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ABSTRACT

MASSIVE AND MASSLESS GAUGE THEORIES

WITH FLAT CONNECTION

PHD THESIS
IBRAHIM SENER
ABANT IZZET BAYSAL UNIVERSITY GRADUATE SCHOOL OF
NATURAL AND APPLIED SCIENCES

DEPARTMENT OF PHYSICS

(SUPERVISOR: Prof. Dr. NURETTIN KARAGOZ)
BOLU, JANUARY 2016

Yang - Mills type massive and massless gauge theories are interpreted in the
geometrical frame of holomorphic principal bundles over a complex 2 - manifold. It is
seen in this formalism that, the component (1, 1) of curvature of this connection appears
because of flat connections generated by holomorphic structure although connection is
flat. Thus it is possible to write a Lagrangian for a Yang - Mills theory including
massive and massless gauge fields. However, the mass matrix of a massive gauge
field on such a bundle isn’t nilpotent and this field is generated by a noncommutative
flat connection on the same bundle, then the structure group of this bundle is non -
Abelian complex Lie group. However, if gauge field is massless, then this is generated
by commutative flat connection, and so the structure group of bundle is Abelian
complex Lie group. Also one sees that second Chern number or topological charge is
proportional to the total volume of base manifold for each massless and massive gauge
theories and Abelian (massless) gauge theories which is indeed the theories of Kéhler

potential on complex projective space CP2.

KEYWORDS: Massive and Massless Gauge Fields, Holomorphic Principal Bundle,
Complex Projective Space, Kihler Potential, Flat Connection, Mass Matrix, Abelian

and Nonabelian Gauge Group, Topological Charge, Chern Classes.
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OZET

DUZ BAGLANTILI KUTLELI VE KUTLESIZ AYAR TEORILERI
DOKTORA TEZI
IBRAHIM SENER
ABANT IZZET BAYSAL UNIVERSITESI FEN BILIMLERI ENSTITUSU
FiZiK ANABILIM DALI
(DANISMAN: PROF. DR. NURETTIN KARAGOZ)
BOLU, OCAK 2016

Bu tezde, Yang - Mills tipi kiitleli ve kiitlesiz ayar teorileri kompleks 2 - manifold
tizerindeki holomorfik asli demetlerin geometrik cercevesinde degerlendirilmektedir.
Bu geometrik yapida goriilmektedir ki, holomorfik yapi tarafindan indiiklenen diiz
baglantinin egriliginin (1,1) - bileseni, baglanti diiz olmasina ragmen yok olmaz.
Boylece kiitleli ve kiitlesiz ayar alanlarini iceren bir Yang - Mills Lagrangian formu
yazilabilir. Fakat kiitleli ayar alanin kiitle matrisi nilpotent olamaz ve bu alan demet
tizerindeki komutatif olmayan bir diiz baglanti tarafindan iiretilir ve demetin yap1 grubu
Abelian olmayan Lie grubu olur. Ancak, eger ayar alan kiitlesiz ise, o zaman bu
alan1 komutatif bir diiz baglant1 iiretir ve yap1 grubu Abelian Lie grubu olur. Ayrica
goriilmektedir ki, hem kiitleli hem de kiitlesiz ayar alanlar icin topolojik yiik ya da
ikinci Chern sayis1 taban manifoldun hacmi ile orantilidir ve Kkiitlesiz ayar alanlar

esasinda CP? kompleks projektif uzaymin Kihler potansiyelinin bir teorisidir.

ANAHTAR KELIiMELER: Kiitleli ve Kiitlesiz Ayar Alanlar, Holomorfik Asli Demet,
Kompleks Projektif Uzay, Kédhler Potansiyeli, Diiz Baglanti, Kiitle Matrisi, Abelian and
Abelian Olmayan Ayar Grouplari, Topolojik Yiik, Chern Siniflar1.
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1. INTRODUCTION

According to Georgi and Glashow, all fundamental forces are severally
representations of a unique group of the unified fields (Georgi & Glashow, |1974). The
fundamental interactions except for the gravity have internal symmetry group structures
via the Hermitian structure in the quantum regime. As known that these groups
correspond to the U(1) for the electromagnetic force, the SU(2) for the weak force and
the SU(3) for the strong force. In this context, the field theories which are invariant
under the local transformations of these group are called Weyl (for the electromagnetic
force) (Weyl, |1918) and Yang - Mills type (for the weak and strong forces) theories
(Yang & Mills, 1954), (Ne’eman, 1961), (Gell-Mann, 1961). However, there doesn’t
exist a gauge group ansatz similar to that of other forces. On the other hand, a more
general theory which is invariant under the general linear Lie groups was given by
Utiyama (Utiyama, |1956) to be included the gravity. In the Utiyama’ s formalism the
gravitational interaction isn’t a gauge theory like the Yang - Mills type theories. If we
use a geometrical language, each Maxwell and Yang - Mills theory are the Lagrangian
theories of the connections on some principal bundles whose the structure groups are
the U(1) and SU(N). Therefore there is a near analogy between these theories and
the differential geometry of the fiber bundles. Hence, if we show by A} the gauge
potential (that is source potential) of an force, by F;,, its gauge field stress and by G the
gauge group, where a labels the generator indices of the gauge group and p, v the local

coordinates, they are associated to following geometrical notions:

Gauge potential Aj +— Lie algebra valued connection 1 — form A
Gauge field stress Fy, <— Lie algebra valued curvature 2 — form F
Gauge group G «— Structure group G

Gauge transformation <— Automorphism of fibers



1.1 Fundamental Geometric Structures

Definition 1.1. (Manifold) The manifolds are topological spaces with Hausdorff
structure and are the second countable, so that these spaces are locally homeomorphic
to the Euclidean space. Therefore, let M be a topological space with n - dimension
corresponding to R" and U; and U; two opens neighborhood of a point p, where
UNU; # 0. Then, M = (U, Ui and a coordinate set is a map x; : U; — R"™, where
(1t =1,--- ,n). Thus a manifold is called a collection of charts (U;, x;). If mapping
ziox; ' xy(U;NU;) — x;(U; N U;) is differentiable, called it transition function, then
manifold M is called a differentiable or smooth manifold (we will use smooth manifold

term for differentiable manifolds).

Definition 1.2. (Tangent and Cotangent Bundles) Let {x"} € R™ be the local
coordinates neighborhood of a point p € M, where (;n = 1,--- ,n). Then we can
show by T, M a tangent space at p € M and its cotangent by T7M. The tangent and

cotangent bundles of these space together with basis are locally written, respectively, as

(0. eT™M = | J{p} x T,M, (1.1)
pEM

{da*y e "M = | J{p} x T} M, (1.2)
peEM

where 0,, = T

Definition 1.3. (Vector Field and Its Dual (Nakahara, 2003)) A vector over a manifold
is defined as a tangent vector to a curve over M and if a vector can be defined smoothly
to each point of manifold M, it is called a vector field over M. The dual of a vector

over a manifold is called 1 - form and if a 1 - form can be defined smoothly to each

point of manifold M, it called differentiable 1 - form.

Definition 1.4. (Tensor Product (Nakahara, 2003)) Let V¥ and V' be two vector spaces
on the same field, i.e. V=R or V = C. Define a'V - linear map as follow

®:VEx V! — V*, (1.3)
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so that this map is multi-linear and distributive, respectively,

av)@u = a(ve®u), (1.4

au® (byvi + $+ bypvy) = abju® vi + s + ab,u ® vy, (1.5)

(01vi+ s+ bpvy) ® (au) = abivi @ u+ s+ aby, v, @, (1.6)

where a, by, by, €V, u € V¥ v, vi,---,v,, € V.. Then map ® is called tensor

product.

Definition 1.5. (Tensor Field (Nakahara, 2003))) A tensor of type (q,r) is a multilinear
object which maps the q elements of T,y M and the r elements of T, M to a real number.

An element of a tensor is written in the terms of local basis as

0 0

T — TH1 g

oo daetr q
Vi Up ax‘ul 8.1"”"1 dx dl’ € ®r|p(M)7 (17)

where we show the space of tensors by

M) =T,M@ - QT,MITyM® - @ Ty M (1.8)

J/

™ g
q times r times

If a tensor can be defined smoothly to each point over manifold M, then it is called

tensor field.

Definition 1.6. (Metric (Nakahara, 2003))) Let M be a differentiable manifold and T'M
a tangent bundle with local coordinates basis {0,y € TM and T* M a cotangent bundle
with local dual basis dx" € T* M over this manifold. A Riemannian metric g over M is
a tensor field of type (0, 2) which satisfies following axioms at each point p € M:
g(X,Y) = g(¥, X), (1.9)
gp(X,X) > 0, ifonlyif X=0, (1.10)

where X,Y € T,M. If {z"} is local coordinates at a point p € M, metric is expanded

in the terms of dz" ® dz” as

gp = g (p)dat @ dz”, (1.11)

3



where

9 () = 8p(0y 0v) = gup(p). (1.12)

Since (g,,) is a symmetric matrix, its eigenvalues are real. Therefore, If there exist i
positive and j negative eigenvalues, pair (i, j) is called the index of metric. If j = 1,
metric is called a Lorentz metric. If a smooth manifold M admits a Riemannian metric

g, pair (M, g) is called a Riemannian manifold. If g is Lorentzian, (M, g) is called a

Lorentz manifold.

Definition 1.7. (Wedge Product (Suhubi, 2013)) Let M be a manifold of real n -
dimension. Wedge product N is totally antisymmetric tensor product for local basis

{e"} € T*M given as
el Ne" =ef ®e” —e’ ® e (1.13)
and more generally
N Nt =T @@ e (1.14)
where 0511 is generalised Kronecker delta.

