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ABSTRACT

MODELING OF DROPLET MOTION ON TEXTURED
SURFACES

Mayssam Naji
M.S. in Mechanical Engineering
Advisor: Yegan Erdem
September 2021

We describe the motion of a droplet on a textured ratchet track using a non-
linear resonator model. A textured ratchet track is composed of semi-circular
pillar array that induces a net surface tension gradient on a droplet placed on it.
When a vertical vibration is applied, hysteresis is overcome, and the droplet moves
towards the local lower energy barrier; however, due to the repetitive structure of
texture, it keeps moving until the end of the track. The droplet motion depends
on the amplitude and frequency of the vertical oscillation, and this dependence is
nonlinear. Therefore, finding a fully analytical solution to represent this motion
is not trivial. Consequently, the droplet motion still remains as a topic that
needs further investigation. In this study we elaborate on the utility of double-
pendulum as a basis for modeling the droplet motion on surfaces. Similar to the
droplet motion, resonators, such as double pendulum, are simple, yet non-linear
systems. Moreover, inverted double pendulum motion has key characteristics
such as two phase motion and double peak motion, which are also observed in
the droplet motion on textured ratchets. In this thesis, data processing models are
developed to highlight the similarity between these two systems both qualitatively
and quantitatively. After establishing this comparison, a model is proposed that
utilizes an inverted double pendulum mounted on a moving cart to successfully
simulate the motion of a droplet on a ratchet track. This methodology will lead
to developing an accurate droplet-motion modeling approach which will be useful
to understand droplet dynamics in more depth.

Keywords: Droplet Motion, Numerical Modeling, Ratchet Tracks, Double Pen-
dulum, Parametric Oscillator.
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OZET

DOKULU YUZEYLERDE DAMLACIK HAREKETT
MODELLEMESI

Mayssam Naji
Makine Miihendisligi, Yiiksek Lisans
Tez Danigmani: Yegan Erdem
Eyliil 2017

Bu tezde dogrusal olmayan bir rezonator modeli kullanarak dokulu bir man-
dal tizerindeki bir damlacik hareketi agiklanmaktadir. Dokulu mandal, iizerine
yerlestirilen bir damlacik iizerinde net ytizey gerilim gradyani olugturan yari daire-
sel siitun dizisinden olusur. Dikey bir titresim uygulandiginda, histerezis agilir
ve damlacik yerel diisiik enerji bariyerine dogru hareket eder; ancak, dokunun
tekrarlayan yapisi nedeniyle, pistin sonuna kadar hareket etmeye devam eder.
Damlacik hareketi dikey salinimin genligine ve frekansina baglidir ve bu bagimlilik
dogrusal degildir. Bu nedenle, bu hareketi temsil etmek i¢in tamamen analitik bir
¢oziim bulmak onemsiz degildir. Sonug olarak, damlacik hareketi hala daha fazla
aragtirilmasi gereken bir konu olarak kalmaktadir. Bu caliymada, ytzeylerdeki
damlacik hareketini modellemek i¢in bir temel olarak ¢ift sarkagin faydasini de-
taylandiriyoruz. Damlacik hareketine benzer sekilde, ¢ift sarkac gibi rezonatorler
basit ancak dogrusal olmayan sistemlerdir. Ayrica, ters cift sarkag¢ hareketi,
dokulu circirlardaki damlacik hareketinde de gozlenen iki faz hareketi ve ¢ift tepe
hareketi gibi temel 6zelliklere sahiptir. Bu tezde, bu iki sistem arasindaki benz-
erligi hem niteliksel hem de niceliksel olarak vurgulamak igin veri igleme model-
leri geligtirilmigtir. Bu karsilagtirmay1 olugturduktan sonra, bir mandal yolundaki
bir damlacik hareketini basariyla simiile etmek icin hareketli bir arabaya monte
edilmis ters bir c¢ift sarka¢ kullanan bir model 6nerilmektedir. Bu metodoloji,
damlacik dinamiklerini daha derinlemesine anlamak icin yararh olacak dogru bir

damlacik hareket modelleme yaklagimi gelistirmeyi saglayacaktir.

Anahtar sézcikler: Damlacik Hareketi, Sayisal Modelleme, Circwr Izleri, Cift
Sarkag, Parametrik Osilator.
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Chapter 1

Introduction

The ability to control fluid flow in micro scales favors successful applications in
single-cell analysis, biochemistry, and diagnostics which has also induced a grow-
ing interest in the understanding of droplet motion in detail. Fully integrated
devices for biomedical and chemical applications were brought to life as a result
of the advancement in microfluidics technology [1, 2, 3, 4, 5, 6, 7, 8] and the abil-
ity to control individual droplets of samples [9, 10, 11, 12]. The applications vary
across a wide range, such as elimination of cross-contamination, rapid mixing,
reduced material usage, and better concentration control [13]. Droplet manipula-
tion can take place in microchannels of Lab On Chip (LOC) devices [14]. In the
first method, droplets are manipulated in an immiscible continuous fluid inside a
microchannel. The second type is that of an open system, in which the droplet
moves freely often on a hydrophobic surface in the open air[15]. Manipulation
of droplets on surfaces has many advantages including delicate control of the
motion, prevention of the dilution of the droplet which is usually caused across
the two-phase boundary by either diffusion or contamination; and eliminations
of complications such as clogging and leakages [16].

