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ABSTRACT

A TRI-OBJECTIVE REFORMULATION FOR THE DYNAMIC
MEAN-VARIANCE PROBLEM

Muhammed Mustafa Colak
M.S. in Industrial Engineering
Advisor: Cagin Ararat
July 2024

The classical mean-variance problem aims to find a portfolio that minimizes a linear combi-
nation of the expectation and the variance of the terminal wealth. The dynamic version of
the problem is known to be time-inconsistent in the classical sense, which makes the scalar
dynamic programming approach inapplicable. By decomposing variance into two separate
objectives, we introduce a tri-objective formulation in a discrete-time framework that gen-
eralizes the scalar problem and can reduce to the original setting. Using a less restrictive
concept of time-consistency in a vector-valued sense, we show that the new formulation is
time-consistent. Following the literature on set optimization, we develop a set-valued dy-
namic programming principle with the upper image of the vector-valued problem used as a
value function. Finally, we reduce the generalized solutions of the formulation to the classical
mean-variance problem using the minimal points of the three-dimensional upper images. We
compute portfolios that are optimal for the initial mean-variance problem, and that remain
time-consistent with respect to the tri-objective formulation.

Keywords: Mean-variance problem, time-inconsistency, dynamic programming principle, vec-

tor optimization, set-valued function.

11



OZET

DINAMIK BEKLENTI-DEGISINTI PROBLEMI ICIN UC
AMACLI BIR REFORMULASYON

Muhammed Mustafa Colak
Endiistri Miithendisligi, Yiiksek Lisans
Tez Danigmani: Cagin Ararat
Temmuz 2024

Klasik beklenti-degisinti problemi, bir yatirimcinin yatirim stireci sonundaki varliginin bek-
lentisi ve degisintisinin dogrusal kombinasyonunu enkiiciikleyen yatirim stratejisini bulmay1
hedefler. Bu problemin dinamik versiyonunun zamanda tutarsiz oldugu bilinmektedir ve bu
durum nedeniyle standart dinamik programlama yontemlerini uygulamak miimkiin degildir.
Degiginti fonksiyonunu iki farkli amag fonksiyonuna ayirarak ii¢ amag fonksiyonlu bir vektor
eniyileme problemi elde ediyoruz. Bu problem, baglangictaki problemi genellegtirdigi gibi
bu problemin baglangic zamanindaki halini tekrardan elde etmemizi saglamaktadir. Za-
manda tutarhligin vektorel tanimini kullanarak bu yeni problemin zamanda tutarh oldugunu
gosteriyoruz. Kiime eniyilemesinde bilimsel yazinlarinlarin isiginda, kiime degerli bir dinamik
programlama ilkesi geligtirilmistir ve bu ilke sayesinde yeni problem i¢in uygun c¢oziimler
elde edilmistir. Son olarak, bu vektor eniyileme probleminin genellestirilmis ¢oziimlerini
kullanarak baglangigtaki klasik beklenti-degisinti problemini eniyileyen bir yatirim stratejisi
bulunmaktadir. Aynm zamanda bu ¢oztimler, vektor eniyleme problemi i¢in zamanda tutarl

olmaktadir.

Anahtar sézcikler: Beklenti-degisinti problemi, zamanda tutarsizlik, dinamik programlama
ilkesi, vektor iniyilemesi, kiime degerli fonksiyon.
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Chapter 1

Introduction

The problem of finding optimal investment strategies in a financial market is a fundamental
issue in mathematical finance. The optimality is determined by a utility function, which
generally involves the expectation and a measure of risk of the terminal wealth. In 1952,
Markowitz introduced the mean-variance portfolio selection problem where a linear combi-
nation of the expectation and the variance of terminal wealth in one period is considered [I].
Markowitz discovers efficient mean and variance combinations that are optimal for different
risk attitude parameters of the investor. Later, the mean-variance problem was generalized
to discrete multi-period and continuous-time cases by Mossin [2], and Merton [3], respec-
tively. In the discrete multi-period setting, the investor is able to change their strategies
countably many times as the market changes in each period. In the continuous-time setting,
the investor wants to make a time-dependent portfolio selection in a continuous manner. We
work on the mean-variance problem in a discrete multi-period setting, where the prices of
the assets receive shocks at each t € T, where T := {0,...,T} and T € N, and a portfolio

decision is made right after.

It is well-known in the literature that the multi-period mean-variance problem suffers



from time inconsistency, or the lack of dynamic programming principle. This results in cases
where an optimal decision at time ¢ € T \ {7’} may fail to be viewed as optimal at a later
period s > t. The time inconsistency is caused by the variance term in the formulation of
the problem and the fact that the objective function is a linear combination of mean and
variance [4]. We will discuss more in depth why time inconsistency occurs, and how our

approach handles it in Section [2.I] and Chapter [3]

There are various approaches in the literature to handle the time inconsistency. The first
one is called the precommitment approach, where the investor does not deviate from their
initial investment strategy even if it becomes suboptimal at a later time. Some of the studies

utilizing precommitment approach in both discrete- and continuous-time can be found in [5],

A, [6l, 7, [8].

The second one is the game-theoretic approach, introduced by [9] for general time incon-
sistent dynamic utility maximization problems, [I0] solve the mean-variance problem using
an infinite sequential game in continuous-time setting, where the opponents are the investor’s

future selves. Some examples in literature using game-theoretic approach can be found in

1), [12].

The last one that we will mention is the set optimization approach, where the problem is
formulated as a vector optimization problem, and the upper images of the one-step dynamic
programming problems are utilized to find an efficient frontier to the mean-variance problem.
Although the variance of the terminal wealth cannot directly be implemented to this method
due to its quadratic nature, [I3] use a different risk measure to satisfy a set-valued Bellman’s
Principle. Additionally, [14] use an auxiliary formulation to the mean-variance problem using
the second moment of the terminal wealth, which is suitable for a set-valued optimization
approach, and implement the solutions of that problem to find time consistent mean-variance

portfolios. Our approach will use the terms of the mean-variance objective function directly



to unveil the dynamic nature, and the time consistent portfolios to the problem.

We consider the following problem where a linear combination of the expectation and the

variance of the terminal wealth under a weight vector \y € R%r is minimized as

minimize  — Ao E(v]) + Ag2Var(vy) subject to 7 € Wo(vy)

for initial wealth vy € R,, the set of admissible portfolios Wy(vy), and terminal wealth

v} € Ly(R,) under portfolio m € Wy(vp). This formulation can also be written explicitly as

minimize — A1 E(v]) + Ao (E((v])?) — (E(v}))?) subject to 7€ Wo(vg)  (1.0.1)

A similar problem with the same weight vector can be formulated using conditional expec-

tation and variance, that is, given t € T, v, € L;(R), it is formulated as

minimize  — A1 E;(v]) + Aoz (Ee((v])?) — (E¢(v]))?) subject to 7€ ¥y(v;) (1.0.2)

where W;(v;) is the set of admissible portfolios in time ¢ € T. However [12] show that a
constant weight vector does not reflect the dynamic attitude of an investor throughout the
investment horizon. Instead, [I4, Theorem 3.3.2] show that there exists a weight process
(A¢)ter that makes the family of mean-variance problems time consistent with respect to
their definition of time consistency. To that end, similar to the approach in [13], we abandon
the scalar problem for a vector optimization problem, where the components of the vector-
valued objective function involves each term in the problem explicitly, that is, we

consider the vector-valued function at time ¢ € T I'; : Ly(R%) — L;(R?) defined as

—Et(UT)

Ft<UT> yr, ZT) = Et(yT)

—(Ei(v/2r))?



where when taken ¢ = 0, (vr)? = yr = 27, we obtain the objective function in ((1.0.1)) is

vector form as
—E(UT)
Lo(vr, (vr)?, (vr)?) = | E((vr)?)

—(E(vr))?

The reason for using this sort of function will be made clear in Chapter 3] We observe
that this formulation of the mean-variance problem is time-consistent in a vector-valued
sense. Which in return provides a way for us to employ the upper images of the problems
in intermediate times, formulated using conditional expectation and variance. In Theorem
[3.2.2] we show that our formulation is in fact suitable for a dynamic programming approach,
as in [I3]. In contrast, we obtain the mean-variance upper images for each time period
t € T recursively, and utilize them to find efficient portfolios for each period. In [I3], they
use a dynamic convex risk measure that is less tedious compared to the variance term,
and obtain the upper images accordingly. Our formulation is directly related to the mean-
variance problem, that is, we do not utilize the mean-second moment auxiliary problem
as in [14]. Instead, our approach generalizes the mean-variance problem by considering
the three-dimensional vector-valued objective function I', which results in upper images
that contain the efficient solutions of the mean-variance problem as well. However, this
methodology results in nonconvex vector optimization problems that are more difficult to
handle computationally. Moreover, the weight process (A;);er that makes the conditional
version in time consistent is explicitly given in [I4]. However, we fail to provide
such an output due to the nonconvex nature of our formulation, and the disadvantages of
weighted sum scalarization in nonconvex vector optimization problems. Instead, we directly

obtain the efficient portfolios to the problem in (|1.0.1)).

The vector-valued function I'; is closely related to the mean-variance problem as shown in

(1)). Therefore, we use this connection to obtain a set of portfolios that are optimal for the



initial problem. We introduce backward and forward algorithms in Chapter [] that provide

a solution methodology to obtain weakly efficient portfolios.

The organization of the thesis is as follows: In Chapter [2, we introduce the underlying
market structure. In Chapter [3, we propose the vector-valued objective function I and show
how the vector optimization problem satisfies a set-valued Bellman’s principle. In Chapter 4],
we propose a methodology to compute the upper images of the vector optimization problems.
In Chapter [5] we discuss the approximation errors caused by our solution methodology. In
Chapter [6], we propose a methodology to find weakly efficient portfolios to the mean-variance
problem. In Chapter [, we apply our methodology to some example markets. Finally in

Chapter |8, we compare the result of this thesis to [I4] and discuss some future work.



