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SUMMARY

It is strongly expected that energy consumption of humanity will
considerably increase in the next century. The unique long-term solution is to
supply fusion energy. The scientists have long tried to obtain energy from the
fusion reaction. As a magnetic coufinement device in toroidal form, tokamak
is one of the experimentally fusion energy production devices, which is widely
used. Divertors are used to get cleaner plasma in such devices.

In this study, particle motious in a double-null poloidal type divertor
tokamak was investigated numerically. Three approach was used. In the
first two, the drift motions are neglected, i.e., it is assumed that particles
moves along the magnetic field lines. First one is based on modelling
tokamak magnetic field by three, infinitely long, straight wires each carrying
codirectional currents, two tor divertors and the middle for the plasma itself.
The second one uses more realistic current geometry: three circular wires.
Both of the magnetic fields cousist n = | mode perturbations to simulate
the nonaxisymmetries due to the plasma instabilities and the imperfect
construction of the field coils. At the last approach. the true particle motion
is taken into account under the influence of the magnetic fields used as second
approach.

Broadening of the magnetic separatrix. both chaotic and coherent
structures in magnetic field lines and in particle orbits are observed in three
approach by using Poincaré sections. Adams-Moulton numerical integration
technique was used in caleulations, [t has heen seen that, to see the real effect
of nonaxisymmetry on the particle motions and to investigate heat deposition
on the divertor plates, one should consider full particle equations, since the
other approximations gives quiet dilferent phase portraits. The next stages of
this study will be the investigation of the elfect of a transversal electric field
on the particle drift orbits.



OZET

EKSENEL SIMETRIK OLMAYAN
TEDIRGENIMLERIN DIVERTOR TOKAMAKLARI
UZERINDEKI ETKILERI

Bu calhigmada, onimiizdeki yiizyilda lizerinde yogun olarak galigilacag
kesinlegen flizyon enerjisi elde etme araclarindan biri olan tokamak cihazlariyla
ilgilenilmistir. Fiizyon tepkimesini gerceklegtiven plazmanin, manyetik alanlar
yardimiyla tutuldugu toroidal sekilli bu araclar aymi bigimli diger araglardan
ayran ozellik, plazmanm icerisinden bir akin gecirilerek ek manyetik alan
bilegenlerinin yaratilmasidir. BoOylece plazima daha uzun bir siire kararh bir
bigimde tutulabilmektedir.

Plazmay1 uzun siire kararh bi¢imde tutamamak, flizyon enerjisinin kisa
sirede insanhgm hizmetine siunnlabilmesini engelleyen sorunlardan birisidir.
Bir diger sorun ise. fiizyon iriinit yiiksek enerjili pargaciklarin plazmay:
cevreleyen kaba carparak buradan agir tanecikler koparmalandir. Agir
taneciklerin, hidrojen ve beunzeri gibi hafif ¢ekirdeklerin flizyon yaptiklar
sicaklik dizeylerinde aym tepkimeyi vermeleri olanaksizdir.  Dolayisiyla bu
tanecikler, fiizyon yapabilecek olan parcaciklara aktarilmak istenen enerjinin
bir blimiinii almakta ve bu enerjiyi disariya isimim yoluyla atarak plazmanin,
flizyon icin gerekli sicaklik diizeyine kadar 1sinmasini onlemektedirler.
Tokamak cihaziarnnda kirlenmeyi azaltmak i¢in divertor adi verilen akimlardan
yararlamhir.  Bu akumlar. plazmayr cevreleyen manyetik alan ¢izgilerini
saptirarak divertor plakasi adi verilen plakalara dogrn ydnlendirirler. Agir
tanecikler heniiz plazmaya kariyma olanagt bulamadan bu cizgileri izleyerek
plakalara tagmirlar ve burada tutularak bir pompa ile emilirler.

Divertor akiularimin yvakin civarmda bhulunan manyetik alan ¢izgileri
bolgesiyle plazma civarindaki manyetik alan ¢izgileri bolgesini birbirinden
ayiran yuzeye separatriks denir. Separatriksin tekil noktalan ise, bu nokta
civarindaki alan geometrisi X harfine benzediginden kimi zaman X-noktasi,
bu noktadaki manyetik alan degeri sifiv oldugundan dolayr da kimi zaman O-
noktasi olarak adlandinlirlar. Degisik tipte divertor akimh tokamak cihazlar
vardir. Bu gahiymada ¢ift poloidal divertorlii tokamak cihazlar ele alinmig ve
bunlardaki tanecik hareketleri incelenimistir.
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Tokamak cihazlarinda kollamlan manyetik alanlar, gerek plazma ici
kararsizhiklar ve gerekse bu manyetik alanlar olugturmak ig¢in kullamlan
elektromiknatislarin  yerlegtirilmelerinde vapilan hatalar nedeniyle eksenel
simetriden saparlar. Bu ¢aligmada eksenel simetrik olmayan bu tedirgenimlerin
divertor tokamaklarindaki etkileri incelenmigtir.

Bu amagla yapilan ilk .yaklagimda taneciklerin manyetik alan ¢izgileri
boyunca hareket ettikleri varsayilnustic. Dolavisiyla. ilk yaklasimda gergek
tanecik hareketleri yerine yalmzca manyetik alanlart incelemek yeterli
gorulmu§tur Tokamak cibazinin manyetik alam. iclerinden ayni yénde akim
gegen, g, sousuz uzunlukin diiz telin manyetik alamyla temsil edilmigtir.
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Sekil 1. Ik yaklagim ig¢in akim geometrisi.

Sekil 1 de goritlen b akim geometrisi icin. tedirgenimlerin olmadig
durumda manyetik alan denklemleri

B = Byé, +V x A, (1)

bi(;iminde Verilir. Burada A, = é; W (e, 2). W = ByLlog(r 77'21'27) ve

'=F =22+ 12 F 2rz.cosd dur.

n = | modlu eksenel simetrik olmayan tedirgenimler i¢in denklemlere

§B =V x 64 eklenmigtir. 4. 1= é.2y exp( 7 =) cos ¢ dir. Burada é. bilyiik



eksene paralel birim vektor, ¢ ise toroidal aq degeridir.

Alan c¢izgisi denklemleri

de B,  dx B

_—= — == 2
do By =~ do By (2)

ile, manyetik alan bilegenleri ise

(I £
B, = (T):_Q + 5(“.17[)(7;7)) cos( @) (3.a)
B, =~ | B (=) sin(o) (3.5)
= — — zexp(—)sin{¢ 3.
TR LA
Ny,
B. = —— (3.c)
e
denklemleri ile verilitler. Sayisal hiesaplar icin 4 = 064 20 = 1.93: uzunluk

Slcegi L = 0.06; Ry = 2.67, tedirgenim genligi ¢/ By - 0.001 se¢ilmigtir. Sayvisal
integrasyon yontemi olarak Adams-Monlton youtemi kullanmlnigtir,

Manyetik alan gizgilerinin  dinamigi,  birl,  divertor plakalarinm
yerlegtirilebilecegi = = — .4 diizlemine digeri, ¢ = 0 diizlemine yerlegtirilmig
iki Poincaré kesidiyle goriintitlenmistir. Segilen pertiirhasyon degerinde, X
noktasimn yakin civarmdan kalkan yoriingelerin hem kaotik hem de kararh
yaptlar olugturduklar gozlenmistir. Tedirgenim genliginin artan degerlerinde
kaotik bélge icine ynvalannny olan kararli yapilavin kiicitlerek yok olduklart ve
separatriks kalinhgmun arttigr goriilmiigtir.

Ikinci yaklagim, ilk yaklasnuda ditz olarak alinan tellerin, daha ger¢ekgi
bir bicimde yuvarlak almmasiyla yapilmugtir.  Bn asamada da taneciklerin
striiklenme hareketleri ihmal edilmig ve valnizca imanyetik alan denklemleriyle
yetinilmistir.
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Sekil 2. Ikinci yaklasim icin akim geometrisi.