The method relies on a surface energy gradient to achieve directional droplet
propagation. This gradient can be generated in several ways such as electrowet-
ting, super para-magnetism, Leidenfrost effect, or surface texture[17]. Few mod-

els were developed to recreate the mechanisms of droplet motion of the previous



systems. Goohpattader et al.[18] proposed a model of a sphere on a patterned
substrate in a drift during stochastic rolling. Daniel[19], Buguin[20], Mettu[21],
and their research teams were able to describe the horizontal vibration seen in
droplet motion by vanquishing the contact angle hysteresis, resulting in a net
droplet motion. Noblin’s model described that the interplay between horizontal
and vertical vibrations is the cause of the force asymmetry and hence a net droplet
motion [22]. Agapov et al. and Malvadkar et al. showed the droplet transport
with micro and nanostructured tilted pillars by the pin-release mechanism of a
ratchet, which they achieved by analyzing contact angles at micron scale[23, 24].
Moreover, Sekeroglu et al.analyzed the droplet motion on microgels and the effect
of added mass [25] . A more analytical method was proposed by Chamakos et
al., which is the finite element method to describe the droplet motion on super-
hydrophobic surfaces with the asymmetric textured and It was further developed
by Tretyakov and Muller by using the molecular dynamic [26, 27].

In order to manipulate the motion of droplets on surfaces, few methods were used,
and what was proposed in this thesis was the droplet manipulation achieved by
creating energy gradients with surface texture. In this model, the surface is
made of a textured pattern enabling the wetting and dewetting [28] which mech-
anism was studied carefully and a physical model for its physics was proposed.
The method was first introduced by Shastry et al, in which pillar arrays with
a vertical vibration were used for the droplet to overcome hysteresis [29]. The
pillar arrays create an asymmetric surface force at the three-phase contact of the
droplet [30]. Moreover, the work done by many research groups is investigated to
draw the relation between the parameters(frequency and amplitude), and droplet
properties such as volume and chemical composition [31, 32, 30, 33, 29]. The
theoretical work covering the mechanism of the droplet’s motion is well explored
by few researchers notably Shastry et al. and Duncombe et al., and not as much
as the complexity of this non-linear behavior needs [29, 30]. The latter is due to
the complication of providing such an accurate framework that is able to repro-
duce the motion of droplets in such conditions. The theoretical works have been
directed into the field of modeling droplet-surface interaction such as droplet-
imprint shape [34, 35] and the mass-spring-damper system which is explored in
section 1.5 [32].



The model proposed in this thesis is primarily an analytical approach. The
motion of the double pendulum on a cart is developed by studying its key fea-
tures with respect to the droplet motion. First, droplet motion on a ratchet
track is studied and observations were made to understand its nonlinear behav-
ior. Secondly, a model for a double pendulum mounted on a cart is developed
to determine its resemblance to the droplet motion. This resemblance is studied
by using the Elastic Functional Data Analysis (EFDA) and comparing the model
with the experimental data using Frechet Distance. To acquire the experimental
data, the motion of the water droplet on the ratchet track is recorded with a
high-speed camera. The theoretical framework aimed to understand the motion
of the droplet on tracks is of great importance for understanding its potential
in microfluidic applications. In this chapter, the key features of the droplet mo-
tion is explained along with an introduction to the wetting phenomena, different

states of droplet motion, and manipulation techniques.

1.1 Wetting in Nature

Wetting is the spread of liquid on a surface that is solid or liquid, and it is an
important phenomena to understand liquid behavior in nature and industrial
applications such as painting, treatment of automobile tires for enhancement of
adhesion to icy roads, production of anti-frost glasses, and waterproof concrete
for construction [36]. In nature, few creatures apply the wetting characteristics
for survival, such as Namib desert beetle that is able to capture water from the fog
[37].In addition, shorebirds can feed themselves by transporting their prey inside
the droplets coming for their beak to their mouth in a step Ratchet manner [38].
The application of the wetting phenomena is wide and can be seen in the water
transportation of plants from their roots to their leaves, and the motion of insects
on the surface of liquid water [39]. Few of the superhydrophobic surfaces can have
high contact angle hysteresis e.g. leaves of scallion and garlic. On these leaves,
the water droplets are larger than 150°angle when the leaves are titled vertically,
the water droplets do not drop [39]. The latter is an essential feature for few

plants in keeping them hydrated. Few plants have superhydrophilic surfaces for
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photosynthesis. Termites use hydrophilic parts of their body ad wings to spread
the places with large quantities of water, which helps with their colonization [37].
Characteristics of the wetting phenomena are well studied due to their potential
in a wide application spectrum as in self-cleaning, anti-fogging, droplet manipu-
lation, oil-water separation, anti-fouling, printing techniques, optical devices, and
the lab on chip applications and microfluidic devices. The only way to have a
deeper understanding is to have a keen observation of this phenomenon in nature

and to try mimicking it, as explored in the next section

1.2 Theoretical Background

Wetting, theoretically, is a thermodynamic process conditioned by the surface
energy balance at the interfaces. When liquid makes contact with a solid surface,
the air-solid interface is replaced by the liquid-solid interface, and eventually,
a new liquid-air interface is formed, resulting in three interfaces: liquid-solid,

solid-air, liquid-air as in Figure 1.1.

Figure 1.1: Liquid droplet on the solid substrate forming a contact angle 6 re-
sulting from the surface forces in balance

The total energy of the system can either decrease or increase when a new

4



surface forms as each interface has its own energy. The total energy determines
the wetting behavior of the system. The contact angle and its hysteresis identify
this property [39]. The static contact angle is the angle between the tangent of
the liquid-gas interface and the tangent of the solid-liquid interface and varies
between 0° to 180° depending on the wetting scale. The variation gives rise
to different states from super wetting (complete wetting) for 0° contact angle
and dewetting for 180°. The classification of wetting states can be grouped into
four, depending on the static contact angle: (a) Hydrophilic state, in which the
water droplet makes a contact angle 10° < # < 90°; (b) hydrophobic state, for
90° < 6 < 150°%; (c) Superhydrophilic state, where the water droplet wets the
solid surface and has 6§ < 10°; (d) superhydrophobic state, for 6 > 150°, see
Figure 1.2 .

a) b)

L 0>90

d)

0>150°

Figure 1.2: The classification of wetting states grouped into four, depending on
the static contact angle: (a) Hydrophilic state, 10° < 6 < 90°; (b) hydrophobic
state, for 90° < 6 < 150°; (c) superhydrophilic state, that has 8 < 10°; (d)
superhydrophobic state, for 6 > 150°.



