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ABSTRACT

AN ASYMPTOTIC CLOSED-FORM PARAXIAL
FORMULATION FOR SURFACE FIELDS ON

ELECTRICALLY LARGE DIELECTRIC COATED
CIRCULAR CYLINDERS

Tuncay Erdöl

M.S. in Electrical and Electronics Engineering

Supervisor: Assist. Prof. Dr. Vakur B. Ertürk

August, 2005

Investigation of surface fields excited on material coated perfectly conducting

(PEC) circular cylinders is a problem of interest (i) due to its application in the

design and analysis of conformal microstrip antennas and arrays, and (ii) it acts

as a canonical problem useful toward the development of asymptotic solutions

valid for arbitrarily convex material coated smooth surfaces. Nevertheless, in-

tegral equation based solutions that use the eigenfunction representation of the

appropriate dyadic Green’s function, as well as pure numerical solutions become

intractable when the geometry of interest is electrically large. A few asymptotic

solutions have been suggested in the literature to overcome this problem. How-

ever, these solutions are not accurate within the paraxial (nearly axial) region of

the cylinder. This is a well known problem that has been observed for PEC and

impedance cylinders in the past as well. Recently, a novel paraxial space-domain

representation for the surface fields has been presented by Ertürk et. al. (IEEE

Trans. Antennas and Propagat., 11, 1577-1587, 2002), which is much faster than

the well-known eigenfunction solution. However, in this representation the fi-

nal expressions for the surface fields have some special functions which involve

Sommerfeld type integrals to be evaluated numerically.

In this thesis, using the final results of this paraxial space-domain formula-

tion as a starting point, a relatively simple closed-form asymptotic representation

for the surface fields of a dielectric coated, electrically large circular cylinder is

developed. The large parameter in this asymptotic development is the separa-

tion between the source and observation points. The solution uses the fact that
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existing special functions in the previously developed paraxial formulation are in

similar forms when compared to the special functions used in the Sommerfeld

integral representation for the single layer microstrip dyadic Green’s function for

the planar case. Furthermore, when the radius of the cylinder goes to infinity,

using the leading terms of Debye representations for the Hankel and Bessel func-

tions (as well as their derivatives), cylindrical special functions recover their pla-

nar counterparts. Therefore, first a steepest descent path representation of these

special functions is obtained. Then, using the method suggested by Barkeshli

et. al. (IEEE Trans. Antennas and Propagat., 9, 1374-1383, 1990) closed-form

expressions are achieved.

Numerical results in the form of mutual coupling between two tangential elec-

tric current modes have been obtained using these closed-form expressions and

compared with the previously developed paraxial formulation as well as eigenfunc-

tion solution to assess the accuracy and efficiency of these closed-form solutions.

Details of the formulation is presented.

Keywords: Coated cylinders, Green’s function, asymptotic, paraxial.
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ÖZET

ELEKTRİKSEL OLARAK BÜYÜK YALITKAN KAPLI
METAL SİLİNDİRDEKI YÜZEY DALGALARI İÇİN

ASİMPTOTİK KAPALI İFADELER

Tuncay Erdöl

Elektrik ve Elektronik Mühendisliği, Yüksek Lisans

Tez Yöneticisi: Vakur B. Ertürk

Ağustos, 2005

Dielektrik kaplı iletken çembersel silindirlerin üzerinde oluşturulan yüzey

dalgalarının incelenmesi iki açıdan önemlidir: (i) Mikroşerit anten ve anten

dizilerinin analiz ve tasarımında kullanılmaları, (ii) genel dielektrik kaplı konveks

yüzeylerde kullanılabilecek asimptotik metodlar için kanonik bir problem olması.

İncelenecek yapının elektriksel büyüklüğü arttıkça, saf ve sayısal çözümler ve

Green’in fonksiyonunun özişlev ifadesini kullanan integral tabanlı çözümler kul-

lanılamaz hale gelmektedir. Geçmişte bu problemi çözmek için önerilen asimp-

totik metodlar da yaklaşık eksensel bölgede doğru sonuçlar vermemektedir. Bu

problem iletken ve empedans silindirleri için bilinmektedir. Yaklaşık eksensel

bölgedeki yüzey dalgalarının uzamsal bölgede ifadesi Ertürk (IEEE Trans. An-

tennas and Propagat., 11, 1577-1587, 2002) tarafından verilmiştir. Bu çözüm

bilinen özişlev çözümünden daha hızlıdır. Ancak bu çözümde de yüzey dalgaları

için bulunan ifadeler Sommerfeld tipi integraller içermektedir. Bu sorunu çözmek

için değişik metodlar uygulanmasına rağmen elektriksel olarak büyük problem-

lerde bu durum sorun çıkarmaktadır.

Bu tezde, yaklaşık eksensel bölgedeki yüzey dalgaları için uzamsal bölge

ifadeleri başlangıç noktası olarak seçilip dielektrik kaplı çembersel bir silindirdeki

yüzey dalgaları için basit, kapalı asimptotik ifadeler elde edilmiştir. Silindirde

yaklaşık eksensel bölgedeki yüzey dalgaları için bulunan ifadeler düzlemsel

mikroşeritin Sommerfeld tipi integralle çözümünde bulunan ifadelere benzemek-

tedir. Üstelik silindirin yarıçapı sonsuza gittikçe silindir için bulunan ifadeler

düzlem için bulunan ifadelere dönüşmektedir. Buradan hareketle, silindir için
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bulunan ifadeleri alıp Barkeshli (IEEE Trans. Antennas and Propagat., 9, 1374-

1383, 1990) tarafında önerilen metodla kapalı ifadeler elde edilir.

Silindir üzerindeki silindire teğet iki elektrik akımı arasındaki etkileşim bu

tezde elde edilen ifadeler ile, yaklaşık eksensel uzamsal bölge ifadeleri ile ve de

özişlev metodu ile çözülüp elde edilen kapalı ifadelerin hassasiyeti ve verimliliği

incelenmiştir. Kapalı devre formüllerinin ayrıntıları da verilmiştir.

Anahtar sözcükler : Dielektrik kaplı silindirler, Green’in fonksiyonu, asimptotik,

yaklaşık eksensel.
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Özbay and Prof. Dr. Mustafa Kuzuoğlu for showing keen interest to the subject

matter and accepting to read and review the thesis.

Finally I would like to thank Aselsan Inc. for letting me to involve in this

thesis study and my family for their support.

viii



Contents

1 Introduction 1

2 Development of an Asymptotic Closed-Form Expression for Pla-

nar Microstrip Structure 6

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2.2 Formulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2.3 Numerical Results . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

3 Paraxial Space-Domain Formulation for Surface Fields on a

Large Dielectric Coated Circular Cylinder 22

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

3.2 Formulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

4 Development of an Asymptotic Closed-Form Expression for

Green’s Function of Dielectric Coated PEC Cylinder 30

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

4.2 Formulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

ix



5 Numerical Results 38

6 Conclusions 51

A Explicit expressions for the residues of U , V and W functions 53

B Formulas for fa0Y
(d) and fa2Y

(d) parameters of special functions 54

B.1 Special function P . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

B.2 Special function Q . . . . . . . . . . . . . . . . . . . . . . . . . . 55

B.3 Special function M-R . . . . . . . . . . . . . . . . . . . . . . . . . 56

B.4 Special function S and T . . . . . . . . . . . . . . . . . . . . . . . 58

C Explicit expressions for the residues of P , Q, M , R, S, and T

functions 59

C.1 Residues for special functions P , Q, M , R . . . . . . . . . . . . . 59

C.2 Residues for special functions S and T . . . . . . . . . . . . . . . 61

x



List of Figures

1.1 Definition of paraxial region. . . . . . . . . . . . . . . . . . . . . . 3

2.1 Microstrip Planar Structure . . . . . . . . . . . . . . . . . . . . . 7

2.2 Integration contours and branch cuts . . . . . . . . . . . . . . . . 10

2.3 Two sheeted η-plane and integration path for (2.27). . . . . . . . 13

2.4 Angular Spectrum Mapping. Numbers show that which region of

two-sheeted η-plane map to which region of γ-plane. Integration

paths after angular spectrum mapping and deformation to SDP

are also shown. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

2.5 Geometry for definition of piecewise sinusoidal current distribution 18

2.6 Real part of the mutual impedance (Z12) between two identical

x̂−directed current sources versus separation s when α = 90◦ for

a planar microstrip structure with th = 0.06λ0, ǫr = 3.25 . . . . . 19

2.7 Imaginary part of the mutual impedance (Z12) between two iden-

tical x̂−directed current sources versus separation s when α = 90◦

for a planar microstrip structure with th = 0.06λ0, ǫr = 3.25 . . . 19

2.8 Real part of the mutual impedance (Z12) between two identical

x̂−directed current sources versus separation s when α = 0◦ for a

planar microstrip structure with th = 0.06λ0, ǫr = 3.25 . . . . . . 20

xi



2.9 Imaginary part of the mutual impedance (Z12) between two iden-

tical x̂−directed current sources versus separation s when α = 0◦

for a planar microstrip structure with th = 0.06λ0, ǫr = 3.25 . . . 20

3.1 Dielectric coated perfect electric conducting (PEC) circular cylin-

der where the radius of the PEC cylinder is a and the thickness of

the dielectric coating is th = d− a . . . . . . . . . . . . . . . . . . 23

3.2 Space (s, δ) and spectral (ζ ,ψ) polar coordinates. . . . . . . . . . 25

5.1 Real part of the mutual impedance (Z12) between two identical
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ẑ−directed current sources versus separation s when α = 70◦ for a

coated cylinder with a = 3λ0, th = 0.06λ0, ǫr = 3.25. In ”Asymp-

totic 1”, a01 = 0, a02 = 0, a21 = 0 and a22 = 0, in ”Asymptotic

2” a02 = 0 and a22 = 0, and in ”Asymptotic 3” all parameters are

included. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

5.16 Imaginary part of the mutual impedance (Z12) between two iden-
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Chapter 1

Introduction

Microstrip structures have been widely used in many areas like satellite and wire-

less technology, biomedical and remote sensing. They have advantages like low

profile, light weight, low cost, compactness, simplicity, versatility, ease of fabri-

cation, and they can conform to any surface providing integration capability to

other RF and microwave components. In particular, their ability to conform to

any surface makes them very useful in many military and commercial applica-

tions. Therefore investigation of surface fields excited on material coated perfectly

conducting (PEC) circular cylinders is a problem of interest (i) due to its appli-

cation in the design and analysis of conformal microstrip antennas and arrays

for the aforementioned applications, and (ii) it acts as a canonical problem use-

ful toward the development of asymptotic solutions valid for arbitrarily convex

material coated smooth surfaces.

Many of the existing CAD tools or many researchers have used the radially

propagating eigenfunction series representation [1]-[5] for the design and analysis

of microstrip structures on coated PEC circular cylinders. However, such a solu-

tion is valid only for canonical geometries and exhibit various numerical problems

for electrically large cylinders (r > λ0; λ0 : free space wavelength) and electrically

large separations (s) between source and observation points. In order to overcome

this problem, a few asymptotic solutions have been suggested in the literature

[6]-[10]. Munk in [6] derived a UTD-based Green’s function representation for

1



electrically large coated cylinders. His solution includes higher order terms of

1/s for the surface fields to make the solution valid even for small separations.

However, numerical results showed that only for very thin substrates reasonable

results can be obtained for large separations if the leading term is included only

[7]. Similar to Munk’s work, a steepest descent path (SDP) representation of

the dyadic Green’s function for dielectric coated circular PEC cylinder is given

in [8]. It is based on a circumferentially-propagating series representation of the

appropriate Green’s function and its numerical evaluation along an SDP on which

the integrand decays most rapidly. Numerical results based on this work have

showed that in contrast to most asymptotic solutions, the results are valid even

for relatively small separations. Furthermore, in the limiting case of large sepa-

rations, this method reduces to the leading term of [6]. A couple of more studies

have been presented in the literature based on the aforementioned works [9]-[10].