Sekil 2. de verilen geometri icin tedirgenim eklenmemis manyetik alan
denklemleri goyledir:

B= Bo% +(B"+ B + BD)i + (B + B + BD)? (4)

burada = R— Ry, h = R/Ry = | + (¢/Ry). +, — ve p iist indisleri,
sirasiyla, z = +z4, 2 = —z; ve = = 0 koordinatlarina yerlegtirilmis olan tellerin
alan bilegenlerini, gosterir. = = 0 daki tel, ilk yaklagindaki gibi plazmanin
kendisini temsil etmektedir. Manyetik alan hilegenleri

/10\ ZL,. , l—/.tz/z }
B, = I~ KN(k)+ —==E(k)|,
4 \/(p+ po)? + ¢ [\( )T o)

o 2 [ i pd_ﬂg_cz ]
A\ lp + po)? + ¢ ) (70 p)% +¢2 (

bigimindedirler. Burada



. dpyp .
b= —— 6
(po +p)* + ¢ (©)

olarak alimir. Manyetik alanin poloidal kisim

seklinde verilen vektdr potansiveli ile tanimlanir. Burada

Ay = 1“‘1: al [(1 J}) I\’(k)—E(k)] (8)

Th f

4

K ve E, sirasiyla birinci ve ikinei tipten tam elipiin integrallerdir.

B, w¢in : I=1, ; po=AH, s op=Ra+zr ; (=:
By igin @ I=1ly ; po=Re+eq  p=Ro+er ; (=:2—(£z)
/l(le l o .
alimr.  Uznnluk skalasi A = = dir. Burada ¢ givenlik

- ‘lﬂ'[{.()B() - ([[{“
katsayisidir.

Yukarida taniml parametreler igin hesaplarda kullamlan degerler asagidadir:

2g=0; z4=193; ~v=10L/1,=064; Ry=1/c: €=03; A=0.06¢

Yukandaki eksenel simetrik poloidal mauyeuik alana eklenen n = [ modiu
tedirgenim terimleri goyle verilmiglerdir:

0B, = OAByexpla/Ry)cos(d)

§B; = —OAByexp(x/Ry)sin(d)



Tedirgenim genligi miktart © = 0.001/\ olarak secilmigtir.  Genigleyen
separatriks ve bazi yoriingelerin kaotik davramsglarn her iki yaklagumn
ortak sonuglaridir. Poincaré kesidivle gorintiilenen faz uzaylarinm her iki
yaklagimda ¢ok farkh olmasi ii¢ diiz tel yaklagmumun yetersiz kaldig sonucunu
vermigtir.

Son olarak ikinci yaklayimla verilen manyetik alan etkisi altindaki
iyonlarin gercek yoriingeleri izlenmistir. Bir manyetik alandaki yikli tanecigin
hareketi; tanecigin. kilavuz merkez etrafindaki hizli doniigtiyle kilavuz merkezin
hareketinin siiperpozisyoun ile temsil edilebilit. Bir imauyetik alanda hareket,
eden yiikli bir tanecigin hareket denklemi

(.“l-: - [.; = -
o= eyh + B X mufl/w Vb+ 41, VB (10)

ile verilir. Burada g, = nu'ﬁ/('zli’) manyetik momenti, b ise manyetik alan
vektorid yoniindeki birim vektovi gosterivler. o) ve vy, sirasiyla. manyetik
alan vektoriine paralel ve dik hizlardiv. Tanecik yoriingeleri

dx . 1E N s
— For,z.0): o Foe.z.o): o

= Fe.se): (1)
ile gosterilebilecek denklem sistemiuin integrasyonu ile elde edilebilirler.
Tanecik yoriingeleri ile ikinei yvaklasimda verilen manyetik alan sonuglan
kargilagtinldigmda, pozitif paralel lizlar icin her iki dinamik sistem divertor
plakasinda benzer birer faz portresi verivlerken, negatif paralel hizlar igin
sistemlerin plakadaki portrelerinde Gnemli Gleiide farkhlik oldugu goriilmiigtiir.
Buradan, yaluizca manyetik alanlan knllanarak —yani sitriiklenme hareketlerini
ihmal ederek- vapilan yaklasimm veterinee dogri sonng vermedigi ve pargacik
dinamigi icin parcacigin kendi denklemlerivle ngrasiimast gerektigi sonueuna
varilmgtir.

Calbigmamn bundan sonraki asamas), geuigleyen separatriks tizerine, bu
bélgede homojen dagimanuy biv elektrik alanmn parcacik dinamigi iizerine
etkilerini incelemek ve buradan vola cikarak bu elektrik alaninim, tokamak
cihazlarinda rastlamlan: ditgitk moddan plazmanmm daha iyt tutulabildigi
yiksek moda gegige olan etkisini incelemek olacaktir,

Xi



CHAPTER 1

INTRODUCTION

In this chapter, the question, "Why to use fusion energy’, will be tried to
be answered from two point of views. The first will be about the possibility of

travel in space, and the other, about the energy demand of mankind.

1.1 Fusion for Space Travel

Man has long dreamt of going to the other planets and to the nearest
stars. Motivated by his unsatisfyable curiosity for knowing, this dream led
him to reach the moon in [969. This achievement, as his other ones, could
not be enough for him but drive him to think of going to other stellar objects.
However, the present propulsion systems based on the chemical reactions are
not enough for this dream to come true. To put 1 extra kg to the earth orbit
needs, approximately, 270 kg extra chemical fuel. This restriction makes it
impossible to send the required amount of fuel for the interplanetary travel.

As a solution, Hohmann transfer orbits may be used for sending probes
to distant stellar objects. In this method, which transfers a spacecraft from
one orbit to another with minimum energy, i.e. with minimum fuel, the space-
craft is put into an intermediate elliptical orbit which at both ends of the
major axis is tangent to the orbits around the two planetary objects. The
main disadvantage of this orbit is the long travel time. An optimum case of
rapid interplanetary space flight is one on which the shortest possible distance
between two objects. During this flight, one may accelerate the probe with
the uniform gravitational acceleration iu the first half and decelerate it in the

second half [1].

But a travel like this needs full powered flight and of course a lot of
fuel. It is impossible to use chemical rockets to thrust the spacecraft on an
optimal flight orbit. Full powered flight needs another kind of thrust method:
Something with more energy and less fuel. The fusion is a kind of reaction
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which can supply the maximum energy per unit mass entering into the reaction.

Table 1.1 A comparison between two travelling method.

To With Hohmann Ellipse { With Optimal Flight Path
Venus 147 days 35 hours
Mars 263 days - 41 hours
Pluto 62 years 18 days

Although the research on fusion has been continuing for, about half of
a century and it is thought to last another quarter of a century, it is not so
much fictitious to compare such devices based on different systems. One of
these has been submitted by Murthy and Froning [2]. In their study, the
authors compare the effectiveness of nuclear and scramjet engines with respect
to weights and utilization of energy availibility. In the suggested engine scheme,
which can be seen in Figure 1.1, hydrogen is assumed to be heated in the pulsed

Deuterium — Helium? reactor.

MAGNETIC NOZZLE

Y,
;

<

Figure 1.1 Schematic of dense plasma fusion engine.



The specific impulse based on consumption of hydrogen is assumed to be
1600-2400 secs, roughly 3.5-5.0 fold increase compared to that conventional
combustion rocket engine. In a combined chemicai electrical-nuclear engine,
it is possible to energize the working fluid of a rocket motor or an air~breathing
engine by mixing with products of fusion reaction, and heat transfer between
the working fluid and fusion reaction products. A comparison between classical
chemical engines and combined ones is given in the Table 1.2.

Table 1.2 A comparison between chemical and combined propulsion system.

Airbreathing Energy Management Relative Relative
and Rocket During Powered Vehicle Gross
Propulsion Phasc of Ascent Size Weight

Airbreathing up to Mach 8. Rocket until

Orbital Speed is Reached 1.0

N
Airbreathing during Entire Ascent, plus I
Rocket Augmentation at Low and High Speed t€—> 0.45

Chermical

Combined: |  Airbreathing up to Mach 8, Rocket until

Chemical Orbital Speed is Reached 0.21

Electrical Airbreathing during Entirc Ascent, plus 0.18 '
Nucicar  |Rocket Augmentation at Low and High Speed i

(10,000 1b Payload to Polar Orbit) i

The next step to a combined engine is the one using full fusion energy.
Since the hydrogen is the main element of the universe and it can be found
everywhere in the interstellar region, it will not be an important problem to
supply fuel for a spacecraft using fusion energy. As a result, it can be con-
cluded that the fusion energy is the unique kind of energy which will make the
humanity be able to undertake long range space tlights.

1.2 Fusion for Energy

From the industrial revolution up to now the consumption of energy has
considerably increased and in the next century, the energy needs of modern
societies is expected to increase even much more. This is due to that machines
started to be substituted for liuman labour and that manufacturing switched
from small numbers of hand-made products to mass production. After that

technological development, the exponentially growing energy demand of hu-



ma;nity is shown in Table 1.3.

