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ABSTRACT

POISSON BI-VECTORS IN FOUR DIMENSIONS

In this work, it is shown that a non-vanishing vector field on a four dimensional manifold

is locally bi-Hamiltonian. We construct a method for computing the symplectic structures

which make the given non-vanishing vector field Hamiltonian. The method uses solely the

knowledge of the vector field but not its integral curves. Therefore the method proposes a

way of constructing a bi-Hamiltonian structure for the dynamical system defined by the given

vector field without requiring the solution of the dynamical system.
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ÖZET

DÖRT BOYUTTAKİ POİSSON Bİ-VEKTÖRLER

Bu çalışmada dört boyutlu bir manifold üzerinde sıfır değeri almayan her vektör alanının yerel

olarak bi-Hamiltonyen olduğu gösterilmiştir. Sözkonusu vektör alanını Hamiltonyen vektör

alanları haline getiren iki simplektik yapının nasıl hesaplanacağına dair bir yöntem geliştiril-

imiştir. Bu yöntem sadece vektör alanının bilgisini gerektirmekte ancak integral eğrilerinin

bilgisine ihtiyaç duymamaktadır. Dolayısıyla yöntem verili vektör alanının tanımladığı di-

namik sistem için bir bi-Hamiltonyen yapının inşasına dair bir yöntem önermekte ancak di-

namik sistemin çözümünün bilgisine ihtiyaç duymamaktadır.
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1. INTRODUCTION

Poisson structures are special types of geometric structures that appears in various parts of

mathematical physics, e.g. plasma physics [11], fluid dynamics [10], field theory [12], popu-

lation dynamics [13], optics [14], electromagnetism [15] and mechanics [1]. Aside from their

importance in a purely geometric perspective Poisson structures were investigated system-

atically also for investigating the dynamics produced by Hamiltonian vector fields defined

with respect to a Poisson structure. In other words, Poisson structures are quite important in

Hamiltonianization of a vector field and investigating the invariants of the flow generated by

the vector field in question.

The usual approach is to start with a given Poisson manifold and then investigate Hamilto-

nian vector fields that can be defined by the Poisson structure defined on the manifold. The

perspective of this thesis is quite a bit different from the usual approach. Instead of start-

ing with a Poisson manifold, namely with a specific Poisson structure, we rather start with a

manifold and a non-zero vector field on it. Or equivalently we may consider a vector field

on an arbitrary four manifold whose support is also a four dimensional manifold. Then our

aim is to construct a Poisson structure on the manifold by using the vector field alone. This

is called the Hamiltonianization of a vector field in four dimensions.

In [5] it is shown that in three dimensions it is always possible to construct two Poisson

structures which Hamiltonianize a non-vanishing vector field locally, and the topological

obstructions for the global existence is presented. In this workwe extended the local existence

theorem to four dimensions and proved that for a given nonvanishing vector field e0 on a

four dimensional manifold, it is possible find two independent Poisson structures J1 and J2

which make this vector field bi-Hamiltonian. Our strategy is as follows: First we are going

to write down equations determining a Poisson structure in four dimensions. We explicitly

determine these equations in vector form as well as in terms of differential forms as in [6].

Then assuming nondegeneracy, it is shown that these equations amount to

ie0J ∧ die0J = 0 (1.1)
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which gives rise to a Ricatti equation in a certain local frame {e0, e1, e2, e3} constructed by

the information provided by the vector field. To be able handle this equation we transform it

into,

α ∧ dα = 0 (1.2)

which is equivalent to

Leiα ∧ α = 0 (1.3)

for i=0,1. Then we are going to demonstrate that these equations have two independent

solutions in α’s and also it will be shown that there are two different J’s satisfying

ie0J = α (1.4)

and there are two functions f such that

d

(
J

f

)
= 0 (1.5)

In this way, we construct a method to find how to make a nonvanishing vector field Hamilto-

nian in four dimensions, using merely existence of solutions without explicitly finding them.
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2. PRELIMINARIES

For the following definitions, letM be a smooth manifold.

Definition 2.0.1. Symplectic form is a nondegenerate two form J on M such that J is closed,

that is, dJ = 0. By nondegeneracy, we mean that the matrix representing J is nonsingular. A

smooth manifold endowed with symplectic form is called a symplectic manifold .

Definition 2.0.2. [8] LetC∞ (M) denote smooth real-valued functions onM where the mul-

tiplication is defined pointwise.

A Poisson bracket (or Poisson structure) onM is a bilinear map

{., .} : C∞ (M)× C∞ (M) → C∞ (M)

satisfying the following conditions:

i. Skew symmetry

{f, g} = −{g, f}

ii. Jacobi identity

{f, {g, h}}+ {g, {h, f}}+ {h, {f, g}} = 0

iii. Leibniz’s Rule

{fg, h} = f {g, h}+ g {f, h}

Definition 2.0.3. [8] Schouten- Nijenhuis bracket is a type of graded Lie bracket defined on

multivector fields on a smooth manifold extending the Lie bracket of vector fields.

[., .] : Xp (M)× Xq (M) → Xp+q−1 (M)

(v, ξ) → [v, ξ]

which is defined as

[v, ξ] = v ◦ ξ − (−1)(k−1)(l−1) ξ ◦ v (2.1)
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where

ξ ◦ v (df1, df2, ......., dfk+l−1) :=
∑
σ

sgnσ
−
ξ
(
−
v
(
fσ(1), ......., fσ(k)

)
, fσ(k+1), ...., fσ(k+l−1)

)
such that σ runs over (k, l − 1)−shuffles and

−
v (f1, ......, fk) = v (df1, ......., dfk)

and
−
ξ is also similar.

Definition 2.0.4. [8] Let (M, {., .}) be a Poisson manifold. The Hamiltonian vector field of

f ∈ C∞ (M) is the vector field Xf ∈ X (M) defined by

Xf (g) = {g, f} for all g ∈ C∞ (M)

The function f is called the Hamiltonian function.

Definition 2.0.5. Let (M, θ) be a symplectic manifold. For any smooth function f ∈ C∞ (M),

the Hamiltonian vector field of f, Xf is defined by

iXf
θ = df or equivalently θ (Xf , X) = df (X) = Xf (2.2)

for any smooth vector field X.

Last two definitions are equivalent if M is symplectic manifold. The following remark 3.1.5

reveals the equivalance.

Definition 2.0.6. [9] A system of differential equations is called bi-Hamiltonian , if it can be

written in Hamiltonian form in two distinct ways:

v = J1∇H1 = J2∇H0

H0, H1 are the two Hamiltonian functions, and J1, J2 are skew symmetric nxn Hamiltonian

matrices, not constant multiples of each other, determining Poisson brackets. Entries of Ji’s

are given J jk
i =

{
xj, xk

}
i
where xi ’s are coordinate functions and {}i is the poisson bracket.
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3. POISSON STRUCTURE ON A SMOOTHMANIFOLD

The first two conditions of the Poisson bracket, namely skew symmetry and Jacobi identity,

ensure that {., .} defines a Lie algebra structure on C∞ (M) . The third condition guarantees

that for each f ∈ C∞ (M) , the map

{. , f} : C∞ (M) → C∞ (M)

is a derivation of the commutative product on C∞ (M), i.e, is a vector fieldXf . Using prop-

erties above, we may think of the bracket as defining a contravariant tensor π as

{f, g} = π (df, dg)

where π ∈ Γ (Λ2TM) is a smooth bi-vector field. Conversely, given any smooth bi-vector

field π onM the formula

{f, g} = π (df, dg)

defines a bilinear skew-symmetric bracket {., .} that obeys the Leibniz’s rule. To ensure that

{., .} is a Poisson bracket, Jacobi identity must hold. Jacobi identity can be characterized by

the partial differential equation

[π, π] = 0

where [., .] is Shouten- Nijenhuis bracket. Poisson structure on a smooth manifold M is

defined in some local coordinates (xa) ∈ M by a skew symmetric contravariant tensor πab

which forms the components of a bi-vector

π =
1

2
πab ∂

∂xa
∧ ∂

∂xb
; a, b = 0, 1, ......, n− 1

satisfying

[π, π] = πda∂π
bc

∂xd

∂

∂xa
∧ ∂

∂xb
∧ ∂

∂xc
= 0

where the bracket is the Schouten- Nijenhuis bracket of algebra of multi-vectors.
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Lemma 3.0.1. If

π =
1

2
πab ∂

∂xa
∧ ∂

∂xb
; a, b = 0, 1, ......, n− 1

then Jacobi identity corresponds to

[π, π] = πda∂π
bc

∂xd

∂

∂xa
∧ ∂

∂xb
∧ ∂

∂xc
= 0

Proof. Replace ξ, v in (2.1) by π then

[π, π] = π ◦ π − (−1)1.1 π ◦ π = 2 (π ◦ π) (3.1)

{{f1, f2} , f3}+ {{f2, f3} , f1}+ {{f3, f1} , f2} =
1

2
ϵi1i2i3

−
π
(
−
π (fi1 , fi2) , fi3

)
(3.2)

[π, π] = 2 (π ◦ π) = 0 ⇐⇒ 2 (π ◦ π) (df1, df2, df3) = 0 for all f1, f2, f3 (3.3)

2 (π ◦ π) (df1, df2, df3) = 2

(
1

2
ϵi1i2i3

−
π
(
−
π (fi1 , fi2) , fi3

))
(3.4)

Since −
π (fi, fj) = π (dfi, dfj) = πbc ∂fi

∂xb

∂fj
∂xc

then (3.5)

ϵi1i2i3
−
π
(
−
π (fi1 , fi2) , fi3

)
= ϵi1i2i3

−
π

(
πbc∂fi1

∂xb

∂fi2
∂xc

, fi3

)
(3.6)

= ϵi1i2i3πda
∂
(
πbc ∂fi1

∂xb

∂fi2
∂xc

)
∂xd

∂fi3
∂xa

(3.7)

= ϵi1i2i3πda∂π
bc

∂xd

∂fi1
∂xb

∂fi2
∂xc

∂fi3
∂xa

+ ϵi1i2i3πdaπbc
∂
(

∂fi1
∂xb

∂fi2
∂xc

)
∂xd

∂fi3
∂xa

(3.8)

Observe that second part of the sum in (3.8) is zero. That is,

ϵi1i2i3πdaπbc
∂
(

∂fi1
∂xb

∂fi2
∂xc

)
∂xd

∂fi3
∂xa

= 0. (3.9)

To be able to see it, (3.9) can be written explicitly then indices are rearranged. That is, the

following sum is zero.

