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ABSTRACT

POISSON BI-VECTORS IN FOUR DIMENSIONS

In this work, it is shown that a non-vanishing vector field on a four dimensional manifold
is locally bi-Hamiltonian. We construct a method for computing the symplectic structures
which make the given non-vanishing vector field Hamiltonian. The method uses solely the
knowledge of the vector field but not its integral curves. Therefore the method proposes a
way of constructing a bi-Hamiltonian structure for the dynamical system defined by the given

vector field without requiring the solution of the dynamical system.
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OZET

DORT BOYUTTAKI POiISSON Bi-VEKTORLER

Bu ¢aligmada dort boyutlu bir manifold iizerinde sifir degeri almayan her vektor alaninin yerel
olarak bi-Hamiltonyen oldugu gosterilmistir. S6zkonusu vektor alanint Hamiltonyen vektor
alanlar1 haline getiren iki simplektik yapinin nasil hesaplanacagina dair bir yontem gelistiril-
imistir. Bu yontem sadece vektor alaninin bilgisini gerektirmekte ancak integral egrilerinin
bilgisine ihtiya¢ duymamaktadir. Dolayisiyla yontem verili vektor alaninin tanimladigr di-
namik sistem i¢in bir bi-Hamiltonyen yapinin insasina dair bir yontem dnermekte ancak di-

namik sistemin ¢oziimiiniin bilgisine ihtiya¢ duymamaktadir.
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1. INTRODUCTION

Poisson structures are special types of geometric structures that appears in various parts of
mathematical physics, e.g. plasma physics [11], fluid dynamics [10], field theory [12], popu-
lation dynamics [ 13], optics [ 14], electromagnetism [15] and mechanics [1]. Aside from their
importance in a purely geometric perspective Poisson structures were investigated system-
atically also for investigating the dynamics produced by Hamiltonian vector fields defined
with respect to a Poisson structure. In other words, Poisson structures are quite important in
Hamiltonianization of a vector field and investigating the invariants of the flow generated by

the vector field in question.

The usual approach is to start with a given Poisson manifold and then investigate Hamilto-
nian vector fields that can be defined by the Poisson structure defined on the manifold. The
perspective of this thesis is quite a bit different from the usual approach. Instead of start-
ing with a Poisson manifold, namely with a specific Poisson structure, we rather start with a
manifold and a non-zero vector field on it. Or equivalently we may consider a vector field
on an arbitrary four manifold whose support is also a four dimensional manifold. Then our
aim is to construct a Poisson structure on the manifold by using the vector field alone. This

is called the Hamiltonianization of a vector field in four dimensions.

In [5] it is shown that in three dimensions it is always possible to construct two Poisson
structures which Hamiltonianize a non-vanishing vector field locally, and the topological
obstructions for the global existence is presented. In this work we extended the local existence
theorem to four dimensions and proved that for a given nonvanishing vector field ey on a
four dimensional manifold, it is possible find two independent Poisson structures .J; and J,
which make this vector field bi-Hamiltonian. Our strategy is as follows: First we are going
to write down equations determining a Poisson structure in four dimensions. We explicitly
determine these equations in vector form as well as in terms of differential forms as in [6].

Then assuming nondegeneracy, it is shown that these equations amount to

iegJ A digyJ =0 (1.1)



which gives rise to a Ricatti equation in a certain local frame {ey, €1, €2, €3} constructed by
the information provided by the vector field. To be able handle this equation we transform it
into,

aNda=0 (1.2)

which is equivalent to

LeaNha=0 (1.3)

for i=0,1. Then we are going to demonstrate that these equations have two independent

solutions in «’s and also it will be shown that there are two different .J’s satisfying
legd = (1.4)
and there are two functions f such that

J
d (?) ~0 (1.5)

In this way, we construct a method to find how to make a nonvanishing vector field Hamilto-

nian in four dimensions, using merely existence of solutions without explicitly finding them.



2. PRELIMINARIES

For the following definitions, let M be a smooth manifold.

Definition 2.0.1. Symplectic form is a nondegenerate two form J on M such that J is closed,
that is, dJ = 0. By nondegeneracy, we mean that the matrix representing J is nonsingular. A

smooth manifold endowed with symplectic form is called a symplectic manifold .

Definition 2.0.2. /8] Let C™ (M) denote smooth real-valued functions on M where the mul-
tiplication is defined pointwise.

A Poisson bracket (or Poisson structure) on M is a bilinear map
{,.}:C®(M)xC*(M)— C*(M)

satisfying the following conditions:
1. Skew symmetry

11. Jacobi identity

{fidg. iy} +4g. {h. f}} +{h{f.g}} =0
111. Leibniz’s Rule

{fg,h} = f{g,h} +g{f h}

Definition 2.0.3. /8] Schouten- Nijenhuis bracket is a type of graded Lie bracket defined on

multivector fields on a smooth manifold extending the Lie bracket of vector fields.
[,.]: XP (M) x X1(M) — XPTa 1 (M)

(v,8) = [v,¢]

which is defined as
v, =voé—(~1)* PV eou @.1)



where

and & is also similar.

Definition 2.0.4. /8] Let (M, {.,.}) be a Poisson manifold. The Hamiltonian vector field of
[ € C® (M) is the vector field Xy € X (M) defined by

Xy(9) =19, f} forallge C> (M)

The function f is called the Hamiltonian function.

Definition 2.0.5. Let (M, 0) be a symplectic manifold. For any smooth function f € C* (M),
the Hamiltonian vector field of f; X is defined by

ix,0 =df orequivalently 0(X;, X)=df (X)=Xf (2.2)

for any smooth vector field X.
Last two definitions are equivalent if M is symplectic manifold. The following remark 3.1.5

reveals the equivalance.

Definition 2.0.6. /9] A system of differential equations is called bi-Hamiltonian , if it can be

written in Hamiltonian form in two distinct ways:
V= J1VH1 = JQVHO

Hy, Hy are the two Hamiltonian functions, and Jy, Jo are skew symmetric nxn Hamiltonian
matrices, not constant multiples of each other, determining Poisson brackets. Entries of J; s

are given J!" = {xj, zk }l where x* s are coordinate functions and { }, is the poisson bracket.



3. POISSON STRUCTURE ON A SMOOTH MANIFOLD

The first two conditions of the Poisson bracket, namely skew symmetry and Jacobi identity,
ensure that {., .} defines a Lie algebra structure on C* (M) . The third condition guarantees

that for each f € C> (M), the map
{-. [} (M) = C= (M)

is a derivation of the commutative product on C'*° (M), i.e, is a vector field X ;. Using prop-

erties above, we may think of the bracket as defining a contravariant tensor 7 as

{f,9} = n (df,dg)

where m € T (A*T'M) is a smooth bi-vector field. Conversely, given any smooth bi-vector

field m on M the formula

{f,9} = 7 (df,dg)

defines a bilinear skew-symmetric bracket {., .} that obeys the Leibniz’s rule. To ensure that
{.,.} is a Poisson bracket, Jacobi identity must hold. Jacobi identity can be characterized by
the partial differential equation

[T, 7] =0

where [.,.] is Shouten- Nijenhuis bracket. Poisson structure on a smooth manifold M is
defined in some local coordinates (2%) € M by a skew symmetric contravariant tensor 7

which forms the components of a bi-vector

L9, 0
T —:a
2 Oz Oxb

satisfying
1 O 0 0 0

[r,7] =m A A =

oz dxe  Oxb  Ox¢

where the bracket is the Schouten- Nijenhuis bracket of algebra of multi-vectors.