Another feature to describe the wettability is the contact angle hysteresis. It
can be defined by the difference between the advancing angle 6,4, which is the
maximum contact angle the droplet can attain and between the receding contact
angle 0,.. which is the lowest possible contact angle that the droplet can have on
the surface. The main factor playing role in this hysteresis is the pinning forces,
which result from the roughness, physical/chemical heterogeneity, and defects on
the surface. This gains more importance when the droplet is in motion. When
the contact angle hysteresis is large, the energy required to put the droplet into
motion is larger, whereas, when the hysteresis is small enough, the droplet is
mobile and can roll with smaller forces in the play such as blowing the air or
slight tilt in the solid surface. The rolling of droplets can be observed in certain
systems in nature which inspired many researchers to design biometric surfaces

with such property.

1.3 Effect of Surface Texture on Wetting

1.3.1 Young-Dupré Equation

Young-Dupré equation was derived about 200 years ago and it is essential to
understand the wetting [40, 41]. The equation relates the equilibrium contact

angle #gq of a droplet on the smooth surface to the surface tension of solid-liquid

(vs1), liquid-gas (vr¢), liquid-gas (vsq) interfaces:
Vst + Yo cos gy = Ysc (1.1)

The previous equation can be derived by showing the forces in play on the droplet
as shown in Figure 1.1. Once the surface tension values are known, the wetting
angle can be determined from the previous equation. The surface is hydrophobic
when the solid-gas interface surface tension is lower than that of the solid-liquid
interface. However, this equation does not consider roughness, chemical hetero-

geneity, defects, swelling, and dissolution [40].



1.3.2 Wenzel’s Model

There are two different states the liquid droplet can stay on a rough surface:
Wenzel and Cassie-Baxter state. These models are valid when the roughness size
is comparably small with respect to the droplet size. Wenzel state is observed

when the liquid droplet is completely in contact with the rough surface.

Figure 1.3: Wenzel state, where the liquid droplet is completely in contact with
the rough surface.

The apparent contact angle can be calculated by the following Wenzel model,

on a rough and chemically homogeneous surface:
cos* = rcosfp, (1.2)

0, being the contact angle on the flat surface (Young-Dupré angle), r the surface
roughness, and #* the apparent contact angle on the rough surface. Roughness is
the ratio of surface area to the projected surface area. As shown in the equation
above, the apparent contact angle becomes larger (#* > 90°) when the apparent
contact angle @ is larger than 90° (6, > 90°) and vice versa. Therefore, the
wetting properties are maximized or minimized with the roughness. In other

words, it makes the hydrophobic surface more hydrophobic.



1.3.3 Cassie-Baxter Model

Cassie Baxter’s state is observed when the liquid droplet placed on the rough
surface, has partial contact with the solid surface along with air pockets trapped

underneath.

Figure 1.4: Cassie-Baxter state, the liquid droplet placed on the surface, has
partial contact with the air and with the solid surface.

Using the Cassie-Baxter model, the apparent contact angle can be calculated

on a rough and/or chemically heterogeneous surface as follows:
cos 0 = f1cosby + fycosby (1.3)

where f; and f5 are the fractional areas for which the apparent contact angle are
0, and 6y, and with f; + fo = 1 for unity. The contact angle of a droplet on a
rough surface is then dependent on the contact angle with air (180°) and solid
surface 0. Thus, we can define the equation with 65, being the contact’s angle
of on the flat surface, &5 being the solid fraction underneath the droplet, and

with 6* to be the apparent contact angle on the rough surface:
cost* = Og(1 4+ cosbp,) — 1 (1.4)

with &g to be the ratio of the contact area underneath the liquid to the projected

8



area and can be obtained as shown below:
62

SRR

(1.5)

and consequently, the apparent contact angle from the Cassie-Baxter state re-
sults in a larger contact angle for hydrophobic surfaces with 0z, > 90°. Liquid
droplets do not have the same contact angle compared to Young’s angle in Wenzel
and Cassie-Baxter models. Though, in Cassie-Baxter’s state, the contact angle
hysteresis is lower as a result of the air trapping and small solid fraction than
that of the droplet contacts when compared with the Wenzel state. In addition,
for liquids with low surface tension, in the Cassie-Baxter state, the contact angle
can be larger than 150°. Hence, the Cassie-Baxter state is favored in the design

of superhydrophobic, superoleophobic, or superomniphobic surfaces.

1.4 Transportation of Droplets on Textured
Ratchet Tracks

Solid-liquid area fraction can be used to create a surface energy gradient as first
shown by Shastry et al. where the droplets on the surface move to a larger contact
area to reduce their surface energy. With the help of a speaker, that applies
vertical vibrations, lets the drops overcome the contact angle hysteresis [29]. In
the following study, Duncombe et al. illustrated another design to achieve long-
range transportation of droplets, and this was called textured ratchet tracks [30].
This was composed of periodically arced shaped pillar arrays [42]. A schematic
of this design is shown in Figure 1.5, where the back and leading-edge contacts

areas are different on the ratchet track.