Table 1.3 Energy demand of man. ( 1 Q = 102! Joules)

0 - 1850 0.3-0.5 @Q/century
1851 — 1950 4 @ /century
1951 - 2000 15 Q@ /half-century

Since the estimated world reserves of fossil fuels totally about 80 @),
(1 @ =102 Joules ) by continuing the current energy consumption trend,
these resources will be almost depleted within a century. Although some kind
of energy sources, as wind, hydro. geothermal and solar energy are unpollutant
and free of charge, they will not be enough to satisfy the human energy needs
in the next century, because of their low energy density, low profit over cost
ratio and strong dependence on diurnal, seasonal, climatical and geological

conditions.



CHAPTER 2

AN OVERVIEW TO FUSION PHYSICS

In this chapter, an overview of the fundamentals of fusion physics and the
concepts which will be used in the next chapters will be given.

2.1 Fusion Reaction

Fusion energy is obtained by fusing the atomic nuclei of light elements,
such as hydrogen and its isotopes deuterium and tritium. Figure 2.1 shows
the mass defect, or the binding ‘energy, versus atomic number [3].

Average binding energy per nucleon (mev)

18—72H

c 1 1 1 1 1 1 1 1 1 | 1 i ]

0 20 40 60 80 100 120 140 160 180 200 220 240 260
Mass number

Figure 2.1 Binding energy versus atomic number.

As seen in the Figure 2.1, light nuclei when fused together and the heavy
ones when fissioned lose some of their mass. This mass defect is converted to
energy according to well-known Einstein’s formula



E =mdc (2.1)

Since the mass defect encountered in fusion is much greater than that
results in fission, the release energy by fusion is much higher than produced
by fission. Basic fusion reactions, which can take place in a reasonably sized
terrestrial fusion reactor are as follows [4]:,

D+T — “He (3.52MeV) + n (14.06 MeV)
D+D — T (101 MeV) + p (3.02 MeV)
D+D — 3*He (0.32MeV) + n (245 MeV)
D+*He — “He (3.67 Mev) + p (14.67 MeV)

The obtained energy is per one atom and hence for latom — gram it must
be multiplied by the Avogadro Number (6.02 x 102?). This is the source of the
incomparable energy amount that fusion gives.

< Blanket

—.J

/ Lithium =~

Deuterium

LL Tritium-
=, Reserve

Vacuum

Electricity

Heat
Exchanger

Turbine Generator
Figure 2.2 Schematic view of fusion reactor.

Since the fusion reaction rate parameter is the largest for the D — T
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reaction, the first fusion reactor will burn D —=T fuel. To produce 1 GW —year
of electrical energy from fusion reaction requires only 1 tonne of deuterium. To
get the same amount of energy in a coal-fired power plant needs 2 x 10¢ tonnes
of carbon with the same order of amount of pollutant materials injecting into
nature. Deuterium is the stable isotope of hydrogen and can be found in the
seawater one per 6700 atoms of hydrogen. Although tritium is unstable and can
not be found in nature, it can be bred iu a fusion reactor, as shown in the Figure
2.2, from a lithium blanket surrounding the plasma by the bombardement of
highly energetic neutrons [3].

Thus, the problem is to fuse two unclei (protons) whose electric charges
are the same. The Coulomb Law governs the relationship between charges.

The same two charges repels each other according to following the formula,

2
— (1 .
F= 3 2.2
-’r7l'(-1'2, (2.2)

where, € : dielectric coustaut,'q: electric charge, #: the unit position vector.
This formula states that the repelling force between two same charges is
proportional to the inverse sqnare of the distance between them. To fuse two
protons, one must overcome this Coulomb force and must make two charges
very close to each other enough to activate the other type of the forces which
are dominant in that distances (Stroug and weak forces). Only after then,
the nuclei will fuse and give energy out. As a result, the plasma must be hot
enough so that fusing collisions between nuclei are sufficiently probable (108 K,
gives a probability of about 1%, which is sufficient) and well enough confined
that the energy loss rate is less thau the fusion power (The product of the
plasma ion deusity n and the plasma energy confinement time 7, must be at
least 10%° sec/m?). This criterion is known as Lawson Criterion. To fuse two
nuclei, one needs extremely high temperatures. To increase the probability, it

is necessary to aim one proton with sufficient energy to another.

At this temperature levels, all the elements known are nearly fully ionized
state. It is impossible for any vessel miade from any known material to contain

a plasma having such high temperatures. There are two confinement method



which widely used, one of which is inertial, the other is magnetic. Although
there are a lot of studies about inertial confinement, in this study, one of the

magnetic confinement methods was concerned.

Figure 2.3 [usufficient energy or any error iu aiming prevents fusion.

2.2 Tokamak

Tokamak is one of the toroidal plasma confinement devices. The main
difference of it from the other turoidal magnetic confinement systems is to have
a strong toroidal magnetic field produced by a large current in the plasma itself
[5]. The radius of the torus is called major radius and the radius of the plasma
column is called the minor radius. A transformer is used to induce the electric
current into plasma. The iron yoke of the transformer is set perpendicular to

the torus at the center of the major radius [6], as shown in Figure 2.3.

When the electric current (lows on the primary coil, the magnetic flux in
the iron yoke changes and a curreut is induced in the toroidal plasma column as
the secondary coil. This induced current (toroidal one) generates the magnetic
field By around the plasma column to piuch it. By is called the poloidal field
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[6]. In addition to the usual toroidal field B, and the plasma—produced poloidal
field Ee, a third field B; in the vertical direction is needed to counteract the
natural tendency for the current ring, the plasma. to expand. The field B, is
directed so that the ; X B: force is radially inward [5]. The confined plasma is
generally stable because the poloidal magnetic field is a minimum at the minor
axis in the toroidal plasma [6i]. The rotational trausform of a magnetic field
line, ¢, must not be an integral of 2x. Otherwise, the field lines would close
upon themselves and would not cover the whole magnetic surface. In that
case, electrons could not go wherever necessary to cancel space charge. The
rate at which a line of force at the plasma surface winds around the major axis
is proportional to B;/R, and the rate at which it winds around the minor axis
is proportional to Bg/a. The rotational transform is therefore proportional to
By R/ B:a. The safety factor indicates how far a tokamak is from the stability
limit ¢ = 1, which is called Kruskal-Shafranov limit [5].

By a 27
A (2.3)
. Be B ¢
A tokamak must be designed so that plasma which leaves the central part
by diffusion, does not hit the first wall directly 61 Thiz is an experimental
problem of considerable importauce, since the influx of heavy elements from

the walls causes rapid loss of energy by atomic radiation [5].

Transformer
Coil for toroidal Primary
magnetic field coil

Measurement
Vacuum Electric Magnetic Plasma port

wall  current

Figure 2.4 Principal scheme of tokamak
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It has been seen, that, to keep the plasma clean, i.e., to prevent the
plasma from the heavy particles torn from the wall of the vacuum vessel by the
energetic particles, the fusion products, is important to reach the self-ignition
of the fuel. To control the plasma contamination and to keep the plasma
clean, divertors are widely used than limiters or gas clouds [6]. As shown in
the Figure 2.5, a divertor pulls the outer part of the poloidal magnetic fields
out of the plasma column by the action of a divertor coil forming two magnetic
field regions separated by a surface called separatrix. The heavy particles, the
impurities, from the wall follow the outer magnetic field lines and are deposited
on the divertor plate. Therefore tokamak devices equipped with divertors have
cleaner plasma and the energy given is spent for the particles which can fuse
together at that temperatures.

Centrol Poloidel Field

Solenaid Coil Toraida! Field
Coil
j I Potordal Field
101 - Coil
l Ry d f- 1 Plaosma
-~
54 . ‘\ ot Mechanicol
N d — Struclure
=
o o
-l M Yacuum Vessel
(o8 'f -
11 ,':? Blenkel
b
g
p:
51 / ” - Poloidel Field
& 4}1 2 Cails
1 3 (~ &l
M (l"
in 27
. e s - B
-
g S > Divertor
101 9/(e - G
Poloidal Field
Bueking Coils
154 ' ;i Cylinder
1 v v r—r T J
0 5 1o 15 20
WETRES

Figure 2.5 Cross section of a divertor tokamak device. (ITER EDA Design)



CHAPTER 3

MAGNETIC FIELDS AND THE MOTION OF
CHARGED PARTICLES

3.1 Magnetic Field of A Current

The Maxwell’s equations which relate the electromagnetic fields to the

motion of charges are given as, [T],

VXE-}-— = 0
ot
- 9D .
VXI'——(,}t— J (31)
V-B =0
vV-D = p

where E-", é, D and H are the electric intensity, the magnetic induction, the
electric displacement and the magnetic intensity, respectively. p and 7 stand
for the charge and the current densities. When the medium is uniform and
isotropic

D=¢£ ; B=uH (3.2)

¢ and g are called dielectric constant and permeability, respectively [7].