Lemma 3.0.1. If

then Jacobi identity corresponds to

1O 0 0 0
[m,m] == A A =

oxd Oz Oxb  Oxc

Proof. Replace &, v in (2.1) by 7 then

m7]=mor— (=)' ror=2(ron) (3.1)

W o} B} (U B} )+ (U 1) o) = 56057 (7 (F, ) £ ) 32)
[r, 7] =2(mrom) =0 < 2(mwom) (dfl,dfg,df3) = 0 for all f1, fo, f3 (3.3)

1
2o m) (. dfadf) =2 (567 (7 (s ) 1)) (34)
4 L0f 0
Since (fz: f]) = W(dfz,df]) = a ba c th (35)
N 4 L Bf Bf;
111213 ; ; ) _ l1i2l3 bc~JU1 5) Y
7 (7 (f. ) i) = w( o h) 36)
cafil afZQ
_ €i1i2i3ﬂ_daa <7Tb WW) af’LS (3 7)
N Ox? Ox® '
0fiy Ofi,

O Of, Of, Ofi . 3(3@ amc)af.,
_ 11913, _da 11 12 13 411213 _da __bc 13
=T 5 Bt 9z oo re Ox? ox® (3-8)

Observe that second part of the sum in (3.8) is zero. That is,

Afiy 0fiy >
6i1’ig’i3ﬂ_da,ﬂ,b68 ( xb axc f23 = O (39)
Oz Oxe

To be able to see it, (3.9) can be written explicitly then indices are rearranged. That is, the

following sum is zero.

i O*fi, Ofi, Of; . 2f, Of. 0f;
i11213, _da__bc 11 13 12 411913 _da __bc 12 13 11
R re Oxddxc Ox® Ox® (3-10)



One can swap ¢; and i3 and interchange b and ¢ then

61'11‘21'37rd¢17rbc anil afls aflz _ _Eiligigﬂda,ﬁbc anlB afll 8.]022
Oxdoxb Oz Oxc 0zd0zb Oz Ox°
_ 6iligig,/rda,]rbc a2fi3 afh 8f12
0xtoxc Oz Oxb
i1i2i37_‘_da be a2fi3 afll afw
0zd0xe Oxb Oz

then interchange a and b

= €

For the second part of the sum in (3.10), swap i, and i3 , that is,

2 2
eil’izig,ﬂ_daﬂ_bc a fi2 aflS afll _ 111213 da__bc a fiS af'LZ afll

0xd0xc dx Oxb ¢ o 0xd0xc dx Oxb

Adding the findings (3.13) and (3.14) present the sum (3.10) as 0. That is,
(3.8) becomes the following :

[, 7] (dfs, dfa, dfy) = er=iomio g Sy e tla
_ iyigiz, da Orb° 9 9 9
= By 9T Gra ®@®%(dfi3adfh;dfig>
. 0 0 0
. igiiio,_da Owbe
= ez W% @@%(dfmadfzndfzz)
_ Ei1i2i3ﬂ.daa7l'_bc 0 ® i R 9 (dfil’ dfi27 dflg)

d
92 gpa T Jxb T Oxc

Wdaaﬂbc 0 A 4 A 0 dfiladfiwdfi?’) then

Ozt Hra " Hgb 8xc(
da Ot 0 0 a

. —
92 gpa " Qb T Oxc

[, 7] =

The following partial differential equations have dimensional dependence:

1 O 0 0 0
[r, 7] =m A A =

Oxd Oxe  Oxb  Oxc

holds identically in two dimensions, meaning that any bi-vector is Poisson.

3.1. POISSON STRUCTURE IN FOUR DIMENSIONS IN VECTOR FORM

(3.11)
(3.12)

(3.13)

(3.14)

(3.15)
(3.16)

(3.17)
(3.18)
(3.19)

(3.20)

(3.21)

In this section, we closely follow [6]. For n = 3, it gives one scalar equation for three

functions of three variables. As for n = 4, there are four equations for six unknowns of four

variables.



(3.21) can be identified with the following : One can use coordinate functions z’ instead of

fi in (3.3) then relations regarding 7% are obtained. That is,

Ok o' Ok
dj dk di
Oz o Oz o oz

™

=0 (3.22)

where d,1,j,k=0,1,2,3. Indeed, (3.22) and skew symmetries of 7 lead to be equivalent to (3.21).

Since (3.22) is symmetric, there are four outcomes for {3, j, k} as follows :

( )
i ] k
1 2 3
01 2 (3.23)
0 3 1
0 2 3
\ Vs
Let % = —u!, 7% = —€'*y,;, where i,j,k=1,2,3. We are dealing with case n = 4. If (i, j, k) =
(1,2,3), that is,
1 J k
(3.24)
1 2 3
then (3.22) reveals that
u-%+v-va:O<:> (3.25)
0 (u-v) ou
BT —U-(E—va). (3.26)
For the the following cases :
i 7 k
01 2
(3.27)
0 3 1
0 2 3
\ Vs




Equation (3.22) suggests that

ou ou? ou ou ov
2 3 d2 d3 a“Yv1
— — — =0
ot U or T gpa T gmd Y ogd
_u38_ul ulau 5138_1‘1 w00y 0
ot ot oxd Oz oz
ou? out ou? out ov
_ou” 20U a U pou g 0U3
Uy T T g T g W g =Y

Using the sum on d (d = 1, 2, 3), these equations suggest that
ou' ou? ou3 ou
R L ((w-V)v); = (u . §>
ou' Ou? ou? ( 8u>
J

vgv-u—vlax2 — Vg5 T Usg —((u-V)v); =

out ou? ou’
o3 v2 ox3

nV-u— v

v3V - u — vy

Paying attention to the following,

du! u? ou?
Viger T V2,1 + Usger

(0 V)utvx (Vxu)]=| 0% +v,2% + 0355

oul ou? ous
V1g,s T V25,5 + Usg,s

The equation above indicate that

UV'u—(v'V)u—vx(qu)—(u-V)v—ux%

Using the following equality,
Vw-v)=ux(Vxv)+vx(Vxu)+ (u-V)v+ (v-V)u
One can reach that
ot

V(u-v)=0(V-u) —ux (@—V>w> ~0.

The matrix representation of 7 is denoted by [r].

(3.28)
(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)
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0 —u' —u? —ud

ut 0 —vs vy
="

u Vs 0 —v

wo—vy v 0

Put u = (u',u?, u3), v = (vi, ve,vs3) and x=(¢, z, y, 2)

det[r] = (u.v)? = (p (1))

where

p(m) =uwv

In four dimensions, the Jacobi identity becomes

w = . <% -V x v) (3.36)
Vip(r) = v(Vau)—ux (% -V x v) (3.37)

Incase p(m) =0, ifu = B and v = E then the Jacobi identity can also be written as follows:

E-(aa—lf—VxE) = 0 (3.38)
E(V-B)—Bx(%-f—VxE) = 0 (3.39)

(3.38), (3.39) correspond to Jacobi identity for a degenerate Poisson bi-vector. Nondegen-
erate bi-vector means that matrix representation of the tensor has full rank, otherwise it is

called degenerate.

Lemma 3.1.1. Jacobi identity con be identified as the solutions of (3.38), (3.39) for a de-

generate and nondegenerate Poisson bi-vector.