Chapter 2

Preliminaries

On a discrete time horizon T := {0,1,...,T}, T € N, consider a filtered probability space
(Q, F, (Fi)er, P) with Fy trivial and Fr = F. Without loss of generality, we assume that any
nontrivial event A € F has positive probability, that is, P(A) > 0 for all A € F, A # (). For
a subset D C R% d € N, denote the space of all F;-measurable essentially bounded random
vectors taking values in D by Li(D) := L(Q, F;,P; D). For any subset B C L;(R%),

cl B,int B denote the closure and the interior of B, respectively.

Let 7,y € R% The space (R?, <) is a partially ordered space where z < y if and only if
x; < y; forall i € {1,...,d}. In other words, each component of the vector x is less than
the corresponding component of the vector y. Similarly, (R?, <) is a partially ordered space
where z < y if and only if 7; < y; foralli € {1,...,d} [15]. Let X,Y € L;(R%). An analogous
order for the partially ordered space (L;(R%), < Lo(®? )) is given as X < L) Y if and only
if X(w) < Y(w) forallw e Qforallw € Q, in space (R, <). Similarly, X <, gs) Y if
and only if X (w) < Y (w), in space (R?% <). Whenever the choice of ordering cone L;(R?) is

obvious, we will use < and < as these partial orders. Let A, B C L;(R%). The Minkowski



addition is defined as

A+B={X+Y |Xe€AY eB}

For A = {£}, € € Li(R?), we will simply write £ + B = {£} + B. We define the operator
w1 Ly(RY) x 20 ag;

rxA={zoyl|lyec A}

where ® is the component-wise product. Let || - ||4 : RY x R? be the standard Euclidean

norm. Define the Hausdorff distance H : 28" x 28! as:

H(A,B) = inf ||z — inf ||x —
(4, 5) = ma {sup nf [l yllasup inf o~ ol |

e yeB

A market with d € N assets is modeled by an d-dimensional adapted process (S;)ier on
the probability space (2, F, (F;)iet, P). We assume that the distribution of the price process
is known by the investor. The filtration (F;);er is generated by the price process (Si)er,

and has a special structure given by the next assumption.

Assumption 2.0.1. Let Q; denote the set of atoms (nodes) in F; for allt € T. We assume

a node-wise market structure where §; satisfies the following:

e The elements of ) define a partition for all t € T.

o Let wy € y and wyyq € iy for somet € T. It must be true that either w1 C wy or
Wir1 Nwy = 0. In other words, either w,1 is a child node of w; or it is impossible to

observe wy at time t and w1 at time t 4+ 1. We define the successor set of wy € ) as
succ(wy) = {wir1 € Q1 | wipr C wit

It holds that succ(wy) # O for allt € {0,....,T — 1}, w; € Q4, and at time T € T,

succ(wr) =0 for all wr € Q.



An investor in this market considers the expected return and the variance of her strategies
in each period, where a strategy or a portfolio is denoted by (7;):er\f0}. In particular,
i1 = (Thiys- . mhy)T € Ly(R?) denotes how many units of assets 1,...,d are held in
period t+1 € T, i.e., the portfolio made at time ¢, that will be reconsidered at time t+1. The
investor enters the market with initial wealth vy € R, and follows a self-financing strategy;
i.e., there will be no cash withdrawal or deposit in an intermediate time t € {1,...,7 — 1}.

We will give the mathematical description of the feasible set of portfolios below:

Definition 2.0.2. Under the current market assumptions, the set of feasible portfolios at

period t € T is defined as:

Wy (vp) = {(Ws)sztﬂ v = 7TtT+1St>7Tt+1 € ‘I)tﬂTSTSs = 7TST+1SS,US >0,

Tor1 € B, Vs e {t+1,...,T —1},vr > 0}

where ®; C Li(R?) is a closed conditionally convex set for all t € T, including trading
restrictions such as no short-selling constraints, and v, € L;(R.) denotes the wealth at
period t € T. The wealth at time s € T for s > t + 1, starting at time t with wealth vy is

denoted by viU™ = v, =71 S,, for € U, (v,).

We assume a finite atomic probability space. Therefore, it is important to define the

realization of the feasible set under an event.

Definition 2.0.3. Lett € T, vy € Li(R,) and w; € Q. The feasible set under event w; is

defined as:

\I/t(vt)(wt) = {(WS)SZH-I | Ut(wt> = W;r-s-l(wt)st(wt)aWS(ws—l)TSS(WS) = 7TS+I(W8)TSS(WS)aUS(WS) >0

7Tt+1(wt) € (I)taﬂ-s-l—l(ws—i-l) € (I)savws g Ws—1,8 € {t + 17 s aT - 1}7UT(WT) Z O}

Remark 2.0.4. The feasible set W,(v;) is nonempty for all v, € L;(R,), t € T. Indeed, since

8



the prices of the assets are strictly positive, we can simply invest all the wealth in period

t € T in the first asset at each period, and make no investments to other assets; i.e., let

Ty = s and 7, = 0 for all k € {2,...,d}, and continue to do so for the remaining

periods.

Remark 2.0.5. The finiteness of the probability space (€2, F, (F;)ier, P) automatically im-

plies Wy (vy)(wy) = Vy(ve(wy)L,)-

Lemma 2.0.6. Let t € T\ {T}, vy € Li(Ry) and (7s)s>er1 € Ve(ve). Then, (7s)sst2 €
\Ift+1(7r;'—+15t+1) at all nodes of . That is, for wy € O, (Tg)s>t1 € Ve(ve)(wy) im-
plies (7s)sstv2 € Wepr (L 1Se1)(wes1) for all wiyr C wi.  Furthermore, let ()ssi12 €

‘I’t+1(7T;r+1St+1)- Then, (7Tt+17 (Ws)sztﬂ) € \I’t(Ut)-

Proof. Let w, € Q; and wiyy € Qiyq with wipy € wy. Consider (mg)s>i41 € Wi(vr)(wy).
Then, (75)s>t42 € \Ift+1(7r3+15t+1(wt+1)1wt+l) = \Ift+1(7rg+15t+1)(wt+1) for all w; € Q; and
w1 € wy, by the definition of the atomic feasible set in m Similarly, whenever we
have (7s)s>42 € \Ift+1(7T;r+1St+1), we immediately get (m11, (7s)s>t42) € Vi(vy) by the same
definition. O

t,oe,m

The wealth at the terminal period T € T for a feasible portfolio 7 € Wy(v;) is v™" €

t7vt 5T ™

Lr(R;). Whenever the choices for ¢ and v; are clear, we will simply denote v;™"™ := v7.

Finally, for this formulation to be mathematically well-defined, we define the extended

square root function as

— —o0, if z <0
VI = =z
Vo, ifz>0
and the square function as
0, ifx <0
(%) = =
22, if x>0



to ensure monotonicity in Chapter [3] Throughout the thesis, we will refer to the extended
square root function as the square root function, and the square of the positive part of a real

number or a random variable will be denoted simply as the square of that random variable.

2.1 Problem Definition

We consider a multi-period mean variance problem at time ¢ = 0 and aim to find optimal
trading strategies throughout the investment horizon considering the risk attitude of the
investor. The multi-period mean-variance problem with risk attitude Ay € Ri + and initial

wealth vy € R, is given as

minimize — A1 E(v]) + Xg2Var(v]) subject to 7w € Wo(vp) (MVy(vo, No))

and the mean-variance problem at an intermediate time ¢ € T\ {7} with wealth v; € L;(R)

is given by:

minimize — Ao Ei(v]) + Ao 2Var,(v]) subject to 7w € Wy(vy) (MV (v, \o))

This formulation of the mean-variance problem with constant weight vector is problematic

since it is well-known that the problem does not satisfy a dynamic programming principle.

Precisely, for the dynamic programming principle to hold, let

Vi(ve) == inf  —Xg Ei(v]) + Ao 2Var,(v])

eV (ve)

10



be the value function of the problem. The problem is said to satisfy the dynamic program-

ming principle if

Vitw)) = inf  —Ey(Viyr (741 S41)) + Vary (Vi (mfy1511)).-

TEW(ve)

However, we know that

Ei(=Xo1E¢11(v]) + A2 Vary 1 (v])) + Vary(—Xo 1E1 (v]) + A2 Varyyq (v]))

# —Xo1Ee1(vT) + Ao 2Varg 1 (v])

in general, due to the variance term. Specifically, the term (E;,;(v}))? does not satisfy the

tower property, which is the property satisfying
B (Es (X)) = Eo(X)

for F-measurable X, and t < s.

One approach to overcome the lack of dynamic programming principle could be the vector-
valued formulation of the mean variance problem given as

L —E¢(v7) .
minimize wrt. <p,m2) subject to 7w € Wy(vy) (VMVi(vy))

Var,(v7.)
However, this formulation is still inadequate. Let (7f)s>¢42 be a desired solution to the
problem (V MV, 1(viy1)) (we will provide precise definitions to the desired solutions in a
vector-valued setting in Section . For the dynamic programming principle to hold, this

choice should also be desired at time ¢ € T. With our new vector-valued objective function,

11



we get

—Ey(Eep1(vF)) 4 —E(vF)
Var,(Varg, 1 (v5)) Var,(vF)

since Var,(Var; 1 (v5)) # Var, (v} ) in general.

As a solution to lack of ‘tower property’ for the variance, we will propose using the three-

dimensional vector-valued function I'; : Ly(R%) — L;(R?) defined as

—Ei(vr)
Ly(vr, yr, 2r) = E:(yr) : (2.1.1)

—(Be(y/2r))?

