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ABSTRACT

ELECTROSTATIC CORRELATIONS IN
INHOMOGEONOUS ELECTROLYTES

Pezhman Ebrahimzadeh
M.S. in Physics
Advisor: Sahin Buyukdagli
July 2018

The field-theoretic approach is used to obtain the self-consistent equations for in-
homogeneuos symmetric electrolytes. The perturbative Green’s function method
is used to solve these self-consistent equations for an electrolyte in contact with
a charged dielectric membrane wall up to one-loop level. We show that the per-
turbative solution includes the nonlinear correlation effects originating from the
competition between the salt screening deficiency close to the membrane surface
and charge fluctuations in the ionic cloud. At biologically relevent model param-
eters, the correlation corrections give rise to the charge inversion phenomenon
where the average electrostatistic potential changes its sign and the negatively

charged membrane wall aquires an effective positive charge.

Keywords: Inhomogeneous electrolytes, Field theory, Self-consistent equations,

Debye-Hiickle theory, Mean-field electrostatics, Charge inversion.
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OZET
TURKCE BASLIK

Pezhman Ebrahimzadeh
Physics, Yiiksek Lisans
Tez Danigmani: Sahin Buyukdagli
July 2018

Alan teorisini kullanarak ytiklii elektrolitlerin elektrostatik variasyonel hal den-
klemlerini ckariyoruz. Negatif yiikli bir sicim yiizeyi ile temas halinde bir
elektrolit icin, bu hal denklemlerini Green fonksiyonu yontemiyle pertiirbatif
olarak ¢Oziiyoruz. Pertiirbatif ¢oziim, ion rezervuarindaki ve sicim yakinindaki
ekranlama kapasitesinin rekabetinden dogan elektrostatik korelasyon etkilerini
icermektedir. Biolojik model parametreleri segildiginde, bu korelasyon etkilerinin,

eksi yiikli sicimin net yiikiiniin artiya ¢evirdigini gosteriyoruz.

Anahtar sozciikler: Inhomogeneous electrolytes, Field theory, Self-consistent

equations, Debye-Hiickle theory, Mean-field electrostatics, Charge inversion.
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Chapter 1

Introduction

Electrostatic forces are of primary importance in determining the physico-
chemical properties of various systems, from macroscopic surfaces immersed in
electrolytes to biological systems [1]. Electrostatic interactions for these charged
systems have been extensively studied within the regimes of Debye-Hiickle (DH)
and Gouy-Chapman (GC) [2, 3, 4, 5]. The DH theory for bulk electrolytes ex-
plains the departure from the ideal gas behaviour, which arises from the screen-
ing effects induced by the mobile ions of a solution confined to planar membrane
walls. Being a linear theory, the DH approximation neglects, however, the total
ion depletion in the membrane and is valid only if the surface charge density is
low or the salt concentration of the system is large enough [6]. In the GC regime
of strong surface charges or low salt concentrarion, the Poisson-Boltzman (PB)
theory is accurate enough to study the effects of the double-layer assembled near
a charged surface. However, being a mean-field (MF) theory, it ignores ionic
correlation effects and image charge interactions between mobile ions and the

membrane.

The PB theory deviates considerably from Monte Carlo simulations for divalent
ions near the weakly charged membrane walls [7]. A very successful method to
improve PB theory was developed by Kjellander and Marcelja [8] who introduced

the hypernetted chain (HC) approximation, bringing significant corrections to



the PB theory and unraveling the attractive double-layer forces due to ionic
correlations. Despite producing accurate results that agreed with simulations
and experiments [9], the HC approximation was complicated and involved heavy

computations for every set of problem.

Being the main cause of failure of the PB theory, ionic correlation effects give
rise to striking phenomena such as charge inversion [10, 11, 12] and like-charge
attraction [13, 14, 15, 16]. Within a field-theoretic appraoch, a systematic study
was carried out by Netz and Orland who formulated the nonlinear correlation
effects [17]. Their variational theory that goes beyond the PB approximation
adds corrections in a loop wise expansion [18]. The efficiency of their work stems
from the fact that through a coupling parameter qualifying the strenght of corre-
lation corrections to the mean-field solution, the theory covers a large interval of
electrostatic coupling strength from MF PB to the intermediate coupling regime.
For other field theoretic methods one can mention the works by Podgornik and
Zeks [19, 20|, by Lau et al. [21, 22, 23], and by Buyukdagli et al. [24, 25].

The self-consistent (SC) equations derived by Netz and Orland are, however,
highly complicated to be solved analytically for the whole electrostatistic cou-
pling regime. My master thesis work presented herein consists of expanding
these SC equations in terms of the electrostatistic coupling parameter and solv-
ing analytically the corresponding one-loop level equations for a symmetric elec-
trolyte in contact with a charged membrane. This study is based on the works
by Buyukdagli et al. [24, 25].

The thesis is organized as follows. In chapter 2, we present the field-theoretic
formulation of charged systems. Within the DH regime, we derive the electrostatic
Green’s function for dielectric planar interfaces without mobile ions. Thus we
derive the mean field linear and nonlinear Poisson-Boltzman equations as the
saddle point solution of the field theory. In chapter 3 the SC equations for an
inhomogeneous symmetric electrolyte are derived. Therein, we use the method of
perturbative Green’s function to solve the SC equations in a loop-wise expansion
for a single planar interface in contact with the electrolyte. The final part of the

thesis is devoted to the description of the charge inversion phenomenon originating



from charge correlations in the inhomogeneous electrolyte.



Chapter 2

Field-theoretic formulation of

charged systems

2.1 Canonical ensemble partition function

In this chapter, we first formulate the partition function of an electrolyte system
in terms of a functional integral over the configurations of a fluctuating potential,
rather than in terms of the ionic position fluctuations in the system. This goal will
be achieved by making use of the Hubbard-Strantonovich transformation derived

in the Appendix Al.

