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ABSTRACT

AN EFFICIENT INTERFERENCE-AWARE CONSTRAINED
BEAMFORMING AND RECEIVER DESIGN FOR MM-WAVE HYBRID

MASSIVE MIMO WITH NON-ORTHOGONAL MULTIPLE ACCESS

Bayraktar, Murat

M.S., Department of Electrical and Electronics Engineering

Supervisor: Assist. Prof. Dr. Gökhan Muzaffer Güvensen

July 2021, 92 pages

This thesis investigates efficient interference-aware beamformer design for mm-wave

massive multiple-input and multiple-output (MIMO) systems. Furthermore, adapta-

tion of code-domain non-orthogonal multiple access (NOMA) to mm-wave massive

MIMO is studied. The first part of the thesis concentrates on interference-aware pre-

beamformer (analog beamformer) design for joint spatial division and multiplexing

(JSDM) which is a user-grouping based two-stage beamforming method. Single-

carrier frequency domain equalization (SC-FDE) is employed in uplink wideband

channels. First, unconstrained statistical analog beamformer of each group, namely,

generalized eigenbeamformer (GEB) which has strong interference suppression ca-

pability is designed. Then, constant-modulus constrained approximations of uncon-

strained beamformer are obtained by utilizing alternating minimization algorithms.

Moreover, a dynamic subarray algorithm is proposed where the connections between

radio frequency (RF) chains and antennas are dynamically changed. Minimum mean

square error (MMSE) criterion based iterative block decision feedback equalization

(IB-DFE) method, which takes the residual interference in reduced dimension into

account, is proposed for intra-group processing. Simulation results verify the superi-
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ority of the proposed interference-aware constrained design over existing approaches

in terms of beampattern, spectral efficiency, outage capacity, bit-error rate (BER) and

channel estimation accuracy. The second part of the thesis is devoted to the devel-

opment of a novel wideband signal model in beamspace for code-domain NOMA

with SC-FDE transmission in JSDM framework. Based on this signal model, a code-

beamspace IB-DFE receiver is proposed for joint equalization and multiuser detec-

tion, and it is shown that code-domain NOMA is beneficial, especially for mm-wave

massive MIMO systems with limited number of RF chains and spatial correlation.

Keywords: mm-wave systems, massive MIMO, dynamic subarray, constrained beam-

former, code-domain NOMA
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ÖZ

DİK OLMAYAN ÇOKLU ERİŞİMLİ MİLİMETRE DALGA HİBRİT MASİF
MIMO İÇİN EFEKTİF BİR GİRİŞİM DUYARLI HÜZME

ŞEKİLLENDİRME VE ALICI TASARIMI

Bayraktar, Murat

Yüksek Lisans, Elektrik ve Elektronik Mühendisliği Bölümü

Tez Yöneticisi: Dr. Öğr. Üyesi. Gökhan Muzaffer Güvensen

Temmuz 2021 , 92 sayfa

Bu tez milimetre dalga masif MIMO için verimli ve girişime duyarlı hüzme şekil-

lendirici tasarımını incelemektedir. Buna ek olarak, kod alanı NOMA’nın milimetre

dalga masif MIMO sistemlerine adaptasyonu üzerine çalışılmıştır. Tezin ilk kısmı,

kullanıcı gruplamasına dayalı iki aşamalı hüzme şekillendirme yöntemi olan JSDM

için girişime duyarlı ön hüzme şekillendirici (analog hüzme şekillendirici) tasarımına

odaklanmaktadır. SC-FDE, yer-uydu bağı geniş bantlı kanallar için kullanılmıştır. İlk

olarak, her bir grubun kısıtsız istatistiksel analog hüzme şekillendiricisi, güçlü girişim

bastırma kabiliyetine sahip GEB, tasarlanmıştır. Ardından alternatif minimizasyon

algoritmaları kullanılarak kısıtsız hüzme şekillendiricinin sabit değer kısıtlı yakla-

şımları elde edilmiştir. Ayrıca, RF zincirleri ile antenler arasındaki bağlantıların de-

ğiştirildiği dinamik bir alt dizin algoritması önerilmiştir. Dijital hüzme şekillendirme

aşaması için MMSE kriteri tabanlı azaltılmış boyuttaki artık girişimi dikkate alan

IB-DFE yöntemi önerilmektedir. Simülasyon sonuçları, ışın modeli, spektral verimli-

lik, kesinti kapasitesi, bit-hata oranı ve kanal kestirimi doğruluğu açısından önerilen
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girişime duyarlı kısıtlı tasarımın mevcut yaklaşımlara göre üstünlüğünü doğrulamak-

tadır. Tezin ikinci kısmı, JSDM çerçevesinde SC-FDE iletimi ile kod alanlı NOMA

için hüzme uzayında yeni bir geniş bantlı sinyal modelinin geliştirilmesine ayrılmış-

tır. Bu sinyal modeline dayalı olarak, ortak eşitleme ve çok kullanıcılı algılama için

bir kod-hüzme-uzaylı IB-DFE alıcısı önerilmiş ve kod alanı NOMA’nın, özellikle sı-

nırlı sayıda RF zincirine ve uzaysal korelasyona sahip milimetre dalga masif MIMO

sistemlerinde faydalı olduğu gösterilmiştir.

Anahtar Kelimeler: milimetre dalga sistemleri, masif MIMO, dinamik alt dizin, kısıtlı

hüzme şekillendirici, kod alanı NOMA
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â
(g),i
m Time domain estimates of NOMA symbols of group g at mth interval at

the output of ith DFE iteration

â
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CHAPTER 1

INTRODUCTION

1.1 Motivation

Massive multiple-input multiple-output (MIMO) at mm-wave bands is the frontier

technology for next generation wireless communication systems due to the availabil-

ity of vast spectrum [1, 2]. Hybrid analog/digital structure is an efficient approach

for these systems as it has lower hardware complexity and energy consumption com-

pared to fully digital beamforming, and mm-wave bands exhibit joint angle-delay

sparsity [3]. Hence, researchers have been working on low-complexity beamformer

design for hybrid systems [4–8]. Joint spatial division and multiplexing (JSDM) is a

user-grouping based two-stage beamforming method where analog beamformers are

designed by using slowly varying channel statistics, i.e., channel covariance matrices

(CCMs) [9, 10]. User-grouping reduces signal processing complexity since digital

processing of each group becomes independent from each other. In addition, only

instantaneous intra-group channels in reduced dimension need to be learned which

reduces channel estimation overhead.

Most of the existing researches for massive MIMO systems adopt flat-fading channel

model by considering the use of orthogonal frequency division multiplexing (OFDM)

[2]. The reason to prefer single-carrier (SC) modulation over OFDM in this thesis

is its superiority for systems having non-linearities, such as quantized MIMO [11,

12], owing to its lower peak-to-average power ratio (PAPR) [13] and robustness to

carrier-frequency-offset (CFO) errors [14]. Having lower PAPR is a critical property

for systems with non-linear elements [15], where the advantages of SC transmission

over the multicarrier (MC) are demonstrated. Moreover, even for unquantized linear
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systems, there are many recent studies that motivate the use of SC especially for

MIMO systems in mm-wave bands [16–19]. In these studies, the mitigation of inter-

symbol interference (ISI) is fulfilled via reduced complexity signal processing.

On the other hand, non-orthogonal multiple access (NOMA) is another technology

that has received great attention recently due to its ability to support massive con-

nectivity [20–22]. Unlike conventional orthogonal multiple access methods, NOMA

schemes use non-orthogonal physical resources (e.g., time and frequency) where

overloading can be realized. In NOMA schemes, overlapped resources are allocated

to several users resulting in controlled multiuser interference that can be suppressed

in power- or code-domain. Combination of NOMA and massive MIMO is a critical

issue as they have distinct advantages.

In this thesis, we adopt JSDM framework in frequency-selective channels where we

employ single-carrier frequency domain equalization (SC-FDE) for uplink transmis-

sion. There are two main motivations of the thesis. The first one is to design prac-

tical interference-aware pre-beamformers for JSDM framework while considering

constant-modulus constraint. The second motivation of the thesis is to efficiently

carry out the adaptation of code-domain NOMA to SC massive MIMO systems,

specifically to JSDM.

1.2 Beamformer Design for Hybrid Massive MIMO Systems

Analog beamformer design for JSDM framework is a critical task since inter-group

interference should be mitigated at this stage. There are several papers that find un-

constrained analog beamformers that take interference into account [9, 10, 23]. How-

ever, they do not suppress inter-group interference perfectly. In [23], a weighted

minimum mean square error (WMMSE) type digital beamformer is proposed to sup-

press residual interference. A near-optimal generalized eigenbeamformer (GEB),

which has strong interference suppression capability, is proposed for SC transmis-

sion at mm-wave bands in [18, 19]. However, none of these analog beamformers

obey constant-modulus constraint. For two-stage beamforming concept, DFT beam-

former and phase of unconstrained beamformers are considered as state-of-the-art
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constrained analog beamformer alternatives [9, 24–27].

On the other hand, constrained analog beamformer design for hybrid analog/digital

systems is a well-studied research area [5–7]. These papers use the instantaneous full

dimensional channel state information (CSI) for beamformer design with fully con-

nected arrays. In [26], two-stage beamforming approach is adopted where columns of

the unconstrained analog beamformer are selected as eigenvectors of sum of CCMs

of users. Furthermore, constrained analog beamformer is obtained via alternating

minimization algorithm, and a compensation matrix is applied in digital baseband to

orthogonalize the overall analog beamformer. On the other hand, compared to fully

connected arrays, partially connected ones require much less phase shifters at the

expense of spectral efficiency. Compromise between spectral efficiency and energy

consumption for fully connected arrays and fixed subarrays is extensively studied

in [6, 28].

Recently, a challenging problem called dynamic subarray design is studied where the

aim is to obtain the optimal connection between radio frequency (RF) chains and an-

tennas for partially connected arrays [27, 29–34]. In these papers, it is shown that

dynamic subarrays outperform fixed ones in terms of several metrics such as spec-

tral efficiency. [27, 29–31] consider a point-to-point hybrid analog/digital system,

whereas [32–34] consider multiple users. In [32], frequency-selective channels are

considered in uplink transmission where ISI is mitigated with frequency domain it-

erative block decision feedback equalization (IB-DFE), which is similar to our work.

However, dynamic connections in that paper depend on instantaneous CSI, which is

not practical, whereas other papers on dynamic subarray design and our work make

use of slowly changing parameters (e.g., CCMs) to find optimal connections. For dy-

namic subarrays, connection change can be realized with switches which are shown

to be energy-efficient components for mm-wave massive MIMO systems [35, 36].

Table 1.1 summarizes the contributions of the existing work on constrained beam-

former design. None of them are interested in constrained pre-beamformer (analog

beamformer) design even for fully connected arrays where mitigation of interference

is realized at this stage. That is, interference nulling capability of statistical pre-

beamformers is ignored while considering constant-modulus constraint in prior work.

3



Furthermore, dynamic subarray design is not considered for interference-aware pre-

beamformers in the literature.

Table 1.1: Summary of existing work on constrained beamformer design with fully

connected and partially connected arrays (fixed and dynamic subarrays)

Papers [5] [6] [7]
[9, 10,

23]

[18,

19]
[26] [27] [28] [29]

[30,

31]
[32]

[33,

34]

This

Work

Frequency-

Selectivity
7 3 7 7 3 7 3 7 7 3 3 7 3

Multiuser 7 7 3 3 3 3 7 7 7 7 3 3 3

Two-Stage

Beamforming
7 7 3 3 3 3 3 3 7 7 7 3 3

Interference-

Aware

Pre-

Beamformer

7 7 7 3 3 7 7 3 7 7 7 7 3

Constrained

Analog

Beamformer

3 3 3 7 7 3 7 3 3 3 3 3 3

Fully

Connected

Array

3 3 3 3 3 3 3 7 7 7 7 7 3

Fixed

Subarray
7 3 7 7 7 7 3 3 3 3 3 3 3

Dynamic

Subarray
7 7 7 7 7 7 3 7 3 3 3 3 3

1.3 Non-Orthogonal Multiple Access and Adaptation to Massive MIMO

NOMA schemes are initially introduced for single-antenna systems and their exten-

sion to MIMO systems is an important research direction. In addition, low-complexity

interference cancellation algorithms should be developed so that NOMA schemes be-

come more practical [22]. High complexity of message passing algorithm (MPA)

and error propagation of successive interference cancellation (SIC) are the two main

problems of current receiver architectures. There are some studies that propose novel

low-complexity receivers. Conventional and advanced receivers for some NOMA

schemes are described in [37] and references therein. In [38], graph based iter-
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ative receivers for downlink MIMO-SCMA system with cooperation is proposed

and performance comparison with existing receivers is provided where number of

antennas is equal to number of physical resources. Overloaded and coded mas-

sive MIMO-NOMA systems and capacity-achieving low-complexity linear minimum

mean square error (LMMSE) detection based receivers are studied in [39, 40]. Gaus-

sian message passing algorithm is proposed for an overloaded massive MIMO system

in [41].

In the literature, there are many studies on integration of power-domain NOMA and

massive MIMO [21, 22, 42]. In [43], NOMA is integrated with beamspace MIMO in

order to support more users than the available RF chains. In [44], users are divided

into groups where each group has one RF chain. Multiple analog beams are created

for each NOMA group by dynamically dividing antenna array into subarrays, which

is called beam splitting. In [45], a joint optimization of user-grouping and hybrid

beamformer design along with power allocation is provided.

On the other hand, there is limited work where code-domain NOMA is considered

with massive MIMO systems. In [46], benefits of code-domain NOMA in under-

loaded massive MIMO systems are investigated, where short spreading sequences are

utilized similar to our work. It is shown that code-domain NOMA outperforms clas-

sical massive MIMO when users are spatially close to each other, especially when

spatial user-grouping is utilized. However, this work considers a flat-fading channel

model and uses a fully digital architecture with linear precoders/combiners. Massive

MIMO is integrated with interleave division multiple access (IDMA) along with iter-

ative data-aided channel estimation and suboptimal detection methods in [47]. Low

density spreading (LDS) signatures are applied in massive MIMO system in [48]. Be-

lief propagation based receiver is applied without using any CSI. In [49], beamspace

MIMO at mm-wave bands is integrated with sparse code multiple access (SCMA)

where the number of RF chains is equal to the number of physical resources.

Furthermore, NOMA schemes are generally considered with MC transmission, even

though SC provides lower PAPR, which is critical for uplink transmission. Power-

domain NOMA can be considered with both SC and MC transmission, whereas code-

domain NOMA is considered with only MC transmission as ISI caused by frequency-
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selective channels would disrupt the codewords if they were transmitted in tempo-

ral domain. In [50], power-domain NOMA is considered with SC-FDE in massive

MIMO systems, where IB-DFE is used for joint equalization and multiuser detection.

To the author’s best knowledge, SC transmission is used with code-domain NOMA

for the first time in our previous work [51], where code-domain NOMA is shown to

be beneficial for JSDM, since users in the same group have spatially correlated chan-

nels. In that work, we showed that code-domain NOMA schemes, namely SCMA

and multi-user shared access (MUSA), perform well with extremely low number of

RF chains. Although SC was utilized for uplink transmission, equalization and mul-

tiuser detection were performed at different stages which degrades the performance.

In contrast, we apply joint equalization and multiuser detection in this work.

Although there is some effort to combine NOMA with massive MIMO systems, there

is lack of literature for the adaptation of practical NOMA schemes such as MUSA

to massive MIMO hybrid beamforming architecture employing SC in wideband mm-

wave channels. In this thesis, one of our aims is to present how code-domain NOMA

can be useful in practical massive MIMO systems with limited number of RF chains

where users are closely spaced.