Definition 1.8. (Differential Forms (Suhubi, 2013), (Nakahara, |2003)) A differential r -

form is a totally antisymmetric tensor of type (0, 1) and is written such that

1
W= ;!wm...mdl“m A Ado?r. (1.15)

Thus the bundle of exterior r - forms over manifold M is shown by

AN (MY=T*MA---AT*M, (0<r<n) (1.16)
r times

and the dimension of A" (M) is

dim A™ (M) = (1) = — ™

r

IR 1.17
(n—r)lr! (17
Equality (7) = (,,",.) implies that dim A™ (M) = dim A"~ (M)).
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Definition 1.9. (Exterior or Wedge Product of Two Forms (Suhubi, |2013), (Nakahara,
2003)) Let w € A" (M) and o € A* (M) be two differential forms. The wedge product
of them is
1 1% Vg
WAoo = m’YMl"'Mer"'Vsdxul A ANdxP Adx™ A - ANdx :, (118)

where

Vs prvr-vs = Wlprvs Oy -] (1.19)

Let{ € AN(M), n e A"(M) andw € A*(M), then

ENE = 0, 1f qisodd (1.20)
EAn = (=D)"nAE, (1.21)
EANAw = EAMNAW). (1.22)

Definition 1.10. (Exterior Derivative (Suhubi, 2013), (Nakahara, 2003)) The exterior

differentiation d over a manifold M is defined as a map
d: A" (M) = AN (M), 0<r<n. (1.23)
Leibnitz rules for o € A" (M), € A9 (M) and f € C>(M) are

d(a A B) da A B+ (—1)%e@q A dg, (1.24)

d(fp) = df NS+ fdp. (1.25)

Definition 1.11. (Volume Element Form) The volume element form over a smooth

manifold M of real n dimension is defined for local orthogonal coordinates basis

{dz"} € T*M as follow
dvol = da' A--- Ada™ € A" (M). (1.26)

Definition 1.12. (Hodge Duality (De Azcarrage & Izquirdo, 1995)) The Hodge duality

operator over a manifold M of real n - dimension is defines as

s« A7 (M) = A7 (M) (1.27)
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and it acts on a r - form as follow

*W = ($W) iy o XTI Ndat € AT (M), (1.28)
where
(5 = o = (_mgm T Wit (1.29)
50 one gets
WA *W = Wy, (W) g oopi dVOL, (1.30)

where g is metric over manifold M and ¢, .., is Levi - Civita exact antisymmetric

tensor .

Definition 1.13. (Inner Product of Exterior Forms) Let o, 3 € AX(M). Then inner

product of them is defined as

(o, B) =/MozA*6- (1.31)

Definition 1.14. (Lie Groups) A Lie group is a set G with two structures: G is a group
and a (smooth) manifold. These structures agree in following sense: multiplication and
inversion are smooth. A Lie group is also defined as a differentiable manifold having
group structure. Some examples of (matrix) Lie groups using mostly in physics are

generally are summarized as follow.

Groups of General Linear Lie Group: GL(n,F)

Special Linear Group: SL(n,F) ={A € GL(n,F)|det(A) =1}
Orthogonal Grup: O(n;F) = {A € GL(n,F)|ATA =1}

Special Orthogonal Grup: SO(n,F) = {A € O(n,F) |det(A) =1}
Unitary Group: U(n) ={A € GL(n,C)| ATA=1}

Special Unitary Group: SU(n) = {A € U(n)|ATA = 1|det(A) =1}

Here F denotes R or C and T, 1 the transpose and the hermitian conjugate of a square

matrix, respectively.



Definition 1.15. (Connection on A Tangent Bundle) Let I'(T'M ) be the set of the local
sections on the tangent bundle T'M over a Riemannian manifold. A g valued connection

D is a linear map
D:TNTM) -T(TM ®@geT*M) (1.32)
which satisfies following conditions:
D(X+Y) = DX+ DY, (1.33)
D(fX) = (df)Y +fDX (1.34)

where g is the Lie algebra of group G € End(TM), f € C*(M), X,Y € I'(TM).

Thus the covariant derivative of connection D is
DX =dX +T'X, (1.35)

where T € A'(M, g) is called g - valued connection I - form. Given a smooth manifold
M of real n - dimension with a tangent bundle T'M and cotangent bundle T M. Let
{ea} € TM be local basis and e¢* € T*M dual base 1 - forms. Then a g - valued

connection 1 - form is defined as follow
De, =Ty, (1.36)
where 0; € g is the generators of Lie algebra g and i = 1 - - - dim[G] and
Y= (I0) 0;dat. (1.37)

Definition 1.16. (Curvature and Torsion of A Connection on A Tangent Bundle) The g

valued curvature 2 - form of a connection on tangent bundle T'M is given by

R: = dI¢4+TATS
= ) (R, Bida’ A da”. (1.38)

pu<v

and its torsion 2 - form is also
T = de" +T¢Aeb

= ) (T, bida" A da” (1.39)

p<v



Definition 1.17. (Levi - Civita Connection and Riemann Curvature) If connection
matrix I'} is symmetric, that is Iy, = I'y,, where I'yy, = go.1';, then torsion vanishes
and this connection is called Levi - Civita connection. The curvature of Levi - Civita

connection is called Riemann Curvature.

1.2 Complex Manifolds

More detailed knowledge about complex manifolds may be founded in those
references (Kobayashi & Nomizu, 1969), (Griffiths & Harris, 1978)), (Kodaira, |1986),

(Huybrechts| 2005). Here we give fundamental notations which will request in thesis.

Definition 1.18. (Holomorphic (Complex) Function) Any complex number consists of
two real numbers. If x,y € R, then a complex number is z = v + iy € C and its
complex conjugate z = x — iy. Consider a function f(z) € C*°(C) depending only on
z € C, that is not z. Decompose function f(z) such that f(z) = g(z,y) + ih(x,y),
where g(x,y), h(z,y) € C®(R?). If

df (2)
dz

=0, (1.40)

function f(z) is holomorphic. This is also called Cauchy - Riemann condition

dg  Oh
% = 3y (1.41)
dg oh
oy~ ou (142

Then, a multi - components complex number over a complex space C"=2™ occur
from two multi - components real numbers and its complex conjugate: 2 = z* + iy#
Zh = ot —qy*, (u=1,--- ,n), respectively. Therefore, let z# and z* be two local
complex coordinates. A coordinate transformation z'* = z'V(z") between them is

holomorphic if

oz'M

ozv

= 0. (1.43)



Thus we can show complex differentiations shortly by

dz' = dz" + idy”, (1.44)
Azt = da" — idy" (1.45)
and
0 1/ 0 .0
0 1/ 0 .0
O = ﬁ—é(@“@)- (147

Also, there exist following relations

dz"(0,) = o, (1.48)
dz*(07) = 0. (1.49)
Then, the exterior differentiation of a smooth function f(z, Z) is written as
_ Of o O g
df = 82#(12 + agud’z
= Of + 0f, (1.50)

where 0 and 0 are called holomorphic and antiholomorphic derivatives, respectively, so

we have two exterior derivative operators

of = %dz“, (1.51)
of = %dz“. (1.52)

Thus, if a smooth function f(z*) is complex or holomorphic, then

5, OF

Definition 1.19. (Complex Manifolds) Let M be a smooth manifold of real 2n

dimension. If each tangent space over this manifold is locally homeomorphic

9



to C" and if the transition functions of all coordinate charts are holomorphic,
then manifold M is called complex manifold. Therefore, let U,,Ug C M be two
opens neighborhood of a point p € M, U, NUsz # () and given a local coordinate
chart as pair (U, $,) over M by a homeomorphism ¢, : U, — ¢(U,) C R?".
Two coordinate charts (U, ¢o) and (Ug, ¢pg) give a transition function such that
Gap = Po © qbgl D 0u(Ua NUR) — ¢p(Uy NUg).  If this transition function is

holomorphic, then manifold M is a complex manifold.

Definition 1.20. (Decomposition of Tangent and Cotangent Bundles) Let M be a
complex manifold and T'M and T™* M complexified tangent and cotangent bundles over

this manifold. Then the decomposition of them are

T = TWOM e TO N, (1.54)

"M = TN @ 7OV (1.55)

where (1,0) and (0,1) denote holomorphic and antiholomorphic subbundles,

respectively.

Definition 1.21. (Exterior Forms on Complex Manifolds) The bundle of exterior (1, q) -

forms over a complex manifold is

AE{/’[J]) — ArT*(l,O)M ® AQT*(O,I)M7

r,q < dimg(M), r+q < dimg(M), (1.56)

where Ag\ZQ) = AE&’T). Then the exterior K = r + q - form over complex manifold M is

written as
A = B AT M, (1.57)
Any exterior form w € A9 (M) is written locally as follow
w = wygdz" A d2, (1.58)
where w,; € C>(M).

10



Hereafter we will show by A% and A%) the bundles of the exterior forms over

complex manifold M.

Definition 1.22. (Wedge Product on Complex Manifolds) For some exterior forms
we APD e AB) and n € AV over a complex manifold M the commutation

relations are

wAp = (=) 9pAw (1.59)
w,pl, = wAp—(—1)YuAw (1.60)

and the Jacobi identity is
[w, [ A+ (D s [, @] ], + (1) [, fw, ], =0, (1.61)

where

a = deg(w)=r+q, (1.62)
b = deg(p) =t+s, (1.63)
¢ = deg(n)=u+v. (1.64)

Definition 1.23. (Hodge Duality on Complex Manifolds) The Hodge duality operators
over a complex n - manifold M acting forms on Agfl() = P K:T+Q)A*(T"1)M are defined

as

x o A9 A0 (1.65)

x 1+ AE) 5 ACGn-K) (1.66)

Definition 1.24. (Exterior Derivatives on Complex Manifolds) The Exterior derivative
over a complex manifold is a linear map d : A9 — AU+L4+Y) and it decomposes into
holomorphic and antiholomorphic parts 0 : A9 — AC+H19 gpd 9+ A9 — A(a+1),

respectively, such that

d=0@0. (1.67)

11



Poincare lemma, d> = 0, is written as

9? = 0, (1.68)
? =0, (1.69)
A0+00 = 0. (1.70)

Definition 1.25. (Leibniz Rule) Let o € A" and 3 € A% be two differential forms.

Then Leibniz rules for the wedge product of them are

dlanp) = daAp+(=1)%aAdg, (1.71)
IaAB) = danpB+(—1)% AdpB, (1.72)
anB) = OaAp+(—1)%a Adp. (1.73)

Definition 1.26. (Hermitian Structure) Let V be a complex vector space. For
u#0,v#0,w#0€V and a,b € R, a Hermitian structure, under a linear mapping
H :V xV — C, is defined as

H(au+bv, W) = aH(u,@)+bH(v,T) (1.74)
H(u,w) = H(w,u) (1.75)
H(Iu,w) = iH(w,7) (1.76)
H(u,@w) > 0, (1.77)

where [ is the complex structure on V, I : V. —V, I ol = —id.

