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ABSTRACT

MSc THESIS
Dirac Equation and Hydrogen Atom
Hasan ARSLAN

DEPARTMENT OF PHYSICS

INSTITUTE OF NATURAL AND APPLIED SCIENCES
UNIVERSITY OF CUKUROVA

Supervisor  : Prof. Dr. Gitlsen ONENGUT
Jury : Prof, Dr. Giilsen ONENGUT

: Dog. Dr. Ayse POLATOZ

: Yrd. Dog. Dr. Hamide KAVAK

According to the Theory of Special Relativity laws of physics valid in one
inertial frame are valid in other inertial frames. Also,the speed of light is invariant
under Lorentz transformations. From these principles we try to obtain a relativistic
quantum theory which also agrees with the principles of non-relativistic quantum
theory. This was achieved by Dirac who found an equation which gives antiparticle
solutions as well as solutions for particle with spin 1/2 .

On the other hand, in Dirac equation odd operators couple small and large
components of the wave function. In order to decouple them Foldy-wouthuysen
transformations are used.

In this thesis we applied the methods of Relativistic Quantum mechanics and
Foldy-wouthuysen transformations to the hydrogen and investigated the corrections
brought to the energy levels by a relativistic hamiltonian.

Key Words: Klein-Gordon equation, Dirac equation, Dirac matrices, Foldy-
Wouthuysen transformations, the hydrogen atom. .
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YUKSEK LISANS TEZi
Dirac Denklemi ve Hidrojen Atomu
Hasan ARSLAN

CUKUROVA UNIVERSITESI
FEN BILIMLERI ENSTITUSO
FIZIK ANABILIM DALI

Damsman  : Prof. Dr. Giilsen ONENGUT
Jiiri : Prof, Dr. Giilen ONENGUT

: Dog. Dr. Ayse POLATOZ

: Yrd. Dog. Dr. Hamide KAVAK

Ozel gorelilik kuramina gére eylemsiz bir gergevede gegerli olan fizik
yasalar bagka eylemsiz ¢ergevede de gegerlidir. Ayrica 151k hizi Lorentz déniigiimleri
altinda degismezdir. Buna dayanarak gorelilikli olmayan kuantum mekanifinden
gorelikli olan kuantum mekanigine gegis yaparken gorelilikli olmayan kuantum
mekaniginin kurallarimin gegerlilikleri korunmalidir. Bu gegisi gergeklestiren Dirac,
1/2  spinli pargacifin yanisira antipargaciin ¢dziimlerini de buldu.

Ote yandan Dirac denkleminde antipargacifin ¢oziimlerini veren kiigiik dalga
fonksiyonu, 1/2 spinli pargacifin ¢6ziimlerini veren bitylik dalga fonksiyonuyla tek
(odd) operatérlerle iligkilenir. Pargactk ve antipargacik ¢oziimlerinin birbirine
karismasin1 8nlemek i¢in Foldy-Wouthuysen déniigiimleri kullanilir.

Bu ¢aligmada bu ytntemler 8zetlenmis ve hidrojen atomuna uygulanmgtir,
Gérelikli hamiltonyenin enerji diizeylerine getirdigi diizeltmeler incelenmistir.

Anahtar kelimeler: Klein-Gordon denklemi, Dirac denklemi, Dirac matrisleri,
Foldy-Wouthuysen doniiglimleri, Hidrojen atomu
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CHAPTER 1

INTRODUCTION
"1.1 Formulation of a Relativistic Quantum Theory

A real quantum theory should satisfy the principles of relativity theory, that is,
laws of motion true in an inertial frame is valid in another inertial frame and speed of
light is invariant under Lorentz transformation.

Relativistic quantum theory must agree with principles of nonrelativistic
theory.These principles are;

1. For every physical system there is a wave function y which includes all
information about the system that we can know. At time ¢ for coordinates (q,_.s,) the
wave function has a physical meaning only if | Y(gi.., Si...f) |2 20. This
representation | yl 2 of finding the particle with coordinates q;._ 5;..s, at time ¢ is the
probability. The sum of positive contributions | v |2 for all values of given
coordinates (g)...q,, 51...5,) must be finite for all acceptable wave functions;

2. A linear hermitian operator is used to represent a physical observable . For
example, we use p/—> (% /i)(0/0g;) to represent momentum ,

3.When a physical observable represented by an operator Q@ is measured for

a physical system one obtains one of the eigenvalue w, which is real for a hermitian
operator ,
QY = On¥n
After the measurement, the system is left in the eigenstate y;,
4.According to expansion postulate a state function of a physical system can

be written in terms of a complete orthonormal set of eigenfunctions i, .That is ,



Wzan Wn
and
SN 1...) Ya¥(GesSerst ) Winl@1esSerest)=Com
is the statement of orthonormality .

w can be written as | y>=y , and y*=<yl . Then,

wy'=<yl y>=<a, Wl am l//>=a,,a,,,6‘,,,,.=l al’
records the probability that the system is in the nth eigenstate .

5.A physical observable Q measures any one of its eigenvalues @, with a
probability | a,] 2. The average of physical observable measurement is given by <Q>

<> =X Y (G 1y e DG 1Sl =2 Gl 20

6. The time dependence of a physical system is given by the Schréginger
equation :

ih (Oylof)=Hy

Hamiltonian H is a linear hermitian operator and has no explicit time
dependence , i.e. 0H/0=0, for a closed physical system.

