ — jK"9% + K§§ + K22

where X, § and z denote the unit vectors in the Cartesian coordinate system.

In matrix form, this equation can be written as

0 o 9]

5 o a; [H. k' k" o JE,

= 0 - |H|=jes|5K" K0 |E, (5)
H 0 0 K, | E

-i -0 o[ 0AL™s

|y & l

with K’, K" and K; being certain constants dependent on the constitutive
parameters of the medium and the operating frequency.

The displacement density (electric flux density) D given by
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D=¢K.E (6)

is not parallel to E, indicating that the magnetized plasma is an anisotropic medium.
The presence of the DC magnetic field which is the earth’s magnetic field in
the ionosphere causes the plasma to become anisotropic and this is usually called
magnetoplasma. The temperature of the electron gas in the ionosphere is finite but
the motion of electrons are also affected by the pressure variations of the electron
gas. The magnetoionic theory which examines characteristics of anisotropic plasma
ignores the effect of the finite temperature and the pressure variations, since they are
usually small, and therefore it is equivalent to dealing with the electron gas at low
temperature. Thus, the magnetoionic theory may be considered as the theory dealing
with a cold plasma. The tensor of dielectric permittivity for a cold plasma is defined

as ( Felsen and Marcuvitz, 1973)

g ~-ig, 0
E=|ig, & 0 (7
0 0 &

with

ety
[0} (4]

(2o o]
e 2] 22 G

and

2
& =1-(&J (10)
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Here, w is the operating frequency and w, is the plasma frequency
ap= (N.&%/mey)"? (11)

with the N, being the number of free electrons per unit volume and e and m denoting

the charge and mass of an electron, respectively. w, is called the cyclotron frequency

@c= |e|poHa/m (12)

which is the frequency of a circular motion of an electron in a plane perpendicular to
the DC magnetic field. H; denotes the magnitude of the DC magnetic field vector,
and & and yyp are the permittivity and permeability of vacuum, respectively.

Electromagnetic wave propagation through an ionized gas has received
considerable attention for many years. In particular, the reflection of radio waves and
the transmission from and through the ionosphere have been studied
extensively(Dvorak, Ziolkowski and Dudley, 1997; Tippett and Ziolkowski,1991).

The problem of studying antenna characteristics, wave propagation through the
plasma, and the radar cross section are of considerable importance. Also, the antenna
and wave propagation characteristics of artificial satellites in the ionosphere are
important in communication between the vehicle and the earth station.

In this study, scattering of plane waves by a half-plane in cold plasma is
investigated. As known, half-plane is the simplest canonical structure and the
solution of such a problem can be used to consider the scattering mechanisms of
complex objects.

There are numerous publications about half-plane diffraction problem: First,
Sommerfeld (1896) solved the problem of diffraction from the edge of a perfectly
conducting half-plane, by expanding the problem to the Riemann surface concerning
multivalued functions. Magnus (1941), reduced the half-plane diffraction problem to
the solution of a singular integral equation. A short time after Magnus, Schwinger
(1944) and Copson (1946) solved this integral equation by Wiener-Hopf technique

and obtained the same results with Sommerfeld’s solutions.
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Clemmov (1951) solved the half-plane problem via Wiener-Hopf technique by
reducing the problem to dual integral equations. This method is named as plane wave
spectrum method, since it is based on the technique of expressing field as a
superposition of spectrums of plane waves.

Jones (1952), proposed a simpler method to obtain Wiener-Hopf equation for
the solution of half-plane problem directly. The basis of this method is to take the
Fourier transform of reduced wave equation and then to apply boundary conditions
in complex domain in order to obtain Wiener-Hopf equation. An advantage of this
formulation called as Jones Method is that it eliminates the derivation of integral
equations in real space.

Another problem is the one considered by Senior (1952) for the case of plane
wave normally incident on a half-plane, with same impedance on both sides. The
extension to oblique incidence case of an E-polarized plane wave was made by
Senior (1960) and to both E and H polarizations by Williams (1960). The oblique
problem leads to simultaneous Wiener-Hopf equations, which can be solved by
elementary transformations of the unknown functions.

Maliuzhinets (1959) studied scalar diffraction by a wedge with different face
impedances. The Wiener-Hopf technique was not applicable, but Maliuzhinets
obtained a complete solution by means of a function-theoretic technique. When the
wedge angle is zero, the solution for a half-plane with different face impedances is
obtained. But, if formulated directly as a half-plane problem, two simultaneous
Wiener-Hopf equations arise and these cannot be uncoupled in an elementary
manner. Hurd (1976) succeeded in solving the Wiener-Hopf problem directly using
the Wiener-Hopf-Hilbert technique. For oblique incidence case of the two-
impedance half-plane problem, solution is presented by Bucci and Franceschetti
(1976) via Maliuzhinetz method and by Liineburg and Serbest via Wiener-Hopf
method.

As known, there still is interest for the half-plane problem with various
physical properties of the half-plane and the surrounding medium. But, there was no
study about half-plane diffraction in cold-plasma; therefore, it is believed that the
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results of this study have practical importance due to the effect of the ionosphere in

communication between various systems.

8 TC. YOKSEXKOGRETIM KURD! ¢
OF MERKEZ.
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2. FORMULATION OF THE PROBLEM

The impedance half-plane is located at y = 0 and xe(-c0, 0) as shown in Fig-1.
The incident field is assumed to be

H' =e, exp[- ik(xcos gy + ysingy)] (13)
where the amplitude of the magnetic field is 1 A/m and @y denotes the incidence

angle with respect to the x-axis. Time dependence is assumed to be exp(-iwt) and
will be suppressed throughout the analysis.

y
A )
I\ Hzl
=
n
1\ Z $o o
z 0 =X

Figure 2.1.The geometry of the canonical structure.

It is well known that Maxwell’s equations are valid in plasma with the tensor
dielectric permittivity. By using Maxwell’s equations along with Eq.(7), the electric

field components can be expressed in terms of the magnetic field H;, as follows :

VxE =iouH, (14)
where B = 4 H , and with D = ¢,£E, then
Vx H = -iwe,éE (15)
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where J = oF = 0 since the conductivity o of the medium is assumed to be zero.

Now Egn(15) gives :
xa—aﬂy—’——ey L = —iweyéE (16)
and Eqn(7) is substituted into Eqn(16) :
gee, —igee, 0 E.e,
OH, OH, . .
e, -gy— —-e, o —lwgy| ig,ee,  ge.e, 0 Ee,
0 0 £,e,.e, E.e,
to obtain
0 oH
e, —g)— ~e, ax’ =—iwg (& E e, —ig,E e, +ig,E e +&Ee ).
According to the above equation :
0
o, =~iwey& E, —we &, E, 17)
and
H, .
—E—=08082Ex —iwe.,E,. (18)
is written. If E, and E, are derived using Eq(17) and Eq(18),
] 0
E = ig, H, &, OH (19)

10

= + <
Tows(e’ -8") W we(s’-8") o
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and
E = £, OH ig, OH,

, = z_ . (20)
) wgo(glz _322) &y wgo(glz—gzz) ox

are obtained.