1.4 Contributions and Outline of the Thesis

In the first part of this thesis, which is compromised of Chapters 2, 3 and 4, we design

interference-aware analog beamformers for JSDM framework utilizing SC-FDE in

uplink transmission. Our contributions for the first part are as follows:

• In Chapter 2, we design a near-optimal unconstrained analog beamformer that

considers interference. Unlike most prior work, we concentrate on analog

beamformers which are updated with slowly varying CCMs. We try to maxi-

mize mutual information between the frequency domain received signal and in-

tended group’s signal in reduced dimension, i.e., after the analog beamformer.

Although we employ a frequency-selective channel model, cost function turns

out to be independent of frequency bin for spatial-narrowband arrays. Near-

optimal unconstrained analog beamformer that maximizes the mutual informa-
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tion in reduced dimension coincides with GEB concept. This type of beam-

formers have strong interference capability, and their optimality can be shown

with respect to several criteria [18, 19].

• We propose algorithms to obtain constant-modulus constrained approximations

of GEB for both fully and partially connected arrays in Chapter 3. We de-

compose the analog beamformer into two stages, namely, constrained analog

beamformer and compensation matrix. Compensation matrix is applied in the

digital baseband just before digital beamformers. Compensation matrix in-

creases the degrees of freedom in the optimization problem which is formu-

lated as minimization of the Euclidean distance between GEB and combina-

tion of constrained analog beamformer and compensation matrix. We obtain

a constrained solution for fully connected arrays by utilizing an alternating

minimization-based algorithm. Then, we present the algorithm to find the con-

strained solution for partially connected arrays with any fixed connection struc-

ture. Furthermore, we propose a low-complexity algorithm to find the optimal

partially connected array structure that yields the maximum expected signal-

to-interference-plus-noise ratio (SINR) in reduced dimension by exploiting the

properties of GEB. The last problem is known as dynamic subarray design. To

the authors’ best knowledge, this is the first dynamic subarray algorithm for

slowly varying statistical analog beamformers in JSDM framework.

• In Chapter 4, we promote the usage of minimum mean square error (MMSE)

criterion based iterative equalizers for digital beamforming stage where the

residual interference after constrained analog beamformers, which cannot mit-

igate the inter-group interference completely, is considered. We adopt IB-DFE

method that is shown to be an effective approach for SC transmission [52]. In

this way, interference is taken into account in both analog and digital beam-

forming stages.

• In JSDM framework, users usually have single antenna elements [10], and mul-

tiantenna user extension of statistical analog beamforming with spatially corre-

lated channels is not studied in the literature. We provide an analysis to address

this issue by showing that proposed unconstrained GEB and constrained ana-

log beamformer design algorithms can be readily extended to multiantenna user
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scenario. Moreover, our analysis imply that digital beamforming and channel

estimation schemes would be unchanged.

• We provide a comprehensive analysis by using several performance measures;

beampattern, spectral efficiency, outage capacity, bit-error rate (BER) and ac-

curacy of channel estimation in reduced dimension. Beampattern analysis of

constrained analog beamformers, especially partially connected arrays, is lack-

ing in the literature. Our analysis provides novel insights about the interference

suppression capabilities of constrained analog beamformers.

In summary, we design interference-aware slowly varying analog beamformers in

JSDM framework unlike most prior work as it can be seen from Table 1.1. However,

our design can be used in any framework with the presence of interference whose

covariance matrix is known. In addition, proposed algorithms are evaluated with

simulations by using the provided analysis tools. We consider a scenario where a

group is assumed to be mobile so that its multipath components (MPCs) can be over-

lapped with angular regions of other groups, which leads to increase in inter-group

interference at certain situations. In this way, interference suppression capabilities

of constrained analog beamformers can be observed. The results show that proposed

fully connected array algorithm is superior to DFT beamformer and phase of GEB

which are considered as state-of-the-art. Proposed algorithm attains the performance

of GEB with moderate interference strength. Furthermore, proposed dynamic subar-

ray algorithm outperforms commonly used fixed subarray structures. The first part of

the thesis is based on our paper [53].

In the second part of the thesis (Chapter 5), we integrate code-domain NOMA, specif-

ically MUSA, to JSDM in order to investigate the potential gains that can be achieved

with the use of code-domain NOMA in massive MIMO systems. We apply joint

equalization and multiuser detection, in contrast to our previous work in [51]. Con-

tributions of the second part of the thesis are as follows:

• Adaptation of code-domain NOMA to uplink SC-FDE with mm-wave massive

MIMO, specifically with JSDM, is achieved through a novel NOMA signal

model in beamspace.
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• A joint code-beamspace IB-DFE receiver is proposed based on the developed

signal model for performing the task of joint equalization and multiuser detec-

tion.

• It is shown that theoretical performance bounds can be achieved even for very

limited number of RF chains and high NOMA loading. Moreover, advan-

tages of code-domain NOMA aided JSDM over conventional JSDM are clearly

demonstrated in terms of BER, especially for spatially correlated channels in

overloaded mm-wave massive MIMO.

Finally, Chapter 6 is devoted to discussion and conclusions which provide a summary

of the thesis and future research directions.

1.5 Notations

This section shows the notations for the mathematical operations that are used through-

out the thesis. Scalars, column vectors and matrices are denoted by lowercase (e.g.,

x), lower-case boldface (e.g., x) and uppercase boldface (e.g., X) letters, respectively.

|x| and x∗ are the magnitude and complex conjugate of scalar x, respectively. XT ,

XH , X−1 and |X| represent the transpose, Hermitian, inverse and determinant of ma-

trix X, respectively. [X](i,j) is the entry of matrix X at ith row and jth column. [X](i,:)

and [X](:,j) are used to extract ith row and jth column of matrix X, respectively. E{·}
and Tr{·} are the expectation and trace operators, respectively. ‖x‖ and ‖X‖F de-

note the Euclidean norm of vector x and Frobenius norm of matrix X, respectively.

diag{·} and blkdiag{·} are used to construct diagonal and block diagonal matrices,

respectively. IN is the identity matrix with size N × N , ](·) extracts the phase of

given input, vec(X) represents the vectorization of matrix X, CN
(
x,R

)
is a complex

Gaussian random vector with mean x and covariance R, P (·) represents the proba-

bility value, ⊗ denote the Kronecker product between two matrices, and δij is the

Kronecker delta function.
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CHAPTER 2

WIDEBAND SYSTEM MODEL AND UNCONSTRAINED STATISTICAL

PRE-BEAMFORMING FOR HYBRID MASSIVE MIMO

We consider an uplink SC-FDE system where the base station (BS) with M antennas

serves U single-antenna users1. Total number of RF chains is denoted by D where

D ≤ M . Users are partitioned into G groups according to their channel covari-

ance eigenspaces2. Number of users in group g is denoted by Ug, and number of RF

chains allocated to this group is Dg. For conventional hybrid analog/digital systems

Ug ≤ Dg relation should be satisfied to successfully separate intra-group user signals.

Considering U =
∑G

g=1 Ug and D =
∑G

g=1Dg, the constraint on total number of RF

chains can be stated as U ≤ D ≤M . In contrast, this limitation can be circumvented

with the use of code-domain NOMA as it will be shown in this thesis. This chapter

provides a system model for the conventional massive MIMO without NOMA (i.e.,

Ug ≤ Dg), while adaptation to NOMA is provided in Chapter 5.

2.1 Wideband SC-FDE Uplink Transmission

Received signal vector yn ∈ CM×1 at the BS at nth time instance is expressed as

yn =
G∑
g=1

L−1∑
l=0

H
(g)
l x

(g)
(n−l)N + nn, (2.1)

for n = 0, 1, . . . , N − 1, where block length is denoted by N . In (2.1), H
(g)
l ,

1 Users are assumed have single-antenna elements for simplicity. However, this framework can be extended
to multi-antenna users and proposed methods in this thesis can be used as it is shown in Appendix B.

2 The design of user grouping algorithms is out of scope of this thesis. Efficient user-grouping procedures can
be found in [54, 55].
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[
h

(g1)
l , . . . ,h

(gUg )

l

]
∈ CM×Ug represents the channel matrix of group g at lth MPC

where the channel vector of user u in group g is denoted by h
(gu)
l , and the total number

of MPCs is denoted by L. A cyclic prefix with length larger than L is used to obtain

circulant channel matrices while preventing the inter-block interference. Transmitted

symbol vector of group g is defined as x
(g)
n ,

[
x

(g1)
n , . . . , x

(gUg )
n

]T ∈ CUg×1 with

E
{
x(gu)
n

(
x

(g′
u′ )

n′

)∗}
=
E

(g)
s

Ug
δgg′δuu′δnn′ (2.2)

where x(gu)
n is the transmitted symbol of user u in group g. Total transmit energy of

group g is denoted by E(g)
s , which is shared equally among users in the same group,

i.e., intra-group near-far effect is not considered. Noise vector nn is comprised of

zero-mean circularly symmetric complex Gaussian random variables with variance

N0.

Channel vectors obey the spatially correlated Rayleigh channel model with h
(gu)
l ∼

CN
(
0,R

(gu)
l

)
where R

(gu)
l is the CCM of user u in group g at lth MPC [9, 10, 18, 19,

23, 26]. User channel vectors are assumed to be mutually uncorrelated among MPCs

and users which is expressed as

E
{

h
(gu)
l

[
h

(g′
u′ )

l′

]H}
= R

(gu)
l δgg′δuu′δll′ . (2.3)

Without loss of generality, channel vectors can be written as h
(gu)
l =

[
R

(gu)
l

] 1
2 z

(gu)
l

where z
(gu)
l ∈ CM×1 has zero-mean circularly symmetric complex Gaussian entries

with unit variance. Considering the one-ring scattering model [9, 10, 26], CCM of a

user at lth MPC can be defined as

R
(gu)
l , γ(gu)

∫ µ
(gu)
l +

∆
(gu)
l
2

µ
(gu)
l −

∆
(gu)
l
2

ρ
(gu)
l (θ)u(θ)u(θ)Hdθ, (2.4)

where
√
γ(gu) is the channel gain of user u in group g satisfying

∑L−1
l=0 Tr

{
R

(gu)
l

}
=

γ(gu) relation. For lth MPC of user u in group g, angular power profile function, mean

angle of arrival (AoA) and angular spread (AS) are denoted by ρ(gu)
l (θ), µ(gu)

l and
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∆
(gu)
l , respectively. Unit norm steering vector u(θ) ∈ CM×1 of a uniform linear array

(ULA) with half the wavelength spacing corresponding to azimuth angle θ is defined

as

u(θ) ,
1√
M

[
1 ejπsin(θ) · · · ej(M−1)πsin(θ)

]T
. (2.5)

We considered ULA for simplicity, however, formulations in this thesis can be used

for other array structures such as uniform planar arrays. The only parameter that

would be different for other array structures is the steering vector. Moreover, the BS

observes a sparse angle-delay profile at mm-wave frequencies [3]. That is, users have

a few active MPCs with narrow angular spread which makes user-grouping feasible.

In this thesis, it is assumed that users in the same group have the same active MPCs

with similar mean AoAs constituting MPC clusters.

2.2 Two-Stage Beamforming Concept

Digital processing

UEs

UEs

UEs

User-group 1

User-group g

User-group G

CCM construction
via slowly-varying
channel parameters:

Instantenous CSI acquisition
in beamspace via fast

varying channel parameters: 

Spatio-frequency intra-group processing

Spatial processing for
inter-group separation

Analog processing

IDFT +
P-to-S

S-to-P +
DFT

Unconstrained analog
beamformer design

(GEB): 

Soft
decisions 

S-to-P +
DFT

IDFT +
P-to-S

Soft
decisions 

S-to-P +
DFT

IDFT +
P-to-S

Soft
decisions 

S-to-P +
DFT

S-to-P +
DFT

S-to-P +
DFT

Figure 2.1: Block diagram of the overall system design for JSDM with SC-FDE

This thesis considers a two-stage beamforming architecture based on JSDM where

there is an analog beamformer S(g) ∈ CM×Dg for each group suppressing channels of

13



users in other groups. Let the received signal in (2.1) is rewritten as

yn =
L−1∑
l=0

H
(g)
l x

(g)
(n−l)N︸ ︷︷ ︸

s
(g)
n : Intra-Group Signals

+
∑
g′ 6=g

L−1∑
l=0

H
(g′)
l x

(g′)
(n−l)N + nn︸ ︷︷ ︸

η
(g)
n : Inter-Group Signals + Noise Terms

, (2.6)

where intra-group and inter-group signals are separated for group g. Then, signal

vector of group g after its analog beamformer, ỹ
(g)
n ∈ CDg×1, can be expressed as

ỹ(g)
n =

[
S(g)
]H

yn =
L−1∑
l=0

H
(g,g)
eff,lx

(g)
(n−l)N︸ ︷︷ ︸

s̃
(g)
n : Intra-Group Signals in Reduced Dimension

+
∑
g′ 6=g

L−1∑
l=0

H
(g,g′)
eff,l x

(g′)
(n−l)N +

[
S(g)
]H

nn︸ ︷︷ ︸
η̃

(g)
n : Inter-Group Signals + Noise Terms in Reduced Dimension

, (2.7)

where effective channel matrices at lth MPC are denoted by H
(g,g′)
eff,l ,

[
S(g)
]H

H
(g′)
l ∈

CDg×Ug′ , which represents the effective channel of group g′ at the output of analog

beamformer of group g. For an optimal analog beamformer, entries of H
(g,g′)
eff,l should

be zero for g 6= g′. In (2.7), intra-group signals and sum of inter-group signals and

noise in reduced dimension are denoted by s̃
(g)
n =

[
S(g)
]H

s
(g)
n ∈ CDg×1 and η̃(g)

n =[
S(g)
]H

η
(g)
n ∈ CDg×1, respectively.