Here, if one sets v3 = yr = 27, then we obtain the terms of in a vector, which

can be used to obtain the scalar objective back. The recursiveness, or the 'tower property’

of the new vector-valued function I'; will be shown in Chapter [3]

Using I';, we will define a new formulation for the mean-variance problem in three-

dimensions:

minimize T, (vr, (vF)?, (vF)?)  w.r.t. <L)

subject to vy = 7, 1S
Usy1 = Us + 7T5T+1<Ss+1 — S)
Tsr1 € Ps (Gi(ve))
v > 0

Vsed{t,..., T —1}

12



Remark 2.1.1. The problem G(v,) scalarized with the weight vector A := (X015 Ao2; Ao2) €
R3 is equivalent to the problem MVj(vg, Ag). Indeed, the feasible sets and the objective

functions are the same in both problems.

Since the formulation is now vector-valued, the upper image of the problem carries great
importance, especially for the dynamic structure of it. Therefore, we define the upper image

here as:

Pi(vr) =l ({Te(v], (v])%, (v)%) | m € Wy(vy) } + Ly(RY)) . (2.1.2)

2.2 Solution Concepts

The vector-valued structure we will utilize throughout the rest of the thesis requires careful
definitions for the solution concepts of the problem. These definitions are borrowed from the

literature on vector optimization.

Definition 2.2.1. [76, Definition 1.41] Let B C L,(R™). A point x € B is called a minimal
point in B if
(¢ — L(RT)\ {0}) N B =0.

It is called a weakly minimal point if
(¢~ L(RY)) N B =0,

Definition 2.2.2. [16, Definition 2.1] We say a feasible portfolio (ms)s>e41 € Wi(vy) is
an efficient portfolio at time t € T with wealth vy € L(Ry), if there exists no portfolio
(ws)sZt.H c \Ijt(Ut) such that

—Ey(vp) < ~Ei(v7), Eo((v7)%) < Eo((vF)7), —(Be(v}))* < —(Ba(vp))?, (2.2.1)

13



and there exists w; € )y where at least one of the inequalities is strict.

A feasible portfolio (ms)s>t+1 € Vi(vy) is called a weakly efficient portfolio at time t € T

with wealth vy € Ly(Ry), if there exists no portfolio (1s)s>i+1 € Vi(vy) with
~Ei(v7) < ~E(v7), Ei((v7)?) < Eo((07)%), —(Bu(v}))® < —(Eo(v7))>.
A feasible portfolio m € Uy(vy) is called a minimizer of the problem if
(TVE, (V2 (V) — LyROAA0}) 0 {1V, (2, (V) | 0 € Wi } =0
and it is called a weak minimizer of the pmblem if

(DVF, (VR (V) = LRE)) 0 { DV, (V)R (VEY?) |6 € W)} = 0.

Note that Definition uses the partial ordering in the space (L;(R%), <), i.e., a port-
folio m € Wy(vy) is an efficient portfolio at time ¢ € T with wealth v; € Li(R ), if there exists

no portfolio ¢ € W;(v;) with

To(0f, (v9)%, (V5)?) <pyms) Te(vF, (07)% (v)%) and T(o, (v7)% (V7)) # Te(v, (07)%, (V))?).

Similarly, a portfolio 7 € W,(v;) is a weakly efficient portfolio at time ¢ € T with wealth

vy € Ly(Ry) if there exists no portfolio ¢ € W, (v;) with

La(vy, (07)?, (7)) € (Tu(vf, (v7)%, (v7)%) — Lo(RY,)) -

Remark 2.2.3. Definitions [2.2.1| and [2.2.2] imply that a portfolio 7 € W;(v,;) is a (weakly)

efficient portfolio at time ¢ € T with wealth v; € L;(R, ) if and only if it is a (weak) minimizer

of the problem [G,(v,)] In both cases, its image I';(vE, (v5)?, (vF)?) is a (weakly) minimal
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element of the set {T';(v%, (v2)2, (V2)2) | 1 € W,(vy)} [13, Lemma 2].

Later, we will also show that any boundary point of the upper image P;(v;) corresponds

to some (weakly) efficient portfolio m € W;(v,).
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Chapter 3

Time-consistency and Set-valued

Bellman’s Principle

In this chapter, we will show that the problem is time-consistent in the vector-valued
sense, and there exists a dynamic family of problems that can be solved to obtain the value
function of [G¢(v;)l Before getting into that, we will explore some of the useful properties of

the function I’y defined in (2.1.1)). For convenience, let us introduce the matrix

-1 0 0
M=10 1 0
0 0 —1

Proposition 3.0.1. Let t € T, vr,yr, 21, 1, yr, 2r € Lr(Ry). The vector-valued function

Ly : Lr(R3) — Ly(IR®) has the following properties:
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1. Recursiveness:

Ft(MFt+1 ($T, Yyr, ZT)) = Ft(xTa yr, ZT)

2. Monotonicity: Let xp > Zp,yr < yr,2r > Zr. Then, U'y(xr, yr, 2r) < Tl@7, Yr, Zr).

3. Strict monotonicity: Let xp > Tr,yr < yr,zr > Zr. Then Uyxr,yr,zr) <

L' @7, yr, Zr).

4. Continuity: Ty is continuous.

Proof. 1. We have

Ly(MT o1 (zr, yr, 20)) = Tt (Bea (1), Brga (yr), (Bega (V2r))?)
—E(Eei1(2r))
= E(Eeta(yr))
—(Eu(v/ (B (y/21))?))?
—Ei(2r)
- Ei(yr)
—(Ee(v/2r))”

= Ft<xT7yTa ZT)

proving the recursiveness.
2. Immediate by the monotonicity of the expectation and the square function.

3. Similarly, immediate by the strict monotonicity of the expectation and the square

function.

4. Continuity is immediate on a finite probability space.
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3.1 Time-consistency

We first want to show that the family of problems (Gy(-))ter is suitable for an approach

involving dynamic programming. For that, we define time consistency in the following way:

Definition 3.1.1. [13] The family of problems (Gy(+))ier is called time-consistent with respect
to (weak) minimizers if for every t € T and v, € Ly(Ry), portfolio (7s)s>t1 being a (weak)
manimizer for problem implies the portfolio (7s)s>142 being a (weak) minimizer for

problem (Gii1 (71 Si41))-

Remark 3.1.2. Time-consistency with respect to minimizers and weak minimizers do not

imply each other in general.

We will now show that the family of problems (Gy(+)):er is time-consistent with respect
to both weak minimizers and minimizers. This will imply that a dynamic programming
approach involving the vector-valued function I'; can be incorporated in order to obtain

efficient solutions in a recursive manner.
Proposition 3.1.3. The family of problems (G4 (+))ier is time consistent with respect to weak

MINIMIZETS.

Proof. Let t € T\{T'}, v; € Ly(Ry) and (75)s>1+1 € ¥i(vr) be a weak minimizer for Gy(vy).
Assume (7y)s>t40 € Wepr(m)Sie1) 1s not a weak minimizer for Gyyiq(m);Si1). Then, by

the definition of a weak minimizer, there exists (@s)s>t12 € Wiy (), 't 1Si41) such that

L (v, (07)%, (v7)%) < Do (VF, (vF)%, (0F)?).
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Let ¢ri1 == T, so that (ds)s>t+1 € Wi(vy) by Lemma [2.0.6, Using the recursiveness and

the strict monotonicity of I';, we have

Lo(MT o (v, (07)%, (v7)%)) < Te(MT i (07, (v7)%, (07)%)

= Tu(vf, (v7)%, (v7)) < Tu(e, (V)% (vF)%)
which contradicts the fact that (ms)s>t+1 € Wi(vy) is a weak minimizer. Hence, the family of
problems (Gy(+))ser is time consistent with respect to weak minimizers. O

Proposition 3.1.4. The family of problems (G(v;))ieT is time consistent with respect to

MAINIMIZETS.

Proof. Let t € T, vy € Ly(R,) and (74)s>t+1 € Vi(vy) be a minimizer for Gy(v;). Assume
that (ms)s>t42 € Wer1(m),1Si41) is not a minimizer for Gyi1 (71 Si41). Then, by the definition

of a minimizer, there exists a portfolio (¢,)s>42 € Wy (7], '+ 1St41) such that

Ft+1<v$> (’U?)Z, (U?)Q) S Ft+1<vg“7 (U%)27 (U%)Q) and

Lo (v, (07)%, (07)%) # Do (0F, (vF)°, (vF)?)

Let ¢yi1 = mp1. Then, (¢s)s>t+1 € Ye(vy) by Lemma [2.0.6, Then, by the recursiveness of

the function I';:

To(MT 1 (vf, (v7)?, (V7)) < To(MT 441 (VF, ()2, (vF)%))

= Tu(vg, (v7)%, (v7)%)) < Tu(vF, (v7)°, (vF)°)
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and by the strict monotonicity of I';:

Lo (v, (v7), (07)?) # Do (0F, (0F)°, (vF)°)
= DM (07, (v7)°, (V7)) # D MT o1 (0, (0F)%, (vF)?))

= Ty(vf, (v))?, (v7)?) # Te(v], (v])%, (vF)%)

which implies that (7s)s>i11 € We(vy) is not efficient, resulting in a contradiction. O

Remark 3.1.5. We have shown that for every efficient portfolio found at time 0 € T, there
exist portfolios that stay efficient throughout the investment horizon. This is a very strong
result acquired thanks to the strict monotonicity of the objective function. Intuitively, an
investor would only be interested in portfolios that are efficient. This property may fail to

hold without strict monotonicity, as in [13].

3.2 Set-valued Bellman’s Principle

In Section the family of problems (G¢(+)):er is shown to be time-consistent with respect
to weak minimizers and minimizers. Our next objective is to define an appropriate value
function that satisfies a dynamic programming principle in an extended sense. For a generic
scalar dynamic programming problem, the value function is obtained by finding the infimum
of the objective function at a future time. In the case of a vector-valued objective function,
the infimum is not attainable in general [16, Chapter 1]. This requires us to work in a more

sophisticated space with a suitable objective function.