The following equation which is obtained easily from Maxwell’s equations

OF
» B o H. @1
ox oy :
is rewritten as, by substituting Egs.(19-20)
2 2 2 2
O, O | s 5% |, <o, 22)
Ox oy &

This equation shows that H, satisfies Helmholtz’s equation where the propagation

constant is
K =ky'k, (23)
with
e’ -¢g,’
k)’ =’ 1, and k, =-1—2 (24)
. &

The total field is taken as the sum of incident and scattered field terms for all y:

E'(H')=E'(H') + E(H) 25)

11
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The same impedance is imposed on both sides of the half plane and plane

surfaces are subject to Leontovich boundary condition, which is given as :
nxnxE(xy) =1Z,Zn xH(x,y), for y= +0. (26)
Using Leontovich boundary condition, withn =y
E,'(x,y)=+Z,ZH, (x,y), for y=+0 27
is obtained for the geometry of the problem. If Eq(19) is substituted into Eq(27),

! ! 2 -
OH, (xay)_iﬁz_aHz () = +j k Z,ZH (x,y) for y =+0, (28)

oy & Ox WL,

is obtained. To determine H,(x,y), the solution of the Helmholtz equation for the
total field

AH':(x,y)+k*H'z(x,y) =0, (x,0) &S, (292)
should be obtained such as to satisfy boundary conditions, radiation condition and
edge condition with &* being defined as in Eq(23). Usfng Eq(25) and noting that the

incident magnetic field H ', already satisfies Helmholiz equation, then Eq(29a)

becomes

AH,(x,y)+k*H,(x,y)=0, (x.y)eS. (29b)

By using the method of separation of variables, the following integral

representations can be introduced for the scattered fields :

12
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[l@em™” + 4 @e™™ ™da, y>0

L

_“[B(a)e""r @ 4 B (a)e™™” ]e"‘”‘da, y<0

L

u(x,y) = (30)

where u(x,y) denotes H(x,y).

Here, I'(a) =vk?—a? is defined in the appropriately cut complex a-plane
with ['(0) = +kand I'(@) =ile|for & — oo (Fig-2.2). The integration line L is any
straight line parallel to the real axis in the regularity band, Im(-k)<Im(a)<Im(k). For

a approaching infinity in both directions on the integration line L, I'(@) = i|of and to

satisfy radiation condition for y > 0 and y < 0 as |y| — «, 4, and B; should be zero.
Then Eq(30) is reduced to

IA(a)e‘iaxHT(a)y da, y>0,
- L

IB(a)e'iax"I(a)y da, y<0 .

L

U

€2y

b e e e et e e i e e b s s At e e s e

/ keosh
0 A 2 BTSSR WML K VR A ) e:;';g'.-r.«jrfr

cax

' ] ] [} ] 1 ' ' ]

[ [ ] ' ' 1 N , '

J ) J C v
E, 3T f:.' J-j-l-L." H .m.i 1.!.&34.' ———

Figure 2.2.The regularity band and the integration lines in the complex a-plane.

13
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The unknown spectral functions A(c) and B(@) must be determined with the
aid of the boundary and continuity conditions given for the respective regions of

space. In explicit form, the boundary conditions for x <0 are

i i 2 2
{%+?ﬁ—i52—9“——iﬁ§”—+ii—zozw+i k ZoZu} =0 (32)
& & & &x g x oy W,y 5=
au: a aul 2 ) 2
{— ou_g o e ou K ZoZu’—z———ZoZu} =0 (33)
& & & & & & oy Wy =0

for y > 0 and y < 0. By substituting the integral representation given by Eq(31) and
Eq(13) into Egs(32-33), the following equations are obtained :

2

IA(a)[zT‘(a) LTV k ZOZ]e’i"‘da =
L &

Wfy

2
[z’k sing, + f:gikcos By —i k ZOZ} g reosty forx <0 (34)

1 WL,
and

2

| B(a){— T()-2q—iF ZOZJe'i“‘da =
; & @

Ho
g . £, . k? —ikxcosg,
iksing, + —kcosg, +i—Z,Z |e °, forx <0. 35)
& o

1 Ky

Similarly, the continuity condition of the fields which is given by

u' (x,40)—u'(x,~0)=0 (36)

14
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forx>0,y=0 yields:

[l4@) - B@)]e"™da =0, (37)
L

and the continuity condition of the derivative of the fields which is given by
iZ,| 8

! _2_ ! _ -
7[5” (x,+0) 5" (x, 0)] 0 (38)

for x > 0, y = 0 yields the equation :

[T @) 4(@) + B@))e™da =0. (39)

Now, application of the inverse Fourier transform to Eqs(34-35) and Eqgs(37-39)

gives :
i & k?
Ala) iI‘(a)———za+i——ZoZ] =U,(0)+ F|(a), (40)
L & WH,
[ & k?
B(a)| -il'(@)--ta-i " ZOZ:|=U2(a)+F2(a), (41)
& 0
A(a) - B(@) =L(a), - (42
iC(e)[A(@) + B(a)]= L, (). (43)

Here, F; (@) denote the contributions of the source functions, defined as :

15
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1 .y s 82 . k2 ‘ i(a—kcosdy)x
F(a) =—| iksing, + —=kcosg@, —i Z,Z j'e dx, (44)
27 &, U, =
resulting with
F(a)= ! iksin g, + <2 kcosd, LA 45)
! 27i(e — k cosdy) ° g oy, |
and
1 vy e 82 . kz ‘ i(a—kcosgy)x
Fy(a) =—| iksing, + 2 kcosg, +i——Z,Z | [e V% (46)
27 & Wiy =
resulting with
L £, K
F,(a) =— iksing, + —~kcosg, +i Z,Z |. (47)
27i(a — kcosd,) & WL,

While accomplishing the integrations here, it was required to deform the
regularity band into Im(-k) < Im(a) < Im(kcosdy) as shown in Fig-2.2.
The unknown spectral functions L;, and Ui are regular in the lower half of

the complex a-plane (Jma < Imkcosdp) and in the upper half of the complex a-plane

(Ima > Im(-k)), respectively, whose integral expressions are :

© 2
Ul(a)z—1 i—ig—z—{j—ﬂ' k ZoZ W' (%,9)|,o00 €% dx, (48)
2r s\ Oy & Ox  wu, |
1o &0 Kk :
U@ =— | —=i2—-i—2Z,Z ' (x,y)],., e, 49
2(@) 2%\ & lglax P ) () 1y (49)

16
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1" ,

—_ ! _ { ] ifax O

Li@)=5- :[(u (%,40) — ' (x,0) Je'* dx, (50)
1 ’ a { _P_ 1 iax

Lz(a)—'z_‘ﬂ_ _J;(Ey‘u (%) | yms0 3yu (x,») ly:—O)e dx . (51)