Definition 1.27. (Hermitian Metric) Let M be a complex n - manifold with local

holomorphic coordinates {z*} € C". If {e,} are any local basis over this manifold and
hw(z) = (eulen) (1.78)
is a hermitian inner product, the hermitian metric over this manifold is defined by

h = hp(d ®dz") >0, (1.79)

h,uﬁ = hﬁzw (1.80)

12



Definition 1.28. (Kdhler Form) For a hermitian metric over a complex manifold the

Kiihler of (1,1) - form is given by
K= %hugdz“ A dz (1.81)

and this form satisfies

=
I

—%h_wdz“ A dz"
- %hwdz“ N7 = K (1.82)

Definition 1.29. (Kdhler Manifold) If one can define a Kdihler form over a complex

manifold, then this manifold is called Kdhler manifold.

Definition 1.30. (Kdhler Potential And Kdhler Metric) Let M be a Kdhler manifold

and ¢ € C*(M) be a smooth scalar over this manifold. If this scalar satisfies

— i 0%

= = Az N dz”

25 20z10z¥ g i
v %hug(dz“ NdZ') = K, (1.83)
then it is called Kiihler potential, and so term 00¢ becomes a Kchler form. Therefore,

since it becomes h,; = %, Kdhler metric is given by

PK

hkx = d"' @ dz"). 1.84
K 82“8?(2 ® dz’) (1.84)

1.3 Fiber Bundles

Fiber bundles are quite useful geometrical objects for the formulation of classical
fields, i.e gravitation, electromagnetism and Yang - Mills forces, and classical
mechanics, i.e Hamiltonian dynamics, continuum mechanics. After the Yang - Mills
theory was introduced, the components of principal bundles, i.e structure group,
connection and curvature, was identified to non - Abelian gauge field, local gauge
transformation, gauge potential and gauge stress (Wu & Yang, (1975), (Honda, |1979),
(Yang, 1995).

13



Definition 1.31. (Fiber Bundles) Given a topological space § called typical fiber at a
point p of a smooth manifold M called base manifold. Act a group G on § called the
structure group of bundle, so that G X § — §. Define a (differentiable) projection map
by homeomorphism 7 : I/ — M called fiber projection, where I is called fiber bundle.
Given an open U neighborhood of a point p € M. Then, inverse bundle projection is
defined by 7' (U) : U — U X §, so any fiber bundle must be trivial locally and it
is represented by a diffeomorphism 7o ¢(p, f) = p, where ¢ : U x § — 7 1(U) is
a diffeomorphism and f € § is an element of typical fiber space. Here, because of
o, a structure group can be defined. Let U and V be two opens neighborhood of a
point p € M, so that they obey U NV # (). Then, a transition function induced by a
diffeomorphism ¢y : U x § — 7 Y(U) is defined as follow

Upy =gpody : (UNV)xF— (UNV)x 3. (1.85)

If UV,W,.-- Y Z are some opens neighborhood of a point p € M obeying
UNnvVNnWn---NY NZ+#W, then we have as follow relations known as reflection,

symmetry and transition, respectively,

Yy = Iy (1.86)
quV o \IJVU == ]IM (187)
Vyy oWy -0 Wyz oWy =Dy, (1.88)

where I, is unit transformation function. Since transition function is an automorphism

Aut(§) : § — §, as well, this function is called the structure group of fiber bundle E.

Therefore, we can summarize some particular bundle definitions as follow.

Summary 1.32. (Summarization of Fiber Bundles)
Component of Bundle Vector Bundle Principal Bundle Holomorphic Bundle

Base Manifold R™/C™ R™/C™ C™ (complex manifold)
Typical Fiber Space R*/C! Lie Group Ck

Bundle Projection E—-M P—-M E—-M

Transition Function Yy o z/;;l Yy o g/;;l Yy o 1/};1 (holomorphic)
Local Section U—FE U—P U—FE

Structure Group Lie Group Lie Group Complex Lie Group
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Definition 1.33. (G - Structure (Joyce, 2000)) Let M be a n - manifold and F' a frame
bundle over M, as a principal bundle. Then F' is a principal bundle over M with fibre
GL(n,R). Let G be a Lie subgroup of GL(n,R). Then a G - structure on M is a
principal subbundle P of F, with fibre G. Thus, some geometrical objects such as

Riemannian metrics and complex structures can also be interpreted as GG - structures.

Definition 1.34. (Connection on A Fiber Bundle) Let E be a vector bundle with typical
fiber R* /C* and with structure group G over a manifold M of real n - dimension. If
we show the local basis by {e,} € E on vector bundle E, where a = 1,--- |k, a Lie

algebra g - valued connection on this bundle is defined as follow
V:IE) > T(E®gT"M), (1.89)
which satisfies following conditions:

VIX+Y) = VX +VY, (1.90)
V(fX) = (df)Y + fVX (1.91)

where g is the Lie algebra of structure group G, f € C*°(M) and X,Y € T'(E). This

connection acts on local basis e, such that
Ve, = Aley. (1.92)
The covariant derivative of connection V, by the same symbol, is as follow
VX =dX + AX, (1.93)
where A% is g - valued connection 1 - form:
A= (AY) bidat € N (M, g). (1.94)

The exterior covariant derivative of a differential form £ € A" (M) or £ € A" (g) or
& € N (E) is such that

dVe = de + %[A,g]. (1.95)
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Definition 1.35. (Curvature of A Connection on A Fiber Bundle) The g valued curvature

2 - form of a connection on a fiber bundle E is given by

F=F = dAS + A® A AS

= Y (B, bida’ A da” € A (g). (1.96)
p<v
Shortly it is shown by
F=d"A=dA+ANAA. (1.97)

The Bianchi identity of the curvature is also
dVEF =0 (1.98)

Remark 1.36. Since the dual basis of a dual vector bundle isn’t generally a 1 - form,

torsion cannot be defined on the vector bundles, except for cotangent bundle.

1.4 Characteristic Classes

The curvature of a connection on a fiber bundle gives information whether this
bundle is twisted or not. If this bundle is trivial, then it has the constant transition
functions between all fibers, and so its connection is flat, that is curvature vanishes.
Thus it is called that the curvature of a trivial bundle is globally defined. However, if
a bundle is non trivial, its curvature can only be defined locally. Thus, the compare
of the curvatures of two different connections on the same bundle doesn’t be possible
in global sense. However, since curvatures are matrix valued 2-forms, the invariant
polynomials of the curvature matrices are globally good defined and they have physical

meaning, i.e. topological charge.

Definition 1.37. (Characteristic Class) Let g be the Lie algebra of a matrix Lie group
G € GL(N,R/C). If 0, are the generators of Lie algebra g, where a = 1, --- ,dim(G),

then the curvature 2-form F' of a connection on a fiber bundle with structure group G
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can be expressed with respect to the generators 0, as follow

F = (F%),, (1.99)
where
F* = F} da" A da” € A'(M), (1.100)
so we show curvature matrix as
Ff F o R o .
F=(F"0, = o . , Fle N’ (M), i,j=1,--- ,N(1.101)

Then, the k—th. exterior power of curvature 2-form defines the invariant polynomial of

curvature 2-form with N X N matrix valued such that
N
P(F) =det[F + \[] = > AN "*P(F), (1.102)
k=0

where 1 is the identity matrix of N x N, X is a parameter and

Pu(F)=Tr[F A---AF). (1.103)

k times

Some values of Py (F’) are as follow

Py(F) = T €A(M), (1.104)
P(F) = Tx[F] € A*(M), (1.105)
2P (F) = (Tr[F])* — Tx[F? e AY (M), (1.106)
3IP(F) = (Tx[F])® — 3Tx[F?] A Tx[F] + 2Tx[F?] € AS(M), (1.107)

AP(F) = (Te[F))* — 6Tx[F?] A (Te[F))* + 3(Tx[F]*)*
+8Tr[F?] A Tr[F] — 6Tr[F*] € A3(M), (1.108)

where

Te[F?] = FiAF, (1.109)
(T[F)? = (FjAF)A(FEAE), (1.110)
Te[FY] = FJANFANFPAEF]. (1.111)
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Theorem 1.38. (Chern - Weil)
i) P(F) is closed: dP(F) =0,

ii) If F and F' are the curvatures of two different connections on the same fiber

bundle, then P(F') — P(F") is exact:
P(F) - P(F')=da, o€ A*Y(M). (1.112)
Chern Classes: These are defined on complex vector bundles. Let M be a

smooth manifold of real n - dimension and F is a complex vector bundle with typical

fiber CV and structure group G € GL(N, C). Chern classes are written as follow
i
E) = det (14 —F
C(F) e ( + o >
N
= Y Cu(E) = Cy(E) + C1(E) + Co(E) +5, (1.113)
k=0

where C,(F) and C'(E) are called Chern classes and complete Chern class, respectively.