ϵi1i2i3πdaπbc ∂2fi1
∂xd∂xb

∂fi3
∂xa

∂fi2
∂xc

+ ϵi1i2i3πdaπbc ∂2fi2
∂xd∂xc

∂fi3
∂xa

∂fi1
∂xb

(3.10)
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One can swap i1 and i3 and interchange b and c then

ϵi1i2i3πdaπbc ∂2fi1
∂xd∂xb

∂fi3
∂xa

∂fi2
∂xc

= −ϵi1i2i3πdaπbc ∂2fi3
∂xd∂xb

∂fi1
∂xa

∂fi2
∂xc

(3.11)

= ϵi1i2i3πdaπbc ∂2fi3
∂xd∂xc

∂fi1
∂xa

∂fi2
∂xb

then interchange a and b (3.12)

= ϵi1i2i3πdaπbc ∂2fi3
∂xd∂xc

∂fi1
∂xb

∂fi2
∂xa

(3.13)

For the second part of the sum in (3.10), swap i2 and i3 , that is,

ϵi1i2i3πdaπbc ∂2fi2
∂xd∂xc

∂fi3
∂xa

∂fi1
∂xb

= −ϵi1i2i3πdaπbc ∂2fi3
∂xd∂xc

∂fi2
∂xa

∂fi1
∂xb

(3.14)

Adding the findings (3.13) and (3.14) present the sum (3.10) as 0. That is,

(3.8) becomes the following :

[π, π] (df1, df2, df3) = ϵi1i2i3πda ∂πbc

∂xd

∂fi1
∂xb

∂fi2
∂xc

∂fi3
∂xa (3.15)

= ϵi1i2i3πda ∂πbc

∂xd

∂

∂xa
⊗ ∂

∂xb
⊗ ∂

∂xc
(dfi3 , dfi1 , dfi2) (3.16)

= ϵi3i1i2πda ∂πbc

∂xd

∂

∂xa
⊗ ∂

∂xb
⊗ ∂

∂xc
(dfi3 , dfi1 , dfi2) (3.17)

= ϵi1i2i3πda ∂πbc

∂xd

∂

∂xa
⊗ ∂

∂xb
⊗ ∂

∂xc
(dfi1 , dfi2 , dfi3) (3.18)

= πda ∂πbc

∂xd

∂

∂xa
∧ ∂

∂xb
∧ ∂

∂xc
(dfi1 , dfi2 , dfi3) then (3.19)

[π, π] = πda ∂πbc

∂xd

∂

∂xa
∧ ∂

∂xb
∧ ∂

∂xc
= 0. (3.20)

The following partial differential equations have dimensional dependence:

[π, π] = πda∂π
bc

∂xd

∂

∂xa
∧ ∂

∂xb
∧ ∂

∂xc
= 0 (3.21)

holds identically in two dimensions, meaning that any bi-vector is Poisson.

3.1. POISSON STRUCTURE IN FOUR DIMENSIONS IN VECTOR FORM

In this section, we closely follow [6]. For n = 3, it gives one scalar equation for three

functions of three variables. As for n = 4, there are four equations for six unknowns of four

variables.
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(3.21) can be identified with the following : One can use coordinate functions xi instead of

fi in (3.3) then relations regarding πij are obtained. That is,

πdj ∂π
ki

∂xd
+ πdk ∂π

ij

∂xd
+ πdi∂π

jk

∂xd
= 0 (3.22)

where d,i,j,k=0,1,2,3. Indeed, (3.22) and skew symmetries of π lead to be equivalent to (3.21).

Since (3.22) is symmetric, there are four outcomes for {i, j, k} as follows :

i j k

1 2 3

0 1 2

0 3 1

0 2 3


(3.23)

Let π0i = −ui, πij = −ϵijkvk where i,j,k=1,2,3. We are dealingwith casen = 4. If (i, j, k) =

(1, 2, 3), that is,  i j k

1 2 3

 (3.24)

then (3.22) reveals that

u · ∂v
∂t

+ v · ∇ × v = 0 ⇐⇒ (3.25)

∂ (u · v)
∂t

= v ·
(
∂u

∂t
−∇× v

)
. (3.26)

For the the following cases : 

i j k

0 1 2

0 3 1

0 2 3


(3.27)
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Equation (3.22) suggests that

−u2∂u
3

∂t
+ u3∂u

2

∂t
+ πd2∂u

3

∂xd
− πd3∂u

2

∂xd
− ud ∂v1

∂xd
= 0 (3.28)

−u3∂u
1

∂t
+ u1∂u

3

∂t
+ πd3∂u

1

∂xd
− πd1∂u

3

∂xd
− ud ∂v2

∂xd
= 0 (3.29)

−u1∂u
2

∂t
+ u2∂u

1

∂t
+ πd1∂u

2

∂xd
− πd2∂u

1

∂xd
− ud ∂v3

∂xd
= 0 (3.30)

Using the sum on d (d = 1, 2, 3), these equations suggest that

v1∇ · u− v1
∂u1

∂x1
− v2

∂u2

∂x1
− v3

∂u3

∂x1
− ((u · ∇) v)i =

(
u× ∂u

∂t

)
i

(3.31)

v2∇ · u− v1
∂u1

∂x2
− v2

∂u2

∂x2
− v3

∂u3

∂x2
− ((u · ∇) v)j =

(
u× ∂u

∂t

)
j

(3.32)

v3∇ · u− v1
∂u1

∂x3
− v2

∂u2

∂x3
− v3

∂u3

∂x3
− ((u · ∇) v)k =

(
u× ∂u

∂t

)
k

(3.33)

Paying attention to the following,

[(v · ∇) u+ v × (∇× u)] =


v1

∂u1

∂x1 + v2
∂u2

∂x1 + v3
∂u3

∂x1

v1
∂u1

∂x2 + v2
∂u2

∂x2 + v3
∂u3

∂x2

v1
∂u1

∂x3 + v2
∂u2

∂x3 + v3
∂u3

∂x3


The equation above indicate that

v∇ · u− (v · ∇) u− v × (∇× u)− (u · ∇) v = u× ∂u

∂t
(3.34)

Using the following equality,

∇ (u · v) = u× (∇× v) + v × (∇× u) + (u · ∇) v + (v · ∇) u

One can reach that

∇ (u · v) = v (∇ · u)− u×
(
∂u

∂t
−∇× v

)
= 0. (3.35)

The matrix representation of π is denoted by [π].
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[π] =


0 −u1 −u2 −u3

u1 0 −v3 v2

u2 v3 0 −v1

u3 −v2 v1 0


Put u = (u1, u2, u3), v = (v1, v2, v3) and x=(t, x, y, z)

det [π] = (u.v)2 = (ρ (π))2

where

ρ (π) = u.v

In four dimensions, the Jacobi identity becomes

∂ (ρ (π))

∂t
= v.

(
∂u

∂t
−∇× v

)
(3.36)

∇ (ρ (π)) = v (∇.u)− u×
(
∂u

∂t
−∇× v

)
(3.37)

In case ρ(π) = 0 , if u = B and v = E then the Jacobi identity can also be written as follows:

E · (∂B
∂t

−∇× E) = 0 (3.38)

E(∇ · B)− B × (
∂B

∂t
−∇× E) = 0 (3.39)

(3.38), (3.39) correspond to Jacobi identity for a degenerate Poisson bi-vector. Nondegen-

erate bi-vector means that matrix representation of the tensor has full rank, otherwise it is

called degenerate.

Lemma 3.1.1. Jacobi identity con be identified as the solutions of (3.38), (3.39) for a de-

generate and nondegenerate Poisson bi-vector.

