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ABSTRACT

MARTINGALE REPRESENTATION THEOREM FOR
DIFFUSION IN INFINITE DIMENSIONAL SPACES
AND APPLICATIONS

Ugur Aydin
M.S. in Mathematics
Advisor: Ali Siileyman Ustiinel
March 2023

We show that square integrable martingales adapted to the filtration generated
by a weak solution of a stochastic differential equation driven by a cylindrical
Wiener process on a separable real Hilbert space that has the weak uniqueness
property has a martingale representation driven by the martingale part of the
stochastic differential equation.

Keywords: stocastic differential equation, martingale representation, Malliavin
calculus.
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OZET

DIFUZYON ICIN SONSUZ UZAYDA MARTINGAL
GOSTERIMI VE UYGULAMALARI

Ugur Aydin
Matematik, Yiiksek Lisans
Tez Damsmant: Ali Siileyman Ustiinel
Mart 2023

Silindirik bir Wiener siireci ile siiriilen sonsuz boyutta yasayan bir stokastik difer-
ansiyel denkleminin zayif nadirlik 6zelligini saglamasi durumunda biitiin zayif
¢oziimleri i¢in yarattigi karesi integrallenebilen rassal degigkenlerin bulundugu
uzay icindeki biitiin martingallerin aldig1 stokastik integral gosteriminin varligini

gosterecegiz.

Anahtar sozcikler: stokastik diferansiyel denklemi, martingal gosterimi, Malli-

avin kalkilisii.
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Chapter 1
Introduction

Construction of stochastic integral gives us a characterization of processes £ =
(&; s € 10, 1]) such that (fg £:dXs; s € ]0,1]) is a martingale, where X is a square
integrable process. In this thesis we prove the converse of this statement, i.e. we
characterize the elements of the space L?(F;(X)) where (F,(X);s € [0, 1]) is the
filtration generated by a diffusion process X, with unique law, in some Hilbert

space H that has the following form:
dXt = b(t, X)dt + U(t, X)th7

where W is a cylindrical Wiener process that lives in, perhaps another Hilbert

space different than H, U.

Let (€2, F1(X), P) be a probability space. As an application of the martingale

problem associated to X, we prove that the set

r={ee a0 £ [ wlents, 0)Eols, 0)yds < oo

is dense in L?(F;(X); K). As a consequence of this observation, we then represent
the whole L?(F;(X); K) with the stochastic integrals of the form fol EsPs(X)dW
where & € L2(dt x dP, F(X); Ly(U,K)), and P(X) = (Ps(X);s € [0,1]) is



the measruable version of the projection to ker o, which exist by a measurable

selection theorem.

To accomplish this, we start with an introduction to measure theory in Hilbert
spaces, and give a detailed account of Gaussian processes in infinite dimensional
space to make sense of the cylindrical Wiener processes. To this end, we introduce
the concept of measure "on a Banach space” and precisely discuss the structures
arise from the celebrated Cameron-Martin theorem for Gaussian measures. After
the construction of stochastic integrals with respect to a cylindrical Wiener pro-
cess, we give heuristic background for the Gaussian space that is generated by a
cylindrical Wiener process and deal with the construction of Malliavin calculus
that arise from it. We pay special attention to the case when the underlying
Hilbert space is the space of Hilbert-Schmidt operators, which we will use to es-
tablish certain relations later on. As a word of caution, rather than working with
Wiener spaces, we will be working on arbitrary probability spaces thus, one needs
to construct the derivative by analytic means rather than the Gateux derivative,

which no longer makes sense in such generality.

In chapter 3, we give a proof of Yamada-Watanabe theorem for X as we will

implicity use it for existence of weak solutions.

In section 4 we give the formulation of martingale problem in the subsequent

chapter and establish the martingale representation theorem.

In chapter 5, we give a direct application of this martingale representation

theorem in presence of innovation process.

In chapter 6, we give a sketch of the proof of Malliavin differentiability of dif-
fusion in our setting, and create an auxiliary differential operator via conditional
expectation with respect to F;(X) of Malliavin derivative. We conclude the chap-
ter with an application of the tools we have developed through the martingale
representation and obtain Log-Sobolev inequality when the underlying measure

is the law of our diffusion.



Chapter 2

Preliminaries

2.1 Stochastic analysis in infinite dimensional

spaces

In this section we will give some elementary background for the tools that we will
use later in this thesis. Details regarding stochastic analysis in infinite dimen-
sional spaces can be found in [3] and Gaussian measures in infinite dimensional

spaces can be found in [2].

2.1.1 Elements of stochastic analysis and probability the-

ory

A probability space for us will be the 3-tuple (2, F, P) or (2, F, u). All of our
measures will be Borel. An increasing family of o-algebras that is contained in F,
will be referred as a filtration. If F is a filtration in our probability space such that
each of its elements are completed with respect to the measure P (including the
initial o-algebra F) we will refer to the tuple (Q, F, P,F) as a normal stochastic

basis. For the most part we are interested in continuous time processes, hence



the filtration will be indexed with the compact interval [0, 1] for the most part.
Implicitly we will assume that our filtration (.E)te[o,l] are right continuous, i.e.
Fi = NesoFire. Unless stated otherwise, we will implicitly assume that we are
working on such a stochastic basis with filtration that is indexed on [0, 1] from

now on.

A random variable will be a metric space valued measurable function for us.
Particular treatment for operator valued stochastic processes will be given explic-
itly. We shall work on Hilbert space valued random variables for the most part
hence, we will work with Bochner integrals. The most frequent space that we
will use with regarding to the integrability will be the space of square integrable
functions L?. By L*([0,1]; H) we will mean H-valued square integrable (equiva-
lence class of) functions on [0, 1] with respect to the Lebesgue integral over [0, 1].
If the underlying probability /measure space is understood, we will use L?(u, H)
to indicate H-valued square integrable (equivalence class of) functions with re-
spect to the measure p over the whole space. If there will be no confusion with
regarding to the underlying measure, to indicate the measurability with respect
to a particular o-algebra, let’s say F(X), we will write L*(F(X), H) to denote
H-valued (equivalence class of ) functions that are square integrable with respect

to the underlying measure over the whole space that are F(X) measurable.

For the most part we will ignore the variable w € €). A random variable X is

said to Bochner integrable if
BN = [ 1X]4P < .

Law of a random variable X in a probability space with probability measure pu

will be denoted by several different notations throughout the paper

and defined as

The notation X (u) is referred as pushforward of p by X. We will prefer to use
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L(X) when we will not need to mention the underlying probability measure.

For a random variable X by F(X) we will denote the smallest o-algebra gener-
ated by X. If X = (X}).c[0,1) is a stochastic process, then the filtration generated
by X will be referred as the right continuous, completed version of the filtration

generated by X.

A stochastic process will be a family of random variables that depend on
time. For our purposes, they will usually depend on the interval [0, 1] as a time
parameter. One can easily take R, as the domain for time parameter however,
for most of our purposes space of continuous functions will play crucial role for
us and in which case we will have to deal with Frechet spaces. Although dealing
with Frechet spaces is doable, we shall refrain from it hence we will stick to the
case [0, 1] (or any [0, 7] for T' < o0).

2.1.1.1 Operator valued stochastic processes

Let U and H be separable Hilbert spaces. By L(U, H) we will denote the space of
linear bounded operators form U to H. A trace-class operator will be an operator
with finite trace (or trace-class operator). By tr- we will denote the trace of the

operator. Hence, if A is a trace class operator, then trA < oo.

We say that an operator A is Hilbert-Schmidt if AA* is trace class, where A*
denotes the adjoint of A. The space of Hilbert-Schmidt operators from U to H
will be denoted by Lo(U, H). At certain times to indicate the structure explicitly
we may write Ly(U, H) as H ® U by abusing the notation to not indicate the
completed Hilbert-Schmidt product.

Since the space L(U, H) is not separable, it is pathological with regarding to
most of our notion of integration (and even the measurability assumptions do not
work properly). However such difficulty does not appear in the space Lo(U, H)
as it is separable. For this reason almost all integration that we will do, let it

be with respect to a measure or a Wiener process, if the integrand is some sort



of operator it will be class of Ly(U, H). Therefore, we can make sense of Hilbert-
Schmidt valued processes by the means of the previous subsection, although the
case of a general linear bounded operator valued processes / random variables

needs some extra care.

We conclude this subsection with the definition of quadratic variation in sep-

arable Hilbert spaces.

Definition 2.1.1. We say that a trace-class operator valued process V : H — H

a quadratic variation of a martingale M, if for any a,b € H,
(M, a)(My,b) — (Via, b)

is a martingale (with respect to the underlying stochastic basis) and Vo = 0,
increasing, and V; < Vi if 0 <t < s < 1. We will denote V' by ((M)).

Existence of such V follows from [3, Proposition 3.12].

2.1.1.2 Gaussian processes and measures in infinite dimensional

spaces

We say that a measure is Gaussian on a Banach space B if for its pushforward

with respect to the elements ¢ € B* is a Gaussian measure on R.

Definition 2.1.2. [2, Definition 2.2.7] Given a probability measure on a separable

Banach space B, say p, its covariance operator I, : B* — B*™ is defined by

160 = [ e @)inte)

Definition 2.1.3. /2, Definition 2.2.7] Mean of a measure j on a separable
Banach space B, my,, is defined as m,({) = [, {(x)du(x) for any ¢ € B*.

Remark 2.1.1. For most measures such definition of mean requires the space

B to be reflexive, as m,, is inherently in B**, to obtain any reasonable theory.



However, we will mainly work on separable Hilbert spaces hence, this will not

cause any problem.

Following [2, Theorem 2.3.1] we can obtain the following definition:

Definition 2.1.4. When u has mean m,, and covariance I, we will denote it by

N(my, 1,). In case pu satisfies the formula

/B e pd(z) = exp (—%Iu(z, 4))

for any ¢ € B*, then we call i as a centered Gaussian measure on B.

Since we can always shift a Gaussian measure with non zero mean to a Gaussian
measure with zero mean, we can without loss of generality consider centered

Gaussian processes while discussing the theory.

In our generality, for a Gaussian measure p, the covariance operator I, will be

compact. More can be said in case B = H is a Hilbert space.

Proposition 2.1.1 ([9]). If B = H is a Hilbert space, then for the operator f#
that is defined as (I,h, k) = I,(h, k) is trace-class and has the identity

/ ||| 2 pd(x) = trl,.
H

For any positive, symmetric, trace-class operator A : H — H, there exists a

Gaussian measure on H such that [Nu = A.

When B = H is a Hilbert space, by abusing the terminology, we can associate
m,, by an element of U, say m, and I, with fu = . In such case by abusing
the terminology we will also say a random variable has mean m and covariance
@ if its distribution has such mean and covariance. Especially in the following
subsection, when we are dealing with Wiener processes, this convention will be

used as we will not be working with the underlying measures explicitly.