However, none of these solutions are accurate along the paraxial (nearly axial)

region which is illustrated in Fig. 1.1 (region where α → 90◦ ). This is a well-

known problem that has been observed for PEC and impedance cylinders in the

past [11]-[15]. Among these solutions, Boersma and Lee [14] used a two-term

Debye approximation [16] for the logarithmic derivatives of Hankel functions and

obtained a closed-form solution for a PEC cylinder (no coating) which remains

accurate in the paraxial region. In [17] and [18], a novel space-domain represen-

tation for the surface fields excited within the paraxial region of an electrically

large dielectric coated circular cylinder is presented. It is based on the fact that

the circumferentially-propagating series representation of the Green’s function is

periodic in one of its variables after an appropriate change of variables is per-

formed. Hence, it can be approximated with a Fourier series (FS) where the

coefficients of this series expansion can be easily obtained by a simple numerical

integration algorithm. Based on numerical experimentation, it appears that only

the two leading terms of the expansion are necessary in most cases. Using this

representation, the surface fields are represented by some special functions each

of which involves a single Sommerfeld type integral to be evaluated numerically.

Certain techniques are implemented to this numerical integration procedure to

handle possible singularities of the integrands and to accelerate the integration

process. Recently, an asymptotic closed-form solution for the surface magnetic

2



Figure 1.1: Definition of paraxial region.

field within the paraxial region of a circular cylinder with an impedance boundary

condition (IBC) is presented in [19]. Similar to the PEC case [14], Hankel func-

tions are asymptotically approximated by a two-term Debye expansion within

the spectral integral representation of the relevant Green’s function pertaining to

the IBC case. One of the two integrals in the resultant spectral representation is

evaluated in an exact fashion whereas the second one is evaluated asymptotically.

In this thesis, using the final results of [18] as the starting point, a relatively

simple closed-form asymptotic representation for the surface fields of a dielec-

tric coated, electrically large circular cylinder is developed, which is the main

contribution of this thesis. The large parameter in this asymptotic development

is the separation between the source and observation points in addition to the

fact that the cylinder is electrically large (r > λ0), which has been made use in

arriving the final results of [18]. The solution uses the fact that existing special

functions in [18] are in similar forms when compared to the special functions used
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in the Sommerfeld integral representation for the single layer microstrip dyadic

Green’s function for the planar case [20]. Furthermore, using the leading term of

Debye representation for the Hankel and Bessel functions (as well as their deriv-

atives), the final expressions given in [18] recover their planar counterparts [20]

when the inner and outer radii of the cylinder go to infinity (thickness of the

coating remains the same). Therefore, similar to PEC and impedance cylinder

cases, two-term Debye expansions are used for all cylindrical special functions

[10]. It should be noted that the expressions for PEC and impedance cylinders

are significantly simpler than the expressions for material coated cylinders. Fur-

thermore, they involve only Hankel function and its derivative, whereas in coated

cylinders, there exists a combination of Hankel and Bessel functions along with

their derivatives (we call it cylindrical functions). Therefore, the two-term Debye

expressions derived by Marin [10] are complicated and possess some restrictions

to our solution range. Once the final expressions are obtained for the integrands

of the final results of [18] using the two-term Debye approximations, the method

used in [20] is applied. The final closed-form expressions involve only trigono-

metric and polynomial terms. Although they are asymptotic expressions with

respect to the separation between source and observation points, they work even

for relatively small separations for some cases.

In Chapter 2, a brief review of [20] is presented. It summarizes the method

to obtain the asymptotic expression and its usage for planar microstrip surface

which is a special case of the cylinder problem. Chapter 3 summarizes [18], the

result of which is the starting point for this thesis. In Chapter 4 asymptotic ex-

pressions are obtained for the dielectric coated circular PEC cylinder. In chapter

5, numerical results and comparisons with the eigenfunction and FS solutions

are given. Chapter 6 summarizes our results and gives a brief conclusion for

this thesis. There are also three appendices in this thesis. Appendix A gives

the explicit expressions for the residues of the planar functions. Appendix B

gives the explicit expressions for the parameters fa0Y
(d) and fa2Y

(d), which are

very important for the final form of our closed-form representations. Appendix C

gives the explicit expressions for the residues of the special functions used for the

asymptotic closed-form expressions developed in Chapter 4. Note that an ejωt
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time convention is used and suppressed throughout this thesis, where ω = 2πf is

the angular frequency, j =
√
−1 and t is time.
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Chapter 2

Development of an Asymptotic

Closed-Form Expression for

Planar Microstrip Structure

2.1 Introduction

A special case for the problem of dielectric coated circular cylinder is a microstrip

planar surface when the radius of the cylinder goes to infinity. Development of an

asymptotic closed-form expression for planar microstrip surface Green’s function

is investigated in [20]. The large parameter for this asymptotic expression is the

separation between the source and observation points in terms of wavelength.

Since the method in achieving the asymptotic closed-form paraxial formulation

for surface fields on electrically large dielectric coated circular cylinders is based

on the method developed in [20], a review of [20] is given here. The notation used

in this chapter is similar to that of [20].
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Figure 2.1: Microstrip Planar Structure

2.2 Formulation

For an arbitrarily oriented electric current source J̄(r) on a grounded dielectric

slab as shown in the Fig. 2.1, the corresponding electric field Ēm is given by

Ēm = −jωµ0

∫ ∫

v

∫

¯̄Gm(r̄, r̄′) · J̄(r̄′)dv′ (2.1)

where ¯̄Gm(r, r′) is the microstrip dyadic Green’s function. Here m = 0 refers to

the case when the observation point is in free space and m = 1 refers to the case

when the observation point is in the dielectric slab with constitutive parameters

ǫ1 and µ1. If the electric current source is a point source with strength pe at

r̄ = r̄′

J̄(r̄′) = p̄eδ(r̄ − r̄′), (2.2)

where δ(r̄ − r̄′) is the Dirac delta function, the electric field produced by it is

given as

7



Ēm = −jωµ0
¯̄Gm(r̄, r̄′) · p̄e. (2.3)

Assuming that the point source is located at the dielectric-air interface at z = 0

and oriented transverse to ẑ (i.e. parallel to the plane of the dielectric slab), the

matrix form of (2.3) is given by









Emx

Emy

Emz









= −jωµ0









Gm
xx Gm

xy Gm
xz

Gm
yx Gm

yy Gm
yz

Gm
zx Gm

zy Gm
zz

















pex

pey

0









(2.4)

where pex and pey are the x and y components of p̄e respectively (z component of

current is assumed to be zero ). For observation points in free-space (m=0) and

the source point is at the origin, the Green’s function components of ¯̄Gm (with

m = 0) in (2.4) are obtained as

G0
xx(r̄, 0) =

−j
2πk2

0

{

k2
0U +

∂2

∂x2

(

U − ǫr − 1

ǫr
W

)}

(2.5)

G0
yx(r̄, 0) =

−j
2πk2

0

{

∂2

∂x∂y

(

U − ǫr − 1

ǫr
W

)}

(2.6)

G0
zx(r̄, 0) =

j

2πk2
0

{

∂

∂x
(V )

}

(2.7)

G0
xy(r̄, 0) = G0

yx(r̄, 0) (2.8)

G0
yy(r̄, 0) =

−j
2πk2

0

{

k2
0U +

∂2

∂y2

(

U − ǫr − 1

ǫr
W

)}

(2.9)

G0
zy(r̄, 0) =

j

2πk2
0

{

∂

∂y
(V )

}

(2.10)

with k0 = ω
√
µ0ǫ0. In (2.5)-(2.10), the Green’s function components are written

in terms of three special functions U , V and W . These special functions are

expressed in Sommerfeld (z-propagation) representation as:

8



U =
1

2

∫ ∞

−∞

ξe−jK0(ξ)z

K0(ξ) + Y (ξ)
H

(2)
0 (ρξ)dξ (2.11)

W =
1

2

∫ ∞

−∞

ξZ(ξ)e−jK0(ξ)z

K0(ξ) + Z(ξ)
H

(2)
0 (ρξ)dξ (2.12)

V =
1

2

∫ ∞

−∞

ξK0(ξ)e
−jK0(ξ)z

(K0(ξ) + Y (ξ))(K0(ξ) + Z(ξ))
H

(2)
0 (ρξ)dξ (2.13)

where

Z(ξ) = j
K1(ξ)

ǫr
tan(K1(ξ)th) (2.14)

Y (ξ) = −jK1(ξ)cot(K1(ξ)th) (2.15)

K0(ξ) =
√

k2
0 − ξ2; K1(ξ) =

√

ǫrk2
0 − ξ2 (2.16)

k2
0 = ω2µ0ǫ0; ǫr =

ǫ1
ǫ0
. (2.17)

Finally, in (2.11)-(2.13) ρ = |ρ̄−ρ̄′| is the lateral separation between the source and

observation points. These special functions can be written in radially-propagating

representation by deforming the sommerfeld integration contour such a way that

all relevant singularities including the surface wave poles and branch cuts in the

lower half-plane are enclosed as shown in Fig. 2.2. The integration around the

branch cut can be transformed to a real-axis integration by the transformation,

ζ =
√

k2
0 − ξ2 ; dξ =

−ζdζ
√

k2
0 − ζ2

(2.18)

and the alternative radially propagating representations for U , V and W are

obtained as

U =
1

2

[
∫ ∞

−∞

ζ e−jζz

ζ + Y (ζ)
H

(2)
0 (ρ

√

k2
0 − ζ2) dζ

]

− 2πj
∑

n′′

ResU(ζn′′) (2.19)
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Figure 2.2: Integration contours and branch cuts

V =
1

2

[
∫ ∞

−∞

Z(ζ) ζe−jζz

ζ + Z(ζ)
H

(2)
0 (ρ

√

k2
0 − ζ2) dζ

]

− 2πj
∑

n′

ResV (ζn′) (2.20)

W =
1

2

[∫ ∞

−∞

ζ2 e−jζz

(ζ + Y (ζ))(ζ + Z(ζ))
H

(2)
0 (ρ

√

k2
0 − ζ2) dζ

]

−2πj
∑

n′′

ResW (ζn′′) − 2πj
∑

n′

ResW (ζn′). (2.21)

In these formulations (2.19)-(2.21), ResU(ζn′′), ResV (ζn′), ResW (ζn′) and

ResW (ζn′′) are the residues of the poles in the integrands of U , V and W func-

tions. These poles are the ones we captured when we deformed the Sommerfeld

integration contour to the contour around the branch-cut. They are all placed in

lower half part of ζ-plane after the transformation, so they are all proper trans-

verse electric (TE) or transverse magnetic (TM) surface wave poles (ζ ′′n and ζ ′n,

respectively). Leaky wave poles do not contribute directly at this stage.
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This radially propagating integral representation of the Green’s function con-

verges rapidly for laterally separated source and observation points, because for

ζ > k0 Hankel function decays exponentially. Asymptotic closed-form expressions

for large separations can be obtained from these radially propagating representa-

tions by the following method:

All special functions U , V and W have the same mathematical form. There-

fore, consider the integral I, which has the following functional form:

I =

∫ ∞

−∞
F (ζ) e−jζzH

(2)
0

(

ρ
√

k2
0 − ζ2

)

dζ, (2.22)

where F (ζ) function represents the integrands of U , V or W functions. Assuming

that F (ζ) has finite number of poles (leaky or surface poles) at ζp close to ζ = 0,

one can write

F (ζ) =
∑

n

anζ
n +

∑

p

RF (ζp)

ζ − ζp
. (2.23)

In (2.23) RF (ζp) is the residue of F (ζ) at ζ = ζp, and an are the coefficients of

the power series. Substituting (2.23) into (2.22) and introducing the following

change of variables

ζ = k0η ; dζ = k0dη ; ηp = ζp/k0 (2.24)

the integral I can be obtained as

I = k0

∑

n

an
(−j)n

∂

∂ρn

∫ ∞

−∞
H

(2)
0

(

k0ρ
√

1 − η2
)

e−jk0ηzdη

+
∑

p

RF (ζp)

∫ ∞

−∞

H
(2)
0

(

k0ρ
√

1 − η2
)

η − ηp
e−jk0ηzdη. (2.25)

The first integral in (2.25) can be evaluated in closed-form. Thus, denoting this

integral by I0, it is obtained as

I0 =

∫ ∞

−∞
H

(2)
0 (k0ρ

√

1 − η2)e−jk0ηzdη (2.26)

= 2j
e−jk0

√
z2+ρ2

k0

√

z2 + ρ2
.