Proof. Since we have already observed that (3.38), (3.39) correspond to Jacobi identity for

a degenerate Poisson bi-vector. Consider the case ρ(π) ̸= 0. Put B =
u

ρ(π)
, E =

v

ρ(π)
.
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Then u =
B

E · B
, v =

E

E · B
and u · v =

1

E · B
. (3.36) suggests that

∂
(

1
E·B

)
∂t

=
E

E · B
·

(
∂
(

1
E·B

)
∂t

−∇×
(

E

E · B

))
(3.40)

Using ∇×
(

E

E · B

)
=

E

E · B
∇× E +

E ×∇ (E · B)

(E · B)2
(3.41)

−1

(E · B)2
∂(E · B)

∂t
=

E

(E · B)3
·
[
(E · B)

∂B

∂t
− ∂ (E · B)

∂t
B

]
− E · ∇ × E

(E · B)2
(3.42)

(3.42) is multiplied by (E · B)2, (3.38) is obtained. As for (3.39), firstly observe the follow-

ings :

∇
(

1

E · B

)
= −∇ (E · B)

(E · B)2
(3.43)

∇
(

B

E · B

)
=

∇ · B
E · B

− B · ∇ (E · B)

(E · B)2
(3.44)

Using (3.41),(3.43) and (3.44), (3.37) suggests that

− ∇ · B
(E · B)2

=
E

E · B

(
∇ · B
E · B

− B · ∇ (E · B)

(E · B)2

)
−

B × ∂B
∂t

(E · B)2

+
B

(E · B)2
×
(
∇× E +

E ×∇(E · B)

E · B

) (3.45)

Using B × (E ×∇(E · B)) = (B · ∇(E · B))E − (E · B)∇(E · B) (3.46)

and (3.45) multiplied by (E · B)2, (3.39) is obtained. (3.47)

Proposition 3.1.2. If x=(t, x, y, z) ∈ R4, the rank of Poisson tensor Λ in x=(t, x, y, z) takes

rankΛ =


0 iff E = B = 0

2 iff ∥E∥2 + ∥B∥2 ̸= 0 and E · B = 0

4 iff E · B ̸= 0

Proof. Since rankΛ+ dimkerΛ = 4, dimkerΛ is determined to find rankΛ. Let a ∈ R and
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α ∈ R3. To find kernel :  0 −Bt

B −ϵijkEk

 a

α

 =

 0

0

 (3.48)

Then we have

 −B · α

aB − α× E

 =

 0

0

⇒

 α · B = 0

aB = α× E

(3.49)

There are two cases: E · B ̸= 0 and E · B = 0 .

• E · B ̸= 0 implies that

aB · E = (α× E) · E = 0 ⇒ a = 0 ⇒ α× E = 0.

⇒ α = λE for some function λ.

α · B = λ(B · E) = 0 ⇒ λ = 0 ⇒ α = 0.

Thus  a

α

 = 0 i.e, kerΛ = 0 ⇒ rankΛ = 4. (3.50)

• It is clear that rankΛ = 0 iff E = B = 0.

• For E · B = 0 :

Case 1: Assume that E ̸= 0, B ̸= 0. Let α=d1E + d2B + d3B×E.

α · B = 0

aB = α× E

⇒

d2∥B∥2 = 0 ⇒ d2 = 0.

(d1E + d3B × E)× E = −d3E × (B × E) = −d3∥E∥2B

⇒ a = −d3∥E∥2 ⇒ d3 = − a

∥E∥2

(3.51)
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 a

α

 =



a

d1

0

− a

∥E∥2


= d1


0

1

0

0

+ a



1

0

0

− 1

∥E∥2


. (3.52)

That is, kerΛ=2⇒ rankΛ=2.

Case 2: Assume that E=0 and B ̸= 0 and E·B=0. We have

α · B = 0

aB = α× E

⇒ a = 0 and α · B = 0. (3.53)

Since B ̸=0, at least one component of B must be nonzero so without lost of generality,sayB1

̸=0. In this case ,

α · B = 0 ⇒ α1 = −B2

B1

α2 −
B3

B1

α3

 a

α

 = α2


0

−B2

B1

1

0

+ α3


0

−B3

B1

0

1

⇒ rankΛ = 2 (since dimkerΛ = 2). (3.54)

Case 3: Assume that E ̸=0, B=0 and E·B=0 :

In this case, α× E = aB = 0 ⇒ α=λE for some function λ.

 a

α

 = a


1

0

0

0

+ λ


0

E1

E2

E3

⇒ dimkerΛ = 2 i.e, rankΛ = 2. (3.55)

We have covered all cases regarding E·B=0 and ∥E∥2 + ∥B∥2 ̸=0.

If rankΛ = 4, suppose that E·B=0 but E·B=0 implies that rankΛ=2 or 0, contradiction. If

rankΛ = 2, suppose that E·B̸=0 but E·B̸=0 implies that rankΛ = 4, contradiction.

The nondegeneracy and degeneracy of π occurs whenever E ·B ̸= 0 and E ·B = 0 , respec-

tively.
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Considering (3.38) and (3.39) (We convert u and v intoE andB thus [π] changes), then Pois-

son tensor can be written as

Λ =

 0 −Bt

B −ϵijkEk

 for rankΛ = 2 (3.56)

Λ =
1

E · B

 0 −Bt

B −ϵijkEk

 for rankΛ = 4 (3.57)

If the rank of Λ is 4 then B · E ̸= 0 (Symplectic case) then (3.39) is multiplied by B then

(E · B) (∇ · B) = 0 and since E · B ̸= 0 , one reaches that ∇ · B = 0. Since ∇ · B = 0,

(3.39) implies that ∂B
∂t

− ∇ × E = λB then (3.38) indicates E ·
(
∂B
∂t

−∇× E
)
= 0 ⇒

λE · B = 0 ⇒ λ = 0.

Hence equations can be reduced into

∂B

∂t
−∇× E = 0 (3.58)

∇ · B = 0 (3.59)

Remark 3.1.3. Observe that

{f, g} = π (df, dg) = −Xf (g) = −Xf (dg) (3.60)

π♯(df)(dg) = π (df, dg) (3.61)

Therefore, π♯(df) = −Xf and

iXf
df = Xff = π (df, df) = 0. (3.62)



15

Remark 3.1.4. If Xf = ai ∂
∂xi and dg =

∂g

∂xi
dxi , the followings are also hold.

[Xf (dg)] =
[
a1 a2 ... an

]


∂g

∂x1

∂g

∂x2

...
∂g

∂xn


, that is , [Xf (dg)] = [Xf ]

T [dg] (3.63)

Since π is skew-symmetric,

[π (df, dg)] = [df ]T [π] [dg] = − ([π] [df ])T [dg] = − [Xf ]
T [dg] . (3.64)

Therefore,

[π] [df ] = [Xf ] . (3.65)

Remark 3.1.5. If π is full rank , let [θ]ij = − [π]−1
ij then [θ]ij = − [θ]ji. Put θ =

1

2
θijdx

i∧dxj

whenever π = 1
2
πij ∂

∂xi ∧ ∂
∂xj .

Observe that

[θ (Xf , Xg)] = [Xf ]
T [θ] [Xg] = [df ]T [π]T [θ] [π] [dg] = − [df ]T [π]T [dg] (3.66)

Since π is skew symmetric, (3.67)

[π (df, dg)] = [df ]T [π] [dg] = − [df ]T [π]T [dg] (3.68)

{f, g} = π (df, dg) = θ (Xf , Xg) (3.69)

[Xf ]
T [θ] [Xg] = [θ (Xf , Xg)] =

[
iXf

θ
]T

[Xg] (3.70)[
iXf

θ
]T

= [Xf ]
T [θ] = − [df ]T [π] [θ] = [df ]T (3.71)

iXf
θ = df (3.72)

When manifold is symplectic, we see that (3.72) defines Hamitonian vector field of f. Here,

as usual [.] is used to denote matrix representation and T represents transposition of the

matrix.
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Theorem 3.1.6. If θ is defined as in remark 3.1.5 then

∂θij
∂xk

+
∂θki
∂xj

+
∂θjk
∂xi

= 0 ⇐⇒ πdj ∂π
ki

∂xd
+ πdk ∂π

ij

∂xd
+ πdi∂π

jk

∂xd
= 0 (3.73)

dθ = 0 ⇐⇒ ∂θij
∂xk

+
∂θki
∂xj

+
∂θjk
∂xi

= 0 (3.74)

Since (3.22) is equivalent to Jacobi identity, Jacobi identity is equivalent to dθ = 0. More

explicitly, if there is a Symplectic manifoldM then there is a Poisson structure on M. In this

case, LXf
θ = iXf

dθ + diXf
θ = 0.