From linearity of H and conservation of probability we conclude that

(dld)Zly#ytday:.)=il h Zl(dgr... ) [(Hy) yr—=y(Hy)]=0

Depending on these six principles of nonrelativistic theory we try to find the

coresponding relativistic quantum theory.
1.2 Attempts to Relativistic Quantum Formulation

For an isolated free particle the nonrelativistic hamiltonian is
2

P
H="— 1.1
o (1.1)

In quantum mechanics we use the operators

o
H—> iha (1.2)



-

h
p>= Y ‘_ (1.3)

Then the nonrelativistic Schrodinger equation is

_dylgt)  nrv?
ih E TR ™ w((g.t) 1.4)

According to the special relativity the total energy E and momenta (p,.p;,p.)

transform as components of a contravariant four vector

E
P = (2P P P") = (S22 Py ) (1.5)
Invariant length of four momentum is
E2
> ppt==-p =m'c (1.6)
P c

From here we conclude that the relativistic hamiltonian is

H=4pc® +m’c’
(1.7
Using this relativistic hamiltonian with the momentum operator in equation

(1.3) we write the relativistic form of the Schrédinger equation as

ihfo,l’Z =V-12c*V? +mict (1.8)

We expand the righthand-side operator in this equation as

22
V-12*V? + mic? =mcz(l-%zl—zz;-+...)
m’c

We obtain an equation containing all powers of the derivative operator V
and this equation is a nonlocal theory which is difficult to handle.
If we take the square of A in equation (1.7) we find an equation which is the

relativistic form of the Schréidinger equation

b Oy W a2 a0 4
(zha)(zhd)-( h°e’Ve+m°c®) w



1 &
L—Z;—V’ +(—'—",;‘5)’]w =0 (1.9)

named Klein-Gordon equation

H= im presents a negative energy root appearing with a
minus sign which gives the negative energy solutions of antiparticles.

Now we will try to find a conserved current from the Klein-Gordon equation.
First multiplying equation (1.9) from left by w* ; secondly taking hermitian
conjugate of this equation and then multiplying this from left-side by y ,finally
subtracting the latter from the former and making some calculations we obtain

v aw-vay]=o (1.10)
or, in explicit form
8 [ in W Sv oy

hoy o 4
| 2me? —(;—w—&-—)]w.-ﬂ[w Vy-yVy ]-0 (1.11)

The terms in the first paranthesis in equation (1.11) looks like a probability
density p, but it is not because it is not a positive definite expression . On the other
hand , equation (1.9) gives negative energy solutions in physical interpretation , so it
is a strong member for transition from nonrelativistic quantum theory to a relativistic

quantum mechanics as the Dirac equation which we will now discuss .

1.3 The Dirac Equation

In 1928, Dirac found a relativistic equation with the form of time dependence
as in the Schrddinger equation with positive definite probability density. Because of
linearity of such an equation in the time-derivative it is necessary to find an equation

. of linear in space derivatives. This equation is assumed to be in the form of

he( oy oy oy
_ﬁg’:'i_(al Y +a, P +a, %

ih ) + fmc*y = Hy (1.12)



Limitations on Dirac Equation (1.12) are :

1.From the invariance of spatial rotations, the coefficients &; cannot be simply
numbers.

2. The wave function y is not a simple scalar,

3. The probability density p=y*y should be the time component of a
conserved four-vector; if pis integrated over all space it must be an invariant.

Dirac proposed that equation (1.12) is a matrix equation. And wave functions
w must be in the manner of spin wave functions of non-relativistic quantum

mechanics. That is

v

¥
where @,/ in equation (1.12) are NxN matrices. So the N-coupled first order
equations corresponding to equation are:
51// he &
Z(a, e =Y Hy, (1.13)
Jj=1 J=1
Properties of N—coupled first order equation (1.13) are:
1. It must give the correct energy-momentum relation for a free particle :
E,Z '2 2_E2 p c
2.1t must allow a continuity equation and a probability interpretation for the
wave functions y
3. It must be invariant under Lorentz transformations
Each component of i must satisfy the Klein-Gordon equation because of the
correct energy-momentum relation of Dirac equation. So we write the Dirac equation
in the form of the Klein-Gordon equation :

ih— (zh-a—'/,-) [tha, +,Bmc }[ Za, +,Bmc]

=l i=]



After rearrangement we get an equation of the form

3
éz__"ﬂ_ _p? 2Z(aiaj+ajai ‘:2;/]"'}””-0 i(a,ﬂ+ﬂa,)%‘w,—

i=1

ﬂ2m2c4 v,

1,/=1
(1.14)
We take (a,a, +a,a,)/2 instead of a,a, because we do not know that
they are commutative or anticommutative .
If we compare equation (1.14) with equation (1.9) we can write that
aa,+a,a =20
a,p+pa, =0 T (1.15)
2 — ﬂz =1
According to nonrelativistic quantum mechanics postulates, hamiltonian seen
in equation (1.13) must be a hermitian operator . So «;, and £ must be hermitian

matrices. q;, and S have the matrix form of

0 g 1 0
o2 Dol )

Here o; are the Pauli 2 x 2 matrices , 1 is a 2 x 2 unit matrix . They are

0 1 0 -i 1 0 1 0
"*=(1 o)’ a”=(i o)’ "'=(o -1)’1=(o 1) (1.17)

To find out a current conservation equation from equation (1.13) we take the
hermitian conjugate wave functions y* =(y"...;y"s), and then we multiply

equation (1.13) by y* from left and find

ihy* --;-;gv a a:f ‘v By I
Now we take hermitian conjugate of equation (1.13) and then multiplying it by ¥
from right-side we obtain
] av,-r hC 3 5,,,4- . -
-y =—- + I
in— iééc,aﬂ// mcty* By

where a;"=a, f = Subtracting equation II from equation I we get



iy 2,00 )| resl L v ar
'h[ a 2 e
The terms in brackets on lefthand- side is the probability density , o , the terms in

bracket on the righthand-side is current density , j* = ¥*ca*'¥. By putting these in

their places in the last equation we obtain the continuity equation

op ,
—+V.j=0 1.18
3 J (1.18)

Integrating equation (1.18) over all space we write

—.[pd x+z Iw calyd’x=0

J:sl
We note that in the second term integration gives zero . Then the first term is also
zero . As we see p is a positive definite probability density .
The density and current in equation (1.18) must be invariant under Lorentz

transformation . Therefore, the probability density o and current j form a four-vector

under this transformation .