A(@) and B(c) are eliminated from Eqs.(42-43), then A(e) and B(a) are

expressed as

1
A(a) = 5[& @+ @ L, (a)] , (52)
B(@) = 1 (o) + ., (@) (53)
21 i) > |

and Eqs.(52-53) are substituted into Eqs.(40-41). Then the following system of

functional equations is obtained :

2
—l-[z’l"(a)—g—zaHLZoZ]Ll (@)
2 1)

& o

+
2il ()

&) J22

[ir(a) . a’)‘ 2 ZOZ]LZ (@) =U(a)+F(a), (54)

] Ao

2
— _1-[— il'(ax) _5_2a —-1i k ZOZ}LI (@)
2 ),

+ ZoZ]Lz (@) =Uy(@)+ Fy(a), (55

2
—zT(a)——-gia—i k

1
2il'(a) [ £ W,y

17



2. FORMULATION OF THE PROBLEM Sule YENER

The addition and subtraction of Eqs(54-55) yield,

2 A A
[ir(a) it zoz} L@)+ [- 71——2a]L2 (@) =U,(a)+ E(a) (56)
WL, iT'(a) g
2
_|22,4 Li(@)+|1+ k ZoZ |Ly(a) = U, (@) + By (a), (57
& wpel(@)

where

U,(@) =Uy(@)+U, (), (58)

U,(@)=U,(a)-U,(), (59)
and

) ik sin @, + (i—z)k cos g,

F(a)=F(a)+ F(a)= i@ —keosg) (60)

. - ;k;_ ZyZ .

Fy(a)=F(a)-F(a)= ? (61)

m(e—kcosg,)

The system of equations given by Eqs(56-57) is known as a matrix Wiener-

Hopf system and can be expressed in matrix form as :

G(a)L(@)=U(a) + F(a), (62)

with

18
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2

(@) +i~— 7,7 z-‘zi-l_—?a—)

G(a) = i 0 , k; . (63)
~2q l+——"-Z
& ['(a) o,

Here, L(a),U (@) and F(@) denote the following column vectors :

L(a) =B‘ ((Z))] U(a) {? ((“)J and  F(a) =E‘ ((“)J (64)
2 (a 2\

19
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3. SOLUTION OF THE MATRIX WIENER-HOPF EQUATION
As known, the solution of a matrix Wiener-Hopf equation is formally identical
to the solution procedure of a scalar Wiener-Hopf equation. The classical Wiener-

Hopf procedure in solving Eq(63) requires the factorization of the kernel matrix G(a)

in the following form :
G(q) = Gu(a)GL(a), (65)
where Gy(@) and Gi(@) and their inverses are regular functions of a with algebraic

behaviour for a0 in an upper and lower half of the complex a-plane, respectively.

Now, assuming that the kernel matrix G(q) is factorized,

G, (@)G,(@)L(a) =U(a) + F(a), (66)
is obtained, and simple matrix algebra yields :

G, (@)L(@) = G;' (@U(@)+G; (@)F (@). (67)

Next step is the additive decomposition of the second term on the right-hand side of

Eq(67) as :

Gyl (@)F (@) = H(e) = Hy () + Hy (@) (68)
with
. b 4, A dr
Hy@=tos | @Rl (69)
TL YOKSEKOGRETIM KURULY
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3. SOLUTION OF THE MATRIX WIENER-HOPF EQUATION Sule YENER

where the integration lines Cy and Cy, are to be taken as parallel to the real axis (see

Fig.-2.2). Then, by substituting (68) into Eq(67)
G (@)L(@) - H (@) =G, (@)U(a)+ Hy(a), (70)

and by principle of analytic continuation, an entire matrix O() can be defined as

G;'(@U(@)+H,(a), acR,

o= {GL(a)L(a) -H (a), aeR, 1)

where Ry denotes the upper half of the complex a-plane defined by Ima > Im(-k) and
R; denotes the lower half of the complex a-plane with Ima < Im(kcosdp).

By applying the extension of Liouville’s theorem together with the asymptotic
behaviour of the elements for @ — «, to each element of the matrices on the right-
hand side of Eq(71), it will be seen that the entire matrix Q(a) must be a polynomial

matrix. After determining Q(e) uniquely, and explicitly, the solution can be written

as follows :
U@ =G,@0@-H,(@)],  aeRy, (72)
and
L(@) = G]'(@)[0@)+H, ()], acRk,. (73)

This completes the formal solution of the matrix Wiener-Hopf problem, and the field

expressions can easily be obtained by using these solutions.
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3. SOLUTION OF THE MATRIX WIENER-HOPF EQUATION Sule YENER

3.1. Factorization of the Kernel Matrix

The factorization of the kernel matrix in Eq(63) will be accomplished by
Daniele-Khrapkov method, which relies on the logarithmic approach being suggested
by analogy with the factorization of a scalar function. This approach, in general,
derives the multiplicative factors of a scalar function from the additive splitting of
the logarithm. This concept is applied to the class of matrices that can be expressed

in the following form :

(74)

6@ =a, (a)[i, ﬂwz(a){l' (@) m(a)J,

na) L)

where a; »(o) are scalar functions and /; 5(«), m(e) and n(a) are polynomials.
So the first step is to express the kernel matrix in Eq(63) in the form shown by
Eq(74). For this purpose, the kernel matrix is written as :

2
T(@) -—— %24 X 727 0
iI'(a) g W, ‘
G(a) = + . (75)
2
———1 k Z —g—z—a 1
I'(e) op, &
and by simple manipulations
2
i k Z,Z 0
G(a) = WU,
&
' (a) g
N [l °]+ ! ) 76)
; — >
O U K ;@) g 82a2+ £ 7]
; & 22
L DL, | & & Wpy ’ 4

22
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_Sule YENER

is obtained. So,

G(a)=GiI(a)GA),

is written, with

and

1 O
-

(77
0
s (78)
1
I'’(a) b14
1 2
1. (79

2 2
Z,20() | 220l (o) (g—za) +( k zoz)
& & W

Gi(a) is a simple polynomial matrix with constant determinant and Ga(a) is in the

form of the matrix given in Eq(74) where

al(a)=1a

ll(a)zkz'd?>

£
m(o)=-2a?,

N —

2 ?
—k—ZOZI‘(a)

Wfdy

2 2
lj(a)=(ia] +( k

& 272

n(@=2a(? -a?)
&

2
ZOZ] :

(80)
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3. SOLUTION OF THE MATRIX WIENER-HOPF EQUATION Sule YENER

Now, for the subsequent factorization process, it is better to express the matrix

G»(a) in a more convenient form, as :
Gr()=s()Ita ()J(x) (81)

Here, s(@) denote the half of the trace of G»() and is obtained as
1
s(e)=a(a)+ 3 a()[h(a)+h(a)], (82)

which, for the present case yields :