Assuming inter-group interference is completely mitigated at analog beamforming

stage, digital processing of each group is implemented independently. In this the-

sis, frequency domain equalization (FDE) is employed to mitigate ISI caused by SC

transmission. Since FDE is employed, DFT operation is applied to the sequence{
ỹ

(g)
n

}N−1

n=0
. Using the circularity in (2.7), one can obtain the signal at the kth fre-

quency bin after the DFT operation as

ỹ
(g)
f,k = Λ

(g,g)
eff,kx

(g)
f,k︸ ︷︷ ︸

s̃
(g)
f,k

+
∑
g′ 6=g

Λ
(g,g′)
eff,kx

(g′)
f,k + ñ

(g)
f,k︸ ︷︷ ︸

η̃
(g)
f,k

, (2.8)

14



for k = 0, 1, . . . , N − 1, where the DFT of effective channel matrices are denoted by

Λ
(g,g′)
eff,k =

L−1∑
l=0

H
(g,g′)
eff,l e

−j 2π
N
kl. (2.9)

In (2.8), ỹ
(g)
f,k, s̃

(g)
f,k, x

(g)
f,k, η̃(g)

f,k and ñ
(g)
f,k are normalized DFTs of vector sequences ỹ

(g)
n ,

s̃
(g)
n , x

(g)
n , η̃(g)

n and ñ
(g)
n =

[
S(g)
]H

nn, respectively. Note that normalized DFT of any

vector sequence {fn}N−1
n=0 can be calculated as

ff,k ,
1√
N

N−1∑
n=0

fne
−j 2π

N
kn, k = 0, 1, . . . , N − 1. (2.10)

Digital beamformers are used to separate intra-group signals of users in JSDM frame-

work. Since we employed FDE structure, digital beamformers are applied in fre-

quency domain where IB-DFE method is utilized via feedforward and feedback filters

which are updated at each iteration. Feedforward and feedback filters of group g for

kth frequency bin at the ith equalizer iteration are denoted by W
(g),i
k ∈ CDg×Ug and

C
(g),i
k ∈ CUg×Ug , respectively. The output of DFE at the ith iteration, which is found

by using (2.8) and soft decisions of previous iteration, is expressed as follows:

x̂
(g),i
f,k =

[
W

(g),i
k

]H
ỹ

(g)
f,k −

[
C

(g),i
k

]H
x̃

(g),i−1
f,k , (2.11)

x̂(g),i
n =

1√
N

N−1∑
k=0

x̂
(g),i
f,k e

j 2π
N
kn (2.12)

for k, n = 0, 1, . . . , N − 1. Time-domain estimates x̂
(g),i
n ,

[
x̂

(g1),i
n , . . . , x̂

(gUg ),i
n

]T are

used to demodulate the transmitted symbols, where x̂(gu),i
n is the estimate of x(gu)

n . In

(2.11), x̃
(g),i−1
f,k is the soft decision vector of group g obtained from the previous it-

eration. Block diagram summarizing the overall two-stage beamforming architecture

described in this section is given in Fig. 2.1.
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2.3 Optimal Pre-Beamformer: Generalized Eigenbeamformer (GEB)

In JSDM framework, analog beamformers are designed by using CCMs, which are

assumed to be known perfectly in this thesis3. In this section, we find a near-optimal

unconstrained analog beamformer structure for JSDM framework where frequency-

selectivity of channels are considered. We approach the analog beamformer design as

a dimension reduction problem. That is, we aim to find a near-optimal unconstrained

analog beamformer, which results in a linear transformation, that preserves the mutual

information in reduced dimension. The cost function that needs to be maximized in

reduced dimension is the mutual information between ỹ
(g)
f,k and s̃

(g)
f,k in (2.8) which can

be expressed as

I
(
s̃

(g)
f,k; ỹ

(g)
f,k

)
= log2

(∣∣∣IDg +
[
R

(g)
η̃f

]−1

R
(g)
s̃f

∣∣∣), (2.13)

if ỹ
(g)
f,k and s̃

(g)
f,k are assumed to be Gaussian random vectors. Covariance matrices of

s̃
(g)
f,k and η̃

(g)
f,k are denoted by R

(g)
s̃f

= E
{

s̃
(g)
f,k

[
s̃

(g)
f,k

]H} and R
(g)
η̃f

= E
{
η̃f,k

[
η̃f,k

]H} for

k = 0, 1, . . . , N−1, respectively. Note that these covariance matrices are independent

of frequency bin index k according to Appendix A4. Hence, there will be a single

cost function to maximize. Furthermore, it is easy to see that maximization of mutual

information is equivalent to maximization of the determinant inside the logarithm in

(2.13). If we replace R
(g)
s̃f

and R
(g)
η̃f

with their expressions given in Appendix A, the

cost function that needs to be maximized under the constraint that S(g) is a full column

3 CCM estimation is out of scope of this thesis. However, there are several papers proposing efficient methods
for CCM estimation [56–59]. It can be assumed that CCMs can be learned by using the methods mentioned in
these papers. It is important to note that CCMs depend on slowly varying parameters such as AoAs, which is
the reason why they do not need to be updated frequently. Hence, CCM estimation overhead does not cause a
significant increase in overall system complexity.

4 In this thesis, although frequency-wideband effect is taken into account, spatial-wideband (beam-squint)
effect is ignored as bandwidth is assumed to be not that wide [60]. If a spatial-wideband system was consid-
ered, spatial covariance matrices of signals would depend on the frequency bin index. However, proposed analog
beamforming could still be used either by using the mean spatial covariance matrices, which are averaged over
frequency bins, to find the unconstrained analog beamformer as in [30, 61] (which do not consider the interfer-
ence rejection capability of pre-beamformer) or by finding the unconstrained analog beamformer with spatial-
narrowband assumption and applying a beam-squint compensation in digital domain [62].
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matrix can be written as

maximize
S(g)

∣∣IDg+([S(g)]HR(g)
η S(g)

)−1(
[S(g)]HR(g)

s S(g)
)∣∣

subject to rank
(
S(g)
)

= Dg

(2.14)

where covariance matrix of intra-group signals and covariance matrix of sum of inter-

group signals and noise terms in (2.6) are expressed as E
{

s
(g)
n

[
s

(g)
n′

]H}
= R

(g)
s δnn′

and E
{
η

(g)
n

[
η

(g)
n′

]H}
= R

(g)
η δnn′ , respectively. Considering the uncorrelated nature

of transmitted symbols among users and time in addition to the uncorrelated channel

vectors in (2.3), these two covariance matrices are computed as

R(g)
s =

E
(g)
s

Ug

Ug∑
u=1

L−1∑
l=0

R
(gu)
l , (2.15)

R(g)
η =

∑
g′ 6=g

E
(g′)
s

Ug′

Ug′∑
u=1

L−1∑
l=0

R
(g′u)
l +N0IM . (2.16)

Lemma 1: If multiantenna users were considered, design of statistical analog beam-

former S(g), which is based on the optimization problem in (2.14), would remain the

same with additional knowledge of scaling constants that appear in (2.15) and (2.16).

Although these constants depend on the precoding applied at the user side, they can

be learned via training or their statistical mean can be used.

Proof. See Appendix B. �

Analog beamformer S̄(g) that maximizes the cost function is found as [63]

S̄(g) =
[
v1,v2, · · · ,vDg

]
, (2.17)

where vi is the eigenvector corresponding to the ith most dominant eigenvalue (i.e.,

λi) of the generalized eigenvalue problem which is defined as

R(g)
s vi = λiR

(g)
η vi, i = 1, 2, . . . ,M. (2.18)

17



This solution is known as generalized eigenbeamformer which creates deep nulls for

interfering signals. It is meaningful to use R
(g)
s , which covers CCMs of all MPCs of

the intended group, in the generalized eigenvalue problem in (2.18) since SC-FDE is

employed. In order to obtain orthonormalized analog beamformers, QR decomposi-

tion of GEB in (2.17) is found as S̄(g) = S(g)R̄(g), which is permissible according to

Lemma 2. Equivalent analog beamformer S(g) found by QR decomposition is used

as GEB for the rest of the thesis.

Lemma 2: Using S(g)A instead of S(g) does not change the cost function where

A ∈ CDg×Dg is any invertible matrix.

Proof. Replacing S(g) with S(g)A results in a similarity transformation for the sec-

ond term in the determinant in (2.14), that can be expressed as

(
[S(g)A]HR(g)

η S(g)A
)−1(

[S(g)A]HR(g)
s S(g)A

)
=

A−1
(
[S(g)]HR(g)

η S(g)
)−1(

[S(g)]HR(g)
s S(g)

)
A. (2.19)

Similarity transformation does not affect the cost function since generalized eigen-

vectors diagonalize the second term in the determinant in (2.14), as it is shown

in [63]. Hence, alternative representations of GEB can be used without loss of per-

formance. �
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CHAPTER 3

CONSTRAINED ANALOG BEAMFORMER DESIGN

In this thesis, optimality is imposed at the analog beamforming stage. A near-optimal

analog beamformer GEB was designed in Section 2.3, where the cost function was

maximized with high inter-group interference suppression capability, which is criti-

cal for JSDM framework since residual interference should be close to zero so that

multiuser detection of each group can be considered separately at the digital beam-

forming stage. Although near-optimal GEB satisfies this requirement, it is an uncon-

strained beamformer, i.e., it does not obey constant-modulus constraint. However,

phase-shifter networks are preferred for the analog beamforming stage in practice [3].

There are two possible alternatives to obtain constant-modulus constrained analog

beamformers. The first one is to consider this constraint in the original optimization

problem which was given in (2.14). However, this constraint makes the optimization

problem intractable. Second alternative is to start from the optimal unconstrained

analog beamformer and construct a new optimization problem to find another analog

beamformer that satisfies constant-modulus constraint. We follow the latter alter-

native which is widely used in the literature [5, 6, 26]. Thus, our goal is to find a

constant-modulus approximation of near-optimal GEB of each group.

Firstly, we propose methods to find constrained approximations of GEB for fully con-

nected array architectures. Then, we provide strategies to find approximations of GEB

for both fixed and dynamic partially connected arrays. In this chapter, near-optimal

GEB of group g found in (2.17) in Section 2.3 and its constant-modulus constrained

equivalent are denoted by S
(g)
GEB ∈ CM×Dg and S

(g)
c ∈ CM×Dg , respectively.
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3.1 Fully Connected Array

Fully connected arrays require connections between all antennas and RF chains,

which means that there is a phase shifter in between any antenna and RF chain pair.

This architecture is the most commonly considered one for the constant-modulus con-

strained analog beamformers. We firstly provide a simple DFT beamformer structure

as a benchmark. This type of beamformer is obtained by using AoAs belonging to

MPC clusters of user groups. Then, we present two different approaches to find ap-

proximations of nearly-optimal GEB for fully connected arrays.

3.1.1 DFT Beamformer

DFT beamformer is widely used for mm-wave communications by leveraging the

sparsity in angle-delay domain [9, 24, 25]. However, it is not an interference aware

beamformer. In other words, it only considers the AoAs of MPC clusters in the

intended group and does not consider the channels or signals of other groups. Let

Q ∈ CM×M be the normalized DFT matrix with entries

[Q](m,n) ,
1√
M
e−j

2π
M
πmn (3.1)

for m,n = 0, 1, . . . ,M − 1. Then, DFT beamformer of group g is defined as

S(g)
c , QE(g), (3.2)

where E(g) = [eg,1, eg,2, . . . , eg,Dg ] ∈ ZM×Dg is used as the column selection matrix

for group g. Columns of E(g) are denoted by ei ∈ ZM×1 which is a binary vector

whose ith entry is one whereas others are zero. This vector selects the columns of the

DFT matrix for the analog beamformer. For any group, firstly, closest DFT vectors

to mean AoAs of active MPCs are selected. If the number of available RF chains is

greater than the number of active MPCs, which is the desired case, remaining columns

are selected from the adjacent DFT vectors to the ones closest to mean AoAs. Analog

beamformer used in practice is expressed as S(g) = S
(g)
c .
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3.1.2 Phase Extraction (PE)

Constrained analog beamformer S
(g)
c has only constant-modulus constraint for the

fully connected structure, i.e., RF chains are connected to all the antennas. Since

our goal is to find the best approximation to GEB, an optimization problem can be

constructed as follows:

minimize
S

(g)
c

∥∥∥S(g)
GEB − S(g)

c

∥∥∥2

F

subject to
∣∣[S(g)

c ](i,j)
∣∣ =

1√
M
,∀i, j,

(3.3)

which has the simple phase extraction solution where optimum constrained analog

beamformer can be expressed as

S(g)?
c =

1√
M
ej]
(
S

(g)
GEB

)
. (3.4)

This solution is used in the literature due to its simplicity. If hybrid massive MIMO

without user-grouping is considered, phase extraction offers acceptable performance

[26, 27]. However, deep nulls introduced by GEB may disappear which results in

increase in inter-group interference for JSDM. Similar to DFT beamformer, practical

analog beamformer is expressed as S(g) = S
(g)
c .

3.1.3 Phase Extraction with Alternating Minimization (PE-AM)

In order to improve the accuracy of approximation, we introduce a compensation ma-

trix S
(g)
cm ∈ CDg×Dg which will be applied in the digital baseband after the constrained

analog beamformer S
(g)
c . This can be considered as dividing the analog beamformer

into two stages. A new optimization problem with the compensation matrix can be

constructed as

minimize
S

(g)
c ,S

(g)
cm

∥∥∥S(g)
GEB − S(g)

c S(g)
cm

∥∥∥2

F

subject to
∣∣[S(g)

c ](i,j)
∣∣ =

1√
M
,∀i, j.

(3.5)
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Optimization problem given above can be solved with manifold optimization-based

algorithms which have high complexity [6]. However, it is possible to modify the

optimization problem in (3.5) and construct another problem which has a simpler

solution. Columns of near-optimal GEB are mutually orthonormal whereas there

is no constraint on the compensation matrix. Although optimum structure of the

compensation matrix is not known, orthogonality constraint on compensation matrix

is imposed to obtain a simplified optimization problem. It can be shown that the cost

function in (3.5) is upper-bounded by

∥∥∥S(g)
GEB

[
S(g)
cm

]H − S(g)
c

∥∥∥2

F
, (3.6)

if the orthogonality constraint is imposed on the compensation matrix. It is feasible

to use (3.6) as the cost function and modify the optimization problem in (3.5) with

this upper bound, which results in the following optimization problem:

minimize
S

(g)
c ,S

(g)
cm

∥∥∥S(g)
GEB

[
S(g)
cm

]H − S(g)
c

∥∥∥2

F

subject to
∣∣[S(g)

c ](i,j)
∣∣ =

1√
M
,∀i, j;

[
S(g)
cm

]H
S(g)
cm = IDg .

(3.7)

Note that S
(g)
GEB

[
S

(g)
cm

]H is an equivalent generalized eigenbeamformer according to

Lemma 2 since
[
S

(g)
cm

]H is invertible. Given S
(g)
cm, optimum solution for the constrained

analog beamformer S
(g)?
c is a phase extraction of the equivalent beamformer that is

expressed as

S(g)?
c =

1√
M
ej]
(
S

(g)
GEB [S

(g)
cm]H

)
. (3.8)

For given constrained analog beamformer S
(g)
c , optimization problem given in (3.7)

reduces to

minimize
S

(g)
cm

∥∥∥S(g)
GEB

[
S(g)
cm

]H − S(g)
c

∥∥∥2

F

subject to
[
S(g)
cm

]H
S(g)
cm = IDg .

(3.9)
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which is similar to the orthogonal Procrustes problem [64]. Optimal compensation

matrix can be found as

S(g)?
cm = V(g)

[
U(g)

]H
, (3.10)

which is obtained by using the SVD of the equivalent generalized eigenbeamformer[
S

(g)
GEB

]H
S

(g)
c [6], that can be expressed as

[
S

(g)
GEB

]H
S(g)
c = U(g)Σ(g)

[
V(g)

]H (3.11)

Alternating minimization algorithm is adopted in order to obtain optimum solutions

where S
(g)?
c is calculated for given S

(g)
cm, and S

(g)?
cm is calculated by using given S

(g)
c

repeatedly until the convergence is achieved for the cost function. This solution strat-

egy is also known as projections onto convex sets (POCS) or alternating projection

method in the literature. Summary of the described solution is given in Algorithm 1.