2.1.1.3 Cameron-Martin space of (Gaussian measures

Suppose that B is a separable Banach space. For a given Guassian measure p
on B, it is possible to associate p with a subspace H, of B that leaves p quasi-
invariant, i.e. translated measure in the direction of the vectors in H), is equiv-
alent to . When H,, is infinite dimensional, it necessarily has pH, = 0, yet it
completely determines the Gaussian measure as we will see. This feature is com-
pletely counter-intuitive when one considers the measures in finite dimensional
spaces such as Lebesque measure, which does not exist in infinite dimensional

spaces. The space H), is called the Cameron-Martin space and defined as follows:

Definition 2.1.5 ([2]). Let H, C B be the linear subspace
H,={h € B:3n* € B* with I,(h*,¢) = {(h)V{ € B*},

where B* is the dual space of B. We define the Cameron-Martin space associated

to pu as the completion of the subspace H, under the norm Al = Lu(h* h*) =
(h*, h*).

Thereby, Cameron-Martin space associated to a Gaussian measure is the range

of the operator I, -

Proposition 2.1.2. [2, Corollary 3.2.6] If 1 and v are Gaussian measures on
B, such that H, = H, and ||h||, = ||h||, for every h € H,, then they are equal to
each other. In particular, the Cameron-Martin space completely determines the

measure.

Theorem 2.1.1 (Cameron-Martin theorem). Define a shift operator T : B — B
by T'(z) = x+h for some h € B. Then, Ty is absolutely continuous with respect
to p if and only iof h € H,,, where Ty p is the pushforward of p under v — x + h.

Theorem 2.1.2. (9] Let pi be a Gaussian measure on a separable Banach space K
with Cameron-Martin space H,. Let A: H, — B, here B is a separable Banach
space too, be a bounded linear map such that there exists a Gaussian measure v
on B with covariance 1,(ly,0s) = 1,(A*ly, A*ls), where A* is the adjoint of A.

Then the linear measurable extension of A is unique, up to null sets.

8



Theorem 2.1.3. [§] If the measure v as in Theorem[2.1.9 is centered Gaussian,
there exists a measurable map R : K — B such that v = R*u, and there exists
a measurable linear subspace V. C B with uV = 1 such that R|y is linear and
R|g, = A with H,, C V. In case A is Hilbert-Schmidt class, then v can be assumed

to be any Gaussian measure and the statement holds verbatim.

It is easy to see that Theorem and Theorem [2.1.3] complement each
other. As an interpretation of these theorems, the spaces K and B are completely
irrelevant when one considers a Gaussian measure! This interpretation will be
crucial to the philosophy behind the cylindrical Wiener processes, which we will

consider in the next subsection

2.1.2 Stochastic integral with respect to a Wiener process

in separable Hilbert spaces

2.1.2.1 Wiener processes with trace-class covariance and stochastic

integrals with respect to them

Fix a probability space (£, F, P). We further fix a sequence of increasing o-
algebras, (F3):cj0,1) such that 7, C F, F; are right-continuous, and are completed.
Let U and H be Hilbert spaces. For a bounded linear operator ¢ : U — U
such that trQ) < oo, there exists a complete orthonormal basis {uy}x of U, and
a bounded sequence of non negative real numbers A, such that Qep = Apex

k=1,2,--- as the trace-class operators are compact.

Definition 2.1.6. We say that a process W = (Wy)scp0,1) is a U-valued Q- Wiener
process with respect to the filtration (F;)cjo,1) if

L4 WO = Oa
o W has continuous sample trajectories almost everywhere,

e For1>1t>s >0 law of W, — Wy, L(W, — W), has zero mean and its
covariance is (t —s)Q, i.e. LW, —Wy5) =N (0, (t—s)Q) for1 >t >s>0.

9



e W, is Fi-measurable,

o Wy — W, is independent of F; for any h € [0,1 —t] C [0, 1].

Whenever tr@) < oo, such W always exist on U that lies in our probability
space (2, F, P) that is adapted to a given filtration, and for arbitrary ¢ € [0, 1],

W can be represented as

Wt =5 Zl \/)‘_nﬂn<t)en

where (,(t) = %(Wt,eﬁ is a stantard Wiener process for all n and (3, are
mutually independent from each other in (2, F, P). We will fix a Q-Wiener
process for () such that tr@) < oo throughout this section.

We say that an L(U, H)-valued process § = (&)scp,] is elementary, if there
exist a finite partition 0 = t; < ty < --- < ¢, = 1 of [0,1], and a sequence of
L(U, H) valued random variables &, ,--- ,&, , such that &, is F;, measurable for

1=1,---,n—1and
n—1
é.S = Zé.til(thtwrl]?
=1

where 1, is the indicator function. We define the stochastic integral for elementary

functions with respect to a Wiener process by the formula

t n—1
/ gdeS - Z é'ti (Wti+1/\t - Wti/\t) .
0 i=1

Hence, the stochastic integral is H-valued and adapted to the filtration (F¢):c[o,1]-

Extension to larger class of integrands will be done via the isometric isomor-
phism provided by the stochastic integral to the space that is equipped with the
norm || - || = (E fy tr(-Q/?)(-Q"/?)*ds)"/?. In case there will be no confusion,
we will omit the operator () from the notation. For this purpose we will consider

predictable processes. First, we need the following proposition:

Proposition 2.1.3 (Ito isometry). Let £ be an elementary process that is
L(U, H)-valued such that Ef(f tr(£,QY?)(£,QY?)*ds < oo, then for any t € [0,1]

10



we have )

E = E/t tr(ngl/z)(ésQl/Q)*dsa
H 0

t
/ c.aw,
0

and fo EdW is continuous, square integrable H-valued martingale.

Furthermore, the elementary processes themselves are dense in the space of

Lo(U, H) valued predictable processes:

Proposition 2.1.4. If £ is Ly(U, H)-valued predictable process with ||£]|a < oo,
then there exists a sequence of elementary processes {£"} such that ||€"—&||pr — 0

as n — Q.

By using the proposition above along with the It6 isometry for elementary
processes, by the Riesz-Fischer theorem we have that for Lo(U, H) valued pre-
dictable processes the stochastic integral is well defined under the conditions

above. Furthermore, the integral is a continuous martingale [3].

2.1.2.2 Cylindrical Wiener process and stochastic integrals with re-

spect to them

In finite dimensional spaces, N-dimensional Wiener process is defined as follows:

N
WtN = Z Bz(t)ez
i=1

where (e;); is the orthonormal basis of the space and f3; are mutually independent
1-dimensional standard Wiener processes. The immediate question is that can
one construct infinite dimensional standard Wiener process in a similar fashion,
i.e. as an infinite tuple that consist of mutually independent copies of standard
Wiener processes without any other factor in the series representation, i.e. Wiener

process with series representation of the form:

Wy = Zl: Bi(t)u;

11



where u; is a complete orthonormal basis of U and f3; are 1-dimensional mutually

independent standard Wiener processes.

The extra factors in front of the 1-dimensional standard Wiener processes in the
trace-class covariance case certainly messes up the relation of the Wiener process
with the heat kernel for instance (as otherwise Wiener process would not exert the
same force in every direction). However, without any extra factors in front of the
individual one dimensional standard Wiener processes the covariance operator ()
would be the identity operator I hence, the previous construction fails, and in
general such processes explode in the initial space U since the identity operator is
not trace-class in infinite dimensional spaces. It turns out that, although on the
initial space this construction is not possible, we can consider slightly extended
spaces to compensate such structure, and extend the notion of QQ-Wiener processes
with non-trace-class covariance operators. Such processes are called cylindrical
Wiener processes, and the most important one, which also will be the type of
Wiener process that we will consider throughout the text, will be the one with

the identity as the covariance operator.

To make sense of such Wiener processes in infinite dimensional spaces, we will
embed the process on a bigger space than the initial one. For the existence of such
embedding, we can fix a symmetric, nonnegative, bounded and linear covariance
operator (). Take a copy of U, say U; = U, and pick a strictly positive and finite
sequence (6;);ey such that Y -2, 07 < co. We define a new operator, J, that will
embed QY2U to U by

oo

J(w) = 0;(u, usu;,

i=1
where u; is a complete orthonormal basis of QY/2U. It immediately follows that
J is one to one and Hilbert-Schmidt. In general, such operators will be called as
Hilbert-Schmidt embedding and as we just showed that there always exist one.
Further constructions of such embedding can be found in [20]. We will fix a
Hilbert-Schmidt embedding .J : Q'/2U — U for rest of this section.

Proposition 2.1.5 (|21]). Define Q1 = JJ*, and pick an infinite sequence of

real valued mutually independent Wiener processes (5;):en that are not necessarily

12



standard. Then the process W = (Wt)te[o,l] defined as

15 a QQ1-Wiener process in Ul.

Definition 2.1.7. We call any processes W as in the previous proposition as the

cylindrical Q- Wiener process.

Remark 2.1.2. [t is not immediate, however Q)1 is nonnegative, symmetric, and
trace-class [3, Proposition 4.11]. Therefore, after the embedding we transform
cylindrical Wiener processes to the trace-class ones. In case when (3; are standard

real valued Wiener processes, we will obtain a cylindrical I-Wiener process.

Certainly, in case when J = [ and @ is trace-class, any cylindrical ()-Wiener

process is just a ()-Wiener process.

This construction shines when one wants to consider stochastic integrals with
respect to such processes. It is easy to see that & € Ly(QY?U, H) if and only if
EoJ e Ly }/Q(Ul), H). Thus, it is natural to define the stochastic integral as

/gdes ::/ gsJildWm
0 0

where J~! can be thought as the left inverse of J, which exists, as a partial
isometry. This integral is certainly independent of U; and J, which is easy to
check for elementary processes as they do not depend on J, then using the uniform
convergence of the truncated stochastic integral driven by W we can extend this
result to the stochastic integrals driven by W. As in the definition of cylindrical
@-Wiener processes with trace-class covariance operator ), in case when (@ is
trace-class by taking J = I this integral coincides with the stochastic integral for

Q-Wiener processes.

Although a cylindrical @Q-Wiener processes seem to force us to work on U
rather than Q/2U (since they do not exist on the space Q/2U), we will not work

on U; at all throughout the paper. The reason being is that, when one considers

13



the stochastic integral with respect to a cylindrical Wiener process W, there is
no dependence of W on U; whatsoever. This crucial observation will allow us
to think W as a process in the initial space rather than in U; (even though W
lives in U;). Hence, cylindrical Wiener processes will only be a technicality for
us as the stochsatic integral with respect to it will be our main concern thus, it

is useful to think them as the formal sum

W, = Z Bitt;.
i=1

In turn, cylindrical 7-Wiener process will be the infinite dimensional analogue of

n-dimensional standard Wiener process.