2 2
s(a)=1+l"z—ﬂjo—_{k2{l+( k ZOZ) }—az{l—-(fz—) }} (83)
2k°Z, () WU, €

J(@) is a polynomial matrix, named as the commutant of the matrix G5(),

@) m@)
J(“)‘[n(a) —l(a)]’ ®9
with
1@ =21 @-hL@]. (85)

For the present case, it gives

l(a) = %{k{l{wz zoz] }—az[n(f;i) H (86)

and m(a), n( @) are given in Eq(80).
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In order to express the split matrices explicitly, it is convenient to express the matrix

Gy(a) in the following form :

G,(a)= ,/ g,(a)| I cosh(e) + %J (@)sinh(e) |. (87)

Here, g»(a) denotes the determinant of the matrix G,(a) which can be expressed in

terms of the eigenvalues 4, 2(@) as follows :

g,(a@) =4 (a)4,(a), (88)
with

M@ =a (@ ta@Nf, (89)

f(@)=1*(a) + m(a)n(a), (90)
and

_1 1 A(@)

e(@)= 5 ln[}v2 (a)]‘ o1)

F(@) is defined as

F@) = £ = o3y @)/ 1y (@)}. )

Jf@ 2Jf@)

Now, above definitions yield the following for the present case :

25
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Wity
A, (a@)=1%
v 222, Z\k* -’

x\/kzl}—( k zoz] }—a{u(ﬁ) }4(205] (k*-a?) (93)
Dy & &
1 k 2 2 2 2
f(a):—{k{l—( zoz) }—a2{1+(§-) ﬂ +(8—2a) (k*-a?) (94)
4 Wiy & &

and

F(a) =

, 2 : 2
AT e
2720 & £
[ (kzzY] | 4 :
a’#oJk2 1—( . ) }—az 1+(€—2) +4(—gla) (k* —a?)
Wy & £,

1+
2kZ,Z\k? - o 95)

i 2 i 2] 2
ou, |k* 1—(kZ°Z) - —J +4[£2—a] (k* -a?)
1 a)ﬂo L 81

2k*Z,ZNE - o

~
—
+

N

o |»

Now, the explicit expressions of the split matrices can easily be written as :

Gy (@)= & (a){l coshl{7F, , (a)]+7‘7J<a) sinhy[7 F, , (a)]} (96)
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3.2. Modification of the Theory for the Exponential Behaviour at Infinity

A difficulty which sometimes arises in the application of Daniele’s or
Khrapkov’s method is that the split matrices may be exponentially large in their
respective regions of regularity. This prohibits the use of Liouville’s theorem at a
later stage of the Wiener-Hopf procedure. Khrapkov has pointed out the possibility
of such a difficulty and also has given a condition to determine whether the split
matrices have an exponential behaviour or not. This condition, named as regularity

condition, is given by Khrapkov as follows :

jrg- 0 (c=1,2,..) (97)

\/f( ’

where ¢ is the greatest integer in {(g-1)/2] and ¢ denotes the order of the polynomial
Aa).

It is supposed that

fa)=0() as |o| = oo. (98)

Then the following asymptotic expansions are valid

\/7=aqf2[co+"—‘+—"%+--}aslod—>w 9
a a
and
Fy (@ )———IF(T) s s
2nic P1-7/a
L a’l; as o] > (100)
2ma
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where

I = jrfF(r)dr. (101)
Ly

The expansion (100) holds as long as the integrals in (101) converge. Combining
(99) and (100)

JIF (@)= _2_;7“‘”2_1 leodo +(c o + oI )ar +--] (102)

is written. The factor matrices in (96) behave algebraically for ¢ < 2, which means
that they are of the order O(¢f) as @ — o for any q real. However, for g > 2, the
factor matrices display an exponential behaviour. So, when 2 < g < 4, it requires the
coefficient Iy to vanish, but not the higher terms. Similarly, (c1lo+col}) is required to
vanish in addition to the above condition when 4 < g < 6, and so on. In general, they
do not vanish, and the theory should be modified for ¢ > 2 to omit exponentially
growing factor matrices.

Since fla) is a fourth order polynomial, the factor matrices will have an
exponential behaviour. The next step is to introduce a polynomial matrix of the form
to cancel this exponential growth.

Daniele showed that the exponentially growing terms appearing in the split

matrices can be cancelled by finding a polynomial matrix of the form
P(@)=p,(@)] + p, (@) (@) : (103)

where p;, p, are polynomials in o with undetermined coefficients and J is
proportional to the commutant of the G(a) matrix. To cancel the exponentially
growing terms, G(a) will be multiplied by the polynomial matrix and its inverse in

the following form
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G(a)=G(@)P ' (@)P(a) =G, (@)P(a). (104)

It is also assumed that the multiplicative factors of P(a)have the same exponential
behaviour as the factors of G(a).

For the polynomial matrix P(a) given by (103), the Khrapkov factors can be

found as

— ,/ det P

B ()= —(?%—2)"— leosh(y 7 Fp )1 + g7 sinh(y[F Foy ) (@)] (105)

Uudu

P (a)= -————V(;C;)L [cosh(\/7F,,L ) + g[f sinh(y/f F,, )J(a)] (106)
with

ep= (1/2)111[/11»1 / /11:2] (107)

Apil Apr=pitpagf (108)
and

Fp=epl\[f. (109)
The polynomials pi(a) and px(a@) have undetermined constants which should be
determined in such a way that the regularity conditions will be satisfied. Keeping this

in mind, (104) can be written as

G(a) = Gpi(@) P(@) Gru(a) (110)
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since G(o), P(a) and their inverses and the multiplicative factors have the same

commutant.

Thus, the factors are as follows :

(@tG),
(det P),,

(coshLy 7 (F, = Fo )} + g7 sinh[{{F (B - Fyy (@) (111)

5l _ ’(detG)L x
Gp@)=P, ()G (@)= _——_(det F)L

(coshly[ £ (F, — Fy, )M + g7 sinh[{F (F, - Fp, )/ (@) (112)

Gpy (@) =P, (@)Gy (@) =

X

where
Foy(@)=(-1/27ia)y a™1I, (113)
J=0
with

I, = [t/Fp(e)dr (114)
Ly

The gist of this approach is that the multiplicative factors of the matrix G(a) satisfies
the regularity conditions by proper choice of the constants in the polynomials p; and

Pa. So, the integrals / », must be chosen to satisfy the conditions that will be obtained

from \/}"— [FU (@)-Fpy (a)]. For example, when 2 <g <4, j=0 gives

Iy—Ipp=0
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and when 4 < g < 6, in addition to the above condition j = 0 gives
ci(lp — Ipo) + C()(I] ~ Ip]) = (.

These conditions on Ip; lead, in turn, to conditions on the matrix P(c), more

precisely on the coefficients pi(@) and p>(@) in (103). Daniele showed that a solution

can always be found, but this is usually far away from finding an explicit solution.