1.4 Nonrelativistic Approach to Dirac Equation
We consider a free electron at rest and try to solve the Dirac equation for this

electron. In this case , the Dirac equation is

oy

ih;-:ﬂmczw (1.19)
By using matrix form of fand y we write equation (1.19) in the form
v 10 0 0w
AA 01 0 0y,
h— = 1.20
Al T™ 0 0 -1 oy, (1.20)
Vs 00 0 -Ly,

From here we find out that the components of wave functions have to be



1 0 0 0

.10 _ 1 2|0 2,01 0
= gl = Ly = = o) (120

0 0 0 1

Where y, and y» give positive energy solutions , ys and y4 give negative energy
solutions .

We are trying to find out an equation of Pauli spin theory by the reduction of
the Dirac equation . To do this we describe a four-potential A" and a four-
momentum p* —(e/c)A* of gauge invariant form replacing p" to introduce the
interaction of point charge with applied external electromagnetic field . Now Dirac

equation takes the form
ih%f:'— = [c&.(ﬁ—EZ) + fmc? + ecb].,/ 1.22)

This last equation express the interaction of a point particle with an applied
electromagnetic field . The classical partner of the hamiltonian in this equation is

H=H,+H where H =-ed.A+e® . From here we note that classical

e. -
hamiltonian is H tssica =-zv.A+eCD

For the wave function in Dirac equation we introduce a wave function of two-

component column matrices as

(]
y4

Putting this two-component column matrices instead of y in equation (1.22)

after some calculations we obtain

(e
lho’t(z CO‘.?I’Z 2mc p +e¢x (1.23)

where 7 =p-(e/c)A. If we take small component y in terms of large one ¢ as



il (1.24)

and put this instead of i seen in equation (1.23) and use the identity

G.aé.b=a.b+ig.axh (1.25)

to calculate 6.75.% = #* +iG.7 x # and put its value in the equation, we find out
two-linear equations . One of them is a two-component spinor equation ; that is
S €=,

ih T - 2m —2mcozB+e¢ v

(1.26)

This equation is the Pauli equation .
Neglecting higher order terms in equation (1.26) and using Fxp=

~

L,
7 x B in expansion of 7z % omitting field interaction which has small effect,

= 1 = . [
and putting S =—%oc for the electron spin momentum, we reduce the Pauli

N

equation in the form

LOp (P’ e = = o=
ih— -[2m—2mc(2S+L).BJ¢ (1.27)

This last equation is the corresponding nonrelativistic equation to Dirac equation

which gives correct reults .



CHAPTER 2

THE FOLDY-WOUTHUYSEN TRANSFORMATIONS

2.1 Foldy-Wouthuysen Transformation of Free Particle

We consider the hamiltonian of the Dirac equation for the free particle

given by
H = fmc* +ca.p
B> —ikvV

In our calculations we take ¢ =% =1, then

H=pfm+a.p, p—>—-iv @.1)

The matrices used in this hamiltonian are Dirac matrices .

’ Pauli matrices have the properties

[ox, 0y ] =2ic; (2.2)

=0 =, =1

In the hamiltonian written in equation (2.1), @ matrices couple the small
and large components of the wave function . Therefore, we will try to make a
transformation to remove all odd operators represented by a from the Dirac
equation . The remaining operators seen in the hamiltonian obtained under such a
transformation must be even operators which don’t couple small and large
components of the wave function . We start to build ub this transformation by the
transformed wave function .y’ is related to original wave function y by

w' =ey (23)
Where §=S" , that is, § is hermitian , and not explicitly time-dependent . Using

Dirac equation for the transformed wave function ' we write

10



oy

— = H'y' .

i =H'y @4)
" Putting equation (2.3) in equation (2.4) we obtain the transformed hamiltonian as

H =e*He™ (2.5)

where H is given by equation (2.1).

Our purpose is to obtain the hamiltonian H' in a form of even operators
such as # and free of odd operators such as & .

We write e* in terms of odd operators as

e = ¢#*P%P) Where fa; =y are the Dirac matrices . The anticommutation
relation between s is

1tY= 28y »

where
1 0 0 O
0 -1 0 O
= ij=0,1,2,3 2.6
8%l 0 -1 o0 J (26)
o 0 0 -

Before expanding e” in power series we write the unit vector for momentum-

1

space as 1 = H
P

3
then Ba.po(p) =Y. yn|Bl6(B) = y.n|p6(p)

i=l

Now we are ready to expand it . In expansion we use 4 for y,ny n,

k 5lo(5 2
o5 < ren - 5y LEAPY QRO _, . m )+ i (i 2c'm) .
=0 4

We calculate 4 by using equation (2.6) , i.e.,

1 3 . .
A= "2‘(7,'7]"1”] +}'jy,n,nj) = gl/;".l = 1!2’3’gij = —é«‘fj’ nlnj =1

Then 4% =1, 4°=- 1,and so on . Putting values of 4 in expansion we obtain it

11



lpow) _pap (op)
3 3

s =1+ﬂ|a'17' la(-.)
It can be written in the short form as
s = cox(|pl6(7)) - £ , ] BEL gl ple(5)) @7

In the same way we write

s = cos(|Bl6(5)) - !alp sin|5|6(5)) 2.8)

By putting equations (2.1), (2.7), and (2.8) in equation (2.5) we make the following

calculation:

-

= [cos(| 5|6) + fe.p Sm(IPI O)][m + a. pl[cos( 5|6) - sin(| 5| 6)]

| B

We make some calculations to write H' in explicit terms by using anticommutation
relation between B and a, ie.{f,a }=0, and /£ = 1. We rewrite the above

equation after some rearrangement in its terms as

= flmcos(2| pl6)+| Flsin(2| 516)] + @. pleos(2| pl6) ~ =sin(2l pl6)]  (2.9.1)

| 2]
To eliminate the odd operators in the last equation we equalize the terms in the

second bracket to zero .That is
cos(2l pIB) |p| sm(2| p|0) =
from here we obtain

tan(2| p|6) = I—I

By using the trigonometric relation cos® +sin? @ =1 with this last equation we

reduce equation (2.9.1) to

H' = pfm* + p (2.9.2)

In the last equation hamiltonian H’ is free of odd operators . Moreover , it

is in the form of relativistic free particle hamiltonian H=\m*+p* . The

12



difference is that /" has negative-energy solutions as well as the positive energy-

solutions which the relativistic hamiltonian possesses .
2.2. The General Foldy-Wouthuysen Transformation

Now we are considering an electron with a given electromagnetic field . In
this case the hamiltonian is

H=ca.p+ pmc* +ep

Settingce=#=1,and O=a.7 to denote the odd operators of the
hamiltonian , and E = eg to denote the even part of the hamiltonian we write

H=pm+E+0O (2.10)

Odd operators anticommute with # ,i.e., { 5,0} =0, and even operators
commute with it , i.e., [5,E]=0

The fields under consideration are time-dependent hence the hamiltonian H

itself also is time-dependent . Again we make a transformation of the form . In
this case, § is time-dependent. To construct an S transformation that removes all

odd operators in the new hamiltonian is not like what we did in the free particle

transformation . Therefore , we take S in the order of 1 , and keeping terms up to
m

the order -1—2 and % in the transformed hamiltonian we overcome this problem .
m m

Now with S time-dependent, we write transformed wave function ' = ey as the
starting point of construction of the general Foldy-Wouthuysen transformation .

Again we use

i-a-g—=H'y/' with ' =Sy

Putting ¢ y in its place we continue as follows:

13



2 (ey) = HeSy
is

(i%)w e (i%) = H'éy

NV _
where ’0’? = Hy

Rewritting the last equation we obtain
H'e"® = (i-g-e's)+e‘gH
Multiplying this equation from right by e™ we obtain H' as
174
H' = (iEe”)e'“ +e*He™ 2.11)

Now we write ¢ and ™ in their expansion form

w0 1 22
s I an o, b o2
= 2 —S§"=1+iS+—S8°+...
¢ =4 Y

W ¢ a\n 2
e =3 ) gn =1—iS+i2—!S’ o

= n!

First we put these values in the second term of equation (2.11) . That is

e“He™ = H+i[S, H) +;—2"[S,[S,H]]+... (2.12)
Here we used e Be™ = i;ll-'-[A,[A,[...[A,B]...]]]

And then putting values of the expansion in the first term of equation (2.11) after
some arrangement of terms we write

Syt =B _Lig By (2.13)
a \
When equations (2.12), and (2.13) are written in their places in equation (2.11) the

transformed hamiltonian H' becomes

H' = H+ 118, H+ 1S5, Hl}p..m 2 15,2

i? &
7 21 ]-5[3,[8,5]]—-.-

14



We choose S= —12@— . Using the hamiltonian of equation (2.10) and making some
m

calculations to the mentioned orders we rewrite the transformed hamiltonian H' as

_ por 1 0.00-L% s Lo o O
H=fm+E+ Yt ({o.[0,EN+i[0,0)) Sy oot 2m[O,E]+ o o - e
Now in the transformed hamiltonian we have odd terms and even terms . We denote

them by O’ and E'. They are

_BiopiiBo O
= [O,E]+ 2mO 3 (2.14)
e B0 1 o on_ B0
E'= E+5 —-—=((0,[0,E|+10,0D) - @.15)
In terms of E’and O’ the new hamiltonian is
H' =fm+0'+E' (2.16)

We conclude that the coefficients of the odd terms begin with -1- Therefore ,we
m

are going to make a second transformation in the same manner with S’ = -Lzﬂ%.
s I P
H"=¢" H'e™ + zge e 2.17
. 1 1
s _ Q1 _ Q12 _ 13
e —[IHS 2S 3S +]
e™ =[1—iS'—lS'2- ]
>
The first term on the right side of equation (2.17) is
e“H'e™ = H'+i[S',H'] (2.18)
The second term is
‘ﬁ 51,15 o Q i[ vé':]
[:ae ]e =325 e 2.19)

Putting eqns. (2.18) and (2.19) in eqn. (2.17) we obtain the second

transformed hamiltonian as

15



H"=H'+i[s',H'] £,
_ a
Using values of S’ and H’ we find

i{s",H']=-0"+ [o' E'l+— '80 .