If the fields do not change in time, the field equations reduce to



E = -V¢

B = VxA

. |

Vie = ~—-

¢ (3.3)

VA = —uf
V-A = 0

V) = 0

where 4 is scalar potential, 4 is vector potential [7]. The vector potential, A,
at an observation point P (given by the position vector 7) is expressed in terms
of the current densities at the puint Q (given by ), as shown in the Figure
3.1., by

47

Am =L /v HT) e (3.4)

where R=7— and R = 1R = (¢ =22+ (y —y')2 + (2 — :”)2)1/2

P()

=4

o QP

Figure 3.1 Observation point P and the location @ of a charge or current.
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Since the field B is expressed as in Equation 3.3 we find, (7,

job [IXF
47 v R3

'
.

dr

(3.5)

If the current distribution is given by a current I flowing in closed loops,
magnetic intensity is described by Biot-Savart equation,

A=

iz C R2

B_L [ixm, (3.6)
7

where 5 and 7 are the unit vectors in the directions of j and R, respectively

[71.

3.2 Magnetic Surfaces

Since the magnetic induction vector, B, is tangent to the line of the

magnetic force, it satisfies the following condition

dIxB=0 (3.7)

and hence

de _dy _dz_d a5

where [ denotes the length along the line of magnetic surface and B is the
absolute magnitude of B [7]. The magnetic surface +*() = constant is a surface
upon which the magnetic force line lies and it should satisfy the following
condition

(Vp(f)- B =0 (3.9)



14

Vi is normal to the magnetic surface [7]. [f a magnetic field has some
symmetry, the exact solution of the magnetic surface can easily be derived.
In the case of axial symmetry, it is independent of the angle which is taken

about the axis of symmetry. In this case

.1'Ag(r,:) = constant (3.10)

Vector potential for a ring current through which a current I flows, as

shown in Figure 3.2 is given as

Ap = ﬁ[(;)m ((1 —é—k"’) K (k) —E(/c)) (3.11)

where,

A dar Py
12 = ————(“ v (3.12)

where K and E are complete elliptic integrals of the first and second kind

respectively [7].

a

Figure 3.2 Ring current geometry.

The magnetic field components are given by, [7]
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Br = ""T)'z- 1 BO =0 ’ B: ;—()—(TAg) (3.13)
with,
oK 1/ E . JE 1 .
ok k (1 Y- ") TR (3.14)

3.3 Equation of Motion of A Charged Particle

The equation of motion of a particle of mass m and charge ¢ in an magnetic

field B is, [7]

m— = ¢(% x B) (3.15)

ddL dL
——— = 3.16
dt dq;  Oy; U (3.16)

where L is given by

L=" 45 A (3.17)

The equations of motion in the Hamiltonian form use the generalized
momentum, defined by

L
Pi= 5o

R (3.18)

as the independent variables, the Hamiltonian equations are



1)

dpp  OH
dt Ty
(3.19)
d;  JH
dt dp;
here the Hamiltonian H is gtven by
H= -t (77— qA)? (3.20)
= —\p—- .
2m P
where p is the momentum vector.
If there is also an electric field £ = —Vo, Hamiltonian takes the form
following, [7]
. 1 - N2 ¢
H=—(p- qA)" + qo (3.21)
2m
In the axisymmetric system,
L e
Py = f—— = mr-f + qrAg = constant (3.22)

If the Hamiltonian does not dependeut explicitly on time ¢, then H = constant
is one integral of the Hamiltonian equation. This integral expresses the

conservation of energy which may he written as

—_—=w (3.23)
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3.4 Cyclotron Motion

Equation 3.1 states that the force exerted to a particle in the magnetic field
is perpendicular to its velocity. This implies that the particle will experience
a curved orbit [6]. If the field is constant in space and time, the path will be
circle in the plane perpendicular to the magnetic field direction. This motion
is known as cyclotron motion and its frequency is called cyclotron frequency

whose magnitude is

We = M-B— (3.24)

m

The radius, known as Larmor Radius, of circular motion is given as

(3.25)

The center of this circle is called guiding center. Here, v, stands for the
perpendicular component of velocity to the magnetic field line around which
the particle rounds. Since the velocity along B is not affected by field, the
general path is a helix. The direction of the gyration is always such that the
magnetic field generated by the charged particle is opposite to the externally
imposed field as seen in the Figure 3.3.

GUIDING
CENTER

ION ELECTRON

Figure 3.3 Guiding center in cyclotron motion.



3.5 Drift Motion Due To Curvature
In the case in which the magnetic field has a curvature of radius, R,, a

charged particle moving along the magnetic field with velocity vy is affected
by a centrifugal force

mu3
] I

F=—dp=_Ig (3.26)

This force gives rise to a drift

(3.27)

3.6 Grad B Drift

The difference in magnetic field intensity will canse the Larmor radius to
change. The radius is small at a point where the magnetic field is strong, and
large where the field is weak [6]. Thus the particle undergoes a drift motion
perpendicular to B and VB as shown in Figure 3.4.

000 000

Drirt Drift
@ ¢>0 (b) g <0

Figure 3.4 Grad B drift

The drift velocity of guiding center is given as follows

. ur.BxVB .
L T (3.28)
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3.7 Equation and Constants of Motion

The motion of charged particle in a magnetic field, under the influence of
an external force, can be described as the superposition of a gyration around
the guiding center with the cyclotron frequency and the motion of the guiding

center.

The resulting equation of motion of a charged particle may be reached by

using Hamiltonian approach [3], as follows

-

— - ( - . .
((ii—:: = b+ -C—)-é X [mvﬂb- Vb+ u, VB (3.29)
where p,, = muvi/(2B) the m‘:l,gneti(: moment, b the unit vector along the

magnetic field vector. v and vy stand for the components of the particle
velocity, which are the parallel and the perpendicular to the magnetic field

line, respectively. The particle energy, in this case, can be written as

ru.vlzl + pn B (3.30)

| —

& =

Since the magnetic force acting the particle is perpendicular to the
velocity, no work is done by the magnetic field. The first constant of motion
of a charged particle in an arbitrary magnetic field is the particle energy given
in the Equation 3.30. By multiplying both sides of the Equation 3.15 by the
particle velocity v

e L
mii— = g0 - (7 X B)
ot

_dr d (/1 2 0
" ]— P —, — ] .' ’ —
e di di\ 2 e

& = constant (3.31)



In the case of Larmor gyration. since there is a periodicity in time, the

action integral in terms of the canonical variables p, ¢ is

J = fp dy (3.32)

J is the adiabatic invariant. If we take p to be the angular momentum muv rp

and dg to be the coordinate f, this integral becomes

mv?
mvi

fp dq = fmv_,_rul() =2rrpmu =27 = 47r—n—£pm
We Iql

Since the ratio m/|q| is constant in nourelativistic cases as the one we
interested, the magnetic moment g, will be constant along its path. Thus,

the second invariant of motion is the magnetic moment [5].

There is one more periodic motion in the axially symmetric cases. The
adiabatic invariant connected with this turns out to be the total magnetic flux
enclosed by the drift surface. As B varies, the particle will stay on a surface
such that the total number of lines of force enclosed remains constant. In the

nonaxisymmetric cases, however, this constancy will be violated [5].

3.8 Banana Orbits

Figure 3.5 shows a torus with « helical liue of force. The twist is needed to
eliminate the unidirectional grad-B and curvature drifts. As a particle moves
along a line of force, it sees a larger | B| uear the onside wall of the torus and
smaller | B| near the outside wall [5]. Becanse a charged particle moves almost
along the magnetic field line, the particle moves toward the direction along
which the magnetic field intensity increases; so the particle executes a spiral
motion from outside to inside the torus. The particle is subject to decelerating
force when it moves aloug a magnetic field line whose intensity is increasing.
Hence charged particles with small initial velocities cannot pass the point of
maximum intensity of the magnetic field, and so bounce on the way. This



trajectory looks like a banana in the constant toroidal angle plane, and it is
called as 'Banana Orbit’ [6].

INCREASING l BANANA
B ORBIT
———

Figure 3.5 A banana orbit of a particle confined in a toroidal device.




CHAPTER 4

AN OVERVIEW TO BASIC CONCEPTS OF
NONLINEAR DYNAMICS

In this chapter, the basic concepts of dynamical systems which will be
used in the next chapters will be given.