Because, in general, the integrals I, I, can not be expressed in terms of elementary
or even known transcendental functions, and 1 ’, involve the undetermined

coefficients of p12(a) in a highly non-linear manner.

Now, if the above mentioned integrals are calculated and the unknown

constants are determined, it remains only to factor P(e) in an elementary way, say

P@)=P, (@)F, (). (115)

this gives the final factorization of G(«) as
G(a) =[G ()P, (@[Fy (@)Gpy (@)]. (116)

The factors P, (a) and P, () will in general not commute, so that the new factors

of G(a) will not commute.
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4. SOLUTION FOR THE HIGH FREQUENCY CASE

If the operating frequency is assumed to be very large compared to the
cyclotron frequency, while it is at the same order with the plasma frequency, then @

is taken to be very large than .. In the limit case Eqs.(8) and (9) yield
& =1-(w,/®)’and &, —>0. (117)
The same result can also be obtained if the amplitude of the DC magnetic field
vector is taken as zero.

Thus, according to this assumption Eq.(63) is reduced to

2

iT(c) +i -

Z,Z 0
1)
Gla) = ~ P2 (118)
0 I+ —7Z,Z
Dy
which yields
kZ
iT(a) +i——ZyZ 0 . A
iy {Ll(a)HU,(a)Hﬂ(a)} 119
0 14 k? 7.7 L@)] |U,(@)]| |Fi(e)
DLy

and this is equal to the following uncoupled equations :

2

£ ZonlLl(a)=Ux(a)+ﬁ](a)a (120)

[zT(a)+i

op
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[1 +—1—~"izoz]L2 (@) =U,(a)+ F,(a). (121)
a) wp,

The expression in parenthesis on the left hand side of Eq(121) can be rewritten

in the form
2
L M) +(*z,z . 9:—°Z—12—I‘(a) +k
P INLIN e SRS, JLA
I'(a) oy, I['(a) W, I'a)
to obtain
k+ C'(a)
Y I (122)
! I'(a)
in which
k
Ve =—2,, (123)
DH,
where k = w,/e, 1,6, with & — 0.
The following variable changes are made
1 (124)

and
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__ @ 125
M) = @ (125)

Then Eqs(120-121) take the form

ksin g,

i Lr@n ~U, (@) + —20% 126
i - T(@)h ™ (@)L, (@) =U,(a) + o (126)
1, o kfaz

7 h™ ()L, (a)=U,(a) 7@ — kcosgy) . (127)
The factorization of /() is assumed to be as follows

h(a@)=hy(a)h(a), (128)

where hy(a) and k(o) are regular functions in Ry and R, , respectively. This gives

1L, @, @)

7 o (@), (@) L(a)=U\(a)+ F(a), (129)

and

1 i A 2

e P @U@ @, (130)
or

iFL(a) =hu(a) ~ hy(@) - 131

Th@ @ Ty (@) v (a)+1"u @ @ =
and
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1

1 L, (@) = hy (@)U, (@) + b, (@) Fy (). (132)
nh(x)

The multiplicative factors of A(¢) can be obtained in terms of the Maliuzhinetz

function. The following variable changes

o= -kcos¢ and 7=secld (133)
with

arcsin(er/ k) = ¢—x/2and \1-7n® =—itan4, (134)

give the factors as
h,(—kcos¢) = %sin(¢/2)f(7r—¢+/1)f(7r—¢—l). (135)

The function f{z) is defined as

_ 314 M, (z) 2
JO=F cos(z/Z)[M,,(ﬂ/fl)} (136)

with M,(z) being the Maliuzhinetz function.

Now, the next step is to write the additive split of the terms

_ hu (a) -
f:(a)————ru @@ (137)
fr(@) =hy(@)E(a), (138)
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which appear on the right-hand sides of Eq(131) and Eq(132). According to the
standard procedure

dt

= (139)

1
Sipwp(@)== P c,;‘; J12()

is written where Cy, are the lines shown in Fig-2.2. For the present case ﬁ'u (o) are

as follows :
~ ksing,
F(a)= —, 140
@) (o —kcosg,) (140)
kZ
) (2,2
Fy(@) = ——22 (141)

n(a~kcosg,)’

and the integration lines for the upper factors are shown in Fig-4.1.

Figure 4.1. Integration lines for the upper factors
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This gives
_ 1 ¢ ksing, hy(r) dt
Jw (@)= 27i C{ z(t—kcosg,) T, (1) (t~a) ~ (142)
R W 2 CY AN MO,
S (@)= 27i C'!(n(t—kcos¢0)) t~-a) @, (143)

which requires Cyr to be located in the upper half of the complex a-plane. The
application of the residue theorem to (142) and (143) results :

S (@)= 2721'2 Rezf,; (t)

=2m‘—1—,lksin¢o i) I + b I
27 7 (t—kcos¢o)I"U(t)|,=a (t—a)FU(t)|’=kws¢o

or

fu = ksin g, |:hu(a)_hu(kcos¢o)} (144)

N n(ax—kcosg,)| I'y(a) T,(kcosd,)
and similarly for f5(a) it results :

foo =2 Rezfy, (1)

L -keZ| w0 | | hO]
wi o (t—kOOS¢o))|,,=,, (f—Ol)men

or
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ke Z '
fo =— a [, (@) = h, (kcos 8,)].

(. —kcosg,)

The integration line for the lower factors is shown in Fig-4.2.

Figure 4.2. Integration lines for the lower factors

The integral expression is

1 i ksing, h,() dt

Juw =_5,;{C 7t —kcosgy) Iy (a) (t—a)

L

fu—Ll ] (-ky& Z) By, (0)
T 2 dw(t—kcosdy) (t-a)

L

By residue theorem, it gives

1 _ ksing,

fio =27 { B

27 /4

38

Ty (@)~ @)y

|

(145)
+* Refcl
(146)
(147)
TL. YOUSEKOGRETIM KURULY
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or

ksing, hy (kcosgy)
n(a—kcosg,) T,(kcosg,)’

Ju=

and for f5( @) it gives

=20y k\/_Z{h(r)l }

n (t a) ll=k cosdy

or

_ hy (kcosgd,)
fuu ==k, 2 n(e—kcosg,)

By combining Egs.(131-132) and Eqs.(137-138)

L@ ) =@y
nh@ " T

U,(@)+ fiy (@) + f,(@)
and

11 5
k(@) Ly(@)=hy @)Uz (@) + fry (@) + fr. (@)

is written and it gives
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(1L L(@) - f,,(@); Ima <Im(kcosd,)
n (@)
9,(a) =1
hy (@) . -
k};(_oz-)Ul (@)+ fiy(@); Ima >Im(-k)
and
(1 1
— L(a)- f,,(@); Ima<Im(kcosd,)
n h ()
g, (@) =5

hy (@)U, (@) + fo, (@);  Tme > Im(-k)

N

(152)

(153)

Here, qi(a) and g»(a) are entire functions which will be determined by using the

asymptotic behaviour of the functions for a@—»co that appear in their expressions

which correspond to the edge conditions of the field components.