In general it happens to be the case that if p is the Gaussian measure on U; with
the covariance ()1 = JJ*, then u has U as the associated Cameron-Martin space
as H . 1s the range of J, and JJ* will give us the closure. Thus, associated Wiener

measure of the extended Wiener processes share the same Cameron-Martin space
[2]-

Unless stated otherwise, all of our Wiener processes from now on will be cylin-
drical I- Wiener process, which we will call it simply by cylindrical Wiener pro-

Cess.

Similar to the finite dimensional case, when the driving process of the stochas-
tic integral is a cylindrical Wiener process, and the integrand is adapted (hence
progressively measurable, as we always consider such modification) to the (com-
pleted) filtration generated by the cylindrical Wiener process, the process also will
be predictable with respect to the filtration generated by the cylindrical Wiener
process. Thus, we can make sense for the integrands that are adapted in such

case, similar to the finite dimensional case.

The last result that we will recall regarding cylindrical Wiener process will be

the Girsanov theorem, which is an extension of Cameron-Martin theorem.

Theorem 2.1.4 (Girsanov theorem). Let & be a U-valued (F;); predictable process

14



such that

1 1 1
Eexp (/0 (0 dW, ) — 5/0 ||53||2Uds) 1,

t
Wt:Wt—/ fsds
0

Then the process

is a cylindrical Wiener process with respect to the measure P, where P is defined

~ 1 1 /1
dP = exp </ (&6, dW )y — 5/ ||5s|!2Uds) dP.
0 0

as

2.1.2.3 It6 formula and stochastic Fubini theorem

Suppose that the equation
1 t
X, = Xo—i—/ b(s,X)ds—i—/ o(s, X)dW;
0 0

is well defined (for details check section 4), where W is a cylindrical I-Wiener
process, and the process X = (X;):c[o,1] is solution to this equation. To make any
sort of calculation regarding to the process X, the standard tool to utilize is the

so called Ito6 formula.

Definition 2.1.8. We say that function F : [0,1] x H — R is reqular if

F,, F,, and F,, are uniformly continuous on bounded subsets of [0,1] x H.

Theorem 2.1.5 (It6 formula [3]). For any regular F', P-a.e. for anyt € [0,T]

we have
F(t, X)) = F(0, Xo) + / t (Ft(t, X))+ (Fo(t, X)), b(s, X))
_ %tr [Fou(t, X))o (1, Xt)(a(t,Xt))*])dt
—l—/o (Fu(s,Xs),0(s, X)dWy)

Similar to integration with regarding to measures, it is also possible to define

a Fubini-type theorem for the stochastic integrals:

15



Theorem 2.1.6 (Stochastic Fubini Theorem [3]). Assume that &(-,x) =
(&s(+, )sepo,1)) 8 Lo(U, H) walued predictable process for any x € E, and

[ ([ wetenemras) i <o
/(/ &l dW)du /(/5 e )

2.2 Malliavin calculus in infinite dimensional

then P-a.e.

spaces

Our main aim will be to work on general probability spaces rather than Wiener
spaces. An equivalent theory to Malliavin calculus can be constructed in these
frameworks by introducing a coordinate-process that is Gaussian, i.e. an isonor-

mal Gaussian process.

For this purpose, we shall give a quick introduction to Gaussian spaces, with
particular emphasis to those arising from a Brownian motion to motivate the
coordinate-process that we use in case when we are dealing with a cylindrical
Wiener process. Having done that, we will shift our focus to construction of

Malliavin calculus in Hilbert spaces. Details can be found in 8] |13] [15] [28§].

2.2.1 Gaussian spaces

Definition 2.2.1. A Gaussian space is a vector space that consists of (real)
centered Gaussian random variables in some probability space (Q, F, P). We say
that a Gaussian space is complete, if it is complete as a subspace of L*(Q, F, P),

with respect to the underlying L? inner product.
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Although we restricted ourselves to the Gaussian spaces with centered Gaus-
sian random variables, we can shift the space by considering & — & — E¢ for
non-centred Gaussian spaces. Thus, it is sufficient to only study the Gaussian
spaces that consist of centered Gaussian spaces. It is straight forward to check
that L? completion of a Gaussian space is a complete Gaussian space, and for

any p € (0,00) LP topologies coincide for Gaussian spaces.

Most interesting Gaussian spaces comes from the ones that is generated by
particular (uncountable or countable) families of mutually independent centered
Gaussian random variables. For our purpose, and the heart of the Malliavin cal-
culus, will be the ones that is generated by the trajectory of a standard Brownian

motion (regardless of the dimension), in our case a cylindrical Wiener process.

Usual Malliavin calculus is constructed on the classical Wiener space where
we can define a Gateux derivative in the direction of the Cameron-Martin space
associated to the coordinate process of the setup, which in turn defines a Sobolev
derivative. Our aim is to obtain the same structure, but for arbitrary Wiener
process. Hence the coordinates has to be shifted in the direction of the Cameron-
Space of Gaussian space rather than the probability space, but for a specified

coordinate process.

2.2.1.1 Gaussian space generated by a one dimensional standard

Brownian motion

Let (Bt)iepo,1) be a one dimensional standard Brownian motion on L*(Q, F, P).
Let G(B) be the complete Gaussian space spanned by {B;}co]- Since B, =
fooo 1[O,t]dBt7 and

o0
EB,B, = / Lio,g1j0,mds,
0
as the result is deterministic we see that for deterministic family {a;},
Y ailps) — D a;By, gives an isometry from the Ito isometry of step functions

onto the incomplete Gaussian space spanned by {B;};. Since step functions will

be dense in L*([0, 1]), this isometry can be extended linearly to an isometry from
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L*([0,1]) to G(B). Thus, if h € L*([0,1]), then fol hdB; will be in G(B) and the
whole space is actually made of such elements. Furthermore, W (h) = fol hsd B,
(the Paley-Wiener integral) acts as a coordinate process on G(B) just like the co-
ordinate process of the classical Wiener space. Such W is called as an isonormal

Gaussian process in the literature.

2.2.1.2 Gaussian space generated by a cylindrical Wiener process

A Gaussian random variable X on a Hilbert space H, can be defined by the
means of (X, h) where h € H by checking whether for each h € H, (X, h) is a

real Gaussian random variable.

If for a moment one assumes that a cylindrical Wiener measure W with the
same setup we have discussed before actually exists, then for any ¢ € [0,1] and
h € U, (W, h)y will be a real valued Gaussian process. Let G(W) be the space
spanned by {(Wy, h) }remicpo,1- Everything in the one dimensional case applies to
G (W) line by line, with the twist that > a;(W;, h) = Z h;W; by Riesz represen-
tation theorem where h; € L?([0, 1], L(U, R)). Therefore by the reasoning above,
the Cameron-Martin space associated to the with the measure that is associated
with the Paley-Wiener integral driven by cylindrical Wiener measure W will be

the space

{/ h(s)ds : h € L*([0, 1], Ly (U, ]R))} '

0

Even without the existence of a cylindrical Wiener process on the desired
space, the stochastic integral driven by W exists and is a centered Gaussian pro-
cess. Thus, the Paley-Wiener integral driven by W generates the space G(W)
with the same Cameron-Martin space nevertheless. By considering the one di-
mensional Brownian case as a prototype, the Malliavin calculus for such processes
will be constructed by the associated Paley-Wiener integral playing the role of a

coordinate process.

Since not every probability space can be characterized by the means of an
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isonormal Gaussian process, we will construct the Malliavin derivative with an
analytical formula rather than as a directional derivative in the next section. In
case our setting will be the classical Wiener space, it will correspond with the

Gateux derivative in the direction of the Cameron-Martin space.

Furthermore, the cylindrical Wiener process induces a (cylindrical) Gaussian
measure on the initial space rather than a full-blown Gaussian measure. As a
consequence of the Sazonov theorem [16, Theorem 6.7], an extension to a full-
blown Wiener process of the cylindrical Wiener process can be only obtained by
applying the procedure we described before by an Hilbert-Schmidt embedding,

which justifies the constructions we have done so far.

2.2.2 Malliavin calculus in Hilbert spaces for Hilbert

space valued functionals

For a deterministic map h € L?([0, 1], Lo(Up, R)) we define the Wiener integral
with respect to a cylindrical Wiener process W as, similar to the case in finite

dimensional Euclidean spaces,

W(h) = /0 L),

By using function which are infinitely differentiable, and at most polynomial
growth (i.e. functions that belong to C;°(R™, R)) we shall define the set of smooth

cylindrical functions in H as follows:

() = {FF = 30 507 ).+ W),

H; € H, f; € C*(R™, R), h; € L*([0,1], LQ(UO,]R)}.

Since Cp°(R"™, R) is dense in L*([0,1]), and elements of H is dense in H, as
L3([0,1], H) ~ L*([0,1]) ® H our cylindrical functions (after completion) will
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define the largest class which we can work with.

Definition 2.2.2. The Malliavin derivative of F € S(H) will be denoted as VF
and is defined by

n

VF(t) = ZZ aa Fi(W(Ry), - W () Hi @ hy(t),

€T

i=1 j=1
fort € [0,1], where h; € Ly(Uy, R).

Remark 2.2.1. One can define the directional Malliavin derivative for F € S(H)
as the right action on the right hand side of the equation above. It is not hard
to see that then, VI is the unique operator definited by the Riesz representation

theorem.

Lemma 2.2.1. For F € S(H) C L*(H), VF(t) € L*(Ly(Uy, H)) for almost all
t€0,1].

Proof. Suppose (e,), is an orthonormal basis of U, then we have that
1H: @ by ()13 = |1 H; @ hy(t)ex|?
k=1
= > (@) (ex) Hill* = [ Hll* 12 (D)1 o) < 00,
k=1

hence for almost all ¢t € [0, 1], H; ® h;(t) € La(Uy, H). O

Remark 2.2.2. [t is straightforward to check that VF actually does not depend
on the representation of F [15], hence it is well-defined. Thus, from now on
without loss of generality we shall chose orthonormal basis (H;); of H and (h;);
of La(Uy, R) to represent any F € S(H), implicitly.

Theorem 2.2.1. The operator V : S(H) C L*(H) — L*(u, L*([0, 1], Lo(Uy, H)))

1s closable.

Proof. Almost identical to the Euclidean case. Proof for this in rather general

setting can be found in [22] O
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Definition 2.2.3. The Sobolev space of Malliavin differentiable functionals,
Dy (H), is the closure of S C L*(H) with respect to the seminorm

1F llpaaery = (EIF I + EIDFZ2(0,, Lacwo.mn)

We shall extend the operator V to the space Doy (H), and denote the extension

as V, by abusing the notation.

Following lemmas will be useful for us when we differentiate our diffusion

process later on, which can be proven identical to the Euclidean case:

Lemma 2.2.2. Suppose ¢ : H — Hy has continuous Frechet derivative with at

most linear growth, where Hy is a real separable Hilbert space. Then for any
FeDy(H), VO(F) = ¢/'(F)VE.