The canonical partition function of the electrolyte, composed of p ionic species,
each species i containing N; ions, can be expressed in terms of the ionic position

fluctuations as

p N;
Zc = H H/drzjef %drdr’p(r)vc(nr’)p(r’)+Wi(I'ij)’ (21)

i=1 j=1

where we introduced the charge density function
P N;
pr) = g Y dr—1y)+o(r). (2.2)
=1 j=1
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The first and second terms on the r.h.s of Eq. (2.2) correspond to the contribu-
tions from charges and fixed charges, respectively. Moreover, in Eq. (2.1), v.(r, ')
is the electrostatic interaction potential between mobile ions, and the potential

Wi(rij) accounts for hard-core ion-surface interactions.

In a bulk electrolyte, the interaction potential is the well-known Coulomb

potential
lp
r—r|

where lp = €%/(4ne, kpT) stands for the Bjerrum-lenght and e, ~ 80 the di-

ve(r, 1) =

electric permittivity of water. The Bjerrum length [z is the separation distance
at which the electrostatic interaction between two elementary charges is equal to
the thermal energy kgT. One notes that at ambient temperature 7' = 300 K, the

Bjerrum lenght becomes /g ~ 0.7nm.

Applying the HS transformation given by Eq. (A.19) to the canonical partition
function in Eq. (2.1), the latter becomes a functional integral over the fluctuating
potential ®(r),

p N
kpT , ~ ) /
Z = HH/drz‘j/D@e_zBéfdfdr P(r)ve " (r,r) 0 (r')

=1 j=1
y ei [dr Z:le @ Z;\’:ﬁl 8(r—ri;)®(r)+i [ dro(r)®(r)—W;(rs;) . (24)

Using now the definition of the Coulomb kernel operator
kgT

e2

V, - e(r)V,d(r — 1), (2.5)

v, Hr, 1) = —

the partition function Eq. (2.4) becomes

p N;
7 — / Dq)e*%fdrs(r)(V¢)2+z'fdw(r)fb(r)HH / drye” Wil i) (9,6)

i=1 j=1

Because ions of each species are identical, one can change the integration measure

as dr;; — dr. Finally, the canonical partition function takes the form

P Ni
7 = / Do Lr [ dre(@)(Ve)>+i [ dro(r)d(r) [ / dre—Wi“)”qiq’(“)] . (27)
=1

(]
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2.2 Passing from canonical to Grand-canonical

Ensemble

By definition, the grand-canonical partition function is related to the canonical

Zg = H Z %ZC[NJ? (28)

i=1 N;=1

one as

where \; = €% is the fugacity and j; the chemical potential of the ionic species i.

Substituting the canonical partition function Eq. (2.7) into Eq. (2.8) and using the

oo an
identity E ~ e”, the grand-canonical partition function takes the compact
n!
n=1

Za = / DPeH1®] (2.9)

with the Hamiltonian functional

I_ kT
2e2

/ dre(r)(V®)? — i / dro(r)®(r) — Z:A / dre= Wit +iai®®) (2 10)

The first term is the electrostatic free energy of pure solvent. The second term
accounts for the presence of fixed macromolecular charges of density o(r). Finally,

the third term takes into account the mobileions in the solution.

It is also possible to compute the statistical average of the number density of
mobile ions in the system by simply taking the functional derivative of the Grand

partition function with respect to potential W;(r),

) =~

. (2.11)

Considering the definition of the Grand potential Wg = —kgT log Z¢, Eq. (2.11)

can also be expressed as
We

(pi(r)) = W) (2.12)
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Figure 2.1: Slit pore geometry with wall separation d. The dielectric permitivities
of the pore and membrane area are, respectively, ¢,, and &,,. In the single interface
case obtained in the limit d — oo, the wall located at z = 0 can carry a fixed
charge distribution —o,, < 0. See Ref. [24].

2.3 Electrostatic Green’s function of elec-
trolytes in contact with planar membranes:

dilute electrolytes

In this section, within the dilute ion regime where charge screening can be ne-
glected, we compute the electrostatic Green’s function v(r,r’) of a single ion in
contact with planar single and double interfaces (see Fig. (2.1)). Using the defini-
tion of Coulomb kernel operator Eq. (2.5) and the identity [ dr"v(r—r")v=(r" —
r') = 0(r — '), one can derive the Laplace equation for the Green’s function

o2

 kgT

V- e(r)Vue(r,r') = d(r —r'). (2.13)

We note that Eq. (2.13) does not account for the salt screening induced by mobile
ions. In the following chapter, a modified kernel containing the ionic screening

effects will be considered.



First, we consider an ion in contact with a planar interface located at z = 0
and parallel with the xy-plane. The dielectric jump between the membrane and

the solvent with respective dielectric permitivities ¢, and €, can be expressed as
e(r) = enb(—2) + cub(2), (2.14)
and the planar symmetry of the system can be written as
ve(r, 1) = we(r) — 1)), 2, 2). (2.15)

Exploiting this symmetry, the Green’s function can be Fourier-expanded as

/ N dzk ik-(r—r)) ~ i /
Ve(T) — 1), 2,2") = o )26 =170, (k; 2, 2'). (2.16)
7r

Inserting Eq. (2.16) into the Laplace relation Eq. (2.13), one gets two differ-
ential equations for the membrane and solvent part of the system,

62

Em|0? — KHoe(k; 2, 2) = — §(z—2"); for 2 <0 (2.17)
kT
2
ew|0? — K)(k; 2, 2)) = — ¢ §(z—2"). for 2 >0 (2.18)
kT