It gives ¢,(a) = q,() = 0 and from Eqs.(152-153) :

h (@)

L(a)=-in T, () S (@)
g __ L@
Ui(a) = h, (@) Jw (@)

Ly(a)=nh (@) [, (@)
02(a) =‘—l'_fzu(a)

hy (@)

are written. 4( ) and B(q) are derived from Eqs.(42-43) as
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(@)~ B(@) = L,(@)

o1
A(a) + B(ar) = ~i )

Ly(a)

which gives

1

1 ,
A@)=Slh(@)-iz @

L,(a)] (154)

and

B(a)=%[—Ll(a)—if%Lz(a)]. (155)
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5. ANALYSIS OF THE FIELD

A
RB ~. ¢==nto He
(m 3 (I)
/]\ Z s $o -
Zz .o -
(1) - (IV)

-

sB ""#;i) = a+jo

Figure 5.1. Reflection and shadow boundaries

The scattered field was given by Eq.(31)

jA(a)e‘"’"‘”r @da,  y>0

u(x,y)=1{" -
[B@)e ™" @ da,  y<o.
L

and when the expressions of A() and B(e) in Eqs(154-155) are substituted into
above equation, an integral expression of the scattered ficld is obtained. The
evaluation of these integrals will yield the analytical expressions for the scattered
field components. Geometrical optics gives the information about the optical
boundaries and the components that should be expected in these regions (Fig-5.1).
For k — o, asymptotic expression of the integral in Eq(31) can be obtained by using
the steepest descent path method (see A.1).

Let the following variable change made,

= -kcost, da =ksintdt, x =rcosg, y =rsing.
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This change constitutes a mapping of the cut complex a-plane into the ¢ plane
of 0 <Ret < band. According to this mapping, integration line L in the a-plane is
replaced with curve T in the band 0 <Ret < as shown in Fig-5.2.

With the new variables
—iox £ il(a)y = ikrcos(t + @),

is written, then the field expression becomes

J.A(—k cost)e™ =  sin tdy, y>0,

c
= , (156)
IB(—-k cost)e™ %S¢+ fsin rdt, y<0.
c
Im{t}
A

n~§o

—> Re{t}

i
i
i
|
|
;
!
|
1

Figure 5.2. Complex t-plane obtained with o = -kcos¢
As previously mentioned, by using the saddle-point technique, an asymptotic

expression will be obtained for the integral given in Eq.(156) for k— .
Let the exponential function be denoted as

q(?) = cos(rtg)
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and

q')=-sin(txg)=0 t,—p=nm, n=0,1,...

will be calculated. This gives fory>0,0r0< ¢ <7,

t-¢=nm n=0 and yields ¢, =¢

and fory<Qorz<¢g <27z,

t;=nn-¢, n =2 and yields t; = 27-¢.

So, the second order derivative is

q"(t,)=—cos(t,—@)=—cos(¢—¢)=-1<0, (157)
fory> 0, and
q’'(t,) =—cos(t, +g)=—cosQr —g+¢)=-1<0, (158)
for y <0. This gives
([ 2
—————hl :Zt )IA(—k cost, ksing g™ E-in/4 g 50
q
u? (r,g) = ; ’ (159)
ﬂ‘ . .
— = B(-k t Yesint lb'cos(tx+¢)—t7t/4, <0.
Vg e ’

In Region-], defined with 0 < ¢ < 7 - ¢, the saddle point of the integrand for y > 0 is

at t= ¢, and the expression of the scattered field is given as
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u(r, @) = u'r, )

where u%(r, @) is the diffracted field and there is no pole contribution. The diffracted
field is determined by using the saddle point technique :

ikr

u(r, ¢)~u"(0>D(¢o,¢>§_l; (160)

in which

_e™* by (<kcosg)h, (kcosdy) | - 1
D(¢0,¢)_ﬂn (o £ oosg) [\/1 cos @4/ —cos g, n}' (161)

In Region-II, defined with 7-dy < ¢ < x, saddle point of the integrand for y >0

is at t = ¢. The scattered field is given as

u(r, ) =u'(r, §) + u(r, 9)

where #(r, ¢) is the contribution of the pole ¢ = 7 - ¢y corresponding to the reflected
field.
In Region-III, where 7z < ¢ < z+¢y, saddle point is given as t = 27-¢. The

scattered field is as follows:

u(r, @) = -u'(r, g+ u*(r, 9)

and the negative of the incident field is obtained as the residue contribution of the
pole at (7-dp). D(¢h, @) is given as

_ ™"k (~kcosg)hy, (kcosdy)
D(4,.¢) = T2z (cosg+cosdy)

[ﬁ - c0s¢\/1 —~cosd, +-71;] (162)
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In Region-IV, where 7+¢y < ¢ < 27, saddle point is ¢ = 27~¢ . In this case,

scattered field is given as

u(r, @) = ud(r, )

without any pole contribution where the expression of D(¢y,¢) is given as in
Eq(162).

Now, to write the diffraction coefficient in a form convenient for numerical
analysis Ay () are written explicitly.

hi(-kcos¢) can be derived using the relations 4(@) = hiy(@)h () and h{a) =
hi(-c) yielding

h(-kcos@) = hy(-kcos@)h(-kcosd)
and
hi(-kcos @) = h(-kcosg).hy™ (-kcos ). (163)

On the other hand, Ay(-kcos@) is written in terms of Maliuzhinetz function
M;(z) as follows

4
—=sin(¢/2)
h, (~kcosg) = ‘/’7; > -
[l . \/Ecos(” ~ ¢ +arccos(l/ 77))] [l N \/Ecos(” — ¢ —arccos(l/ 1]))]
’ 2 2

[M = (@~ ¢ +arccos(1/ )M, (r — ¢ —arccos(l/ 17)]2
4
4
[M x (E)}

Then, using (163), #(-kcosg) can be written as

x (164)
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cos%—[Mn’(n/Z)]"
2(1+7sing)

h, (—kcosg) =\

2
[Mz(ir ¢ —arccos(l/ 7]))]7 Mn(z — ¢ + arccos(l/ 7]))]

[I+\/_2_cos(7[ ¢~ arccos(l/n)):][l+ﬁcos(ﬂ—¢+arccos(1/77))]
(165)

and in a similar way, &,(kcos¢y) can be written as

cos¢—°[Mn'(ﬂ:/2)]4
hy (kcosg,) =n—2

2(1+nsing,)

[1+J§cos(7[—¢° —arzccos)(l/n))][l_‘_ﬁcos(ﬂ—¢0 +a;ccos(1/77)

)}
: (166)
[M7r (7 - ¢, ~arccos(1/ 7)) [ [Mz(z - @, +arccos(1/7)]