The leading edge of the droplet is aligned with the arc, while the back edge
curves in the opposite direction. In consequence, the leading edge has a larger
contact area than that of the back edge which pins the droplet to the front
edge 1.6. Applying the vertical vibration to match the threshold frequency and

acceleration, the contact line starts its oscillation. After each cycle, the contact



000000,
000000,
000000,

5 000000

Figure 1.5: The schematics of the liquid droplet on the textured ratchet track

line is observed to expand and contract. As the stage starts moving, the edges
begin to move outwards and the droplet starts wetting (advancing) and dewetting
(receding) when then the edges moving inwards. Tis oscillation is at its strongest
amplitude at the resonance frequency|[43]. In result of the contact angle hysteresis,
the contact line remains pinned for small agitation amplitudes. The drop starts
advancing and receding during each oscillation period as the contact line is de-
pinning for a threshold amplitude. The oscillation, as noted, is symmetric for
an isotropic horizontal surface. The motion does not agitate the drop’s center of
mass and does not move it in the horizontal direction. Along its leading edge, the
semi-circular rungs are able to provide pinning of the drop footprint continuously,
though only intermittently along its trailing edge. Hence, the dewetting angle
(receding) at the leading edge is small compared to the trailing edge (6.r < O7r),
as well as the wetting angle (advancing) is larger at the leading edge than at the
trailing edge (fpa > 6ra). In consequence of the difference between receding

contact angles being larger than of the advancing contact angle, the drop will

10



b)

Figure 1.6: (a) The back edge asymmetry of the droplet in the opposite direction
with the track arc curvature, (b) The front edge of the droplet in parallel with
the track arc curvature

experience a net force forward while dewetting and a net force backward while
wetting, and its sum does not add up to zero. In order to propel a drop, which has
V as volume, it is needed to vibrate the system around its resonance frequency
fv. The velocity of the drop can be determined by v = nsfy, with n denoting the
number of ratchet rungs over which the drop passes in one oscillation, s denoting
the rung spacing, and the resonance frequency fy. As we define 7 to be the surface
tension of the liquid, it can be then deduced that v and f, proportional to /.
n, as shown by Duncombe et al., can be derived from the time-varying lateral
force along the contact line in motion, and the moving contact line depends on

design parameters such as curvature, width, and spacing of rungs plus the intrinsic

11



contact angle of their surface material [43].

1.5 Controlling Liquid Droplets with Texture
Ratchets

A surface with asymmetric features on the microstructure level, which can propel
drops when vibrated can be defined as a texture ratchet. In order to control the
motion of drops with different sizes, threshold frequencies need to be determined
as resonance frequencies are dependent on drop volumes [43]. Design parame-
ters such as microscale geometry and surface wettability, operation parameters
such as drop volume and viscosity, vibration frequency and amplitude, and perfor-
mance parameters such as droplet velocity, are necessary to help us determine the
physical mechanism behind the droplet transport. To move the liquid droplets,
texture ratchet can be used as an attractive low-cost platform for lab-on-a-chip
applications [43]. Textured ratchets provide an asymmetric pinning force along
the three-phase contact line of a droplet and as a result, when it is imposed by
vertical vibration, it overcomes hysteresis and beings motion. At the resonance
frequency of the droplet, the vibration amplitude of the substrate needed is at the
lowest value. The resonance frequency is dependent on the droplet volume and
viscosity [43]. Moreover, it is demonstrated that droplets can be addressed by
their volume and viscosity, which enables us to distinguish between them when
they are present on the same surface. Ratchets are well-studied for generating
motion. In the recent application of the ratchets, Alvaro et al. and Jihua et al.
have employed saw-tooth geometries [44, 45] and Lagubeau et al. and Shukri
et al. have used vibrations [46, 47] or anisotropic nanostructures like Malvadkar
et al. and Koray et al. have employed [24, 48] to induce asymmetry for liquid

transport.

In this study, an automated image processing software was used to record
drop position and contact angles as a function of time. As observed the stage

vibration has caused the drop to have cyclic oscillations which result in expansion
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Figure 1.7: The alternate motion of the droplet: advancing (wetting) and receding
(dewetting) is set in motion when we impose vertical sinusoidal vibration on the
track.

and recession of the drop footprint.

1.6 Modeling

Developing a model for droplet motion on ratchet surfaces is essential to under-
stand the dynamics, and it has started gaining more importance in recent years
[49, 22, 18]. The major challenge of such a task is the non-linearity of droplet
motion [47, 50, 51]. A great example of modeling attempts is done by Y. Dong’s
system. In their work, Y. Dong presents an interesting representation of a motion
similar to the droplet motion. The suggested system captures important features
such as leading and tailing angles. Moreover, the (3 masses , 3 springs) system
creates a pattern of motion that can be compared to that of the droplet as seen

in Figure .

The compact model presenting the droplet as a three-mass system, which con-
sists of the leading edge, trailing edge, and body. Its aim is to simplify the vertical
vibration applied to the ARC (anisotropic ratchet conveyors) pattern which pro-
pels a lateral droplet motion on substrates, horizontal or inclined. In Dong’s

work [52], they have introduced a model of a damped harmonic oscillator that
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Figure 1.8: Theoretical model of droplets on ARC devices

is able to capture the key features of a moving droplet on a ratchet. The simu-
lation has shown a good level of resemblance with the experimental data. The
non-dimensionalization was utilized to show the similarity between the behavior
of droplet vibration on ARC devices, and that of a harmonic oscillator-based
system. Though, in this non-dimensionalization, the viscous damping was not
taken into consideration when the resonance frequency was being observed. It
can only be considered to be accurate to describe the droplet behavior before
the lateral motion occurs. However, as noted in [52], damping effects are to
be considered when the droplet starts to move on the track. The effects cause
friction/drag inside the droplet and around its interface with the ratchet track.
The damping can determine the energy dissipation, and the energy coupled into
the droplet from the oscillating track. As a result of the vibration, the periodic
external forces are at play on the leading and trailing edge of the droplet and
are represented in the cross-sectional model as L. and T respectively. They are
connected to C, the center of mass, and to each other. The three masses are
connected by a damped spring in the form of a triangular mass-spring-damper
system. The two masses at the leading and trailing edges are mj; and mr re-
spectively at the contact line between the droplet and the arcs of the track, while
me is taken to be the bulk volume of the droplet. Few assumptions are taken