Solving these two equations for z > 0 and joining the solutions by imposing the

boundary conditions

lim 0.(k;e, 2") = lim 0.(k;e, 27), (2.19)

e—07t e—0~
lim o(k;z =2"4¢2") = lim 0(k;z = 2’ —¢,2), (2.20)

e—0t e—0~

, 0v.(k; €, 2') . 0v.(k; €, 2')
lim g, AN G2) _ iy o ZAEEGZ) 2.21
P 221
v v
= - == = —4nl 2.22
0z z:zﬁr 0z 2=z el ( )
one gets l
2 / /

Ue(k; 2, 2') = %[6_1’” e+ Ae™H ek, (2.23)

Substituting the solution into Eq. (2.16) and evaluating the integral, we finally

obtains
4rlp 4rlg A

= ; —+ ,
r—r'[  \/|r — /]2 44z

8

ve(r — 1) (2.24)



where we defined the dielectric jump function A = (g, — €,n)/(€w + €m). One
should note that in a bulk solvent, Eq. (2.24) reduces to the standard Coulomb
potential in bulk space, i.e. v.p(r —r') = 4nlg/|r — 1’| for €, = €,,,. Thus, the
second term of Eq. (2.24) takes into account the image-charge effect resulting

from the presence of the dielectric membrane.

An important quantity that should be taken into consideration is the renormal-
ized self-energy of the system. The latter corresponds to the equal-point Green’s
function, regularized by subtracting the bulk self-energy,

Eserp = lim [v.(r, 1) — vep(r, 1)) (2.25)
r'—r
The self-energy (2.25) corresponds to bringing an ion from vacuum to the finite

distance r from the charged plate.

From Egs. (2.24) and (2.25), the ionic self-energy for the single-interface ge-

ometry follows as
Alp

@)

Eq. (2.26) corresponds to the electrostatic interaction potential of a point ion

Eself = (226)

interacting with its electrostatic image of charge Ae, located at the distance
d=2z.

For the double-interface configuration, one can follow the same lines. Although
there still exists a plane symmetry, a change in the dielectric permitivity function
should be introduced. One can place the second plane at z = d. The the new

dielectric permitivity function becomes
e(r) =enl0(—2)+60(z — d)] + £,0(2)0(d — 2). (2.27)

Consequently, Green’s function for the double-interface configuration becomes

4ml
o — 1) = |r7if,‘ + 60, (1, ), (2.28)
with the pore component
d2k ik-(r ,r/)QWlBA 1
buler) = / T S e

X |:€_k(z+z') + ekC+2'=2d) L 9N cogh k|2 — Z’|] . (2.29)

9
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Figure 2.2: Self-energy (2.30) of an ion located in a neutral slit pore, with the
planes located at z = 0 and z = d. The values of the dielectric jump function is
given in the legend.

Although the Green’s function Eq. (2.29) does not present a close form expres-
sion, one can analytically derive the self-energy of the ion in the double-interface

as

EHAY | BRI 5250 CA) g
z d—z a7 |

[e.o]

(@)n(b)n 2"
where o Fy(a,b;c; z) = Z —_
—~ (c)n n!

troduced the constant C'(A) = log(—A) + log(A) — log(—A?) — 3log(1 — A?).

is the hypergeometric function and we in-

In the single-interface limit d — oo, Eqs. (2.29) and (2.30) naturally reduce to
Egs. (2.24) and (2.26) of the single interface geometry.

2.4 Mean-field approximation

The concept of mean-field theory (MFT) is widely used for the description of
many-body systems. The idea behind the MF approximation consists of treating

the dynamics of the system by considering the interaction of a single particle with

10



the remaining ones through its coupling with the average potential created by the

other particles, rather than taking into account all mutual two-body interactions.

In field theory, the Hamiltonian may be expanded in terms of the magnitude
of fluctuations around the mean-field. In this sense, MFT can be considered as
the ”zeroth-order” expansion of the Hamiltonian in fluctuations, i.e. MFT does

not include fluctuations.

The functional expansion of the Hamiltonian H[®] around the mean-field, up

to the second order, reads

0H
0P(r) mef(q)

+1/dd’(<1> D)ol (@ — @pf)er,  (2.31)
5 | T ™) 5% ()0 (x) |0, miE

H[CI)] ~ H[(I)mf] -+ dr — q)mf)r

with the condition that the mean-field potential satisfies the saddle-point equation

OH
95 (r)

=0. 2.32
. (2.32)

Substituting Eqgs. (2.31) and (2.32) into Grand-partition function (2.9), one gets

Za

Q

2
/ Do H1®msl=3 J drdr!(@—®pp)r g It (0=

_ e—H[quf] /che—;fdrdr’(q)—i’mf)rvl(r,r’)(q)—i’mf)r/

= e H®msldet 2y (r, ). (2.33)

Deriving Eq. (2.33), we introduced the kernel operator

0*H

)= Sew)oem) (2.34)

v (e, T
Thus, the weak-coupling Grand potential becomes

1 1
We = —kpTlog Zg = H[®,¢] — 3 log det[v(r,r")] = H[®,nf] — St log[v(r,1)],
(2.35)
where the first term corresponds to the mean-field grand potential, and the sec-

ond term to the correlation correction including quadratic fluctuations around

11



the mean-field solution. Moreover, using Eq. (2.35) in Eq. (2.12), the MF-level
average ion density follows as

_ OH[®py]

(pi(r)) oI, (2.36)

Injecting the Hamiltonian Eq. (2.10) into the saddle-point Eq. (2.32), one

obtains the nonlinear Poisson-Boltzman (PB) equation

kT

e2

V- (@) VO] +io(x) + > idigge VI TuEns = 0, (2.37)

Before solving this equation, we should first relate the ion fugacity A; to the
reservoir density pp;. To this end, we inject the Hamiltonian (2.10) into Eq. (2.36)
and take the bulk limit where ®,,7(z) = 0. This yields \; = pp. Then, we
introduce the real potential defined as U,y = —1®,,;.