11



The second integral in (2.25) is denoted by Is and asymptotically obtained as

Is ≈
√

2

πk0ρ
ejπ/4

∫ ∞

−∞

1

(
√

1 − η2)1/2

(

1 +
j

8k0ρ(
√

1 − η2)

)

·e
−jk0(ρ

√
1−η2+ηz)

η − ηp
dη (2.27)

by using the large argument approximation of the Hankel function given by

H
(2)
0 (x) ≈

√

2

πx
ejπ/4e−jx

(

1 +
j

8x

)

. (2.28)

Note that in (2.27) due to
√

1 − η2 term, the integrand has branch points at

η = ±1. Therefore, the branch which satisfies Im(
√

1 − η2) < 0 on the entire

top sheet of η-plane is selected. Next step is to continue with (2.27) to obtain a

closed-form expression. Therefore, first an angular spectrum mapping

η = cosγ ; dη = −sinγ dγ ; γp = cos−1(ηp) (2.29)

is introduced into (2.27) so that the two-sheeted complex η plane shown in Fig

2.3 can be mapped into various adjacent sections of width 2π in the complex γ

plane (−π/2 ≤ Re γ ≤ 3π/2) as shown in Fig 2.4. As a result (2.27) becomes

Is ≈
√

2

πk0r sin θ
ejπ/4

∫

Γ

(

1 +
j

8k0r sin θ sin γ

)

1√
sin γ

·e
−jk0r cos (θ−γ)

cosγ − cosγp
sin γ dγ (2.30)

where Γ is the path of integration in the complex γ plane as shown in Fig 2.4.

Note that the polar transformations

ρ = r sin θ ; z = r cos θ (2.31)

are also utilized to reach (2.30).

As the next step Γ contour is deformed into the steepest descent path ΓSDP ,

then, the contour ΓSDP is mapped onto the real axis of the s-plane [20], [22],

[23]. Consequently (2.30) is written in terms of the SDP integral plus the residue

12



Figure 2.3: Two sheeted η-plane and integration path for (2.27).

Figure 2.4: Angular Spectrum Mapping. Numbers show that which region of two-
sheeted η-plane map to which region of γ-plane. Integration paths after angular
spectrum mapping and deformation to SDP are also shown.
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contribution of the poles which may be captured during the path deformation

and given by

Is ≈ 2πjN(ηp)H
(2)
0 (k0ρ

√

1 − η2
p)e

−jk0ηpz

+

√

2

π k0 ρ
ejπ/4e−jk0r

∫ ∞

−∞
G(s)e−k0rs

2

ds (2.32)

where

G(s) =

(

1 +
j

8k0ρ sin γ

) √
sin γ

cos γ − cos γp

dγ

ds
(2.33)

and

N(ηp) =















1 if pole (γp) is in regions B or C

−1 if pole (γp) is in regions A

0 if pole (γp) is not captured during deformation

(2.34)

where regions A, B and C are defined in Figure 2.4.

Finally, the leading term of the uniform asymptotic expansion of (2.32) for

k0r ≫ 1 is written [20], [22] as

Is ≈M(k0r, ηpw) = 2πjN(ηp)H
(2)
0 (k0ρ sin γp)e

−jk0z cos γp

+2j
e−jk0r

k0r

(

1 +
j

8k0r sin2θ

)





1

cos θ − cos γp
− 1

2
√
sinθ

√

sin γp sin
(

γp−θ
2

)

(

1 − F

(

2k0 r sin
2

(

γp − θ

2

)))]

(2.35)

where

F (x) = 2j
√
xejx

∫ ∞

√
x

e−ju
2

du (2.36)

is the transition function [23] (or [20]) and the positive branch of
√

sinγp is used.

When both the source and observation points are located at the dielectric-air

interface of Fig. 2.1 (both lie on the substrate, z = 0), the uniform asymptotic
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approximation of I given by (2.25) can be written as

I ≈ k0a0I0 + k3
0a2I2 +

∑

p

RF (ζp)M(k0ρ, ηp) (2.37)

where

I0 =

∫ ∞

−∞
H

(2)
0 (k0ρ

√

1 − η2)e−jk0ηzdη






z=0
= 2j

e−jk0ρ

k0ρ
(2.38)

I2 =

∫ ∞

−∞
H

(2)
0 (k0ρ

√

1 − η2)e−jk0ηzη2 dη






z=0
=

−2e−jk0ρ

(k0ρ)2

(

1 +
1

jk0ρ

)

(2.39)

and M(k0ρ, ηp) is given by

M(k0ρ, ηp) = −2πjN(ηp)H
(2)
0 (k0ρ

√

1 − η2
p) − 2j

e−jk0ρ

k0ρηp

(

1 +
j

8k0ρ

)

·
[

1 +
ηp

2
√

sinγp sin(γp

2
− π

4
)

(

1 − F
(

2k0 ρ sin
2(
γp
2

− π

4
)
))]

. (2.40)

For lossless media, the proper and improper surface wave poles [21] lie on the

imaginary axis of η plane. Therefore, for the poles

ηp = ±j|ηp|
{

(−) for proper surface wave

(+) for improper surface wave
(2.41)

and the corresponding value of γp becomes

γp = cos−1(ηp) =
π

2
± jγ′′p

{

(+) for proper surface wave

(−) for improper surface wave
(2.42)

and hence, the expression for sin(γp/2 − π/4) is expressed as

sin
(γp

2
− π

4

)

= ± j√
2

√

√

1 + |ηp|2 − 1

{

(+) for proper surface wave

(−) for improper surface wave.

(2.43)
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Consequently, the uniform asymptotic approximation of U , V and W are given

by

U =

[

∑

pu

(

RU(ζpu)

ζpu

)

k0I0

+

(

− 1

2Y 2(0)
+
∑

pu

RU (ζpu)

(ζpu)
3

)

k3
0I2

+
∑

pu

RU(ζpu)M(k0ρ, ηpu) − 2πj
∑

n′′

ResU(ζn′′)

]

(2.44)

V =

[

∑

pv

(

RV (ζpv)

ζpv

)

k0I0

+

(

j

2Z(0)
+
∑

pv

RV (ζpv)

(ζpu)
3

)

k3
0I2

+
∑

pv

RV (ζpv)M(k0ρ, ηpv) − 2πj
∑

n′

ResV (ζn′)

]

(2.45)

W =

[

∑

pw

(

RW (ζpw)

ζpw

)

k0I0

+

(

ǫr
2k2

0(ǫr − 1)
+
∑

pw

RW (ζpw)

(ζpw)3

)

k3
0I2

+
∑

pw

RW (ζpw)M(k0ρ, ηpw) − 2πj
∑

n′′

ResW (ζn′′)

−2πj
∑

n′

ResW (ζn′)

]

(2.46)

where

Y (0) = −jk0

√
ǫr − 1 cot(k0th

√
ǫr − 1) (2.47)

Z(0) = jk0

√
ǫr − 1

ǫr
tan(k0th

√
ǫr − 1). (2.48)

In the U , V and W expressions I0, I2 and M(k0ρ, ηp) are given in (2.38), (2.39)

and (2.40), respectively. RT (ζp), (T = U, V, W ) are associated with the residues
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ResT (ζp) of the surface wave or leaky wave poles in the integrands of U , V and

W , respectively, and given by

ResT (ζp) = −RT (ζp)H
(2)
0 (ρ

√

k2
0 − ζ2

p )e
−jζpz, (2.49)

where the explicit expressions for RT (ζp) are given in Appendix A. Note that only

the transition effects of the surface wave poles which are in the vicinity of the

saddle point, and one leaky wave pole are included. Furthermore, when both the

source and observation points are on the substrate (z=0), the first term of (2.40)

which involve N(ηp) is zero.

In arriving the above expressions (2.44), (2.45), (2.46) a power series ex-

pansion around ζ = 0 for the integrands of U , V ,W (excluding the factor

H
(2)
0 (ρ

√

k2
0 − ζ2

p)e
−jζpz) is performed as

ζ

ζ + Y (ζ)
≃ ζ

Y (0)

(

1 − ζ

Y (0)
+ 0(ζ2) + . . .

)

(2.50)

ζZ(ζ)

ζ + Z(ζ)
≃ ζ

(

1 − ζ

Y (0)
+ 0(ζ2) + . . .

)

(2.51)

ζ2

(ζ + Y (ζ))(ζ + Z(ζ))
≃ ζ2

(

ǫr
k2

0(ǫr − 1)
+ 0(ζ3) + . . .

)

(2.52)

and
ResF (ζp)

ζ − ζp
= −ResF (ζp)

ζp

(

1 +
ζ

ζp
+
ζ2

ζ2
p

+ ...

)

. (2.53)

2.3 Numerical Results

In this section a few numerical results are given to show the accuracy of this

asymptotic approach compared to the standard eigenfunction solution. To test

the accuracy, mutual impedance between two tangential current components are

calculated. In numerical calculations, the parameters of planar microstrip are

dielectric thickness th = 0.06λ0, ǫr = 3.25 (λ0 = free-space wavelength). Note

that the mutual impedance Znm between the current modes is simply given by

Znm =

∫

Sm

En · Jm ds (2.54)

17



Figure 2.5: Geometry for definition of piecewise sinusoidal current distribution

where En is the field due to source (current mode) Jn and Sm is the area occu-

pied by source (current mode) Jm. The current modes are defined by a piecewise

sinusoid along the direction of the current and they are constant along the direc-

tion perpendicular to the current. The expression for such a piecewise sinusoidal

current in the x-direction is given by

J(x) =

{

sin(ka(xa−|x|))
2ya sin(kaxa)

|x| < xa

0 elsewhere
(2.55)

where ka = k0

√

(ǫr + 1)/2, and xa and ya are illustrated in Fig. 2.5.