Proof.  Since we have already observed that (3.38), (3.39) correspond to Jacobi identity for
u v

om T o

a degenerate Poisson bi-vector. Consider the case p(7m) # 0. Put B = @
p(m
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Then u = 3= 5.5 and u - v = 5 (3.36) suggests that
9(g5) _ _E  [9(z5) E
o  E-B \ ot _VX<E-B> (340)
: E _FE ExV (E-B)
-1 O(F-B) E { 0B 0(FE-B) } E-VxXE
= : -B)— — —B| — ——(3.42
(E-B)* Ot (E - B)? ( ) ot (E - B)* )

(3.42) is multiplied by (£ - B )2, (3.38) is obtained. As for (3.39), firstly observe the follow-

ings :
v(#) _ _V(£-B) (3.43)
E-B) (E-B)2 :
B\ V-B B-V(E-B)
v(5%5) = 55" (£ B G4

Using (3.41),(3.43) and (3.44), (3.37) suggests that

vV-B _E (V-B_B-V(E-B)> B Bx %2
(E-B? E-B\E-B (E - B)? (E.B)éAS)
N ><<V><E+EXV(E'B)>
(E - 3)2 E-B
Using B x (E x V(E-B)) = (B-V(E-B))E — (E-B)V(E - B) (3.46)
and (3.45) multiplied by (E - B)?, (3.39) is obtained. (3.47)

]

Proposition 3.1.2. Ifx=(t,z,y,2) € R%, the rank of Poisson tensor A in x=(t,x,v, 2) takes

(

0 iff E=B=0
rankA =92 iff |E|>+||B||*?#0and E-B=0

4 iff E-B+#0

Proof.  Since rankA + dimker A = 4, dimkerA is determined to find rank/A. Leta € R and
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a € R3. To find kernel :

0 -B a 0
y = (3.48)
B —€UkE, « 0
Then we have
—B-« 0 a-B=0
= = (3.49)
aB—ax FE 0 aB=ax E
There are two cases: £- B #0and F- B =0.
* /- B # 0 implies that
aB-E=(axE)-E=0=a=0=ax E=0.
= a = \E for some function .
a-B=XNB-E)=0=X=0=a=0.
Thus
= 01.e,kerd = 0 = rankA = 4. (3.50)

e Ttis clear thatrankA =0 iff F = B = 0.
e ForF-B=0:
Case 1: Assume that E#£ 0, B# 0. Let a=d1 E + d2 B + d3B XE.

dgHBHQ =0=dy=0.

a-B=0
= (iE+d3B x E) x E=—d3FE x (B x E) = —d3||E||>B (3.51)

aB=ax F a
= a = —dg”E’H2 = d3 = _HEH2
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a [ 0 | 1
¢ h ol ’ (3.52)
= = a +a . .
Q 0 0 0
a 0 1
P L L EI?
That is, kerA=2 = rankA=2.
Case 2: Assume that E=0 and B# 0 and E-B=0. We have
a-B=0
=a=0anda-B =0. (3.53)
aB=ax FE

Since B+#0, at least one component of B must be nonzero so without lost of generality,say B

0. In this case ,

B
a-B:Oﬁalz—éag—ﬁag
a — B _Bs
= ay Pl 4 ag Pr 1 = rankA = 2 (since dimkerd = 2).  (3.54)
o 1 0
0 1

Case 3: Assume that E#£0, B=0 and E-B=0 :
In this case, @ X E = aB = 0 = a=AF for some function .

+ A = dimker/A = 2 i.e, rankA = 2. (3.55)

Q
o o o =
5

We have covered all cases regarding E-B=0 and || E||* + || BJ|? #0.
If rankA = 4, suppose that E-B=0 but E-B=0 implies that rankA=2 or 0, contradiction. If
rank/ = 2, suppose that E-B£0 but E-B=£0 implies that rank/l = 4, contradiction. ]

The nondegeneracy and degeneracy of m occurs whenever £ - B # 0and - B = 0, respec-

tively.
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Considering (3.38) and (3.39) (We convert v and v into E and B thus [7] changes), then Pois-
son tensor can be written as
0 -B

A= - for rankA =2 (3.56)
B —EUkEk

1 0 —Bt

N=——
E-B B _EijkEk

for rankA =4 (3.57)
If the rank of A is 4 then B - & # 0 (Symplectic case) then (3.39) is multiplied by B then
(E-B)(V-B)=0andsince £ - B # 0, one reaches that V - B = 0. Since V - B = 0,
(3.39) implies that 22 — V x E = AB then (3.38) indicates E - (22 -V x E) = 0 =
AE-B=0=X=0.

Hence equations can be reduced into

0B
E—Vszo (3.58)
V-B=0 (3.59)
Remark 3.1.3. Observe that
{f,9} =7 (df,dg) = —=X;(g9) = —X;(dg) (3.60)
©*(df)(dg) = 7 (df. dg) (3.61)

Therefore, 7 (df) = — Xt and

ix,df = X;f =7 (df,df) = 0. (3.62)
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. 0 .
Remark 3.14. If Xy = o 9 and dg = a—g.dacz , the followings are also hold.
:Lvl

ox?
- 09
dxt
X g = [ 0 o | | 5 dharis X (dg)] = (X, dg) (3.63)
8
L Oxn
Since T is skew-symmetric,
[ (df dg)] = [df]" [x] [dg] = — ([x] [df])" [dg] = — [X/]" ldg] . (3.64)
Therefore,
(7] [df] = [X¢].- (3.65)
Remark 3.1.5. If7 is full rank , let [0],; = — [W]Z._jl then [0],; = — [0] ;. Put0 = %Hijdxi/\dxj
whenever m = %ﬂ'ij% A %.
Observe that
[0(Xy, X)) = [X,]" [0][X,] = [df]" [7]" 0] [w] [dg) = — [df]" [x]" [dg] (3.66)
Since T is skew symmetric, (3.67)
[ (df. dg)] = [df)" [7][dg) = — [df)" [x]" [dg] ~ (3.68)
{f,9} =7 (df,dg) = 0(Xy, Xy)  (3.69)
X710, = 16.(X7. X)) = [ix, 6] [X,]  (3.70)

[ix,0]" = (X7 16) = —[af)" <] (6] = [df)”  3.71)
ix,0=df  (3.72)

When manifold is symplectic, we see that (3.72) defines Hamitonian vector field of f. Here,
as usual [.] is used to denote matrix representation and T represents transposition of the

matrix.



Theorem 3.1.6. If 0 is defined as in remark 3.1.5 then

8% (‘39;ﬂ 89314 . dj 87?’“ dk 87rij di 87rjk .
oxk — Oxd + ort 0 oz T Oz T Oxd 0
df =0 <— 8eij O 861'% =0

oxk — OxI oxt

16

(3.73)

(3.74)

Since (3.22) is equivalent to Jacobi identity, Jacobi identity is equivalent to df = 0. More

explicitly, if there is a Symplectic manifold M then there is a Poisson structure on M. In this

case, Lx,0 = ix,d0 + dix,0 = 0.