We first consider the linear PB equation. The latter is obtained by expanding
Eq. (2.37) at the linear order in W,,¢(r). one obtains

62

—kBTU(r).

Vo [e(@) VW (r)] — rpe(r) Unng(r) = (2.38)

Here, Ky is the Debye screening factor defined as ki = 4wl Y 7| prig?. inverse

! called the Debye-Huckle length, corresponds to the characteristic radius of

Ky
the counterion cloud surrounding the central charge. For a slit pore possessing

plane symmetry, Eq. (2.38) takes the form

) U (2)] = ) Vg (2) = 0 (2), (2.39)

with
0(z) = —0,0(2) (2.40)

for a single plane with charge density o,,, and
0(2) = —op[d(2) + 0(z — d)], (2.41)

for a charged slit.

12



do,, d®,,

! = 4rlgo,, and ! =
dz lz=0+ dz lz=0-
—4mlpo,, one finds that, the solutions to the linear PB equation (2.39) for single

Taking into account the Gauss’ laws

and double-interface geometries are respectively given by

— 4l
Upp(z) = — LM, (2.42)

Kb
Uop(z) = _47:;3% COS;EZ’((Z; /;)Z)] . (2.43)

We explain now the solution of the non-linear PB equation for the sin-
gle charged interface system. For a symmetric electrolyte with bulk densities
pv+ = pp and valencies ¢z = £¢q, Eq. (2.37) becomes

d2v,, ; e?
? r_ Ky sinh(U,,;) = —kBTJ(z),

(2.44)
where o(z) = —0,,0(2)

In order to solve Eq. (2.44), we multiply the latter by the factor de,,s/dz.
This yields

AUinp(2) P*Wmp(2) 5 dWms(2)

G a e Snh((2) (2:49)
= 5T (T) — Ry cosh[¥,,¢(2)] = 0. (2.46)

Now, by integrating the latter equation and imposing the boundary condition

lim W,,¢(z) = 0, after some algebra, one gets
Z—r 00

dW,.s(2)

o + 2ry sinh[W,,¢(2)/2] = 0. (2.47)

do,,
/ = 4mlgo,, and the

Integrating Eq. (2.47), and imposing Gauss’ law

z=01

z
B.C. lim V,,f(2) = 0, the MF-level average potential finally follows for z > 0 as
Z—00

1 — e—nb(z+20)]

U, (2) = 2In [ (2.48)

1 + e—sb(z420)

where |zg|= arcsinh(s)/k;, stands for the characteristic thickness of the interfacial
counterion layer, s = kpu the dimensionless parameter that quantifies the com-

petition between the bulk and interfacial charge screening, and p = 1/(2wqlgo,,)

13



the Gouy-Chapman length corresponding to the characteristic thickness of the

interfacial counterion layer in the Gouy-Chapman regime where |zo|— p.

According to Eq. (2.36), the number density in the MF regime reads
pi(z) = ppeTms?), (2.49)

Eq. (2.49) shows the exponential dependence of the ion density on the external
field ¥(r).

There exists two asymptotic regimes for the electrolytes in presence of charged
membranes. The Debye-Hiickle (DH) regime that corresponds to the weak sur-
face charge or high salt cocentration (s > 1) and Gouy-Chapman (GC) regime

corresponding to the strong surface charges or dilute electrolytes (s < 1).

Expanding the nonlinear MF potential Eq. (2.48), and using the identity
In (H—I> =2z + 22° + O(2), one gets

l—z

U, (2) = —deme(&H0), (2.50)

Expanding the exponential factor e " for large values of s, one obtains the

linear PB solution Eq. (2.42) for the single charged interface system.

Fig. (2.3) shows the deviation of the DH level counterion density near the
strongly charged membrane (s < 1) from the nonlinear PB solution. The coun-
terion densities tend to the bulk density at large distances from the membrane.
The DH theory remains accurate for the large values of s corresponding to the

DH regime.

14
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Chapter 3

Charge correlation in

inhomogeneous electrolytes

3.1 Self-Consistent Formalism for Symmetric

Electrolytes

In the previous chapter, we investigated the Poisson-Boltzman (PB) formalism
for electrostatic interations in electrolytes. Being a mean-field approach, the PB
formalism neglects ionic correlations. We derive here a beyond-MF theory of

electrostatic interactions where charge correlations are taken into account.

The starting point for deriving the self-consistent (SC) equations relies on the
fact that due to the vanishing electric field at the system’s boundaries, the path
integral is invariant under an infinitesimal change of the fluctuating potential,
®(r) — @(r) + 6®(r). This condition can be expressed by the compact form of
the Schwinger-Dyson equation [26],

0
D® —H[®]+ [ drJ(r)®(r) —0. 1
/ o) e 0 (3.1)

We express now the Hamiltonian (2.10) in the case of a symmetric electrolyte

16



composed of two ionic species,
Vo(r))?
H[®] = / dr[ﬂ . ia(r)@(r)] pY / dre® Vo ® coslqd(r)],  (3.2)
87TZB(I')
with V,,(r) the wall potential that restricts the space volume accessible to ions,
E; = ﬁ’ub(r —1') the ionic self-energy in salt-free water, and v%(r) = Iz /r the

2 Ve .
Coulomb potential in a bulk solvent. Inserting this Hamiltonian into Eq. (3.1),

one finds

/ D [kBTV (D) V() + io(r) + 2rigeP Vo sin[gd(x)

62
—I—J(I‘) 67H[<I>]+fer(r)<I>(r) - 0. (33)