Proof. Observe that

0 = −∂ [I]

∂xd
=

∂ ([θ] · [π])
∂xd

=
∂ [θ]

∂xd
· [π] + [θ] · ∂ [π]

∂xd
(3.75)

(3.75) implies that

∂ [θ]

∂xd
= [θ] · ∂ [π]

∂xd
· [θ] (3.76)

∂ [π]

∂xd
= [π] · ∂ [π]

∂xd
· [π] (3.77)

(3.76) explicitly implies that

∂θjk
∂xi

= θjl
∂πlm

∂xi
θmk

∂θki
∂xj

= θkl
∂πlm

∂xj
θmi

∂θij
∂xk

= θil
∂πlm

∂xk
θmj (3.78)

(3.77) explicitly implies that

∂πki

∂xd
= πkl∂θlm

∂xd
πmi ∂πij

∂xd
= πil∂θlm

∂xd
πmj ∂πjk

∂xd
= πjl∂θlm

∂xd
πmk (3.79)

Using (3.22) and (3.79) suggest that

πdjπkl∂θlm
∂xd

πmi + πdkπil∂θlm
∂xd

πmj + πdiπjl∂θlm
∂xd

πmk = 0 (3.80)
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if (3.80) is multiplied by θĩiθjj̃θkk̃ and summed over i,j,k=0,1,2,3 then

δj̃dδk̃lδ ĩm
∂θlm
∂xd

+ δk̃dδ ĩlδj̃m
∂θlm
∂xd

+ δ ĩdδj̃lδk̃m
∂θlm
∂xd

= 0 (3.81)(
δ ĩmδj̃dδk̃l + δ ĩlδj̃mδk̃d + δ ĩdδj̃lδk̃m

) ∂θlm
∂xd

= 0 (3.82)

∂θj̃k̃

∂xĩ
+

∂θk̃ĩ
∂xj̃

+
∂θĩj̃

∂xk̃
= 0 (3.83)

Reindexing,
∂θjk
∂xi

+
∂θki
∂xj

+
∂θij
∂xk

= 0 (3.84)

Using (3.78) and (3.84), we are going to show (3.22). More explicitly, If (3.84) is multiplied

by π ĩiπjj̃πkk̃ and summed over i,j,k then the followings appear :(
∂θjk
∂xi

+
∂θki
∂xj

+
∂θij
∂xk

)
π ĩiπjj̃πkk̃ = 0 (3.85)(

θjl
∂πlm

∂xi
θmk + θkl

∂πlm

∂xj
θmi + θil

∂πlm

∂xk
θmj

)
π ĩiπjj̃πkk̃ = 0 (3.86)

−δlj̃δmk̃ ∂θlm
∂xi

π ĩi − δlk̃δmĩ∂θlm
∂xj

πjj̃ − δ l̃iδmj̃ ∂θlm
∂xk

πkk̃ = 0 (3.87)

−π ĩi∂π
j̃k̃

∂xi
− πjj̃ ∂π

k̃ĩ

∂xj
− πkk̃ ∂π

ĩj̃

∂xk
= 0 (3.88)

Reindexing,

πdi∂π
jk

∂xd
+ πdj ∂π

ki

∂xd
+ πdk ∂π

ij

∂xd
= 0 (3.89)

The first line of the theorem is proved, now consider θ =
1

2
θijdx

i ∧ dxj then

2dθ =
∂θij
∂xk

dxi ∧ dxj ∧ dxk (3.90)

6dθ =
∂θij
∂xk

dxi ∧ dxj ∧ dxk +
∂θki
∂xj

dxi ∧ dxj ∧ dxk +
∂θjk
∂xi

dxi ∧ dxj ∧ dxk (3.91)

6dθ =

[
∂θjk
∂xi

+
∂θki
∂xj

+
∂θij
∂xk

]
dxi ∧ dxj ∧ dxk (3.92)

Hence dθ = 0 because of (3.84). As last comment, dθ = 0 and iXf
θ = df lead to

LXf
θ = iXf

dθ + diXf
θ = 0 (3.93)
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Main concern of this thesis is determining the conditions of being Hamiltonian (and bi-

Hamiltonian) for a given ω=(V0,V ) ∈ TM , we try to find conditions on ω to be Hamiltonian

(and bi-Hamiltonian)

Λ : T *M → TM

Λ(dH) =

 0 −Bt

B −ϵijkEk

 ∂H

∂t

∇H

 =

 V0

V

 (3.94)

Λ(dH) =
1

E · B

 0 −Bt

B −ϵijkEk

 ∂H

∂t

∇H

 =

 V0

V

 (3.95)

These equations are valid for rank 2 and rank 4 of Λ, respectively. That is, −B · ∇H

∂H
∂t
B + E ×∇H

 =

 V0

V

 for rankΛ = 2 (3.96)

1

E · B

 −B · ∇H

∂H
∂t
B + E ×∇H

 =

 V0

V

 for rankΛ = 4 (3.97)

Our aim is to find Λ and H using the data provided by ω. Therefore, these equations below

must be hold.

For rankΛ = 2,

System 1 System 2

E · (∂B
∂t

−∇× E) = 0 −B · ∇H = V0

E(∇ · B)− B × (
∂B

∂t
−∇× E) = 0 ∂H

∂t
B + E ×∇H = V

For rank Λ = 4,

We can take inverse of Λ then we can find that equations that should be hold as follows :

System 1 System 2
∂B

∂t
−∇× E = 0 E · V = ∂tH

∇ · B = 0 −V0E + V × B = ∇H



19

3.2. POISSON STRUCTURE IN FOUR DIMENSIONS IN DIFFERENTIAL FORM

Let

u = E1dx
1 ∧ dt+ E2dx

2 ∧ dt+ E3dx
3 ∧ dt

−B1dx
2 ∧ dx3 − B2dx

3 ∧ dx1 − B3dx
1 ∧ dx2

(3.98)

and (dt, dt) = 1, (dxi, dxj) = δij, (dxi, dt) = 0,Ω = dt ∧ dx1 ∧ dx2 ∧ dx3.

We can see

du = −∇ · Bdx1 ∧ dx2 ∧ dx3 − (∂tB1 − (∇× E)1)dt ∧ dx2 ∧ dx3

−(∂tB2 − (∇× E)2)dt ∧ dx3 ∧ dx1 − (∂tB3 − (∇× E)3)dt ∧ dx1 ∧ dx2
(3.99)

du = 0 means the following equations :

∇ · B = 0

∂tB −∇× E = 0.

For rank Λ = 2,

Consider iwu,

iwu = −Eidt ∧ dxi(V0
∂

∂t
+ Vj

∂

∂xj
)− 1

2
ϵijkBidx

j ∧ dxk(V0
∂

∂t
+ Vl

∂

∂xl
)

= −V0Eidx
i + E · V dt+

1

2
ϵijkBiVjdx

k − 1

2
ϵijkBiVkdx

j

= −V0Eidx
i + E · V dt− (B × V )idx

i

For rank Λ = 4,

iwu = dH and du = 0

if and only if the systems 1,2 are hold.
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Considering dH ∧ u,

dH ∧ u = −
(
∂tHdt+ ∂iHdxi

)
∧ Ejdt ∧ dxj −

(
∂tHdt+ ∂lHdxl

)
∧ 1

2
ϵijkBidx

j ∧ dxk

= (∂jH)Ekdt ∧ dxj ∧ dxk − 1

2
ϵijk(∂tH)Bidt ∧ dxj ∧ dxk

− 1

2
ϵijkϵ

ljkBi(∂lH)dx1 ∧ dx2 ∧ dx3

= − (E ×∇H + (∂tH)B)1 dt ∧ dx2 ∧ dx3

− (E ×∇H + (∂tH)B)2 dt ∧ dx3 ∧ dx1

− (E ×∇H + (∂tH)B)3 dt ∧ dx1 ∧ dx2 − B · ∇Hdx1 ∧ dx2 ∧ dx3.

iwΩ = V0dx
1∧dx2∧dx3−V1dt∧dx2∧dx3−V2dt∧dx3∧dx1−V3dt∧dx1∧dx2 (3.100)

Thus,

iwΩ = u ∧ dH

corresponds to the system 2 equations for rank Λ = 2.

1

E · B
iwΩ = u ∧ dH

corresponds to the system 2 equations for rank Λ = 4. The results above give us a motivation

to suggest that iwΩ = J ∧ dH may hold for some two form J .
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4. THE LINE OF REASONING

We show that the followings are equivalent (A ⇐⇒ B ⇐⇒ C ⇐⇒ D ⇐⇒ X):

X : iwΩ = J ∧ dH; A : iwJ = fdH ; B : iw
f
J = dH; C : igwJ ∧ digwJ = 0;

D : iwJ ∧ diwJ = 0; E: Poisson Structure.
X A B

CD

EdJ=0

Frobenius

Here, suppose that J is a nondegenerate closed two form and andw nonvanishing vector field

and Ω is volume form.

Proposition 4.0.1. (X ⇒ A)

If iwΩ = J ∧ dH then iwdH = 0 and iwJ = fdH for some smooth function f.

Proof. Since iwΩ ∧ dH = 0 and w.(∂tH,∇H) = iwdH,

iwΩ ∧ dH = − (∂tHV0 + ∂iHVi) dt ∧ dx1 ∧ dx2 ∧ dx3

= − (w.(∂tH,∇H))Ω = − (iwdH)Ω.

= 0

⇒ iwdH = 0

iwiwΩ = 0 and iwdH = 0,

iwiwΩ = iw (J ∧ dH) = iwJ ∧ dH + J ∧ iwdH = iwJ ∧ dH

= 0, then

iwJ = fdH

for some smooth function f.
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Proposition 4.0.2. (X and dJ = 0 ⇒ E)

If iwΩ = J ∧ dH and J is nondegenerate two form and dJ = 0 then there is a poisson

structure.

Proof. Using previous lemma we have iwJ = fdH.

fi 1
f
wJ = fdH ⇒ i 1

f
wJ = dH and dJ = 0 give symplectic structure ⇒ Poisson structure.