Lemma 2.2.3. Let ¢ : H — H; be a continuous Frechet-differentiable map,
where Hy is a real separable Hilbert space. If ¢ and ¢' are Lipschitz continuous,

then for any F € Dy (H), Vo(F) = ¢'(F)VE.

Definition 2.2.4. The operator § : domd C L*(u, L*([0,1], Lo(U, H)))) —
L*(u, H) defined via the relation E[(DF,G)2(01),0,w,m)))) = E[(F,G)] is called
the Skorohod operator.

Closedness of § follows from that of V. Furthermore, proofs of the following

propositions are also identical to the Fuclidean ones:

Proposition 2.2.1. Assume F' € L*(u; L*([0,1], Ly(U, H))) is predictable. Then
F € domd and 6 F = fol F(s)dWs. In other words, domé contains all the stochastic

integrable functions with respect to W.

Proposition 2.2.2. If FF € Dy;(Ly(U, H)), then 6F € Dy(H) and Déu =
u+ o6(W(DF)).
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Chapter 3

Yamada- Watanabe Theorem

To obtain the martingale representation theorem, we need the weak uniqueness of
the diffusion equation, which in turn will require us to use the Yamada-Watanabe
theorem to obtain large class of equations that satisfy our needs. In finite dimen-
sional case, a detailed proof of the Yamada-Watanabe theorem can be found in
[21]. In this section, we will repeat the same proof in infinite dimensional spaces,

we do not claim any originality.

Let U and H be seperable real Hilbert spaces. Let Ly(U, H) be the space
of Hilbert-Schmidt operators from U to H. By abusing the notation, we will
consider cylindrical Wiener processes on U. We will consider the following SDE
on H:

dX; = b(t, X)dt + o(t, X)dW,,t € [0,1] (3.1)

for b:[0,1] x C([0,1], H) — H and o : [0,1] x C([0,1], H) — Lo(U, H) such that

e they are B([0,1]) x B(C([0,1], H)) (abused the notation to not to mention

the target space) measurable,

e and b(t,-), and o(t,-) are B;(C([0,1], H)) measurable for any fixed ¢t €
0, 1], where B:(C([0,1], H)) is denoted by the o-algebra generated by the

projections on the space up to time t.
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Definition 3.0.1. We say that (X, W), for (Xi)icp1) is (Fi)-adapted process
with continuous paths and H valued and W is a cylindrical Wiener process on a

complete stochastic basis (2, F, P, (F;)) is a weak solution if
i) For anyt € [0,1]

t t
/0 16(s, X)|%ds + / lo(s, X2, 1 ds < o0

P-a.e.

ii) For any t € [0, 1]

t t
Xy = Xo+ / b(s, X)ds + / o(s, X)dWj
0 0

P-a.e.

Set C([0,1], H) and Wy = {w € C([0,1],U)|w(0) = 0} and equip them with
the uniform norm and Borel o algebras B(A) and B(Wj).

Definition 3.0.2. We say that weak uniqueness holds for (1) whenever any
two solutions (X, W) and (X',W') on stochastic bases (S0, F,P,(F;)) and
(Q,F', P (F])) such that

X(P)({0}) = X'(P)({0})

holds as measures on (H,B(H)), we have X(P) = X'(P') as measures on
(C(10,1], H), B(C([0, 1], H)))

In the vein of |10] we define the notion of strong solution and unique strong

solution for stochastic differential equations:

Definition 3.0.3. We say that (X, W) is a strong solution to the equation (3.1)) if
there ezists a function F(z,w) : HxWy — C([0,1], H) that satisfies the following:

i) There exists a function such that for any probabiltiy measure v on
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(H,B(H)), Ey(x,w) : Hx Wy — C([0,1], H) that is (H x Wo) "

surable and for v-a.e. v € H F(z,w) = F,(z,w) for PY-a.e. w € Wj.

mea-

w

ii) For each x € H, w — F(z,w) is Bt(WO)P measurable.

i) X = F(X(0),W) a.e.

Definition 3.0.4. We say that (1) has a unique strong solution if there exists
F(z,w) — H x Wy — C([0,1], H) with the properties above and

i) on any stochastic basis (Q, F, 1, (Ft):) there exists a Wiener process W that
15 adapted to Fy and any H valued random variable & that is Fy measurable,
the process X = F, (&, W) is a solution of (1) on this stochastic basis with
Xo=¢ a.e.,

i) any weak solution (X, W) to (1) satisfies X = Fxp)(Xo, W) a.e.

Definition 3.0.5. We say that pathwise uniqueness holds for (1) whenever any
two solutions (X, W) and (X', W) on a stochastic basis (Q, F, P,(F;)) are a.e.

indistinguishable when X, = X{.

Theorem 3.0.1. Ezistence of a strong solution implies existence of a weak solu-

tion. Furthermore, if the strong solution is unique, pathwise uniqueness holds.

Proof. Follows from the definitions immediately. O

To prove that existence of weak solution and pathwise uniqueness implies exis-
tence of a strong solution, we start by defining two copies of C([0, 1], H), namely
W1 and W? to couple the different solutions to the equation. Each copy of the
space C([0,1], H) will hold a solution to the SDE and we will couple W x 1?2
with another space, that will hold the driving Wiener process, Wy. Define a
measure m on the product space (W! x W2 x Wy, B(IW1) @ B(W?) @ B(W,)) as
follows:

7(dwy, dws, dws) = R(ws, dwy) R (ws, dws) p(dws)

where R(ws,dw) (resp. R'(ws,dws)) is a conditional probability measure on
W x Wy (resp. W2 x W) such that R (resp. R') is a measure on (W', W) (resp.
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(W?2,Wp)) that is the image of P (resp. P’) under the map w — (X .(w), B.(w))
from Q into W' x Wy (resp. w — (X/(w), B'(w)) from €' into W? x W), and
R(ws, dwy) (resp. R'(ws,dw)) is the projection on Wy, that is characterized by

the following properties:

e R(wy,-) is a probability measure on W x W
e For any A € B(W;) we have R(ws, A) is B(Wj) measurable in ws.

e For each A € B(W;) and B € B(W,), we have that (X, B)(P)(A x B) =
[z R(wa, A)p(dws).

We define R’ in a similar fashion and p is the Wiener measure on Wj. Existence

of R and R’ follows from [10, Theorem 3.1] since C([0, 7], H) is a Polish space.

Lemma 3.0.1. For any A € B,(WY), w — R(w, A) is By(Wy) -measurable.

Proof. Let v = (r)x be an increasing partition of [¢, 1] for ¢t € [0,1]. Set C, =
{w € Wo|w,, —w,, , € C;,C; € B,(U)} and C € B,(W,), then we have

/W Lone, R(ws, A)p(dws)
_ / Lalene, (X, W) (P)(dws, dw)
:/1A(X)IC(W)1CT<W>dP

from the definition. Using that 1¢, (1) is P-independent we have

[ 10160 Be(1c, | Fap
_ Ep(le) /Q LA(X)1o(W)dP
— Ep(le) /W Lo R(ws, A)p(dws)

= Pelie) [ BlelR(us, A\ Fuldu)

25



:/ Lone, Eu[R(ws, A)|Fi]p(dws).

Wo

For C, as given above, and C' above, every C,. N C,C,.,C generates B(W). There-
fore, w — R(w, A) is B,(W,)"-measurable. O

Proposition 3.0.1. P : W x W2 x Wy — W, defined as Ps(w1,ws, w3) = ws

is a o(wi(s), wa(s), ws(s);s < t) -Wiener process for the measure 7.

Proof. For any t > s, and A, € B(W?'), Ay € B(W?), and A3 € B(W))

Bo | explilI Po(1) = Po(5) Laye 1|
:/W /W2 /W1 exp(i(K, P3(t) — P3(8))1 4, x ayx a5 R(ws, dwy) R (ws, dws) pu(dws)
:/w exp(i(K, P3(t) — P3(s))1a, R(ws, A1) R (ws, A)p(dws)

— exp(—([K2/2)(t - 5)) / s, R(ws, Ay R (w3, Ag)p(dus)

Wo

= exp(—(|K[*/2)(t — 5))m(Ar x Az x A3)

by using the previous lemma on the fourth equality. Thus, we have proved that
P; has independent increments. The other properties follows trivially hence, Pj

is a Wiener process. O

We define two new auxiliary functions P, : W' x W2 x Wy, — W', and P, :

W x W? x Wy — W? as the canonical projections.
Lemma 3.0.2. £(X, W) = ﬁ(Pl, Pg) and ,C(X/, W/) = E(PQ, Pg)
Proof. Pick Ay x Az € B(W?') @ B(W;). Then we have that

(P17P3)( )(Al X Ag) U}l,QUQ,w:), € Wl X W2 X WO (Pl,Pg)(wl,wg,w?)) < A1 X Ag})

/Wo /W2 /Wl 1o, w2 x4y R(ws, dwy) R (ws, dws) pu(dws)
—/A3 R(ws, Ay R (ws, W) u(dws)
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= / R(ws, A1) p(dws)
A3

= (X, W)(P>(A1 X A2);

where we used that R'(wz, W?) =1 for p-almost all w3 and the characterization
of R. O

Since L(X, W) = L(Py, P3), and L(X',W') = L(P,, P;), we have that
t t
E(X,VV,/ J(S,Xs)dWs,/ b(s,Xs)ds)
. " t
— (Pt [ atsyars), [ ols,pids)
0 0
and
t ¢
C(X’,W’,/ a(s,X;)dW;,/ b(s,X;)ds)
- R
:E(Pz,Pg,/ O'(S,Pg)dp3(8),/ b(S,Pg)dS)
0 0

from the exercise 5.16 of [24]. Infinite dimensional version of this statement

follows in a similar vein.

Lemma 3.0.3. (P, P3) (resp. (P, P3)) is a weak solution for the SDE (j3.1))
m-a.e. with the same initial condition as (X, W) (resp. with the same initial
condition as (X', W').)

Proof. Define

St = {Pl(t) = P(0) + /Otb(s,Pl(s))ds + /Ota(s, Py)dPs(s) for any t € [0, 1}}

on B(W1) @ B(W?) @ B(Wy) and for the canonical projection processes Pj :
Wt x Wy — Wy and P : W x Wy — W, define

S = {P{(t) = P/(0) + /0 tb(s,P{(s))ds + /0 ta(s, P!(s))dP}(s)for any t € [0, 1]}
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on B(W?) @ B(W?). Then

m(Sh) :/W /W2 /Wl 1g1(wy, wa, w3) R(ws, dw) R (w3, dws) pu(dws)
:/ / / Lgwwz (W, w3, wy) R(ws, dwy ) R (ws, dws) pu(dws)
wo Jw2 Jwt
= P{(X, W) € 5}) = (X, W)(P)(5) = 1.