Each element has dimensions of 0.05λ0 (along the direction of the current) by

0.02λ0. In Figures 2.6 and 2.7, the real and imaginary parts of Zxx (Coupling

between two x̂-directed dipoles) is plotted against separation, by this method

(closed-form asymptotic) and compared with the eigenfunction solution given

by [24]. The dipoles are placed along the x-axis. Similarly, in Figures 2.8 and

2.9, the real and imaginary parts of Zxx is plotted against separation, for the

case when the dipoles are placed along the y-axis, and again compared with the

eigenfunction solution.
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Figure 2.6: Real part of the mutual impedance (Z12) between two identical
x̂−directed current sources versus separation s when α = 90◦ for a planar mi-
crostrip structure with th = 0.06λ0, ǫr = 3.25

0 1 2 3 4 5 6 7
−0.05

0

0.05

0.1

0.15

s/λ
0

Im
ag

(Z
12

)

Asymptotic Closed−Form
Eigenfunction

Figure 2.7: Imaginary part of the mutual impedance (Z12) between two identi-
cal x̂−directed current sources versus separation s when α = 90◦ for a planar
microstrip structure with th = 0.06λ0, ǫr = 3.25
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Figure 2.8: Real part of the mutual impedance (Z12) between two identical
x̂−directed current sources versus separation s when α = 0◦ for a planar mi-
crostrip structure with th = 0.06λ0, ǫr = 3.25
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Figure 2.9: Imaginary part of the mutual impedance (Z12) between two iden-
tical x̂−directed current sources versus separation s when α = 0◦ for a planar
microstrip structure with th = 0.06λ0, ǫr = 3.25
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As seen in all plots, excellent agreement is observed between the closed-form

asymptotic solutions and the eigenfunction solution even for relatively small se-

parations. On the other hand these closed-form asymptotic solutions are approx-

imately 200 times faster than the eigenfunction solution.
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Chapter 3

Paraxial Space-Domain

Formulation for Surface Fields on

a Large Dielectric Coated

Circular Cylinder

3.1 Introduction

As mentioned at the introduction part, a paraxial spatial domain representation

of the dyadic Green’s function is developed for an electrically large dielectric

coated circular cylinder in [17], [18], to obtain the corresponding surface fields

accurately along the paraxial region. Since the final results of [17] is the starting

point for the asymptotic closed-form expressions (which is the main purpose and

contribution of this thesis) developed in the following chapter, the work done in

[17] and [18] is briefly reviewed in this chapter. A similar notation to those of

[17] and [18] is used.
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Figure 3.1: Dielectric coated perfect electric conducting (PEC) circular cylinder
where the radius of the PEC cylinder is a and the thickness of the dielectric
coating is th = d− a

3.2 Formulation

Consider an elementary surface electric current source given by

Je = (P z
e ẑ + P φ

e φ̂)
δ(φ− φ′)δ(z − z′)

d
(3.1)

located on the surface of a dielectric coated circular cylinder whose geometry is

given in Fig. 3.1 (ρ = ρ′ = d). The surface field component in the l-direction

(l = φ or z) at ρ = d excited by a u-directed source defined in (3.1) (u = φ or z)

can be written as

El(z, φ) =
1

2π

∞
∑

n=−∞
ejn(φ−φ′)

∫ ∞

−∞

Glu(n, kz)

2πd
P u
e e

−jkz(z−z′)dkz (3.2)

where Glu(n, kz) is the ρ-propagating series representation of the appropriate

dyadic Green’s function component which is explicitly given in [8] for both source

and observation points located on the surface (ρ = ρ′ = d). Both the Fourier

summation and the Fourier integral in (3.2) converge very slowly for electrically

large cylinders and large separations between the source and observation points.

Therefore, large numbers for n and kz are required to truncate these infinite
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summation and integration to finite summation and integration, respectively.

However, using large n and kz values exhibit severe numerical problems due to

the Hankel and Bessel functions (as well as their derivatives) which exist in the

Green’s function expression since both the order and argument of the functions

depend on n and kz. To alleviate this problem, (3.2) is transformed to a more

rapidly convergent φ-propagating series representation using Watson’s transform

[8]. Provided that the cylinder is electrically large, retaining only the leading

term, the surface field component is given by

El(z, φ) ≈ 1

2π

∫ ∞

−∞

∫ ∞−jǫ

−∞−jǫ

Glu(ν, kz)

2πd
P u
e e

−jkz(z−z′)ejν(φ−φ
′)dν dkz ǫ > 0, (3.3)

and then written in polar coordinates as

El(s, δ) ≈
1

2π

∫ ∞

0

∫ 2π

0

Glu(ζ, ψ)

2π
P u
e e

jζscos(ψ−δ)dψζdζ (3.4)

by performing the following transformations:

kz = −ζcosψ, ν = µd, µ = −ζsinψ (3.5)

and making use of the following geometrical substitutions:

rl = d(φ− φ′) = s sinψ, (z − z′) = s cosδ (3.6)

where the definitions of ψ, δ, s and ζ are given in Fig. 3.2. An analysis of

Green’s function components Glu(ζ, ψ) with respect to ψ shows that Glu(ζ, ψ)

(all components) is periodic with π (i.e. Glu(ζ, ψ)=Glu(ζ, ψ + π)). Therefore, it

can be represented by a Fourier series as

Glu(ζ, ψ) ≈
N
∑

n=0

an(ζ)cos(2nψ) +
N
∑

n=1

bn(ζ)sin(2nψ) (3.7)

where an(ζ) and bn(ζ) are Fourier series coefficients given by

an(ζ) =
ǫn
π

∫

T

Glu(ζ, ψ) cos(2nψ) dψ (3.8)

bn(ζ) =
2

π

∫

T

Glu(ζ, ψ) sin(2nψ) dψ (3.9)
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Figure 3.2: Space (s, δ) and spectral (ζ ,ψ) polar coordinates.

with ǫn = 1 for n = 0 and ǫn = 2 for n 6= 0. These coefficients are functions of ζ

only, which simplifies the surface field calculations significantly. The coefficients

are calculated numerically by

an(ζ) ≈
ǫn
π

P
∑

p=1

wpGlu(ζ, ψp) cos(2nψp) (3.10)

bn(ζ) ≈
2

π

P
∑

p=1

wpGlu(ζ, ψp) sin(2nψp) (3.11)

where wp are the appropriate weights. Based on an investigation performed us-

ing the stationary phase method shows that the strongest contributions to the

ψ-integral come from ψ = δ and ψ = π + δ (δ = 0 axial direction) [17], [18].

Therefore, to obtain a valid solution within the paraxial region, the Green’s func-

tion components Glu(ζ, ψ) should be exact at least at ψ = 0. Based on this

information, the abscissas ψp in (3.11) should include ψ = 0 and ψ = π. Ad-

ditionally making use of ψ = 0, π/2 and π simplifies the numerical integration

with respect to ζ in (3.4) due to the sin(nψ), cos(nψ) terms.

The essence of the method is the same for all components. However, each of

them has unique features and hence, each has to be treated slightly different.
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A) Gzz(ζ, ψ) component:

In addition to its periodicity, Gzz(ζ, ψ) is even with respect to ψ yielding

bn = 0. Only the leading two terms are retained to give the enough accuracy.

Therefore, using a three-point trapezoidal rule [16] in the interval [0,π], the fol-

lowing expressions are found for a0zz and a1zz

a0zz(ζ) ≈
1

2

[

Gzz(ζ, ψ = 0) +Gzz(ζ, ψ =
π

2
)
]

(3.12)

a1zz(ζ) ≈
1

2

[

Gzz(ζ, ψ = 0) −Gzz(ζ, ψ =
π

2
)
]

(3.13)

where the identity Gzz(ζ, ψ = 0) = Gzz(ζ, ψ = π) has been used to simplify the

expressions. Substituting these expressions into (3.7), the expression forGzz(ζ, ψ)

is given by

Gzz(ζ, ψ) ≈ Gzz(ζ, ψ =
π

2
) +

[

Gzz(ζ, ψ = 0)

−Gzz(ζ, ψ =
π

2
)
]

(

1 + cos 2ψ

2

)

. (3.14)

B) Gφz(ζ, ψ)=Gzφ(ζ, ψ) component:

Gφz(ζ, ψ), which is an odd function with respect to ψ is given in [8] and can

be written as

Gφz(ζ, ψ) =
ζ2sin 2ψ

2
Ĝφz(ζ, ψ). (3.15)

In this expression, Ĝφz(ζ, ψ) is an even function in ψ and approximated with a FS

where including only the leading term gives enough accuracy. The FS coefficient

a0φz
(ζ) is calculated by a numerical integration in the [0,π] interval using a two-

point trapezoidal rule and is given by

a0φz
(ζ) ≈ 1

π

[π

2
(Ĝφz(ζ, ψ = 0) + Ĝφz(ζ, ψ =

π

2
))
]

= Ĝφz(ζ, ψ = 0) (3.16)

yielding

Gφz(ζ, ψ) ≈ ζ2sin 2ψ

2
Ĝφz(ζ, ψ = 0). (3.17)
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C) Gφφ(ζ, ψ) component:

Following a similar procedure for the Gφφ component did not yield the same

accuracy. Therefore, it is written as the sum of planar and curvature correction

terms. Planar term corresponds to the limiting case of the cylindrical case when

the outer and inner radii of the cylinder go to infinity while the thickness remains

the same. On the other hand, curvature correction terms take the finite radius

effects into account and as the radius of the cylinder decreases these terms become

important. Consequently,

Gφφ(ζ, ψ) ≈ Gp
uu(ζ, ψ) +Gcc

φφ(ζ, ψ) (3.18)

where u = x or y, p stands for “planar” and cc for “curvature correction”. The

planar term is already written in two-term FS expansion as:

Gp
uu(ζ, ψ) = Gp1

uu(ζ) −Gp2
uu(ζ)

(

1 − cos2ψ

2

)

ζ2 (3.19)

and can be integrated in closed-form with respect to ψ. Gcc
φφ(ζ, ψ) is even with

respect to ψ which implies that bn = 0. Retaining only the first two terms

of FS expansion gives accurate results. The following coefficients work well for

Gcc
φφ(ζ, ψ).

a0φφ
(ζ) ≈ 1

4

[

Gcc
φφ(ζ, ψ = 0) +Gcc

φφ(ζ, ψ =
π

2
)
]

(3.20)

a1φφ
(ζ) ≈ 1

4

[

Gcc
φφ(ζ, ψ = 0) −Gcc

φφ(ζ, ψ =
π

2
)
]

. (3.21)

Finally the Gφφ(ζ, ψ) component is written as

Gφφ(ζ, ψ) ≈ Gp1
uu(ζ) +

1

2
Gcc
φφ(ζ, ψ = 0) − ζ2Gp2

uu(ζ)

(

1 − cos2ψ

2

)

+
1

2

[

Gcc
φφ(ζ, ψ =

π

2
) −Gcc

φφ(ζ, ψ = 0)
]

(

1 − cos2ψ

2

)

. (3.22)

These expressions for Green’s function components (i.e. (3.14), (3.17) and

(3.22)) are exact at ψ = 0, and they yield accurate results around paraxial region

(δ → 0), but lose accuracy as δ becomes large for large values of s.
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Surface field components are obtained by inserting these expressions for

Green’s function components into (3.4). Then ψ integrals are calculated in closed-

form using the relations given in (3.23)-(3.26), namely

∫ 2π

0

ejζs cos(ψ−δ)

2π
dψ = J0(ζs) (3.23)

∫ 2π

0

(

1 − cos 2ψ

4π

)

ejζs cos(ψ−δ) dψ = − 1

ζ2

∂2

∂r2
l

J0(ζs) (3.24)

∫ 2π

0

(

1 + cos 2ψ

4π

)

ejζs cos(ψ−δ) dψ = − 1

ζ2

∂2

∂z2
J0(ζs) (3.25)

∫ 2π

0

sin 2ψ

4π
ejζs cos(ψ−δ) dψ = − 1

ζ2

∂2

∂rl∂z
J0(ζs). (3.26)

The final expressions for surface fields are given by (3.27), (3.28), (3.29).