Algorithm 1 PE-AM

Input: S
(g)
GEB

Initialize: S
(g)
c,0 = 1√

M
ej]
(
S

(g)
GEB

)
, iteration index n = 0

1: repeat

2: Fix S
(g)
c,n, find

[
S

(g)
GEB

]H
S

(g)
c,n = U

(g)
n Σ(g)

n

[
V

(g)
n

]H
3: S

(g)
cm,n = V

(g)
n

[
U

(g)
n

]H
4: Fix S

(g)
cm,n, find S

(g)
c,n+1 = 1√

M
e
j]

(
S

(g)
GEB [S

(g)
cm,n]H

)
5: n← n+ 1

6: until
∥∥∥S(g)

GEB

[
S

(g)
cm,n

]H − S
(g)
c,n+1

∥∥∥
F

converges

Output: S
(g)
c = S

(g)
c,n+1 and S

(g)
cm = S

(g)
cm,n

For compensation matrix-based design, constrained beamformer S
(g)
c is applied in

analog domain whereas compensation matrix S
(g)
cm is applied in digital baseband just

before the digital beamformers. Thus, overall analog beamformer of group g becomes

S(g) = S
(g)
c S

(g)
cm as it is seen from Fig. 3.1.
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Constrained beamformer Compensation matrix

Analog processing Baseband processing

Unconstrained
beamformers: 

Constrained
beamformer design: 

ADC

ADC

ADC

RF chains

Constrained pre-beamforming for inter-group separation

Figure 3.1: Block diagram of the proposed constrained pre-beamforming design

3.2 Partially Connected Array

Unlike fully connected arrays, each antenna element is connected to only one RF

chain for partially connected designs. In other words, analog beamformer has a sparse

structure resulting in less phase shifters. Let the binary connection matrix of group g

is denoted by Π(g) ∈ ZM×Dg where each row contains only one non-zero entry. Col-

umn where ith row has the non-zero entry is denoted by j(i). Constrained beamform-

ing matrix S
(g)
c has non-zero entries where the connection matrix Π(g) has non-zero

entries. Similar to PE-AM algorithm, we consider joint optimization of constrained

beamformer and compensation matrix. There are two types of partially connected

arrays. In the first one, optimization problem is solved by using a fixed connection

matrix. The second one considers finding the optimum connection matrix for a given

unconstrained beamformer.
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3.2.1 Fixed Subarray Design

Joint optimization problem of constrained analog beamformer with partially con-

nected array and compensation matrix can be written as

minimize
S

(g)
c ,S

(g)
cm

∥∥∥S(g)
GEB − S(g)

c S(g)
cm

∥∥∥2

F

subject to
∣∣[S(g)

c ](i,j)
∣∣ =

1√
M

[Π(g)](i,j),∀i, j,
(3.12)

for a given connection matrix Π(g). Note that since there is only one non-zero element

in each row of S
(g)
c , non-zero element in ith row is multiplied with j(i)th row of the

compensation matrix S
(g)
cm. By using this property, optimization problem in (3.12) is

simplified as

minimize
{ν(g)
i }Mi=1

∥∥∥∥[S(g)
GEB

]
(i,:)
− 1√

M
ejν

(g)
i
[
S(g)
cm

]
(j(i),:)

∥∥∥∥2

F

(3.13)

for given compensation matrix S
(g)
cm, where ν(g)

i is the phase of non-zero entry in the

ith row of S
(g)
c . It can be seen that optimization of phase values is decoupled. Hence,

optimum phase values
{
ν

(g)?
i

}M
i=1

are found as

ν
(g)?
i = ]

([
S

(g)
GEB

]
(i,:)

[
S(g)
cm

]H
(j(i),:)

)
. (3.14)

Given constrained beamformer S
(g)
c , optimization problem to find the compensation

matrix becomes

minimize
S

(g)
cm

∥∥∥S(g)
GEB − S(g)

c S(g)
cm

∥∥∥2

F
. (3.15)

As there is no constraint on the compensation matrix, optimum solution is the least

squares (LS) solution given as

S(g)?
cm =

([
S(g)
c

]H
S(g)
c

)−1[
S(g)
c

]H
S

(g)
GEB. (3.16)
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Alternating minimization approach is adopted as in PE-AM algorithm to find con-

strained analog beamformer and compensation matrix. Summary of the fixed partially

connected array design is given in Algorithm 2.

Algorithm 2 Fixed Subarray Design

Input: S
(g)
GEB,Π

(g)

Initialize: Set random phases to S
(g)
c,0 , iteration index n = 0

1: repeat

2: Fix S
(g)
c,n

3: Find S
(g)
cm,n =

([
S

(g)
c,n

]H
Sc,n

)−1[
S

(g)
c,n

]H
S

(g)
GEB

4: Fix S
(g)
cm,n, find S

(g)
c,n+1 by (3.14)

5: n← n+ 1

6: until
∥∥∥S(g)

GEB − S
(g)
c,n+1S

(g)
cm,n

∥∥∥
F

converges

Output: S
(g)
c = S

(g)
c,n+1 and S

(g)
cm = S

(g)
cm,n

3.2.2 Dynamic Subarray Design

This section aims to find an algorithm that finds the optimum connection matrix Π(g)

for a given GEB. Let S̃
(g)
c ∈ CM×Dg be a partially connected constrained beamformer

whose non-zero entry locations are unknown. This matrix needs to satisfy following

constraints

∣∣[S̃(g)
c ](i,j)

∣∣ ∈ {0, 1},∀i, j, (3.17a)

Dg∑
j=1

∣∣[S̃(g)
c ](i,j)

∣∣ = 1,∀i, (3.17b)

M∑
i=1

∣∣[S̃(g)
c ](i,j)

∣∣ ≥ 1,∀j, (3.17c)

where the first one is constant-modulus constraint while second one needs to be sat-

isfied to make sure that each antenna is connected to only one RF chain. The third

26



constraint should be satisfied so that each RF chain is connected to at least one an-

tenna. Let the equivalent near-optimal generalized eigenbeamformer be S
(g)
GEBA(g)

where A(g) ∈ CDg×Dg is an arbitrary unitary matrix. Note that S
(g)
GEBA(g) can replace

S
(g)
GEB as long as A(g) is invertible according to Lemma 2. Let us ignore the constraint

in (3.17c) for now and construct an optimization problem given as

minimize
A(g)∈A,S̃(g)

c

∥∥∥S(g)
GEBA(g) − S̃(g)

c

∥∥∥2

F

subject to
∣∣[S̃(g)

c ](i,j)
∣∣ ∈ {0, 1}, ∀i, j;

Dg∑
j=1

∣∣[S̃(g)
c ](i,j)

∣∣ = 1,∀i,

(3.18)

where A is the set of unitary matrices which are invertible. Given A(g), entries of

optimal constrained analog beamformer can be found as

[S̃(g)?
c ](i,j) =

e
j]
(

[S
(g)
GEBA(g)](i,j)

)
, if j = j?(i)

0, otherwise,
(3.19)

where j?(i) = arg max1≤j≤Dg |[S
(g)
GEBA(g)](i,j)| for i = 1, 2, . . . ,M [29]. For given

S̃
(g)
c , optimization problem in (3.18) reduces to orthogonal Procrustes problem ex-

pressed as

minimize
A(g)∈A

∥∥∥S(g)
GEBA(g) − S̃(g)

c

∥∥∥2

F
, (3.20)

which has the same solution as in the PE-AM algorithm. Optimum unitary matrix is

found as

A(g)? = V(g)
[
U(g)

]H
, (3.21)

where the following SVD is used:
[
S

(g)
GEB

]H
S̃

(g)
c = U(g)Σ(g)

[
V(g)

]H . Similar to

previous algorithms, alternating minimization is applied to find partially connected

constrained beamformer which is summarized in Algorithm 3.
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Algorithm 3 Dynamic Connection Design

Input: S
(g)
GEB

Initialize: Set random phases to S̃
(g)
c,0 , iteration index n = 0

1: repeat

2: Fix S̃
(g)
c,n, find

[
S

(g)
GEB

]H
S̃

(g)
c,n = U

(g)
n Σ(g)

n

[
V

(g)
n

]H
3: A

(g)
n = V

(g)
n

[
U

(g)
n

]H
4: Fix A

(g)
n , find S̃

(g)
c,n+1 by (3.19)

5: n← n+ 1

6: until
∥∥∥S(g)

GEBA
(g)
n − S̃

(g)
c,n+1

∥∥∥
F

converges

Output: S̃
(g)
c = S̃

(g)
c,n+1

Remark 1: The result of Algorithm 3, which solves a non-convex problem, depends

on the initial random phases which leads to different antenna connections for each

result. Hence, this algorithm should be repeated several times with different initial

phases and the result yielding the maximum expected SINR for group g in reduced

dimension, which is the SINR after statistical pre-beamformer S(g) (i.e., just before

digital beamforming), should be used. Expression for the expected SINR is given in

(C.1) in Appendix C, where we denote the expected SINR of group g by SINR
(g)

.

Remark 2: Constraint (3.17c) is not considered in Algorithm 3 which is repeated

several times as stated in Remark 1. Optimum connection matrix should be selected

from the results where there is a connection between any RF chain and at least one

antenna to satisfy this constraint.

It is important to note that only constrained analog beamformer can be found by us-

ing Algorithm 3. However, we need to find a compensation matrix to improve the

result. We propose that result of Algorithm 3 should be used in order to find the

connection matrix as Π(g) =
∣∣S̃(g)

c

∣∣. Then, this connection matrix should be used

as an input to Algorithm 2 which jointly optimizes constrained analog beamformer

and compensation matrix. Furthermore, initial phases of constrained analog beam-

former for Algorithm 2 is selected as the phases of S̃
(g)
c . Therefore, it can be seen that

Algorithm 3 is used to find the connection matrix. Summary of the overall dynamic
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subarray design is given in Algorithm 4 whereNiter is the number of times Algorithm

3 is repeated.

Algorithm 4 Dynamic Subarray Design

Input: S
(g)
GEB, Niter

Initialize: Iteration index t = 0

1: repeat

2: t← t+ 1

3: Run Algorithm 3 to find S̃
(g)
c and set S̃

(g)
c,t ← S̃

(g)
c

4: if
∑M

i=1

∣∣[S̃(g)
c,t ](i,j)

∣∣ ≥ 1,∀j then

5: Calculate SINR
(g)

t by setting S(g) ← S̃
(g)
c,t in (C.1)

6: else

7: Set SINR
(g)

t to 0

8: end if

9: until t = Niter

10: t? = arg max1≤t≤Niter SINR
(g)

t

11: Run Algorithm 2 with Π(g) =
∣∣S̃(g)

c,t?

∣∣ and initial phases of S̃
(g)
c,t? to find S

(g)
c and

S
(g)
cm.

Output: S
(g)
c and S

(g)
cm

3.3 Convergence and Complexity Analysis

3.3.1 Convergence Analysis

Alternating minimization approach is employed to obtain both fully and partially con-

nected constrained analog beamformers. Convergence of given algorithms is guaran-

teed since cost functions, which are bounded below, are monotonically decreasing at

each iteration. Considering these two facts, algorithms given in this thesis converge

to local minima [5, 29].
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3.3.2 Complexity Analysis

Constrained beamformer design algorithms that are described in this chapter are

based on GEB found by generalized eigenvalue problem in (2.18) where matrices

with size M × M are involved. In the literature, Lanczos algorithm and its varia-

tions are used to find a few most dominant generalized eigenvectors [65]. Although

the exact computational complexity of this algorithm is not clear due to the iterative

solutions, its complexity can roughly be taken as O(M3).

On the other hand, alternating minimization based algorithms require additional com-

putation over GEB. Phase extraction has the same complexity order with GEB as it

only requires the phases of GEB. Algorithm 1 and Algorithm 3 has the same solution

steps which involve phase extraction of matrix multiplication at one step. Another

step includes SVD of a matrix with size Dg × Dg which has a complexity order of

O(D3
g). Since these computations are repeated several times, complexity of PE-AM

and dynamic connection design becomes O(nmaxD
3
g) where nmax is the number of

iterations until the convergence. Algorithm 2 only includes phase extraction from

a vector multiplication and a LS solution which requires the inverse of a Dg × Dg

matrix with complexity order of O(D3
g). Complexity of fixed subarray design be-

comes O(nmaxD
3
g) due to the alternating minimization method. Algorithm 4, which

is used to find the dynamic constrained analog beamformers, involves execution of

Algorithm 2 once and Algorithm 3 Niter times. Therefore, computational complex-

ity of dynamic subarray design becomes O((Niter + 1)nmaxD
3
g). It can be under-

stood that complexity orders of proposed alternating minimization-based algorithms

are not high as number of RF chainsDg is limited in hybrid systems. Moreover, recall

that unconstrained analog beamformers are designed based on slowly varying CCMs.

Hence, constrained beamformers and dynamic connections are updated infrequently.

Computational complexity orders of proposed unconstrained and constrained analog

beamformer design algorithms are summarized in Table 3.1.
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Table 3.1: Computational complexity orders of proposed analog beamforming algo-

rithms

Beamformer Type Computational Complexity

GEB O(M3)

PE O(M3)

PE-AM O(M3 + nmaxD
3
g)

Fixed Subarray O(M3 + nmaxD
3
g)

Dynamic Subarray O(M3 + (Niter + 1)nmaxD
3
g)
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CHAPTER 4

INTRA-GROUP PROCESSING FOR CONVENTIONAL HYBRID MASSIVE

MIMO: U ≤ D CASE

In this chapter, the digital processing architecture for classical hybrid massive MIMO

case without NOMA, i.e., U ≤ D will be described. The two-stage beamforming

architecture, which includes the intra-group processing via IB-DFE, was introduced

in Chapter 2. As digital processing of each user group is independent from each

other, only intra-group effective channels of users are required for digital beamformer

design. Effective channel vectors are learned in time division duplexing (TDD) mode

as in Section 4.2.2. Intra-group channel estimation in reduced dimension reduces the

channel estimation overhead significantly. In addition, dimensions of feedforward

and feedback filters are reduced with the help of user-grouping since IB-DFE is used

to separate intra-group user signals.

Firstly, optimal feedforward and feedback filters will be obtained for the IB-DFE

receiver while taking the residual inter-group interference into account. Then, per-

formance measures, namely, ergodic capacity and channel estimation accuracy in re-

duced dimension will be derived. Lastly, numerical results of proposed constrained

beamforming methods for both fully and partially connected arrays will be discussed.

4.1 Digital Beamformer Design: IB-DFE

Frequency domain equalizer output at ith iteration was defined in (2.11), where feed-

forward and feedback filters were utilized. Optimal filters at each iteration can be

found by using MMSE criterion where the total mean square error (MSE) of a block
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for group g at ith iteration is defined as

MSE
(g)
i = E

{
N−1∑
k=0

∥∥∥x̂(g),i
f,k − x

(g),i
f,k

∥∥∥2
}
. (4.1)

In addition, following constraint is imposed on feedback filters to avoid self cancel-

lation:

N−1∑
k=0

[
C

(g),i
k

]
(u,u)

= 0 (4.2)

for u = 1, 2, . . . , Ug. In [52], it is shown that minimization of (4.1) with the given

constraint reduces to following N parallel equations

R
ỹ

(g)
f,k

W
(g),i
k = Λ

(g,g)
eff,k

(
E

(g)
s

Ug
IUg + P

(g),i
1 C

(g),i
k

)
, (4.3)

P
(g),i
2 C

(g),i
k =

[
P

(g),i
1

]H([
Λ

(g,g)
eff,k

]H
W

(g),i
k − IUg

)
+ ∆

(g)
i (4.4)

for k = 0, 1, . . . , N − 1, where ∆
(g)
i = diag{∆(g1)

i , . . . ,∆
(gUg )

i } is a consequence

of the constraint on feedback filters. In (4.3) and (4.4), correlation matrices P
(g),i
1 ∈

CUg×Ug and P
(g),i
2 ∈ CUg×Ug are expressed

P
(g),i
1 = E

{
x(g)
n

[
x̃(g),i−1
n

]H}
, (4.5a)

P
(g),i
2 = E

{
x̃(g),i−1
n

[
x̃(g),i−1
n

]H}
, (4.5b)

which show the reliability of the estimates. Note that exact calculation of P
(g),i
1 re-

quires the knowledge of transmitted symbols, which is not available at the receiver.