Therefore, (P;, P3) solves the equation m-a.e. We can do the same for (Ps, Ps),
thus the result follows. O

Proposition 3.0.2. Suppose that (X, W) and (X', W') are weak solutions to the
equation (3.1) and Xo = X[. Suppose that the equation (3.1) has the pathwise
uniqueness property then we have that L(X, W) = L(X',W').

Proof. Follows from the previous lemma and pathwise uniqueness since P, ({0}) =
Py({0}) as Xo = X| implies that (P, P3) and (P, P3) have the same sample
trajectories as they are on the very same stochastic basis. Since L(Py, P3) =
L(X, W), and L(Py, P3) = L(X’,W') we must have that £(X, W) = L(X', V).

[

Proposition 3.0.3. FEuxistence of a weak solution and pathwise uniqueness imply

that a strong solution exists.

Proof. Suppose (X, W) and (X', W’) are two weak solutions as defined before
with the same initial conditions, and satisfy pathwise uniqueness. Then from the

previous remark it follows that corresponding P, and P, satisfy

T({P = P)) =1

. /Wl /WQ v s, ) o s
:/WO /Wl R'(ws, {w: })R(ws, dwy ) pu(dws)
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and this implies that

/VV1 R,(U)g, {wl})R(w3, dwl) =1

p-a.e. ws, and which in turn then implies that R'(ws, {w;}) = 1 for p-a.e. ws
and R(ws, -)-a.e. w;. So there exists F'(w) such that

R(ws, ) = 0p(ws)

from the definition of a regular conditional distribution. We also have that

/ / / Lip=py R(ws, dwy ) R (w3, dws) p(dws)

wo Jw2 Jwt

:/ / / 1{p1:p2}R/(w3,dwg)R(wg,dwl)u(dwg)
wo Jwt Jw?

hence R(ws,-) = R'(ws,) = Op(wy)- Suppose that W’ is another cylindrical
Wiener process on a stochastic basis (2", F”, P, (F}'):). Set X" = F(W"). First

observe that

PUX = F(W)}) = /W 1 /W (a5 (dos ) a(dury) = 1.

We want to prove that (X", W") is a weak solution with the same initial condition
as (X, W). It follows that

P'({Xo = Xg}) = P'({Xo = F(W")(0)})

/Wl/wo o=F(w) T (dz) @ p(dw)
=P({Xo=F(W)})

= 1.
Furthermore,

PYX", W) € S} = PP{(FE(W"), W) € §})

= / L(P(ws)ws)esp(dws)

Wo
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- / 1(w1,w3)656F(w3)(dwl),u(dw?))
Wo

= P{(X,W) e S5}) =1

so (X", W") is a solution to the equation (3.1]) with the same initial condition as
(X, W). O

Since the pathwise uniqueness implies that we must necessarily have a unique

strong solution we have obtained the following theorem:

Theorem 3.0.2 (Yamada-Watanabe). A wunique strong solution exists to the
equation (3.1)) if and only if there exists a weak solution and the equation satisfies

pathwise uniqueness.
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Chapter 4

Martingale Representation

Theorem For Diffusions

We fix a probability space (£2, F, P) for the rest of the chapter. Main purpose
of this chapter will be to extend the martingale representation theorem for the
processes that are adapted to the filtration generated by a diffusion process X to
the infinite dimensional spaces. The finite dimensional Euclidean case is done in
[29]. The main components of this result include the uniqueness of the martingale

problem. For this reason, we shall investigate this problem in the first section.

It is well known that when o = 0, if we lose the condition that b is of at most
linear growth or Lipschitz continuous, there might not be solution to the (ordi-
nary) differential equation we are working with in the very same space [7]. For
this reason, to make everything simpler, we shall assume that b and o are Lips-
chitz continuous, and of at most linear growth. Then there exists a unique strong
solution [6] 3], hence from the Yamada-Watanabe theorem it follows that there
exists a weak solution and the equation has uniqueness property. It appears that
it is more common to encounter weak solutions in application, for this purpose
we shall assume that our solution X is a weak solution with the uniqueness in

law property.
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One should notice that, in the case when Lipschitz continuity or at most linear
growth conditions do not hold for the coefficients, under less regular conditions
solutions to the equation can be found not on the initial space, but on a
slightly expanded space, say H [6]. However after a minor tweak in the framework
the very same proofs work line by line, hence for the simplicity we will impose
Lipschitz continuity and at most linear growth conditions on the coefficients of
the equation . Furthermore, the proofs given here are meant to work even
in the case when 2 = C(0, 00), but for simplicity we shall keep our time horizon
finite.

4.1 The Martingale problem and weak solutions

The general scheme of being able to recover a stochastic integral, with integrand
that is a square root of some operator a and integrator as a Wiener process, for

processes that have the quadratic variation

¢
/ a(s, X,)ds
0

will allow us to establish a density argument in the space L?(F;(X),R), which in
turn can be generalized to any seperable Hilbert space valued, mean integrable,
and adapted to the filtration generated by the diffusion X.

Although there are different methods, one way to obtain a solution for a mar-
tingale problem in terms of a solution of a stochastic differential equation in

infinite dimensional setting is through the following theorem:

Theorem 4.1.1 ([3, Theorem 8.2]). Assume that M is a continuous, square

integrable martingale in H and its quadratic-variation satisfies the following:

(M) = / (6(5)Q7) (B()QV?)"ds,

where ¢ is a predictable Lo(U, H)-valued process, and @ is a given bounded,

symmetric nonnegative operator in U. Then on an extended probability space
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(S~27“~7‘Z~> Of (SZ"‘ 7‘2 )
M, = AW,
/0 (s)

where W is a QQ-Wiener process on the extended space.

Although the statement above restricts one to use @Q-Wiener process, the proof
given in [3] uses cylindrical Wiener process. With the aid of this result, we can

adapt the proof given in [14] (also see [10]) to the infinite dimensional case:

Proposition 4.1.1. The process X is a solution to the equation (3.1)) if and only
if for any reqular F

JF (L, X)) - (Ft<t,xt>+<Fx(t, X,),b(s, X,))

- %tl‘ [sz (ta Xt>a<t, Xt)(O'(t, Xt))*] ) dt

= dF(t, X,) — OF(t, X,)dt.

1 a local martingale.

Proof. Only if part follows from the [to’s formula, which holds since the process
X is adapted so (o(s, X;))s and (b(s, Xs))s are adapted processes hence from

continuity they are progressive processes, thus
thF =dF(t,X;) — OF(t, Xy)dt = (F,(s, Xs), 0(s, Xs)dW)
is a local martingale.

For the 7if” part, Theorem gives us the infinite dimensional machinary
that we need, which says that if such equation holds, there exists Wiener process
such that the equation above is satisfied, perhaps after extending the probability
space solves the problem as in the finite dimensional case. Let (H,), C H be a
total orthonormal sequence in H. For the functions F;; : [0,1] x H — R defined

as
E,j(svx) = <$7 HZ><$7 Hj>7
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and F; : [0,1] x H — R defined as
E(Sv l‘) = <CL’, Hz>
we have that
t
Ml = / (H;,0(s, X;)dW,)
0
t
= <Xt7 HZ> — <)(07 H,L> =5 / <H27 b(S,Xs>dWS>,
0

and

Fij

My = (Xy, Hi) (X, Hy) — (Xo, Hi)(Xo, Hj)

= [ (b, X))+ 6 Y M X)) )
_;[mw@HﬁH@Hm@&w@&mw
:/Qxhmxﬂﬁq&xgﬂmwwxnmxxhdaxgmu>

are local martingales. It follows that M;™ — (Xo, H;)M]7 — (X,, Hj>MFi is a

local martingale and that
M — (Xo, Hy)yM,” — (Xo, H;) M*"
// (H;,b(r, X,)ds)(H;, dM}") // (Hj, b(r, X,)dr)(H;,dM7)
= MM —</ “(s, X,)o* (s, X,)dsH;, Hj)
0
is a local martingale. Therefore, the quadratic variation of M/* and MtF 7 s

fga(s,Xs)a*(s, X;)ds. From Theorem we obtain that X is a solution the
the desired equation. O

Remark 4.1.1. With careful inspection, the result above holds true for SDEs

with coefficients that consider the whole path rather than its state at a given time.

Corollary 4.1.1. If under the measure P on (C([0,1], H),B(C([0,1], H))) for
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any reqular F

MF = F(y(t)) - F(y(0)) - / OF (s, y(s))ds

is a continuous local martingale, then there exists a weak solution (X, W) on some

stochastic basis (Q, F, P, (F,);) such that X (P) = P.

Proof. From the previous theorem by setting y(¢) = X; we can find a solution
(X, W) on some stochastic basis (Q,F, P, (F;);). Thus, it directly follows that
P = X(P). O
Corollary 4.1.2. In case we have weak uniqueness and weak existence for the

equation, the martingale problem associated to O has unique solution.

Proof. Since there exists a weak solution, a solution to martingale problem exists.
If one takes another solution to the martingale problem, the solution will generate
a weak solution for the equation from the proposition above, which in turn will
have the same distribution as any other weak solution to the equation from the
weak uniqueness property. Thus, all the solutions of the martingale problem are

identical. 0

4.2 The Martingale Representation Theorem

for Diffusion Processes

Suppose (X, W) is a weak solution to the equation (3.1)) with a driving cylindrical
Wiener process over our probability space (€2, F, P). Since we have assumed
Lipschitz continuity and at most linear growth for the coefficients of , we
will have a unqiue strong solution hence, from the Yamada-Watanabe theorem
law of the solution (X, W) is unique. Therefore from the previous section, we
have that if the measure @) solves the associated martingale problem, every other

measure that solves it must be equal to @ as £(X) is unique.
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Let F(X) = (F(X))tepo) be the completion of the filtration generated by X.
We say that a process L belongs to the set C' if L is Lo(H,R)-valued, adapted to
the filtration F(X), and

E[/O tr(L(s, X)o(s, X))(L(s,X)o(s,X))"ds| < o0.

We will first establish the density of potential martingales over the martingale

space over the martingale part of the diffusion.

Theorem 4.2.1 ([27, Theorem 1]). The set
1
I ={N e L*(Fi(X)): N = E[N| +/ L(s,X)o(s,X)dW,, L € C'}
0

is total in L*(F1(X);R).