Ezz(δ, s) ≈ −Z0p
z
e

2πk0

{

k2
0P (s) +

∂2

∂z2
[P (s) −Q(s)]

}

(3.27)

Eφz(δ, s) ≈ −Z0p
z
e

2πk0

∂2

∂z∂rl
{M(s) −R(s)} (3.28)

Eφφ(δ, s) ≈ −Z0p
φ
e

2πk0

{

k2
0U(s) +

∂2

∂r2
l

[

U(s) − ǫr − 1

ǫr
W (s)

]}

+
jZ0p

φ
e

4πk0

{

S(s) − ∂2

∂r2
l

T (s)

}

(3.29)

where P(s), Q(s), M(s), R(s), W(s), U(s), S(s) and T(s) are special functions

which are explicitly given in [18] and [17]. Note that U(s) and W (s) are the same
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special functions used for the Sommerfeld integral representation for the planar

single layer microstrip dyadic Green’s function as given in (2.11), (2.12) and [20].

The integrals of these special functions are evaluated numerically along the

real axis using a Gaussian quadrature algorithm, where an envelope extraction

technique is used in all to overcome the difficulties in the numerical integration

arising from their integrands’ oscillatory as well as slowly decaying behaviours.

Furthermore, the singularities which are on the real axis (for lossless case) along

the path of integration are handled by regularizing the integrands. More details

about the numerical integrations can be found in [8].

This method is approximately five times faster than the eigenfunction solu-

tion. Moreover, the calculation time by this method is fairly independent of the

cylinder’s radius (for radii ≥ λ0), whereas, for the eigenfunction solution, it in-

creases as the electrical size of the cylinder becomes greater. This shows that this

method is much more efficient than eigenfunction solution for electrically large

cylinders.
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Chapter 4

Development of an Asymptotic

Closed-Form Expression for

Green’s Function of Dielectric

Coated PEC Cylinder

4.1 Introduction

In this chapter, the development of the asymptotic closed-form expressions for

the Green’s function of dielectric coated circular PEC cylinder is presented in

detail, which is the main contribution of this thesis. The starting point of the

development process is the final results of [18]. Then, a procedure similar to

the procedure given in [20] is applied to reach the final asymptotic closed-form

expressions.
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4.2 Formulation

The development of the formulation follows the results of [18] which is explained

in chapter 3 and given in (3.27)-(3.29).

In these expressions P(s), Q(s), M(s), R(s), W(s), U(s), S(s) and T(s) are

special functions which are explicitly given in [17], [18]. Once these functions are

calculated, electric field components can be found easily. All of these special func-

tions are in the Sommerfeld integration form and can not be evaluated exactly.

During the numerical integration, their rate of convergence is nearly identical.

Their integrands possess a Bessel function of the first kind (J0(ζs)) and they are

odd functions of the integration variable ζ . Therefore, the same procedure is

implemented for all of them.

Consider the following Y function which have the same generic form as the

special functions mentioned above.

Y =

∫ ∞

0

Gcyl(ξ) e−j
√
k2
0−ξ2 ρ J0(sξ) dξ (4.1)

where ρ is the radial distance from the air-dielectric interface (ρ = 0) and is small.

Since the integrand Gcyl is an odd function of the integration variable ξ, it can

be transformed into the Hankel form given by

Y =
1

2

∫ ∞

−∞
Gcyl(ξ) e−j

√
k2
0−ξ2 ρH

(2)
0 (sξ) dξ. (4.2)

The integration contour for (4.2) is shown in Fig. 2.2 by Sommerfeld contour

label. Next, similar to the planar case, the integration contour is deformed around

the branch-cut as shown in Fig. 2.2. The integrand of (4.2) may have poles in

the lower half ξ-plane. The imaginary parts of these poles are negative so they

are the proper surface-wave poles. During the deformation these poles must be

captured. The integration around the branch-cut can be transformed to a real

axis integration by the change of variables given by (2.18). The result of this
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transformation is the expression given by

Y =

∫ ∞

−∞
F cyl(ζ) e−jζρH

(2)
0

(

s
√

k2
0 − ζ2

)

dζ

−2πj
∑

n

ResY (ζn). (4.3)

Note that, the new integrand in (4.3) is denoted by F cyl since the change of

variables and transformations alter the integrand. Now consider the integration

term of (4.3):

I =

∫ ∞

−∞
F cyl(ζ) e−jζρH

(2)
0

(

s
√

k2
0 − ζ2

)

dζ (4.4)

which is in the same form of (2.22) but the integrand is for the electrically large

coated circular cylinder. In general the F cyl function in the integrand may have

surface or/and leaky wave poles at ζcylp close to ζ = 0. So it may be written in a

series form given by

F cyl(ζ) =
∑

n

anζ
n +

∑

p

RF cyl(ζcylp )

ζ − ζcylp

(4.5)

where RF cyl(ζcylp ) is the residue of F cyl(ζ) at ζ = ζcylp and an are the coefficients

of the power series. Substituting (4.5) into (4.4) and performing the same change

of variables given by (2.24) the integral denoted by I can be obtained as

I = k0

∑

n

an
(−j)n

∂

∂ρn

∫ ∞

−∞
H

(2)
0

(

k0s
√

1 − η2
)

e−jk0ηρdη

+
∑

p

RF cyl(ζcylp )

∫ ∞

−∞

H
(2)
0

(

k0s
√

1 − η2
)

η − ηcylp

e−jk0ηρdη, (4.6)

which is very similar to (2.25) for the planar case. The first term of (4.6) can be

calculated in closed-form by noting that

I0 =

∫ ∞

−∞
H

(2)
0 (k0s

√

1 − η2)e−jk0ηρdη

= 2j
e−jk0

√
s2+ρ2

k0

√

s2 + ρ2
, (4.7)
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and

In =
kn0

(−j)n
∂

∂ρn

∫ ∞

−∞
H

(2)
0

(

k0s
√

1 − η2
)

e−jk0ηρdη,

=
kn0

(−j)n
∂

∂ρn

(

2j
e−j

√
k2
0+ρ2

√

k2
0 + ρ2

)

. (4.8)

In=even is calculated in closed-form via (4.8), but In=odd = 0. For the second term

of (4.6) the large-argument approximation for the Hankel function given by (2.28)

is applied. So, the second integral of (4.6) is approximated as

Is ≈
√

2

πk0s
ejπ/4

∫ ∞

−∞

1

(
√

1 − η2)1/2

(

1 +
j

8k0s
√

1 − η2

)

·e
−jk0(s

√
1−η2+ηρ)

η − ηcylp

dη (4.9)

which has the same form as that of (2.27). The definitions of the branch-cuts are

similar to the planar case. Namely, because of
√

1 − η2 terms in the integrand,

η-plane is a two-sheeted complex plane with two branch points at η = ±1. The

branch-cuts extend to infinity and determined such that Im(
√

1 − η2) < 0 on

the entire top sheet. The integration in (4.9) is performed along the real axis on

the top sheet. However, we can map this two-sheeted η-plane to a single plane

by the same angular spectrum mapping given by (2.29). Then performing the

following polar transform

s = r sin θ ; ρ = r cos θ (4.10)

(4.9) becomes

Is ≈
√

2

πk0r sin θ
ejπ/4

∫

Γ

(

1 +
j

8k0r sin θ sin γ

)

1√
sin γ

· e
−jk0r cos (θ−γ)

cos γ − cos γcylp

sin γ dγ. (4.11)

By this way different quarters of two sheets of η-plane are mapped into different

adjacent sections of width π
2

in the complex γ plane (−π/2 ≤ Re γ ≤ 3π/2).

The integral in (4.11) has a saddle point at γs = 0. The contour Γ in (4.11)

can be deformed into the steepest descent path (SDP) through the saddle point
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in the complex γ plane. This integration contour can be transformed to a real

axis integration by the following change of variables:

−j(cos (θ − γ) − 1) = −x2 ; dγ =
2j

√

x2 + 2j
dx. (4.12)

After this deformation of the integration path, the integral in (4.11) can be written

as (similar to the planar case)

Is ≈ 2πjN(ηcylp )H
(2)
0 (k0s

√

1 − (ηcylp )2 )e−jk0ηpρ

+

√

2

π k0 s
ejπ/4e−jk0r

∫ ∞

−∞
G(x)e−k0rx

2

dx (4.13)

where

G(x) =

(

1 +
j

8k0s sin γ

) √
sin γ

cos γ − cos γcylp

dγ

dx
. (4.14)

In this expression, the first term accounts for the residues of poles captured during

the deformation of integration path into the steepest descent path. Here N(ηp)

is given by (2.34). The second term is the integration term along the SDP.

An approximate closed-form solution for (4.13) can now be written for k0r ≫ 1

by taking the leading term of uniform asymptotic expression for the integration

term [22]. The closed-form expression is obtained as

Is ≈ M(k0r, η
cyl
p ) = 2πjN(ηcylp )H

(2)
0 (k0s sin γ

cyl
p )e−jk0ρ cos γ

cyl
p

+2j
e−jk0r

k0r

(

1 +
j

8k0r sin2θ

)







1

cos θ − cos γcylp

− 1

2
√
sinθ

√

sin γcylp sin
(

γcyl
p −θ

2

)

(

1 − F

(

2k0 r sin
2

(

γcylp − θ

2

)))]

(4.15)

where positive branch of

√

sin γcylp is used and F (x) is the transition function

given by (2.36).
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There are two special conditions for the cases investigated in this thesis.

Firstly, source and observation points are both at the dielectric-air interface.

That is ρ = 0 and θ = π
2
. Secondly, the dielectric is assumed to be lossless. At

these special conditions, the integral I given by (4.4) can be approximated as

I ≈ k0a0I0 + k3
0a2I2 +

∑

p

RF cyl(ζcylp )M(k0s, η
cyl
p ) (4.16)

where

I0 =

∫ ∞

−∞
H

(2)
0 (k0s

√

1 − η2)e−jk0ηρdη






ρ=0
= 2j

e−jk0s

k0s
(4.17)

In=odd = 0 (⇒ I1 = 0) (4.18)

I2 =

∫ ∞

−∞
H

(2)
0 (k0s

√

1 − η2)e−jk0ηρη2 dη






ρ=0
=

−2e−jk0s

(k0s)2

(

1 +
1

jk0s

)

(4.19)

and M(k0s, ηp) is given by

M(k0s, η
cyl
p ) = −2πjN(ηcylp )H

(2)
0 (k0s

√

1 − (ηcylp )2) (4.20)

−2j
e−jk0s

k0sη
cyl
p

(

1 +
j

8k0s

)



1 +
ηcylp

2

√

sinγcylp sin(
γcyl

p

2
− π

4
)

(

1 − F

(

2k0 s sin
2(
γcylp

2
− π

4
)

))]

and N(ηcylp ) = 0 since no surface wave pole is captured during deformation of

integration path to SDP if ρ = 0.

For the lossless case all the cylindrical poles will be on the imaginary axis and

show the same characteristics as the planar case, namely:

ηcylp = ±j|ηcylp |
{

(−) for proper surface wave

(+) for improper surface wave
(4.21)

and

γcylp = cos−1(ηcylp ) =
π

2
± j(γcylp )′′

{

(+) for proper surface wave

(−) for improper surface wave.
(4.22)
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Therefore,

sin

(

γcylp

2
− π

4

)

= ± j√
2

√

√

1 + |ηcylp |2 − 1

{

(+) for proper surface wave

(−) for improper surface wave.

(4.23)

Finally, an terms are calculated by Taylor expansion of integrand of (4.4) exclud-

ing the Hankel function and the residue term of (4.5). The Taylor expansion of

the residue term of (4.5) is given as follows:

RF cyl(ζcylp )

ζ − ζcylp

= −
RF cyl(ζcylp )

ζcylp

(

1 +
ζ

ζcylp

+
ζ2

(ζcylp )2
+ ...