A practical approach is to assume that P
(g),i
1 = P

(g),i
2 = diag

{
E
{

x̃
(g),i
n

[
x̃

(g),i
n

]H}}
as done in [52]. Considering the fact that transmitted symbol vectors of users are un-

correlated and independent from the noise vector, covariance matrix of ỹ
(g)
f,k in (2.8)
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can be expressed as

R
ỹ

(g)
f,k

= E
{

ỹ
(g)
f,k

[
ỹ

(g)
f,k

]H}
=
E

(g)
s

Ug
Λ

(g,g)
eff,k

[
Λ

(g,g)
eff,k

]H
+ R

(g)
η̃f
, (4.6)

for given frequency-domain intra-group channel matrix Λ
(g,g)
eff,k. Recall that intra-

group channels are available at the BS whereas inter-group channel matrices Λ
(g,g′)
eff,k

are not known. That is why inter-group channel matrices are treated as random matri-

ces in (4.6) and covariance matrix of sum of inter-group interference and noise terms

in reduced dimension R
(g)
η̃f

, whose expression is given in Appendix A, is used1.

With the given definitions, feedforward and feedback filters can be computed. If

W
(g),i
k is substituted in (4.4) for each frequency bin while considering the constraint

on feedback filters, C
(g),i
k and ∆

(gu)
i can be found as

C
(g),i
k = A

(g),i
k

(
D

(g),i
k + ∆

(g)
i

)
, (4.7)

∆
(gu)
i =

−
∑N−1

k=0

[
A

(g),i
k

]
(u,:)

[
D

(g),i
k

]
(:,u)∑N−1

k=0

[
A

(g),i
k

]
(u,u)

, (4.8)

where

A
(g),i
k =

(
P

(g),i
2 −

[
P

(g),i
1

]H[
Λ

(g,g)
eff,k

]H
R−1

ỹ
(g)
f,k

Λ
(g,g)
eff,kP

(g),i
1

)−1

, (4.9)

D
(g),i
k =

[
P

(g),i
1

]H[
Λ

(g,g)
eff,k

]H
R−1

ỹ
(g)
f,k

Λ
(g,g)
eff,k

E
(g)
s

Ug
−
[
P

(g),i
1

]H
. (4.10)

Lastly, feedforward filters can be found by substituting C
(g),i
k in (4.3) for each fre-

quency bin. At initialization stage, correlation matrices are set to P
(g),0
1 = P

(g),0
2 =

1 Estimation of only intra-group effective channels reduces the channel estimation overhead. Furthermore,
there may be other sources of interference with known spatial covariance matrices such as inter-cell interference.
In that case, instantaneous channel estimation for the interfering source would not be possible, yet our framework
would still be applicable.
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diag{0Ug} where 0Ug is a zero vector with length Ug. Consequently, there is no feed-

back at initialization while feedforward filters are reduced to LMMSE type digital

beamformers that can be expressed as

W
(g),0
k =

E
(g)
s

Ug
R−1

ỹ
(g)
f,k

Λ
(g,g)
eff,k. (4.11)

If analog beamformers are properly designed, inter-group interference terms in (2.8)

will be close to zero. In this case, zero-forcing (ZF) approach can be adopted at

initialization. ZF type digital beamformer of group g is expressed as

W
(g),0
k = Λ

(g,g)
eff,k

([
Λ

(g,g)
eff,k

]H
Λ

(g,g)
eff,k

)−1

. (4.12)

The main advantage of ZF is its computation complexity since it involves inversion

of matrices with size Ug × Ug per frequency bin resulting in a complexity order of

O(NU3
g ), whereas LMMSE involves inversion of covariance matrix of ỹ

(g)
f,k per fre-

quency bin that results in a complexity order ofO(ND3
g). On the other hand, IB-DFE

structure requires the calculation of feedforward and feedback filters at each iteration.

Computation complexity of feedforward filters is equivalent to LMMSE filter while

feedback filters require inversion of matrices with size Ug × Ug and Dg × Dg per

frequency bin which results in a complexity order of O(ND3
g) as Ug ≤ Dg. Thus,

overall complexity of IB-DFE becomes O(imaxND
3
g) where imax is the number of

equalizer iterations. It is important to note that complexity order of described digital

beamforming design scales with the third power of either Ug or Dg which are limited

in JSDM framework. Hence, signal processing complexity of digital beamforming is

highly reduced via user-grouping and two-stage beamforming approach.

4.2 Performance Measures

In order to show the effectiveness of proposed constrained design, we should de-

fine some performance measures. We firstly introduce ergodic capacity which is the

most commonly used performance measure. Then, we describe a channel estimation

method in reduced dimension and define the normalized mean square error (nMSE)
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that shows the accuracy of channel estimation.

4.2.1 Ergodic Capacity

Ergodic capacity of user u in group g at the output of ith equalizer iteration is defined

as

C
(gu)
i = E{

H
(g,g)
eff,l

}L−1

l=0

{
log2

(
1 + SINR

(gu)
i

)∣∣∣S(g)
}
, (4.13)

where expectation is taken over different instantaneous channel realizations while

keeping the analog beamformer constant, i.e., user locations and CCMs are kept con-

stant. Output SINR of user u in group g at the output of ith equalizer iteration is

denoted by SINR(gu)
i . Let the Bussgang decomposition of the soft output for decod-

ing transmitted symbols given in (2.12) is expressed as [66]

x̂(gu),i
n = β(gu),ix(gu)

n + ξ(gu),i
n , (4.14)

for n = 0, 1, . . . , N−1 and u = 1, 2, . . . , Ug, where β(gu),i and ξ(gu),i
n are the complex

amplitude and residual interference of the transmitted symbol of user u in group g,

respectively. Then the output SINR of this user for given
{
H

(g,g)
eff,l

}L−1

l=0
is calculated

as

SINR
(gu)
i =

|β(gu),i|2E
{
|x(gu)
n |2

}
E
{
|ξ(gu),i
n |2

} =
E

(g)
s

Ug

|β(gu),i|2

E
{
|ξ(gu),i
n |2

} . (4.15)

By using (2.8), (2.11) and (2.12), complex amplitude can be computed as

β(gu),i = E
{
x̂(gu),i
n

(
x(gu)
n

)∗}/E{|x(gu)
n |2

}
=

1

N

N−1∑
k=0

[
W

(g),i
k

]H
(:,u)

Λ
(g,g)
eff,keu,

(4.16)

where eu ∈ ZUg×1 is a binary vector whose uth entry is one whereas others are zero.

On the other hand, residual interference power can be calculated as E
{
|ξ(gu),i
n |2

}
=
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{
|x̂(gu),i
n |2

}
− E

(g)
s

Ug
|β(gu),i|2 where

E
{
|x̂(gu),i
n |2

}
=

1

N

N−1∑
k=0

[
W

(g),i
k

]H
(:,u)

R
ỹ

(g)
f,k

[
W

(g),i
k

]
(:,u)

+
1

N

N−1∑
k=0

[
C

(g),i
k

]H
(:,u)

P
(g),i
2

[
C

(g),i
k

]
(:,u)

− 2

N

N−1∑
k=0

Re
{[

W
(g),i
k

]H
(:,u)

Λ
(g,g)
eff,kP

(g),i
1

[
C

(g),i
k

]
(:,u)

}
,

(4.17)

which can be obtained by using Parseval’s relation for (2.11) and (2.12). Covari-

ance matrix of ỹ
(g)
f,k given in (4.6) is used for the calculation above. Since β(gu),i and

E
{
|ξ(gu),i
n |2

}
do not depend on the time instance n, they can be calculated once for

given instantaneous effective channel matrices.

Asymptotic Analysis

In IB-DFE framework, estimates are expected to be more reliable as the number of

iterations increases. Asymptotically, if perfect knowledge of intra-group user symbols

are obtained, correlation matrices approach to the maximum reliability case that can

be expressed as P
(g),i
1 = P

(g),i
2 = E

(g)
s

Ug
IUg . In Appendix D, asymptotic SINR of user

u in group g is obtained as

SINR(gu) =
1

N

N−1∑
k=0

E
(g)
s

Ug

[
Λ

(g,g)
eff,k

]H
(:,u)

R−1

η̃
(g)
f

[
Λ

(g,g)
eff,k

]
(:,u)

. (4.18)

It can be understood that the equalizer at each frequency bin becomes a whitening

matched filter after perfect intra-group cancellation in frequency domain. Therefore,

asymptotic SINR in (4.18) is called the matched filter bound (MFB) which is the

maximum SINR that can be achieved by utilizing IB-DFE.
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4.2.2 Beamspace-Aware Channel Estimation

In this thesis, channel estimation is realized in reduced dimension. Instantaneous

intra-group effective channel matrices
{
H

(g,g)
eff,l

}L−1

l=0
of each group are estimated dur-

ing the uplink channel estimation phase in TDD mode where distinct pilot sequences

with length T are assigned to each user in a group. Equivalent signal vector of group

g at the BS at the end of the pilot sequence transmission is defined as

ȳ(g) ,
[[

ỹ
(g)
0

]H
,
[
ỹ

(g)
1

]H
, · · · ,

[
ỹ

(g)
T−1

]H]H
=

G∑
g′=1

(
X(g′) ⊗ IDg

)
h̄

(g,g′)
eff +

(
IT ⊗

[
S(g)
]H)

n̄,
(4.19)

where X(g) ∈ CT×UgL is the equivalent pilot matrix of group g and h̄
(g,g′)
eff ∈ CDgUg′L×1

is the overall effective channel vector of group g′ after the analog beamformer of

group g. Note that equivalent signal vector ȳ(g) ∈ CTDg×1 is obtained by vertically

concatenating received signal vectors after the analog beamformer
{
ỹ

(g)
n

}T−1

n=0
in (2.7).

Similarly, equivalent noise vector n̄ ∈ CTM×1 is constructed by vertically concate-

nating noise vectors {nn}T−1
n=0 . Equivalent pilot matrix is defined as

X(g) ,
[
X(g1),X(g2), · · · ,X(gUg )

]
, (4.20)

where
[
X(gu)

]
(i,j)
, x

(gu)
i−j , for i = 0, 1, . . . , T − 1 and j = 0, 1, . . . , L − 1. Pilot

sequence entries of user u in group g are denoted by x(gu)
n . Note that entries with

negative indices can be taken as cyclic prefix or previously decoded symbols. Overall

effective channel vector of group g′ for the analog beamformer of group g is defined

as

h̄
(g,g′)
eff ,

[[
h̄

(g,g′1)
eff

]H
,
[
h̄

(g,g′2)
eff

]H
, · · · ,

[
h̄

(g,g′
Ug′ )

eff

]H]H
, (4.21)

h̄
(g,g′u)
eff ,

[[
h

(g,g′u)
eff,0

]H
,
[
h

(g,g′u)
eff,1

]H
, · · · ,

[
h

(g,g′u)
eff,L−1

]H]H
, (4.22)
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where h
(g,g′u)
eff,l ,

[
S(g)
]H

h
(g′u)
l , or h

(g,g′u)
eff,l ,

[
H

(g,g′)
eff,l

]
(:,u)

, for l = 0, 1, . . . , L − 1. It is

important to note that we are only interested in intra-group channel vectors. In other

words, our aim is to estimate h̄
(g,g)
eff from (4.19) as

ˆ̄h
(g,g)
eff =

[
Z(g)

]H
ȳ(g) (4.23)

where Z(g) ∈ CDgUgL×TDg is the channel estimator matrix. In this thesis, LMMSE

and LS channel estimators are considered. Expressions for these estimators can be

found in Appendix E. In order to show the accuracy of channel estimation, we calcu-

late nMSE which is defined as

nMSE(g) ,
E
{∥∥∥h̄(g,g)

eff − ˆ̄h
(g,g)
eff

∥∥∥2
}

E
{∥∥∥h̄(g,g)

eff

∥∥∥2
}

=
Tr
{

R
h̄

(g,g)
eff

}
+ Tr

{
Rˆ̄h

(g,g)
eff

}
− 2Re

{
Tr
{

Rˆ̄h
(g,g)
eff h̄

(g,g)
eff

}}
Tr
{

R
h̄

(g,g)
eff

}
(4.24)

where covariance matrix of ˆ̄h
(g,g)
eff and covariance between ˆ̄h

(g,g)
eff and h̄

(g,g)
eff can be

computed as

Rˆ̄h
(g,g)
eff

= E
{

ˆ̄h
(g,g)
eff

[ˆ̄h(g,g)
eff

]H}
=
[
Z(g)

]H
Rȳ(g)Z(g), (4.25)

Rˆ̄h
(g,g)
eff h̄

(g,g)
eff

= E
{

ˆ̄h
(g,g)
eff

[
h̄

(g,g)
eff

]H}
=
[
Z(g)

]H
R

ȳ(g)h̄
(g,g)
eff

. (4.26)

Expressions of R
ȳ(g)h̄

(g,g)
eff

, Rȳ(g) and R
h̄

(g,g)
eff

are given in (E.2), (E.3) and (E.4) in Ap-

pendix E, respectively. There are some concluding remarks for the described channel

estimation scheme.

Remark 3: With the assumption that analog beamformer suppresses inter-group in-

terference perfectly, training periods of groups does not have to be synchronized. In
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this case, training symbols of other groups (X(g′), g′ 6= g) can be assumed to be ran-

dom. Furthermore, users in a group should use different training sequences whereas

users in other groups can reuse the same sequences with properly designed analog

beamformers. Hence, it can be inferred that this channel estimation scheme is robust

against pilot contamination.

Remark 4: Analog beamforming method proposed in this thesis was shown to be ap-

plicable to multiantenna user case in Lemma 1. Similarly, channel estimation scheme

described in this subsection can be extended to multiantenna user case by redefining

effective channels as in (B.8) in Appendix B.

4.3 Numerical Results

In this section, proposed constrained analog beamformers are compared by using the

performance measures in Section 4.2. BS has an ULA with M = 128 antennas

whereas users have single-antenna elements. Carrier frequency is selected as 30GHz

while the antenna spacing of the ULA is set to half the wavelength. A predetermined

user-grouping is employed with G = 4 groups where each group has Ug = 2 users2.

Although total number of delays is L = 32, users do not have active MPCs at every

delay. In the simulations, angular spread ∆
(gu)
l of all users is set to 2◦ for every MPC.

Power profile function ρ(gu)
l (θ) is assumed to be uniform in the angular spread of the

MPC and channel gain
√
γ(gu) is set to 1 for all users. MPC cluster powers of users

are assumed to be the same. Signal-to-noise ratio (SNR) of group g is denoted by

SNR(g) = E
(g)
s

N0
.

The scenario used for simulations is given in Table 4.1. This table shows the active

MPC indices of groups and mean AoAs of users related to each active MPC. Group-1

is selected as the mobile group with shifting angle of φ which is swept from −45◦

to 45◦ with increments of 0.1◦ for simulation purposes. It is important to note that

CCMs are slowly varying parameters. However, the reason to use a mobile group

is to obtain results for different angular profiles and observe the effect of overlap-

ping MPCs. Hence, we are only interested in the results of the mobile group which

2 Here, we assume that users come in groups, either by nature or by the use of a proper user grouping
algorithm [54, 55].
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is Group-1. For each φ, CCMs and analog beamformer of Group-1 are calculated,

then ergodic capacity, BER and nMSE are obtained. Ergodic capacity of user u in

Group-1 and nMSE of Group-1 corresponding to shifting angle φ are denoted by

C
(1u)
φ and nMSE

(1)
φ , respectively. Ergodic capacity and BER results are obtained

with perfect CSI knowledge. Cardinality of the input alphabet is selected as 4 (i.e.,

QPSK) for BER simulations, whereas Gaussian alphabets are assumed for ergodic

capacity calculations. Therefore, results related to ergodic capacity are shown for ZF

and LMMSE type digital beamformers.