Then transformed H" takes the form
B ipo’

H = El —— I’ [}
H" = pm+ +2m[0 E ]+—2m

H"=fm+E'+0"

where we introduce

"_._g_ ' ! ,iﬂ+‘o,
o - pilo.51+5s

Comparing the odd operator O’’ with the order of 1/m we see that O’ is in the

order of 1/m* . To get an order of 1/m’ for the transformed hamiltonian we make a

. That is

third transformatian with $"’= ~ "gm

H" = H'+[$", H"]+...
2 Qn ll_._l,_ﬂ__ J _én!
ifs", H"]=-0"+—[0", E]+~0

Then the transformed hamiltonian is

H" = ,Bm+E+—[0“ E]+—o"2 +oen

Neglecting the terms greater than order of

hamiltonian as
H" = fm+ E'

16

ym’ we write the transformed

(2.20)



Putting equation (2.14) in equation (2.20) the explicit transformed

hamiltonian is

po* _pot 1 L ¢
H" = (fm+*—~ —W)+E—W[O,[O,E]]—§;;[O,O] (2.21)

After calculation of each term in transformed hamiltonian H" we get

explicitly
0 _@n _[6(G-eD] (el e . 5
2m "~ 2m 2m 2m m
——1—[0 (o E]+i0)]— L V.E-i VxE- E
8m2 ’ ) = 8m2 . 8 2 —0 4m2 —0.E x p

where E used on the lefthand- side denotes even operator and that used on the right-

hand side the electiric field. And weuse p=-iV,B=Vx 4,and E=-V®- 4
in our calculations . Substituting each explicit term in its place we get the

transformed hamiltonian as

w_ (P-ed)’ 2l £ ie _e_
H —ﬂl:m+ " 3m +(ed ﬁa‘B)— za'VxE—4m O'Exp—8 V.E

(2.22)

The first term is the expansion of \/( p-ed)? +m* to the effective order
of interaction and this term corresponds to the relativistic mass increase .
The second term is the electrostatic energy and magnetic dipole energy

respectively .
The third and fourth terms are the spin-orbit interaction energy terms. In a
spherically symmetric potential electric field in terms of the static potential is
i
Fl o

For this case, V x E = 0. Now the spin-orbit interaction energy terms take

E= (2.23)

the form
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_e o GFxB
vain-orbit= 4m ’ 0—)_ orxp=

ea"Vz

am’r o @24)

Where L=7xp isthe orbital angular momentum.

Clasically an electron moving in an electric field with velocity v sees an

apparent magnetic field given by B = — x E . The interaction energy in this case is

e . = e
U=—2maB-—2m2

If we use the electric field given by equation (2.23) the interaction energy in

G.pxE (2.25)

classical consideration is

e W w
2m " & o.L (2.26)

By comparing the energy found in equation (2.26) to that of equation (2.24)

we note that the relativistic spin-orbit interaction is in the form of classical
interaction and is reduced by the factor of 2.

The last term in equation (2.22) is the Darwin term. Darwin term is
connected to Zitterbewegung which indicates an oscillatory motion with a
frequency of 2H/h. Since the electron coordinate fluctuates over a distance of dr

we need a correction of potential in average value as

<OV >=<V(F +6r)> - <V(F)>

Using <V(F + &) >=<V(F)>+ < F. VV >>+— Zé‘r&rj ;;_V we find out
&PV
<oV>=<= Z&&,&&
<oV>=z= —!--V’V 2.27)

6 2
1
Where we use or = ;

After the discussion of the physical meaning of terms seen in the
transformed hamiltonian we are going to reduce it for a wave function of two two-

component wave functions . We introduce the wave function as

18



y= (q)) (2.28)

Where ¢ corresponds to the large components of the wave functions and
to that of small components .

Acting the hamiltonian of equation (2.22) on the wave function y we make

the following

A4 1 0 (p-ed)? p* e .- le = =

’é‘[z]_{[o _l](m+ m 8 --zmd.B)+e.¢—8m2 o VxE
G Ex o ¥ B —}m (2.29)

From heére we obtain two equations . The equation of the large component give the
positive energy solutions of the Dirac equation , and is reduced to the Pauli-

Schrédinger equation in the nonrelativistic consideration . If we drop the rest

2
energy in this equation and keep terms %1- - Ee’;o"'.ﬁ +e¢ of the hamiltonian it

reduces to the Pauli-Schrodiger equation .

Equation of the small components give the negative energy solutions of the

Dirac equation.
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CHAPTER 3
THE HYDROGEN ATOM

3.1. The Hydrogen Atom

Now we are dealing with energy levels of the electron in a central field such

as in a Coulomb field. The Dirac equation for such a bound-state, i.e., E<0 is

Hy =[a.p+pm+V(r)y =Ey (3.1)
where V(r)= __Z;z_z_, and ¢ = —

We note that the angular momentum of a particle in a central field is
conserved. Total angular momentum is the sum of orbital angular momentum and

spin momentum, i.e.,
G 3.2

Since the total angular momentum is conserved it must commute with the

hamiltonian given in equation (3.1). We are going to check this fact;

[H,7]=[d‘.1'5 + V() L +-;-a]

.5+ pm+v (), 1’.’]+% &5+ fm+V(r),5)

where o is a 4 x4 matrix in terms of Pauli matrices. First of all we choose

L =x,p;~xp,

20



[H,L]= [ﬂm +a,P +V(r),x,p, _xspz]

[Ha L1]= —ia; (521.03 -6,,p, )= —ia,p; +ia;p,

‘We generalize this result as

[H.L]=id@x B 3.3)
From here we conclude that I is not a constant of motion.

Dirac Matrices

I 0YO ) 0
Dirac matrices are; y* = fa, =( J[ % =( 0',,)

0 -I\a, 0) \-a, 0
0 0 01 0 0 0 -i)
L lo 010 , |0 0 of 1e
Slo -100]" 7" Tlo 10 o0 @4
-1 0 00 -1 00 0
01 0 0 0 -1 0
0 00 -1 0 0 0 -1
3_ S 0 = iyOy 12,3
7= 00 ol PSrETTOSC 0 o
010 0 0 -1 0 0

Now we turn to the consistancy of angular momentum. This time we search

for consistancy of § = -;-6" where & isa 4 x 4 matrix. We must use

- (0 I)(a 0) (0 a) ..
~79={1 oo o/ "\0 0) %=

21



We first take o, and setting @ =~y;0 in [H,S].