4.1 Preliminary Definitions

A dynamical system may usually be described by the following equation

[9]

([.'L'
=== flatop) (4.1)

dt
z € U C R, t e R, and u € V € RP where U and V are open
sets in R™ and R!, respectively. p is parameter. In dynamical systems,
the independent variable ¢ is usunally referred as time. Equation 4.1 may
be also called vector field. Vector fields which do not depend explicitly on
time are called autonomous and those which are dependent of time are called

nonautonomous [9].

The space of dependent variables of 4.1, R"™, is called phase space of
dynamical system and to find the geometry of solution curves in phase space
is the main goal. «(t,%, 2y}, the solution of 4.1 may sometimes be referred to

as trajectory of phase curve through the point wy ai t = to [9].

The graph of z(t,tg,zy) over ¢ is referred to as an integral curve, or, the
graph z(t,t0,20) = {(z,t) € R* x R' | &« = w(t, ty, )t € I} where [ is the
time interval of existence [9)].

The orbit through zy, 2y is a point in the phase space of 4.1, is the set of
points in phase space that lie on a trajectory passing through g, symbolically,



zo € U C R™, the orbit through .y is given by
O(zo) = {z € R* | = = z(t, to, w0),t € I} [9].

Let’s consider the equation

T = [ _01 (l] ].v where « = [u v]T; z € R?

the solution passing through the point @y at ¢ = 0 is given by
z =[cost, —sint]T [9].

The integral curve passing through « = [I 0] at t = 0 is given by
{(z,t) e R*xR' | x=[cost —sint]T, t € R}. The orbit passing through
z=[1 0]is given by the circle & - & =1 [9].

()

Figure 4.1 Geometrical interpretation of a) Solution; b) Integral Curve;
c) Orbit [9]

In the geomet‘rica.l point of view, with a given specific dynamical system,
understanding the complete characterization of the geometry of orbit structure
is the main subject of the study, as well as finding the change in the orbit when

the parameters are varied is the main goal.

Let’s consider a general antonomons vector field

= f(z); x€R" (4.2)

An equilibrium solution of 4.2 is a point £ € R™ such that f(z) =0, L.e.
q I ’ ’
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a solution which does not change in time. Other terms often substituted for
the term "equilibrium solution”, are "fixed point”, "stationary point”, "rest
point”, "singularity”, "critical point” or "steady state”. Let’s say that we find
any fixed point of 4.2. The next step is to determine if this solution is stable

or not. Two kind of stability may be described,

1. Liapunov Stability: Z(t) is said to be stable (or Liapunov stable) if
Ve >0, 3é(e) > 0, for any other solution y(t), of 4.2 satisfying
[2(to) — y(to)] < 6, |2(t) —y(t) <e
fort > ty, to € R!

2. Asymptotic Stability: #(¢) is said to be asymptotically stable if 36 > 0
such that

[2(t0) ~ (1)l < 8. Jim [2(6) = y(&)] = 0

Or, we can express the above two definitions as: Z(t) is Liapunov stable,
if solution starting "close” to r(#) at a given time remain "close” to Z(t) for
all times; and it is asymptotically stable if nearby solutions converge to I(t)
as t — 0o. A critical point ol 4.2 which is not stable is called unstable [9].

In order to determine the stability of Z{t), we must understand the nature
of solutions near Z(f). Let’s start to study by shifting the origin of the

coordinate axis to Z(¢) letting,

r=I(t)+y (4.3)

Substituting 4.3 into 4.2 and expauding it about Z(t) gives

&= 2(t) + 5 = f(E(2) + DS(E)y + O(ly]?) (4.4)



[
7]

where Df is the derivative of f and | | a norm on R™. (Supposing f is C")
Recalling %(t) = f(Z(t)), 4.4 becomes

g = DJ(E1)y + Olyl*) (45)

The behaviour of solution close to Z(#) may be found by studying the
associated linear system

§ = DJ(&(1) (4.6)

A physical system modelled mathematically by a differential operator, D,
in the space of m—continuously dilferentiable functions, C™, is said to be linear,
if the following relationship holds. .

D(wx + by) = «D(x) + bD(y) (4.7)

where a, b are constants and «,y € R™

Therefore, we will find il solution of 4.6 is stable or not and then show
that this solution exactly on the same way as 4.2, With the definition of
the equilibrium solution, #(t) = & and Df(z(t)) = Df(Z), means that the
derivative matrix contains ouly constants. Hence, the solution of 4.6 through

Yo € R™ of t = 0 can be writteu as

ylt) = P19y, (4.8)

If all eigenvalues of Df(Z) have unegative real parts, the y(t) is
asymptotically stable. If all of the eigenvalues of D f(Z) have negative real
parts, the equilibrium solution .« = & of 4.2 is asymptotically stable [9].

If the eigenvalues of the associated linear vector field have nonzero real
parts, then the orbit structure near an equilibrinm solution of the nonlinear
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vector field is essentially the same as that of the linear vector field. A
hyperbolic fixed point is the point &, a fixed point of & = f(z), =z € R",
if none of the eigenvalues of D f{Z) have zero real part. A hyperbolic fixed
point of a vector field is called saddle if some, but not all, of the eigenvalues
of the associated linearization have real parts greater than zero and the rest
of the eigenvalues have real parts less than zero. If all of the eigenvalues have
negative real part then the hyperbolic fixed point is called a stable node or
sink, and if all of the eigenvalues have positive real parts then the hyperbolic
fixed point is called an unstable node or source. If the eigenvalues are purely

imaginary and nonzero the nonhyperbolic fixed point is called a center [9].

4.2 Types of The Fixed Points in 2D Phase Space

Let’s start by considering the antonomons system of the form

(l.l'
7 Pla.y)
(4.9)
dy Ol
7= 2, y)

and the critical point (g, 7o) of this system. From the definiton of the critical
point, we know that P(zy,yu) = 0 and Q(iee, o). The first assumption will
be that this critical point (. yy) is isolated, i.e., (2, y0) is the only critical
point in the circle whose center is (. yo) and whose radius is sufficiently small
and the functions P and @ are coutinuous and have partial derivatives in this
circle [10]. For convenience, let’s take .y = 0. and yy, = 0. There is no loss in
generality, because the translation of coordinates £ = ¢ —zg; 7=y —yo
transforms (wy, yo) into the origin in the £y plane [[1]. Hence the system 4.3
can be writteu in the form

dx

— = qur+ [ly/ -+ Pl(;t:, __7/)
i

(4.10)
dy

— = cx+dy+ Q(x,i)
dt



[
-1

where

[(*)P' [UP ]
a=|— pob= |
(,)il? J(0,0) dy J (0.0)

. (4.11)
[(‘)Q' [(’)Q]
cC= |— s (l = |-
| (o) N o)

The following requirement about the Jacobian. ./, is needed for the critical
point to be isolated

AP.Q)
e y) o)

/=

=0 (4.12)

Hence the system 4.8 has been linearized in the neighborhood of (o, yo),
as follows

de b
I wr + by
(4.13)
"
((l—!t/ = co+dy
This system has the following characteristic equation
A —(a+d)A + (ad = be) =0 (4.14)

The stability of the linearized system depends on the roots of the
characteristic equation is shown in the Table 4.1 [11].



Table 4.1 Stability Types Depending on The Roots of Characteristic Equation

for 2D Phase Space.

Nature of The Roots of
Characteristic Equation

Nature of Critical Point
of Linear System

Stability of
Critical Point

Real, Unequal

Asymptotically Stable

and of Node If Roots Are Negative
Same Sign Unstable If Positive
Real, Unequal Saddle
and of Point Unstable
Opposite Sign
Real Asymptotically Stable
and Node If Roots Are Negative
Equal ~ Unstable If Positive
Conjugate Asymptotically Stable
Complex Spiral If Real Part of
But Not Pure Point Roots Is Negative
Imaginary Unstable If Positive
Pure Stable, But Not
Imaginary Ceuter Asymptotically
Stable

Center

Figure 4.2 Views of Critical Points in 21 Phase Space.

Spiral Point




24

What one can say abont the main nonlinear system is the following [11]:

1. The critical point (0,0) of the nonlinear system 4.8 is of the same type

as that of the linear system 1.9 in the following cases:

If the roots of characteristic equation

(i)

(ii)

(i)

(iv)

. The

are real, unequal and of the same sign. critical points of both linear

and nonlinear system are node.

are real, unequal aud of vpposite sign. critical points of both linear

and nonlinear system are saddle points.

are real and equal and the linear system is not such that a = d # 0,
b = ¢ =0, then both critical points of two system are nodes.

are conjugate complex with real part not zero, then both critical

points are spiral puints.

critical point (0,0) ol the nonlinear system 4.8 is not necessarily of

the same type as that of the linear system 4.9 in the following cases:

If the roots of characteristic equation

(vi)

(vii)

are real and equal and linear system is such that ¢ = d # 0,
b = ¢ =0, then althongh (0.0) is a node of linear system, it may be

either a node or a spiral poiut of nonlinear system.

are pure imaginary, theu although (0,0)is a center of linear system,

it may be either a center or a spiral point of nonlinear system.