)

. (4.24)

At the end of all these steps, all special functions involved in (3.27)-(3.29) are

written in a special form given by

Y =

[

fa0Y
(d) +

∑

pY

(

RY (ζcylpY
)

ζcylpY

)]

k0I0 +

[

fa2Y
(d) +

∑

pY

(

RY (ζcylpY
)

(ζcylpY )3

)]

k0I2 +

∑

pY

RY (ζpY
)M(k0s, η

cyl
pY

) − 2πj
∑

n

ResY (ζcyln ), (4.25)

though the corresponding fa0Y
(d) and fa2Y

(d) functions, poles and corresponding

residues will vary among them. These equations have a similar mathematical

form as the equations for planar microstrip structures. Furthermore, they reduce

to their planar counterparts when the radius of the cylinder (both inner and outer

radii) goes to infinity while the thickness remains the same. The main differences

come from fa0Y
(d) and fa2Y

(d) functions and the values of poles and corresponding

residues of the cylindrical special functions. The calculation procedure for fa0Y
(d)

and fa2Y
(d) are similar to the planar case but show some major differences since

they are outer radius dependent parameters. Furthermore, accuracy of (4.25)

strongly depends on the correct derivation of fa0Y
(d) and fa2Y

(d). In the planar

case [20] when the power series expansion around ζ = 0 is performed, only a2 is

found explicitly, since a0 = 0 and because I1 = 0, a1 is not necessary. This is the

same in Y = U and W in our case, since they correspond to the planar terms.

However, for the other special functions, a direct power series expansion of F̃p(ζ)
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which is given by

F̃p = F cyl −
∑

p

RF cyl(ζcylp )

ζ − ζcylp

(4.26)

around ζ = 0 yields radius-dependent coefficients which diverge when the radius

of the cylinder goes to infinity. Therefore, first an asymptotic expansion of F̃p(ζ)

is performed with respect to 1/d as

F̃p(ζ) = F̃0(ζ) +
F̃1(ζ)

d
+
F̃2(ζ)

d2
+ ... (4.27)

where only the three terms (F̃0(ζ), F̃1(ζ) and F̃2(ζ)) are included. Then, a power

series expansion around ζ = 0 is performed for each F̃i (i = 1, 2, 3) such that

F̃i(ζ) = a0 i + a1 iζ + a2 iζ
2 + ... (4.28)

Finally, fa0Y
(d) and fa2Y

(d) functions are obtained as follows:

fa0I
(d) = a0 0 +

a0 1

d
+
a0 2

d2
(4.29)

fa2I
(d) = a2 0 +

a2 1

d
+
a2 2

d2
. (4.30)

fa0Y
(d) and fa2Y

(d) expressions for all special functions are explicitly given in

Appendix B. Explicit expressions for residues of individual functions are given in

Appendix C.

By this formulation, all the special functions denoted by Y and thus the

surface fields (Green’s function) along the paraxial region of an electrically large

dielectric coated circular cylinder is asymptotically evaluated in closed-form for

relatively large separations. Note that this asymptotic formulation reduces to the

asymptotic formulation of the planar case given by (2.44) and (2.46) when the

radius of the cylinder goes to infinity (but the thickness remains the same.)
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Chapter 5

Numerical Results

In this section a few numerical results are given to show the accuracy of the

asymptotic approach compared to the standard eigenfunction solution and FS

solution. To test the accuracy, mutual impedance between two tangential current

components are calculated. In numerical calculations, the parameters of cylinder

are; inner radius a = 3λ0, dielectric thickness th = 0.06λ0, ǫr = 3.25 (λ0 =

free-space wavelength). Note that the mutual impedance Znm between the two

current modes is simply given by

Znm =

∫

Sm

En · Jm ds (5.1)

where En is the field due to source (current mode) Jn and Sm is the area occupied

by source (current mode) Jm. The current modes are defined by a piecewise

sinusoid along the direction of the current and by a constant along the direction

perpendicular to the current. The definition for piecewise sinusoid is given in

(2.55). Each element has dimensions of 0.05λ0 (along the direction of the current)

by 0.02λ0. This particular choice of current modes alleviates the convergence of

the reference eigenfunction solution for large cylinders.

In Figures 5.1 and 5.2, the real and imaginary parts of Z12 (mutual coupling)

between two ẑ-directed current modes are plotted versus separation, by the three

methods. Source and observation points lie on the ẑ-axis (α = 90◦). In Figures 5.3

and 5.4, α is changed to 70◦ for the same calculation, so that we have a deviation
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from the axial region. In Figures 5.5 and 5.6, the real and imaginary parts of

Z12 (mutual coupling) between one ẑ-directed and one φ̂-directed current modes

are plotted versus separation, by the three methods. Source and observation

points lie nearly on the ẑ-axis where α is set to 88◦ since for α = 90◦ the mutual

coupling is exactly zero. In Figures 5.7 and 5.8, α is changed to 70◦ for the

same coupling case. In Figures 5.9 and 5.10, the real and imaginary parts of

Z12 (mutual coupling) between two φ̂-directed current modes are plotted versus

separation, again by using these three methods. Source and observation points

lie on the ẑ-axis (α = 90◦). Finally, in Figures 5.11 and 5.12, α is changed to

70◦ for the same φ̂ − φ̂ coupling. For these parameters (dielectric constant ǫr,

dielectric thickness (th), and radius of cylinder) asymptotic solution involves two

poles namely, one TM surface wave pole and one TE leaky wave pole.

The figures show that, the developed asymptotic closed-form solution yields

very accurate results for separations greater than 0.8-0.9λ0 along the paraxial

region. Accuracy increases as the separation as well as the radius of the cylinder

increase. The convergence problems associated with the eigenfunction solution

as the separation gets larger are apparent from the plots. As the separation

increases (over 6-7λ0 for ẑ− φ̂ case and over 5λ0 for φ̂− φ̂ case), the eigenfunction

solution completely fails while FS and asymptotic solution do not have such a

problem. Also due to the Sommerfeld integration form FS solution is expected

to fail after 10− 12λ0 separations. On the other hand in terms of their efficiency,

the following table illustrates the CPU times spent to generate the data needed

for the Figures 5.1 to 5.12.

Case Time(seconds)

Asymptotic Closed-Form Fourier Series

ẑ − ẑ (90◦) 0.44 198

ẑ − ẑ (70◦) 0.41 193.5

ẑ − φ̂ (88◦) 0.11 15.2

ẑ − φ̂ (70◦) 0.11 15.3

φ̂− φ̂ (90◦) 0.49 141.5

φ̂− φ̂ (70◦) 0.49 141.65
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Figure 5.1: Real part of the mutual impedance (Z12) between two identical
ẑ−directed current sources versus separation s when α = 90◦ for a coated cylinder
with a = 3λ0, th = 0.06λ0, ǫr = 3.25.
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Figure 5.2: Imaginary part of the mutual impedance (Z12) between two identical
ẑ−directed current sources versus separation s when α = 90◦ for a coated cylinder
with a = 3λ0, th = 0.06λ0, ǫr = 3.25.
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Figure 5.3: Real part of the mutual impedance (Z12) between two identical
ẑ−directed current sources versus separation s when α = 70◦ for a coated cylinder
with a = 3λ0, th = 0.06λ0, ǫr = 3.25.
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Figure 5.4: Imaginary part of the mutual impedance (Z12) between two identical
ẑ−directed current sources versus separation s when α = 70◦ for a coated cylinder
with a = 3λ0, th = 0.06λ0, ǫr = 3.25.
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Figure 5.5: Real part of the mutual impedance (Z12) between one ẑ−directed and
one φ̂−directed current sources versus separation s when α = 88◦ for a coated
cylinder with a = 3λ0, th = 0.06λ0, ǫr = 3.25.
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Figure 5.6: Imaginary part of the mutual impedance (Z12) between one
ẑ−directed and one φ̂−directed current sources versus separation s when α = 88◦

for a coated cylinder with a = 3λ0, th = 0.06λ0, ǫr = 3.25.
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Figure 5.7: Real part of the mutual impedance (Z12) between one ẑ−directed and
one φ̂−directed current sources versus separation s when α = 70◦ for a coated
cylinder with a = 3λ0, th = 0.06λ0, ǫr = 3.25.
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Figure 5.8: Imaginary part of the mutual impedance (Z12) between one
ẑ−directed and one φ̂−directed current sources versus separation s when α = 70◦

for a coated cylinder with a = 3λ0, th = 0.06λ0, ǫr = 3.25.
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Figure 5.9: Real part of the mutual impedance (Z12) between two identical
φ̂−directed current sources versus separation s when α = 90◦ for a coated cylinder
with a = 3λ0, th = 0.06λ0, ǫr = 3.25.
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Figure 5.10: Imaginary part of the mutual impedance (Z12) between two identical
φ̂−directed current sources versus separation s when α = 90◦ for a coated cylinder
with a = 3λ0, th = 0.06λ0, ǫr = 3.25.
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Figure 5.11: Real part of the mutual impedance (Z12) between two identical
φ̂−directed current sources versus separation s when α = 70◦ for a coated cylinder
with a = 3λ0, th = 0.06λ0, ǫr = 3.25.
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Figure 5.12: Imaginary part of the mutual impedance (Z12) between two identical
φ̂−directed current sources versus separation s when α = 70◦ for a coated cylinder
with a = 3λ0, th = 0.06λ0, ǫr = 3.25.
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The table shows that the asymptotic closed-form expressions can be computed

faster than the FS expressions by a factor of 100-300 times which is a major

advantage. Furthermore, it is known that FS is also 5-6 times faster than the

eigenfunction solution [18].

In the figures (5.13) - (5.16), a comparison of effects of a00, a01, a02, a20, a21, a22

parameters on the accuracy of the asymptotic solution is made. In the figures,

”Asymptotic 1” is the asymptotic solution where a01 = 0, a02 = 0, a21 = 0

and a22 = 0, in ”Asymptotic 2” a02 = 0 and a22 = 0, and ”Asymptotic 3”

includes all parameters. Mutual coupling between two ẑ-directed current modes

are calculated with α = 90◦ and α = 70◦ and other parameters are the same as

the previous plots. The plots show that, a00, a01, a02, a20, a21, a22 parameters

make the asymptotic solution more accurate at short separations especially for

s < λ0.