Then we get
[@.5+ fm+V(r)o,)=ap,o.]=[-7:0,p,.0.).

Using [0',,0,,]=2i0',, and a:,2 =o',,2 =a',2 =1 and we obtain

- ]_ 0 2o, 0 -2io,
PO%:1=%ie 0 p’+—2iay o [P

then
then
[c't'.j'), a,]= 2ia,p, -2ia,p,
We generalize this result as
[@.5,6)=-2iG x p (3.5)

= 1_ ., . ,
We conclude that S =50' is not a constant of motion. We now combine

equation (3.3) and equation (3.5) and obtain
I - 1.
[1,7]= [a.p +pm+V (), L+ —?:a]
=—igdxp+ia@xp=0 (3.6)

We have to build up a wave function which is simultaneous eigenfunction of

H, J?,and, J,.It must be a wave function of two-component spinors, i.e.,

(e
v= (z) 3.7)
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¢ and y are two-component spinors in the form of two-component Pauli

theory. They are in two forms.

( ’l+m+% M_J
— 2

Q5 =
1
l—m+§ m+-‘-
\/_——""(01 2
\

For J=I+—l-
2

2 +1 )
ForJ=I-—l—
2
,
l—m+—1' 1}
___2_¢;'"3
- 21+1
=] ' AR (3.9)
l+m+—
- 2,
\ 20+1 71 )

Both of the eigenfunctions must satisfy the eigenvalues of J, I?, S?, and

J,. We write them down.

25, =J(J + o],
GLpt, = [J(J+l)-l(l+1)—%]¢j.m =—(1+x)p}, (3.10)

fJ=l+t
2
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1+ 1)1463)- 3
_(1+K)_|:(1+2J[l+2) I+1) 2

| IS |

~(Q+x)=lor k =—(+1) 3.11)
if J=1-1

2

' IR IR 3

—(l+x)-|:(l 2)(1+2) I(1+1) 4:'

k=1 (3.12)

@S and @f) have opposite parities for a given J because their orbital
angular momentum differ by one unit, i.e., when J =/ +% , ¢j,,,, is denoted by (05*,2,

and when J =I—%, @), is denoted by ¢{7) . @), has parity (-1)'. ¢} and ¢!

- ~o

can be formed from each other by a scalar operator. This operator is 27 whichisa
r

pseudoscalar. We write this fact as

-

o  OF
050 =000 (3.13)

The Dirac equation in the Coulomb field is invariant under space reflection,
therefore we can write odd and even eigenstates of parity under the transformation

x'=-xas

w'(x") = By fa(x) = £y () (.14
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We write i/}, as below

G,
co o B (3.15)
- - ¢J (]

r

G, and F, denotes spatial part of the wave function.

We write hamiltonian given by equation (3.1) in explicit form as

H=ap+pm-22
r
Za
(0 &Y. (m o) |~ O
H=| | + + 7
& 0 0 -m 0 -Za
-
( Za .
m-=— G.p
-_ r
H= - Za
6p -m-—
\ r
We operate with .p on Fr) q:j’m as below
r

Fr)

-—(")(“) O g
r
57 iy,

=-r—2—(r.p +i6F x p)

G.p

¢J W

ro0m 2

&.ﬁ——F r)(ajm =£[— aarHO'L} Fer ) @

We find out that the eigenvalue of &.L is —(1+x). Then we write the above

equation as
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G50 gt = [— ir i(-F—f’l) i+ (’)]f’;igoj,,,, (3.16)

r dr r?

We turn to the Dirac equation again:

Ev/=[&.p’+ﬂm—-—r—]y/= Hy

iG Za .. iG
E o 2o, | |[m-=— 8B | e
F, 67 = ’ za | F,
oJ J—. oJr
0 E)Zudly, Gp -m-—|L—09],
r r r r ¥
E—m+g-g- ~-G.p Gy @) m
r r_“_ =
_G.p E+ +Z.?_ F, 67 .
¥ r r

This matrix equation is equal to the two equations below;

G.D . ( Za) F,6.F ,

-i—-G +| E+m+—|——¢,, =0

! , UPim m ) Prm

I(E—m+ o @ im=0. P @ in=0 (3.17)

Putting equation (3.16) in equation (3.17) we proceed as follows:

,-(E_m+_zf_)§y_¢5m +[_4___F<’)+(1+,c)__F(;)]£f_zf_¢,5m -0
r)r ar r r r r 7

(E—m+za)G” __1R0) B0 RO K

r)r r ar r r:r

z
(E-m+—r"i)c;u - Zu Xp (3.18)
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| S OF === =110
(E+m+—)—2-F,_, O} =—5 67650} 0
rJjr r
I SRR < A
E+m+— Fuo-rqo,‘,,—or[r p+za'r><p] + Pim
(E+m+‘_a‘)FU6-f¢.'lm =6‘f[?{—z§-)+zaL]-—G—"¢Jm
r r

Putting equation (3.10) in the latter equation we obtain

G,
(E+m+——za)Fu6'.F¢5m I:d G"]".i"qo",,,,ﬂ(—l K')——G GF Q) m
r F dr r r

(E+m+ﬁ)Fu6f¢jm [dG _Gy +(l+1c)—]o.rgo,m
r ' dr r

(E+m+za)Fu =90y X

r a T | G.19)

Now we have to solve equations (3.18), and (3.19). And on the basis of these

two equations we introduce

=m+E,a,=m-E, y=2a, p=,/a,a2r
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We put these values in equation (3.18) and we make following calculations;

dp = Jaaydr> dr =—22

Jea;

.d_._F"L¢E_FU =—[E—m+..Z_a.]GU
dr r r

p P
i&;ﬁpy= /.‘ﬁ._l G,
ap p a P
dF, « a, y-\
_kp ,—-——G (.18.1)
o p " [ a pj"’