Cx(FE) are generally defined as

Co(E) = Inxn, (1.114)
K
7
Ch(E) = (5= Se(F 1.115
k(F) <2W) w(F), (1.115)
where
k ti
] > SLIRFAAFI A AFR (1.116)
1<ip,jxk <N

Also one defines Chern character

chy(B) = Tr {exp (%)]ksk(F) (1.117)

Hence, If Sy, is a closed surface of 2k-dimension over a base manifold M, then the

topological invariant of a fiber bundle (also called £—th. Chern number) is shown by
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integral

cp = / chi(E) = Topological invariant (1.118)
Sak

1.5 Geometrical Concepts In Gauge Theories

Let M be a smooth manifold and P a principal G - bundle over this manifold.
The curvature 2 - form of a connection V with connection 1 - form A on this bundle is

defined as
F=dA+ANANA. (1.119)
This curvature 2 - form satisfied naturally Bianchi identity
AdVF=dF +ANF—-FANA=0. (1.120)
Then, the Yang - Mills action integral is given by
Sy mlA] :/ Tr[F A %F), (1.121)
M

and Yang - Mills connection (or potential) is the solution of the field equation called

Yang - Mills equation which makes extremum this action
AV(+F) =d(xF) + AN+F —xFANA=0 (1.122)
This equation proves also (anti-) self duality over real 4 - dimension,
xF'=+F), (1.123)
because the Bianchi identity of the curvature 2 - form is dVF' = 0, so

dV(*F) = 0. (1.124)
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Particle (matter) fields are interpreted as the local section of a vector bundle and
the interaction of matter field by the Yang - Mills field is given by a vector bundle
associated to a principle bundle, so that, this principal bundle is naturally generated by
the vector bundle. Let £ be a vector bundle with typical fiber V' and structure group G
over a smooth manifold M. Then, this bundle generates a principal G - bundle with
the same transition functions and the same structure group over the same manifold M
(Kobayashi, 1987), (Steenrod, [1951). Thus, we write this associated bundle (showing

by the same symbol that of the vector bundle F£') as follow
E=PxpV, II:G— GL(V). (1.125)
Thus, a matter field interacting by a Yang - Mills field is the section ¢ € I'(E) and its

field equations is obtained by an action, i.e

Slg, A] = /M (Tr[F A %F) + Lar(6, A)), (1.126)

where F' = dA + A A A is the curvature of a connection V on the associated vector
bundle £, * the Hodge duality operator and £,,,; the matter Lagrangian interacting to

Yang - Mills potential. The field equations with respect to the A and ¢, respectively, are

written as
oL
\v4 mat
dV(xF) + A 0, (1.127)
6£mat
= 0. 1.12
50 0 (1.128)

1.5.1 Flat Connection Notion In Some Gauge Theories

The best known examples of the gauge theories with the flat connection are Chern
- Simons and BF (Background Field) theories. These theories may be summarized from
(Popovl, 2000). Given a smooth manifold M and a principal G - bundle P over this
manifold. Consider a complex vector space V' and define a vector bundle associated to

principle GG - bundle P such that
Z=PxpV (1.129)
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where I1 : ¢ — GL(V') and g is the Lie algebra of the group GG. Let V be a connection

on this bundle with connection 1 - form A and its curvature
F=dvA (1.130)
In 3 - dimension the Chern - Simons action is
2
Seos[A] :/ (A/\dA—IrgA/\A/\A) (1.131)
M
and the extremum of its variation with respect to the A serves a flat connection such that

F=dA+ANA=0. (1.132)

On the other hand, let M be a smooth manifold of real n - dimension, and given
a principal G - bundle. Consider an exterior n — 2 form, called background field,

B € A"2(M, ad(P)), where
ad(P) =P x g/G (1.133)
is the adjoint bundle of the principal GG - bundle P. Then a BF action is written as
Spr[A, B :/MB/\F (1.134)

and this action reads the field equations with respect to the B and A such that

F=d"A=0, and dVB=0. (1.135)
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2. AIM AND SCOPE OF THE STUDY

Physical theories are generally obtained by a variational principle of an action integral
including the gauge invariant term(s) of the stress of the gauge potential belonging to a
force field and the matter field interacting to this force. In the geometrical sense they
correspond to a connection 1 - form on a fiber bundle and its curvature 2 - form. On the
other hand, if V is a connection with connection 1 - form A on a fiber bundle, then
its covariant derivative can be shown by V =d + A. If ¢ is a local section on a
fiber bundle, as a physical field which interacts to a force field, then the kinetic term
Vi A xV1) induces a term such that A A xA. However, since a connection A on any
fiber bundle doesn’t homogeneously transform under a continuous or a local gauge

transformation g € G, i.e
A= g ' Ag+ g 'dy, (2.1)

the terms A A A and A A *A derived by the kinetic term don’t become gauge invariant.
In such a case, adding the mass term p of the gauge field such that y2A A %A into the
physical Lagrangian, as similar to the Higgs mechanism (Higgs, 1964), the gauge fields
are acquired by a (spontaneously) symmetry breaking mechanism (Huang, (1992). To
add a mass term into a gauge invariant Lagrangian isn’t an easy work, because the mass
term tries to vanish the gauge field. First trying was made by Proca |Procal (1936).
The best known example of the massive Abelian gauge fields is the Stiickelberg action
integral which describes a massive spin - 1 field as an U(1) Maxwell field coupled
to a real scalar field. The models gives a mass to the physical photon (Ruegg &
Ruiz-Altaba (2004)). However, a massive gauge theory without the symmetry breaking
and to escape the non invariant Lagrangian under a local gauge transformation, one may
consider the flat connection notion, so that this connection doesn’t induces a curvature

and then it transforms as a tensorial field such that

A =g Ag. (2.2)
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Every connection are indeed flat at asymptotically, because the connection (or gauge

potential) is a pure gauge, i.e

lz| + 00, A~gldg, F=dA+AANA=0. (2.3)

1

For example, the Newton and Columb potentials, i.e ~ [z]> Present vanishing force
fields at infinity. On the other hand, in the Einstein’ s metric theory for the gravitational
force the Universe is flat asymptotically, because the Riemann curvature of a spacetime
manifold (that is the field stress of the gravitational force) vanish at infinity. Therefore,
adding a flat connection 1 - form A = g~'dg into a physical Lagrangian together with

the mass term p of a massive gauge field such that
UPA N A, (2.4)
then this Lagrangian becomes invariant under a local gauge transformation.

A geometrical structure naturally including flat connection is the holomorphic
vector bundles. The Poincare lemma doesn’t generally valid for the covariant exterior
derivative acting on vector valued exterior forms. However a holomorphic vector
bundle can be constructed if and only if the Poincaré lemma is satisfied by the
covariant exterior derivative of the antiholomorphic part of a connection, as well as
that all transition function on the bundle are holomorphic (details are below). In this
context, the best known example of the flat connection in complex geometry is the
Chern connection Kobayashi (1987) which is compatible by each hermitian metric and
holomorphic structure. The flat connection concept in this thesis is in the sense of the
differential geometry of the holomorphic bundles. In this context, the Yang - Mills type
massive and massless gauge theories are interpreted in the geometrical frame of the

holomorphic principal bundles over a complex 2 - manifold.

This thesis work is focused on the paper titled with Massive And Massless
Gauge Fields Formed by Flat Connections (Sener et al., 2016). In chapter [1.1| some
geometrical preliminaries belonging to the differential geometry of the differentiable

manifolds and fiber bundles are presented. The geometrical concepts in the Yang -
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Mills type gauge theories and some using of the flat connection notion in the gauge
theories, i.e Chern Simons and BF theories. In chapter 3] firstly one presents the flat
connection notion on a holomorphic bundle. Constructing the duality notions on 1 and
2 - forms over complex 2 manifold, a Lagrangian formalism including the mass matrix
of the gauge field is given. Next one gives the topological bounds and some solutions to
the Lie algebras s[(2, C) for the massive gauge fields and so(2, C) and u(1) ® C for the

massless ones. Chapter [3]is the conclusion.

It is seen in this formalism that, although the connection is flat, the component
(1,1) of curvature of this connection appears because of the holomorphic structure.
Thus it is possible to write a Lagrangian for a Yang - Mills theory including massive
and massless gauge fields. However, the mass matrix of a massive gauge field on such a
bundle isn’t nilpotent and this field is generated by a noncommutative flat connection
on the same bundle, then the structure group of this bundle is a non - Abelian complex
Lie group. On the other hand, If gauge field is massless, then this is generated by
a commutative flat connection, and so the structure group of bundle is an Abelian
complex Lie group. Also one sees that second Chern number or topological charge is
proportional to the total volume of the base manifold for each massless and massive
gauge theories and Abelian (massless) gauge theories which is indeed the theories of

Kihler potential on complex projective space C P2,
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3. MATERIALS AND METHODS

We define a complex vector bundle F with the typical fiber space CV and
structure group G together with a differentiable projection map [r : £ — M, G,C"]
over a complex manifold M. Then the F - valued exterior forms live on the bundle
Ag’q) = C>°(E @ A"). Thus the bundle of £ - valued K - forms decomposes as

AF = P A 3.1)

(K=r+q)

Here we will deal with the matter field defined on the adjoint bundle of a principal
bundle, i.e Higgs field, monopole. So that, consider a complex manifold M and a
complex Lie group G. Since a principal G - bundle is a fiber bundle whose typical fiber
is a Lie group G, over a complex manifold one can construct a holomorphic principal
bundle, so that the transition functions and the structure group G are holomorphic
because a complex Lie group has a holomorphic group morphism together with its
inverse. Therefore we define a bundle notion which we call "holomorphic principal

bundle”.

Definition 3.1. (Holomorphic Principal Bundle) Let M be a complex manifold and G
a complex Lie group with Lie algebra g. Consider a principal G - bundle over this
manifold M by a projection map [w : P — M, G|. If all transition functions and their
inverses on this bundle are holomorphic, then we call the holomorphic principal bundle

to this bundle.

The adjoint representation of any principal G - bundle P over a base manifold M
is shown by

ad(P) = P x g/G. (3.2)

Thus the exterior forms on this bundle are also the Lie algebra - valued. Hence the

bundle of the Lie algebra valued (K) - forms becomes

K T,
A;d()P): @ A;dgz)w (3.3)

(K=r+q)
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where

AU, = C®(ad(P) @ ATD). (3.4)
Hence a connection on the adjoint bundle ad(P) is defined by the map
V i Adypy = AMigp)-  Considering a local section ¢ € A%(ad(P)) a gauge
transformation ¢» — g1 for this section under gauge group g € G satisfies following
covariant differentiation

Vi =dy + Ay, (3.5)

where A is the Lie algebra valued connection 1 - form.