Proof. Suppose there exists a random variable M such that M € L(F(X))NT+
and define M; = E[M|F:(X)]. Without loss of generality suppose E[M] = 0. For

the process

where T,, = inf{|M,| > n}, we have that M — 1 L T. Using the fact that all
martingales of F(X) is continuous, d@Q = M,dP gives us an equivalent measure
to P. Then for any regular F, M (F(X)—OF(X)ds) is a martingale according the
the proposition above from a characterization of strong orthogonality and weak
orthogonality |23, Lemma IV.2]. Uniqueness in law implies that X is a solution
to the equation (1) under the measures MP and P. Tt follows that Mipr, =0
a.s. for each n and passing to the limit it follows that M = 0 hence, I' is total in
L*(F1(X),R). O

As a consequence of the Ito isometry, it is possible to obtain the full charac-
terization of the space L*(F(X); K) :

Theorem 4.2.2. Let P(X) = (Ps(X))scpp,] be a measurable version of the or-
thogonal projection from U onto ker(o(s, X))t and let F € L*(F(X); K) be any
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random variable with zero expectation in some separable Hilbert space K. Then
there exists a process £(X) € L*(dt x dP; Ly(U, K)) adapted to F(X), such that

:/1§S(XP X)dW,
0

Proof. To make use of the density of the set C, we will start with the case
K =TR. For any F(X) € L*(F;(X),R) there exists (F,,(X)) C T that converges
to F(X) in L*(F(X)). Without loss of generality suppose that EF,(X) = 0
for all n. Since (F,(X)) is convergent in L?*(F;(X)) we have that integrands of
the representation of F,(X), say L"(s, X)o(s, (X), convergent in dt x dP due
to It isometry. It follows that L"(s, X)o(s, X) = L"(s,X)o(s, X)Ps(X). So,
L"(s, X)o(s, X)Py(X) converges to some &,(X)P,(X) in L?(dt x dP, Ly(U,R)) as
L™(s, X)o(s, X) converges to &(X), since Ps(X) is an orthogonal projection

Let K be a separable Hilbert space. Suppose FI(X) € L?(F;(X), K). Let {e, }n
be an orthonormal basis of K, Then (F(X),e,) is in L*(F;(X),R) for each n.
However from above, each (F'(X),e,) can be represented as fol EM(X) Ps(X)dWs
for some L2(dt x dP, Ly(U,R)) function £"(X) that is adapted to the filtration
F(X). Thus, in one hand we have that

for £"(X) described as above. On the other hand, since E||F(X)|% < oo, we
have that

E||F(X)||% = EZ/ 1€2(X) Po(X)|17, wr)ds
:E/ ||Zen®<§:<X>PS(X>>Hi2<U,K>ds

_E / 16 (X) PO, 10 s
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where we define £ (X)Py(X) =37 e, @ EH(X)Ps(X), and &(X) =" e, ®

£"(X). Consequently, it also follows that Efol 1€5(X) P (X2, 05145 < 00, and
1 . o

E|F(X)|% = E [ I€(X)Po(X)|7,(1.)ds which then implies that F'(X) reads

as

F(X) = / &(X) P, (X)dI,

from the dominated convergence theorem, which is the desired form that we want
for F(X). O

Remark 4.2.1. Under the bilinear form (-,-)k : (KQU) x U — K, where ®
is the completed Hilbert-Schmidt product and (-, )k defined in obvious way, the
representation reads as follows: For any F(X) € L*(F.(X),K), there exists a
process £(X) € L*(dt x dP, Ly(U, K)) such that

FIX) = BFX) + | (X, P (X)W,

from the theorems we have just established. In particular, when K = R, this is
exactly the same form given in the Fuclidean case since we can associate any
elements of Lo(U,R) with appropriate elements of U wvia Riesz representation

theorem, we can treat the process £(X) as an element of U, hence
1
PO = BFOO + [ (ROOE0. AWy
0

Remark 4.2.2. As a consequence of the Jacod-Yor theorem [12] (also see [25,
Theorem 1V.57]), one can actually obtain unique martingale representation for
extremal solutions of the associated martingale problem (25, which is the neces-
sary and sufficient condition for the existence and uniqueness of such martingale

representation theorems.

Corollary 4.2.1. Suppose that driving Wiener process of X is a Q-Wiener
process in U. Let F € L*(F(X),K). Then there exists & such that QY2 €
L3(dt x dP; Ly(U, K)), and P-a.s. we have

F = E[F] + /1 £,P(X)dW,.
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Proof. W is a cylindrical process on Q'/?H, with the inner product induced by
that of H thus, the result follows from the cylindrical case. O

It turns out that all the stochastic integrals of the form

1
/ E(X)Py(X)dW,
0

belong to the space L?(F;(X); K) :

Corollary 4.2.2. Suppose £(X) is F(X) adapted, K valued measurable process
such that

E /0 1 ((&(X) Po(X))(&(X) Po(X))")ds < 0.

1
:/gs(XP X)dW,
0

is a F1(X)-measurable, K valued random variable.

Then

Proof. Suppose not. Let K = R. Then T — E[T|F(X)] L L*(F(X),R). How-
ever, there exist ((X) € L?(dt x dP, Ly(H,R) such that

T|-F1 / Cs s 87

hence setting Ls(X) = &(X) — ns(X), we have that

E[/L dW/ (s, X)dW,] =0

for any h € C. So Ly(X)P(X) = 0 dt xdP-a.e. hence &(X)Ps(X) = ((X)Ps(X)
dt x dP-a.e.

Going back to the general case, for a complete orthonormal basis (e,), of K,

T = Z/ EM(X) Py(X)dW, ey,

we can write
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and
E[T|F (X Z / CM(X)Py(X)dW,ey.

Repeating the same argument as above, we see that each coordinate is zero for
T — E[T|Fi(X)], thus we are done. O

We are set to prove the interplay between the conditional expectation with
respect to F1(X) and stochastic integrals with driving Wiener process W with
integrands that are adapted to the filtration generated by W. This result was first
shown by Elworthy-Li [5] by using pure geometric arguments when the diffusion
itself is a gradient-Brownian system then extended by Ustunel |27] to arbitrary

weak solution of an equation with weak uniqueness property.

Theorem 4.2.3. Let h be an adapted process to the filtration generated by W,
square integrable, and Lo(U, K) valued. Then we have that

1
E{/ hsdW
0

Furthermore, if hy = >, Xi(s)k; ® u; for some basis (k; ® u;); of Lo(U, K), then

E{/O hsdW

Proof. Let (ey,), be a complete orthonormal basis of H. There exists £(X) €
L*(Fi(X);R) adapted to F(X) such that

E[/OldeLFl /és

Pick F(X) € L*(F(X); K), then by utilizing the martingale representation the-

orem for F(X), we have that
1
_ / 0.(X)Po(X)dIV,
0

for some 6 € L?*(dt x du; Ly(U, K)) and adapted to the filtration F(X). First

<X>} - [ Bnim ol ar.

FlX 1 Z / (O Pu(X Yus, AW )k,
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observe that from the definition of inner product on Lo(U, K) we have

<h57§s(X)Ps(X)>L2(U,K) = Z<hsei7 QS(X)PS(X)B’L>
=Y (B Pu(X)er, 6.(X) Po(Xer)
= (hsP5(X), 68(X>PS(X)>L2(U7K)'

Furthermore, using It0 isometry, in one hand we get
1 1
E/ hsdWF(X) = E/ (hs, 0s(X) Ps(X)) Lo,y ds
0 0
1
=B [ (EPCOFEX)) 0.0 P.(0) e ds.
0
On the other hand, we have that
1 1
B [ haW.P(X) =B [ &00RX)AW.FX)
0 0
1
— B [ {&OP.0.0.OP) 1aguaods
0

hence &(X)Ps(X) = E[hs|Fs(X)]Ps(X)] dt x dP-a.e. and as a consequence of

this, we see that
1
| EmlF.cop o,
0

is F1(X) measurable. From the uniqueness of the martingale representation, we
then have that

1
E[/ hsdW
0

To prove the general case, let (k; ® w;); be a complete orthonormal basis of
Ly(U, K) such that hy = >, Ai(s)k; ® u,. Since

1 1 1
/ hedW, = / D X9k @ udW, = / Xi(8) (ui, AW ) ki
0 (U i V0

maﬂzlEmmawammg
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and for any 1,

E{ / N (8) (s V) | 1 (X)) = / (BN (sl Ful(30)], Po(X)dW,)

as above; from the dominated convergence theorem we have that

1
0

F)| = 5 [P BN G X W

Since ); is a real valued process, we can take it out the inner product, hence the

result follows. H

Corollary 4.2.3. Let h be an adapted process to the filtration generated by W

such that it is square integrable, U valued. Then we have that

E[ / (o, W)

Proof. Follows from the previous theorem after realizing (hs,-) as an operator

f1<X>] = [ Bz 0], P,

from Riesz representation theorem. O

Corollary 4.2.4. Let h be an adapted process to the filtration generated by
W' such that it is square integrable, Lo(U,U) wvalued, and for any s € [0,1],
ker(o(s, X))+ is hy invariant. Then it follows that

1
E[/ hsdWs
0

Proof. By the invariance assumption we have that Ps(X)hse; = hsPs(X)e;, hence

ﬂ(X)] - [ mnconiE o, (4.1)

the result follows from the previous theorem. n

Corollary 4.2.5. Suppose that M = (M, t € [0,1]) defined by

t 1 t
M, = exp (/ (hs, AWy — 5/ ||h5||?]ds),
0 0

P-a.s. for h € L*([0,1],U) that is deterministic. Then it holds that

Ba|7(X0) = e ([ O~ 3 [ IPORIGas )
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Proof. After applying the It6’s formula to the process M, we obtain that
1
M=1 —|—/ M (hs, dW5)yp.
0

By realizing (hs,-) as a linear operator hs- via the Riesz representation theo-
rem, we obtain that (M,h,, s € [0,1]) € L*([0,1], Ly(U, R)), hence applying the

previous theorem we obtain following relations
t ~
EDMIFCO] = 1+ [ EQLAIF IR,
0
t
=1 +/ E[M;|Fs(X)|hs Ps(X)dWy
’ t 1 i
= exp (/ (hs, Ps(X)dWs)y — 5/ ||PS(X)hS||?]ds),
0 0

from It0’s formula. O]

Remark 4.2.3. We have also demonstrated that
¢
EMIF(X)) =1+ [ BMIF.COJPX)W.,
0

which is the corresponding martingale representation for the martingale
(E[M|F(X)])elo0,1-
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Chapter 5

Calculations Related to Entropy

Suppose that L(X) > 0 is Fi(X) measurable, FE[L(X)] = 1, and
FE[L(X)log L(X)] < oo. Suppose U = W + u is an adapted perturbation of
the cylindrical Wiener process W such that

_axvp)

5X) = Ty o X

where s
XY = o(s, XU)d(W, + / itsds) + b(s, XU)ds,
0

and u = (u,) is defined in Uy = (U) so that u, = [; (i, dr).