Proof. Observe that

_ o] _o(]-[x]) _ o] 0 [7]
S oxd Oz Oxd [l + 1] Ox?
(3.75) implies that
o] _ ,y Oln]
art g P
Olx] _ , Ol
Ggt ~ M g 1T
(3.76) explicitly implies that
8(9jk _ 9 aﬂlme 89m N aﬂ'lme A 89U _yy 87rlm9 '
Ozt g oxl M i ok — gk M
(3.77) explicitly implies that
or*! — g aelmﬂ_mi on” _ il i om* _ il Ot e
Oxd Ox? Oxd Ox? Ox? Oxd

Using (3.22) and (3.79) suggest that

.00
dj,_kl
m Oz Oz

™

. R,
m,]rmz_‘_ dk il m’/'('mj—i—’/'('dz’]'(]l m,]_(mk:()

Oz

(3.75)

(3.76)

(3.77)

(3.78)

(3.79)

(3.80)
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if (3.80) is multiplied by 0;0 -0, ; and summed over 1,j,k=0,1,2,3 then

i’ jj
5]d5kl61m %el:; 6kd5115]m %el:l@ 5zd(5]l5k:m 886;21 -0 (3 8 1)
(o775 - gt gmgd 4 gt ) —%ﬁj —0 (3.82)

00~ 00~ 00~
Jk ki ]
-+ Og 2 =0 3.83
oxt oxd  Oxk ( )

Reindexing,
00, n 00y L 00;;

ot " ow ok .59

Using (3.78) and (3.84), we are going to show (3.22). More explicitly, If (3.84) is multiplied

by Timiirk* and summed over 1,J,k then the followings appear :

G R
(Hjlag—l;nﬁmk + ka%emi + Oi %ﬁl: 9mJ> miinth = 0 (3.:86)
i %ﬂ: _ i %7: _ hk ZZZ — 0 (3.88)
Reindexing, ‘ , )

1 . .
The first line of the theorem is proved, now consider 6 = éei]’dﬂjz A dz? then

0
2df = glédx Adaz? A dak (3.90)
a
0, 0. .
6d) — 2 Yo' Adad A da® + % —da’ A da? A dat + 903k i A dad A da* (3.91)
ox oxd oz’
0 0 00,1
6dp = |2t D 0| iy i it (3.92)

oxt oxi — Oxk

Hence df) = 0 because of (3.84). As last comment, df = 0 and ix, 0 = df lead to

Lx,0 = ix,df +dix,0 =0 (3.93)
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Main concern of this thesis is determining the conditions of being Hamiltonian (and bi-
Hamiltonian) for a given w=(1{,V) € T'M, we try to find conditions on w to be Hamiltonian
(and bi-Hamiltonian)

AT'M —TM

OH

0 -—-Bt — Vi
A(dH) = } ot | = (3.94)
B —€IkE, VH 174
H
1 0 -B' o Vo
A(dH) = —— ot | = (3.95)
E-B B _ez‘jkEk VH V

These equations are valid for rank 2 and rank 4 of A, respectively. That is,

—B-VH Vo
= forrankA =2 (3.96)
%—?B + ExVH Vv
1 —B-VH Vo
— = forrankA =4 (3.97)
E-B | dlp, pxVH 1%

Our aim is to find /A and H using the data provided by w. Therefore, these equations below

must be hold.

For rankA = 2,
System 1 System 2
0B
E-(—-VxE)=0 —-B-VH =V,
ot
oB
E(V-B)—BX(E—VXE):O B+ ExVH=V

For rank A = 4,

We can take inverse of /A then we can find that equations that should be hold as follows :

System 1 System 2
B
aa—t—VxE:O E-V =0H

V-B=0 -WE+V xB=VH
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3.2. POISSON STRUCTURE IN FOUR DIMENSIONS IN DIFFERENTIAL FORM

Let

u = Eydzt Adt + Esdz® A dt + Esda® A dt

(3.98)
—Bida® A da® — Boda® A dxt — Bsda! A da?
and (dt,dt) = 1,(dz",dz?) = 69, (dx*, dt) = 0,Q = dt A dz* A dz* A da.
We can see
du = —V - Bdx* A dx* A da® — (0B, — (V x E)')dt A da?* A da? (3.99)

—(8,By — (V x E)?)dt Ada® A dz' — (0,85 — (V x E)®)dt A dz* A da?

du = 0 means the following equations :

V4B =0
8tB—VXE = 0.

Forrank A = 2,

Consider i,u,

0 0

LU = —Ezdt N dx (%E —+ ‘/J%) — §€ijkBid$] A dx (%E + ‘/l@)
) 1 1 .

= —VpEds'+ E-Vdt — (B x V)dz'

Forrank A = 4,
ot = dH anddu = 0

if and only if the systems 1,2 are hold.
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Considering dH A u,

dH ANu = — (0,Hdt + 0;Hdx') A Ejdt A dz? — (9,Hdt + 8, Hdz") N %eijkBida:j A dz*
= (0;H)Eydt A da? A da* — %eijk(ﬁtH)Bidt A da? A da®
— %eijkeljkBi(alH)dxl Adz? A da?
= —(E xVH + (0;H)B), dt A dx* A dz®
— (ExVH + (0;H)B), dt A dx® A dx*
— (E xVH + (8;H)B),dt Adx' ANdx® — B-VHdx' A da® A da®.

102 = Vodzt Adx? ANda® — Vidt Ndx? Ada? — Vidt Ada® Adxt — Vadt Adxt A da? (3.100)

Thus,
iwf2 =uNdH

corresponds to the system 2 equations for rank A = 2.

1

——,02 = H
E~BZw uANd

corresponds to the system 2 equations for rank /A = 4. The results above give us a motivation

to suggest that ¢,,{2 = J A dH may hold for some two form .J .



4. THE LINE OF REASONING

We show that the followings are equivalent (A <= B <— C <= D «<— X):

X i,Q=JNdH; AtiyJ=fdH; BrisJ=dH; C:igJ Adig,J =0;

D :1,J Ndi,J = 0; E: Poisson Structure.
X A B =0 E
Frobenius
D C
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Here, suppose that J is a nondegenerate closed two form and and w nonvanishing vector field

and {2 is volume form.

Proposition 4.0.1. (X = A)
If 1,82 =J NdH then i,dH = 0 and i,,J = fdH for some smooth function f-

Proof. Since i,,{2 NdH = 0 and w.(0,H,VH) = i, dH,

iwQ NdH = —(0,HVy+ 0;HV;)dt A da' A da® A da®
= — (w.(0,H,VH)) 2 = — (i,dH) (.
=0
=i, dH = 0

twlewd?2 = 0and i,dH = 0,

iiof2 = iy (JAdH) =iy NdH + J NiwdH = i,J A dH

= 0, then
twd = fdH

for some smooth function f.
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Proposition 4.0.2. (X anddJ =0 = F)
If 1,82 = J N dH and J is nondegenerate two form and dJ = 0 then there is a poisson

Structure.

Proof.  Using previous lemma we have i,,J = fdH.
fi 1 w) = fdH =1 1 »J = dH and dJ = 0 give symplectic structure = Poisson structure.
If i, J = fdH then,

iwd AdiyJ = fdH A (df AdH) = 0. (4.1)

Proposition 4.0.3. (C' < D)

If g is a nonvanishing function then

b Adigd =0 <= igyJ AdigyJ = 0. (4.2)
Proof.
bguwd A digwd = giwJ A d(giuJ) (4.3)
= GiwJ A (dg N iy + gdinJ) = ¢¥iwd A diyJ (4.4)
O

Proposition 4.04. (B <— ()
tgwd N digyJJ = 0 holds if and only ifi%wJ = dh for some smooth function f.