X

in which Az(-kcosdy) = h,(kcosdy).
Now, putting (165) and (166) into (161) and (162), the expression of diffracted

field u? is obtained in the upper and lower media, respectively.

e ikr

1w (r,0) = v'(0)D(dy, ) e

DUy d) =~ g 2 SOSB12)cos(gy /2)[M (/2] [Y1=cospT=cosg, - /)]
v \[—ﬂ' 4(1+nsing)(1 +nsing,) cos@ +cos g,

[l +42 cos(” o+ arzc cos(l/ 77))][1 +2 COS(” 9= ar2c cos(l/ ) )]

[M . (w — ¢ + arccos(l/ 77))]2 [M (7 — ¢ —arccos(1/ r])]2
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[1+ JZcos("" ¢o+arccos(l/n))}[l+ Jreos("" a;ccos(l/n)

)]
(167)
[M (7w - ¢, +arccos(1/77))] M, (%—¢, - arccos(l/n)]

X

for y> 0, and

D(8,,¢) = g , cos(¢/2)cos(d, / 2)[M, (x/2)f [\/r— cos g1 -cosg, +(1/ 77)]
0> _\/5;77 4(1+nsing)(1+nsind, ) cos ¢ + cos g,

[1+\/§-cos(7r—¢+m;cos(l/n)):]{l+\/§cos(ﬂ-¢—arzccos(1/ﬂ))]

[M (7w — ¢ +arccos(l/ 1]))]2 [M . (m — ¢ —arccos(l/ 17)]2

X

[l 4 \/fcos(ﬂ ~@, + arccos(l/n)) 1+ ﬁcos(” -@, — arccos(l/n))
L 2 (168)
[M . (7 — ¢, +arccos(l/ 17))]2 [M . — ¢, —arccos(l/ 77)]2
for y < 0. Then the total field &' = u + #/' is written as
(U +ud, Region I
] u +u” +uf, Regién I (169)
u?, Region 111
\u" +u?, RegionIV.
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6. NUMERICAL RESULTS

10l0g10lD(¢o.9)|

20 T T T T L L F]

b=
o
Q
=
3
o
=
=
3
=
e —2=i0.1
0t ~-2=10.5
—2Z=i
81=0.1
151
L y ¢

20 40 B0 80 100 120 140 160 180
Ohservation Angle

Figure 6.1. 10log0|D(¢0,0)| With $c=30°,6,=0.1
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10log10lD(¢o. )

20 ¥ H L) 1 T 1 1 ;

i

Diffraction Coefficient

20 40 60 80 100 120 140 160 180
Observation Angle

Figure 6.2. 10log1o|D(¢o,$)| With $o=30°,£4=1

50



6. NUMERICAL RESULTS

Sule YENER

10log10iD(¢.¢)I
20 T T

Diffraction Caefficient

-

N o el |

~--Z=i0.1 \
--Z=i0.5 )
£4=0.1 \:
15+ )
_20 1 1 L 1 A 1 —l L
0 20 40 60 a0 100 120 140 160
Observation Angle

Figure 6.3. 10log40{D(¢,$)| in monostatic case with £,=0.1
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10l0g10|D(¢,4)]
20 ——

15

10

&y}

Diffraction Coefficient
)

5L Y
~Z=i0.1 E
10k ---2=10.5 d
81=0.5 |
45} ‘
_20 L A - 1 A L oL -l Llj
0 20 40 60 a0 100 120 140 160 180
Observation Angle

Figure 6.4. 10log40|D(¢,)| in monostatic case with £4=0.5
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10log 10| D{(¢,9)]
20 T
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Diffraction Coefficient

- -
|

~20 1 1 | [ 1 A L. i ]
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e
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Figure 6.5. 10log+0|D(¢,4)| in monostatic case with g,=1
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10log10D(¢,4)l

€1

_1 L 1 1 1 1 L 1 1

0.1 0.2 0.3 0.4 0.5 06 0.7 08 0.8 1

Figure 6.6. 10log+c|D($,9)| versus g, in monostatic case
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Figure 6.7. 10logqol(D($,4)f in monostatic case for different values of ¢;.
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7. CONCLUSION

The scattered field expressions obtained for the problem of diffraction by an
impedance half plane in cold plasma are relatively simple. For numerical
computation, only difficulty will arise from the presence of the multiplicative factor
of the kernel function h(a). As given before, the factors hy(c@) and k(o) are
expressed in terms of Maliuzhinetz function. The numerical calculation of the
Maliuzhinetz function, which is a meromorphic transcendental function, was first
accomplished by Bucci (1975). In the present study, approximate expressions
introduced by Senior and Volakis (1985) are used.

The figures from (6.1) to (6.5) show the variation of the diffraction coefficient
with respect to the observation angle. The impedance values are taken to be pure
imaginary as (i0.1), (i0.5) and (il.0). Also the monostatic diffraction coefficient is
calculated with respect to & for the range 0 < & < 1 (Figure6.6).

For Z = 1+i0.5 the variation of the monostatic diffraction coefficient with
respect to the observation angle is shown in Fig(6.7) for various values of &. The
effect of the impedance and ¢ is easily seen from the figures such that the diffraction
coefficient is weakened as the value of impedance or ¢ is increased. As is obvious,
the case & = 1 corresponds to the case where the surrounding medium is isotropic
and homogeneous.

The diffraction of plane waves by an impedance half-plane problem in cold
plasma is being considered for the first time in this study. Therefore, it is not possible
to verify the results obtained here with some previously derived solutions. But, as a
verification of the present investigation the diffraction coefficient can be reduced to

the impedance half-plane problem in simple medium. The reduction can be achieved

1
JaZ

by simple writing & = 1 and it gives 77 = = —;— , resulting with
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et 7+ Jl - cos¢\/r— COS @,

D(y.9) = 205 cosp 1+ cosg, hy (kcos gy Yhy, (kcosg), y s 0

(170)

This expression is identical to the solution given by Biyiikaksoy and Uzgoren.
Because of the difference in the geometry of the problem, it is necessary to make the
following substitutions : ¢ — 7+ ¢ and ¢y — 7+ ¢ in the expressions obtained

here. Then Eq(170) becomes

el ?Z—J1+cos¢\/f+ cosg,

D(4y.9) = o cosg 1 0osg, hy (=k cos ¢y )h, (~k cosg) , yS 0

(171)

The solution of the present problem is given in GTD form, yielding the
diffraction coefficient corresponding an impedance edge in cold plasma. Since cold
plasma is considered as a medium modelling ionosphere, it is possible to investigate
the diffraction mechanism of the complex scatterers in the ionosphere such as

airplanes or satellites.
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APPENDIX
A.1l. Asymptotic Evaluation of Integrals

Consider the integral representation of the form

I(k) = j f(2)e"Pdz M
(o .

where k is very large parameter. f{z) and g(z) are analytic functions of the complex
variable z along a path of integration C with endpoints at infinity, and where the
large parameter k is assumed to be positive.