Further assume that L(X) is strictly positive P-a.s. If Ep(—du) = 1, for any

real valued continuous bounded function f, we have that:

E[f(X")] = Qf(XU)dP

= [ jax"(p)
H
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- / FXU)L(XY)p(—8u)dP

= E[f(X")L(X")E[p(—0u)|F1(X)]]
hence L(XY)E[p(—du)|F1(X)] =1 P-a.s. Thus,
log L(X") = log E[p(~6u)|F: (X))

As an application of the martingale representation theorem, in the setting

above we can represent L(X) as
1 1
L(X) = exp (- | w0, peoany - 5 [ IR X)|2d8>,
0 0

where (Py(X)v,(X)), is adapted to the filtration of X and [ |P,(X)o,]ds < oo
P-a.s. and v is U valued random variable, which can be obtained after using
Riesz representation theorem after the martingale representation theorem, as L
is real valued. Using the fact that U is a Brownian motion under p(—ou)dP, it
follows that

1 1

1) =exp (= [P0 - g [P0 Ras). 6)

0 0
Using the martingale representation theorem on E[p(—du)|F;(X)] and multiply-
ing it with L(XY), since L(XY)E[p(—du)|F1(XY)] = 1, we have that
1
[ Bl A+ a(x) P,
0

=5 | Bl 2.0+ 0 (X PO =0

thus (E[is| Fs(XY)] + vs(XY))Py(X) = 0 ds x dP almost surely.

Theorem 5.0.1. Under the settings above, there exists u € L*(ds x dP) with
Elp(=déu)] =1 with
dXY(P)
dX(P)

=L
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if and only iof
Py(X)(E[ts|Fo (X)) +vy(XY)) = 0. (5.2)

Furthermore

HXUPIX(P) = 5B [ PO Bl F (X Pds = 38 [ |P(X)i (X0

Proof. First part directly follows from the discussion above. For the second part,

we have the following calculation:

U
HOXUPXP) = [ log S axv ()

= /Qlog dg(((];}? o XY(P)dP

= / log L(XY)dP
Q

_ %E/o 6, (X7) P,(X)|*ds
_ %E/o | Bl | Fo(X)]Po(X) s,

where the last equality comes from the equation Theorem |4.2.3| O

Theorem 5.0.2. Suppose that L and u are given as above and
1 1
HXU(PX(P) = 3B [ IP(XY)ifias. (53)
0
Then we have the following:
Py(XY)dU, 4 Py(XY)0,(XY)ds = P,(XY)dB, (5.4)
P-a.e. In particular, XY satisfies the following SDE:
dXU = o(t, XY)(dB; — v,(XY)dt) + b(t, XV)dt, (5.5)

with the same initial condition as X.
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Proof. Since
U e U\ [ ANTP:
H(X (P)]X(P)):§/0 | Ps( X)) Elts| Fs(X7)]|5ds,

we must have that (P,(XY)us,, s € [0,1]) is adapted to the filtration (F,(XY),s €
[0,1]). As a result, it holds that then

P(X (0, (XY) +1,) =0,

hence, equation (5) holds. Using the fact that o(t, XY)n = o(t, XV)P,(XY)n, we
obtain that

dX{ = o(t, XY)(dB; + dt) + b(t, XV)dt
= o(t, XV)(dB, + P(XY)udt) + b(t, XV)dt
=o(t, XV)(dB; — P(XY)0,(XY)dt) + b(t, XV)dt
= o(t, XV)(dB, — v, (XY)dt) + b(t, XV)dt.

]

Theorem 5.0.3. Assume that u € L?(dt x dP,Uy) and denote by U the process
W +wu, and suppose the Lipschitz condition on the drift and diffusion coefficients
hold. Then we must have that

H(XY(P)|X(P)) < E/ | Py(X) Bt Fo(XY)]|2ds.

Proof. 1f u € L°(dt x dP, Uy) then the result must hold from what we have done
above, with equality. In case u € L2(dt x dP,Uy), we will bound it by using the

stopping times 7,, = inf {t >0: fot |[i5|>ds > n ¢, and define the stopped process
by
t
u(t) = / Lio,r,,) (8)tsds.
0

From the definition of 7;, it follows that u™ € L°(dt x dP,U,) hence the result
holds, with inequality as in the case described initially for not XV but XV".
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Since Lipschitz condition implies strong uniqueness, we must have that up to
time T,,, XY and XY agree almost surely, therefore for any continuous bounded

real valued function f that takes inputs from H, we must have that
/ fXvdp — / fXYdpP.

Thus, XY"(P) must converge weakly to XY (P) from the Portmanteau theorem.

Since entropy is weak lower semi-continuous,
H(XY(P)|X(P)) < liminf H(X"Y"(P)|X(P)).

From the dominated convergence theorem we can interchange the integral and

the limit, which in turn yields the desired result. O
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Chapter 6

Conditional Malliavin calculus
for diffusions in infinite

dimensional spaces

Aim of this chapter will be the construction of Malliavin-type Sobolev operators
that are related to the diffusions in infinite dimensional spaces. To this end, we
will narrow our focus to It6-type diffusions, i.e. diffusions with time homogeneous
drift and diffusion coefficient, and extend the domain of the coefficients to the
whole space rather than path spaces. Thus, we will be working with deterministic
coefficients now. We further assume that the diffusion coefficient and drift are C'*-
Lipschitz, and of linear growth, which are well-known conditions for our equations
to give unique strong solution, which we will use rather than weak solution this
whole chapter to utilize the classical differentiation with respect to the driving

Wiener process and carry out calculationg from there.

We start with the weak differentiability of diffusion processes in our case, since
we could now find any reference to it. The assumptions of Lipschitz continuity
and linear growth are necessary to obtain this result since the result depends
heavily on the chain rule which is only available under such conditions. Then

we carry out the conditional Malliavin differentiability scheme presented in [27]
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in infinite dimensional setting for separable Hilbert spaces, including the space
of Hilbert-Schmidt operators. Then we will end this chapter by carrying out
an extrinsic Malliavin differentiability scheme for operators that are linear and
bounded.

6.1 Weak derivative of a diffusion process in

Hilbert spaces

Weak differentiability of diffusion processes in infinite dimensions is proved under
only some higher order weak differentiability conditions for random coefficients
that only depend on time in [§] and [17]. In this section we will do it under
the Lipschitz continuous or at most linear growth conditions for the drift and

diffusion coefficients that depend on the state of the diffusion by the chain rule.

Main ingredients of this result actually stems from the very same tools and
techniques used in the finite dimensional case, which can be found in [10] and
[19]. We shall consider sufficiently smooth approximation of the solution, which is
possible since the solution will be unique due to the restrictions on the coefficients,
and apply the tools we have developed regarding to the interplay between the
Malliavin derivative and Skorohod integral operators, and the chain rule, which

our coefficient have sufficient conditions to apply them.

Proposition 6.1.1 (Differentiability of a diffusion processes). The unique strong
solution, X, of the equation (1) belongs to Do 1(H).

Proof. Since we are considering unique strong solutions, we can approximate
them (uniformly) by using the Picard iteration as in the finite dimensional case.

So we shall consider the Picard sequence of X :

X'=zxeH

t t
X =g +/ b(s, X')ds —I—/ o(s, X)dWs
0 0
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for n > 1.

It is clear that X° € Dy, 1 (H), so suppose that X" € D, ;. From the chain rule
we have established, it follows that b(¢, X}') and o(t, X}*) belong to De; from
the properties of b and o. Hereby, [Jb(s, X?)ds and [, o(s, X!)dW, belong to
D, and from the interchangeability of Malliavin derivative with the Skorohod

integral, and the Bochner integral we have the relations:

t ¢
Vh/ b(s, X1')ds = / Vib(s, X1')ds,
0 0

t t t
v, / o (s, X™)dW, / Vio(s, X")dIW, + / o (5, X )hads,
0 0 0

which in turn implies that X" € D, ;. Since X™ — X uniformly, if we can show
that VX" is uniformly bounded, from the closed graph theorem we will obtain
that VX" — VX, which in turn will imply that VX exists. However, using
the approximation scheme, and the chain rule gives b(s, XI) and o(s, X) have
uniformly bounded Malliavin derivatives, which in turn implies that Malliavin
derivatives of the corresponding integrals are uniformly bounded. Thus, the result
follows. O

Remark 6.1.1. [t is actually possible to lift off the Frechet differentiable condition
on the drift and diffusion coefficient as in the finite dimensional case since we

are working with globally Lipschitz conditions with at most linear growth.

One loses the measurability with respect to the original filtration generated
by the process after the Malliavin derivative. A natural solution to this case is
to take conditional expectation with respect to the terminal o algebra generated
by such process. However, one should notice that, even if one takes conditional
expectation with respect to the terminal o-algebra generated by the process, the

subsequent Malliavin derivatives will still cause the very same problem.

Theorem 6.1.1. For any deterministic h € L*([0,1], Ly(U,R)), the operator V
defined as VX, == E[V,X,|F1(X)] satisfies the following relation:

t t t
VX, = / o' (X)) VX Py(X)dW, + / V(X,)ViXds + / o(X,)hsds.
0 0 0
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Proof. Follows from the Malliavin differentiability of X after taking conditional

expectation. 0

6.2 Conditional derivative of functionals with

respect to a diffusion

By the chain rule, and the fact that diffusion processes are differentiable, we will
extend the notion of Malliavin derivative for functionals of a diffusion processes
in infinite dimensional setting. Main difference between our approach and the
approach in [29] is that, we will consider Hilbert space valued functions rather

than real valued functions.

Definition 6.2.1. By S(X) we denote the set of cylindrical functions with respect
to the diffusion X :

S(X) = {f(X) = Zn:fi((th,H1>,~-- Xy HNO)H :0<t; <---<ty, f e S(R"),k>1 }

where S(R™) is the space of rapidly decreasing smooth functions, and (H;); and

(H,); are orthonormal bases of H.

Similar to the original Malliavin derivative, by using the space of cylindrical
functions, with the twist of considering projections of the diffusion process as

input, we define the conditional Malliavin derivative:

Definition 6.2.2. We call the operator

~

Vi S(X) C LP(p, H) — L*(p, L*([0, 1], Lo (U, H)))

as the conditional Malliavin derivative with respect to the diffusion X and for any
f(X) € 8(X) and h € L*([0,1], Lo(U,R)) it is defined as

kK n
Vaf(X) =D > oufi((Xew Hi), -+, (Xo, Ho) ) Hi © Vi (X, Hy)

i=1 j=1
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via the chain rule. Thereby, for any function f(X) € S(X), action of V on
F(X), Vf(X), is defined as the vector that satisfies the relation

Vif(X) = (VF(X),h)

for any h € L*([0,1], Lo(U,R)), which has to be understood by the means of the

natural bilinear form rather than inner product. Hence, \Y, f(X) reads as
VF(X) = fj Ve f(X) @ e,
i=1
where (e;); C L*([0,1], Ly(U,R)). In turn, we define
T(X) = V) = 3 Ve f) @ ().
i=1

Remark 6.2.1. From the well-definedness of the Malliavin derivative, it follows
that V is also well defined, i.e. the conditional Malliavin derivative does not

depend on the representation of the functional.