Proof.  For any one form A,
ANdN =0 <= )\ = fdh for some functions f,h by Frobenius integration theorem, (See
[16], p:318). Particularly, if A = i4,,J then

tgwd N digyJ =0 <= ig,J = fdh <= iy ] = dh.

where f can not be zero because J is nondegenerate, i,,J # 0 <= w # 0. [
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Proposition 4.0.5. (A = X))
IfiJ = fdH then i,(hQY) = fJ A dH for some smooth function h.

Proof.
twdH = fwinJ =0 4.5)
7 FUT
2'%] ANdH =0 (4.6)
i%(J/\dH):i%J/\dH—i—J/\i%deo 4.7)
1
i%(J/\ dH)=0= JANdH = i%(hQ) = ?z’w(hQ) (4.8)
is found. L

Comment: Instead of starting with 7,2 = J A dH if we started with 4,,(h§2) = J A dH
the same line of reasoning would not change. There is a relation ¢4,,J = fdh provided that
1wf2 = JAdH. If it can be shown that dJ = 0 also holds, this means that there is a symplectic

structure which is Poisson.
4.1. RICCATI EQUATIONS RELATED TO A POISSON STRUCTURE

We consider that
Tyd N diyJ = 0.

We are going to investigate under what conditions that equation holds. If we find nondegen-
erate J so that i,,J A di,,J = 0 holds, then we can find a function h such that i3, J = dh
for some integrating factor function g by using lemma above and Frobenius Integration the-
orem. For next step, if it can be shown d.J = 0, then Poisson structure is constructed. This
is the strategy we are going to follow. Let us choose ¢y = ﬁ extend it to a basis such that
iwJ = a;e' holds, say {eg, e, €0, e3}. Let det = —%C;kej A ¥ where %) = —CY; for
J,k =0,1,2,3 and da; = a;oe’ + a;j¢’ fori =1,2,3.

(i = age® + a;e’ s0 iy, J (o) = J(w, ) =0=ag=0andi,J = a;e’)

diy,J = d(a;de’) = da; Ae' + a;de’ (4.9)

= (Clioeo + aijej) Ae' + a; (—C’ékeo VAN ek — §C;k€j VAN ek) (410)
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where i, j, k = 1,2, 3. Now, we consider the following equation

twd A diyJ = 0.

) . . 1 . .
o A digyJ = ajel A |:(ai0€0 +a;;e’) Net —a; ( 6.e’ A el 4 §C}ke] A ekﬂ
. . 1 L
= qape’ ANef Nl + aag;e’ N b A el — aa; 6k€0 AeP Ael — §aialC’;kej AP A e

. 1 . .
= q (—ako + aiC}’)k) O Ne A+ q (akj — §aiC’]’-k) eI NekAel

. ) ) ) 1 )
= ale]kl (@ko + alcék) xel — alﬁjkl (akj _ iai ;k) x el
Then, we obtain that
ae™ (aro + a;Clhp) = 0 (4.11)
. 1 .
a et (ajk + §a,~0;k> = 0. (4.12)

Since i,J = aje! + aze® + ase? is not zero then at least one of coefficients is nonzero,
say as # 0. Without lost of generality, we can choose ¢;’s such that a; = 0,a; = 1 and
demonstrate a; = . (If necessary, replace e® with ae! + aze®.) We have a new basis.

Sticking to the old notation, we use same letters. In matrix notation,

0
la;] = | 1 (4.13)

1

0 .
dai = ;o€ + CL,‘j@J

0 0 0 0 et
[daJ=| 0 e+ ]| 0 0 0 €2 (4.14)
Ho 1 2 M3 e3

where 119 = asp and ji; = as; or dp = poe® + et

Let’s go back to equations (4.11) and (4.12) to see them in terms of new coefficients.
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These two equations generate the following equations:

—tto = =Cilg + . (CG, — Cos) + 1*C (4.15)
= —C3 + (0221 - Cgl) +p?C5, (4.16)
Coy+pCs =0 (4.17)

Since dp = poe® + pie’ and L, jt = de,dpt, Lo, pt = po is obtained and similarly, £,y = pu;
/"L lu /’L 0 0 0 7

fori = 1, 2, 3. Therefore, Riccati equations are obtained, in addition to one linear equation.

~Leynt = =Cz + 1 (Cop — Cos) + 1*C (4.18)
Loyp=—C5 +p (0221 r C§1) + u?C5, (4.19)
C3 +uCg, =0 (4.20)

Here, equations (4.18) and (4.19) lead one more equation to consider
Liegenft = LeoLeypt — Loy Legfi. (4.21)

. 1. . . ‘
de' = —§C;ke] A € is indicated above hence, de’(e;, e;) = —Ci,. Using the following
formula,

dw(X,Y) = [X(w(Y)) = Y(w(X)) = w([X,Y])]
In particular,
de'(ejier) = [ej(e’(er)) — en(e’(e;)) — e'([ej, ex])]
= —¢'([ej,en))

holds for i=1,2,3. Therefore, [¢;, ex] = C';e;, then

[0, e1] = Cpye0 + Cgrer + Corea + Ciyes (4.22)

We have forced equations to be C?, = C3, = 0 then (4.20) holds.
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5. CONSTRUCTION OF BI-HAMILTONIAN STRUCTURE IN FOUR
DIMENSIONS

We claim that given nonvanishing vector field X can make Hamiltonian by scaling some
smooth function f. Explicitly, there corresponds to a symplectic manifold so that fX is

Hamiltonian vector field.

Now we are going to elaborate the details about what are trying to do. Let ¢y = *=;. Choose

[[w][*

e; and e so that [eg, e;] = C¥eq + Cliey and €3 A de? # 0. Let o = L (e? + pe?). Observe

1
g
that ga A d(gar) = 0 has same solution with v A dov = 0 (See proposition 4.0.3). That is,
a A da = 0 corresponds to equations (4.18), (4.19), (4.20). Firstly observe that e3 A de® =
N (FCReiNel) = —C3e® Net N e® — Cie® A e? N e — Cihe! A e A e, Since

[eo, e1] = CYeq + Cfe1, we infer that either C3, or C3, should be nonzero.
Lemma 5.0.1. £,,a ANa = 0and L.,a N\ o = 0 are equivalent to o N\ dov = 0.

Proof. Observe that if g is a function which never attends zero, then

L. (ga) ANga=0= ((Le,g)a+gLle,a)Nga=0= g°LoaAa=0 (5.1
That is, £.,a A o = 0 is equivalent to (5.2)
L., (62 + ,ue?’) A (62 + ,ue?’) =(0for:=1,2. (5.3)

Leo€* = die,€® + igyde? = i de* = i, (—%C’fjei A ej) = —Cg.e" fork =1,2,3.

Lo, (pe®) = dig, (1€®) + icyd (1e€®) = icyd (1) = e, (dp A € + pde?®) = (igydp) €3 +
Wi, (—%C?jei Nel ) = (L) €3 — pCoe”. Then,

Le, (€% + ped) = —Cg e + (Le,pe® — pCiye®). Explicitly,

Le, (62 + ue?’) A (62 + ue3) =0 (5.4)
= —(C4 +pCj) e' Ne® — pu(Chy + puCiy) e' ne? (5.5)
— (nCG, — Cf3 + Legpt + 2Ciy — pCiz) €2 N e® =0 (5.6)

< Cgl + ILLC(E)SI - O al’ld - ‘Ceo/l/ - _ng + lL (032 - 033) + /1/2032. (5.7)



If we can do same calculations for e, that is,

Le e = die, € +ic,de* =i de* =i, (—5Che’ Nel) = —Cer.