If iwJ = fdH then,

iwJ ∧ diwJ = fdH ∧ (df ∧ dH) = 0. (4.1)

Proposition 4.0.3. (C ⇐⇒ D)

If g is a nonvanishing function then

iwJ ∧ diwJ = 0 ⇐⇒ igwJ ∧ digwJ = 0. (4.2)

Proof.

igwJ ∧ digwJ = giwJ ∧ d (giwJ) (4.3)

= giwJ ∧ (dg ∧ iwJ + gdiwJ) = g2iwJ ∧ diwJ (4.4)

Proposition 4.0.4. (B ⇐⇒ C)

igwJ ∧ digwJ = 0 holds if and only if i g
f
wJ = dh for some smooth function f.

Proof. For any one form λ,

λ ∧ dλ = 0 ⇐⇒ λ = fdh for some functions f,h by Frobenius integration theorem, (See

[16], p:318). Particularly, if λ = igwJ then

igwJ ∧ digwJ = 0 ⇐⇒ igwJ = fdh ⇐⇒ i g
f
wJ = dh.

where f can not be zero because J is nondegenerate, iwJ ̸= 0 ⇐⇒ w ̸= 0.
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Proposition 4.0.5. (A ⇒ X)

If iwJ = fdH then iw(hΩ) = fJ ∧ dH for some smooth function h.

Proof.

iw
f
dH = iw

f
iw
f
J = 0 (4.5)

iw
f
J ∧ dH = 0 (4.6)

iw
f
(J ∧ dH) = iw

f
J ∧ dH + J ∧ iw

f
dH = 0 (4.7)

iw
f
(J ∧ dH) = 0 ⇒ J ∧ dH = iw

f
(hΩ) =

1

f
iw(hΩ) (4.8)

is found.

Comment: Instead of starting with iwΩ = J ∧ dH if we started with iw(hΩ) = J ∧ dH

the same line of reasoning would not change. There is a relation igwJ = fdh provided that

iwΩ = J∧dH . If it can be shown that dJ = 0 also holds, this means that there is a symplectic

structure which is Poisson.

4.1. RICCATI EQUATIONS RELATED TO A POISSON STRUCTURE

We consider that

iwJ ∧ diwJ = 0.

We are going to investigate under what conditions that equation holds. If we find nondegen-

erate J so that iwJ ∧ diwJ = 0 holds, then we can find a function h such that ig̃wJ = dh

for some integrating factor function g̃ by using lemma above and Frobenius Integration the-

orem. For next step, if it can be shown dJ = 0, then Poisson structure is constructed. This

is the strategy we are going to follow. Let us choose e0 = w
|w| extend it to a basis such that

iwJ = aie
i holds, say {e0, e1, e2, e3}. Let dei = −1

2
C i

jke
j ∧ ek where C i

jk = −C i
kj for

j, k = 0, 1, 2, 3 and dai = ai0e
0 + aije

j for i = 1, 2, 3.

(iwJ = a0e
0 + aie

i so iwJ(e0) = J(w, w
|w|) = 0 ⇒ a0 = 0 and iwJ = aie

i)

diwJ = d(aide
i) = dai ∧ ei + aide

i (4.9)

=
(
ai0e

0 + aije
j
)
∧ ei + ai

(
−C i

0ke
0 ∧ ek − 1

2
C i

jke
j ∧ ek

)
(4.10)
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where i, j, k = 1, 2, 3. Now, we consider the following equation

iwJ ∧ diwJ = 0.

iwJ ∧ diwJ = ale
l ∧
[(
ai0e

0 + aije
j
)
∧ ei − ai

(
C i

0ke
0 ∧ ek +

1

2
C i

jke
j ∧ ek

)]
= alak0e

0 ∧ ek ∧ el + alakje
j ∧ ek ∧ el − alaiC

i
0ke

0 ∧ ek ∧ el − 1

2
aialC

i
jke

j ∧ ek ∧ el

= al
(
−ak0 + aiC

i
0k

)
e0 ∧ el ∧ ek + al

(
akj −

1

2
aiC

i
jk

)
ej ∧ ek ∧ el

= alϵ
jkl
(
ak0 + aiC

i
0k

)
∗ ej − alϵ

jkl

(
akj −

1

2
aiC

i
jk

)
∗ e0.

Then, we obtain that

alϵ
jkl
(
ak0 + aiC

i
0k

)
= 0 (4.11)

alϵ
jkl

(
ajk +

1

2
aiC

i
jk

)
= 0. (4.12)

Since iwJ = a1e
1 + a2e

2 + a3e
3 is not zero then at least one of coefficients is nonzero,

say a2 ̸= 0. Without lost of generality, we can choose ei’s such that a1 = 0, a2 = 1 and

demonstrate a3 = µ. (If necessary, replace e3 with a1e
1 + a3e

3.) We have a new basis.

Sticking to the old notation, we use same letters. In matrix notation,

[ai] =


0

1

µ

 (4.13)

dai = ai0e
0 + aije

j

[dai] =


0

0

µ0

 e0 +


0 0 0

0 0 0

µ1 µ2 µ3




e1

e2

e3

 (4.14)

where µ0 = a30 and µi = a3i or dµ = µ0e
0 + µie

i.

Let’s go back to equations (4.11) and (4.12) to see them in terms of new coefficients.
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These two equations generate the following equations:

−µ0 = −C2
03 + µ

(
C2

02 − C3
03

)
+ µ2C3

02 (4.15)

µ1 = −C2
31 + µ

(
C2

21 − C3
31

)
+ µ2C3

21 (4.16)

C2
01 + µC3

01 = 0 (4.17)

Since dµ = µ0e
0 + µie

i and Le0µ = ie0dµ, Le0µ = µ0 is obtained and similarly, Leiµ = µi

for i = 1, 2, 3. Therefore, Riccati equations are obtained, in addition to one linear equation.

−Le0µ = −C2
03 + µ

(
C2

02 − C3
03

)
+ µ2C3

02 (4.18)

Le1µ = −C2
31 + µ

(
C2

21 − C3
31

)
+ µ2C3

21 (4.19)

C2
01 + µC3

01 = 0 (4.20)

Here, equations (4.18) and (4.19) lead one more equation to consider

L[e0,e1]µ = Le0Le1µ− Le1Le0µ. (4.21)

dei = −1

2
C i

jke
j ∧ ek is indicated above hence, dei(ej, ek) = −C i

jk. Using the following

formula,

dω(X,Y ) = [X(ω(Y ))− Y (ω(X))− ω([X,Y ])]

In particular,

dei(ej, ek) =
[
ej(e

i(ek))− ek(e
i(ej))− ei([ej, ek])

]
= −ei([ej, ek])

holds for i=1,2,3. Therefore, [ej, ek] = C l
jkel, then

[e0, e1] = C0
01e0 + C1

01e1 + C2
01e2 + C3

01e3 (4.22)

We have forced equations to be C2
01 = C3

01 = 0 then (4.20) holds.
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5. CONSTRUCTION OF BI-HAMILTONIAN STRUCTURE IN FOUR
DIMENSIONS

We claim that given nonvanishing vector field X can make Hamiltonian by scaling some

smooth function f. Explicitly, there corresponds to a symplectic manifold so that fX is

Hamiltonian vector field.

Now we are going to elaborate the details about what are trying to do. Let e0 = w
∥w∥ . Choose

e1 and e3 so that [e0, e1] = C0
01e0 + C1

01e1 and e3 ∧ de3 ̸= 0. Let α = 1
g
(e2 + µe3). Observe

that gα ∧ d(gα) = 0 has same solution with α ∧ dα = 0 (See proposition 4.0.3). That is,

α ∧ dα = 0 corresponds to equations (4.18), (4.19), (4.20). Firstly observe that e3 ∧ de3 =

e3 ∧
(−1

2
C3

ije
i ∧ ej

)
= −C3

01e
0 ∧ e1 ∧ e3 − C3

02e
0 ∧ e2 ∧ e3 − C3

12e
1 ∧ e2 ∧ e3. Since

[e0, e1] = C0
01e0 + C1

01e1, we infer that either C3
02 or C3

12 should be nonzero.

Lemma 5.0.1. Le0α ∧ α = 0 and Le1α ∧ α = 0 are equivalent to α ∧ dα = 0.

Proof. Observe that if g is a function which never attends zero, then

Lei (gα) ∧ gα = 0 ⇒ ((Leig)α + gLeiα) ∧ gα = 0 ⇒ g2Leiα ∧ α = 0 (5.1)

That is, Leiα ∧ α = 0 is equivalent to (5.2)

Lei

(
e2 + µe3

)
∧
(
e2 + µe3

)
= 0 for i = 1, 2. (5.3)

Le0e
2 = die0e

2 + ie0de
2 = ie0de

2 = ie0
(
−1

2
C2

ije
i ∧ ej

)
= −C2

0ke
k for k = 1, 2, 3.