Let V : A? ap) A;d( P) be connection on the adjoint bundle ad(P) of a principal
G - bundle P over a complex manifold M, where GG is any complex Lie group.
The covariant derivative of this connection (shown by the same symbol) V =d + A
decomposes as follow

v = v gvon, (3.6)
A = A0 g AOD (3.7)

where A is the connection 1 - form and also
VO =94 ALY g0 = § 4 AOD, (3.8)

Hereafter we will show by ' and ” the holomorphic and antiholomorphic parts of a
1 - form, respectively. On the other hand, the exterior covariant derivatives on the

differentiable forms on this bundle given by the maps

d¥ o Afe) = AL, (3.9)
0%+ AUD = AU, (3.10)
0%+ AT, — ALY (3.11)
are as follow
vV = oVedY, (3.12)
oV = 04 AN\, (3.13)
oV = O+ AN, (3.14)
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where ' = r + ¢q. Then the curvature 2 - form of the connection V on the bundle

ad(P) is given by map I : A p) — AZ,p) and it is written explicitly
F=dVA=dA+ANAeAyp (3.15)
and this curvature decomposes over the complex manifold M such that
F=F&9 ¢ ) g p02) (3.16)
where

F(Q,O) — 8VA/7 F(0,2) — 5VA”, F(2,0) — F(072),

FOD = gV A’ + 9V A", (3.17)

The parts F9 and F©? are called the curvatures of the holomorphic and

antiholomorphic parts of a connection 1 - form A over a complex manifold.

3.1 Flat Connection

We will consider the adjoint bundle of a holomorphic principal bundle, because
the curvature of the antiholomorphic part of the connection vanishes and then this part
of the connection becomes flat. On the other hand, since F29 = F(0.2) the curvature

of the holomorphic part vanishes as well as the F(:2),

In the sense of the complex geometry, a well known example of the flat connection
is Chern connection which is compatible to each hermitian metric and holomorphic
structure. Let E be a complex vector bundle over a complex manifold M and let
U, 0" € A°(E) be two local sections which are compatible by Hermitian structure H.
A connection D which is compatible by the Hermitian structure preserves this structure

as follow
dH (0, \If’) = H(DV, \If’) + H(V, DY) (3.18)
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or makes parallel it (Kobayashi, [1987) such that

DH = 0. (3.19)

The decomposition of D can be shown as

D = pWY 4 pO (3.20)

and they obey
DI o DO — 0 and (3.21)
DOV o DO — g, (3.22)

and so the components (2, 0) and (0, 2) of curvature vanish, but, since it will be
Do D= DU o PO | pOD) o pL0) _ peiy) (3.23)

the curvature of Chern connection consists only of the component (1,1) of the

curvature.

Let ad(P) be the adjoint bundle of a holomorphic principal bundle over a complex
manifold M and V a connection with connection 1 - form A on this bundle. This
connection decomposes over this manifold such that V=V @& V" and A = A" & A",
respectively. Since the connections on fiber bundles aren’t generally tensor fields, they
have no homogeneous transformation rules under a continuous transformations, i.e
gauge transformations, that is, if A is a connection 1 - form and g € G is a (continuous)

gauge transformation, then
A=A =g tAg+ g dyg. (3.24)

However, all elements of a complex Lie groups are holomorphic. Hence, if G is a

complex Lie group, then we have

dg=0, ge@qG, (3.25)
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and so the holomorphic and antiholomorphic parts of a connection 1 - form A on a

holomorphic bundle transform as

A — g tAg+ g tog, (3.26)

AT — gAY (3.27)

Here one easily see that the antiholomorphic part A” appears a tensorial field and it

becomes a flat connection.

On the other hand, the Poincare Lemma for the ordered exterior derivative d over
a smooth manifold isn’t valid for the exterior covariant derivative dV of a connection
V on a vector or principal bundle. Therefore, if d¥ = d + A is an exterior covariant

derivative, then it is generally
dVodY #£0. (3.28)
On the other hand, If
4 od"¥ =0, (3.29)
then the connection V is flat, so that, if ¢ is a local section, then
AV odVey = (dA+ AN A = Fip =0, (3.30)
and so vanishing curvature F' = d + A A A = 0 is generated by flat connection given as
A=g'dg, geq. (3.31)
This relates also in Maurer - Cartan 1 - form defined by
6 =g 'dg (3.32)
of a structure group satisfying Maurer - Cartan equation
do+0N0=0 (3.33)

for invariant 1 - form fields.
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Definition 3.2. (Maurer - Cartan 1 - Form On Complex Lie Groups) Let G C GL(N, C)
be a complex Lie group with Lie algebra g. Also 0 and O be the holomorphic and
antiholomorphic exterior derivatives over a complex manifold. Since Og = 0 for an
element g € G of a complex Lie group G, the Maurer - Cartan 1 - form of such a group

becomes only

0 =g log e A0 (g). (3.34)

However, a flat connection in the complex sense is a natural features of the
holomorphic bundles. Therefore, if ¢ is a local section on a holomorphic bundle, then

the exterior covariant derivative 9V must satisfies
OV 0 dVep = (0A" + A" N A" = FODqyp = 0. (3.35)

This means that the curvature of the antiholomorphic part of a connection vanishes
because of the holomorphic structure requiring the Poincaré lemma 0V o 9V = 0, and

so the antiholomorphic part of the exterior covariant derivative becomes

v =9, (3.36)

this is also known as Dolbeult derivative. The curvature F'(*?) of the antiholomorphic

part of the connection V then becomes

FO2 — 5V A" = §A” + A" N A" =0, (3.37)

Hence, since F'(20) = F(02) the curvature of the holomorphic part A" of the connection

also vanishes
FEO — VA =gA + A NA =0, (3.38)
but the part £(:)) doesn’t vanish

QO = VA +ovA"
= QA" +OA + AANA"+ A NA L. (3.39)
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Hereafter we will show by Q the part (1Y of the curvature. Therefore, for /20 = 0,
the holomorphic part A’ of the connection is the Maurer - Cartan 1 - form given in eq.

(3.34) of the complex Lie group G
g
A=0=glogec A(g), ged. (3.40)

On the other hand, for F(®? = (0 we present a pure gauge potential in physical sense

(that is it is at the same time flat connection) such that
A" = ¢ 0, (3.41)
where ¢ € GL(N, C). Since dg = 0, we get
0A" =0 (3.42)
and also locally we have
ANA"+A"NA =0. (3.43)
Hence curvature on a holomorphic bundle consists only of part (1, 1).

Definition 3.3. (Curvature Of Flat Connection On Adjoint Bundle Of Holomorphic
Principal Bundle) Let ad(P) be the adjoint bundle of a holomorphic principal G -
bundle P with connection 1 - form A = A"+ A" and ¢ € G. Then the total curvature

of this connection is

F=0Q0=0A"=0(¢"'09). (3.44)

3.2 Action Principle

In geometrical sense a Lagrangian is n - form if base manifold is of real n -
dimension. Thus an action integral is scalar valued differential n - form. On the other

hand, in the context of the dynamics of a gauge field, a connection 1 - form induces a
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current n — 1 - form. Therefore, over a complex 2 - dimension the current form of a

physical field is a 3 form and it decomposes as
AP = ABGO g ARD g A2 g A03), (3.45)

However, considering a duality map * : A®9 — AG=P2-9) gyer the complex 2 -

dimension, some meaningless situations appear such that
$ACO 5 ALY AO3) _ AGSD) (3.46)

Then the parts A®? and A3 must vanish. Thus, for 3 - forms over a complex

manifold M = C? one writes only
A3 = ABD @ A2, (3.47)

As will be seen that each gauge field Lagrangian and matter Lagrangian are (2,2) -
forms and the current forms of matter Lagrangian consist of the components (2, 1)
and (1,2) of exterior 3 - form over real 4 - dimension. Similarly, considering the

decomposition for the exterior 4 - forms
At = AL @ AGD @ AB2) @ ALS) @ AOH), (3.48)

there doesn’t exist any geometrical object on the parts A(*?), A4 AGD and A0S,

but there exists only on the part A(>? because of
*k A0 5 A22) G A0y A(272) (3.49)

Thus, we write the decomposition of 4 - forms over complex 2 - dimension as
At = A2, (3.51)

In a result, the part A% and A(®?) of the bundle A? of the 2 - forms over complex 2 -
dimension are the bundles of the exact forms on the parts A%? and A1) with respect

to the exterior derivatives 0 and 0, respectively. At the same way, the parts A" and
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A2 of A3 are the bundles of closed forms. Therefore, 3 and 4 - forms over complex 2

- dimension decompose only as A® = A1 @ A1) and A* = A2,

Then we must consider (1, 1) and (2, 2) - forms over complex manifold M = C?
in order to construct a Lagrangian formalism. Besides, the curvature of a connection on
the adjoint bundle of a holomorphic principal bundle consist only of part (1,1). In this
context, over complex 2 - dimension this form induces a quadratic term as a (2,2) -
form, that Yang - Mills invariance. Therefore we request to the duality notions of 1 and

2 forms.

In the sense of (anti-) self dual gauge theories the duality notion is generally given
by 2 - forms over real 4 - dimension, so that this duality notion is the Hodge sense for
the half dimension of a real even dimension. However, for the exterior forms in more

higher or less degree than 2, we cannot directly mention from the Hodge duality notion.

(1,1)

Since our connection is A” € Agzl’(l 1)3) and curvature is () € Aa AP

)s We define a duality

notion in the Hodge sense for 2 - forms and a different notion for 1 - forms.

Definition 3.4. (Hodge Duality Over Complex 2 - Dimension) Let w € A"V be a (1,1)

- form over complex 2 - dimension and take a linear map as follows
x 1 ALD(C?) — AD(C?), (3.52)
Then we can construct a duality equation under this duality map such that
w=prxwe AW p={Eigen(x)}. (3.53)

Thus the quadratic term of the Lie algebra g valued - curvature 2 - form

w € ABY(C?, g) becomes proportional to its the second characteristic polynomial over

C2:

Trjw A *w] = pTrjw A w] € A2, (3.54)

Secondly, we define another duality notion for 1 - forms. Since the wedge product
of any 1 - form by its own vanishes, we need any geometrical object valued 1 - form, i.e

Lie algebra or matrix.
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Definition 3.5. (¢ - Duality of (0,1) - Forms Over Complex 2 - Dimension) Let
€ € AV (g) be a g - valued (0,1) - form and ® € A0 (M) a globally defined and
covariant constant auxiliary form over a complex 2 manifold M, d® = 0 and Vo = 0.