Setting J(r) = 0, and using the statistical average definition in Eq. (A.21), one

gets the following equation of state for the average electrostatic potential,
kgT

2

V- e(r)V(®(r)) +io(r) — 2Xqe™ " (sin[g®(r)]) = 0. (3.4)

e
Moreover, taking the functional derivative of Eq. (3.3) with respect to J(r'), one
obtains a second equation for the spatial correlations of the potential ®(r),

kgT
e2

V- e(r)V(@(r)2(r')) + io(r)V (&(r'))
—2Xiqe ™V (D (1) sin[q®(r)]) = —5(r — 1'). (3.5)

Using the relations derived in Appendix. (A.2), one can evaluate the statistical
averages in Eqs. (3.4) and (3.5), which finally yields the self-consistent equations

for a symmetric electrolyte,
2

Ve(r) - Véo(r) — e(r)r2e V=55 ginh[ o (r)] = — ]: qTa(r); (3.6)
B

2

Ve(r)-Vo(r,r') —e(r)rie” o~ 70 coghlgy (r)]o(r, 1) = —]: qT(S(r—r’), (3.7)
B

2
where we used the relation \; = pbie_%“blB between the ion fugacity and bulk

density, and introduced the renormalized self-energy

sv(r,r) = lgky + v(r,r) — 02(0). (3.8)

The relation (3.6) is a modified PB equation for the fluctuating external poten-
tial induced by fixed surface charges, and Eq. (3.7) corresponds to the generalized

Laplace equation that accounts for the non-uniform screeening by mobile ions.
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3.2 Perturbative solution of SC equations

In order to solve the SC equations, we use the perturbative one-loop (11) approach.

To this end, we first expand the average potential around the mean-field potential,

Po(r) = Ppp(r) + Agho(1), (3.9)

with the perturbative coefficient A < 1 measuring the importance of ionic corre-
lations. By multiplying the modified self-energy that accounts for ion correlations
by the same perturbative coefficient A, the modified PB equation (3.6) takes the

form

V- e(r)VO,,f(r) + AV - e(r)Vigpy(r)

2 —
—5(1‘)/@%3in7>‘76”(1‘¢) Sinh[q)mf -+ )\(5¢0] = kej?U(I‘). (310)
B

Using the identity
sinh[®,, r + Adgo] = sinh(P,,r) cosh(Ad¢pg) + cosh(Py, ) sinh(Adgy),  (3.11)

and expanding the terms sinh(Ad¢y) and cosh(Adgg) in terms of A, Eq. (3.9)

becomes

V- e(r) VP4 (r) + AV - £(r) Voo (r) — e(r)rje "™ [1 - /\%261}(1“, r’)]

2

X | sinh(®y,, ) + Mg cosh(@mf)} E— (r). (3.12)

o
sl

Rearranging Eq. (3.12) with respect to powers of A\, one obtains the differential

equations for the mean-field potential and the one-loop correction

V - e(r) VP (r) — e(r)r2e " sinh[®,,f] = _€q20(r); (3.13)
kT
V - e(r)Vogpo(r) — e(r)rpe " cosh[®,,f] 6o
= —q—25(r)/<;ge_‘/w sinh[®,, ¢]ov. (3.14)

2

The MF Eq. (3.13) has been previously solved for the single interface systems in
the previous chapter(see Eq. (2.48)).
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Following the same steps for the generalized Laplace Eq. (3.7), one gets the

following differential equation for the 1l-level Green’s function,
2

[V - e(r)V — e(r)kje™ " cosh[®,,¢(r)] |v(r,T)) = k_eT(S(r —r). (3.15)
B
Introducing the 1l-level Green’s operator associated with Eq. (3.15),
kgT
v e, 1) = — 52 [V - e(r)V — kie(r) cosh[([)mf]e’vw] o(r —r'), (3.16)

and using the definition of the Green’s function [ dr”v~!(r,r")v(r”,v') = 6(r—r’),
the 11 potential correction follows from Eq. (3.14) as
2

5¢0(r):—""f—f dr'[%a(r)nge_v“’sinh[@mf(r')]év(r')}U(r,r'). (3.17)

For systems with planar symmetry, Eq. (3.17) simplifies to

5¢0(2) = poq* /Zmaz dz| sinh[®,, ¢ (2])]0v(2])0(z, 21; 0). (3.18)

Zmin

where z,,;, and z,,,, correspond to the lateral boundaries of the electrolyte.

At this point, one should calculate the Green’s function in order to find the
fluctuating potential. Using Eq. (2.16), the generalized Laplace equation for the

Fourier-expanded Green’s function follows from Eq. (3.15) as

0 0 —e?
—e(2)5-0(k 2, 2) — &(2) [k? + w2 cosh[@, ]| (k; 2, 2') = k:Ta(z —2). (3.19)
In the present case of the single charged plane, injecting the mean-field potential

Eq. (2.48), and using the identity

cosh [®,,7(2)] = 1 + 2csch?®[ky(z + 20)], (3.20)

Eq. (3.19) becomes

0 J _ ) - /
as(z)av(k; 2,2') — e(2)[p} + 22 csch®[ky (2 + 20)]0(k; 2, 7)) =

—e?

kT

oz — 2),
(3.21)

where we defined the screening parameter pi = k% + r3.
For ions located in the right half-space, i.e. 2/ > 0, the solution of Eq. (3.21)
can be written in three distinct regions as
0(k;z,2) = A(Z")hy(2) forz > 2/, (3.22)
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0(k;z,2) = B(z)h_(2) + C(Z)hy(z) 0<z< 2, (3.23)