Although the critical point of the nonlinear system is of the same type as

that of the linear system in cases (i), (ii), (iii), and (iv), the actual appearence
of the critical point in larger scale may he different. Following conclusions are
based on the theorem of Liapunov discussing the stability of the critical point

of nonlinear system [11}):

I

1. H both roots of the characteristic eqnation o¥ the linear system are real

and

negative or coujugate complex with negative real parts, then the

point (0, 0) is asymptotically stable for both linear and nonlinear systems.
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2. If the roots of the characteristic equation are pure imaginary, then
although (0,0) is a stable critical point of linear system, it is not
necessarily a stable critical point of the nonlinear system. The critical
point of nonlinear system. in this case, may be asymptotically stable,

stable but not asymptotically stable. or unstable.

3. If either of the roots of the characteristic equation is real and positive
or if the roots are conjugate complex with positive real parts, then the

critical points of both system are nustable.

4.3 Local Bifurcations

Describing verbally, bifurcation ol a dynamical system is to be a change in
the topology of the phase space when changing the parameters of the dynamical
system [12]. The point (. ). .the value of the parameter g, on which this
change is occured is called bifurcation point and bifirrcation value, respectively
[9]. The graph in which the parameter plotted versus the dependent variable

is referred as bifurcation diagram.

By the term "Local”, here. it is meant the bifurcations occuring in a
neighborhood of a fixed poiut. Let’s start by considering the parameterized

vector field

y=yy.A): yE€R"; AeR’ (4.15)

g is a C7 function on some open set in R* x R, The degree of differentiability,

r, is 5, which is sufficient for many cases.

Suppose 4.8 has a fixed puint at (g, A) = (yo. Ao)

.‘/(.‘/u-/\u) =U (4-16)

Two question may be asked:
1) Is this fixed point stable or nustable?
2) How is the stability or instability affected as A is varied?
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Linearizing 4.8 about the fixed point will answer the first question. The

linear vector field is given by

€= D,ylyo. \o)E. EER" (4.17)

If the fixed point is hyperbolic (i.e.. none of the eigenvalues of Dyg(yo, Ao)
lie on the imaginary axis). we kuow that stability of {yo, Ao) in 4.8 is determined
by the linear equation 4.10. Since hyperbolic fixed points are structurally
stable, varying A slightly does not change the nature of the stability of the

fixed point, thus the secoud answer is obvious [9)].

The simplest case is to start with D,g(yu. Ao) has a single zero eigenvalue
with the remaining eigenvalues having nonzero real parts. Several type of local

bifurcations of fixed points are following,

a) Saddle-node bifurcation: Iu this kind of bifurcation, before and after a
bifurcation value, the nnmbers and the types of the fixed points change.
A simple example of saddle--nude hifurcation can be seen in the following

example. Let’s consider the following example

2= fle.p)=p— 2 e eRL. u e R! (4.18)

here f(0,0) = 0 and f.;—“f,(l).,()) = 0. The set of all fixed points is given by

po=at (4.19)

As seen iu the graph ol 117, (the bilurcation diagram of 4.16) Figure
4.1, there is no fixed poims for 1 < 0 and two for g > 0 one of which is
stable and the other is not. Here the bifurcation point is (x, u) = (0,0)

and the bifurcation parameter is g = 0.[9]



X ey

Figure 4.3 Diagram of saddle—node bifnrcasion.

Transcritical bifurcation: The bifurcation on which the type of the
stability of fixed points exchanges is called as transcritical bifurcation.
The vector field

i=flesp)=pe~at; «€ R', peRrR! (4.20)
here f(0,0) =0 and ';:_Z—f,((l.(l) = 0. Fixed points are given by
=0 w=p (4.21)

As shown in Figure 4.2, for g < 0 there are two fixed points; x = 0 is
stable and & = g is unstable and for u > 0, 2 = 0 is unstable and = p
is stable [9].

<,

e

Figure 4.4 Diagram of trauscritical bifurcation,
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¢) Pitchfork bifurcation: In this kind of hifurcation, when the parameters of
the vector field passing thronugh a certain value both the numbers of fixed
points change and the stability of the existing fixed points exchanges.

The associated example is

= fle,p)=pr -2 reR', peRrR (4.22)

here, as before, f(0,0) = 0 and %{7((). 0) = 0. The fixed points are given
by

e=0. =y (4.23)

as seen in Figure 4.3m for ¢ < 0, there is one stable fixed point, z = 0
and for p¢ > 0, £ = 0 remaining a fixed point. exchanges its stability and
two new fixed points both of which are stable have been created. They

are given by 2% = pu [9].

pes?

Figure 4.5 Diagram of Pitchiork bifurcation.

d) The following example [ur that noubyperbolicity is required but not

sufficient condition for bhilurcatiou.

t=flep)=pu—2*; reR', peRrR! (4.24)

£(0,0) and %(0,0) = () still holds and all the fixed points are given by

3 A oy
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as shown in Figure 4.4, there is no change in both the numbers and the
stability of fixed points [9].

-/
c——— .ﬁk

!

Figure 4.6 Diagram of nonhyperbolic case (No bifurcation).

4.4 Global Bifurcations

The topological character of the phase portrait of a system can change
when a control parameter is varied, so that a bifurcation occurs, without
changing the type of any of the tixed points of the system. In this case the
change in the phase portrait is not noticeable in the neighborhood of any fixed
point, but can ouly be discerned on global scale. Such global bifurcations
are more difficult to detect and do not fall within any generalization which
cousiders only the local degencracy of fixed points [12].

4.5 Poincaré Section

A Poincaré map can be defined as the collection of the points representing
the intersection of the selected Poincaré surface and the trajectories in the
phase space. This mapping is also uselnl for seeing the behaviour of trajectories
in a phase space of dimensionality greater than 4 by eliminating at least one
of the variables of the problem resulting in the study of a lower dimensional
problem [9]. Cousider a vector field near some nontrivial orbit (not a fixed
point) and the surface which is not tangent to the local vector field. The
dimension of this surface is oue less than that of the original phase space.
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Generally, there may be a closed manifold of R, denoted by S*, such that all
points intersect S™ in the saime directional sense within some fixed, sufficiently
large, interval of time, even il there is uo periodic motion. This implies that
7all” points intersect S* an infinite number of times. The map P : S* — S* is
Poincaré map, and this manilold, 5™ is called Poincard surface of section [12].
Consider a plane cutting the trajectories in 2D phase space of a dynamical
system. Every time the trajectory passes through this plane, mark the
trajectory’s coordinate (p,,, ¢, ) on the plane. Then the two latest intersections

can be related as follows:

(Pu-l-l st ) = Tn([':u ‘[n) (426)

The operator T, is deteriiined by the equations of motion and defines
the Poincaré mapping. The Poincaré mapping acts in a space of a smaller
dimensionality than that of phase space. This simplification is paid for by the
effort necessary to find the form of the operator T [13].

4.6 Chaos

Chaos is defined as an  extremely dependent situation on the initial
conditions. The assertion. that a dynamical system’s behaviour is chaotic,
means that the behaviour of the system is unpredictable however accurate its
initial conditions are known. This theory tries to understand and to explain
the systems that are deterministic, obeying the findamental physical laws but
with a predisposition for disorder, complexity and unpredictability. This is
due to that minute changes amplify rapidly through feedback as the system
evolves in time. This means that systems startiug olf with only slightly differing
conditions rapidly diverge in character at a later stage. Such behaviour imposes
strict limitations on predicting a future state. since the prediction depends on

how accurately one can measure the inital conditions,
A linear system does not canse chaos due to the following reasons:

i) Chaotic behaviour arises [rom the nonlinear nature of the physical
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systems, however this does not imply that all the nonlinear systems have
chaotic behaviour. For example, if one applies a periodic force to a linear,
say a mass—spring, system, it will have a steady vibration with the same
frequency as the applied force, after transients. This final motion does not
depend on the system’s initial conditions when the force was first applied. If
nonlinearities are included to the system, then more than one steady-state
solution is produced, and the oune on which the system settles will depend on
its initial conditions. Such a solution need not have the same periodic time
as the applied force, althongh it will usnally be some multiple of it. When
the transients decay, the system may not settle into any regular oscillation but
may continue to vibrate erratically, never quite repeating any earlier maneuvre.