such as mr = my < m¢ and the springs between T, L, and C representing the
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surface tension are as follows Kp¢ = Ko < Kpp. This holds only to the effect
of a stiffer spring that is the pin-release events at the contact line. At rest, the
springs’ length is Lrc = Lo < Lpr and the viscous damping coefficient, given
by Stokes’s law as b = 67 R, which is the same for all dampers. To simplify
the model further, it is assumed that Fy jecad = Frrea and hence the net lateral
droplet motion would be resulting from the asymmetric pinning forces. The dif-
ference between the lead and trail forces at the wetting face while positive for the
dewetting phase [52]. This indicates that these pinning forces are lower during
the wetting phase of the contact line and less sensitive to pinning. A simulation of
this two-dimensional triangular mass-spring-damper system with friction forces
and good agreement with that of the experimental data was seen, which indicates
that associated parameters are to draw the characteristics and behavior of the
droplet motion. The model capability arises from the main component that is
the damped harmonic oscillator formulas. However, what limits its predictive
capacity is that the parameters of pinning forces and liquid properties must be
either determined empirically or a priory[52]. Moreover, the system proposed
(3-mass-3-spring) is a linear model while the droplet motion on a ratchet track
shows non-linear properties such as parametric resonance.

Therefore, the modeling of the droplet remains an unresolved problem. However,
developing a concrete model can have several economical advantages. It will not
only simplify droplet studies by removing the necessity of experiments but will
also expand our understanding of droplet dynamics. This expanded understand-

ing may lead to more complex applications.

1.6.1 Simulation

In the following work, a new formulation of the droplet motion is presented. The
droplet-surface interaction is studied in terms of a double pendulum attached to a
moving cart. The numerical model is shown in Figure-3.1. The double pendulum

on a cart is a non-linear under-actuated mechanical device and is quite sensitive
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to any modeling error and extrinsic disturbance [53]. In Yuanhong’s et al., pa-
rameters of the cart-double pendulum motion were identified by using Improved
Genetic Algorithm (IGA). The task is a complex one, and especially when it is
turned into a real-time situation study, as any minimal error between the model
and the actual device could lead to significant adjustments. However, the usage
of an accurate kinetic model proves the key to the easier transition from simula-
tion to real-time experiment. IGA with its several parameters served to identify
these physical parameters. The experimental results resembled well to that of the
simulation [53]. The model in this thesis was created using MATLAB’s Simscape
tool which could provide us with a stable simulation of the double pendulum
motion. The parameters were noted down, as well as the initial conditions. The
pendulum oscillated around its center of mass for a period of time before its net
movement started. The model had an anisotropic environment with an external
and uniform force setting the double pendulum into motion. The equations gov-
erning its motion are a set of nonlinear, multi-variable dynamic equations which
made the model exceptionally sensitive and harder to get an accurate description

of our model.

1.6.2 Numerical Tools

The principal component (PCA) is a tool to further understand of the numerical
results better and enhance the approach. It is used generally in the data analysis
field and implemented for predictive models. The first principal component is
commonly defined to be the direction maximizing the variance of the project data
which was the straight line. The second component is the horizontal periodic
response of the droplet as a result of the vertical oscillation of the track. Its
common usage is for dimensional reduction as one is able to project data points
onto the first few principal components, and hence obtaining lower-dimensional
data without losing the data’s variation. Another numerical tool is The Elastic
Functional Data Analysis (EFDA).

It is employed to align the data with minimal loss while modeling the droplet

motion as a multidimensional function making it easier for data comparison.
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Then, the elastic distance between the two signals of simulation and experiment

was calculated to identify the similarities. The flow of our work is as follows:

e Analyzing the images taken from the high-speed camera capturing the mo-
tion of the droplet on the textured ratchet using image processing tech-

niques.

e The motion of the double pendulum mounted on a cart is simulated with

defined parameters and initial conditions.

e The pendulum simulation results are used to recreate droplet motion nu-

merically

e Frechet Distance is utilized to adjust the weight of the simulation to gen-

erate a better fit the experimental data

e Once the weight is optimized for the comparison between the experimental
data and the simulation, the model is then chosen to re-create the motion
of the droplet motion providing a theoretical framework while maintaining

the key features of this motion.

The reason for choosing the inverted double pendulum as a theoretical backbone
for our work is due to the fact that it is a well-studied non-linear system with
matching properties such as parametric resonance and double-peak motion which
makes it a good candidate for droplet modeling purposes|[54, 55]. Therefore,
using these tools, we developed a double-pendulum-based numerical model that

provides the following advancements

e The ability to reproduce droplet motion

e Maintaining key features from the droplet motion such as the non-linear

response.

e Scalability, where the model can be fine-tuned for different experimental

set-up
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Unlike previous works in literature, our model utilizes a full non-linear framework
to represent the droplet motion. The details of the model and data processing

will be presented in this thesis.
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Chapter 2

Data Acquisition and Processing

2.1 Ratchet Track Design

Ratchet tracks used in the experiment were fabricated by E.Yelekli as part of their
master thesis [36]. The tracks used in this study have a mushroom side profile to
reduce their wettability. Tracks with different radius of curvatures (ROC) were
designed and fabricated. The list of these tracks used for modeling studies is

listed in the table 3.1 below.

The distance between the arc-shaped pillars and their sickness vary with each
design to find the optimum dimensions. The space ratio is defined as the ratio of
the pillar width to the space between two consecutive pillars. Schematic of the
top view of tracks are shown in figure [?] The tracks were 0.9 mm with ROC of
1.6 mm, and 1.2 mm for ROC of 2.0 mm. ROC plays a crucial for the droplet

motion and it should be enough to pin the droplet’s front contact line.
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Design number | Arc width

m ) | Space ratio

Radius of curvature (pm)




To create a superhydrophobic area to prevent droplets from falling out of the

track, pillar arrays were put to both sides of the tracks.