Finally, in the figures (5.17) - (5.20), a parametric study of the asymptotic

closed-form expressions are performed. The aim for such a comparison is to

recognize the effects of each radius dependent term as well as to distinguish

the effects of fa0Y
(d) and fa2Y

(d) separately. In the figures, ”Asymptotic 1” is

the asymptotic solution where all parameters are included, ”Asymptotic 2” is

the asymptotic solution where fa2Y
(d) is set to zero, and ”Asymptotic 3” the

asymptotic solution where fa0Y
(d) is set to zero. These figures show that fa2Y

(d)

parameter is absolutely necessary for separations less than 2λ0 while fa0Y
(d)

parameter increases accuracy for separations less than 1λ0 and for α ≈ 70◦.
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Figure 5.13: Real part of the mutual impedance (Z12) between two identical
ẑ−directed current sources versus separation s when α = 90◦ for a coated cylinder
with a = 3λ0, th = 0.06λ0, ǫr = 3.25. In ”Asymptotic 1”, a01 = 0, a02 = 0, a21 = 0
and a22 = 0, in ”Asymptotic 2” a02 = 0 and a22 = 0, and in ”Asymptotic 3” all
parameters are included.
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Figure 5.14: Imaginary part of the mutual impedance (Z12) between two identical
ẑ−directed current sources versus separation s when α = 90◦ for a coated cylinder
with a = 3λ0, th = 0.06λ0, ǫr = 3.25. In ”Asymptotic 1”, a01 = 0, a02 = 0, a21 = 0
and a22 = 0, in ”Asymptotic 2” a02 = 0 and a22 = 0, and in ”Asymptotic 3” all
parameters are included.
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Figure 5.15: Real part of the mutual impedance (Z12) between two identical
ẑ−directed current sources versus separation s when α = 70◦ for a coated cylinder
with a = 3λ0, th = 0.06λ0, ǫr = 3.25. In ”Asymptotic 1”, a01 = 0, a02 = 0, a21 = 0
and a22 = 0, in ”Asymptotic 2” a02 = 0 and a22 = 0, and in ”Asymptotic 3” all
parameters are included.
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Figure 5.16: Imaginary part of the mutual impedance (Z12) between two identical
ẑ−directed current sources versus separation s when α = 70◦ for a coated cylinder
with a = 3λ0, th = 0.06λ0, ǫr = 3.25. In ”Asymptotic 1”, a01 = 0, a02 = 0, a21 = 0
and a22 = 0, in ”Asymptotic 2” a02 = 0 and a22 = 0, and in ”Asymptotic 3” all
parameters are included.
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Figure 5.17: Real part of the mutual impedance (Z12) between two identical
ẑ−directed current sources versus separation s when α = 70◦ for a coated cylinder
with a = 3λ0, th = 0.06λ0, ǫr = 3.25. ”Asymptotic 1” is the asymptotic solution
where all parameters are included, ”Asymptotic 2” is the asymptotic solution
where fa2Y

(d) is set to zero, and ”Asymptotic 3” the asymptotic solution where
fa0Y

(d) is set to zero.
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Figure 5.18: Imaginary part of the mutual impedance (Z12) between two identical
ẑ−directed current sources versus separation s when α = 70◦ for a coated cylinder
with a = 3λ0, th = 0.06λ0, ǫr = 3.25. ”Asymptotic 1” is the asymptotic solution
where all parameters are included, ”Asymptotic 2” is the asymptotic solution
where fa2Y

(d) is set to zero, and ”Asymptotic 3” the asymptotic solution where
fa0Y

(d) is set to zero.
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Figure 5.19: Real part of the mutual impedance (Z12) between two identical
ẑ−directed current sources versus separation s when α = 70◦ for a coated cylinder
with a = 3λ0, th = 0.06λ0, ǫr = 3.25. ”Asymptotic 1” is the asymptotic solution
where all parameters are included, ”Asymptotic 2” is the asymptotic solution
where fa2Y

(d) is set to zero, and ”Asymptotic 3” the asymptotic solution where
fa0Y

(d) is set to zero.
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Figure 5.20: Imaginary part of the mutual impedance (Z12) between two identical
ẑ−directed current sources versus separation s when α = 70◦ for a coated cylinder
with a = 3λ0, th = 0.06λ0, ǫr = 3.25. ”Asymptotic 1” is the asymptotic solution
where all parameters are included, ”Asymptotic 2” is the asymptotic solution
where fa2Y

(d) is set to zero, and ”Asymptotic 3” the asymptotic solution where
fa0Y

(d) is set to zero.
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Chapter 6

Conclusions

In this dissertation, a relatively simple asymptotic closed-form expressions are

developed for surface fields of a dielectric coated PEC circular cylinder. The

asymptotic solution is developed on top of the final results of [18] by using the

method used in [20]. Therefore, similar to [18], the asymptotic solutions devel-

oped in this thesis are valid along the paraxial region. The large parameter in

this asymptotic closed-form expressions are the length of geodesic ray connecting

the source and observation points. In addition, the cylinder is electrically large

enough (r > λ0), which has been made use in arriving the final results of [18]. The

final expressions developed are relatively simple in mathematical form containing

some polynomial and trigonometric functions. They are approximately 100-300

times faster than other available solution techniques (FS and eigenfunction). Fur-

thermore, the derived expressions recover their planar counterparts given in [20]

as the inner and outer radii of the cylinder go to infinity while the thickness of

the coating remains the same. The accuracy of the proposed method is tested

through some mutual coupling calculations between various combinations of ẑ

and φ̂ directed current modes. The mutual coupling results evaluated using this

asymptotic closed-form expressions are compared with the mutual coupling re-

sults obtained using the FS solution [18] and the eigenfunction solution. The

results show that for the cases simulated, the solutions developed in this the-

sis provide very accurate results for separations greater than 1λ0. However, the
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method works even for smaller separations for some components. Note that some

accuracy problems have been noticed for relatively thin substrates (th < 0.02λ0)

combined with small separations in relatively electrically small cylinders. Fur-

thermore, we observed that the accuracy of this method greatly improves as the

radius of the cylinder and the separation between the source and observation

points increase. Since the final expressions are in closed-form and can be ex-

plained in terms of rays, this technique is very suitable for the development of

asymptotic solutions for arbitrarily convex, material coated smooth surfaces.
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Appendix A

Explicit expressions for the

residues of U , V and W functions

The explicit expressions for the residues of U , V and W functions are given as;

RU(ζ ′′p ) =
1

2

ζp′′
[

1 − j
ζp′′

αp′′
( cot(thαp′′) − thαp′′(1 + cot2(thαp′′)))

] (A.1)

RV (ζ ′p) = −1

2

ζ2
p′

[

1 +
jζp′

ǫrαp′
( tan(thαp′) − thαp′(1 + tan2(thαp′)))

] (A.2)

RW (ζ ′′p ) =
1

2

ζ2
p′′

[

1 − j
ζp′′

αp′′
( cot(thαp′′) − thαp′′(1 + cot2(thαp′′)))

]

1

ζp′′ + j
ǫr
αp′′ tan(thαp′′)

(A.3)

RW (ζ ′p) =
1

2

ζ2
p′

[

1 +
jζp′

ǫrαp′
( tan(thαp′) + thαp′(1 + tan2(thαp′)))

]

1

ζp′ − jαp′ cot(thαp′)

(A.4)

and

αp′ ≡
√

(ǫr − 1)k2
0 + ζ2

p′; αp′′ ≡
√

(ǫr − 1)k2
0 + ζ2

p′′; (A.5)
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Appendix B

Formulas for fa0Y (d) and fa2Y (d)

parameters of special functions

B.1 Special function P

fa0P
(d) = ap0 0 +

ap0 1

d
+
ap0 2

d2
(B.1)

ap00 = 0 (B.2)

ap01 = − tan3(thk0

√
ǫr − 1)

2k0(ǫr − 1)3/2
(B.3)

ap02 = − D1 +D2

4k3
0c

6
o(ǫr − 1)7/2

(B.4)

where

D1 = k0

√
ǫr − 1 (−6c4oǫr + 3c6oǫr + 3c2oǫr) − (3ǫr − 2)ths

3
i cok

2
0 (B.5)

D2 = k0

√
ǫr − 1 [−3t2hc

2
os

2
i k

2
0(ǫr − 1) − 12c2o + 9c4o + 5] + 3thcok

2
0s

3
i (B.6)

co = cos(k0th
√
ǫr − 1) (B.7)

si = sin(k0th
√
ǫr − 1) (B.8)
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and

fa2P
(d) = ap2 0 +

ap2 1

d
+
ap2 2

d2
(B.9)

ap2 0 =
tan2(thk0

√
ǫr − 1)

2k2
0(ǫr − 1)

(B.10)

ap21 =
(c4o + 2c2o[k

2
0t

2
h(ǫr − 1) − ǫr] + 3cok0sith

√
ǫr − 1 − 4 + 5c2o)si

2k3
0c

5
o(ǫr − 1)5/2

(B.11)

ap22 =
(B1 + B2 + B3 + B4 + B5)

16k5
0c

8
osi(ǫr − 1)9/2

(B.12)

where

B1 = 42 + 25k2
0t

2
hc

2
o(1 − ǫr) − 47k2

0t
2
hc

4
o + 24k2

0t
2
hc

6
o(ǫr − 1)

B2 = 6k4
0t

4
hc

4
o(1 − 2ǫr + 6ǫ2r) + 71k2

0t
2
hc

4
oǫr − 33k0

√
ǫr − 1sithc

5
o − 60k0

√
ǫr − 1sithco

B3 = k0

√
ǫr − 1[24k2

0t
3
hc

3
osi(ǫr − 1) + 12k2

0t
3
hc

5
o + 93sithc

3
o] − 108c2o + 6c4oǫ

2
r − 84c4oǫr

B4 = 40c2oǫr + 6c8oǫ
2
r + 48c6oǫr − 4c8oǫr − 12c6oǫ

2
r + 90c4o − 24c6o − 24k0

√
ǫr − 1sithc

3
oǫr

B5 = k0

√
ǫr − 1(−12k2

0t
3
hc

5
osiǫr + 24thc

5
osiǫr) − 24k2

0t
2
hc

5
oǫ

2
r (B.13)

co = cos(k0th
√
ǫr − 1) (B.14)

si = sin(k0th
√
ǫr − 1) (B.15)

B.2 Special function Q

fa0Q
(d) = aq0 0 +

aq0 1

d
+
aq0 2

d2
(B.16)

aq00 = 0 (B.17)

aq01 = 0 (B.18)

55



aq02 = −(ǫ2r − 2ǫr + 4)c4o + 3 − 6c2o
4k2

0(ǫr − 1)2c4o
(B.19)

fa2Q
(d) = aq2 0 +

aq2 1

d
+
aq2 2

d2
(B.20)

aq20 =
1

2k2
0

(B.21)

aq21 =
[ǫ2r − ǫr − (si/co)

4]co
2k3

0si(ǫr − 1)3/2
(B.22)

aq22 =
(Q1 +Q2 +Q3)

2k5
0(ǫr − 1)7/2c6os

2
i

(B.23)

where

Q1 = k0

√
ǫr − 1 [10 + 3ǫrc

2
0 + ǫ2rc

6
0(ǫr − 1) − 9ǫrc

4
0 + 8ǫrc

6
0 + 6k2

0t
2
hc

2
0(1 − ǫr)]

Q2 = k0

√
ǫr − 1 (33c40 − 31c20 + 12k2

0t
2
hc

4
0(ǫr − 1))

−6sic0thk
2
0 (ǫr − 1 + 2c20) + 12sithk

2
0c

3
0ǫr

Q3 = k0

√
ǫr − 1 (−13c80ǫ

3
r + 6c80ǫ

4
r + 7c80ǫ

2
r − 2ǫrc

8
0)

−6k3
0t

2
hc

6
0(ǫr − 1)3/2 + 6k2

0sithc
5
0(1 − ǫr) (B.24)

B.3 Special function M-R

fa0(M−R)
(d) = a

(m−r)
0 0 +

a
(m−r)
0 1

d
+
a

(m−r)
0 2

d2
(B.25)

where

a
(m−r)
00 = 0 (B.26)

a
(m−r)
01 =

0.25(ǫr − 2
c20

) tan(thk0

√
ǫr − 1)

k0

√
ǫr − 1

(B.27)
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a
(m−r)
02 =

k0thD +
√
ǫr − 1E

8k2
0(ǫr − 1)3/2

(B.28)

D = (2t3g + 2tg − 2tgǫr − 2t5gǫr − 4ǫrt
3
g + 2t5g) (B.29)

E = 4ǫ2r + t2g(ǫ
2
r − 7ǫr + 8) + 6t6g + 13t4g − 3ǫrt

4
g − 6ǫr + 1 (B.30)

tg = tan(thk0

√
ǫr − 1) (B.31)

and

fa2(M−R)
(d) = a

(m−r)
2 0 +

a
(m−r)
2 1

d
+
a

(m−r)
2 2

d2
(B.32)

where

a
(m−r)
20 =

tan2(thk0

√
ǫr − 1) − (ǫr − 1)

2k2
0(ǫr − 1)

(B.33)

a
(m−r)
21 =

MR1 + MR2 + MR3

8k3
0 tan(thk0

√
ǫr − 1)(ǫr − 1)3/2

(B.34)

a
(m−r)
22 =

k0thA+
√
ǫr − 1(B + k2

0t
2
hC)