Let IF be the set of all closed upper sets defined in [I7, Example 2.11]; i.e.
F:={ACL(R}) | A=cl(A+ L(R3))}.
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The partially ordered space (F, D) is a complete lattice, i.e., the infimum of a subset A of F

exists and is given as:

inf A :=cl U A.
A€A

Moreover, let zp,yr,2r € Lr(Ry) and define the set-valued objective function &,
Ly(R3) = F as:

Si(xr, yr, 2r) = Dy(xr, yr, 27) + Li(RY).

We will replace the objective function in with the set-valued function S;. The

problem with set-valued objective function S; is defined as
minimize S;(v7, (vF)?, (v7)?) with respect to O subject to m € Wy (v;). (SOP())
We immediately observe that

inf  S(uF (0, (052 = | (D (oF (0. 0)2) + Li(B%))

ﬂeq]t(vt) TI'E‘I/t(’Ut)
=cl ({Ft(v?, (U?)27 (U%)Q) | LS ‘I’t(Ut)} + LtGRi))

= Pt(’Ut),

which is the upper image of problem as defined in , and it can be recovered by
finding the minimal points of the problem [I6, Proposition 4.7]. We also want to use the
upper image as a value function to the set optimization problem . In order to show
a dynamic programming principle for this value function, we first prove the recursiveness of

the set-valued objective function.

Proposition 3.2.1. Lett € T\ {T} and xr,yr,2r € Lr(R,). The set-valued function S;
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has the following recursiveness property:

Sieryr,or)= | Si(9)

EE€ESt+1(xT YT ,2T)

Proof. To prove the C part of the claimed equality, let a € S;(zr,yr, 2r). Define & =

Ft—l-l(xT; yr, ZT). Note that 5 S St+1<IT, yr, ZT). Then,

St(Mé-) = St(MFt—f—l(xTa yr, ZT))
= Ft(MFt-H(l’T; Yr, ZT)) + Lt(Ri)
= Ly(2r, yr, 21) + Le(R3)

= St(l’Ta Yr, ZT)a

by the recursiveness of TI%. Then, a € &/(ME) is automatic. Thus, a €

cl U§€5t+1 (x7,y7,21) St (Mﬁ) :

For the O part, since both sets are closed, it is enough to show that

U565t+1(xT7yT7ZT) Si(M¢) C Si(xp,yr,2r). Let y € Ufest+1(xT,yT,ZT) Si(M¢). Then, there
exists £ € Syy1(zr, yr, 2r) such that y € S;(ME). Let £ = a + b, where a = Ty 1 (xr, yr, 21)

and b € Ly (R3). By the monotonicity of I';, we have
Ft<M'T) Z Ft(Ma’) = Ft(mTnya ZT) € St(xTa yr, ZT)'

Since Si(x7, yr, 2z7) is an upper set, we get y € Si(xr, yr, 2r). Moreover, since Si(zr, yr, 21)

22



is closed, we get

U Si(M§) C Si(wr, yr, 2r)

£€St1(zT YT 2T)

—d | S(MYCS(ar,yr, ),

EE€Sty1(xr,yT,2T)

proving the equality.

We have shown the dynamic structure of [SOP;(v;), and have found a candidate value

function. The next step is to define a one-step optimization problem that will make use of

the dynamic structure and satisfy a Bellman’s Principle.

Define the following one-step problem:

min.  Ty(M§)  wrt.  <p,ms)

st. oy = 7TtT+1St (Gi(wr))

i1 € Dy

& € P ()1 Se41)

with the feasible set

Uy (vr) = {(m31,€) | v = 701 i, mia1 € @4, € € Py (w1 Sei1)

and the upper image

Pi(ve) == cl ({To(ME) | (mes1,€) € Wy(vr)} + Li(RD)).

Finally, we will prove that the upper image is in fact suitable for a Bellman’s Principle,
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in other words, the value function at time ¢ € T can be obtained using the value function at

time ¢t + 1.

Theorem 3.2.2. Lett € T\ {T} and v, € Ly(Ry). Then, Pi(vy) = Pi(vy), i.e.,

Pufwe) = ol ({TuME) | v = 7Ly Sty muss € @€ € Pria(l 1) | + Li(RY))

for allt € T and vy € Ly(R,).

Proof. We will first prove Pi(v;) C 75t(vt). Let + = a + b with a €
{Ty (0], (v])2, (v7)?) | ™ € Uy(vy)} and b € Ly(R3). Also let 7 € W, (v;) be such that
a = Ty(v], (vT)?, (vF)?). Note that @ = (T4, @) with @ = (Ts)s>tr2 € Yir1(vir1), and
Vry1 = 71 Si1. Define u = Ty (vF, (vF)?, (vE)?). We have (741,u) € W,(v;), since

u € Piy1(vig1). Then, T'y(Mu) € 75t(vt) and

=/

Li(Mu) = Tf(MT o (o7, (v7)%, (v7)%)) = Lu(of, (07 )%, (vF ) = a,

since v = vf.. Thus, a € Pi(v;). So, a+ b=z € Py(v,).

To prove Py(v;) D Pi(vy), let y = u + v with u € {Ty(Mz) | (my1,2) € Uy(vy)} and
(S Lt(Ri) Let (7_Tt+l,i'> S @t(vt) be such that u = Ft(Mj), V41 = 7_T';I—+15t+1 and T €
Piy1(ver1). By the definition of Piyq(veyq) in [2.1.2) we know that there exist sequences

(an)nen and (b, )y such that
Tn 1= Gy + by € {Tipa (U, ()%, (07)?) [ 7 € Wipa(vesn) } + Lepr (RT)

with lim z, = lim(a, + b,) = =, and a, € {Tyi(vF, (V)2 (vF)?) | 7€ Uiy (vig1)}
n—oo n—oo

and b, € Li1(R3) for all n € N. Finally, let 7" € W,1(v11) be such that a, =
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e (07", (0572, (05)?) and define 7" == (7, ") € Uy(v;) for all n € N. Thus,

n n

Py(May) = To(MTya (07", (07 )%, (v7")%)) = Te(vf, (v7)?, (07 ")) € Pi(wr)
for all n € N. Since I'; is monotone, we have I',(M=x,) > I';/(Ma,) for all n € N. Using the
fact that P;(v;) is an upper set, I'/(Mz,) € P;(v,) for all n € N. Since I'; is continuous,
we have that lim ['y(Mx,) = I'y(MZz) and P(v;) is closed, we have I'y(MZ) = u € P(vy).

n—oo

Finally, u + v € Py(v), since Py(vy) = Py(vr) + Ly (RY). O

Theorem also shows that the upper images of the problems |G, (v,)| and |G, (v, )| are

equal.

We have shown that the upper images of the family of problems (Gy(-))ier can be used
as a value function for the family of dynamic programming problems (ét<'))te'ﬂ‘. The upper
images contain the minimal points and associated portfolios that are efficient. Our next step

is to compute these upper images.

3.3 Positive Homogeneity of the Upper Images

Using upper images as a value function requires access to all the information related to the
set-valued function P;(+). Theorem [3.2.2) provides a way to calculate P;(v;), where we require
access to uncountably many choices of F;,i-measurable v;,;. From a computational stand
point, this is generally impossible. Luckily, the family of upper images (P;(-))er satisfies a

scaling property that will provide a method to access any choice of v, 1.

Proposition 3.3.1. Lett € T. Let ®; be a cone for allt € T\{T}. The set-valued function
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Pi(+) is positively homogeneous in the following sense:

Vg

Pi(vs) = vf * Py(1),
for every vy € Li(R ).

Proof. Let x = a + b, where a € {T4(vF, (v7)?%, (v7)?) | ™ € Wy(vy)} and b € Ly(R3). Let
T € Wy(v;) be such that a = T'y(vF, (v7)% (vF)?). Let 7= . So,

T
T t+1
Ve = 7Tt+15t — 1= (

)TSt == ﬁ';rJrlSt and

U
V=alS = == (5)Tg = 7T,
(o (o
for s > t+ 1. Thus, 7 € U,(1). Additionally,
= VT T VT
T o T T T s+1 S
UT—Ut+S:t(Us+1 vy) :>U_t_1+;( " )
T-1
—vp =1 +Z(U§+1 —vy)
s=t

where (v} );er is the wealth process under portfolio 7@ € W(1). Thus,

—E,(v]) v ~E/(v}) v
a=| E((f)?) | = |2 |*| B@])?) | =|w | * Dol (0]) (0])%)
~®ep?)  \e?) \-@mep)y?)  \o

where T (vF, (v5)?, (vF)?) € {T(vF, (vF)?%, (vF)?) | ™ € (1)} Finally, since v; is positive for
all t € T and the upper images are closed, we have a+b € (vy, v2,v2)T % P;(1). Very similarly,

it can be shown that for any portfolio 7 € W,(1), there exists a feasible portfolio T € W (v;)
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such that 7 = v,w. Thus, the sets are equal. O]

Using this property, we update the problem as below:

min. I';(M¢E), w.r.t. <Lo(®)
s.t. v = 7T;I—+1St

-
Vg1 = TpyqSt41

Tie1 € B (Gi(vr))
Ut+1
€ [v2, | *Pea(1)
U
with feasible set
‘I’t(vt) = (M1, 6) v = 7TtT+1St,Ut+1 = 7TtT+1St+1,7Tt+1 SR (3.3.1)

€ € (U1, (U41)”, (0141)%) T * P (1)}

Now, it is sufficient to compute the family of sets (Py(1))er, and by component-wise

matrix multiplication, we get access to the upper images for any wealth process (v;)er.[14]
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Chapter 4

Solution Methodology

In Chapter 3| we have provided a dynamic characterization for the upper images of family of
problems (Gy(-))ter. An investor at time 0 € T with wealth vy € R, is naturally interested
in the minimal points of the upper image Py(vp). Our goal in this chapter is to provide an
algorithm that will compute Py(vg). A methodology to compute Py(vg) for an initial wealth
vy € Ry, will be provided in Section Before that, we will give our algorithm that finds
the family of upper images (Py(+)):er, using the positive homogeneity property in and

the dynamic structure in [3.2.2]

Algorithm 1 Backward recursive computation of the family (P;(+))ser
Input: A market model satisfying assumptions.
Initialize: Pr(1) = —1+ Ly(R?)
fort=T-1,...,0do
Use Py;1(1) to solve the problem G¢(1) to obtain P;(1).
end for

Output: Py(1),...,Pr_1(1).