Table 4.1: Angle-delay profile of groups for the mobile scenario

Group MPC index Mean AoAs
(
µ

(gu)
l

)
of users

1 (Mobile)

0 {φ-15.5◦, φ-14.5◦}

5 {φ-2.5◦, φ-1.5◦}

11 {φ+16.5◦, φ+17.5◦}

2
3 {40.5◦, 41.5◦}

9 {20.5◦, 21.5◦}

3
8 {-10.5◦, -9.5◦}

17 {-20.5◦, -19.5◦}

4 29 {-40.5◦, -39.5◦}

Angle-delay map of groups is given in Fig. 4.1 in order to visualize the scenario

given in Table 4.1. In this figure, φ of the mobile group is set to 15◦. This is a typical

mm-wave scenario where we observe a sparse angle-delay profile.

4.3.1 JSDM with Fully Connected Arrays

In this section, constrained fully connected array structures are compared. Fully digi-

tal (FD) beamformer and unconstrained near-optimal analog beamformer GEB intro-

duced in Section 2.3 are used as benchmark. In order to make a fair comparison, FD

is applied with the perfect knowledge of instantaneous effective intra-group CSI and

inter-group CCMs. DFT beamformer, phase extraction and PE-AM in Algorithm 1
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Figure 4.1: Angle-delay map of groups with φ = 15◦

are the considered constrained beamformers.

Firstly, we will introduce beampattern metric which shows the power that can be at-

tained at the angle of interest θ for a given analog beamformer. Interference suppres-

sion capability of beamformers can be observed by using this metric. Beampattern as

a function of θ for given analog beamformer S(g) can be defined as

B(θ) = u(θ)HS(g)
([

S(g)
]H

S(g)
)−1[

S(g)
]H

u(θ). (4.27)

Fig. 4.2 shows the beampatterns of Group-1 for PE-AM and DFT beamformer with

φ = 10◦ and D1 = 4 where SNR of each group is set to 40 dB. It is seen that

both beamformers can form narrow beams. Although PE-AM does not provide deep

nulls, we observed that it can provide moderate suppression for MPCs of other groups

whereas DFT beamformer does not consider these MPCs. If beampatterns of PE-AM

and DFT beamformer are compared, this suppression appears more significant for

interfering angular regions that are close to the angular region of intended group.

Fig. 4.3 shows the average spectral efficiency of Group-1 with changing SNR where
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Figure 4.2: Beampatterns of Group-1 for fully connected array structures with φ =

10◦, D1 = 4 and SNR(g) = 40 dB for ∀g

SNR of other groups is set to SNR(g′) = 40 dB for g′ 6= 1. Note that average spec-

tral efficiency is found by taking the average of ergodic capacity over both users and

shifting angle φ, i.e., C(1)
avg = Eφ,u

{
C

(1u)
φ

}
. It can be observed that LMMSE type

digital beamformer does not provide a significant improvement over ZF for analog

beamformers except DFT beamformer with D1 = 2 since it does not consider inter-

group interference. Similarly, there is a significant gap between ZF and LMMSE

type beamformers for FD architecture as it does not have any inter-group interference

suppression with ZF. However, LMMSE provides improvement for all constrained

analog beamformers, especially for DFT beamformer, with D1 = 4 as it can effi-

ciently suppress residual inter-group interference when the number of RF chains is

greater than the number of users. It should be noted that LMMSE and ZF type digital

beamformers perform the same for GEB at high SNR which shows that there is no
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residual interference. Furthermore, it is seen that there is a significant gap between

DFT beamformer and other constrained beamformers for D1 = 2, whereas the gap

between PE and PE-AM is very small. However, there is a gap between PE and

PE-AM for D1 = 4 which is expected since increase in RF chains corresponds to in-

crease in the dimension of the compensation matrix for PE-AM. LMMSE type digital

beamformer makes the DFT beamformer perform almost as good as PE for D1 = 4.

Moreover, the gap between FD beamformer and GEB is small for D1 = 4, which

shows that GEB can achieve the capacity of optimal FD architecture with limited RF

chains.

Previous results show the average performance of analog beamformers in the mobile

group. However, angular regions of MPCs belonging to Group-1 overlaps with angu-

lar regions of MPCs of other groups at certain φ values. It is important to observe the

degradation in spectral efficiency with different constrained analog beamformers for

overlapping situations. In other words, we need to observe the variation in spectral

efficiency to obtain the outage capacity. Let the cumulative density function (CDF)

of spectral efficiency of Group-1 is defined as P
(
C

(g)
φ < c

)
where average spectral

efficiency of Group-1 for shifting angle φ is denoted by C(1)
φ = Eu

{
C

(1u)
φ

}
. Then,

CDF curves correspond to outage probabilities for given spectral efficiency values. In

Fig. 4.4, CDF curves with different analog beamformers are compared for D1 = 2

and D1 = 4 where SNR of each group is set to 40 dB. It is observed that CDF curves

of DFT beamformer are wider compared to others which results in higher outage

probability. For example, outage probability of PE-AM with D1 = 4 is close to zero

at 7 bits/s/Hz while it is above 0.3 for DFT beamformer. On the other hand, GEB

has sharp CDF curves for both D1 = 2 and D1 = 4 cases which means that it is a

robust analog beamforming method. If CDF curves of GEB and FD beamformer are

compared, it can be observed that GEB (even with a significantly reduced number of

RF chains) performs very close to FD at low outage probability levels. Furthermore,

it is observed that PE and PE-AM has fairly sharp CDF curves especially for D1 = 4

case.

Another performance measure is BER, which can be used to observe the contributions

of IB-DFE method over linear equalizers. We considered two different scenarios for

BER results. Firstly, we obtained average BER of Group-1 with changing SNR for

45



0 5 10 15 20 25 30 35 40

SNR(1) (dB)

0

2

4

6

8

10

12

A
v
e

ra
g

e
 S

p
e

c
tr

a
l 
E

ff
ic

ie
n

c
y
 (

b
it
s
/s

/H
z
)

GEB (ZF)

PE-AM (ZF)

PE (ZF)

DFT (ZF)

FD (ZF)

GEB (LMMSE)

PE-AM (LMMSE)

PE (LMMSE)

DFT (LMMSE)

FD (LMMSE)

(a) D1 = 2

0 5 10 15 20 25 30 35 40

SNR(1) (dB)

0

2

4

6

8

10

12

A
v
e

ra
g

e
 S

p
e

c
tr

a
l 
E

ff
ic

ie
n

c
y
 (

b
it
s
/s

/H
z
)

GEB (ZF)

PE-AM (ZF)

PE (ZF)

DFT (ZF)

FD (ZF)

GEB (LMMSE)

PE-AM (LMMSE)

PE (LMMSE)

DFT (LMMSE)

FD (LMMSE)

(b) D1 = 4

Figure 4.3: Average spectral efficiency of Group-1 vs. SNR for fully connected array

structures with SNR(g′) = 40 dB for g′ 6= 1
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Figure 4.4: CDF of spectral efficiency of Group-1 for fully connected array structures

with SNR(g) = 40 dB for ∀g
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D1 = 4 while keeping SNR of other groups at 30 dB, which is shown in Fig. 4.5a

where MFB denotes the asymptotic case with perfect intra-group cancellation. It can

be observed that IB-DFE iterations improve the BER of all beamformers compared

to linear equalizers, and BER curves of IB-DFE with 2 iterations are very close to

MFB curves for FD beamformer, GEB and PE-AM. However, there is still SNR gap

between BER curves of MFB and IB-DFE for DFT beamformer. Furthermore, it can

be observed that FD beamformer, GEB and PE-AM perform very close to each other,

whereas there is 10 dB SNR gap between PE-AM and DFT beamformer with IB-DFE

at BER of 10−3. The second scenario is the case where SNR of every group is varied

together, which is shown in Fig. 4.5b. It can be observed that DFT beamformer

has an error floor even for MFB case, which is expected since perfect intra-group

cancellation is utilized with IB-DFE, but DFT beamformer does not consider inter-

group interference. Similarly, FD beamformer with ZF does not suppress inter-group

interference leading to an error floor. Although PE-AM has an error floor with ZF type

digital beamformer, it disappears with IB-DFE iterations. Furthermore, it can be seen

that GEB and PE-AM perform very close to each other, which shows that PE-AM

preserves the interference suppression capability of GEB. On the other hand, BER

results show that interference sensitivity of DFT beamformer could be detrimental

although this could not be observed from average spectral efficiency results.

Channel estimation accuracy is another performance measure that is considered in

this thesis. Fig. 4.6 shows the average nMSE of Group-1 with D1 = 4 where SNR of

other groups is set to SNR(g′) = 40 dB for g′ 6= 1. Average of nMSE is taken over

shifting angle φ, i.e., nMSE
(1)
avg = Eφ

{
nMSE

(1)
φ

}
. It can be observed that LMMSE

estimator outperforms LS estimator especially with short pilot lengths for all analog

beamformers. Moreover, it is important to note that nMSE of DFT beamformer is

much higher compared to others even with LMMSE estimator while nMSE of PE-

AM is less than nMSE of both PE and DFT beamformer.

In spectral efficiency analysis, DFT beamformer performed close to PE for D1 = 4

with perfect CSI. However, nMSE results show that spectral efficiency performance

of DFT would degrade more compared to other ones if the channel estimation errors

are considered. Considering the beampattern, outage capacity, BER and nMSE re-

sults, it can be concluded that DFT beamformer should be avoided for JSDM frame-
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Figure 4.5: Average BER of Group-1 vs. SNR for fully connected array structures

with D1 = 4
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work especially when the near-far effect is observed as it does not consider MPCs

other groups3. Furthermore, PE-AM yields better performance than PE especially

when the number of RF chains is not highly restricted since dimensions of com-

pensation matrix are determined by this number. Consequently, PE-AM should be

preferred to obtain fully connected constrained analog beamformers.

4.3.2 JSDM with Partially Connected Arrays

In this section, partially connected array structures are considered. While SNR of

other groups (i.e., inter-group interference) was set to 40 dB for fully connected

structures, we consider a moderate interference scenario for partially connected ar-

rays where SNR of interfering groups is set to 20 dB since even constrained analog

beamformers with fully connected arrays do not attain the performance of GEB at

high interference. Furthermore, we merge Group-1 and Group-2 and denote it by

Group-1′ which includes 4 users and 5 different MPC clusters. Relative angular re-

gions of MPCs of the merged group is taken as in Fig. 4.1 and the center of the MPCs

is swept with shifting angle φ from −45◦ to 45◦ with increments of 0.1◦ as in pre-

vious part. We want to serve more users with a single analog beamformer which is

the reason for merging groups. We will only be interested in the merged group and

design a partially connected array for the analog beamformer of this group4. Inter-

ference originated from Group-3 and Group-4 can be considered as any interference

with known covariance matrix. We will consider two different fixed partially con-

nected arrays. The first one is called adjacent or ordered which has a connection

matrix Π1′

ord = ID1′
⊗ 1M/D1′

, where 1M/D1′
∈ ZM/D1′ is a vector of ones. Second

type of fixed partially connected arrays is called interlaced which has a connection

matrix Π1′

int = 1M/D1′
⊗ ID1′

.

In Fig. 4.7, beampatterns of Group-1′ with fixed and dynamic partially connected

arrays are given for D1′ = 8 where MPCs are located as in Fig. 4.1. We selected the

number of RF chains as 8 since it is the minimum power of two that is larger than

the number of MPCs. SNR of Group-1 and Group-2 before merging was set to 30

3 The near-far effect stems from the fact that the average received signal strength of different UEs may differ
significantly depending on their distance to the BS.

4 Other groups can be served by using another array at the BS or scheduling them in time and frequency
resources.
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dB while SNR of other groups is set to 20 dB. We observe that ordered array forms

wide beams whereas dynamic subarray can form narrow beams located in the angu-

lar regions of Group-1′. Hence, dynamic subarray preserved the multipath diversity

even though beam power is slightly higher at interfering angular regions. In addition,

interference suppression of ordered array would be lost due to wide beams when the

MPCs are close to each other in the mobile scenario. On the other hand, interlaced

array completely lost interference suppression as it suffers from grating lobe effect

which occurs when the antenna spacing of an array is larger than half the wavelength.

It is important to note that the proposed dynamic array is seen to effectively compro-

mise between avoiding grating lobes and forming narrower beams.

Average spectral efficiency with changing SNR of Group-1′ is given in Fig. 4.8 for

D1′ = 8 where fixed and dynamic subarrays and fully connected PE-AM and GEB

are considered while SNR of other groups is set to 20 dB. Firstly, it is important

to note that PE-AM performs very close to GEB for this scenario where moderate

interference is considered. If we compare partially connected array designs, dynamic

subarray outperforms both fixed array structures. Another important point is that the

gap between LMMSE and ZF type digital beamformers is smaller for the dynamic

subarray which indicates that residual interference after the analog beamformer is

smaller compared to fixed subarrays. Moreover, the gap between dynamic and fixed

subarrays is larger in this thesis compared to prior work [27, 31]. On the other hand,

ordered array has higher average spectral efficiency than interlaced array as expected.

We can make similar comments if we compare CDF of spectral efficiency curves

which are given in Fig. 4.9. We observe that CDF curves of dynamic subarray are

parallel to CDF curves of PE-AM and GEB whereas fixed arrays, especially interlaced

structure, has wider CDF curves. This result shows the robustness of the dynamic

subarray structure.

Fig. 4.10 shows the average BER of Group-1′ with changing SNR for D1′ = 8 while

SNR of other groups is set to 20 dB. It can be noted that BER is improved and MFB

can be achieved for all beamformers with IB-DFE method. Furthermore, SNR gap be-

tween fully connected beamformers and dynamic subarray is around 3 dB for IB-DFE

method at BER of 10−3, while there is 8 dB SNR gap between dynamic and ordered

subarrays. It can be seen that performance gap between dynamic and fixed subarrays
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Figure 4.7: Beampatterns of Group-1′ for partially connected array structures with

D1′ = 8, SNR(1) = SNR(2) = 30 dB and SNR(3) = SNR(4) = 20 dB

is larger than the gap observed from spectral efficiency curves. Therefore, BER re-

sults showed the superiority of dynamic subarray against fixed ones more clearly. In

conclusion, PE-AM attains the performance of GEB, and proposed dynamic subar-

ray algorithm performs close to fully connected arrays which shows the resilience of

proposed algorithms against interference for the moderate interference scenario.
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CHAPTER 5

INTRA-GROUP PROCESSING FOR HIGHLY OVERLOADED HYBRID

MASSIVE MIMO WITH CODE-DOMAIN NOMA: U > D CASE

In JSDM framework, spatially close users are grouped together. However, users with

spatially correlated channels is not the desired case since it degrades the intra-group

user separation performance, especially for highly loaded massive MIMO. Code-

domain NOMA could be a possible solution to this problem as different codewords

are assigned to users, which could potentially provide a better user separation. In this

chapter, adaptation of code-domain NOMA to described JSDM architecture is carried

out. Initially, relation between code-domain NOMA and transmitted signals of users

is defined for SC transmission, and a novel signal wideband-beamspace code-domain

NOMA signal model is derived. Then, a code-beamspace IB-DFE receiver is pro-

posed for joint equalization and user separation. Furthermore, modifications to the

nearly-optimal GEB and IB-DFE receiver introduced in previous chapters are pro-

vided. Lastly, numerical results are discussed with the defined performance metric to

show the effectiveness of the proposed design.