As in the non-relativistic solutions of the hydrogen atom we put %, and

G, in the power series form, i.e.,

F=e*p*Y a,p™ and G=e"p') b, p" (3.20)

m=0 m=0

Then equation (3.18.1) can be written as

d K| -p s - m a, Y | -p s S m
—_———e a,p’ —|.j—=~——le"p bmp =0
[dp p} pmzzt:; [\)al P ;.
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e’ p* iampm +se? p*! iamp”' +e’pt ima,,,p""l —-xe™? p*! iamp“

m=0 m=0 m=0 m=0

—\/-Ele'ﬂp'zbmp" 7 p 3 b, p" =0
1

maz=0 m=0

- i(am +J§bm}p"’" +2°[sam +ma, - xa,, +7bmlpm+:—l =0
1 m

m=0

To write the second part to the power m+1we introduce a new index

n=m-1

- i[am +‘/3—:bmemﬂ + i[samﬂ +(m +l)am+l —Kami-l +7bm+l]pm+s =0
i

m=0 m=-1

-1

(sa, —Kkay +yby)p

' Z[sam+l * (m + l)am+1 =Ky, + 7bm+l —-a, - A‘/'a—z'bm }ﬂm"" =0
m=0 a,

The coefficients of same power of p must be equal to zero. So we write

(s ~x)a, +yb, =0 (3.21)

(s+m+1-x)a,,, + by, ~a, -J%lbm =0, m20
!

Here we introduce a new index g =m+1,
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(s +q —ic)a, +yb, =a,, +, ’%bq_, , g21 (3.22)
1

In the same way we solve equation (3.19)

4G, +£G,_, —[m+E+Z—a]FU =0
dar r r

a,a2&+ aa, =G, -|a, +L Jaa, |F, =0
2 v 1 1“2 u
dp P p

dGlJ +£GU - 'g'l"+Z‘ FIJ =0
dp p \}az P

Gy(p)=e?p'Y b,p", F,(p)=e*p’Y a,p"

m=0 m=0

d «x|._ 2 a y|._ 2
—+—1e?p*> b,p" - /—L+—-e” *>a,p"=0
[dp p] p?::‘)p [az p] meJo g

—-e?p* i‘bmp'" +se? p! ibmp”‘ +ePp’ imb,,,p"‘“l +xe? p*! ibmp”‘
m=0

m=0 m=0 m=0

- \/;'—Te"’p’ S a,p" ~ye”p* 3 a,p" =0
2

m=0 m=0
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2 m=0

m=0

Again we introduce n=m~1 for terms in second brackets.

i[' " "\/Z—_' - ]” 0t 3 oy (4 Dby + Ky =1 ™ =0
2

m=0 m=-1

[sb, + Kb, — 3, |o* +Z|:(s+m+lc+1)bm+, -, —b, - /ﬂam}/)m“ =0
a,

m=0

(s+K)by —ya, =0 (3.23)

For the second terms again we introduce g =m+1

(s+q+x)b, -y, =b ., - ’ﬁ'—aq_, =0, g21 (3.24)
a,

From equations (3.21) and (3.23) we find s interms of y and x.

(s-K)a, =—yb, 2> bo=(s_x)ao
K’—
s+, =y, > (+K) ysao=wo
K2 —s?=y?
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Since as p— 0 at the origin, p° — o for negative s; and Z P gets

m=0

better solutions with positive 5. Therefore, we take s =4/x2 -2 .

We assume that at g =n'+1, b,,, =a,,, =0 andat g=n' a, #0,b, #0;

where #' is the highest value of ¢ takes.

From equations (3.22) and (3.24) we write

’a
' = 2
[s +n'+1 —lc]a,,.+I +w,, =a, + |—=b,
a,

From this last equation by setting a,,,, =b,,, =0. We obtain

a. = /ﬁz—b : (3.25)
n al n

Now with g =n', we multiply equation (3.22) by «, and equation (3.24) by
,/'a,az and we substract them

a,(s+n'-K)a, +am, =a,a,_, +\a,a,b,_, n'21

— | Jea,(s+n'+x), - Jaa,ma, =Jaa,b,., +a,a,. } n'zl

:a, (s+n' —-x)+ 1/a,oz,;']a,,, = [— a,y+ \/a,az (s+n'+ rc)]b,,. (3.26)

By substituting equations (3.25) into equation (3.26). we make the following
calculations
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[a, (s+n'-x)+ ,/a,azy]an, =|Ja,a, (s +n' -x)- a,;{— \[Z——-—'a,,.]
2

’a
a,(s+n' —k)+.Ja,a,y=—-a,(s+n' —-k)+a, a—'y

After some calculations we obtain

Putting values of o, and a, we write

ym+E-m+E  yE

S+n' =% Bae———o—0
2 ’m2_E2 ’mZ__El’

Taking the square of this last equation we obtain
yZEZ =(s+nl)2(m2 _EZ)
7 E: +(s+n") E* =m*(s +n')?

m(s+n")

V72 +(s+n")?

(s+n'
. —ms n%s'+n')

1+ (=)
S+n

E,=

33
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_ 7
Where s=4k?-y? =\/(J+—;-) -Z%a?

then

E, = (3.28)

Equation (3.28) gives energy eigenvalues of hydrogen atom. E depends only

on n' and J+-é~=|x|.
The principal quantum number n=n'+|x|=n'+J +-;~. The minimum value

of n' is 0. Then we get n>J +—l2- which is at least unity.