Le, (Meg) = di6163 + e, d (:u63> = e, d (Meg) =l (d/l ANeb+ Mdeg)

= Lo, i€ + piie, (—3C5€' Nel) = Lo, pe® — pCe for k = 0,2, 3. Thus,
L., (€% + pe®) = —C3ef + Lo, (n)e3 — pC3 e fork = 0,2, 3.

Then, we get

Le, (62 + ,ueS) A (62 + ,ue3) =0
= — (CY)+uCh) " ne® — 1 (CFy + nCPy) ¥ A€’
— (uCFy = O3 + Loy + p?Cy — pCs) € e’ = 0

= Ciy+pCiy =0and Lo, u = —C5, + p (C3, = C3,) + p*C.
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(5.8)

(5.9)
(5.10)
(5.11)

Since solution of @ A dav = 0 corresponds to equations (4.18),(4.19),(4.20). We conclude

that they are equivalent.

Lemma 5.0.2. Let o = _ (¢* + pe®). Then

)
Leylog g+ Cgy + pCoy + fo =0
Leoa = foa <=
\ C2+ nCy — Logpt + pLley log g + fopr =0
)

*Cel 10gg+0122 +[1’C%2 +f1 = 0
Le,a= fa <

{ Cty 4+ pCPy — Leypp+ ple, logg + fipp =0
Proof.

Lo, = foa = L, <$ (e + ,ueg)) = % (e® + pe®)

Loa= fa < L (é (62 + ,u63)> = % (62 + ,ue?’)

(5.12)

(5.13)

(5.14)

(5.15)
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Equation (5.14) can be unwound as follows:

L., (1) e’ + lﬁeo + Le, < ) e’ + 'LLL’eOe _fo (e + pe®)  (5.16)
g 9 9 9

_Eeo logg 2 g‘ceopj (Eeog):u’ : 2 3 k fO
R g g =g

e’ +pe’)  (5.17)
If we multiply last equation by g and consider the sum on £ = 1,2, 3 then

(Cgl+ﬂcg1)€ +(56010g9+032+ﬂ 2+f0)€ +

(5.18)
(0023 + MO(?))S - ‘Ceoﬂ + M'Ceo logg + fOM) e’ =0
That is,
ﬁe010g9+032+ﬂ032+f0:0 (519)
Coy + GG = Legp + pLey log g + four =0 (5.20)

Coefficient of ¢! are already zero by construction.

Equation (5.15) can be unwound as follows:

L., (1) o £ele + L, < >e + 'uﬁel = _ (e +pe®)  (5.21)
g g 9 g

—Le, 1 1 L. Le
1gog9€2_5012k6k+9 e 92( 1g)lue3_ﬁcvi5kek fl(

e’ + pe ) (5.22)
If last equation is multiplied by g and consider the sum on & = 0, 2, 3, we obtain the following:

(0120 + cho) el + (‘Cel log g + C7y + puCPy + fl) e’+

(5.23)
(0123 + ,u0133 - ‘CBIIJ’ + lu[’m IOgg + flﬂ) 63 =0
That is,
Leylogg+ Chy+pChy + f1 =0 (5.24)
Cly + nCis — Leypt + pile, logg + fip =0 (5.25)
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Lemma 5.0.3. There are two « satifying o A\ dae = 0.

Proof. Firstly, observe that

Lo, aNa=0 (5.26)

LoaNa=0 (5.27)

equation (5.26) implies that equations (4.18), (4.20). Equation (5.27) implies that equations
(4.19), (4.20). On the other hand,

Loaha=0 < Loa=fo (5.28)
Loaha=0 < Loa=fia (5.29)
Le, (Legr) = Le, (for) = (Leyfo)  + foLeya = (Le, fo) a + fofra (5.30)
Ley (Leya) = Loy (fra) = (Legf1) a + fileyar = (Ley 1) a+ fifoo  (5.31)

If previous two equations are subtracted from each other, four equations above generate the

following (5.32), which is integrability condition. More explicitly,

‘C[eo,el]O‘ = £60£61a - Eelf’eoa = Eeo (fla) - ‘Cel (fUO‘) = (‘Ceofl) a — <£€1f0) «Q
Since Lixa= fLxa+df Nixa and i, =i, a0 =0,
‘6[50761]& = C1(())1['60a + C(%l‘cha = O(())lfoa + O&lfla

CY foar+ Coy fra = (Ley f1) o — (Le, fo) @ where a # 0 by construction, thus

Corfo+ Cofi+ Loy fo— Legfr =0 (5.32)

If we plug o = é (€2 4 pe?) into equations (5.28) and (5.29), they suggest that

Leglogg+Cg +uCr, = —fo (5.33)
Cos + O + 1Ly logg — Lo = — fop (5.34)
L. logg+Ch+puCyy, = —f (5.35)
Cly+ pCls + ple logg — Lo = —fip (5.36)

However €3 A de® # 0= C3, # 0 or C3, # 0. Unless C}, = 0, arrange g, set fo = 0.
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Then, integrability condition (See equation (5.32)) indicates that L., fi = C3, f1. Actually
this equation suggests two solutions trivial and nontrivial solution for f;. Going back to the
equation (5.35) we can determine . If C3, # 0 then arrange g to make f; = 0 the integra-
bility condition (see equation (5.32)) indicates that £, fo = —C{, fo which suggests trivial
and nontrivial solution for f,. Going back to the equation (5.33), we obtain two solutions for

(. Since both cases reveal two p’s, we get two different o’s satisfying o A da = 0. O
Lemma 5.0.4. There exist nondegenerate .J, and J satisfying i.,J; = o fori =1, 2.

Proof.  For solely existence, put J; = € A a; + 4., ['; where T is completely arbitrary three
form. As for the nondegeneracy, let ¢(v) = i,J. It is clear that ¢ is a linear map. Observe
that [i,J(w)] = [J(v,w)] = [v]" [J][w] and [i,J(w)] = [i,J]" [w]. Using skew symmetry
of J, [¢(v)] = [inJ] = — [J] [v], that is, [¢] = — [J]. Here, [.,.] and T represent matrix and
transpose of the matrix respectively. Since rank of .J is even, rank of ¢ can be 0,2,4. Suppose
that dim(Ker ¢) = 2 say basis of Ker ¢ = {v;,v5} and v; L vy. Using existence i, = o =
Gy O = Gy,lepd = —leyiy,J = 0 because v;eKer ¢ that is 4,,J = 0. Put a* = g (ez + ue3).
On the other hand, ey can not be linear combination of v; and v, assume otherwise, say
ey = a1v1 + agvy, then o = i, J = aiiy, J + asiy,,J = 0 which contradicts with being
a = % (62 + ue3) which is nonzero. Assume that o* is a linear combination of eg, v, vo
J.e, af = aey + a1v; + asve. Then 1 4 p? = « (%) = aleyav + ayiy, a0 + agi,, o but last
term should be zero because i, = i,,a = i, = 0 however 1 + pu? # 0. Therefore,
{a*, vy, v9, €0} is a basis. Consider the dual basis {éo, vt v #} for {a*, vy, v9, €9 }. One
can take {¢°, v',v? a}as a basis. Let ¢ = ae’ + bjv! + byv? + ca. Since i, = 1,

e =& + byt + byv?® +ca. PutdV =vt AvPAane =vt AvPAaAneand T = i,dV.