This is a chaotic solution.

ii) A linear dynamical system may have, if it has, only one fixed point
in its phase space. And, the stability of the whole phase space is determined
by this fixed point’s stability. A nonlinear dynamical system, whereas, has at
least two fixed points. And stability of a trajectory is affected by these fixed

points simultaneously.



CHAPTER 5

FORMULATION AND RESULTS

In this study, charged particle motions in a divertor tokamak was
investigated numerically. Three approach submitted in the following sub-
chapters was used. In the first two, the drift motions are neglected, i.e., it is
assumed that particle motions are predominantly parallel to the magnetic field
lines [14]. At the last, the exact particle motion with drifts investigated. In
all of three approaches, the calculations were performed numerically. Adams~
Moulton numerical integration technique was used for integration.

The main goal of this study is to see the effects of nonaxisymmetric
perturbation on divertor tokamaks. The plasma in a modern tokamak is
bounded by a separatrix between magnetic field lines that form toroidal
magnetic surfaces. An ideal tokamak is axisymmetric and the separatrix in
an ideal tokamak is a sharp surface. Asymmetries in the magnetic field -
which is created by the deviations in the tokamak coils from axisymmery,
magnetic perturbations due to plasma instabilities and the effects of special
coils introduced to control the width of the stochastic region— cause the
last confining magnetic surface to lie inside the ideal separatrix to create a
stochastic layer about the unperturbed separatrix. Magnetic field lines in this
layer wander throughout a volume, rather than lying on a surface [14], [15].
All of three models consist n = 1 field error perturbation whose magnitude is
typical of field errors that exist in present-day tokamaks [14].

5.1 First Approach

A simple model of a tokamak defined by three infinitely long, straight
wires with codirectional currents. Here, the plasma body is represented by the
middle wire carrying the current I,. The divertors are simulated by two other
wires situated at Fz., each carrying the current [, with v = I./I, = 0.67, as
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shown in the Figure 5.1.

2.5

Figure 5.1 Current geometry for three straight wires.

The magnetic field for this unperturbed configuration can be written as
follows,

B = Boéy+V x A, (5.1)

where Ay = 8,U(z, 2) and ¥ = BoLlog(rir*r?) and r2 = 22+ r?F2rz cosf.

For numerical calculations v = 0.64; z. = 1.93: the length scale L = 0.06
and Ry = 2.67 was chosen [14]. To introduce the effects of nonaxisymmetry
into the analysis, n = 1 vacuum field perturbation is added to the magnetic
field given above, 6B = V x §A where 6A = é,6R, exp(F;) cos ¢, é; is parallel
to the major axis and ¢ is taken as the toroidal angle.

The field equations are

— =2, =Z=2 (5.2)
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and the magnetic field components are,

B, = a—;f + eexp(—;—o) cos(¢) (5.3.a)

B, = % Bo — sexp( ) sin(4) (5.3.b)
8w

B.= —a—; (5.3.¢)

The magnitude of perturbation is chosen B; = 0.001. The field lines

starting from the vicinity of unperturbed sepa,rg.trix’s X point (z,z,¢) =
(0.0,1.28,0.0), are followed 5000 toroidal turns, with 30 values of zo chosen at
equal intervals between 0.0 and 0.30. Two Poincaré sections were chosen to see
the dynamical behaviour of the system. One is placed at a constant toroidal
station ¢ = 0, and the other, at z = —1.40 which is a possible location for a
divertor plate [14].

Figure 5.2 and 5.3 show the footprints of field lines on the divertor plate
and the toriodal station ¢ = 0; Figure 5.4 and 5.5 are expanded views of lower
and upper X points with increasing perturbation amounts, respectively. In the
axsymmetric case, the section of smooth toroidal magnetic field surfaces and
their destruction to form a stochastic layer can be seen, with the increasing
perturbation. Creation and destruction of stability islands placed in chaotic
region can also be seen. The changing behaviour of the dynamical system gives
a clue about existing bifurcations. In the Figure 5.3, the increasing width of
stochastic layer at the midplane with increasing perturbation amounts is seen.
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Figure 5.3 Effect of the different amount of perturbations on the toroidal station
¢ = 0.0.
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Figure 5.5 Expanded view of the upper X - point



5.2 More Realistic Case

In this subchapter, more realistic case than the one in previous subchapter
will be investigated, but the drift motions of particle will again be neglected.
Therefore, the magnetic field structure will be taken into account, instead of
particle motions. The difference from the previous approach, here, is that
the effects of the poloidal field model induced by three coaxial wires (coils)
representing the plasma current and the two divertor coils of a tokamak was
studied.

In cylindrical coordinates, (R, z,¢), the plasma is represented by a coil
having radius Ry and carrying a current of I, in ¢ direction. Both divertor
coils carry currents are defined by two circle (Rq4, Fz4, ¢) with respect to the
plane of the plasma coil, as shown in the Figure 5.6.

Figure 5.6 Current geometry for three circular wires.

The magnetic field for the unperturbed configuration can be written as

B= Bo% +(B?+ B + B)z + (B:+ Bf + B])z (5.4)
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where £ = R — Rg, h = R/R; = 1+ (2/R;). The superscript + and — are
used to show the field components of the coils placed at z = +2z4 and 2z = —z4,
respectively; while superscript p is for that at z = 0, i.e., the plasma itself.
The magnetic field components are calculated from the following formulae:

B, = 12‘—; x/G%i)?T?[K(k) +11—_kzé2 E(k)]
(5.5)
where
e

the poloidal part of the magnetic field is calculated from the vector potential

§=VXZ¢

where

o[- §) -0

where K and E are complete elliptic integrals of the first and second kind,

respectively.

For B, : I=1 ; po=Ro ; p=Rot+z ; (=2
For By : I=1I; ; po=Ro+za ; p=HRo+z ; (=2z—(%z)
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.LLOIp —
drRoBy qRo

values used for these parameters are

The length scale A = where ¢ is the safety factor. The

zg=0; 24=193; v=0/I,=064; Ry=1/e; €=0.3; X=0.06e

To the above axisymmetric poloidal magnetic field, n = 1 vacuum field
perturbation terms,

8B, = OMByexp(z/Rp)cos(p)
(5.6)

6By = =OMAByexp(z/Ro)sin(¢)

are added and © = 0.001/) is chosen.

Figure 5.7 shows the magnetic flux surfaces without perturbation. Every
field line starting from the vicinity of X point is followed 2000 toroidal turns.
Figure 5.7.a is a toroidal section at ¢ = 0. Figure 5.7.b is the picture of
footprints of field lines on divertor plates and Figure 5.7.c, Figure 5.7.d and
Figure 5.8.e are expanded upper X point, lower X point and midplane views
of Figure 5.7.a. As seen in the Figure 5.7.a, there are two hyperbolic fixed
points. Adding perturbation to this axisymmetric system causes a formation
of stochastic layer nearby separatrix as shown in Figure 5.8. In Figure 5.8.b
and Figure 5.8.c, a hyperbolic fixed point surrounded by a stochastic region
and an elliptical fixed point near the coastline of this stochastic sea can be
seen. This gives an idea about an existing bifurcation between the cases of
zero and non-zero perturbations. Perhaps not in the hyperbolic fixed point
case, but maybe in the stable elliptical fixed point case, one can find the exact
coordinates of this point and, moreover, full path of the periodic orbit which
passing through that point. One should notice the difference between two
phase portraits of straight and circular wires’ systems.
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5.3 True Particle Orbit

The motion of charged particle in a magnetic field can be given as the
superposition of a gyration around the guiding center with the cyclotron
frequency and the motion of the guiding-center. The integrated equation of
motion is the following,

Z - & 3 o
pri vb+ B [mv”b -Vb+ ﬂmVB] (5.7)

where the magnetic moment is y,, = mv|2| /(2B) and b= B/B

As mentioned in the Chapter 3, the total energy ¢ and the magnetic
moment p., are the constants of the motion. é(z, z,¢) is normalizedlby Bo.
The magnetic field configuration is created by three circular wires as the one
used in Section 5.2.

The autonomous equation system is

d d d
d—: = Fy(z,2,4); Ej- = Fi(z,2,4); ;;lqti = Fy(z,2,9); (5.8)

Figure 5.9.a shows the particle orbit starting from the vicinity of X
point (for the stations z = 0.35,0.40,0.45,0.50,0.55 and 0.60; z = 1.30326;
¢ = 0.0) with the (vy,v1) = (0.50,0.25) velocity pair, in the nonperturbed
case. Figure 5.9.b shows the same initial conditions except for the velocity
pair (v, vL) = (—0.50,0.25).