0(k;z,2) = D(Nh_(2) 2<0, (3.24)
where the homogeneous solutions hy(z) were found by A.C.W Lau in Ref. [21] in
the form

hi(z) = 77|15 fe coth[rp(z + zo)]] : (3.25)
Pb

The coefficients A(z'), B(Z'), C(z'), and D(z") will be found by imposing the usual
boundary conditions associated with the continuity of the electrostatic potential

and the displacement field,

lim o(k;e,2) = lim 0(k;e, 2'); (3.26)
e—07t e—0~
lim o(k;z2=2"+¢2) = limok;z=2 —¢72); (3.27)
e—0t e—0—
v v
i — 4 —| 2
el—lg1L €(Z) 07z lz=¢ E—1>r(I)1* ° 2) 0z z:e’ (3 8)
v v
— - = = —A4nlp. 3.29
0z z:zﬁr 0z z=z" s ( )

After some algebra, the Fourier-transformed Green’s function follows as

2l py
k2

O(k;z,2') =

[hi(z)h—(25) + Ah_(2<)h—(25)], (3.30)

where we introduced the variables z. = min(z, z’) and z» = maz(z, 7'), and the

delta function

_ ki esch(rpzo) + (o — nk)[py — ki coth(kpzo)]

3.31
ki esch(kpzo) + (oo + nk)[po — Ky coth(kp20)] (3:31)

including the dielectric discontinuity parameter n = &,,/e,. Because the one-
loop expansion is valid for dielectrically continuous systems, from now on we set

Em = Ew-

In order to calculate the one-loop external potential (3.18), one needs exclu-
sively the infrared (IR) limit of Fourier-transformed electrostatic Green’s function,
0(k — 0; z,2’). To this end, we first expand the functions h.(z) and A in powers
of k,

hi(z) = W)+ 2RV () + O(kY); (3.32)
A = AOLE2AD L Ok, (3.33)
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Substituting the equations above into Eq. (3.30), one obtains

2l py
k2

(k: 2, 2) = [h(f) (2)+AORO ()4 (h$><z) +ADORO +A<O>h<j)) k?] ho ().
(3.34)
Taking the IR limit & — 0, for z < 2/, the Fourier-transformed Green’s function
becomes
TlE

0(0;2,2') = H—be <1 + coth[ky (2" + zo)]>H(z), (3.35)

where we introduced the auxiliary function
H(z) = rpze™ — (A4 ~2(s)kpz)e "
(1= m2)e™ — [A+2(6) (1 + mp2)le ]
x coth[ky(z + 20)], (3.36)
with auxiliary parameter v.(s) = v/s2 + 1 — s and

25(s? — 1)[1 + 2s(s — V1 + s2)]
V14 s? .

Interchanging the variables z and 2’ in Eq. (3.35), one gets the function 0(0; z, 2’)

A=

(3.37)

for z > 2.

Finally, the renormalized self-energy (3.8) follows from Eq. (2.16) in the form

< dk :

ove) =lowd [ o[ = st )+ (2 + otz + 20)) o]
(3.38)

Performing two variable transformations k& — u = py/kpy and z — zZ = Kpz,

Eq. (3.38) takes a more managable form

w(z) =T /100 ufﬁ . [ — csch?[z — In,(s))] + A(u + coth[z — In ’yc(s)]>2e_2w} :

(3.39)
where I' = ¢?lgky is the electrostatic coupling parameter measuring the impor-
tance of charge correlations and the delta function is defined as
1+ (u—vVu2—1)s(su —+/s2 — 1)

A= 1+ (u4 Vu2 = Ds(su+vs2 — 1)

(3.40)

In the DH regime of weak surface charges or high salt concentration s > 1, the

integral in Eq. (3.39) can be analytically evaluated by expanding the integrand
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in powers of t = 1/s. The expansions for each term of the integrand reads

A — (u—l)(—u+\/u2—1)+ (u+ 2uvu? —1)
(u+1D(u+vVut—1) (14 u)?(u+vVu?—1)

St + O(kY),(3.41)

coth[Z —In7.(s))] = 1+ (cos(22) + sinh(22))t* + O(k*), (3.42)
csch?[Z —Inv.(s))] = 4e %2 + O(k*), (3.43)
After some algebra, the self-energy (3.8) becomes
§0(Z) = 00, (2) + 5 200.(2) + O(s™%), (3.44)
where the term corresponding to a neutral plane reads
dva(2) (14 2)?

IR _
Y e ? —§K2(2z), (3.45)

and the leading order surface charge contribution is given by

‘5“%(2) = 2 <1 1 e—2f> Ko(22) + 5 [1+ (z - %) (1+e7%)| K1(22)

z

v 1 3 11 ] o5

—[F 4t S5 mn)]e™
[2—1-2—1-222—1-23—1-211(2)6

1. 1.
+ﬁe*4z + <1 — §e22> Ei(—4z). (3.46)

In the above equations K, (z) is the modified Bessel function of second kind and

Fi(x), the exponential integral function [27].

The first term of Eq. (3.44) is purely positive and brings a repulsive contribu-
tion to the self-energy. This effect originates from the screening deficiency in the
membrane medium. The second part of Eq. (3.46) is entirely negative and brings
a purely attractive contribution to the self-energy. In asymmetrically distributed
salt systems, electrostatic correlation effects manifest themselves as the competi-
tion between these two oppositing mechanisms. The evolution of this competition

from s > 1 to s < 1 is displayed in Fig. (3.1).

We are now able to calculate the 11 average potential correction Eq. (3.18).
Inserting Eqs. (3.30) and (3.39) into Eq. (3.18), one gets

So(z) = qZQFCSCh[Z — Inn(s)] / h ufﬁ -F(Z,u), (3.47)
1
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Figure 3.1: Renormalized ionic self-energy profile for different values of the pa-
rameter s = Kpu.
with the auxiliary function

2452 _rl 2 4 3s?