2.2 Experimental Set-up

The experimental sety-up for obtaining data of droplet motion is composed of a
function generator (GW Instek-type SFG 2004), a power amplifier (Bruel Kjaer-
type 2718), a vibration exciter (Bruel Kjaer Type 4809), an accelerometer, an
oscilloscope (DSO-X2012A), a high-speed camera (Phantom) and a high-intensity

light source, as shown in Figure 2.2.
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Figure 2.2: A schematics of the experimental setup

The power amplifier intensifies the signal produced by the function generator
and then transmits it to the vibration exciter. As the track starts its vertical vi-
brations, the contact line of the droplet beings to oscillate, and once the threshold
amplitude is reached, it starts propagating. In order to measure the acceleration,
an accelerometer is placed on the exciter platform and the frequency value is
specified through the function generator. The droplet movement is recorded with
the high-speed camera and then the image data were processed to characterize

the droplet motion. The schematics of the setup is shown in Figure 2.2
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2.3 Image Processing

The data comes in the form of images recorded by using the high speed camera

as shown in Figure.2.4.

Figure 2.3: Example of an input image

Matlab’s Image-processing toolbox has been used to make measurements on
the input images. Traditional image processing techniques have been utilized
to pre-process the images in RGB color format. Functions such as Imbinarize,
rgb2gray, and imclose are used to create and binarize 2-D grayscale images, while
1mopen perform morphological opening. The opening operation first erodes the
image, then dilates the eroded image using an identical structuring element for
both operations. This is particularly a preferred approach if the objects of interest
are relatively larger than undesired objects in the image. This method removes
small objects while preserving the shape and size of larger objects. The results

are shown in Figure.2.4

The edges within the images are detected using Matlab’s Canny edge detection
algorithm. Once the edges are detected, the straight line representing the track

is found using Hough transforms as shown in Figure.2.5.
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Figure 2.4: Resultant image after pre-processing.

Figure 2.5: In white, the edges are detected using Canny edge detection method.

In yellow, straight lines represent the edge of the track.

The track is assumed to be completely horizontal. Hence, the level of the track
can be approximated according to Equation.2.1. Once the stage level is detected,
the pixels on or below the stage are removed leaving only the droplet edges in
the frame. The longest edge represents the outer boundary of the droplet which
is the edge of interest as shown in Figure.2.6

y — DU (2.1)

N €
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Where: Y = approximated level of stage,
y; = y components of data points detected on the lines
N = total number of pixels detected on the line

€ = small number of pixels added to account for errors

Figure 2.6: Only droplet edges are kept after stage and background are removed.

The edge of interest of highlighted in yellow.

The segmented edge contains three key data points:

e X : x location of the top of the droplet
® Xjcading : X location of the leading edge of the droplet

® Xirqiling © X location of the trailing edge of the droplet

These data points are calculated according to the following:

Xo = X’y:maw(Y) (22)
Xicading = X |y=min(v+) Where Y* =Y (z > X) (2.3)
Xtrailing = X|y:min(Y**) where Y™ = Y(I < XO) (24)

The data points shown in Figure.2.7 are continuously tracked throughout the

experiment and used to create the droplet model.
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Figure 2.7: The three important data points: X, in red, Xjeqaing in blue, and

Xtrailmg in yellow.

2.4 Experimental Observations

The motion of a water droplet (8ul) on the ratchet track with arc width 50 pum
(1.6) is shown in Figure 2.8. At 63 Hz, and 4 g the droplet started to move at the
minimum acceleration value, also known as the threshold value of acceleration.
The images were taken at different intervals to illustrate the droplet behavior
during its motion on the ratchet track. The shape of the droplet as explained in
Shastry work[29] is changed due to the alternating wetting and dewetting behavior
of the droplet and it continues to change under the effect of the vertical vibration.
The contact line oscillates and as a result of the asymmetry of the design, it turns
into a net movement, and to analyze the motion of water transportation, the video

is processed.
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Figure 2.8: Images of water droplet (7 ul) transported on the ratchet track of 50
pum (1.6) taken by the high-speed camera. Transportation is at 65 Hz and 9 g.
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The frequency and threshold value of acceleration were tried for different vol-
umes, tracks, and frequencies to calculate the average velocity for droplets in
Yelekli’s paper [36] of 50 um (1.6), 50 pm (1.2), and 65 pm (1.2). The fre-
quency and acceleration of the droplet depend on the viscosity and volume of the
droplet[29].
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Chapter 3

Droplet Modeling

A great amount of experimental work has been dedicated to understand the ex-
perimental properties and dynamics of droplet motion on textured ratchet tracks
[52, 56]. However, the efforts for modeling the droplet motion have been less
extensive. This is due to the complex and non-linear nature of this motion [57].
Some work has shown a potential modeling approach [52]. Dong’s et al. model
the droplet-ratchet surface interaction as a 3 mass, and 3 spring system [52].
Dong’s et al. could demonstrate that nondimensionalization shows consistent be-
havior for droplets of different volumes. Their model captures essential features
of horizontal droplet motion that is due to the surface asymmetry arising from
the vertical vibration. Such models are able to reproduce important features of
the droplet motion [52]; however, they are linear models whereas the droplet mo-
tion is non-linear. The model proposed in this thesis is based on the results of
a double pendulum motion simulation. Based on the experimental observations
and from several simulations it can be seen that both the double pendulum and
droplet motion show resembling responses. Moreover, the double pendulum is a
well-studied parametric resonator system [58, 59] making it an ideal candidate
for droplet motion modeling. The pendulum simulation set-up is shown in Figure
3.1.
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Figure 3.1: Schematic showing the double pendulum attached to a moving cart
on a track.