5.1 Wideband-Beamspace Code-Domain NOMA Signal Model

We consider a code-domain NOMA scheme, namely MUSA, where users have dis-

tinct short spreading sequences transmitted in temporal domain. Let the unit norm

spreading code of user u in group g with length Nc be defined as

q(gu) ,
[
q(gu)[0] q(gu)[1] · · · q(gu)[Nc − 1]

]T
, (5.1)
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where entries of the spreading code
{
q(gu)[i], i = 0, . . . , Nc − 1

}
are randomly se-

lected from the MUSA constellation given in [67]. Then, the relation between NOMA

symbols and the transmitted signal of user u in group g at nth time instance can be

given as

x(gu)
n ,

Ns−1∑
m=0

q(gu)[n−Ncm]a(gu)
m . (5.2)

for n = 0, 1, . . . , N and m = 0, 1, . . . , Ns − 1, where Ns = N/Nc is the num-

ber of symbols transmitted in a block of length N , and a
(gu)
m is the symbol (e.g.,

QAM symbol) of user u in group g at mth NOMA signaling interval satisfying

E
{
a

(gu)
m

(
a

(g′
u′ )

m′

)∗}
= E

(g)
s

Ug
δgg′δuu′δmm′ . In this case, average transmit energy of a user

signal at any time instance n is given as

E
{
x(gu)
n

(
x

(g′
u′ )

n

)∗}
=

E
(g)
s

UgNc

δgg′δuu′ (5.3)

Note that due to the presence of spreading sequences, there will be a correlation

among a user’s own signals at different time indices, which can be calculated for

given spreading sequences.

In order to decode the symbol transmitted at mth interval, we need to observe Nc

consecutive received signals. Hence, an equivalent received signal vector ȳ
(g)
m ∈

CNcDg×1 is obtained by using (2.7) as

ȳ(g)
m ,

[[
ỹ

(g)
mNc

]H [
ỹ

(g)
mNc+1

]H · · · [ỹ(g)
(m+1)Nc−1

]H]H
=

Leff−1∑
p=0

H̄
(g,g)
eff,px̄

(g)
(m−p)Ns

+ η̄(g)
m ,

(5.4)

where, Leff =
⌈
L−1
Nc

⌉
+1 is the number of effective MPCs, and H̄

(g,g)
eff,p ∈ CNcDg×NcUg
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is the augmented effective channel matrix for pth effective MPC which is defined as

H̄
(g,g)
eff,p ,


H

(g,g)
eff,pNc

· · · H
(g,g)
eff,(p−1)Nc+1

... . . . ...

H
(g,g)
eff,(p+1)Nc−1 · · · H̄

(g,g)
eff,p

 (5.5)

for p = 0, 1, . . . , Leff − 1. Similar to (5.4), Nc consecutive transmitted signals of

users in group g are stacked in a vector x̄
(g)
m ∈ CNcUg×1 that is defined as

x̄(g)
m ,

[[
x

(g)
mNc

]H [
x

(g)
mNc+1

]H · · · [x(g)
(m+1)Nc−1

]H]H
= Γ(g)a(g)

m ,

(5.6)

where a
(g)
m ,

[
a

(g1)
m , . . . , a

(gUg )
m

]T ∈ CUg×1 is the symbol vector containing the sym-

bols of users in group g at mth signaling interval, and Γ(g) ∈ CNcUg×Ug carries the

spreading information. By using the relation in (5.2), Γ(g) can be found as

Γ(g) =
[
q(g1) ⊗ e1, q(g2) ⊗ e2, · · · , q(gUg ) ⊗ eUg

]
, (5.7)

where eu ∈ ZUg×1 is a vector whose uth entry is one while others are zero. If the

equivalent transmitted signal in (5.6) is substituted in (5.4), ȳ
(g)
m can be rewritten as

ȳ(g)
m =

Leff−1∑
p=0

H̄
(g,g)
eff,pΓ

(g)a
(g)
(m−p)Ns

+ η̄(g)
m

=

Leff−1∑
p=0

Ψ(g,g)
p a

(g)
(m−p)Ns

+ η̄(g)
m .

(5.8)

where the equivalent channel matrix at pth effective MPC is defined as Ψ(g,g)
p =

H̄
(g,g)
eff,pΓ

(g) ∈ CNcDg×Ug . The resultant expression in (5.8) has a similar form with

(2.7) since effects of channel vectors and spreading sequences are incorporated in

equivalent channel matrices. Therefore, interference cancellation problem for code-

domain NOMA is reduced to conventional multiuser detection problem of massive

MIMO with SC transmission. In fact, signal model in (5.8) is equivalent to reduced

dimensional classical JSDM signal model in (2.7) when Nc = 1.
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Equalization and multiuser detection can be efficiently performed with the use of IB-

DFE method similar to the classical JSDM. Since SC-FDE is considered, normalized

DFT of the sequence
{
ȳ

(g)
m

}Ns−1

m=0
should be taken. Noting the circularity in (5.8), one

can express the signal after the DFT operation as

ȳ
(g)
f,k = Λ

(g,g)
f,k a

(g)
f,k + η̄

(g)
f,k (5.9)

for k = 0, 1, . . . , Ns − 1, where
{
a

(g)
f,k

}Ns−1

k=0
and

{
η̄

(g)
f,k

}Ns−1

k=0
are normalized DFTs

of vector sequences
{
a

(g)
m

}Ns−1

m=0
and

{
η̄

(g)
m

}Ns−1

m=0
, respectively. In addition, DFT of

equivalent channel matrices are denoted by

Λ
(g,g)
f,k =

Leff−1∑
p=0

Ψ(g,g)
p e−j

2π
Ns
kp. (5.10)

Similar to the IB-DFE framework introduced in Chapter 4, feedforward and feed-

back filters of group g for kth frequency bin at ith iteration are denoted by W
(g),i
k ∈

CNcDg×Ug and C
(g),i
k ∈ CUg×Ug , respectively. It is important to note that number of

rows of feedforward filters are increased by a factor of Nc, compared to the classical

JSDM architecture. However, length of the sequences are decreased by a factor of

Nc, which directly reduces the number of filters and the size of the DFT operation.

Therefore, it can be seen that code-domain NOMA introduces trade-off between the

dimension of the feedforward filters and sequence lengths. If we return to the receiver

architecture of code-domain NOMA aided JSDM, equalizer output at ith iteration can

be expressed as

â
(g),i
f,k =

[
W

(g),i
k

]H
ȳ

(g)
f,k −

[
C

(g),i
k

]H
ã

(g),i−1
f,k , (5.11)

â(g),i
m =

1√
Ns

Ns−1∑
k=0

â
(g),i
f,k e

j 2π
Ns
km (5.12)

for k,m = 0, 1, . . . , Ns − 1, where time domain estimate of symbols of group g at

mth signaling interval for iteration i is denoted by â
(g),i
m ,

[
â

(g1),i
m , . . . , â

(gUg ),i
m

]T . In

(5.11), ã
(g),i−1
f,k contains soft decisions obtained from the previous iteration.
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5.2 Analog Beamforming and Intra-Group Processing for JSDM with Code-

Domain NOMA

Equivalent signal model derived for code-domain NOMA aided JSDM differ from the

signal model of classical JSDM, even though they have similar forms. The difference

between these two signal models is that spreading sequences of code-domain NOMA

introduce temporal correlation among the transmitted signals of a user. In this section,

we will provide the strategies for analog beamforming and intra group separation by

modifying the methods provided for classical JSDM.

5.2.1 Analog Beamforming via GEB

If the optimal analog beamformer is to be computed as in Section (2.3), mutual in-

formation between ȳ
(g)
f,k and a

(g)
f,k in (5.9) should be maximized. However, solution of

this problem would be dependent on the spreading sequences assigned to users, and

it would result in time varying analog beamformers due to the temporal correlation

caused by spreading sequences. This solution is not practical and inconsistent with

the statistical analog beamforming approach of the JSDM framework. Therefore, we

relax the problem by not taking the knowledge of spreading sequences into account.

That is, we ignore the temporal correlation of user signals caused by spreading se-

quences. In that case, the solution would be exactly the same as in the classical JSDM

case, which is given in (2.17) that uses the eigenvectors of the generalized eigenvalue

problem given in (2.18). However, we need to update the covariance matrices in that

problem as

R(g)
s , E

{
s(g)
n

[
s(g)
n

]H}
=

E
(g)
s

UgNc

Ug∑
u=1

L−1∑
l=0

R
(gu)
l , (5.13)

R(g)
η , E

{
η(g)
n

[
η(g)
n

]H}
=
∑
g′ 6=g

E
(g′)
s

Ug′Nc

Ug′∑
u=1

L−1∑
l=0

R
(g′u)
l +N0IM , (5.14)

by considering the modified transmitted signal energy in (5.3). Furthermore, con-

strained analog beamforming algorithms proposed in Chapter 3 are applicable for
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code-domain NOMA aided JSDM, if the GEB is found by using the assumption and

modifications above.

5.2.2 Intra-Group Separation via IB-DFE

Intra-group processing for code-domain NOMA aided JSDM is handled with the use

of IB-DFE receiver based on (5.9). Frequency-domain augmented channel matrices

contain the information of both channels and spreading sequences. Therefore, this

approach can be regarded as code-beamspace IB-DFE receiver. The solutions steps

are the same as done in Section (4.1). However, we should redefine the covariance

matrix of the equivalent signal ȳ
(g)
f,k in (5.9) as

R
ȳ

(g)
f,k

= E
{

ȳ
(g)
f,k

[
ȳ

(g)
f,k

]H}
=
E

(g)
s

Ug
Λ

(g,g)
f,k

[
Λ

(g,g)
f,k

]H
+ R

(g)
η̄f
. (5.15)

It is important to note that statistical knowledge of residual inter-group interference

after analog beamformers are taken into account similar to the IB-DFE receiver de-

rived for classical JSDM. However, covariance matrix of the residual interference is

dependent on the spreading sequences assigned to the users in other groups. While

the covariance matrix of residual interference can be calculated with given spreading

sequences, we assume that groups can work asynchronously, and transmitted signals

of other users are assumed to be temporally uncorrelated for simplicity. In that case,

covariance matrix of interference terms can be expressed as

R
(g)
η̄f

= E
{
η̄

(g)
f,k

[
η̄

(g)
f,k

]H}
= INc ⊗

[
S(g)
]H

R(g)
η S(g). (5.16)

With the above definitions, feedforward and feedback filters can be computed as done

in Section 4.1. However, complexity order of the IB-DFE receiver for code-domain

NOMA aided JSDM is different than the IB-DFE receiver of classical JSDM. For

code-domain NOMA, matrix inverse operation should be applied to R
ȳ

(g)
f,k

which has

a complexity order of O(N3
cD

3
g) per frequency bin. Furthermore, inverse of a matrix

with size Ug×Ug is required per frequency bin for the computation of feedback filters

as it is seen in (4.4), which would impose a complexity order of O(U3
g ). Therefore,
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overall complexity order of this receiver can be given as O(imaxNs(N
3
cD

3
g + U3

g )).

Comparison between complexity orders of IB-DFE receivers of code-domain NOMA

aided JSDM and classical JSDM is not trivial since complexity orders depend on

various parameters. For example, if the same number of users is considered for both

cases, complexity order of code-domain NOMA aided JSDM would be lower. In

contrast, if the number of RF chains is kept constant, classical JSDM would require a

lower complexity order assuming that the number of users exceed the number of RF

chains for code-domain NOMA aided JSDM.

5.3 Performance Analysis

Since an iterative receiver is employed at the receiver, BER is a suitable measure for

performance analysis. While BER of the system can be obtained via Monte Carlo

simulations, it is possible to find closed-form expressions with some assumptions.

Similar to classical JSDM, Bussgang decomposition of the soft output of ith DFE

iteration, â
(g),i
m , can be written as

â(gu),i
m = β(gu),ia(gu)

m + ξ(gu),i
m , (5.17)

for m = 0, 1, . . . , Ns − 1 and u = 1, 2, . . . , Ug, where complex amplitude β(gu),i

and power of residual interference ξ(gu),i
m can be calculated as in Section 4.2. It is

observed that complex amplitude and residual interference power do not depend on

NOMA signaling index m. Therefore, they can be calculated once at each iteration

for the duration of a block. It is important to note that residual interference terms

are not Gaussian random variables due to the residual ISI, inter-group interference

and soft decisions from previous iterations. However, we can assume that residual

interference terms are Gaussian variables with variance E
{
|ξ(gu),i
m |2

}
. Assuming that

transmitted symbols are selected from a QAM alphabet M with cardinality |M|,
BER of group g at ith iteration can be expressed as

P
(g),i
b =

1

Ug

Ug∑
u=1

α E
H

(g)
l

{
Q

(√
κ SINR

(gu)
i

)}
, (5.18)
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where α = 4
(
1−1/

√
|M|

)
/log2|M|, κ = 3/

(
|M|−1

)
, and Q(.) is the Q-function.

Furthermore, SINR of user u in group g at the output of ith DFE iteration, SINR(gu)
i ,

has the same form as in (4.15).

5.4 Numerical Results

We provide BER results for various system parameters. The BS is equipped with

M = 128 antennas, the block length is N = 512, and number of MPCs is set to

L = 32. Single-antenna users are divided into 4 groups each of them having the

same number of users. We consider a stationary angle-delay profile unlike the mobile

scenario considered for classical JSDM case where constrained analog beamformers

were investigated. However, we provide results for only Group-1 and treat other

groups as interfering sources. Table 5.1 shows the angle-delay profile of groups,

where active MPCs and associated angular sectors of mean AoAs for each group

are given. Mean AoAs of users are selected randomly from given angular sectors.

Furthermore, AS ∆
(gu)
l is set to 3◦ while ρ(gu)

l (θ) is uniform in the AS, and channel

gain γ(gu) is set to 1. In addition, user symbols are selected as QPSK symbols, i.e.,

QAM symbols with cardinality |M| = 4. We use variable number of users for the

simulations in this section. Hence, we define a generic SNR as SNR = Eb/N0

since all users have the same bit and symbol energy in all simulations, where the

relation between symbol energy of group g and bit energy of any user is expressed as

E
(g)
s /Ug = Eblog2|M| . Finally, we define the MIMO-NOMA user loading in group

g with respect to code length Nc and number of RF chains Dg as λ(g) = Ug/(NcDg).

Fig. 5.1 shows average BER with respect to changing SNR for Ug = 6 and Nc = 4.

We provide the results for GEB and PE-AM, which is the fully connected constant-

modulus constrained approximation of GEB proposed in Chapter 3. It is observed

that BER curves of final IB-DFE iterations (5 iterations) are close to MFB except

for D1 = 1. In other words, MFB is achieved when the MIMO-NOMA loading is

below 1, i.e., underloaded case. Moreover, theoretical results obtained with (5.18) are

consistent with simulations. Lower BER is obtained with increasing number of RF

chains as expected. It is seen that there is no error floor even with D1 = 1 when GEB

is utilized. Although PE-AM attains the performance of GEB at low SNR, we observe
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Table 5.1: Angle-delay profile of groups for code-domain NOMA aided JSDM

Group Active MPC (l) Angular sector for mean AoA
(
µ

(gk)
l

)
1

0 [−1◦, 1◦]

5 [12◦, 14◦]

11 [31◦, 33◦]

2
3 [40◦, 42◦]

9 [20◦, 22◦]

3
8 [−11◦,−9◦]

17 [−21◦,−19◦]

4 29 [−41◦,−39◦]

error floor at high SNR for small number of RF chains, even for MFB. The reason

is that interference suppression capability of PE-AM is dependent on the accuracy of

approximation which is related to the number of RF chains. Nevertheless, we can

conclude that the number of users Ug can exceed the number of RF chains Dg, and

theoretical bounds can still be achieved with the help of proposed code-beamspace

IB-DFE receiver for both unconstrained and constrained analog beamformers.