Goy = n, (€% AN @) + tyicyin (VN AP AN E?) =0
(i €”) a =iy (VA a) = b — (ig0?) a + (iue) v* = (b — i,0%) a + (iya) v* =0

= j,a =0and by —i,v* =0
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Similarly,

Tyy ] = Ty, (eo A a) + lyyleglu (vl AVEA QA 60) =0
(ivzeo) o+ iy, (vl A a) = by + (iuvl) o — (iza) vt = (bg + iuvl) a — (iza)v' =0

= j,a = 0and by + i,v! =0

1,00 = 0= u = civ; + vy + c3ep.

co + 031'601)2 = v =b (5.37)
1+ czigvt = it = —by (5.38)
Since 7,0 = i.,v? = 0, equations above suggest ¢c; = —by and ¢, = b;. Hence,
u = —bovy + byve 4 c3eq. Since I' = 7,dV is completely arbitrary and if ¢;’s are changed,

for example ¢; # —by, then J may have full rank. If i,,e° = i,,e" = 0, simply put u = v;.
More accurately, if rank(.J) is two, then ¢; = —bs, c2 = b; hold otherwise nonzero J has full

rank. [
Lemma 5.0.5. There exists 3 satisfying i.,df = %

Proof. Let 8; = bsydhy + bjadhy Where o = 4., J; = fidh;, © = 1,2. We are going to
determine b;; and b;,. Consider df3; = db;; A dhy + dbis A dhe, 1 = 1, 2. Applying i,

(651

5 = iegdB1 = (ieydby1) dhy + (ieydbys) dhy = dhy (5.39)

1

% = ieodﬁg == (ieodbgl) dhl -+ (ieodb22> dhg = dh2 (540)
2

Since dh; and dhs are linearly independent, they suggest i, db11 = i¢,dbaa = 1 and i.,dbi2 =

ieodbo; = 0. Choose coordinates ! and x? so that span{dxz', dz?}=span{c’, e'}. Then

dz' = aje’ + ajet (5.41)

dz® = aje’ + aje’ (5.42)

Since both a} and af can not be zero, say aj # 0 then i, (‘i—"ﬁl> = 1.
0

Letdby; = ‘% =by =/ % dz'. If a} = 0, replace ' by 2% then new a{, should be different
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than 0, otherwise dz! and dz? are independent of ¢, which is false. Thus either case suggest
that there is bll so that ieldbll =1. Put bQQ = b11 then ieodbll = ieodbgg = 1. Choose b12

such that £.,b12 = 0 and put by; = —b12 ,50 % dbi2 = ic,dba; = 0 is found. That is,

p1 = budhy + biadhy (5.43)
P2 = —biadhy + bi1dhy (5.44)

Therefore, proof is completed. However, equations above reveal that

Since i, df; = dhy, ie, (A1 A dhy) = i, (A2 A dhy) = 0, there is some volume form (2
such that i.,Q2 = df5y A dhy = dBs N\ dhs. O

Lemma 5.0.6. If J = €° A a + i, where a A da = 0 and « is defined as above then there

exist a suitable three form I" and a nonzero function f such that d (%) =0.

Proof. o A da = 0 implies that % = dh by Frobenius theorem. That is, d (%) = 0.
J _ 0 A a Pl JY — 7,0 A @ il _

?—el/\?—l—%éd(?) —de" N g +d () =0

=d (%) = —d (60 A %) = i, = —¢” A a + fd3 where (3 is arbitrary 1-form.

0 = icyle,l' = —av+ fie,dB. Thenic,d =  determines f.

PutT' = fe® A df + i,y where v is arbitrary 4-form, in particular put v = 0. Then % =dp,

that is, d (%) — 0. 0

Up to this point, we have shown that there are two s satisfying o A dav = 0. Then we have
shown that nondegenerate J exists as a solution of 7.,/ = o where « satisfies o A do = 0.
Note that ¢ feo% = 1¢,J = a. Then, we have shown that it is possible to choose J satifying
ieod = a(ie, J = e Aa +i,l") and d (%) = 0. More explicitly, we have shown that
nondegeneracy and closedness of .J are revealed seperately. Now, we are going to suggest

that there exist J so that d (%) = 0 and rank(%) = 4. We need the following propositions:

Proposition 5.0.7. Let J = ¢° A a + i, [ where a = fdh as above. If rank(J) = 2 then
JNdh = 0.
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Proof.  Without lost of generality, we may take J, I as % and %, respectively. That is,

J = e®Adh+i.,[. Let ¢(v) = i, J and Ker(¢) = {v1, v} where v; and vy are orthogonal unit
vectors. We have already observed that {a*, vy, v, €o} is abasis. {€°, v!,v? a} is considered
as a dual basis for {a*, vy, va, eg}. We keep the same notation as in the lemma 5.0.4, that is,
O ="+ bt +bv? +caanddV = v Av2AaAneand D = i,dV.

Observe that

ivyJ = (ip€°) dh — (iy,dh) € + iyic, I =0

Gogd = (in,€") dh — (iy,dh) €” + iyyie, ] = 0

teg = dh = iy, dh = 1y, 1eyJ = —leyly, J =0

tegd = Ah = 1y, dh = 1,0y J = —teyly,J =0

Since %, dh = i,,dh = 0, the first two equations becomes,
inyJ = (i, €°) dh + iy, i, =0

Guyd = (10,€°) dh + i, I = 0

We infer that (iy,€°) iy ic,I' — (t0,€°) Gnyic,] =0
Uiuge® Yo (i 0 )up teol =0

Put vy = (z’vzeo) v — (z’vleo) Vg = Gygle, ] =0

Put v3 = (iUQeO) vl — (ivleo) v? then, ieov?’ = (ivzeo) ieovl - (z’vleo) 2'60112 =0
Since ., dh = i,,dh = 0, 7,,dh =0

leg@h = teyiey ] = 0.

Note that

i50° = (i0y€?)" 4 (10,€°)° = 0 = iy e® =ipe® = 0 (5.46)

= b=b=0 <= v = 0. (5.47)

Assume that v? is nonvanishing. Observe that {dh,v3} are linearly independent because
ia»v> = 0 but ig-dh # 0. We can not write ¢ in terms of dh and v3, if we could write
that 1 = i.,e" = kyie,dh + kaie,v® but ie,dh = i,,v® = 0thus 1 = 0 ,i.e, {€°, dh, v’}
is linearly independent. Using Hodge star operator, define v* = * (e A dh A v®) where *

represents Hodge star operator. By definition of Hodge star operator reveals that v* is a
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linear combination of v' and v? because of the fact that
O ANdh AvE AN = (vt N)dV (5.48)

holds for all one form \’s. If v* is the linear combination of €°, dh, v® then this means that
(v*,v*) = 0. Then one understands that {¢°, dh, v3, v*} is a basis. Since v3 = —byv! + byv?,
the equation (5.48) suggests the v* = b71v1 + b721)2 where o = fdh. Observe that i,,v* = 0
and there is a function  satisfying dV = e Adh Av3 Av?. Since we have found 7,,i., " = 0

above,

bugieol = luglegin (V" AdR AVP AVY) = 0 (5.49)
—iyyty (AW AVP AUY) = 0 (5.50)
iu( (ingv?) dh Av* — iy, (dh AVY) AD®) = 0. (5.51)