Let
xp : AOD(C? g) — AOD(C?, g) (3.55)

be a linear map acting on bundle A"V (C?, g). Then we can write a duality equation

under this map as follow
xpl = €(E N D), (3.56)

where € is a constant.

Considering these duality notions we define a Lagrangian (2,2) - form of the

massive gauge fields as follow.

Definition 3.6. (Lagrangian (2,2) Over Complex 2 - Dimension) Let ad(P) be the
adjoint bundle of a holomorphic principal bundle over a complex 2 manifold M = C2
Given the antiholomorphic part A" of a connection on this bundle and its curvature
Q = 0A". Therefore, for a local section 1) € Agd( py Satisfying o) # 0, under a linear
map
LAG) < ALY — A, (3.57)
a Lagrangian (2,2) - form L(A,Q, 1, 01) is given by
L =Tr[Q A Q] + g Tr[p? A" A %6 A”] + g2 Tr[ppA” A %501]
+Tr[0 A 000 — V(1), (3.58)

where g1, go are some constants, |1 € GL(N,C) mass matrix belonging to the gauge

field 1 and V(v)) € A®?) potential (2,2) - form for gauge field 1).

Therefore using the quadratic terms given in eqs. (3.54) and (3.56), the
Lagrangian of the massive gauge fields becomes
L=pTr[QAQ + e Tr[p2 A" A A" A @] + goeTr[nA” A O A @]
+€Tr[0y A Y A D] — V(1). (3.59)
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The field and wave equations of this Lagrangian with respect to the A” and v are

obtained as, respectively,

gt A" + goudy = 0, (3.60)

oV (Y) —goep A" NA"ND = 0. (3.61)

0
where we used relation F(*?) = 9A” + A" AN A” = 0. At the limit ;1 — 0, the wave

equation reads

V() _
"?W =0 (3.62)
and the solution(s)
oy
Yo = {10 € Agd(p)| 5;@ = 0} (3.63)

creates the ground level(s) for the massless gauge fields. Thus the Lagrangian

belonging to massless gauge fields is written as
L = Tr[Q A #Q] + Tr[0Y A x60¢] — V(¥). (3.64)
On the other hand, If we write the field equation (3.60) as
12 (81 A" + gap ' OY) =0, (3.65)

then this equation has a meaning either the square of mass matrix vanish or not. If

u? # 0, then it requires
g1 A" + gop oY = 0. (3.66)
If we derive the equation by 0, then we have
g10A” = 0. (3.67)

Therefore, either g; = 0 or JA” = 0. Suppose that g; = 0. Then the Lagrangian of the

massive gauge field is

L = pTr[Q A Q] + egaTr[pA” A O A ] — V() (3.68)
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and, since it will be g, # 0, this Lagrangian reads a field equation with respect to the

A" as follow

poy = () = 0. (3.69)

If det[u] = 0, that is y is a degenerate matrix, then ! is undefined and in this case
field eq. gives 2 = 0 or A” = 0. As a result, if the mass matrix g is a nilpotent,
then the part A” of the connection becomes unmeaningful, i.e A” = 0. Therefore, the
mass matrix cannot be nilpotent. On the other hand, in eq. ® is either a matrix -

valued holomorphic 0 - form or a closed 0 - form. Then it is written
wp=C, CeA(GL(N,C)) (3.70)

and this equation is expanded as ;215 = Cj. Therefore the massive gauge field v is

obtained as the algebraic solution of this linear equation:

Y =pu'C. (3.71)

On the other hand, if 0A” = 0, then 0A” = A” A A” = 0, namely connection A”
is commutative and the structure group of the bundle is Abelian. Therefore, the cases of
g1 = 0 and the commutative connection A” on the bundle with Abelian structure group
are equivalent. Hence, in each case the wave equation leads to the massless limit,

and so the gauge fields have ground level(s)

J
p—0, = {1/1 € Agd(P)|% = 0} : (3.72)

This means that if a connection on the adjoint bundle of a holomorphic principal
bundle is commutative flat, then this case presents a massless gauge field. Therefore,
as a result, a connection forming the massless gauge fields on the adjoint bundle of a
holomorphic principal bundle is commutative and the structure group of this bundle is
Abelian. However, if this connection is noncommutative, that is the structure group is

non - Abelian, then the gauge fields are massive.
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Here we will use the s[(2, C) (for the massive gauge fields), s0(2,C) and u(1) @ C
(for the massless gauge fields) - valued exterior forms. Since the Lie algebras sl(2, C)

and so(2, C) are traceless, we can write

0 = j:l f; . fa= faywdzt Adz" € A (3.73)
3 —J1

A = | ) = yapdet € AOD, (374)
Y3 N

On the other hand, since A” = ¢~'0¢, the matrix ¢ € GL(2,C) is as follow

o= Y 4 , 4 €C(M) (3.75)

®3 @4

Then the connection matrix we find as

- 1 $1001 — 92003 P40Ps — P20 . (3.76)

det(@] \ —p,0¢1 + 1065 — 30 + $10¢4

To be the s[(2, C) or so(2, C) valued of this matrix, it must be
$10¢1 — 92003 — G300 + ¢10¢4 = 0. (3.77)
Indeed this is
(9164 — d203) = O(det[¢]) = 0. (3.78)

Then either det[¢] = 1 or ¢ is a holomorphic matrix. If it is holomorphic, then the

connection vanishes. Hence it should not be holomorphic. Then

det[¢] = 1. (3.79)
If we set as

1

¢4 _ + ¢2¢3 ) (380)
o1

then the connection matrix we rewrite as

A" = (128222 901 - 0ndes ey o R
¢%3(%) P30y — <1+$12¢3) I TN
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Thus its curvature is

0 0
Q= 94" — fi fa _ ! 2 . (3.82)

s —h Oz —In
Therefore we can constructe a massive gauge theory using s[(2, C) and massless one
by s0(2,C). Hence the Lagrangian for the massive gauge fields which are invariant

under the group SL(2,C) is
Lirassive = Tr[Q A Q) 4+ g1 Tr[p2 A7 A 0 A”] + g2 Tr[uA” A x601)]
+Tr[0Y A %60 — V(1), (3.83)
where v € s1(2,C), A” € A®Y(s[(2,C)) and Q € ALY (s1(2,C)).
On the other hand, we know that s0(2) = u(1) and so(2,C) = so(2) ®x C.
Therefore, we can write a morphism such that s0(2, C) = u(1) @ C. Here we show as
u(1,C) =u(1) ®g C. (3.84)

Thus the Lagrangian for massless gauge fields which is invariant under group the

SO(2,C)orU(1) ®g C s
Litassiess = T[N +Q) + Tr[0 A x60¢] — V(1)), (3.85)
where
P €s0(2,C), A” € A®Y(s0(2,C)) and Q€ AWV (s50(2,0C)),

or

Y e so(u(l1,C)), A" e A®Y(u(1,C)) and Qe AMY(u(1,C)).

3.3 Topological Bounds

Topologically, an action integral of a gauge field has a boundary determined by

the characteristic classes of the bundle. In real 4 - dimension it is

/Tr[F/\*F]Z/ Te[F A F), (3.86)
M M
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where term [, Tr[F A F] is related to the Chern classes of the bundle. Since we have

complex 2 - dimension, then we consider only the first and the second Chern classes for
the curvature 2 - form. Thus we write

{
Ch1 = %TI'[QL

1

(3.87)
chy = o (%) (TR A TH[Q] — Tr[Q A Q).

(3.88)
Here Tr[sl(2,C)] = 0 and Tr[so(2,C)] = 0. Then the first classes vanishes for s((2, C)

and s0(2, C) - valued curvatures, that is, if @ € A0V (s50(2,C)) or Q € ALY (s51(2,C)),
then

1
Ch1 = %TI'[Q] = 0.

(3.89)
Thus topological bound is only controlled by the second Chern class

1
chy = 8—Tr[Q A Q).

T2

(3.90)
On the other hand, the Chern class for © € A%V (u(1,C)) doesn’t vanish the first
Chern class,

l
Ch1 = %TI'[Q] # O,

(3.91)

but the second one is undefined. Then we can write a more general topological bound
over complex 2 - dimension

/MTr[QA*m z/

chy for s0(2,C) and sl(2,C)
M
or

(3.92)

| mionsa= [

ch; Achy for u(1,C). (3.93)
M
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3.4 Massless (Abelian) Gauge Theory

The Lagrangian for the massless gauge fields which is invariant under group
SO(2,C)orU(1,C) is

‘CMassless =

Tr[Q A #Q] + Tr[0V ) A %60V )] — V(¥),
where

(3.94)

Y €50(2,C), A” € A%V (50(2,C)), Q e AWV (s0(2,C)),
or

Y eu(l,C), A” e ACV(y(1,C)), Qe AWV (u(1,C)).

This Lagrangian reads the field and wave equations with respect to the A” and 1),
respectively, as follow

OV x A" +px0Vp = 0, (3.95)
) _ _
2400 + 0V (x0Vy) = 0. (3.96)
oY
Since 3 = 0, because of the holomorphic structure and eq. (3.56)), one gets
oV (x0V) = 0, (3.97)

and so these equation are rewritten as

Ox A" +p*x0np = 0, (3.98)

V()

= 0. 3.99
5 (3.99)
Since we have complex 2 - dimension, then we consider only the first and the second
Chern classes. Thus we write

{
Ch1 = %TI'[Q} s

chy = % (%) (Te[Q] A Te[Q] — TE[Q A Q). (3.101)

Here Tr[so(2,C)] = 0. Then the first Chern class for so(2,C) - valued curvatures
vanishes

(3.100)

l
Ch1 = %TI'[Q] =0.