In Fig. 5.2, average BER vs. SNR plots for Nc = 8 and D1 = 4 are provided

with LMMSE (first iteration of IB-DFE), IB-DFE and MMSE-SIC receiver for SC-

FDE in [68]. We observe that BER performance degrades reasonably with increas-

ing MIMO-NOMA loading, and that IB-DFE outperforms MMSE-SIC especially at

high MIMO-NOMA loading (e.g., λ(1) = 1.25, 1.375, 1.5) since MMSE-SIC receiver

suffers from error propagation. Note that MMSE-SIC receiver requires higher com-

putational complexity than IB-DFE for overloaded cases since MMSE-SIC receiver

requires construction of MMSE filters and DFT/IDFT operations at each SIC step,

whereas IB-DFE converges in a few iterations. On the other hand, LMMSE receiver

fails for overloaded cases, i.e., λ(1) > 1. These results show the necessity of iterative

receiver processing for overloaded systems. In addition, proposed code-beamspace

IB-DFE receiver is shown to be an efficient iterative receiver for overloaded SC mas-

sive MIMO systems in terms of both BER and computational complexity.
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Figure 5.1: Average BER vs. SNR for Ug = 6 and Nc = 4

Fig. 5.3 illustrates average BER vs. MIMO-NOMA loading at SNR = 20 dB. In

this figure, the case with Nc = 1 is equivalent to classical JSDM scenario. It is ob-

served that BER performance improves with increasing Nc and D1. Code-domain

NOMA aided JSDM clearly outperforms classical JSDM, especially with a reason-

able number of RF chains. The performance gap between these two schemes widens

with increasing number of RF chains, and with increasing code length. However,

we observe that poor BER performance is achieved for all settings when the MIMO-

NOMA loading λ(1) is increased to 2, whereas significant improvement is observed

with code-domain NOMA when MIMO-NOMA loading is around 1. Furthermore,

code-domain NOMA provides flexibility since number of users served at the same re-

sources is dependent on Nc. For example, when D1 = 3 and Nc = 1, number of users

can be Ug ∈ {1, 2 . . . , 6} for λ(g) ≤ 2. However, when D1 = 3 and Nc = 4, num-

ber of users can be Ug ∈ {1, 2 . . . , 24} for the same MIMO-NOMA loading range.

Therefore, code-domain NOMA aided JSDM could offer more flexible number of

user selection for the same number of RF chains, compared to classical JSDM.
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Figure 5.3: Average BER vs. MIMO-NOMA loading at SNR = 20 dB
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CHAPTER 6

CONCLUSION

6.1 Conclusions

In this thesis, we proposed an interference-aware two-stage beamforming framework,

specifically for mm-wave JSDM with SC transmission, where interference is consid-

ered in both analog and digital beamforming stages, and subsequently we integrated

code-domain NOMA to the proposed framework. In the first part of the thesis, near-

optimal slowly varying statistical analog beamformer (i.e., GEB) is designed where

inter-group interference suppression is imposed at this stage. GEB is approximated

with both fully and partially connected arrays by considering constant-modulus con-

straint. Furthermore, an algorithm to find the optimal connection structure is proposed

for dynamic subarray design. Low-complexity alternating minimization algorithms

are employed for obtaining constrained analog beamformers. Superiority of proposed

beamformers is shown by using comprehensive analysis tools. It is observed that

PE-AM attains the performance of unconstrained GEB with moderate interference

strength. Furthermore, this algorithm outperforms commonly used DFT beamformer

and phase of GEB. On the other hand, dynamic subarray design performs close to

fully connected ones and outperforms fixed subarrays. Moreover, MMSE criterion

based IB-DFE type digital beamformers improve the performance of constrained ana-

log beamformers as they take residual interference into account.

In the second part of the thesis, we showed that code-domain NOMA and mm-wave

massive MIMO can be efficiently combined for SC transmission with the use of in-

troduced wideband-beamspace signal model. Then, a code-beamspace IB-DFE re-

ceiver is proposed for joint equalization and multiuser detection by using the de-
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veloped model. Simulation results showed that theoretical bounds can be achieved

with the proposed code-beamspace IB-DFE receiver for the underloaded case, while

a reasonable degradation is observed for highly loaded case, where IB-DFE outper-

formed LMMSE and MMSE-SIC receivers. Furthermore, superiority of code-domain

NOMA aided massive MIMO over classical massive MIMO is verified. It is clearly

shown that code-domain NOMA is beneficial when integrated to mm-wave massive

MIMO with limited RF chains and closely spaced users.

6.2 Future Research Directions

Methods that are developed in this thesis has significant implications for physical

layer of next generation communication systems. Firstly, interference-awareness is

a critical feature for various communication systems. For instance, inter-cell in-

terference can be detrimental, especially for the users on the cell-edge. Proposed

interference-aware design can deal with any type of interference with known statis-

tics. Moreover, there are recent studies that consider joint communications and sens-

ing, where sensors (e.g., radars) may cause increase in interference for the communi-

cation system. Similarly, our framework can be adapted to such a system in order to

provide reliable communication while the interference caused by the sensing unit is

suppressed with the interference-aware beamformers. In addition, we have studied a

mm-wave massive MIMO system with spatial-narrowband channels. For mm-wave

communications, high data rates are achieved with the available vast spectrum at mm-

wave bands where spatial-wideband effect is observed, if the bandwidth is excessively

wide. Consequently, adaptation of the proposed design to a spatial-wideband scenario

could be another research direction.

On the other hand, massive connectivity became a high priority requirement for the

communication systems due to the increase in number of smart devices connected

to the internet. Proposed integration of code-domain NOMA and mm-wave massive

MIMO with user-grouping could be a possible solution to satisfy this requirement.

In this work, we have not studied spreading sequence design and we have utilized

random sequences. A potential research direction could be to develop more effi-

cient spreading sequences by considering the developed wideband-beamspace code-
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domain signal model. Significant improvements could be achieved with optimized

spreading sequences, especially for the highly correlated massive MIMO channels.

Furthermore, we did not consider the effect of code-domain NOMA while construct-

ing the beamformers. However, performance gains could be achieved by designing

beamformers that take spreading sequences into account. Another future research

direction could be the joint optimization of beamformers and code-domain NOMA

sequences.

With the increasing demand for massive connectivity and high data rates, it is not pos-

sible to avoid interference in communication systems. Thus, the design of interference-

aware beamformers with practical constraints and the development of architectures

that support massive connectivity will play an important role for the communications

area in the upcoming years, and this thesis provides a general framework for these

goals while offering promising future research directions.
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Appendix A

COVARIANCE MATRICES IN REDUCED DIMENSION

Covariance matrix of s̃
(g)
f,k is expressed as
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(A.1)

where R
(g)
s is the covariance matrix of intra-group signals of group g whose expres-

sion is given in (2.15). Similarly, covariance matrix of η
(g)
f,k can be expressed as

R
(g)
η̃f

=
[
S(g)
]H

R
(g)
η S(g) where expression for R

(g)
η , which is the covariance matrix of

sum of inter-group signals and noise, is given in (2.16). It is important to note that

these covariance matrices are independent of frequency bin.
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Appendix B

PROOF OF LEMMA 1

If there are multiple antennas at user u in group g, h
(gu)
l in (2.3) is replaced with

H
(gu)
l ∈ CM×M(gu)

t where M (gu)
t is the number of antennas at the user side. Then,

intra-group signals of group g in (2.6) can be rewritten as

s(g)
n =

Ug∑
u=1

L−1∑
l=0

H
(gu)
l x

(gu)
(n−l)N , (B.1)

where x
(gu)
n ∈ CM

(gu)
t ×1 is the precoded data vector of user u in group g with transmit

energy E
{
||x(gu)

n ||2
}

= E
(g)
s

Ug
. Precoded data vector is defined as x

(gu)
n , V(gu)d

(gu)
n

where V(gu) ∈ CM
(gu)
t ×d(gu)

t is the precoding matrix and d
(gu)
n ∈ Cd

(gu)
t ×1 is the data

vector with d(gu)
t streams. Transmitted symbols are assumed to be uncorrelated among

streams and time indices which can be expressed as E
{
d

(gu)
n

[
d

(gu)
n

]H}
= I

d
(gu)
t

δnn′ .

Assuming that channels obey Kronecker channel model, which is a practical model

for spatially correlated MIMO [69], the channel matrices of users can be written as

H
(gu)
l =

[
R

(gu)
l

]1/2
H̄

(gu)
l

([
Ψ

(gu)
l

]1/2)T
, (B.2)

where entries of H̄
(gu)
l ∈ CM×M(gu)

t are independent zero-mean circularly symmetric

complex Gaussian random variables with unit variance. In (B.2), R
(gu)
l defined in

(2.4) expresses the spatial correlation among the receive antenna elements depending

on AoAs of MPCs at the BS whereas Ψ
(gu)
l ∈ CM

(gu)
t ×M(gu)

t shows the spatial cor-

relation among transmit antenna elements depending on angle of departures (AoDs)

at the user side. The matrix Ψ
(gu)
l can be expressed in a similar form as R

(gu)
l . Let

H
(gu)
l matrices be independent for different MPC clusters as in single-antenna user
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case. Then, channel statistics for a given MPC can be written as

E
{

vec
(
H

(gu)
l

)
vec
(
H

(gu)
l

)H}
= Ψ

(gu)
l ⊗R

(gu)
l , (B.3)

which can be obtained after some manipulations starting from (B.2). Moreover, the

channel gain can be written as
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l=0

Tr
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where Tr
{
Ψ

(gu)
l

}
is set to 1. Considering the definitions above, covariance matrix of

intra-group signals of group g can be calculated as

R(g)
s = E
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(B.5)

Let the expectation inside the summation in (B.5) is denoted by Φ
(gu)
l . Then, entry of

Φ
(gu)
l at ith row and jth column can be expressed as
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(B.6)

where the constant is c(gu) = Tr
{[

V(gu)
]H

Ψ
(gu)
l V(gu)

}
. With the result above, co-
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variance matrix of intra-group signals can be rewritten as

R(g)
s =

Ug∑
u=1

L−1∑
l=0

Φ
(gu)
l =

Ug∑
u=1

L−1∑
l=0

c(gu)R
(gu)
l , (B.7)

which has a similar form as in (2.15). The only difference is that the constant c(gu) is

dependent on the precoding and slowly varying AoDs at the user side. Furthermore,

covariance matrix of sum of inter-group signals and noise R
(g)
η can be obtained in

a similar form as in (2.16) with the usage of constant c(gu). It is feasible to assume

that statistical precoding is utilized at the user side. In this case, the constant c(gu)

becomes a slowly varying parameter which can easily be learned at the BS. Hence,

same statistical analog beamforming method proposed in Section 2.3 can be used for

the multiantenna user case.

Moreover, proposed digital beamforming and channel estimation scheme would re-

main the same with the modified effective channel definition which is expressed as

H
(g,gu)
eff,l =

[
S(g)
]H

H
(gu)
l V(gu), (B.8)

where effects of both the beamformer at the BS and the precoder at the user side

are considered. Note that the BS does not require the knowledge of the precoder at

the user side during channel estimation phase since effective channels in (B.8) are

estimated directly.
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Appendix C

EXPECTED SINR IN REDUCED DIMENSION

In reduced dimension, it is possible to find an expected SINR value for each group.

Intra-group signal power can be divided by power of sum of inter-group interference

and noise in reduced dimension by using (2.7). With this method, expected SINR of

group g can be expressed as

SINR
(g)
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} ,
(C.1)

where expressions for covariance matrices R
(g)
s̃f

and R
(g)
η̃f

are taken from Appendix

A.
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Appendix D

ASYMPTOTIC SINR ANALYSIS

Assuming the perfect knowledge of intra-group user symbols, correlation matrices

are taken as P
(g)
1 = P

(g)
2 = E

(g)
s

Ug
IUg . In this case, A

(g)
k = −

[
D

(g)
k

]−1 relation can be

obtained from (4.9) and (4.10). Then, A
(g)
k can be rewritten as

A
(g)
k =

Ug

E
(g)
s

IUg +
[
Λ

(g,g)
eff,k

]H
R−1

η̃
(g)
f

Λ
(g,g)
eff,k, (D.1)

if matrix inversion lemma is utilized for (4.9) with asymptotic correlation matrices.

Considering the results above, feedback filters in (4.7) can be expressed as

C
(g)
k = −IUg + A

(g)
k ∆(g)

= −IUg +

(
Ug

E
(g)
s

IUg +
[
Λ

(g,g)
eff,k

]H
R−1

η̃
(g)
f

Λ
(g,g)
eff,k

)
∆(g).

(D.2)

Furthermore, feedforward filters can be obtained if (D.2) is substituted in (4.3). After

some manipulations that leverage matrix inversion lemma, feedforward filters can be

written as

W
(g)
k = R−1

η̃
(g)
f

Λ
(g,g)
eff,k∆

(g). (D.3)

It can be observed from (D.3) that feedforward filters become scaled forms of whiten-

ing matched filters for the asymptotic case. That is, feedback filters perfectly cancel

the intra-group signals, and the equalizers reduce to optimal whitening matched fil-

ters. Finally, it can be shown that asymptotic SINRs of users can be found as in

(4.18), if complex amplitude in (4.16) and residual interference power from (4.17)
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are computed with the asymptotic feedforward and feedback filters that are defined

above.
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Appendix E

CHANNEL ESTIMATORS

E.1 LMMSE Type Channel Estimator

LMMSE type channel estimator of group g can be written as

Z(g) = R−1
ȳ(g)Rȳ(g)h̄

(g,g)
eff

(E.1)

where covariance matrix between ȳ(g) and h̄
(g,g)
eff and covariance matrix of ȳ(g) can be

computed as

R
ȳ(g)h̄

(g,g)
eff

= E
{

ȳ(g)
[
h̄

(g,g)
eff

]H}
=
(
X(g) ⊗ IDg

)
R

h̄
(g,g)
eff

, (E.2)

Rȳ(g) = E
{

ȳ(g)
[
ȳ(g)
]H}

=
(
X(g) ⊗ IDg

)
R

h̄
(g,g)
eff

(
X(g) ⊗ IDg

)H
+ IT ⊗R

(g)
η̃ ,

(E.3)

where covariance matrix of sum of inter-group interference and noise terms in re-

duced dimension is denoted by E
{
η̃(g)
n

[
η̃

(g)
n′

]H}
= R

(g)
η̃ δnn′ . This covariance matrix

can be expressed as R
(g)
η̃ =

[
S(g)
]H

R
(g)
η S(g). Other groups are assumed to be in data

transmission mode in (E.3) according to Remark 3. That is, X(g′) is taken as a random

matrix for g′ 6= g which is why R
(g)
η̃ is used in (E.3). Covariance matrix of the overall
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effective channel of group g is expressed as

R
h̄

(g,g)
eff

= E
{

h̄
(g,g)
eff

[
h̄

(g,g)
eff

]H}
= blkdiag

{
L−1∑
l=0

EL,l+1 ⊗
[
S(g)
]H

R
(gu)
l S(g)

}Ug

m=1

(E.4)

where EL,l+1 , eL,l+1e
H
L,l+1 and eL,l+1 ,

[
IL
]

(:,l+1)
. It is important to note that due

to uncorrelated structure of channel vectors, (E.4) has a block diagonal form where

blocks in the diagonals are covariance matrices of effective channels.

E.2 LS Type Channel Estimator

LS type channel estimator of group g can be expressed as

Z(g) =

(
X(g)

([
X(g)

]H
X(g)

)−1
)
⊗ IDg . (E.5)

However, h̄
(g,g)
eff has a sparse structure which degrades the performance of LS esti-

mator given in (E.5). We should eliminate the columns of X(g) corresponding to the

inactive MPCs and find the estimator in (E.5). Then, we should insert zero columns

to the estimator to make up for the eliminated columns. These zero columns in Z(g)

leads to estimating zero vectors for channels belonging to inactive MPCs. In this way,

the dimension of the inverse in the LS estimator is reduced and performance of the

estimator is increased.
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