Suppose that at the point z; on C, Req(z) has a maximum value so that Reg(z) <
Req(zs) on the remainder of the path. Since k is very large, it follows that 4 =
lexp[kq(2)]| likewise has a maximum at z; and decreases very rapidly away from z;.

The point(s) z;, where there occur maximum contributions to the integral, are
saddle or stationary points of the function ¢(z), defined by the vanishing of one or
more of the derivatives of g(z). The desired path C; is one on which /mq(z) remains
constant. A finite number of terms in the power series expansion of g(z) about z;
characterizes the asymptotic evaluation for large k. This feature may be exploited in
a rigorous manner by transforming the given integral into a canonical form, wherein
the function g(z) is replaced by another function, a polynomial that describes in the
simplest fashion the relevant saddle-point arrangement as z;. The transformation will

be phrased as :

7(s) = q(2) 2)

the point z, in the complex z-plane being chosen to correspond to s = 0 in the

complex s-plane. Thus, Eq(1) leads to
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I(k) = jG(s)e’“("ds 3)
:

where

66)= f@ % and £ T8

s ') ©a)

C' represents the mapping onto the s plane of the path C in the z plane.

I(k) in the s-plane is approximated most simply on a contour C , which passes
in the vicinity of the origin and along which the magnitude of exp[k 7 (s)] decreases
rapidly away from s =0. The desired contour C in the s-plane, along which Imz(s)=
constant and Re7(s) <Rer(0) away from a region about s = 0, constitutes a
mapping into the s-plane of the path C, in the z-plane.Generally C' will not be
identical with C, and in any ensuing deformation of C' into C, the presence of

singularities of the integrand in Eq(3) may have to be taken into account.

Assume that the integral in Eq(3) is to be evaluated over the desired contour
C and that G(s) is regular and slowly varying in the vicinity of s = 0. For large
values of k the dominant contribution to the integral in Eq(3) arises from the vicinity
of the origin since the exponential term decreases rapidly away from the region s ~ 0.

Then

I(k) = [G(s)e* Pds~G(0) [ Vds, k— oo (5)
C c

where the symbol ~ means asymptotically represented by and G(0) is the value of the
regular function G(0) at s = 0. The last integral in Eq(5) represents a canonical
integral that provides a first-order approximation to the unknown integral I(k) of

Eq(1).
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A.1.1. Saddle Points

Consider the analytic function g(z)

q(z) =u(x,y) +iv(x,y), z=x+iy (6)
where u, v, x and y are real. A stationary point z; of g(z) is determined by

%zq—=0 at z=z,, @)

in view of the analytic behaviour of g about z;, it is thereby implied that the functions
u and v are also stationary at (x;, ys),

Ou
7&:__:—_:—-:0 atx =xs, ¥y =Y. (8)

Although Eqs(8) are satisfied, the surfaces u(x, y) = constant and v(x, y) = constant
do not have absolute maximum or minimum values at (x;, y;). This is seen readily

from the Cauchy-Riemann equations, satisfied by # and v,

w_ o o o
& o &y &
from which it follows that for a first-order saddle-point (d’q/dz> #0),
2 2 2 2
O'u _ 0u 6v=_6v (10)

axZ -_ayl ? axz ayZ

Thus, if at (x;, ys) the curvature of the surface u(x, y) = constant, or v(x, y) = constant,
is positive along the x direction, it is negative along the (perpendicular) y direction.
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The stationary points z; are therefore saddle points. Depending on the choice of path
through z;, the magnitude of u(x,y) and therefore of explkg(z)] may increase,

decrease, or remain constant along the path.
A.1.2. Paths of Constant Level and Constant Phase

The steepest paths through a saddle point will be the paths along which u(x,y)
changes most rapidly. In view of Eq(6), these will be the paths along which u(x, y)
changes most rapidly. v = costant is along the the path on which » changes most
rapidly, so the steepest path is a constant-phase path. Similarly, the magnitude of the

exponential is constant along the paths of most rapid phase variation.
A.1.3. First Order Approximation

If in the integrand of

Itky= [f(2)e""dz

SDp

the function f{z) has no singularities near an isolated first-order saddle point z; of

q(z), where ¢'(z,) =0, q"(z,)# 0, the asymptotic approximation of I(k) is given by

-2r
k' (z,)

I(k)~ f(2,)e" %) | k> o (11)

When ¢(z) =ig(z), with §(z) denoting a real function of z, and z; is real, Eq(11)

may be written as
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' f 2z .
ikG(z, )+inm A
k ' q‘\lr(zs)lf(zs)e @) /49 q (Zs) >O
- o (12)
, Kz, )-in 4 n
\ k'qA”(Zs)If(ZS)e /47 q (Z.\)<O

Itky= [f(z)e"dz~
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A.2. Maliuzhinets Function

The functions of the form

@)=Y -2
k+ BVk* -a?

can be expressed in terms of Maliuzhinetz functions.

The following variable changes

a=-kcosg and f=secd
with

arcsin(fa/k)=¢—m /2 and 1-pB% =—itan A
gives the factors as

Zy(~kcosg) =2/ Bsin(@/2) f(x~ ¢+ 1) f(m -~ 4)

The function fz) is defined as

_ 314 M_(2) 2
f(Z)_1+\/§cos(z/2)[M,,(7f/2)}

with My(z) being the Maliuzhinetz function.

(13)

(14)

(15)

(16)

(17)

Maliuzhinetz function My(z) is an even meromorphic function of z and some

of its properties are given by Bowmann (1967).

An alternative description of Maliuzhinetz function with z = x+jy is given as
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1 *xsinu — 227 sin(u/2) +2u
M, (2)= exp{— P I - du}

¢

and a recurrence relation satisfied by M,(z) is written as

zZ 7
S ———
2 €O (4 )

M, (2) =[M”(£):| Mcn)

2

in which M, (%) is given by

M, (—’25) =0.96562.

In addition,
M,(-2) = M,(z)
M2y = My (2)

are also satisfied by Maliuzhinetz function.

(18)

(19)

20)

21

(22)

For x = 0 or y = 0, Maliuzhinetz function is real-valued. And its approximate

expressions in the corresponding strip was given by Senior and Volakis as below.

Taylor series expansion of the function in the neighbourhood of z = 0 is given as

M (2) =1-az* +o(z*)

where
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(23)



a =l(1—\/§+3) =0.01390.
16 T

Then, for small values of argument,
M{(z) = 1-1.013902%, |z] — 0

can be written.

On the other hand, for y >> 0,

f 2 K
b=_|——exp(—),
V2 +1 p(2r:)

where
K=10.91596... (Catalan constant)

then,

M,(z2)=b cos(f;ll—Og—z—) exp{—li eiz}
4 2z

can be written.

69

24

(25)

(26)
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28)