Algorithm 1] aims to compute P;(-) for all ¢ € T by using the dynamic structure in Theorem
3.2.2l We have already shown in Proposition that it suffices to find P(1), where we
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take v; = 1 for all t € T. Note that the upper image at terminal time 7" € T is taken as

Pr(vr) =Dr(vp, v3,v2) + Lp(R?)

:(_UTa U%? _v%)T + LT(R:}{—)

as there is no portfolio to construct and vy in Fr—measurable. After initializing the terminal
upper image, we move on to computing Pr_;(1) using Pr(1). The recursion moves down the
investment horizon by computing each upper image down to time 0 € T, where we finally
obtain Py(1). This procedure is going to be the gateway to finding (weakly) efficient trading
strategies for an investor with initial wealth vy € R, as the upper image at the initial
time is found, and can be scaled using Proposition [3.3.1. Before getting into how to find
these trading strategies, we will talk about solving for minimal points of the problem
using Pascoletti-Serafini scalarizations. Moreover, since the problem is nonconvex, the upper
images are nonconvex as well, which prevents us to use the well-known algorithms in the

literature that are suitable for convex vector optimization problems as in [I8] and [19].

4.1 Solving the VOP |G,(v)

Algorithm [I]is the recipe to obtain the value functions of the dynamic programming problem

. To obtain the upper images at any period ¢t € T, the nonconvex VOP should
be solved. Since the VOP is nonconvex, we are going to implement Algorithm , which

is the nonconvex Benson-type algorithm given in [20]. In order to implement the algorithm,

we will make an additional assumption to the problem:
Assumption 4.1.1. Short-selling is not allowed, i.e., 11 € Ly(RL) for allt € T\ {T}.

Remark 4.1.2. Note that the set L;(R%) is a closed convex cone, which is sufficient for

Proposition to hold as we take @, := L;(R%).
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Lemma 4.1.3. Assumption implies that the feasible set Wi(vy) is compact for anyt € T
and vy € Ly(R;).

Proof. The set W, (v;) is closed by its defining equalities. It remains to show the bounded-
ness. Let i be one of the assets with price S¢ > 0 at time s > t+1, and R; 5 := max{% |
Vwsy1 C ws} be its highest possible return in period s € T. Since the underlying probability
space is finite and the price process is positive, we have 7, < Ri,sg—tg for all s > ¢+ 1. Then,

there exists an upper bound for the number of assets that can be held in each period. Thus,

U, (vy) is compact. O

The algorithm in [20] assumes the upper images are closed and the ideal point of the
problem exists for all t € T. The upper images are defined to be closed in our setting.
To define the ideal point of the upper images, let e; € R? be the vector with all zero entries,
other than the entry i, which is 1 for all 4 € {1,2,3}. That is, e; = (1,0,0)T and so on.

Consider the scalar optimization problem for ¢t € T, v, € L;(R,):

minimize [y(M&)Te; subject to (w1, &) € Wy(vy) (O(v4,1))

The problem is a scalar optimization problem, where only one of the components of
the objective function vector in problem is minimized.

Lemma 4.1.4. Let v, € Li(Ry). There ezists an optimal solution to the problem |O(vy, 0]
for alli e {1,2,3}.

Proof. We use the Weierstrass Theorem, however the feasible set W;(v;) is not compact.
Therefore, we add the constraint [';(ME) < 2*. By the monotonicity of T';, the smaller
subset continues to contain an optimal solution for the problem In addition, the
feasible set is now compact. Additionally, the objective function I';(M¢) is continuous for all
i € {1,2,3}. Thus, an optimal solution exists for problem foralli e {1,2,3}. O
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Let (7},,,,&;) be an optimal solution to the problem for each i € {1,2,3}. The

ideal point of the upper image P;(v;) is defined as:
7= (Te(MED) Ter, Te(ME3) e, T (ME5) )" (4.1.1)
Additionally, define the upper bound point z** as:

sz = (Zfl{, z;fg, szg)T (4.1.2)

where 2% = maxjeq123{[«(ME;)Te;}. That is, the upper bound point is the maximum

of the image of each optimal solution in each component. Finally, we can conclude that
the nonconvex Benson-type algorithm in [20] is available for our use. To implement the
algorithm, we first scalarize the vector optimization problem using Pascoletti-Serafini
scalarization given in [21I]. The scalarization works as follows: Let ¢t € T, v; € Li(R,).
A starting point p € L;(R?), usually chosen in the first iteration as the ideal point of the
problem m, is taken. A vector d € L;(R%,) is chosen as the improvement direction,
and the problem minimizes the distance between p, and the upper image of the problem.
That is, we find a pair (711, &) € Uy (v;) that minimizes the distance p € Li(R. ) subject to
[y(ME) < p+ pd. Let p* be the optimal value. The point y := p + p*d is on the boundary
of the upper image P;(v;). By finding boundary points of the upper image, we will find an

approximate upper image that will be described in Section [4.1.1

Let us formulate the Pascoletti-Serafini scalarization of the problem with v; = 1.
Let t € T\ {T}, p € Li(R?) and d € L,(R3,). The scalarized version of the problem G(1)
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is given as:

min.
st. l=mn .9

V41 = 7TtT+1St+1
T € Ly(RY) (PSi(p,d))

I(Mz) <p+pd

Vt+1

x € *Pt+1(1)

2
Vit

2
V41

The scalarized problem |PS;(p, d)| will be used to operate the nonconvex Benson-type algo-

rithm given in Algorithm [2]

Remark 4.1.5. Although the problem uses the true sets P;;1(1), for the numer-
ical examples, we use the inner approximations found by Algorithm 2l When solving the
scalarizations, we utilize binary variables to represent a polyhedral approximation. Also, the
constraint involving the function I'; is a nonconvex constraint. Therefore, each scalarization
is a nonconvex quadratic mixed integer programming problem, which can be solved to global

optimality by the Gurobi solver.

Lemma 4.1.6. There exists an optimal solution to the problem [PS;(p, d)|.

Proof. We again use the Weierstrass Theorem. The feasible set W(1) is closed by the
defining sets and equalities. Moreover, we have shown that m;,; values are bounded in
Lemma 4.1.3, To satisfy boundedness, it suffices to argue that x values can be bounded as
well. For that, we bound the upper image P;.1(1) by its upper bound szzl defined in .
That is, we add the constraint z < (vi41, 0%, v )" ® zf2,. By the monotonicity of T, we
know that the optimal solution is contained in the new feasible set. Moreover, the feasible
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set is now compact. Since the objective function is continuous, an optimal solution exists to

the problem |P.S;(p, d)! O

4.1.1 The Nonconvex Benson Type Algorithm

We will discuss the nonconvex Benson type Algorithm given in [20]. Before getting into it,
the definitions of upper images under certain w; € €); should be defined. Computing the
family of upper images (P;(-))ier is to find it at any ¢ € T and any w,(€ €);). As the values
of the assets in the market change, our methodology should be able to provide the investor

with proper upper images to make decisions.

Let t € T, vy € Ly(Ry). The upper image P;(v;) under w; € €2, is defined as:

Pi(v)(we) = cl ({Ft(vgi, (07)%, (7)) (w) | 7 € ‘I’t(vt)(wt)} + Ri)

The algorithm uses inner and outer approximations of the upper image to compute ‘good

enough’ solutions. We define them here.

Definition 4.1.7. Let t € T, w; € Q. Let Py(1)(w:) be the upper image of the problem

G(1) for the given w,. The finite set Vi"(w;) is called inner e-solution if
H(Pe(1)(we), Vi"(we) +RY) <€ and V" (wr) C Pe(1)(we),
and the finite set V7" (w;) is called outer e-solution if

H(Pi(1)(wy), VP (wy) + ]Ri) <e and Py(1)(w) C V" (wy) + Ri.

Let t € T, wy € , 2% (w;) € R3 be defined as in and z"(w;) € R? be defined
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as in [£.1.2] A point v € L is called a vertex of £ if v cannot be expressed as the convex

combination of points taken from £\ {v}. The set of all vertices of L is denoted by vert(L).

For an intermediate time ¢t € {0,...,7 — 1}, we will approximate the upper image

P¢(1)(w;). The psuedocode of the nonconvex Benson type algorithm is given in [2]

The inputs of the algorithm are the ideal and upper bound points 2% 24; a direction

vector for the problem given as d := 1 € R? and the user-defined approximation
error € > 0. The initial inner and outer approximations will be given as Uy (w;) == {z*} +R3
and L(w;) = {zj%"'} + R, respectively. Let S := ). At an arbitrary iteration k € N, the
algorithm will choose a vertex v € vertLF(w;) and check if v + 1le € UF(w;). If not, solve
and obtain an optimal value p*. The point y = v + p*d will be a boundary point
of Pi(1)(w;). The outer approximation is updated as £ (w;) = £F(w;) \ ({y} — R%,) and
the inner approximation as U/ (w;) = U (w;) U ({y} + R3). The algorithm terminates at a
finite iteration K € N if LX (w;) +1e C U (w;). The sets LK (w;) and U (w;) are returned as
the outer and inner approximations, respectively. By the boundedness of the upper images,

[20] guarantees that the algorithm will stop after finitely many iterations. The psuedocode

of the algorithm is given as follows:
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Algorithm 2 The Nonconvex Benson-Type Algorithm

Input: t € T, w; € Q, 21%%(w,), 2#*(w;), the direction vector d :== 1 € R3, the approximation
error € > 0.
Initialize: £)(w;) = 2% (w;) + RY, U (wy) = 2% (wy) + RE, S =0, k = 0.
1: while vert(Lf(w;)) ¢ S do
2: Choose v € vert(LF(w;)) \ S;
if v+ €l € UF(w;) then
S« SU{v};
else
Solve problem to get optimal value u*;
Set y = v + p*d;
L5+ (w) = Lhw) \ (y — B3,
UF (wi) = Uf (W) U (y + RY);
10: k+ k+1;
11: end if
12: end while

Output: K =k, LF(w;), UE (wy).