(3.102)
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Thus the topological bound is controlled by the second Chern class
1
chy = @Tr[(l A Q. (3.103)
On the other hand, for u(1, C) the first Chern class doesn’t vanish
chy = —Tr[Q] # 0, (3.104)
2m

however the second one is undefined. Therefore the action integral of the massless

gauge fields is bounded such that

/ (Tr[Q A #Q) + gTr[0Y A %600 — V(1)) > / chy, for s0(2,C) or
M M

> /Chl/\Chl, for u(1,C).
M

(3.105)
3.4.1 so(2,C) - Valued Gauge Theory
For Lie algebra so(2, C) we have
1
chy = —Tr[Q A Q. (3.106)

872

Therefore, since the term Tr[{2 A €] associates to the second Chern class chy, then we

write following topological bound

m/M(gTTWA*@%] V() > /Mchg. (3.107)

Considering a fixed connection and a fixed gauge field (), then we have

Since the generator of the Lie algebra so(2, C) is

0 1
o — , (3.109)

-1 0
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then the so(2, C) valued connection (0, 1) - form and its curvature (1,1) - form are

written as
" 0 v i 0,1
A" = , v = yadz® € A0, (3.110)
0 f Z 1,1
Q = , f = fupd2* Ad2” € A, (3.111)
—f
Considering eq. (3.81) for the s0(2, C) - valued connection, then it must be
1+ = =
(%) din = 6300, (3.112)
1
3 =1+ ¢203
25(22) — 425 (—) 3.113)
19(5) A (
If one rewrites the first condition as
1+ ¢2¢3> A 3
———— | ¢y = 0o, 3.114
( e ¢1 = 092 ( )
then the wedge derivatives of two side become
/1 _
0 (M) A gy = 0. 3.115)
P103

Therefore, if the wedge product of two 1 - forms vanihes, then these forms are the

same. Then one gets

1
= (3.116)
¢3 ¢% _ ¢2
On the other hand, from the second condition one finds
~m,03 G2 =, D2 —(1+¢2¢3)
00(—) = —=0(—=)NO | ——— ). (3.117)
(¢1) ¢1 (9251) P12
From here one gets
b= dR—pr—1, F=gpt (3.118)
PSR ARt aTe T |
Then, defining a new smooth function such that
2 2
792 ¢3 ¢2 - ¢2 -1
— (=) =2 7= - (3.119)
=) -
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one writes

¢3)2 3 — gy — 1
o) =22 7 - (3.120)
( o1 O2
Therefore the element of the connection matrix is obtained as
 a,03. Ao
v = —8(¢—) = —0¢. (3.121)
1

The components of the curvature matrix of this connection becomes

f=0y=-000. (3.122)
Thus we have
1 2
1 i
= —4—7T2<88¢, 00¢)dVol, (3.123)
where
d0¢ N 00p = (00p, DD¢)d Vol (3.124)

On the other hand, we can write the potential (2, 2) - form V(¢)) such that

Considering the classic field theories, the potential function are generally given for a

field ¢ by
V(1)) ~ Tr[ep?] + (Tr[¢?])? + Tr[p] + - . (3.126)

Thus we can write the so0(2, C) - valued gauge field as

0
Y= . ) (3.127)
—t¢1 0
where ¢ € C*°(M ). Therefore we get
Tr[y?] = —2¢% (3.128)
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and the potential function is rewritten such that

V() ~ Tr[p?] 4 (Tr[e?))? + Trfe] + - -
= —2a0] + by, (3.129)

where a, b are constants. Therefore the fixed values 1)y via wave equation given in eq.

(3.61),

oy
Yo = {w € Agd(p)|% = 0} , (3.130)
are obtained from relation
_51252”) — dy(—a+ by?) =0 (3.131)

as non - zero

Yo = i\/% (3.132)

In result the value of the potential function at fixed value 1), becomes

2

V(¢o) = —% = —ayy, (3.133)
Then we get
—ad 1 as oo
/M <(1 o) t 2 (009, 80¢>> dVol <0, (3.134)

and so the massless gauge theory of the so(2, C) - valued flat connection over complex

2 manifold is given by field equation

(009, 00¢) = (3.135)

Therefore the topological charge, that is the second Chern number, determined by the

second Chern class chs is

o _aly
Q=cy= /Mch2 = —<1 ~877) /Md\/'ol. (3.136)
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Then the fixed value ¢y of the gauge field depends on the topological charge. Since

the integral of the dVol over the base manifold is total volume measure of the base

manifold, we may show it by
Volume = / dVol,
M

then

Q(1 — 872?)

a X Volume’

wi=-
and so the field equation then reads

(094,009) = 2arQ

3.4.2 u(1,C) - Valued Gauge Theory

Volume’

(3.137)

(3.138)

(3.139)

Since the second Chern class for Lie algebra u(1,C) is undefined, the term

Tr[Q A Q] vanishes and we have only a topological invariant over complex 2 - dimension

as follow

1
Ch1 A Ch1 = —@TI'[Q} A\ TI'[Q]
Thus the Lagrangian of the massless gauge fields is given by

EMassless = Tr[éw A *‘béw] - V(l/))

and this Lagrangian reads a topological bound such that

/M (gTr[0v A %0 00] — V(1)) > /

Considering an fixed gauge field ¢y, then

/M V(o) < /M chy A chy.
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Since ¢ € U(1,C) is a smooth scalar, we have

A" = ¢7'9¢ = 0In|9|, (3.144)
Q = 0A” =00In|q|, (3.145)
SO,
hy Ach, = L 1o A Tl
0101——4—7T21"[] r[€2]
= —4—;<851n|¢|,851n|¢|>d\/01, (3.146)
where
001n |p| A 00 In |¢| = (00 1n |¢|, 00 In |¢|)dVol. (3.147)

Therefore the topological charge is determined by the wedge square of the first Chern

class ch; by
1 y _
Q- / chy A chy = ——2/ (001n|6], 09 1n |¢|)dVol. (3.148)
M A Jyr
Since ¢ € u(1, C), we get
Tr[y?] = ¢? (3.149)
and for the potential (2, 2) - form V(¢ given such that
V(o) = V (1)dVol. (3.150)
The potential function is rewritten such that

V() ~ Tr[o?] + (Te[?])* + Te[w?] + - -
= 20" + by, (3.151)

where a, b are constants. Therefore the fixed values )y of the gauge field ¢ given by

tho = {w € A2d<p>|&2$”) = 0} : (3.152)
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are obtained from relation

VW) _ gpa+ bg?) = 0 (3.153)
01
as non - zero
bo = + _%, (3.154)

In result the potential function becomes

2

V(o) = =5 = —ai (3.155)
and we have
/ (—a¢§ + %(aéln 9], 00 1In |¢|>) dVol < 0. (3.156)
M AT

Then the topological charge is written as
Q= / ch; Ach; = —ay? / dVol, (3.157)
M M

and so we have

Q

a X Volume’

Ve = (3.158)

that is the fixed value vy depends on the topological charge. Thus, the massless gauge
theory of the u(1, C) - valued flat connection over complex 2 manifold is given by field

equation

Q

Volume’

(001n |¢],001n |@|) = — (3.159)

3.4.3 Massless Gauge Theories Associated To CP?

We obtained some geometrical notions associated to the topological invariants of

the s0(2,C) and u(1,C) - valued curvatures. Common point at that of the so0(2,C)
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and u(1, C) is that each curvature (component) is proportional to a term such that 90¢,

where ¢ € C>°(M). The components of s0(2,C) and u(1, C) - valued curvatures given

in eqgs. (3.122) and (3.144) we can summarize as follow

—00¢  if s0(2,C) — valued,
f= _ (3.160)
00In|¢| if u(1,C) — valued

Therefore, generally a term such that 9¢ for a smooth scalar indeed indicates a Kihler
potential and its fundamental 2 - form. Then we can say that each of these curvatures

behaves as a Kéhler form.
Let M be a Kihler manifold of complex n - dimension and
ds® = gupdzt @ dz” (3.161)
hermitian metric over this manifold. Therefore, the Kéhler 2 - form is
K =g, ,dz' Ndz" = %a%, (3.162)
where we call to the ¢ Kéhler potential. If
dVol = dz* Ad2> A -+~ Ndz" Ad2" (3.163)

is volume element over the manifold M, then following (Moroianu, [2007) the Kihler 2

- form satisfies following relation

2"n!
(n) — - - —on _
K" = KA . NK = iz ‘Z|2)n+1dVol = 2"nldet[g,5]dVol, (3.164)
where
27 = 14 (3.165)
pn=1
so metric g,,; has following determinant
detlg,o] — —— (3.166)
CUeur] = (1+ |z[2)n+1 :
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This is indeed the determinant of the metric (called also Fubini - Study metric) over the

complex projective space CP"™ which is naturally Kihler manifold:

S (14 |2]?) — 2F2¥
5= . 3.167
B TESEDE G107

Since we have complex 2 - dimension, we choose CP? as a base manifold M.

Therefore, from eq. (3.162) the Kéhler potential ¢ is given as

¢ =In(1+ |z]*) (3.168)

Since any complex projective space CP™ can be regarded as a quotient of the

sphere S?"*1 over C", that is
CP" = §*tt/gt, (3.169)
we say that
CP%*=5°/8", (3.170)

and so locally we can use the coordinates of sphere S®. Then, we write the volume

element of S° such that
dVol = r*sin® 0, sin? 6, sin 05 dr b, db, dbs db,, (3.171)
where r € [0,00), 61,605,065 € [0,7) and 64 € [0, 27). Thus,
|2|? = r? (3.172)

If sphere S % has unit radius, then its total volume is

1 s T T 4r
Volume = / dVol = / rtdr / sin® 6, d#, / sin? 0,d0y / sin 05d0s / doy
55 0 0 0 0 0

872
= — 3.173
15 ( )

49



Therefore, from eq. (3.164) we write for CP?

1
K® = 222!/ ————dVol
o L+ P
1 7,4 T 5 T ) T 27
_ T ) ) .
6/0 (1+r2)3dr/0 sin 91d01/0 sin 92d92/0 81n93d93/0 db,
1672 ([ 3m
— = _9 3.174
- (4 ) (3.174)

From eq. (3.162) then we get

-\ 2
K® — (é) / 806 A 99 (3.175)
CP? cP?