F(z,u) = —f/—— - Al-+2u+ —F——=
(2, u) V1152 U svV1+ 82]
A .
VB (e et o), (49
U

In Fig. (3.2), we display the 11 average potential correction for different values
of s. In the regime of weak surface charge or high salt concentration s > 1, the
DH theory that neglects the total ion depletion in the membrane overestimates
charge screening effects. The 11 theory corrects this point with a negetive po-
tential correction d¢y(z) < 0. In the regime of strong surface charges or dilute
electrolytes s < 1, characterized by a dense interfacial counterion layer, the MF
PB equation underestimates the ionic screening close to the charged wall. This

inaccuracy is fixed by the 11 theory with a positive averaged potential correction
5¢0(2) > 0.

It is instructive to study the asymptotic behaviour of the external potential
at large distances from the charged membrane, i.e. for z > 1. In this regime

the MF potential (2.48) decays exponentially, ¢,,r(2Z) ~ —47.(s)e”* and the 11
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Figure 3.2: One-loop correction to the external potential for different values of
the parameter s = kppu.

external potential behaves as

do(Z) =~ %ZF’}/C(S)I(S)(?_Z, (3.49)

with the auxiliary integrand

> du 2+ 52 /1 2 4 352
I(s) = —1-A(—+2u+ ——)|. 3.50
) /1 u? —1 [5\/1 + 2 <u B sv1 +s2>} (3.50)

Hence, the total average potential ¢o(Z) = ¢y, f(Z) + d0¢o(Z) reads for z > 1

60(2) = —2n(s)e, (351)

where we introduced the charge renormalization factor in the form

n(s) = 2s7.(s) [1 - q%](s)} (3.52)

It should be noted that the function 7(s) ensures the importance of the deviation
from the linear MF PB regime whereas I' < 1, s > 1, and n ~ 1. Thus, n(s)

includes charge correlations and non-linearities.

Fig. (3.3) illustrates the charge renormalization factor (3.52) against the pa-
rameter s~*. One notes that 7(s) changes its sign for large values of the coupling

parameter I and low s, i.e. in the regime of high ion valences ¢ > 1 and strong
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Figure 3.3: Charge renormalization factor against s=! for different values of the
coupling constant I' = ¢?kyl5.

surface charges. Eq. (3.51) shows that this behaviour corresponds to the rever-
sal of the sign of the averaged potential ®q(z). This phenomenon induced by
correlations is called charge inversion, which has been discussed intensively in
literature [4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16]. One should note that the
regime I' > 1 is beyond the validity of the one-loop theory, hence the validity of

the corresponding curves in Fig. (3.3) is qualitative.
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Chapter 4

Conclusion

In this study, we investigated the field-theoretic framework of symmetric elec-
trolytes confined to charged planar interfaces. We aimed at extending the clas-
sical Debye-Hiickle and Poisson-Boltzman theories of inhomogeneous solutions.
The MF PB equation deviates considerably from the ion density predictions of
MC simulation even for weak membrane charges. Moreover, the DH theory that
includes correlation effects remain valid only in the regime of weak surface charges
and strong salt concentration. We studied the self-consistent equations derived in
Refs. [18, 24] from the compact form of the Schwinger-Dyson equation. We used
the one-loop theory that allows to account for the nonlinear correlation effects.
We thtoughly investigated the physics embodied in the the Green’s function and
averaged electrostatic potential for the case of a single planar interface in contact
with an inhomogeneous electrolyte. The one-loop theory predicts the charge in-
version phenomenon for electrostatic cooupling values I' > 1 valuse resulting in

the reversal of the net membrane charge from negative to positive.
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Appendix A

A.1 Functional Hubbard-Strantonovich trans-

formation

Hubbard-Strantonovich (HS) transformation was first introduced by the russian
physicist Ruslan L. Stratonovich [28]. The transformation converts a particle
theory to its respective field theory. For many-body systems with pairwise inter-

actions, the partition function is
Zo = / Dde BHI®] (A1)
with the Hamiltonian

H[®(x)] = % / dedyd(2)G(z — 1) D(y) — / dzJ (2)D(z). (A2)

In Eq. (A.2), G(x—y) is the Green’s function of the system, J(x) is the external
current, and 8 = 1/kgT the inverse temperature. At this point, one can note
that Eq. (A.1) corresponds to the path integral over all possible values of the
fluctuating potential ®(x),

/ch = I;I/dq)(:c). (A.3)

In order to evaluate the partition function (A.1), it is useful to Fourier-

transform the functions ®(x), G(z—y), and J(x). This will decouple the integrals
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such that they become simple Gaussian integrals. The Fourier expansion of these

functions reads

O(z) = %Z&)(al)ei‘“”; (A.4)
GMa—y) = 5 3G ase ), (A5)
J(z) = %Zj(ag,)e—wsw. (A.6)

Here, V is a normalization constant corresponding to the space volume. Substi-

tuting these transformed functions into the Hamiltonian (A.2), one gets

Z /dxdy@ ap)e _“““JG Ya )_’“2’5 y)é(ag)e_i“?’x (A.7)

al az,a3

_ e Z/dl’J Cl1 zalxq)( ) 71@2{[.

ai,as

Rearranging the integrals with respect to the variables x and y, one gets the dou-

ble integral

/dxe ar+az)z /dye Has=a2)e — (9725 (ay + ay)d(as — as). (A.8)

Consequently, the Hamiltonian (A.7) simplifies to
1 VR RN 1 ..
= o7 > 2(a)GHa)P(—a) — - > @(a)J(—a). (A.9)