The end products of the algorithm are LK (w;), the outer approximation, and U (w;), the

inner approximation of the upper image P;(1).

Remark 4.1.8. The family of set-valued functions (Py(+))ser is related to the market struc-
ture and the initial wealth of the investor. Therefore, the same upper images can be used

for investors with varying risk attitude parameters.
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Chapter 5

Approximation of the Upper Images

In this chapter, we will put an upper bound on the error that will be caused by the approx-
imation technique we will employ. For computational purposes, we will impose no shorting
constraints to the problem M’ that is, add the constraint 7, € Ls(Ri) for all s > ¢t + 1.
We will prove some useful properties about the functions and algorithms we use before finding

a manageable upper bound for the error.

Lemma 5.0.1. The mazimum value of wealth viv1 € Ly (Ry) for problem Dt(l) at node

wy can be achieved by investing to the stock with highest possible rate of return; i.e.,

SF L (w
Mlarss) = sl = 1 252
t

Similarly, the minimum value is found by

3 B . SE (W)
m(win) = o fle = min =g
ke{l...d} :

Proof. With the addition of no shorting constraints, this is trivial. O]

36



Note that Lemma implies v; € L°(R,) for all t € T.

Lemma 5.0.2. Let f: L(R%) — Ry be defined as

£&) = lelly = (pr\/aw))

we

where p, = P{w} for w € Q. Let £ € L(Ry) be wealth as in Lemma |5.0.1. Then,

J(TE+1Te) = F(TE) < |[Tllaor/ e, for e >0, T € L*(R,).

Proof. Since f is a concave, using its supergradient we get

J(T€ +1T€) - f(T€) < Vf(T¢) 1T
=12 wV 1'(Ww)E(w L) 1Te
( (gp (w)&( )) 2 /TE

Lemma [5.0.2] serves as a bound to the third component of the vector-valued objective

function I';.

Lemma 5.0.3. Let w, € , H : oRL « oRL R, be the Hausdorff distance, gﬁl,Vt"ﬂ be

random sets denoting e-inner and outer approximations of the upper image of the problem
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Dy1(1) and HVP (wig1), Vi (wig1)) < 0 for all weyr C wy. Let 2 LY, (Ry) — L9, (RY)

be defined as r(X) = (X, X% X?)T. Define

P (wyp, 1) = {Te(Mz) | 1 =7/ Se(wy), Vi1 = 71 Sz € r(Vi) Vi + L (RY)) }

Py wr, 1) = {T(Mz) | 1 = 7y 1 Si(wr), Ve = 701 Sern, @ € r(Vig) VS + L (RY))

where multiplication by r(Vyy1) is component-wise. The following hold:

1. Consider the problem D;(1). We have

T (M7 (X)) — To(Mr(X)(x + 168)) |2 < 54| [ X200 + [[ X400 + (HXQHOO /Ilmgllm)

for 6 >0 and for any v € Piy1(wi, 1) and X € L9, (Ry).

2. Let x € V" (wi)+R3. Then, x+18 € V7 (wit1)+R3. Moreover, for X € L3, (Ry),
r(X)z € r( X)WV (wirr) +RY) implies r(X)(x +16) € r(X) (Vi (wip1) + R3) for all
Wiy € wy.

3. H(PP " (wy, 1), Pi™(wy, 1)) < sup ITy(Mx) — Ty(M(z + 19))|2-

zer(Vip1)Vert

mir1 €W (1)
4. Let V?"(wy) be the e-outer approzimation of P (wy, 1) and Vi"(w;) be the e-inner
approzimation of Pi"(wy, 1) at time t € T. Then, H(V?" (w;), Vi"(wy)) < H(V (w;) +
R, PP (we, 1)) + HVi™ (we) + R, P (wy, 1) + H(PE™ (wi, 1), PP (wr, 1))
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Proof. 1. We have

—Ei(—Xa1) + E(—X (21 + 0))
ITe(Mr(X)x) — To(Mr(X)(z + 16)) ||l = | Ei(X225) — E(X2(x2 + 0)) I2
—(B(V=X223))* + Eo(/ =X (a3 +9))°
31 X loo

<I| o1x% |2

0/ 1 X% loc
i 2
- 5\ X115 + 11X + <||X2||oo\/ E)

2
= 5 [ IXI2 4 1+ X2y )
\ o) fe'o) m

2. Let « € Vo (wiq) + RY. Then, = + 16 € V¥ (wi1) + R3 holds since

HW2 (weg1), Vi (wi1)) < 0. Now let X € L2 (Ry). Then, r(X)z €

r(X) (V2 (weer) +RY) and
r(X)(z +16) € r(X) (V¥ (wir1) + RE 4+ 16) Cr( X))V (wis1) + RY)

since 7(X) > 0 almost surely, showing that 7(X)(z + 1) € r(X)(V (weg1) + R2)

holds for any w;11 C wy.
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H(Ptout(wt’ 1), Ptm(wt’ 1)) = sup inf 5 T (Mz) — Ty(My)||2
xET(Ut+1)(ijr“i (wt+1)+R1) yGT(Ut+1)(VtZK£(wt+1)+R+)
7Tz+16\i/t(1) 7Tt+1€\1’t(1)
< sup inf \ T (Mz) — Ty (My) ||

zer(ve1) VP (wet1) yET(vt+1)(V§11(wt+1)+R+)

mep1 €0 (1) Tir1€W(1)
xeT(Ut-H)Vfﬁi(wHﬂ

mr1€We(1)

for all w;y1 C wy, using item 1 of this lemma and the Hausdorff distance given for the

approximations.

4. This follows directly from the fact that

ViMwe) + RY C P (wr, 1) € PP (w, 1) € VP (wy) + RE

Proposition 5.0.4. Let H(V2" (wys1), V1) <0 for all wiyr C wy. Then,

5

HV" (wr), Vi*(wr)) < 26+ 5\/M2 + M+

m .

Proof. Let z € P/"(wy, 1). Then, there exists z € 7(vi1) (V24 + R3) and 741 such that

T = Ty(Mz) and vy = @)1 Sip1. Since HOVPM (wig), Vit (wip) + R3) < 8, we have
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Z2 4 1(v41)0 € (V1) V™ (wi) + R3) using Lemma item 2. Then,

H (P (wi, 1), P (wi, 1)) < sup ITe(Mz) — Iy(M(2 4 16)) |2
zer(vep 1)V (wit1)
Tir1€T4(1)

= sup  [[Te(Mr(vea)2) — Te(Mr(vea) (x + 10)) 2
xEVfﬁf(wt+1)
mr1€W(1)

2
M
< O | ol + el + (HU?+1Hoo\/ E)

Finally,

. M5
H(V (wy), Vi(wy)) < 26+ 04/ M2 4+ M4 + —

using Lemma [5.0.3 O]

Proposition provides a bound for the approximation error that can be made during
the computation of the upper images for each t € T. Corollary below provides the

bound on the total approximation error that can be made during calculations.

Corollary 5.0.5. Let ¢ := \/M2 + M* + Mﬁs The error in approximation at each period is
bounded by a constant in m For a T period problem, Let H(V3 (wr_1), V& [(wr_1)) <

clf'—1

2¢. Then, the total error in approximation will be given by 2e<—-.

Proof. At time T'— 1 € T, we have an error of 2¢. Then, at time T'— 2 € T, the total error

is
-1
c—1

2¢ + 2ec = 2¢

It
c—1

Let ¢ € T and the error at this time be 2e

. Then, the total error at time ¢t — 1 will be

T—t

1 T_t—l T—t+1_1
2e4+2 =92 (145 p) =2t -
c—1 c—1



Thus, the total error at initial time is 26(::_—11. O]

The importance of Corollary is that the total approximation error is manageable for
a market with less volatility and long investment horizon, or a volatile market with short
investment horizon. The vector-valued function I'; is the main reason for the given total
approximation error. Although the function is linear in the first two components, its third

component is difficult to bound.
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Chapter 6

Finding (Weakly) Efficient Portfolios

After computing the upper images for each period ¢ € T, our next objective is to find
the corresponding optimal portfolios for an investor with a given risk attitude. Until now,
we worked on the family of problems (Gy(-))ier, and the upper images of these problems
contain minimal points that are not necessarily mean-variance solutions. Therefore, we will
only work with a subset of the family of upper images (Pi(-))ier. In Section [6.1.1] we
will propose a methodology to find mean-variance efficient portfolios by using the upper
images in a forward manner. That is, starting from time 0 € T, we will find portfolios that
are optimal for problem and remain weakly efficient for the intermediate time
vector optimization problems VMV,(-) for all ¢ € T. First, we will show that a minimizer
of the problem , which is a boundary point of the corresponding upper image can
be found using an efficient portfolio. For that, we will state a very useful theorem called

vectorial Weierstrass theorem:

Theorem 6.0.1. [16, Theorem 2.40] Let n,k € N, f : R* — R¥ be continuous and S C R"

be compact. Let C C R¥ be closed, convex pointed cone with § # C # R*. Consider the
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problem

minimize f(x) with respect to <o x €S (V)

Then, there exists a solution to the problem , where a solution is a nonempty set X C S

such that

{f(z) |z € X} = Min{f(x) | x € S}

and Min{ f(z) | @ € S} is the set of minimal points of problem (V).