3.1 Double Pendulum Model

The theoretical backbone of this model is a double pendulum attached to a moving
cart, as shown in Figure 3.1. The cart is assumed to be a mass-less object sliding
with no friction on the track that resides on. For simplicity, the model can be
assumed to be two rods connected with a joint that allows friction-less motion
and mounted on top of a mass-less cart. The simplified representation of the

model is shown in Figure 3.2.

QO

Figure 3.2: Schematics showing a simplified representation of a moving inverted
double pendulum
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3.2 Proposed Model

A double pendulum is comparably easier to study as it represents a non-linear
model that can be employed to recreate the behavior of the droplet on the ratchet
track [60]. The non-linear motion of the double pendulum on a cart has been well
investigated [61, 62]. As seen in Figure 3.2, the model is built of two masses on a
double pendulum attached to a moving cart on a horizontal track. The surface on
which the cart moves is frictionless, and the cart and pendulum are considered to
be mass-less objects. The model has been recreated using MATLAB’s Simscape
tool to produce a stable simulation of the double pendulum motion as shown in

Figure 3.3.

Figure 3.3: A sample behavior of an inverted double pendulum on a sliding cart
obtained using Simscape Multibody in MATLAB. The visual presentation of the
simulated system. The double pendulum dimensions are as follows L; = 18cm,
Ly = 14cm, with a uniform density of 2700kg/m3. The initial angles are §; = 0

and 6, = —20°. The double pendulum is set not to have any initial velocity.
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Figure 3.4: Displacement of the pendulum from point A with respect to time

under the effect of an external bias force is applied.

In the figure 3.3, these parameters and initial conditions are shown. The sim-
ulation of the model exhibits two phases of motion similar to that of the droplet
motion. The pendulum, under an external bias, starts to oscillate around its cen-
ter of mass for a certain amount of time before the net movement is forward as
shown in Figure 3.4. The environment in which it is modeled is anisotropic where
the force setting the double pendulum into motion is uniform and external. The
model is constrained by a set of nonlinear, multi-variable dynamic equations given
in Equation 3.1. The latter makes it a volatile model and hence exceptionally

sensitive to errors. Thus, the parameters were calibrated and initial conditions
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were chosen precisely[63] to avoid the errors.
ai+b cosHlél +c cosegég — b sin 6, 9% —c sinegég =F,
b cosly i+ d; + e cos by Oy — e sin Oy 9% —bgsinf; =0, (3.1)
c cosbOy & + e cos by 51 + fég + eéf sinfly; —cg sinfl, =0,

where 821 = 02 — 81 and

1 1
a=mgy+m;+my, b:§m1L1+m2L1, CzimgLQ,

d:[1+im1L%+m2L%, € = %mngLg, fz]2+m2L%

with mg being the mass of the cart, my,my the masses of the lower and upper
pendulum arms respectively, Ly, Ly the length of these arms, and = the position

of the cart as a monitored output of the simulation.

1
I
a) Wetting 1|  b) Dewetting
(Advancing) : (Receding)
I
I
]

Lead, rec Tail, rec

Overall Motion

—

Figure 3.5: The droplet and pendulum system in altering states.

Figure 3.5 shows the corresponding pendulum model with respect to the
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droplet moving on the surface. In a) wetting state: the droplet is in the ad-
vancing stage, it undergoes less resistance in the direction of the motion, and as
a result of the track’s texture. Below is the pendulum similarly sliding in the di-
rection of the bias. In b) dewetting state: The droplet is in the receding stage, its
leading edge of the droplet resists the displacement whereas the tail edge moves
in the direction of the motion. Similarly, the pendulum, moving in the opposite
direction of the motion, encounters resistance by adding the bias force to the
numerical model.

Two apparent motion modes that the droplet undergoes on the ratchet track can
be observed in the motion of the pendulum on the track 3.5. The two modes of
the pendulum on a cart resemble the wetting and dewetting state of the droplet
motion (Figure 3.5). The pattern of the droplet motion can also be observed
in the overall motion of the pendulum (Figure 3.4). The droplet will oscillate
around the center of the contact line before overcoming hysteresis. Though, be-
fore advancing, the pendulum will oscillate around its center of mass which also
exhibits similarity to the droplet motion on the ratchet track.

The data collected from the experiment and the simulation ran operate in different
spaces, meaning different frequency domains, time, and space scales (Figure 3.6).
Thus, the dimensions of the two systems are to be normalized to have a relevant
comparison between the two data. In this study, the only focus will be on the
pattern the droplet generates moving on a ratchet track. The two systems show

similar features as shown in Figure 3.6.

The Elastic Functional Data Analysis (EFDA) has been employed to quan-
tify the comparison of the two data. EFDA allows data alignment with minimal
loss as it models the droplet motion as a multidimensional function. Using this
alignment, the elastic distance between the two signals is calculated and help

identifying the similarity between the model and the experimental data.
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Figure 3.6: In green, the motion of a water droplet on an oscillating track with a
frequency of 60 Hz is shown. In purple, the actuated double pendulum’s motion
of dimensions L; = 18cm, Ly = l4em, uniform density of 2700kg/m3, initial
angles of #; = 0 and 6, = —20°. Both of the functions were normalized and the
elastic geodesic distance is then calculated (dy: amplitude distance, dx: phase

distance).

3.3 Methodology

After examining the experimental data, it can be said that the droplet motion is
composed of two major components: oscillating signal and driving signal. The
latter is supported with PCA (Principal Components Analysis), in which the first

two principle components recover 84% of the information as Table 3.1 shows.