Since i,,dh = 0 and i,,0* = 0 and 7,,v® = b? + b3 # 0, equation (5.51) can be reduced to
iy (dh Av*) = 0. (5.52)

Since i, 0! = i,,v? = 0, one can reach that i,,v® = i,,0* = 0. Therefore, the following

equations reveal that

il = ieyindV = Yieyiy (e Adh AP A ) (5.53)
— Yy (dh Av3A v4) = 7 (iuvg) dh A vt + iy, (dh A v4) A o3 (5.54)
= 7 (i,0*) dh AVt (5.55)

Last equality occurs by equations (5.52). Since J = €° A dh + i, [,
JANdh =0

is obtained. If v = 0, we have observed that i,,e® = i,,e® = 0. In this case, {¢°, v!,v? a}

is dual to {eg, v1, vo, a*}. In particular, i,,dh = i,,dh = 0. Then see the first two equation
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at the beginning of the lemma, that is ,

by d = il =0 (5.56)
By = duyie,] = 0. (5.57)
More explicitly,
boyJ = Gy tudV =iy, (V¥ A) =0 (5.58)
Gogd = GuyleyiudV =iy, (V' A) =0 (5.59)

If we take a closer look to the following equations, we see that 7., ,[' = 0.

ieol = leyiudV = —ficyiy (" Nv" Av® Adh) = fi, (v' AvP Adh)  (5.60)
= f(iw') v Adh+ fi, (v’ Adh) A (5.61)
= [ (i,v") v* Adh. (5.62)

Last equality occurs by equation (5.58). Similarly,

il = —fiy (vV A0 Adh) = —f (i,0*) v' Adh+ fo® Ay (V' Adh)  (5.63)
= —f (i,v*)v' Adh (5.64)

Last equality occurs by equation (5.59). Since equations (5.62) and (5.64) represent same
form but different base elements, which leads to conclude that i, I' = 0. Thatis, J = e’ Adh.
Hence,

J Ndh=0.

Proposition 5.0.8. If'J,dh (J # 0) are defined as above then

2 iff JAdh=0
rank(J) =

4 iff JAdh#0

Proof. Put f* = dh. Choose a basis {f*, f2, f3, f*} and corresponding dual basis
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{f1, fa, f3, fa} sothatiy, f7 = (52. Suppose that J has full rank and JAdh = 0 then J = OAdh
for some one form 6. Explicitly, 0 = a, f! + asf* + azf3. Since J has full rank ,

i = 1y (O Adh) = 1, (a1 f* ANdh + asf?> A dh + asf> A dh) # 0 for all non-vanishing v.
However, put v = as f1 — ay f> theni,J = (ayas — ajaz) dh = 0. If a; = ay = 0, simply put
v = fi then i,J = 0. We get a contradiction. Since rank of .J may be 2 or 4, we infer that

rank of J istwo if J A dh = 0. L]

Ji - Ji
Proposition 5.0.9. There are two nondegenerate closed form — so that i.,— = dh; for

7 fz
i=1,2

Proof. Let 3 1is defined as in (5.43) or (5.44), 1.e, i, df3; = ﬁ = dh;,put J; = " A+, [
where I'; = fie°Ad3; (I is defined as in lemma 5.0.6). Then% =dp;,1i =1, 2. Instead of%,
write J; for simplibity. i equation(5.43), B by dhyllbrsdhawhere Lo, dbia — ioydbiz — 0.
Note that o;’s are expressed in terms of e? and e® and dh;’s are solely obtained those «;’s.
Thus, span{e?, e3}=span{dh., dh,}. Since {e°, e', €2, e} is a basis, {e°, ¢!, dhy, dhs} is also
a basis. i.,dbis = 0 = dbyy = are! + agdhy + aszdh,y. Nondegeneracy of J; is guaranteed by

Jl VAN dhl 75 0. Since Jl = dﬂl and dﬁl = dll VAN dhl + db12 A dhg, we infer that
Jl A dhl = dblg VAN dhg A dhl = alel A dhg N dhl 7é 0

ifand only if 7, db12 # 0. We do not know whether ., db15 # 0. Therefore, we have to choose

b1 more carefully than one in lemma 5.0.5. Firstly since [eg, e1] = C§,eq+C4,e1, we can find
o0

5.1 5.2 § =span{eg, €1} by Frobenius theorem.

coordinates {z', z%, 2%, 2*} such that span{
Let S be the surface whose coordinates {z!, z?}. Let C be a curve in S such that e, is tangent

to C. Let F(x!', 2?) = 0 be the equation of C. Then,

dF
= = 0= VF(z',2?) ey = i, dF = 0. In general dF = 25 dz' + 25 da? = coe’ + cq€’.

Since i, dF = 0, ¢g = 0, that is, dF' = cje’. In particular put b1s = F then dbjy = ciel.
On the other hand ¢; # 0 because otherwise dF' = 0, which means that F' is independent of

{z', 22}, i.e, F' = 0 can not represent surface. To sum up, i.,dF = 0 and i.,dF = i.,dbis #

J
0, thus we reach nondegenerate and closed form “L Since By = —biadhy 4+ bi1dhso, same
1

fashion is followed to exract the existence of —. O]
2
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6. CONCLUSION

In this work, it is shown that a non-vanishing vector field on a four dimensional manifold
is locally bi-Hamiltonian. We construct a method for computing the symplectic structures
which make the given non-vanishing vector field Hamiltonian. The method uses solely the
knowledge of the vector field but not its integral curves. Therefore the method proposes a
way of constructing a bi-Hamiltonian structure for the dynamical system defined by the given

vector field without requiring the solution of the dynamical system.

For this purpose, firstly we worked on the local properties of Poisson and symplectic struc-
tures on a four dimensional manifold M, and the equations governing the components of a
symplectic structure are obtained. Given an injective skew-symmetricmap A : T*M — T M

whose components are given by

0 -B
B EijkEk

A:

with the nondegeneracy condition

E-B#0

the condition defining the Poisson structure

[A,A] =0
amounts to
OB _
B VxE = 0
V-B =0
Then, a four dimensional Hamiltonian vector field w = 0 satisfies
%4

w=A(dH)
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is given explicitly by
-WE+V xB = VH

These equations can also be written in differential form notation as

1,0=JANdH

where (2 is the volume form on M, and

J = Eidx' A dt — €9%B;da? A da®

satisfying
dJ =0

which implies

twJ = dH
which is nothing but the definition of a Hamiltonian vector field.

Then we proved that

1,2=JNdH < i,J = dH < i,J Ndi,J =0

Finally we obtained two solutions for .J in

twd A diyJ =0

satisfying
dJ =0

and proved that these solutions are nondegenerate. Therefore they defined the symplectic

structures we are looking for.

Since the topology of four dimensional manifolds are quite complicated in comparison with
three dimensional manifolds, we could not obtain a necessary and sufficient condition for the

global existence of bi-Hamiltonian structures on four dimensional manifolds. However, for
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our future work we are planning to work on some necessary conditions (without looking for
sufficiency) of the global existence of bi-Hamiltonian structures on four dimensional mani-
folds. We believe our method will play a significant role in investigating global properties
of such structures, as it is based solely on the non-vanishing vector field defined on a four

manifold.
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