Figure 5.9.c and Figure 5.9.d give the drift surfaces for positive and
negative parallel velocities, respectively, for zero perturbation. The starting
point is X point whose coordinates are (z = 0.344856,z = 1.30326). Figure
5.10 shows the dynamical behaviour of the system with the positive parallel
velocity (vy,v.) = (0.50,0.25). Orbits were started at the 20 station for
(036 > z < 0.59; z = 1.30326; ¢ = 0.0). Perturbation amplitude was
taken as © = 0.001/). The magnetic field’s and the particle orbit’s dynamical



50

behaviour in the phase space look like each other, qualitatively, for positive
parallel velocity. The effect of direction is important, as one can see in the
Figure 5.11. Here, all the initial conditions but v are taken the same as
Figure 5.10. v = -0.5.

Figure 5.12 shows the effects of perturbation on the velocity space
(v, v1), for the orbits starting inside of the separatrix (z = 1.26; z = 0.0;
¢ = 0.0) and outside of the separatrix (x = 1.35; z = 0.0; ¢ = 0.0).
The number of toroidal turns (not exceeding 200) made by each orbit before
it intersects a plate. The sharp boundary in the zero perturbation case
becomes smoother for perturbated case, showing the stochastic widening of the
boundaries of loss regions. The banana orbits were showed by the character

7(7.

Figure 5.13 shows the topological character of a stable orbit with non-
zero perturbation. The orbit (z = 0.489; z = —1.4; ¢ = —0.4; (v = —0.95;
vy = 0.81) lies on a irregular sectioned tube closed on itself after 5 toroidal

turns. Pictures indicate the various toroidal stations.

When investigating a dynamical system, the first step is to find, if exists,
the fixed points. Then by linearizing the dynamical system around this point,
the type of its stability can be found. In the dynamical system considered in
this study for the particle motion, if the initial velocities are zero, every point
of the whole physical space may be considered as fixed point. Since they are
not isolated, it is meaningless to try to find their stability behaviour. This
result may be found by thinking the physics of the system. As indicated in
the Chapter 3, a magnetic field does not do any work on a charged particle.
Thus if a particle is put in a magnetic field with an initial amount of kinetic
energy, this energy is conserved along the trajectory. A charged particle in a
magnetic field with zero initial velocities will remain at rest. No fixed point can
be found with non-zero initial kinetic energy. The next thing to be considered
is whether or not a periodical orbit exists. Figure 5.14 shows two different
views of a periodic orbit with indicated initial conditions. In this picture,
dots represent the possible location of the main plasma body. In 2D Poincaré
sections, Figure 5.11, mapping of this orbit is seen to be a center typed one,
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and to have Lyapunov type but not asymptotical type stability.

Figure 5.15 shows the dynamical behaviour of a trajectory under
increasing perturbation amounts. Passage from the coherent structure to chaos

is clearly visible.

In order to study the particle motion, we see, in this study, that one
should consider true particle equations, although this computation is long and
tedious. Because the dynamical behaviour of a particle is quite different than

what magnetic field structure can simulate.
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Figure 5.14 Different views of a periodic orbit. (v = ~0.5;vL = 0.25;
To = 0.49064; 20 = 149935, ¢o = 00)



57

T
e < i Baws
IR .06l
] < ' pYs ot
) | H - a :
oy <nd i e I
A < ¢ R :'
g <« i ] :
Ly [ x H Bans
P <« pre
g™ <] g™
- <« ]
prs < ey
42 <0 e
o R i <
AT UF LD AN A A D LY L A D LN (X W1 AR U3 U LT AD N O L WD Y 0 O - UT UF A LD A A0 OE LY AT e LT L O
3 . t R i .
A ~ by
<« ' A R :
R . i N o % N :
< C o : pon
o : <o H ¢ s : ’
< . <t : 4 .
e L oo . e E
pTs S of g . E™
v .
s i k™
<« < ]
£1%4 - . A
LIy <n <
2, i At
3 2 SI3 O LI LD 1D QR L N0 AP 110 O 7 AD 4D LI LF A B OW LON 65D §37 3 OE) AN 1Y UD LB OADE A0 D LY e U T LN LR
1 1 §
o 3
<4 ” o g
1x LB Az :
un i mi o
<] , H :j a4
<o i v haoe <) o .
. {o.se
o i ) o Aoy . k.oise
< ] . P g .
e D ooy oum 3 .
e * <« a ’ “
<59 pr™ p™
™ <l ]
<« <m . . -
<) <o) )
P <« an
« w2 oo i

£3 M% U X IT A0 O A9 M 1 LT (O LR

M AD RGN G AD 1N O GO L0 AT A L
X 1

7 KT AT ATR L LD W O Lt IS0 AW e
3

S abpEleuretecet
§

b bEebseRbaeetete
b BB ESEEELEEE S LS

N AF A3 LF AT LR LN AF AP U LT LN (LY

1 UP W AN A GR RE Y LP L AT UK £ WP VD A AT 40 4N ¥ WP M LT LN O

Figure 5.15 Effect of increasing amount of perturbation on a trajectory.



CHAPTER 6

NUMERICAL SCHEME

The ordinary differential equations which governs the motion of the
particle are integrated by well-known Adams-Moulton method, after obtaining
the necessary four initial values from the Runge-Kutta method. The 4th order
Runge-Kutta method is given as following [16],

1 1 1 1
n+l = Yn = =k > = 5 .
Ynt+1 y+6k1+32+37€3+6k’4+0(h) (6.1)
where,
1 1
kv = hf(zn,yn) : i k2 = hf (zn+’2‘h1yn+§kl)
i 1

k3 = hf($n+§hayn+‘2"k2) ’ k4 = hf(zn+hayn+k3)

and two step (predictor and corrector steps) of Adams-Moulton method are
following respectively [16],

h 1 ! ! 1
Ynt1 = Yn + ﬂ(55yn - 59y'n.-l + 37yn—2 - gyn—S) + O(h5)
(6.2)

h ! ! ! ’
Ynt1 = Yn + ﬂ(gyn&l + 1gyn - 5yn—1 + yn—2) + O(hs)

When déa,ling with a problem consisting highly dependence on initial
conditions, one needs an almost perfect, if possible, numerical integration.
Although there are some non-physical numerical perturbations, such as
truncation and round-off errors, these sources of perturbations should never
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interfere with the physical problem, especially in the problems like the one in
this study. The used numerical technique must have proved itself about not
producing non-physical results, even after large integration steps. This test
may be performed under the zero perturbation condition, i.e., a particle may
be taken from one point with a pair of velocity and followed, say 5000 toroidal
turns and checked if it still remains on its drift surface or not. But taking zero
perturbations cause to drop some terms out in the differential equations and
may be source of doubt about the non-zero perturbations case. To be sure
about the numerical technique, in this study, a particle whose trajectory stable
and lies on a surface with non—zero perturbations were followed 15000 toroidal
turns (about 9 x 107 integration steps). Results are presented in Figure 6.1.
Figure 6.1.b and 6.1.c shows the blow-up view of the rectangular area of the
preceding picture. Here, the importance of the number of digits used in the
calculations must be stated. All the computations throughout this study were
done for 19 — 20 decimal digits, a property offered by Turbo Pascal 6.0 in
extended declaration. To take less had caused some numerical problems.
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Figure 6.1 Results for 15000 toroidal turns (© = 0.001/X).




CHAPTER 7

CONCLUSION

Particle motion in a double-null, poloidal type divertor tokamak was
investigated numerically, under following conditions,

i) The velocities were non-relativistic.
ii) Just the ion motions were considered.
iii) Guiding-center approximation was used.

iv) The diffusion effects were neglected.

Chaotic and coherent structures were observed in the phase space of
system. The pattern of heat deposition of particles on divertor plates has
more complicated structure than suggested before, since the phase space of
particles involves more complex structures than that of magnetic field lines.
The boundaries of loss cones of particles in velocity space resulting from
interception of orbits by divertor plates become gradual transitions due to
the chaotic wandering of drift orbits. The used Adams-Moulton integration
scheme showed great performance throughout the study.

The next stage of this study will be the investigation of the effect of a
transversal electric field on the particle drift orbits. It is hoped to show that
an existing electric field plays an important role on the transition between
L-mode and H-mode giving better confinement in divertor tokamaks.
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