Remark 6.0.2. By the characterization in Remark [2.2.3] a solution X C S is comprised of

efficient solutions.

Lemma 6.0.3. Let t € T and v; € L(Ry). If x* is a minimal point of Pi(v,), then there

exists m € Wy(vy) such that Ty(vX, (vE)?, (vE)?) = x*, that is, w is an efficient solution.

Proof. The compactness of the feasible set W;(v;) is stated in Remark |4.1.3] and the vector-
valued objective function I'y is continuous by Proposition [3.0.1} Thus, the vectorial Weier-

strass theorem applies. O
Lemma m shows that a minimal point of the upper image P;(-) corresponds to a

solution m € Wy(-). The next step is to connect the family of upper images (P¢(-))ter with

the mean-variance problem.
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6.1 Relation Between the Mean-Variance Upper Image

and (Pt('>)t€']1‘

Define

Ti(vy) = {(z1, 22 + x3) | 2 € Py(vy), aF = —x3},

and consider the upper set below:

Ty
TDy(vy) = | € P(wy), 95% =—x3p + Lt(Ri)a (T'Dy(vy))

To + T3
where the mean-variance objectives are constructed using P;(v;). Also define
Ti(ve) = {(~Ee(v}), Var, (v7))T | m € Wy(ur)},
and consider the upper image of the vector-valued mean-variance problem given in :

PV = 4 [ ED) 2
H(vy) = | me Wy(vy) p + Lt(]R+).

Var,(vT.)

Remark 6.1.1. The closure in the definition of an upper image can be dropped when the

feasible set is compact and the vector-valued function I'; is continuous.

Proposition 6.1.2. Lett € T, v; € L(R). Using Pi(v;), the mean-variance upper image
can be recovered using the nonlinear transformation in (T Dy(vy))):

PMVy(v) = TDy(vy)

Proof. For the (C) part, let ©+ = a + b, a = (=E;(v}), Vary(v])), b € Ly(R%) for some
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7 € Uy(vy). Then, we can write

—E;(v7) —E,;(v})

C\varep))  \E(0)?) - E0F))
Then,

(@) = (~E:(v}))* = (Bi(v7))* = —as.

Moreover, define a := (—E;(vF), E;((v5)?), —(E¢(v7))?)T. Then, a € Pi(v;) and a = (ay, as +
az)". Thus, a € Z;(v;). Since is an upper set, a +b € T Dy(vy).

Conversely, for the (D) part, let z = ¢ +d, ¢ = (21, 29 + 23) for some = € P,(v;) satisfying
x] = —x3, and d € Ly(R%). Since © € Py(vy) is from a closure of a set, take a sequence
"= a" 4 b", a” = Ty(of", (vF )2, (vF")?), for some 7" € Wy(vy), b" € Ly(RY) for all n € N,
where 1" — x as n — oo. Define a® = (a?, a} + a}) and b" = (b7,b% + b%). Similar to the

first part, we see that

2

(a?)? = (~Ey(vf"))” = (Bo(vf"))" = —al

for all n € N. Thus, a" € Z;(v;), implying that a”+b" € MV,(v,) for all n € N, since MV (v;)
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is an upper set. Furthermore, we have

_ a’ b"
lim (a" + ") = lim e
‘Tn
= lim !
T
To + T3

=c € PMV(v),

since ¢? = —c3 by its definition, and PMV;(v;) is closed. Finally, by the fact that PMV,(v;)

is an upper set, z € MV;(v;) as well. O

We have shown that the mean-variance upper images can be obtained using (P(-))ser
and a linear transformation in the objective function, and a nonlinear transformation in the

feasible set.

6.1.1 Finding Mean-Variance Efficient Solutions

We will use Proposition to find mean-variance efficient solutions. First, define the

three-dimensional mean-variance correspondence set

TD,(v,) = {x € Pi(vy) | xl = —xd} (6.1.1)

We will prove a one-sided recursion related to TD;(v;) that will be useful later.

Lemma 6.1.3. TDt ’Ut {Ft M.I' | x € TDt+1(Ut+1)}
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Proof. Let # € TD;1(viy1). Then, z € Piyi(viy1) and 22 = —x3 by definition. Then,

I't(Mz) € Pi(v:) by the Bellman’s Principle and

—Ei(—x1) E;(zq)
[y(Mz) = E(z2) = E.(z2)
—(By(21))? —(By(21))?
Thus, Ty(M,) € TD;(v,). O

Let t € T, vy € Li(R) and x* € P;(vy). Define the feasibility problem Fi(x},v;) as

minimize 0
subject to v; = 7rtT+1St
V41 = 7TtT+1St+1
Tir1 € Dy (Fi(zy,vr))
Tyl € ﬁtJrl(UtJrl)

(M) < 7.

We will use the problem starting at time 0 € T to find a point from the set
TD;(vy). Let \g € R? . be the risk attitude and vy > 0 be the initial wealth of the investor
at time 0 € T. Define the weighted-sum scalarization using T'Dg(vy) with weight Ay =
[Xo,1: Aoz Ao2] "

inf M. (6.1.2)
xETDQ(’UQ)

In a market satisfying Assumptions [4.1.1], let the family of upper images (P;(:))ier be

available. The sets (T'D, ) can be obtained via a nonlinear transformation using the upper
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images. Let z € argmin{\z | € TDoy(v)}, and (7}, z}) be a feasible solution to the
problem Fy(z$,v9). Then, 77 is the portfolio of the investor at time 0. Using z7, we may
find the remaining portfolios and corresponding x; values for all ¢ € T. The set of portfolios
(7} )ter will be efficient for the given investor. The psuedocode of the forward processes is

below:

Algorithm 3 Forward Processes
Input: A\ € R3,, vy € Ry, a market satisfying the Assumption m
Initialize: z € argmin{\ 2 | # € TDy(vy)}.

1: fort=0,...,7—1do

2: Solve the problem

3: Obtain (77,4, 7).

4: end for

Output: The set of portfolios (7}, )ser-

Lemma 6.1.4. Let vy € Ryy. af € argmin{\lz | 2 € TDo(vo)}. Then, y* = (x5, 25, +

T is a minimal point of the mean variance upper image PMVy(vp).

53)
Proof. Since the weight )\g is strictly positive, the point % is minimal in T'Dg(vo) [15),
Theorem 11.17]. Assume there exists y € PMVy(vg) such that y < y* and y # y*.
Then, since \g € R2,, we have \Jy < AJy*. Furthermore, since y € MVy(vg), there
exist a € Zy(vg) and b € Lo(R%) such that y = a +b. Define a == (a1, ay + a}, —a?)T,
b= (b, 2, %) € Lo(R3) and Ay = (A1, Xo2, Ao2). We have a2 = a? = —(—a}) = —as.
Additionally, ¢ = (—E(v}), Var(vf)) for some 7 € Wy(vg) since a € Zy(vg). Thus,
(—E(E), E((v7)?), —(E(vF))?) € Po(ve). Then, @ € TDg(vy). Since TDg(vp) is an

a

upper set, @+ b € TDg(vp). Moreover,

Ay (@+ D) = Noj (@1 +b1) + Aoz (a2 + ba) + Aos (@3 + bs)

b b
= Xoa(ar + by) + Xoalag +a? + 52 —a’+ 32)

= )\071(611 + bl) + )\O,Z(QQ + b2)
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and My < Aly* = Alz*. Which is a contradiction to the fact that z* is a minimal point.

Thus, there exists no such y and y* € MVj(vg) is a minimal point. O

Lemma 6.1.5. Letvy € Ry 2§ € argmin{A\]z | © € TDo(vg)}, and y = [, xf,+355] €
PMVy(vg) be the corresponding mean-variance minimal point from Lemma m Then,
there exists (1%)s>1 € Wo(vg) such that yi = (=E@X), Var(v: ). In other words,
generates a minimal point of the mean-variance problem and there exists an optimal solution

that corresponds to that minimal point.

Proof. The existence of an optimal solution to a minimal point is immediate by the com-
pactness of the feasible set shown in Lemma [{.1.3] continuity of I'; shown in and
Theorem [6.0.1] O

Lemma 6.1.6. let vy € R, . The problem Fy(zj,vo) is feasible for xf € argmin{\lz | z €
TDy(vo)}. Furthermore, for anyt € T\ {T}, let v; € Ly(R), z} € TDy(vy), and (w1, 7}, 1)

be feasible for Fy(xy,v;). Then, Fypq(x) w1 Se1) is feasible.

Proof. We will use the fact that if portfolio (7})er is optimal at time 0 € T with weight

vector Ay € R3 .,

optimal for all + € T [I4, Theorem 3.14]. Let z} € argmin{\]x | # € TDy(v)}. Then,

then there exists a weight process (A\;)ier such that (ms)s>¢y1 remains

y = x5, 5 4Fahs]" is minimal for MVj(vg) by Lemma . Since y is minimal, by Theorem
, there exists an optimal solution, say (m;)ier with y = (=E(v} ), Var(vF ))T. Consider
problem Fy(zf, vo). We know that there exists a weight A; € Li(R?) such that (7¥)>2 is op-
timal for the problem PMV;(w] Sy, A1), with objective function vector I'; (v , (v )2, (V3 )?).
Then,

Lo (MTy(F L (0F )%, (0F ) = To(ef 0 % (F )?) = a5 (6.1.3)

by the recursiveness of I';. Furthermore, (75, Ty (vE, (v5 )2, (vF)?)) is feasible for Fy(xy, vo),

by (6.13) and I'1(vf, (v )?, (vF)?) € TD1((})"S1)-
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Now consider for an arbitrary ¢ € T, where z} is found by the same procedure
as in the first part. That is, using a feasible solution (77, z7) of Fy(zf, vo) to find a feasible
solution (73, x3) to Fy(xf, (77)7S1). Then, using (75, 23) to find a feasible solution (73, z3)
to Fy(w3, (73)7S2), and so on, up to time ¢t € T. Then, we have x} = Ty(vF , (vF)2, (vE)?).
There exists A\ry1 € Ly 1(R?) such that (7})s>s42 is an optimal solution to the problem