8t2gk
4
0(ǫr − 1)5/2

(B.35)

MR1 = −2ǫ3r + 8ǫ2r + 4ǫ2rt
2
g − 4ǫr (B.36)

MR2 = k0

√
ǫr − 1 [ − 8tht

3
g − 6tht

5
g − 2thtg] + 8t6g + 14t4g + 6t2g (B.37)

MR3 = 2k0

√
ǫr − 1thǫrtg (1 + t2g) − 6ǫrt

4
g − 9ǫrt

2
g (B.38)
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A = −2ǫ3r (t5g + t3g) + ǫ2r (28t5g + 16t3g + 12t7g) + 89t7g + 36t9g

+ ǫr(−31t3g − 36t9g − 101t7g − 96t5g) + 17t3g + 70t5g (B.39)

B = −(30t10g + t8g(84 − 20ǫr) + t6g(12ǫ2r − 54ǫr + 80) − 30ǫ3r + 12ǫ4r

+ t4g(32ǫ2r − 6ǫ3r + 28 − 50ǫr) + t2g(2ǫ
4
r − 18ǫ3r + 2 + 20ǫ2r − 20ǫr)) (B.40)

C = 11ǫrt
6
g + 5ǫrt

8
g + ǫrt

2
g − 7t4g − 11t6g − 5t8g − t2g − 7ǫrt

4
g (B.41)

tg = tan(thk0

√
ǫr − 1) (B.42)

B.4 Special function S and T

fa0S
(d) = 0 (B.43)

fa2S
(d) = 0 (B.44)

fa0T
(d) = 0 (B.45)

fa2T
(d) = 0 (B.46)
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Appendix C

Explicit expressions for the

residues of P , Q, M , R, S, and T

functions

C.1 Residues for special functions P , Q, M , R

RP (ζp′′) =
1

2

ζp′′

jDTmp(ζp′′)
(C.1)

RQ(ζp′′) =
1

2

ζ3
p′′

j(k2
0 − ζ2

p′′)

1
2d

(
ǫr(k2

0−ζ2p′′)
A(ζp′′ )

− t2h(k2
0−ζ2p′′ )

sin2(th
√
A(ζp′′ ))

+
k2
0

ζ2
p′′

) +
(k2

0−ζ2p′′)(ǫr−1)

tan(th
√
A(ζp′′ ))

√
A(ζp′′ )

DTmp(ζp′′)T 0
m(ζp′′)

(C.2)

RQ(ζp′) =
1

2

ζ3
p′

j(k2
0 − ζ2

p′)

1
2d

(
ǫr(k2

0−ζ2p′ )
A(ζp′ )

− t2h(k2
0−ζ2p′)

sin2(th
√
A(ζp′ ))

+
k2
0

ζ2
p′

) +
(k2

0−ζ2p′)(ǫr−1)

tan(th
√
A(ζp′ ))

√
A(ζp′ )

T pm(ζp′)DTm0(ζp′)
(C.3)

RM(ζp′) =
1

2

ζp′

jDTm0(ζp′)
(C.4)

RR(ζp′′) =
1

2

k2
0(ǫr − 1)ζp′′(−jζp′′ − 1

2d
)

jA(ζp′′)DTe0(ζp′′)T 0
m(ζp′′)

(C.5)
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RR(ζp′) =
1

2

k2
0(ǫr − 1)ζp′(−jζp′ − 1

2d
)

jA(ζp′)T 0
e (ζp′)DTm0(ζp′)

(C.6)

where

DTmp(ζp′′) = −j − ζp′′
√

A(ζp′′) tan(th
√

A(ζp′′))
+

thζp′′

sin2(th
√

A(ζp′′))

+
0.5

d

(

2k2
0

ζ3
p′′

− 2ǫrk
2
0ζp′′

A2(ζp′′)
+

2t2hζp′′

sin2(th
√

A(ζp′′))

+
2t3h(k

2
0 − ζ2

p′′)ζp′′

tan(th
√

A(ζp′′)) sin2(th
√

A(ζp′′))
√

A(ζp′′)

)

(C.7)

DTm0(ζp′) = −j − 2ǫrζp′
√

A(ζp′) tan(th
√

A(ζp′))
+

ǫrζ
3
p′

tan(th
√

A(ζp′))A3/2(ζp′)

+
thζ

3
p′ǫr

sin2(th
√

A(ζp′))A2(ζp′)
+

1

2d
(
2ǫrζp′(1 − ζ2

p′)

A2(ζp′)
) (C.8)

DTe0(ζp′′) = −j +
2ζp′′

√

A(ζp′′) cot(th
√

A(ζp′′))
−

2ζ3
p′′

A3/2(ζp′′) cot(th
√

A(ζp′′))

−
ζ2
p′′

A(ζp′′)
(− ζp′′
√

A(ζp′′) cot(th
√

A(ζp′′))
− thζp′′

cos2(th
√

A(ζp′′))
)

+
1

d

(

ζ3
p′′ tan

2(th
√

A(ζp′′))

A2(ζp′′)
− ζp′′ tan

2(th
√

A(ζp′′))

A(ζp′′)

−
ζ2
p′′ tan(th

√

A(ζp′′))thζp′′

cos2(th
√

A(ζp′′))A3/2(ζp′′)

)

(C.9)

T pm(ζp′) = −jζp′−
√

A(ζp′)

tan(th
√

A(ζp′))
− 1

2d
(
k2

0

ζ2
p′
− ǫrk

2
0

A(ζp′)
−

t2h(k
2
0 − ζ2

p′)

sin2(th
√

A(ζp′))
) (C.10)

T 0
m(ζp′′) = −jζp′′ − ǫr

ζ2
p′′

A(ζp′′)

√

A(ζp′′)

tan(th
√

A(ζp′′))
−

(ǫr − 1)ζ2
p′′

2dA(ζp′′)
(C.11)
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T 0
e (ζp′′) = −jζp′′ +

ζ2
p′′

√

A(ζp′′) cot(th
√

A(ζp′′))
− 1

2d

(

1 +
ζ2
p′′ tan

2th
√

A(ζp′′)
√

A(ζp′′)

)

(C.12)

A(x) = (ǫr − 1)k2
0 + x2 (C.13)

C.2 Residues for special functions S and T

RS(ζp′′) =

(

√

A(ζp′′)

2ǫrd

)

{

Num0
1(ζp′′)d

2 +Num0
2(ζp′′)d+ A0

3T
0
0 (ζp′′)

DP l1p(ζp′′)P l
π
2
2 (ζp′′)[T

0
0 (ζp′′)d2 + T 0

1 (ζp′′)d+ T 0
2 (ζp′′)]

}

(C.14)

RT (ζp′) =





ζp′

2d
√

k2
0 − ζ2

p′





{

Num
π
2
1 (ζp′)d
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π
2
2 (ζp′)d+ A

π
2
3 T

π
2

0 (ζp′)
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π
2
1 (ζp′)DP l2p(ζp′)[T

π
2
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π
2

1 (ζp′)d+ T
π
2
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}

(C.15)
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


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√
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



{
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2
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π
2
2 (ζp′′)d+ A

π
2
3 T

π
2

0 (ζp′′)

DP l1p(ζp′′)P l
π
2
2 (ζp′′)[T

π
2

0 (ζp′′)d2 + T
π
2

1 (ζp′′)d+ T
π
2

2 (ζp′′)]

}

−





√

A(ζp′′)

2ǫrd
√

k2
0 − ζ2

p′′





{
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1(ζp′′)d

2 +Num0
2(ζp′′)d+ A0

3T
0
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π
2
2 (ζp′′)[T 0
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2 (ζp′′)]

}

(C.16)
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where the following functions are used:

Num0
1(x) = A0

1(x)T
0
0 (x) − A0

0(x)T
0
1 (x) (C.17)

Num0
2(x) = A0

2(x)T
0
0 (x) − A0

0(x)T
0
2 (x) (C.18)

Num
π
2
1 (x) = A

π
2
1 (x)T

π
2

0 (x) − A
π
2
0 (x)T

π
2

1 (x) (C.19)

Num
π
2
2 (x) = A

π
2
2 (x)T

π
2

0 (x) − A
π
2
0 (x)T

π
2

2 (x) (C.20)

A0
0(x) = −jx S0

1(x) (C.21)

A0
1(x) = 0.5

[

jx S0
2(x) − S0

1(x)
]

(C.22)

A0
2(x) = 0.25

[

jx S0
3(x) + S0

2(x)
]

(C.23)

A0
3(x) = 0.125S0

3(x) (C.24)

A
π
2
0 (x) = −jx S

π
2
1 (x) (C.25)

A
π
2
1 (x) = 0.5

[

jx S
π
2
2 (x) −

(

−2dC
π
2
fx(x)

)

S
π
2
1 (x)

]

(C.26)

A
π
2
2 (x) = 0.25

[

jx S
π
2
3 (x) +

(

−2dC
π
2
fx(x)

)

S
π
2
2 (x)

]

(C.27)

A
π
2
3 (x) = 0.125

(

−2dC
π
2
fx(x)

)

S
π
2
3 (x) (C.28)

T 0
0 (x) = P l01(x) P l

0
2(x) (C.29)

T 0
1 (x) = −0.5

[

P l01(x) C̃
0
2(x) + P l02(x) C̃

0
1 (x)

]

(C.30)

T 0
2 (x) = 0.25C̃0

1(x) C̃
0
2(x) (C.31)

T
π
2

0 (x) = P l
π
2
1 (x) P l

π
2
2 (x) (C.32)

T
π
2

1 (x) = −0.5
[

P l
π
2
1 (x) C̃

π
2
2 (x) + P l

π
2
2 (x) C̃

π
2
1 (x)

]

(C.33)

T
π
2

2 (x) = 0.25C̃
π
2
1 (x) C̃

π
2
2 (x) (C.34)

S0
1(x) = P l01(x) N

0
1 (x) (C.35)

S0
2(x) = C̃0

1(x) N
0
1 (x) + P l01(x) N

0
2 (x) (C.36)

S0
3(x) = C̃0

1(x) N
0
2 (x) (C.37)

S
π
2
1 (x) = P l

π
2
1 (x) N

π
2

1 (x) (C.38)

S
π
2
2 (x) = C̃

π
2
1 (x) N

π
2

1 (x) + P l
π
2
1 (x) N

π
2

2 (x) (C.39)

S
π
2
3 (x) = C̃

π
2
1 (x) N

π
2

2 (x) (C.40)
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N0
1 (x) =

k2
0

A(x)





−
√

A(x)

cot
[

th
√

A(x)
]



 (C.41)

N0
2 (x) =

k2
0

A(x)
tan2

[
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√

A(x)
]

(C.42)

N
π
2

1 (x) =
1

ǫr





−
√

A(x)

cot
[
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√
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]


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N
π
2
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t2hk
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ǫr cos2
[
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√
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k2
0

A(x)
tan2

[
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√
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(C.44)

P l01(x) = 1 − ǫr
x2

A(x)
(C.45)

P l02(x) = 1 +
x2

A(x)
tan2

[
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√

A(x)
]

(C.46)
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π
2
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√
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√
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√
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63



C̃0
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A(x)

)

√
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[
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√
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)
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√
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] (C.53)
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(C.55)

and
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











jx+ k0

H
(2)′

(
√

k2
0−x2d)

(k0d)

H
(2)

(
√

k2
0
−x2d)

(k0d)
|
√
k2
0−x2

k0
− 1| ≤ 1

d2/3

− 1
2d

k2
0

(x2)
elsewhere.

(C.56)

A(x) = (ǫr − 1)k2
0 + x2 (C.57)
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