Le0 (µe
3) = die0 (µe

3) + ie0d (µe
3) = ie0d (µe

3) = ie0 (dµ ∧ e3 + µde3) = (ie0dµ) e
3 +

µie0

(
−1

2
C3

ije
i ∧ ej

)
= (Le0µ) e

3 − µC3
0ke

k. Then,

Le0 (e
2 + µe3) = −C2

0ke
k +

(
Le0µe

3 − µC3
0ke

k
)
. Explicitly,

Le0

(
e2 + µe3

)
∧
(
e2 + µe3

)
= 0 (5.4)

⇐⇒ −
(
C2

01 + µC3
01

)
e1 ∧ e2 − µ

(
C2

01 + µC3
01

)
e1 ∧ e3 (5.5)

−
(
µC2

02 − C2
03 + Le0µ+ µ2C3

02 − µC3
03

)
e2 ∧ e3 = 0 (5.6)

⇐⇒ C2
01 + µC3

01 = 0 and − Le0µ = −C2
03 + µ

(
C2

02 − C3
03

)
+ µ2C3

02. (5.7)
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If we can do same calculations for e1, that is,

Le1e
2 = die1e

2 + ie1de
2 = ie1de

2 = ie1
(
−1

2
C2

ije
i ∧ ej

)
= −C2

1ke
k.

Le1 (µe
3) = die1e

3 + ie1d (µe
3) = ie1d (µe

3) = ie1 (dµ ∧ e3 + µde3)

= Le1µe
3 + µie1

(
−1

2
C3

ije
i ∧ ej

)
= Le1µe

3 − µC3
1ke

k for k = 0, 2, 3. Thus,

Le1 (e
2 + µe3) = −C2

1ke
k + Le1(µ)e

3 − µC3
1ke

k for k = 0, 2, 3.

Then, we get

Le1

(
e2 + µe3

)
∧
(
e2 + µe3

)
= 0 (5.8)

⇐⇒ −
(
C2

10 + µC3
10

)
e0 ∧ e2 − µ

(
C2

10 + µC3
10

)
e0 ∧ e3 (5.9)

−
(
µC2

12 − C2
13 + Le1µ+ µ2C3

12 − µC3
13

)
e2 ∧ e3 = 0 (5.10)

⇐⇒ C2
10 + µC3

10 = 0 and Le1µ = −C2
31 + µ

(
C2

21 − C3
31

)
+ µ2C3

21. (5.11)

Since solution of α ∧ dα = 0 corresponds to equations (4.18),(4.19),(4.20). We conclude

that they are equivalent.

Lemma 5.0.2. Let α = 1
g
(e2 + µe3). Then

Le0α = f0α ⇐⇒

 Le0 log g + C2
02 + µC3

02 + f0 = 0

C2
03 + µC3

03 − Le0µ+ µLe0 log g + f0µ = 0

(5.12)

Le1α = f1α ⇐⇒

 Le1 log g + C2
12 + µC3

12 + f1 = 0

C2
13 + µC3

13 − Le1µ+ µLe1 log g + f1µ = 0

(5.13)

Proof.

Le0α = f0α ⇐⇒ Le0

(
1

g

(
e2 + µe3

))
=

f0
g

(
e2 + µe3

)
(5.14)

Le1α = f1α ⇐⇒ Le1

(
1

g

(
e2 + µe3

))
=

f1
g

(
e2 + µe3

)
(5.15)
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Equation (5.14) can be unwound as follows:

Le0

(
1

g

)
e2 +

1

g
Le0e

2 + Le0

(
µ

g

)
e3 +

µ

g
Le0e

3 =
f0
g

(
e2 + µe3

)
(5.16)

−Le0 log g
g

e2 − 1

g
C2

0ke
k +

gLe0µ− (Le0g)µ

g2
e3 − µ

g
C3

0ke
k =

f0
g

(
e2 + µe3

)
(5.17)

If we multiply last equation by g and consider the sum on k = 1, 2, 3 then

(
C2

01 + µC3
01

)
e1 +

(
Le0 log g + C2

02 + µC3
02 + f0

)
e2+(

C2
03 + µC3

03 − Le0µ+ µLe0 log g + f0µ
)
e3 = 0

(5.18)

That is,

Le0 log g + C2
02 + µC3

02 + f0 = 0 (5.19)

C2
03 + µC3

03 − Le0µ+ µLe0 log g + f0µ = 0 (5.20)

Coefficient of e1 are already zero by construction.

Equation (5.15) can be unwound as follows:

Le1

(
1

g

)
e2 +

1

g
Le1e

2 + Le1

(
µ

g

)
e3 +

µ

g
Le1e

3 =
f1
g

(
e2 + µe3

)
(5.21)

−Le1 log g
g

e2 − 1

g
C2

1ke
k +

gLe1µ− (Le1g)µ

g2
e3 − µ

g
C3

1ke
k =

f1
g

(
e2 + µe3

)
(5.22)

If last equation ismultiplied by g and consider the sum on k = 0, 2, 3, we obtain the following:

(
C2

10 + µC3
10

)
e1 +

(
Le1 log g + C2

12 + µC3
12 + f1

)
e2+(

C2
13 + µC3

13 − Le1µ+ µLe1 log g + f1µ
)
e3 = 0

(5.23)

That is,

Le1 log g + C2
12 + µC3

12 + f1 = 0 (5.24)

C2
13 + µC3

13 − Le1µ+ µLe1 log g + f1µ = 0 (5.25)
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Lemma 5.0.3. There are two α satifying α ∧ dα = 0.

Proof. Firstly, observe that

Le0α ∧ α = 0 (5.26)

Le1α ∧ α = 0 (5.27)

equation (5.26) implies that equations (4.18), (4.20). Equation (5.27) implies that equations

(4.19), (4.20). On the other hand,

Le0α ∧ α = 0 ⇐⇒ Le0α = f0α (5.28)

Le1α ∧ α = 0 ⇐⇒ Le1α = f1α (5.29)

Le1 (Le0α) = Le1 (f0α) = (Le1f0)α + f0Le1α = (Le1f0)α + f0f1α (5.30)

Le0 (Le1α) = Le0 (f1α) = (Le0f1)α + f1Le0α = (Le0f1)α + f1f0α (5.31)

If previous two equations are subtracted from each other, four equations above generate the

following (5.32), which is integrability condition. More explicitly,

L[e0,e1]α = Le0Le1α− Le1Le0α = Le0 (f1α)− Le1 (f0α) = (Le0f1)α− (Le1f0)α

Since LfXα = fLXα + df ∧ iXα and ie0α = ie1α = 0,

L[e0,e1]α = C0
01Le0α + C1

01Le1α = C0
01f0α + C1

01f1α

C0
01f0α + C1

01f1α = (Le0f1)α− (Le1f0)α where α ̸= 0 by construction, thus

C0
01f0 + C1

01f1 + Le1f0 − Le0f1 = 0 (5.32)

If we plug α = 1
g
(e2 + µe3) into equations (5.28) and (5.29), they suggest that

Le0 log g + C2
02 + µC3

02 = −f0 (5.33)

C2
03 + µC3

03 + µLe0 log g − Le0µ = −f0µ (5.34)

Le1 log g + C2
12 + µC3

12 = −f1 (5.35)

C2
13 + µC3

13 + µLe1 log g − Le1µ = −f1µ (5.36)

However e3 ∧ de3 ̸= 0 ⇒ C3
12 ̸= 0 or C3

02 ̸= 0. Unless C3
12 = 0, arrange g, set f0 = 0.
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Then, integrability condition (See equation (5.32)) indicates that Le0f1 = C1
01f1. Actually

this equation suggests two solutions trivial and nontrivial solution for f1. Going back to the

equation (5.35) we can determine µ . If C3
02 ̸= 0 then arrange g to make f1 = 0 the integra-

bility condition (see equation (5.32)) indicates that Le1f0 = −C0
01f0 which suggests trivial

and nontrivial solution for f0. Going back to the equation (5.33), we obtain two solutions for

µ. Since both cases reveal two µ’s, we get two different α’s satisfying α ∧ dα = 0.

Lemma 5.0.4. There exist nondegenerate J1 and J2 satisfying ie0Ji = αi for i = 1, 2.

Proof. For solely existence, put Ji = e0 ∧ αi + ie0Γi where Γ is completely arbitrary three

form. As for the nondegeneracy, let ϕ(v) = ivJ . It is clear that ϕ is a linear map. Observe

that [ivJ(w)] = [J(v, w)] = [v]T [J ] [w] and [ivJ(w)] = [ivJ ]
T [w]. Using skew symmetry

of J , [ϕ(v)] = [ivJ ] = − [J ] [v], that is, [ϕ] = − [J ]. Here, [., .] and T represent matrix and

transpose of the matrix respectively. Since rank of J is even, rank of ϕ can be 0,2,4. Suppose

that dim(Ker ϕ) = 2 say basis of Ker ϕ = {v1, v2} and v1 ⊥ v2. Using existence ie0J = α ⇒

iviα = iviie0J = −ie0iviJ = 0 because viϵKer ϕ that is iviJ = 0. Put α∗ = g (e2 + µe3).