Because the Hamiltonian became a functional of the Fourier-transformed po-
tential, we have to change our integration variable from the fluctuating po-

tential ®(z) to its Fourier-transform ®(a). The integration measure becomes

do - do
do(z) = |—= (z) |d®(a) where | — (z) | is the Jacobian. Including all these changes
d®(a) dd(a)

into the partition function Eq. (A.1), one gets

Ze = ﬁ /dci)(a -BH(3]| z /D(I) (A.10)

a=—00
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where the integration measure can be expressed as

a=—0o0

Dd(a) = [] d(i)(a)|jgiz) dq’(o) HO \/% ) piac d %)6””' (A.11)

At the next step, we decompose the potential ® into its real and imaginary
parts as ®(a) = ®,.(a) 4 iy, (a). We note that the electrostatic potential is a
real quantity, i.e. ®*(z) = ®(x). This yields

) o(a)e ] Z O (a)e ™ = D% (—a)e " =Y P(a)e . (A.12)

From the third equality, one gets ®*(—a) = ®(a), or ®,e(—a) = ®,.(a) and
®im(—a) = —Pyn(a). By using these equalities, the first and second terms of
Eq. (A.9) can be expressed as

Z G @)@, + D7, ] = GTH0)[®F.(0) + 7, (0)]
+2> G Ya a) + 92 (a)];(A.13)
Z J(~ a) +i®in(a)] = J(0)(0)
42 [ ®pedre + P Jim). (A.14)

Consequently, the Hamiltonian Eq. (A.9) and the partition function Eq. (A.10)

become
L - -1 1= 7 1 -1 T2 5 7
H = 50L0)C <o>—v¢re<ow<0>+v§a ()87, (a) = 28,c(a) Jre(a)]
+%Z[é—1<a><ﬁ%m<a>—2ci>m<a>fim<a>]; (A15)
o= | [T [ e -

Expressed in terms of the Fourier components of the potential ®(z), the par-

tition function becomes now a multiple Gaussian integral. Using the equality
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oo T 2
/ dke oK +Pk — \/jefa7 the partition function takes the form
_ o

o0

Zer = 1/ 90 3260720 H G(a)l(a PH ) LG(-a)li(-a)?
5 a>0 a<0

(A.17)
Since G(r —1') is a real function, one also has G(—a) = G(a). Using this equality,
performing an inverse Fourier transform on the functions ®(z), G(z — 2’), and

J(x), the partition function takes the form

o /% pfawwee—gsw

Noting that the factor behind the exponential term corresponds to the deter-
minant of the Green’s function, we can finally express the HS transformation

as

_8 T )G (x— - xzJ(x)P(x
Ze = /D@e 2 [ dedyd(a)G~ (a—9)B(y)—B [ doT (@)0(a) (A19)

_ detl/? [%]eg/dxdyJ(:c)G(:c—y)J(y).

A.2 Computation of field-theoretic averages

In the weak-coupling theories of many-body systems, a frequently encountered

Hamiltonian functional form is a quadratic one,

1
H= 3 /dxdy [Cb(ﬂf) - iq)o(:c)} Gz —y) [@(y) — i@o(y)], (A.20)
Furthermore, in the canonical ensemble, the statistical average of a functional
F[®] is defined as
(Fl /Dq’F B (A.21)

We now note that the functional derivative of the Boltzman factor e #H[®! with

respect to the generating function J(z) gives

5
e PHI?] = BD(x)e P : A.22
0J(x ) ’J(m = Aela)e J(z)=0 ( )
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The equality (A.22) yields the statistical average of the fluctuating potential in

the form
1 67

(®(x)) = 375700
For the quadratic Hamiltonian Eq. (A.20), if we define the generating function
as J(x) = Ji(z) + Jo(x) where Ji(z) =i [ dyG~*(x — y)Po(y), the average of the
fluctuating potential follows from Eq.(A.23) as

(A.23)

J(2)=0

1 6z

(A.24)

Ja(2)=0

At this point, if one performs an HS transformation on the partition function

Za, one gets
ZG _d det% (ﬁ_1G>€§ fdx/dy’(Jl+J2)Z/G(x’7y/)(J1+J2)y/ ) (A25)
Substituting Eq. (A.25) into Eq. (A.24) and setting Jy(z) = 0, one obtains
@) = [W6ay)ne) =i [W6ey) [ W6 o)

= i/dy@o(y)/dy’G(x7y')G‘1(y7y’) Zi/dy<1>o(y)5(y—x)-
(A.26)

Thus, the average value of the fluctuating potential is

(O(x)) = iDy(x). (A.27)

Another relevant quantity is the two-point correlation function(®(z)®(y)) that

can be generated by taking successive derivatives of Eq. (A.25),

1 *Z
(@(z)2(y)) = B27Z 6J5(x)d o (y)

= 37'G(z,y) + /dy’dy”G(x, y) ()G (y, y") I (y")
= B7'G(z,y) — Po(x)Po(y).

Jo=0 (A.28)
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Thus, the two-point correlation function and the Green’s function G(r — r’) are

related according to the relation

B7IG(a,y) = (B(2)(y)) — (@(2))(D(y))- (A.29)

Likewise, one can also calculate the statistical average of €% by setting
Jo(x) = —igd(x — 7). Following the above steps, one obtains

(e*it@)) — o % C@w) Fo(x) (A.30)

By using the Euler relation e = cos(x) 4 i sin(z), it is now straightforward to

calculate the statistical averages of trigonometric functions.
.
(sin[q®(z)]) = —ie 2 @) sinh[®y(x)]. (A.31)

Furthermore, by taking the functional derivative of <eiqq’(z)> with respect to Jy(x),

the following identities can be obtained,
. 1 _ 2
(D)) = ly(y)e ST (432
4q

(B(y)sin[q®(2)]) = éq)O(y)efG(“””) cosh[®o(x)]. (A.33)
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