Table 3.1: Experimental data PCA. 84% of the data could be explained by the

first two Principle Components (PC)
Principal component | 1st 2nd 3rd | others

Variance 75.85 | 8.49 6.04 9.62
Cumulative variance | 75.85 | 84.34 | 90.38 100

The first component, the straight line, can serve as the driving force setting

the droplet into forward motion. The second component encloses the horizontal
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Figure 3.7: a) First PC, b) second PC, ¢) first component of the model, d) second
component of the model

periodic response of the droplet undergoing the vertical oscillation of the track.
Adding this observation to the numerical solution of the double pendulum on a
cart will form the basis of the modeling approach followed. Equation 3.2 charac-
terizes the model of the system, with S being the normalized signal of the double
pendulum oscillation before its propagation, V' being the velocity of the droplet
motion, ¢ being the phase difference, and a being the parameter controlling the
non-linearity of this model. In more details, Equation 3.2 overlays the driving
signal, Vt+ ¢ , and the pendulum oscillations (shown in Figure 3.7 ¢,d) following
a as aS, and Vt + ¢ as parameters. The result of the model is F(t) 3.2.

Ft)=Vt+é+aS (3.2)

An intrinsic parameter tailoring the model to the experiment is configured by a.
a can be used to maximize the similarity exhibited between the model and the
experiment using Fréchet distance[64], given in Equation 3.3.

Fr(f.9) = infmaxd(f(a(t), g(B(t)) (3.3)

a,Bte(1,2]

with d(f,g) being the Euclidean distance between f and g, the latter are taken
in terms of o and f.

Various weights for («) were used creating different models. The distance between
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that created model and the experiment is the optimization factor controlling the

processing analysis flow chart as shown in Figure 3.8.

Droplet
motion
Video

Image
processing

Best
Model

Decision

Double
Pendulum —
motion

compare

Weight parameter

Adjust the weights

Figure 3.8: Flow chart explaining the modeling, and algorithm. The weight
parameter « is varied in according to the elastic distance.

3.4 Results and Discussion

Employing the pipeline proposed in Figure 3.8, the parameters are varied in
Equation 3.2 in order to minimize the distance between the experimental results
and the output of the model. The signal was successfully recreated resembling the
droplet motion by minimizing the Fréchet distance, after showing the resemblance

between the droplet motion and the moving double pendulum.
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Figure 3.9: Comparison of results obtained by the pendulum model with the
experimental data of droplets acquired for different volume and actuation pa-

rameters.

To verify the proposed method, it was tested for different experimental data.
Part of the results is shown in Figure 3.9. The model is able to capture the pat-
tern behavior of the droplet motion and can reproduce different approximations
for leading and receding edges while preserving the difference between and am-
plitudes between the two edges. This simple model, as presented in Figure 3.9, is
able to construct the double peak effect usually observed in the droplet motion.
Nevertheless, the obtained experimental data does not hold this effect as a fea-
ture. It fails to adjust to the input. Therefore, it can be pointed out that there

is a necessity to develop a far more complex system in order to reproduce every
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possible experimental output. Nevertheless, the simple superposition between a
linear equation and a double pendulum simulation can be used to recreate the

general motion of a droplet while keeping its double peak feature.
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Chapter 4

Conclusion and Future work

In this work, a different approach is proposed to understand the motion of droplets
on a ratchet textured surface, which are composed of pillar arrays as described
in chapter 2. The pillar arrays compose a texture on the surface than creates an
energy gradient. As discussed, this gradient sets the droplet into a directional
propagation once the track is set into oscillation. The oscillations expand and
contract the droplet footprint on the track, leading to an overall motion.

The main purpose of this work is to provide a model that can capture this in-
teraction. The theoretical backbone of our work is a double pendulum mounted
on a cart. The data was deducted from the experimental data and from several
numerical observations, in which the resemblance between the double pendulum
and the droplet motion has been observed. This similarity between the two sys-
tems makes the double pendulum a good choice for our modeling purposes. The
double pendulum system is thoroughly studied as a nonlinear system [58, 59] and
it sets the basis for the droplet motion. The method, used to highlight the simi-
larity between the double pendulum and droplet motion, is the elastic functional
data analysis explored in chapter 3. By using elastic functional data analysis,
the signals generated by droplet motion and by pendulum motion are overlapped
which allows a qualitative comparison. This comparison is showed in chapter 3,
where the two system shows great qualitative similarities.

Moreover, a numerical model of a double pendulum was proposed. The model
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is constructed based on the results of principal component analysis of the ex-
perimental data. Then it is quantitatively compared to the experimental data
using Fréchet distance, for similarity observations. The Fréchet distance is used
for parameter turning in order to get the best fitting results generated from the
proposed model.

The key features in common between droplet motion and double pendulum mo-
tion are a double peak pattern and the hysteresis before setting into motion, and
their parametric behaviour. The two systems, the double pendulum on a cart and
droplet motion, are highly non-linear complex systems with no analytic solution.
Advanced models, however, were investigated to describe the complex behavior
of the double pendulums. Hence, several techniques were employed to unravel the
characteristics of the droplet motion, which can lead to droplet-based advanced
applications in the near future.

The theoretical approach can benefit from existing studies instead of starting
from the preliminary stages. We hope further studies can explore the possibil-
ity of utilizing the double pendulum for a more thorough numerical model. A
modification on the double pendulum equations of motion can lead to interesting
results. Moreover, a parameters mapping between the two systems can expand
our understanding of droplet motions. Therefore, by following a more analytical
approach, and by studying the non-linear model of the double pendulum through
various computational methods, the loss generated by small errors can eradicate,
different initial conditions can be explored in depth. To further enhance the
study, it is recommended to investigate the similarity between the two systems
presented using different computational and mathematical tools.

Hence, in this study, it can be seen that a double pendulum mounted on cart can
be qualitatively and quantitatively compared to double pendulum. Moreover,
this work could be considered as an initial droplet motion modeling effort based

on non-linear systems such as double pendulum.
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