Now we expand equation (3.28)

E, = mz 2

1+ 27

1)

[nu,J(.,J,_) J

2
. , 1 , 1
with n=n +(J+—) n =n-(J+_)
2 2
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2,,2
E =m1+ Za — (3.29)
1 1Y 2
n—(J+—)+ (J+—) ~-Z%a?
2 2
r ) -2
( , ) 1}
2 2 J+— 2 2 J+—
E,=mil-12% |1l 2| 2o | _ 2
2 n n n n
\ y
- 1 -4 W
4 J+—1— 2 2 g J+l
+§(£a—) 1+ 2 _(Za) - 2 +Fovene >
8\ n n n n
- =

2 2| J+— 4
E . =m l—-l—(z—a) _l(Za) 2 Zal +%_(§_0;L+ .....
2\ n 2\ n no gl n
1(Za)* 1 (Za)"( 1 3 )
E"“'"[l'z 2w \j+1/2 4n)7" (3.30)
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2.2
En=—lmz ?
2 n

is the energy values of hydrogen atom in non-relativistic

quantum mechanics.

The ground state-energy relating to n=1, J= % is found from equation
(3.29) as

Z2%a? %
E,=ml+
[1--1+\/1—Z’¢z’]1

Z%a? '%_m 1-2% + 2% |
1-Z%a?

E,= m1-2%a? (3.31)

The corresponding eigenfunctions with spin-up and spin-down are

- O
0
iy Q2 [ st gont] =)
Vet 00 = 2T+ 2) " Za %
l(l—}/) sineelﬂ
L Za

where I'(x)= J’e"t"’l dt, and T(m)=(m-1)! for positive integer m and
0

22
y=v1-Z%a® . We note that 1-Z%a? zl—zza . In the non-relativistic limit

y =1 get the Schrédinger wave functions multiplied by Pauli spinors. As » =0 in

the relativistic case, y exhibits a mild singularity of order (2mZar)—zz'% and this is
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1

¢ /7% When Za >1, y imaginary. In this case
mZa

important at distances r =

there is no difference between positive and negative energy spectra so the problem

has no physical interpretation.

We classify energy levels of equation (3.30) by their non-relativistic labels,

that is, by the orbital angular momentum / appearing in y/j'm and by the total J.

For 1S, n=1,1=0,J=) E, =ml-Z%?,

o en 7o ] _ 1+1-2%3
For 25, n=2,1=0,J=)} By =m o
- A _ 1441-2%?
For 2P, n=2,1=L,J=}} Ey =m| =222
2.2
_ _ 1 r Z'a
For 2P, n=2,1=1,J=)4 Ey=mfl-=—

As we see 28 ¥ and 2P}/ are degenerate. The 2Py state has more energy
2 2

2

than the 2P% state. The state of larger J, lies higher in energy according to equation

(3.30).

These results are in better agreement with the experimental results for the

hydrogen atom, than the results given by the nonrelativistic treatment.

37



CHAPTER 4

PREVIOUS WORK

4.1. Previous Work

, When Schridinger wrote down the non-relativistic equation, he also
formulated the corresponding relativistic equation. Subsequently, the identical
equation was proposed independently by Gordon (1926a, b); Fock (1926a, b); Klein

(1926); Kudar (1926); de Donder and van Dungen (de Donder, 1926)

In 1928 Dirac discovered the relativistic equation that now called with his

name. He overcome the difficulty of the negative probability seen in the Klein-

1
Gordon equation. The Dirac equation describes particles of 3 spin. Both electrons

1
and protons have 3 spin. It is a theoretical conjecture that all elementary particles

1
have spin 5 It was believed that Dirac equation is the only valid relativistic wave

equation for particles with mass until Pauli and Weiskopf reinterpreted the Klein-
Gordon equation as a field theory in 1934.

The observed fine structure of the levels of the hydrogen atom is in good
agreement with Dirac’s theory. This agreement includes the degeneracy of levels

with the same j and different / except for one case, namely, the S, and P, . In this
case Lamb (1947) found the 2S,,, state of hydrogen is higher than 2P, state, a

seperation which has been explained by radiative corrections.
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In Dirac equation large and small components of the wave function are
related to each other by odd operators such as & . There must be a transformation
which removes large and small components in two components as in the non-

‘relativistic Pauli (1927) theory .This problem was solved by Becker (1945) to

2

order Z—z, and exactly solved by Foldy and Wouthuysen (1950) see also Tani

(1951).
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CHAPTER 5

5.1 Results and Discussion

In the simple Bohr model of the hydrogen atom the velocity of the electron in
the first orbit is

This velocity being about 1% of the velocity of light . We need to take into account
the relativistic corrections.In the Bohr model the energy of the electron in the
hydrogen atom is calculated as follows .

Kinetic energy of electron is

is the potential energy of the nucleus-electron system
47e,r,

Then the total energy is

2

e
, Where r,,=n2ao
87zg,r,

E=K+U=-

The ground energy of the hydrogen atom is

e 16x107 C)?

= — = =29 10-18 i
87e,a, 87z(885x1072 F/m)(53x107") x j
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Now we turn to the equation (3.30),i.e.,

_1@Za) 1(Za)*|_1 3

Eneml-5= =37 | 1 % o)
I3

n

. . 1 Za): .
First term is rest energy . The second term —-2-mc2( nz) gives non-

relativisticenergy of the particle.For hydrogen atom in ground state energy is

_1_ 2.2 _1_ -31 8 Z_L_z_ -18
—5mea -—2(9.1x10 kg)(3x10 m/s) (137) =-22x107"j

which is the same as calculated using Bohr model. Therefore the first relativistic

o 1 Z(Za)‘( 1 i) . .
correction is the term yme = T+1/2 For ground state this term is

~291x107%;

’ This term corresponds to the spin-orbit coupling which gives rise to the fine

structure . The ratio of this term to the term which gives non-relativistic energy is

107, The experimental measurements of fine structure agree very well with the

above calculated value .
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