From the duality between V and V, and from the closability of V, it follows
that V is also closable:

Corollary 6.2.1. Let h € L*([0,1], Lo(U,R)), and suppose we have a sequence
(Fo(X))n C S(X) that converges to zero in LA(Fi(X)) and that (Vi F,(X))n
Cauchy in L*(F1(X)), then we have that

lim V,F,(X) =0

n—oo

pi-a.s., i.e. N is a closable operator in L*(X (1))

Proof. Suppose G(X) € S(X) and let lim,, V;,F,,(X) = K(X), then we have that

E[K(X)G(X)] = E[lim ViFo(X)G(X)]

= lim E[V,F,(X)G(X)]
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= lim B[V, F,(X)G(X)]
= lim E[F,(X)(=V3G(X) + G(X)d(h))]
= lim BIF,(X)(—=V3G(X) + G(X)5(P(X)h))]

=0.

]

It follows that V is also a closable operator, and by abusing the notation we
shall denote the closure as V too. By My ; we will denote the completion of the

space S(X) with respect to the norm
IE X 20 = IVFCON 2uz2w,m) + 1F (X lz200-

Definition 6.2.3. For a separable Hilbert space K, we define the space S(X, K)

as the functions that are F1(X) measurable and of the form

Zfi(<Xt17 H1>’ Ty <th>Hn>)Ki

where f; € S(R™) and K; € K for finite n.

With the notation above S(X) reads as S(X, H), and it is possible to define
everything with respect to an arbitrary separable Hilbert space K on S(X, K).
We further remark that, due to its nature, what we can establish in the special
case S(X,R) for finite dimensional setting carries over in infinite dimensional

setting, mutatis mutandis, as in [29]. For the brevity, we will keep our focus on
S(X).

Definition 6.2.4. The adjoint of V with respect to the measure X () will be
denoted as

6 domd C L*(p, L*([0,1], Lo(U, H))) — L*(u, H).

We shall call this as the conditional Skorohod operator with respect to the diffusion
X. For any G(X) € S(X, Ly(U,R)) F1(X) measurable functions and K(X) €
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S(X) 0 satisfies the following relation:

LQ([O,l],Lg(U,H))]

X)) £2((0,1], Lo (U, HY)) -

Remark 6.2.2. From the well-definedness and closability of @, it follows that 6

is well-defined and closable.

Lemma 6.2.1. Let G(X) € S(X) and h € L*([0,1]; Lo(H,R)). Then G(X)®h €
dom(d) and 0(G®h) = W(hP(X))®G—V,G(X). Furthermore, if ker(c(s, X))+
is hs invariant for any s € [0,1] we have 6(G @ h) = W (P(X)h) ® G — V,G(X).

Proof. For any F(X) € S(X) we have

<]>

E[VF(X),G(X) @ h)r2(o1),L.w.m))
E[(VF(X
E[{F(X),
E[(F(X)

), G(X) @ ) r2((0,1],L2(U, H)))
W(h)G(X) = VLG (X)) u]
W(hP(X))G(X) — V4G(X)) 4]

Y

A

therefore, 0G(X) ® h = W (hP(X))G(X) — V,G(X). 0

Corollary 6.2.2. Let G(X) € L*(u, L*([0,1], Lo(H, H)) be a predictable process.
Then G(X) € dom(d) and 6G(X) = 6P(X)G(X).

Proof. Follows from the definitions. m

Theorem 6.2.1. Let G(X) € L*(Fi(X), Lo(U, H)) be of the form

where K;(X) € S(X), and e; € Ly(U,R) for each i € N.
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i) We have that

Se(x) =3 { KX + KXW (E(X)en)]

=1

where P(X)e;(-) = [ é( J)ds. Specifically, we have that
E[6G(X)|Fi(X)] = 6G(X). (6.1)
ii) If G(X) € S(X, Ly(H, H)), then
0G(X) = 6P(X)G (6.2)

[-a.S.

Proof. Proof of i) : We will proceed by a density argument. Let H(X) € S(X),

then we have

E{G(X

\_/

(X)) £2((0,1], Lo (U, )]

;j VL HCO
e fiwin
> [

X>>H}

) 4K, <X>6<ei>,H<X>>H}

I
* ||M:||M 3

from the definition of Gateaux derivative and quasi-invariance of the Wiener
measure with respect to e;. Since E[de;|F1(X)] = 6(P(X)e;) we obtain

o= 3 B[ X)X BB 00, H )

= Z E {(—VeiKi(X) + Ki(X)6(P(X)ey), H(X))H}
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= B[(3 [~ 9uki(0) + KX)S(EO0e0)], HOOb |

=1

hence the result follows for the cylindrical functions. To conclude the general
case, we can pass to the limit in My, (H).
Proof of ii) : Let H(X) € S(X), then

]

Corollary 6.2.3. Let F(X),G(X) € S(X) and h € Ly(U,R), then it holds that

A~ A~

E[VF(X)G(X)] = E[F(X)(-VG(X) + G(X)W(hP(X))] (6.3)
Proof. Follows as in the proof of the first part of theorem above. O
Lemma 6.2.2. For any h,k € Ly(U,R), and G(X) € S(X) we have
Vid(G(X) ® h) = G(X)(h, k) + Vg, G(X) + 0(ViG(X) @ h),
and for any uw € U we have
V§(G(X) @ h)u = G(X) @ hu+ §(VG(X)u ® h),

and

V(G(X) @ hP(X))u = G(X) @ hP(X)u + §(VG(X)u ® hP(X)).
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Proof. For the first part, we have

<
=
Q
s
®
=

[Ved(G(X) @ h)|F1(X)]

(Vi (W(RP(X))G(X) — VG(X))|Fi(X)]

) + W(h)VG(X) — Vi ViG(X)|F1(X)]

kY 4+ W(h)ViG(X) — Vi ViG(X) 4 V1 G(X)|FL(X)]
k) 4+ Vo, kG(X) + §(ViG(X) @ h)|Fi(X)]

)(h, k) + Vg, ,G(X) + 6(E[VkG(X) © h| Fy(X)]|P(X))

>

~

(X)(h, k) + Vg, ,G(X) + 6 (@kG(X) ® h)P(X))

|
Q Q=5 =3 & O F

= G(X)(h, k) + V¢, ,G(X) + S(@kG(X) ® h)>

The second part follows in a similar fashion. n

Proposition 6.2.1. Let G1(X),Ga(X) € S(X) and h,k € Ly(U,R). Then, we

have

E[(0G1(X) ® h,0G2(X) ® k) m]
= E[(G1(X) ® h, Go(X) @ k) 1,((0,1,L (U, 1]

/ / E[(VG1(X)(r2)e; @ h(ry)er, VGa(X)(r1)(e) @ k(r)e))|dridrs.

Proof. Using the relation above we obtain that

X h
G1(X) ® h, Go(X) @ kY 12(j0,1], Lo (v, 1))
R h 5(VG2( X)® k>L2([o,1],L2(U,H))]-

Retracting back to the differential operator results:

E[(G1(X) ® h, 5(@G2(X) ® k) 12(10,1, Lo (U, 1))
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_ / ZE[(Gl(X) @ h(r)ew, (VG (X) () (ex) ® k)]dry

/ / ELVG (X)(rs)er ® b1 e, Y Ga(X) (1) (ex) @ k(ra)en)dridr,

by using the relation once again. From which the desired result follows O

6.3 Application: Explicit Representation of
Martingale Representation and Functional

Inequalities

In this section we will apply the conditional Malliavin derivative to obtain explicit
integrand for the martingale representation for diffusion processes. Then we will
apply it to functional inequalities such as Poincare and Logarithmic Sobolev

inequalities.

Theorem 6.3.1. Any F'(X) € My, can be represented as

FUX) = BIFOOL+ [ BRI,

Proof. Without loss of generality we can assume that E[F(X)] = 0 by considering
F(X) = F(X) — E[F] instead. In one hand we have the representation

/ss P(X)dW,,

for some &(X) = (&(X)),s € L?(dt xdu, Ly(U, H)) that is adapted to the filtration
generated by X. If for a moment one assumes that F/(X) € S(X), then from the

explicit representation for martingales for Wiener processes, one obtains that

P = [ ' BID, (X F (W)W,

29



By taking conditional expectation with respect to the o-algebra F;(X) from the

interplay we then obtain

Fx= [ BIDL P (X)) P (X)W,

From the tower property of conditional expectation it holds that E[DsF(X)|Fs(X)] =

E[E[D,F(X)|Fy(X)]|Fs(X)] = E[D,F(X)|F.(X)] dt x du-a.e. By the den-
sity of Schwartz class functionals we can take a sequence (F,(X)), C S(X)
which converges to F(X) in My, we have (VE,(X)), converges to VF(X) in
L*(u, Ly(U, H)), in particular

1
limE/
n 0

hence the result holds for F'(X) € My, by the It isometry. O

2

E[DyFo(X) — DoF(2)|Fo(X)] Ps(X)

ds =0,
Lao(U,H)

Remark 6.3.1. In finite dimensional Fuclidean spaces several instances of this
explicit representation have been known for a while. By using martingale tech-
niques Davis have obtained this representation in [4] by using Bismut’s formula
(1. Alternative formulations of the explicit integrand is also have been obtained
through the PDE representations of forward-backward SDE systems [18].

Corollary 6.3.1. Assume that F(X) € My, such that VF(X) =0 p-a.s. Then
it holds that F(X) =0 u-a.s. constant.

Proof. Integrand in the explicit representation is zero by the assumption, hence

F(X) is p-a.s. constant. O

Theorem 6.3.2 (Poincare Inequality). For any F(X) € My, we have
E[|F(X) = EF(X)|%] < E[IVF(X)P(X)|]
Proof. Using the explicit representation, by the Jensen’s inequality we have
E[|F(X) = E[F(X)]lL] = H/ (D F(X)|Fo(X)] P (X)dW] I3
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1
<E / | EIDF(X) | FuCONE 20 ds

1
< E/O' ||DsF<X)||%2(U,H)dS

hence, we obtain the result. ]

Theorem 6.3.3 (Log-Sobolev inequality). For any F(X) € My, it holds that

E[|F(X) |7 log | F(X)IIF] < EIF 3] og E[IF(XON3]+2EIVE(X) Po(X)|1 2o

Proof. Suppose that ||F(X)| g > € > 0 almost everywhere and then set f(X) =
|F(X)||u/E[F(X)| z]. Using the representation, we obtain the following:

2
ds] .
Lo(UR)

Define a new measure by dv = f(X)du, under this measure by It6’s formula we

have the following:

2

B[V, f(X)|F.(X)]

E[f(X)|F.(X)] o5

Lo (UR)

Py(X)

Bullog ()] = 5P |

1 T
= 5B [ 1BV l0g SOOR PO s ds
0

—_

< SB[V log(f(X))17,wmds
VF(X) :
f(X)

\)

E,

Py(X)

N —

Lo(U,H)
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Thus we have

E[f(X)log f(X)] <

N —

EIV f(X) P Loy 775
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