On the other hand, e0 can not be linear combination of v1 and v2 assume otherwise, say

e0 = a1v1 + a2v2, then α = ie0J = a1iv1J + a2iv2J = 0 which contradicts with being

α = 1
g
(e2 + µe3) which is nonzero. Assume that α∗ is a linear combination of e0, v1, v2

,i.e, α∗ = ae0 + a1v1 + a2v2. Then 1 + µ2 = α (α∗) = aie0α + a1iv1α + a2iv2α but last

term should be zero because ie0α = iv1α = iv2α = 0 however 1 + µ2 ̸= 0. Therefore,

{α∗, v1, v2, e0} is a basis. Consider the dual basis
{
ẽ0, v1, v2, α

1+µ2

}
for {α∗, v1, v2, e0}. One

can take {ẽ0, v1, v2, α}as a basis. Let e0 = aẽ0 + b1v
1 + b2v

2 + cα. Since ie0 ẽ
0 = 1,

e0 = ẽ0 + b1v
1 + b2v

2 + cα. Put dV = v1 ∧ v2 ∧ α ∧ ẽ0 = v1 ∧ v2 ∧ α ∧ e0 and Γ = iudV .

iv1J = iv1
(
e0 ∧ α

)
+ iv1ie0iu

(
v1 ∧ v2 ∧ α ∧ e0

)
= 0(

iv1e
0
)
α− iu

(
v2 ∧ α

)
= b1α−

(
iuv

2
)
α + (iuα) v

2 =
(
b1 − iuv

2
)
α + (iuα) v

2 = 0

⇒ iuα = 0 and b1 − iuv
2 = 0
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Similarly,

iv2J = iv2
(
e0 ∧ α

)
+ iv2ie0iu

(
v1 ∧ v2 ∧ α ∧ e0

)
= 0(

iv2e
0
)
α + iu

(
v1 ∧ α

)
= b2α +

(
iuv

1
)
α− (iuα) v

1 =
(
b2 + iuv

1
)
α− (iuα) v

1 = 0

⇒ iuα = 0 and b2 + iuv
1 = 0

iuα = 0 ⇒ u = c1v1 + c2v2 + c3e0.

c2 + c3ie0v
2 = iuv

2 = b1 (5.37)

c1 + c3ie0v
1 = iuv

1 = −b2 (5.38)

Since ie0v1 = ie0v
2 = 0, equations above suggest c1 = −b2 and c2 = b1. Hence,

u = −b2v1 + b1v2 + c3e0. Since Γ = iudV is completely arbitrary and if ci’s are changed,

for example c1 ̸= −b2, then J may have full rank. If iv1e0 = iv2e
0 = 0, simply put u = v1.

More accurately, if rank(J) is two, then c1 = −b2, c2 = b1 hold otherwise nonzero J has full

rank.

Lemma 5.0.5. There exists β satisfying ie0dβ = α
f
.

Proof. Let βi = bi1dh1 + bi2dh2 where αi = ie0Ji = fidhi, i = 1, 2. We are going to

determine bi1 and bi2. Consider dβi = dbi1 ∧ dh1 + dbi2 ∧ dh2, i = 1, 2. Applying ie0 ,

α1

f1
= ie0dβ1 = (ie0db11) dh1 + (ie0db12) dh2 = dh1 (5.39)

α2

f2
= ie0dβ2 = (ie0db21) dh1 + (ie0db22) dh2 = dh2. (5.40)

Since dh1 and dh2 are linearly independent, they suggest ie0db11 = ie0db22 = 1 and ie0db12 =

ie0db21 = 0. Choose coordinates x1 and x2 so that span{dx1, dx2}=span{e0, e1}. Then

dx1 = a10e
0 + a11e

1 (5.41)

dx2 = a20e
0 + a21e

1 (5.42)

Since both a10 and a11 can not be zero, say a10 ̸= 0 then ie0
(

dx1

a10

)
= 1.

Let db11 = dx1

a10
⇒ b11 =

∫
1
a10
dx1. If a10 = 0, replace x1 by x2 then new a10 should be different



32

than 0, otherwise dx1 and dx2 are independent of e0, which is false. Thus either case suggest

that there is b11 so that ie1db11 = 1 . Put b22 = b11 then ie0db11 = ie0db22 = 1. Choose b12
such that Le0b12 = 0 and put b21 = −b12 ,so ie0db12 = ie0db21 = 0 is found. That is,

β1 = b11dh1 + b12dh2 (5.43)

β2 = −b12dh1 + b11dh2 (5.44)

Therefore, proof is completed. However, equations above reveal that

dβ1 ∧ dh1 = dβ2 ∧ dh2 (5.45)

Since ie0dβi = dhi, ie0 (dβ1 ∧ dh1) = ie0 (dβ2 ∧ dh2) = 0, there is some volume form Ω

such that ie0Ω = dβ1 ∧ dh1 = dβ2 ∧ dh2.

Lemma 5.0.6. If J = e0 ∧ α+ ie0Γ where α ∧ dα = 0 and α is defined as above then there

exist a suitable three form Γ and a nonzero function f such that d
(

J
f

)
= 0.

Proof. α ∧ dα = 0 implies that α
f

= dh by Frobenius theorem. That is, d
(

α
f

)
= 0.

J
f
= e0 ∧ α

f
+

ie0Γ

f
⇒ d

(
J
f

)
= de0 ∧ α

f
+ d

(
ie0Γ

f

)
= 0

⇒ d
(

ie0Γ

f

)
= −d

(
e0 ∧ α

f

)
⇒ ie0Γ = −e0 ∧ α + fdβ where β is arbitrary 1-form.

0 = ie0ie0Γ = −α + fie0dβ. Then ie0dβ = α
f
determines β.

Put Γ = fe0 ∧ dβ + ie0γ where γ is arbitrary 4-form, in particular put γ = 0. Then J
f
= dβ,

that is, d
(

J
f

)
= 0.

Up to this point, we have shown that there are two α’s satisfying α ∧ dα = 0. Then we have

shown that nondegenerate J exists as a solution of ie0J = α where α satisfies α ∧ dα = 0.

Note that ife0 J
f
= ie0J = α. Then, we have shown that it is possible to choose J satifying

ie0J = α (i.e, J = e0 ∧ α + ie0Γ) and d
(

J
f

)
= 0. More explicitly, we have shown that

nondegeneracy and closedness of J are revealed seperately. Now, we are going to suggest

that there exist J so that d
(

J
f

)
= 0 and rank

(
J
f

)
= 4.We need the following propositions:

Proposition 5.0.7. Let J = e0 ∧ α + ie0Γ where α = fdh as above. If rank(J) = 2 then

J ∧ dh = 0.
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Proof. Without lost of generality, we may take J, Γ as J
f
and Γ

f
, respectively. That is,

J = e0∧dh+ie0Γ. Let ϕ(v) = ivJ andKer(ϕ) = {v1, v2}where v1 and v2 are orthogonal unit

vectors. We have already observed that {α∗, v1, v2, e0} is a basis. {ẽ0, v1, v2, α} is considered

as a dual basis for {α∗, v1, v2, e0}. We keep the same notation as in the lemma 5.0.4, that is,

ẽ0 = e0 + b1v
1 + b2v

2 + cα and dV = v1 ∧ v2 ∧ α ∧ e0 and Γ = iudV .

Observe that

iv1J =
(
iv1e

0
)
dh− (iv1dh) e

0 + iv1ie0Γ = 0

iv2J =
(
iv2e

0
)
dh− (iv2dh) e

0 + iv2ie0Γ = 0

ie0J = dh ⇒ iv1dh = iv1ie0J = −ie0iv1J = 0

ie0J = dh ⇒ iv2dh = iv2ie0J = −ie0iv2J = 0

Since iv1dh = iv2dh = 0, the first two equations becomes,

iv1J =
(
iv1e

0
)
dh+ iv1ie0Γ = 0

iv2J =
(
iv2e

0
)
dh+ iv2ie0Γ = 0

We infer that
(
iv2e

0
)
iv1ie0Γ−

(
iv1e

0
)
iv2ie0Γ = 0

i(iv2e0)v1−(iv1e0)v2
ie0Γ = 0

Put v3 =
(
iv2e

0
)
v1 −

(
iv1e

0
)
v2 ⇒ iv3ie0Γ = 0

Put v3 =
(
iv2e

0
)
v1 −

(
iv1e

0
)
v2 then, ie0v3 =

(
iv2e

0
)
ie0v

1 −
(
iv1e

0
)
ie0v

2 = 0

Since iv1dh = iv2dh = 0, iv3dh = 0

ie0dh = ie0ie0J = 0.