MVi1((771) T See1, A1) Then, similarly

* * *

LMD (0F , (0 )2, (0 )2) = oo, (0F )%, (0 )2) = 2 (6.1.4)

by the recursiveness of I';. Furthermore, (m},;,Tiri(vF , (0F )2, (v )?)) is feasible for

by (6-1.4) and Tor (v, (vF )%, (V5 )?) € TDysa((m51) " Sisr). Hence, [Fy (2], v,)|
is feasible for all t € T. ]

Theorem 6.1.7. Let \g € R%,, vy € Ryy. Algorithm @ﬁnds an optimal portfolio for the
problem [M Vo (vo, o)t

Proof. We have shown in Lemma that the problem in [6.1.2 can be solved to obtain
a minimal point yo = (201, %02 + To3) of the mean-variance upper image PMVj(vy) where
1o € argmin{\z | x € TDgy(vy)}. Our aim is to find a portfolio 7 € Wy(vg) such that
zo = To(vf, (vF)?, (vF)?), which we know to exists by Lemma[6.1.5] Additionally, we know
that Fy(z},v,) is feasible for all t € T by Lemma [6.1.6] Let (7, #441)em\ ¢} be feasible for

the family of problems (F(z, (Wt)TSt))te'ﬂ‘\{o}. Then, we have
Ft(Mle) S Tt

for all t € T\ {0,T} by feasibility. Furthermore, by the monotonicity and recursiveness of

I'y, we get

Lo(MTy(... (MTy(M41)))) = To(Mapyr) < w9 = To(vF, (v7)?, (vF)?)
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for all t € T\ {T}. Since zp € TDy(vy) is a minimal point, we get I'o(Mzy1) =
Lo(vF, (vF)?2, (vF)?) for all t € T\ {T}. Then, © can be chosen as the associated portfo-
lio (mf;)ter from the feasible pairs (7}, Z441)ier\(r3. Thus, Algorithm (3| finds an optimal

portfolio. O

Theorem 6.1.8. Let x; € argmin{\"xz | & € TDy(vo)}, (7%, 2%), ..., (74, a%) be feasible for
the problems Fyo(xh,vo), ..., F(zh 1, (w5 )" Sr_1), respectively. Then, xi € TD,((7)TS,) is

a minimal point for all t € T. Furthermore, x} is minimal for Pi((7;)7S:) as well.

Proof. The minimality of xf, € TDy(v) is guaranteed by the strictly positive weight A €

R3 | by [15, Theorem 11.17]. Assume 2} € TD;((7})7S;) is not minimal. Then, there exists

x € TD,((71)7S1) such that x < } and = # x}. By feasibility of (77, 27), we have
To(May) < xp.

Additionally, by Lemma we know that ['o(Mx) € TDgy(vo). Then, the hypothesis and

the strict monotonicity of I'y implies
Fo(Mz) <To(Mz}) <z and To(Mz) # Lo(Mz7),

contradicting the fact that zj is minimal. Thus, 2% € TD;((7})7S;) is a minimal point.

Let ;7 € TD,((x})"S;) be a minimal point. Assume 2}, € TDy1((m}, )7 S41) is not
minimal. Then, there exists © € T Dy 1((7}1)"S+1) such that z < 2}, and © # 2},;.
Similarly to the first part, I'y(Mx) € TD,((7})TS,) by Lemma [6.1.3, Then, by the strict

monotonicity and the hypothesis, we get

[W(Mz) <Ty(Mzy,,) <z; and I'y(Mz)#TLy(Mzxy,),
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contradicting the fact that 27 € TD,((n})"S;) is minimal. Thus, 2}, € TD1((7},1) " Si41)

is a minimal point.

For the last part, assume x} is not minimal for P;((7})7S;). Then, there exists x €
Pi((7)TS;) such that x < 27 and x # x}. Let x = a + b, a = Ty(vF, (vF)?, (vX)?) for some
T € W, ((7)7S,), and b € Ly(R3). Then, a € TDy((7})"S;), as it is a mean-variance image.

By the monotonicity of I';, we have

Ft_l(Ma) S Ft_l(M.flf) S Ft_l(Mx:).

However, since z; € TD;((77)TS;) is a minimal point, this cannot hold as a € TD,((7})7S,).

Thus, z} is minimal for P;((7})7S;) for all t € T. O

Theorem shows that a portfolio found by using Algorithm [3|finds an optimal portfolio
for the mean-variance problem at time 0, that is, a portfolio that fits the precommitment
approach. Furthermore, Theorem shows that this portfolio is efficient for the family of
problems (Gy(+))ser-
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Chapter 7

Examples

In this Chapter, the Algorithms [1| and |3| are implemented to two sample markets.

Example 7.0.1. In the first example, a binomial model is considered. Over T' = 100 periods,
the market is made up of one risky asset with up factor 1.0025, down factor 0.999 and one

bond with 0.5% return in each period. We take initial wealth vy = 10.

Example 7.0.2. In the second example, consider a five-dimensional Black-Scholes model,
where the initial stock price is taken as 1 for each asset, that is, Sp = 1 € R}, and W} is a

Wiener process for each ¢ € {1,...,5}. The continuous-time price dynamics are given by
dS; = Si(rdt + o, dW})

foreachi € {1,...,5}. Moreover, we let the Brownian motions be correlated with a constant

correlation coefficient p;; # 0 for every 4,5 € {1,...,5} where ¢ # j. Take r = 0.1 as the
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drift rate, and the rest of the parameters are

1 05 —-02 —01 —0.3
05 1 —04 04 —0.1
o=(0.2,05,0.150.3,025",p=| 02 —04 1 025 -0.3

—-0.1 04 0.25 1 —0.1

-03 -01 -03 —-0.1 1

where o is the volatility rate of the stocks. The choice of the parameters are taken from [14],
and the method to transition the price process into a discrete-time process is given in [22].

We solve for T' = 10, with initial wealth vy = 1.

In the examples, we take A\g = (1 — A\g2, Ao2, Ao2). In Figures 7.1 and 7.4, the stock

price process (S)er, the portfolio process (77, )iem (o3, the wealth process (v;)ier and the

conditional expectation process (E;(vF")) are given for Examples|7.0.1|and [7.0.2] respectively.

We observe for Example that as the risk attitude of the investor decreases, that is, Ag 2
parameter increases, the investor tends to buy less of the risky asset. This results in a
more volatile wealth process for a risk-seeking investor. For Example [7.0.2] the least risky
assets are the first and the third assets. Therefore, a risk-averse investor leans towards those
assets more compared to a risk-seeking investor. We again see that the wealth process for a

risk-seeking investor is more volatile.

In Figures 7.2 and 7.5, the process (x})er, where z7 € VMV,(v;), and the intermediate

time mean-variance curves are given for Examples [7.0.1] and [7.0.2] respectively. We observe

that x§ € VMVy(vp) is a minimal point for both examples, but the subsequent points fail
to remain minimal due to the time-inconsistency of the mean-variance problem. Finally,
in Figures 7.3 and 7.6, the three-dimensional upper images are given for each example in
different times. One may observe the nonconvex nature of these upper sets as the problem

is nonconvex for all t € T \ {0}.
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Chapter 8

Conclusion

In this thesis, we reformulate the mean-variance problem as a tri-dimensional multi objective
problem, where the scalarization of the reformulated problem is equivalent to the mean-
variance problem under the given risk attitude of the investor. Next, we show that the
reformulated problem is time-consistent with respect to Definition Using a set-valued
optimization problem on the space of closed upper sets, we show that the upper images of
the reformulated problem can be used as a value function to solve the problem dynamically.

We unveil the dynamic structure in Theorem [3.2.2]

We propose a methodology to compute the upper images of the reformulated problem,
where we use the upper images iteratively to compute the next upper image in a backward
manner. We use the nonconvex Benson-type Algorithm in [20]. Alternatively, one may also
use the solution methodologies in [23] and [24]. After computing the upper images through-
out the investment horizon, we are able to use them to find investment strategies for the
investor entering the market with a certain risk attitude. We show that the investment
strategies we find are optimal for the initial mean-variance problem in Theorem [6.1.7] Ad-

ditionally, we show that the strategies are time-consistent with respect to minimizers for the

60



reformulated problem in Theorem However, we fail to obtain time-consistency for the

mean-variance problem.

This thesis is comparable to [14]. There, they are able to find time-consistent investment
strategies for the mean-variance problem using the mean-second moment auxiliary problem.
Additionally, they provide a method to obtain a weight process that makes the family of
mean-variance problem time-consistent. However, the time-consistent weight process they
find may take negative values, which intuitively implies that it is reasonable to consider
investment strategies that minimize the expected wealth, making the problem lose its pur-
pose. In our methodology, although we are able to find time-consistent strategies for the

reformulated problem, we fail to provide a such weight process as the problem is nonconvex.

One important distinction to note compared to [14] is that their problem is convex in
nature, and the intermediate time problems they solve use a convex polyhedral approxima-
tion, which turns into a linear programming problem. In our methodology, we work with
nonconvex quadratic mixed integer programming problems, making it quite difficult to solve

the problem for longer periods of time, or in a market with many assets.

In the future, this methodology can be altered in a way that it provides time-consistent
investment strategies for the mean-variance problem as well. The computation of the upper
images in the backwards algorithm includes the images of the mean-variance time-consistent
strategies. However, the forward processes should be revised to unveil them. Additionally,
the way the mean-variance problem is originally formulated using risk attitude parameters
in may be counter intuitive, as an investor may not be able to provide such
parameters. It may be more realistic for the investor to provide a minimum expected return
or a maximum variance at the end of investment horizon, as it is more likely that they
already have a certain expectation from their investments. Therefore, this methodology can

be extended to a slightly different formulation of the mean-variance problem as well.
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