Therefore, the topological charges @ = [.p.chy and Q = [.p.chy Achy are

proportional to the result of this integral:

Q ~ K@, (3.176)
Cp2

50(2,C) - Valued Theory On C P>

Rewrite the component of the so(2,C) - valued curvature 2 - form
0 -
Q= d for an smooth function ¢ € C*°(M) over manifold M = CP? as
—f 0
F——00 (3.177)

together with the second Chern class

1 1 -~ _~

If the smooth function ¢ € C>°(CP?) is a Kihler potential, then from eq. (3.162) we

write

00¢ = —2iK = —2ig,zdz" A dz” (3.179)

50



and from eq. (3.164) the second Chern class is written such that

1 1
chy = K& = —fdet[gw]dvol, (3.180)
m

2
For CP? = S5/S', because of |z|? = r?, from eq. (3.168) the Kihler potential is
written

- 1

p=In(1+7%  det[g,] = s (3.181)

Thus, using eq. (3.174) as well as this approach, the topological charge is obtained as

1 2
Q:@:/ chy — 207 (3—”—2). (3.182)
- 3 \ 4
and from eq. the fixed value of the gauge field becomes
Q1 —87% 3T 2
- =10 ——2)(1— ) 1
%o Volume 0 4 ( &) (3.183)

u(1,C) - Valued Theory On C P>

As similar to the s0(2, C) valued theory, the u(1, C) - valued curvature 2 - form is
Q=00ln¢ (3.184)
together with the wedge square of the first Chern class
1 1 .= _
If the In ¢ € C>°(CP?) is a Kiihler potential, then from eq. (3.162) we write
00In ¢ = —2iK = —2ig,dz" A d”. (3.186)
and from eq. (3.164)), the square of the first Chern class is also written such that

1 o 16

chy Achy = 5 K® = —det[g,;]dVol, (3.187)
™ ™
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Then, for CP? = S°/S, from eq. (3.168) Kihler potential is written
é =141 (3.188)

Use eq. (3.174), topological charge is written as

1 2
Q= [ chynch = 6; (%—2). (3.189)
S

Then from eq. (3.158)) the fixed value of the gauge field becomes

Q1 — 8

Volume

W = =10 (?% — 2> (1—87?). (3.190)

3.5 Massive (Non - Abelian) Gauge Theory

For Q € AV(s[(2,C)), because of ch; = 0, the action integral of the massless

gauge fields is bounded such that

/ (Tr[Q A Q] + g1 Tr[p* A" A %o A"] + goTr[HA” A %60)]
M

+Tr[0y A %609 — V(1)) > / chy, (3.191)
M
where
1
chy = @Tr[ﬁ AQ). (3.192)

Therefore, since the term Tr[(2 A ] in this integral is the second Chern class ch,, then

we another topological bound

1 —
a — o 372) / (g1Tr[u2A/' A xpA"] + g Tr[uA” A x50
M
+Te[0Y A %e09] — V(¢)) > / chs. (3.193)
M

52



3.5.1 sl(2,C) - Valued Gauge Theory

The generator of the Lie algebra s((2, C) are

0
0, = 0y = 0= : (3.194)
0 -1 0 0 10

Then an s[(2,C) valued connection (0,1) - form and its curvature (1,1) - form are

written as
QO = ho 1 = faywdz Adz" € A (3.195)
s —h
a = | ) = qpds® € AGY. (3.196)
Y3 N

On the other hand, the gauge field 1) and the mass matrix are given by

o= [ ) peexan (3.197)
Y3 —i

R B (3.198)
M3 —H1

where fu1, 12, f13 are constants. Considering the connection matrix given in eq. (3.81),

we write

1+pod3 Oy — 20 25 1+¢2¢3
A" — ( P2 ) P2 — $3003 2 ( P22 ) — non (3.199)

$10(52) 93005 — (FF5222) Dy Y3 —m

Its curvature is then written as

15} 0
Qooar— [T RO 9} (3.200)
fs —h dvs —0m
On the other hand,
10
pro= (i + papis)

01

= —det[y]L (3.201)
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and so

Tr[p? A" NA" AP = —ddet[u]y Ay AP =0, (3.202)

Tr[0Y AOY AP = 2001 AOY AP = 0. (3.203)
Also

Tr[pA” A Oy A P = [”Yl A O(pzths — paths) + Y2 A O(paths — psihr)

3 A O(pothy — paihe)| A® (3.204)

Here we can make a manipulation. Since we have a holomorphic bundle, then

F02) — gV A" = 9A” = 0. Thus we write the terms in parenthesis such that

YA (pupthe — peps) = y(usve — pots))- (3.205)

Using Stokes theorem, if M is the boundary of base manifold M, then we can set

/ Iy(upte — pog) A @] = / Y(puptbe — pes) AP = 0. (3.206)
M 15)

M

Therefore we get
/ Tr[uA” A O AP =0 (3.207)
M

On the other hand, the second Chern class ch, is written as

1 1
Chzz _87T2Tr[Q/\Q] = 4—71_2(f1/\f1+f2/\f3)
1
= — (071 A Oy + Oy A O3). (3.208)
472
Hence we have
1 _
- " . > )
=877 /M (Tr[,uA N Oy N D] V(w)) > /J\/[Chg, (3.209)

or from eq. (3.207) the topological bound becomes

(1 —87?)
V(tho) + T(aﬁ Aoy + 0y ANdvs) | <0 (3.210)
M
Now define
0v1 N\ Oy1 + 0y A 0y3 = XdVol (3.211)
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Then the components of gauge field ¥ are constants and the potential form at a fixed 1)

can also be written as

V(1) = V (thp)dVol. (3.212)

Relation between the mass matrix p and the gauge field ¢ was given by eq. (3.71)

such that
Yv=p'C, CeA(GL(2,QC)) (3.213)

On the other hand, considering eq. (3.202)), the wave equation given in (3.61)) reads

V(¥)
—_ ey () 3.214
5 ( )
Therefore the solution(s) of this variation is (are) given like in (3.72)):
V()
- 0 -
Yo = {w € Aad(P)|W =Yr- (3.215)
Then, together with eq. (3.71)), the potential form V(1)) depends on the mass matrix:
V(o) = V(1) (3.216)
SO we write
V(p?) = V(p?)dVol. (3.217)

Considering the potential function for a field 1) mentioned above as
V(@) ~ Tel?] + (Tr[g*])" + Te[?] + -, (3.218)

then using eq. (3.201)) we can write potential V' (u)

V(?) ~ Tefp?] + (Te[p?])® + Tefp?] + - (3.219)

= adet[u] + b(det[u])?, (3.220)
where one sees easily
pt = (det[p])?I. (3.221)
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Therefore topological bound is rewritten as

/M (V(;ﬂ) + (1_—8”2)2> dVol < 0.

472
We get then

ATV (p?)

B

Therefore the topological charge is

2 2
0 = c :/ chy = V) V) / dVol.
M M

(1 —8n2?)

(3.222)

(3.223)

(3.224)

Then the potential V' (1) at fixed ¢y depends on the topological charge. Since the total

volume of the base manifold M is Volume = f 1 dVol, then

V(Uz) 4 Q(l — 872)

472 x Volume’

and the field equation then reads

Q

Volume

N —

(3.225)

(3.226)

In result, the second Chern class ch, of the curvature 2 € AtV (5[(2,C)) creates

topologically massive gauge fields.
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4. RESULTS AND DISCUSSIONS

There exists an important point here. Even though connection 1 - form isn’t a
gauge invariant, we can write following Lagrangian over real 4 - dimension, proved that

the symmetry breaks,

L= pTr[Q A Q] + grp®eTr[A N AN P + goeTr[uA A dy A D)

FeTr[de A dy A D) — V(¥), 4.1)

where the auxiliary form @ is real 2 form. Since dV (xQ) = dVQ = 0 for the (anti-) self
dual connection over 4 - dimension, then the action S[A, ¢)] = [ o L of this Lagrangian

reads field equation with respect to the A such that

g1p* A+ gopdip = 0. (4.2)

Thus this equation gives either a massless gauge field, 4 = 0, or massive gauge
field © # 0 with a flat connection which is invariant under a gauge transformation, i.e
A — g~ tAg. The humor of the flat connection ansatz given in this thesis appears

precisely at this point.

As known that the flat connection vanishes its curvature, but, since the curvature of
a connection over a complex vector bundle has three components via the decomposition
of the complex structure, i.e F = F*0 @ F(LD g F(0.2) even though the connection
is flat, there exists a component of the curvature, i.e. ) = FOLY, Namely, the
holomorphic structure on a holomorphic bundle and its structure group occur naturally
a flat connection vanishing the curvatures of holomorphic and antiholomorphic parts of

connection, F(%0) = F(©2) put the part £V of the curvature doesn’t vanish.

On the other hand, in the physical meaning, to be flat the connection is
corresponded by the mass matrix of gauge theory. So that, over complex 2 - manifold
the flat connection A” present a complex Lie group as the structure group of the bundle
defined on it if the mass matrix p isn’t nilpotent, on contrast, if the mass matrix is

nilpotent (in the power of 2), then unmeaningly connection appears, i.e A” = 0.
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5. CONCLUSIONS AND RECOMMENDATIONS

The number of the massive gauge fields is the dimension of subgroup of unbroken
symmetry, (for example SU(2) for Weinberg - Salam model SU(2) ® U(1)), however,
if there don’t exist unbroken part(s) of symmetry, then these fields are massless (Kibble,
1967). Therefore, if we consider a unique gauge group as the direct product of
these groups, G = Gna ® G 4, then total Lagrangian splits into massive and massless
ones: L = Lpjassive + Larassiess> SO that these parts must be invariant under groups
Gna = SL(2,C), G4 = SO(2,C) or G4 = U(1) ®g C, respectively. Therefore the
massless part is corresponded by long range forces (Streater, |1965), (Kibble, |1967), i.e
gravitation and electromagnetism. Thus we can say that the group G4 may be the

general gauge group for the long - range interactions (gauge fields).

In result, a massive gauge field is generated by a noncommutative flat connection
on the same bundle with structure group SL(2,C), however, the connection with
SO(2,C) or U(1) ®g C is commutative flat and the gauge field is massless and this
predict the long - range gauge fields. As seen that second Chern class ch, of the
curvature 2 € AV (5[(2, C)) creates topologically massive gauge fields. As seen from
eqs. (3.136), and that the second Chern number or topological charge is
proportional to the total volume of base manifold for each massless and massive gauge
theories. On the other hand, the Abelian (massless) gauge theories are indeed theories

of the Kihler potential over the complex projective space CP2.
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