Note that

iv3v
3 =

(
iv1e

0
)2

+
(
iv2e

0
)2

= 0 ⇐⇒ iv1e
0 = iv2e

0 = 0 (5.46)

⇐⇒ b1 = b2 = 0 ⇐⇒ v3 = 0. (5.47)

Assume that v3 is nonvanishing. Observe that {dh, v3} are linearly independent because

iα∗v3 = 0 but iα∗dh ̸= 0. We can not write e0 in terms of dh and v3, if we could write

that 1 = ie0e
0 = k1ie0dh + k2ie0v

3 but ie0dh = ie0v
3 = 0 thus 1 = 0 ,i.e, {e0, dh, v3}

is linearly independent. Using Hodge star operator, define v4 = ∗ (e0 ∧ dh ∧ v3) where *

represents Hodge star operator. By definition of Hodge star operator reveals that v4 is a
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linear combination of v1 and v2 because of the fact that

e0 ∧ dh ∧ v3 ∧ λ = ⟨v4, λ⟩dV (5.48)

holds for all one form λ’s. If v4 is the linear combination of e0, dh, v3 then this means that

⟨v4, v4⟩ = 0. Then one understands that {e0, dh, v3, v4} is a basis. Since v3 = −b2v
1+ b1v

2,

the equation (5.48) suggests the v4 = b1
f
v1 + b2

f
v2 where α = fdh. Observe that iv3v4 = 0

and there is a function γ satisfying dV = γe0∧dh∧v3∧v4. Since we have found iv3ie0Γ = 0

above,

iv3ie0Γ = iv3ie0iu
(
γe0 ∧ dh ∧ v3 ∧ v4

)
= 0 (5.49)

−iv3iu
(
dh ∧ v3 ∧ v4

)
= 0 (5.50)

iu
( (

iv3v
3
)
dh ∧ v4 − iv3

(
dh ∧ v4

)
∧ v3

)
= 0. (5.51)

Since iv3dh = 0 and iv3v4 = 0 and iv3v3 = b21 + b22 ̸= 0, equation (5.51) can be reduced to

iu
(
dh ∧ v4

)
= 0. (5.52)

Since ie0v1 = ie0v
2 = 0, one can reach that ie0v3 = ie0v

4 = 0. Therefore, the following

equations reveal that

ie0Γ = ie0iudV = γie0iu
(
e0 ∧ dh ∧ v3 ∧ v4

)
(5.53)

−γiu
(
dh ∧ v3 ∧ v4

)
= γ

(
iuv

3
)
dh ∧ v4 + γiu

(
dh ∧ v4

)
∧ v3 (5.54)

= γ
(
iuv

3
)
dh ∧ v4. (5.55)

Last equality occurs by equations (5.52). Since J = e0 ∧ dh+ ie0Γ,

J ∧ dh = 0

is obtained. If v3 = 0, we have observed that iv1e0 = iv2e
0 = 0. In this case, {e0, v1, v2, α}

is dual to {e0, v1, v2, α∗}. In particular, iv1dh = iv2dh = 0. Then see the first two equation
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at the beginning of the lemma, that is ,

iv1J = iv1ie0Γ = 0 (5.56)

iv2J = iv2ie0Γ = 0. (5.57)

More explicitly,

iv1J = iv1ie0iudV = iu
(
v2 ∧ α

)
= 0 (5.58)

iv2J = iv2ie0iudV = iu
(
v1 ∧ α

)
= 0 (5.59)

If we take a closer look to the following equations, we see that ie0Γ = 0.

ie0Γ = ie0iudV = −fie0iu
(
e0 ∧ v1 ∧ v2 ∧ dh

)
= fiu

(
v1 ∧ v2 ∧ dh

)
(5.60)

= f
(
iuv

1
)
v2 ∧ dh+ fiu

(
v2 ∧ dh

)
∧ v1 (5.61)

= f
(
iuv

1
)
v2 ∧ dh. (5.62)

Last equality occurs by equation (5.58). Similarly,

ie0Γ = −fiu
(
v2 ∧ v1 ∧ dh

)
= −f

(
iuv

2
)
v1 ∧ dh+ fv2 ∧ iu

(
v1 ∧ dh

)
(5.63)

= −f
(
iuv

2
)
v1 ∧ dh (5.64)

Last equality occurs by equation (5.59). Since equations (5.62) and (5.64) represent same

form but different base elements, which leads to conclude that ie0Γ = 0. That is, J = e0∧dh.

Hence,

J ∧ dh = 0.

Proposition 5.0.8. If J, dh (J ̸= 0) are defined as above then

rank(J) =

2 iff J ∧ dh = 0

4 iff J ∧ dh ̸= 0

Proof. Put f 4 = dh. Choose a basis {f 1, f 2, f 3, f 4} and corresponding dual basis
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{f1, f2, f3, f4} so that ifkf j = δjk. Suppose that J has full rank and J∧dh = 0 then J = θ∧dh

for some one form θ. Explicitly, θ = a1f
1 + a2f

2 + a3f
3. Since J has full rank ,

ivJ = iv (θ ∧ dh) = iv (a1f
1 ∧ dh+ a2f

2 ∧ dh+ a3f
3 ∧ dh) ̸= 0 for all non-vanishing v.

However, put v = a2f1− a1f2 then ivJ = (a1a2 − a1a2) dh = 0. If a1 = a2 = 0, simply put

v = f1 then ivJ = 0. We get a contradiction. Since rank of J may be 2 or 4, we infer that

rank of J is two if J ∧ dh = 0.

Proposition 5.0.9. There are two nondegenerate closed form Ji
fi
so that ie0

Ji
fi

= dhi for

i = 1, 2.

Proof. Let β is defined as in (5.43) or (5.44), i.e, ie0dβi =
αi

fi
= dhi, put Ji = e0∧αi+ie0Γi

whereΓi = fie
0∧dβi (Γ is defined as in lemma 5.0.6). Then

Ji
fi

= dβi, i = 1, 2. Instead of
Ji
fi
,

write Ji for simplicity. In equation (5.43), β1 = b11dh1+b12dh2whereLe0db12 = ie0db12 = 0.

Note that αi’s are expressed in terms of e2 and e3 and dhi’s are solely obtained those αi’s.

Thus, span{e2, e3}=span{dh1, dh2}. Since {e0, e1, e2, e3} is a basis, {e0, e1, dh1, dh2} is also

a basis. ie0db12 = 0 ⇒ db12 = a1e
1+ a2dh1+ a3dh2. Nondegeneracy of J1 is guaranteed by

J1 ∧ dh1 ̸= 0. Since J1 = dβ1 and dβ1 = d11 ∧ dh1 + db12 ∧ dh2, we infer that

J1 ∧ dh1 = db12 ∧ dh2 ∧ dh1 = a1e
1 ∧ dh2 ∧ dh1 ̸= 0

if and only if ie1db12 ̸= 0. We do not knowwhether ie1db12 ̸= 0. Therefore, we have to choose

b12 more carefully than one in lemma 5.0.5. Firstly since [e0, e1] = C0
01e0+C1

01e1,we can find

coordinates {x1, x2, x3, x4} such that span
{

∂
∂x1 ,

∂
∂x2

}
=span{e0, e1} by Frobenius theorem.

Let S be the surface whose coordinates {x1, x2}. LetC be a curve in S such that e0 is tangent

to C. Let F (x1, x2) = 0 be the equation of C. Then,
dF

dt
= 0 ⇒ ∇F (x1, x2) · e0 = ie0dF = 0 . In general dF = ∂F

∂x1dx
1+ ∂F

∂x2dx
2 = c0e

0+ c1e
1.

Since ie0dF = 0, c0 = 0, that is, dF = c1e
1. In particular put b12 = F then db12 = c1e

1.

On the other hand c1 ̸= 0 because otherwise dF = 0, which means that F is independent of

{x1, x2}, i.e, F = 0 can not represent surface. To sum up, ie0dF = 0 and ie1dF = ie1db12 ̸=

0, thus we reach nondegenerate and closed form
J1
f1
. Since β2 = −b12dh1 + b11dh2, same

fashion is followed to exract the existence of
J2
f2
.
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6. CONCLUSION

In this work, it is shown that a non-vanishing vector field on a four dimensional manifold

is locally bi-Hamiltonian. We construct a method for computing the symplectic structures

which make the given non-vanishing vector field Hamiltonian. The method uses solely the

knowledge of the vector field but not its integral curves. Therefore the method proposes a

way of constructing a bi-Hamiltonian structure for the dynamical system defined by the given

vector field without requiring the solution of the dynamical system.

For this purpose, firstly we worked on the local properties of Poisson and symplectic struc-

tures on a four dimensional manifold M , and the equations governing the components of a

symplectic structure are obtained. Given an injective skew-symmetric mapΛ : T ∗M → TM

whose components are given by

Λ =

 0 −Bt

B ϵijkEk


with the nondegeneracy condition

E · B ̸= 0

the condition defining the Poisson structure

[Λ,Λ] = 0

amounts to
∂B
∂t

−∇× E = 0

∇ · B = 0

Then, a four dimensional Hamiltonian vector field w =

 V0

V

 satisfies

w = Λ (dH)
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is given explicitly by
E · V = ∂tH

−V0E + V × B = ∇H

These equations can also be written in differential form notation as

iuΩ = J ∧ dH

where Ω is the volume form onM, and

J = Eidx
i ∧ dt− ϵijkBidx

j ∧ dxk

satisfying

dJ = 0

which implies

iwJ = dH

which is nothing but the definition of a Hamiltonian vector field.

Then we proved that

iuΩ = J ∧ dH ⇐⇒ iwJ = dH ⇐⇒ iwJ ∧ diwJ = 0

Finally we obtained two solutions for J in

iwJ ∧ diwJ = 0

satisfying

dJ = 0

and proved that these solutions are nondegenerate. Therefore they defined the symplectic

structures we are looking for.

Since the topology of four dimensional manifolds are quite complicated in comparison with

three dimensional manifolds, we could not obtain a necessary and sufficient condition for the

global existence of bi-Hamiltonian structures on four dimensional manifolds. However, for
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our future work we are planning to work on some necessary conditions (without looking for

sufficiency) of the global existence of bi-Hamiltonian structures on four dimensional mani-

folds. We believe our method will play a significant role in investigating global properties

of such structures, as it is based solely on the non-vanishing vector field defined on a four

manifold.
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