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ABSTRACT

TRIMMED MULTILEVEL FAST MULTIPOLE
ALGORITHM FOR D-TYPE VOLUME INTEGRAL

EQUATIONS IN ELECTROMAGNETIC SCATTERING
PROBLEMS

Halil Topözlü
M.S. in Electrical and Electronics Engineering

Advisor: Vakur Behçet Ertürk
August 2022

The Multilevel Fast Multipole Algorithm (MLFMA) is a state of the art com-
putational method that requires O(NlogN) memory and computational complex-
ity for N unknowns. Despite the low memory and computational complexity, the
conventional MLFMA has still some challenges due to prolonging iterations for
large-scale electromagnetic scattering problems, especially for volumetric prob-
lems.

We present a novel application of trimmed MLFMA (T-MLFMA) to D-type
volume integral equations. In T-MLFMA, thresholding and machine learning
(ML) techniques are performed to eliminate the unneeded interactions as the
MLFMA iterations proceed. Particularly, the converged current coefficients are
determined via a Fully Connected Neural Network (FCNN), and the tree structure
is systematically modified and becomes sparser. Therefore, the convergence of
the problem is accelerated while matrix-vector multiplication time per iteration
is also reduced. The training of the network is performed with only a small size
of homogeneous dielectric spheres with different permittivity values. Then, we
attack the scattering problem of homogeneous and inhomogeneous relatively more
complex dielectric geometries, such as spherical shell layer, cone, torus, cylinder,
cube, etc. As a result, significant speed-up is achieved with a controllable and
limited error with respect to the conventional MLFMA in all simulations.

Keywords: MLFMA, D-type volume integral equations, machine learning.
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ÖZET

ELEKTROMANYETIK SACILMA
PROBLEMLERINDEKI D-TIPI HACIM INTEGRAL
DENKLEMLERININ KIRPILMIS ÇOK SEVIYELI

ÇOKKUTUP YONTEMI ILE COZULMESI

Halil Topözlü
Elektrik ve Elektronik Mühendisliği, Yüksek Lisans

Tez Danışmanı: Vakur Behçet Ertürk
Ağustos 2022

Çok Seviyeli Hızlı Çok Kutup Yöntemi (ÇSHÇY), N bilinmeyen sayısı
için O(NlogN) bellek ve hesaplama karmaşıklığı gerektiren en hızlı ve hassas
hesaplama yöntemlerinden bir tanesidir. Düşük bellek ve hesaplama karmaşık-
lığına rağmen geleneksel ÇSHÇY, büyük ölçekli elektromanyetik saçılma prob-
lemleri, özellikle de hacimsel problemler için yüksek iterasyon sayısı nedeniyle
hala bazı zorluklara sahiptir.

Bu çalışmada, D-tipi hacim integral denklemlerine kırpılmış ÇSHÇY’nın (K-
ÇSHÇY) yeni bir uygulamasını sunuyoruz. K-ÇSHÇY’de, ÇSHÇY iterasyon-
ları ilerledikçe gereksiz etkileşimler eşikleme ve makine öğrenimi (MÖ) teknikleri
uygulanarak ortadan kaldırılır. Özellikle yakınsayan akım katsayıları, Tam
Bağlantılı Sinir Ağı (TBSA) aracılığıyla belirlenir ve ağaç yapısı sistematik olarak
değiştirilir ve daha seyrek hale gelir. Bu nedenle, her bir iterasyondaki matris-
vektör çarpım süresi azalırken, problemin yakınsaması hızlandırılır. Ağın eğitimi
için farklı dielektrik geçirgenlik değerlerine sahip sadece küçük boyutlu homojen
kürelerin yeterli olduğu gözlemlenmiştir. Ardından, küresel kabuk tabakası, koni,
torus, silindir, küp vb. gibi homojen ve homojen olmayan nispeten daha karmaşık
geometrilerin saçılma problemleri bu sinir ağı kullanılarak çözülür. Sonuç olarak,
tüm denemelerde geleneksel ÇSHÇY’ye göre kontrol edilebilir ve sınırlı bir hata
ile önemli bir hızlanma elde edilir.

Anahtar sözcükler : ÇSHÇY, D-tipi hacim integral denklemleri, makine öğren-
mesi.
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Chapter 1

Introduction

The analyses of scattering problems have been rigorously investigated with
computational electromagnetics (CEM) due to the advent of computers and im-
provements in numerical methods. The numerical solution of electromagnetic
(EM) scattering problems is achieved mainly by solving either integral or partial-
differential equations [1]. Integral equation-based solvers are one of the most com-
monly used classes of numerical methods to examine the EM scattering problems
which involve homogeneous and/or inhomogeneous structures [2]. The homoge-
neous scatterers are mainly solved via surface integral equations (SIEs). However,
usage of volume integral equations (VIEs) is inevitable in the analysis of highly
inhomogeneous scatterers [3, 4]. These integral equations are converted into a
system of linear equations by Method of Moments (MoM), which unfortunately
requires high memory and computational complexity. The memory complexity is
O(N2) for both iterative and direct solvers, while the computational complexity
is O(N2) per iteration for iterative solvers, and O(N3) for direct solvers for N
unknowns [5]. On the other hand, as a state-of-the-art computational method,
Multilevel Fast Multipole Algorithm (MLFMA), which is a hierarchical version
of the Fast Multipole Method (FMM) [6], reduces both memory and compu-
tational complexity to O(NlogN) [7]. The improvement in the complexity of
MLFMA comes from the group-by-group computations in different stages, which
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mainly use the factorization and diagonalization of the free-space Green’s func-
tion. Therefore, large-scale problems can be solved faster with limited resources
effectively [8, 9, 24].

In the literature, also some high-frequency techniques (physical optics (PO),
geometrical optics (GO), etc.) are used to solve the scattering problems approxi-
mately under some assumptions, and these techniques provide fast solutions [10].
However, these techniques are not used in many applications due to their low accu-
racy [11]. Therefore, some novel strategies are introduced to accelerate MLFMA.
One of these strategies is to apply parallelization techniques to MLFMA and
this parallelization requires a hierarchical partitioning strategy for high efficiency
[12, 13]. Alternatively, some preconditioners are used to reduce the number of
iterations in MLFMA [14, 15]. Apart from these efforts, conventional MLFMA
has still some challenges due to prolonging iterations for large-scale EM scat-
tering problems, especially for volumetric problems, despite the computational
complexity of O(NlogN) [16, 23, 24].

In recent years, machine learning (ML) techniques have become popular in
many areas such as medical systems, speech recognition, image processing, etc.,
to make predictions, classifications, and decisions by learning from the data pro-
vided [17, 25]. In general, such systems learn from the available data and per-
form certain tasks based on examples without being programmed algorithmically.
Also, in electromagnetics, ML techniques are recently used in some areas such as
antenna design (generally optimization process) [18] and inverse scattering prob-
lems [19]. In addition to these applications, initial guesses in iterative solvers are
enhanced via some ML techniques [20] and ML techniques are integrated into
MLFMA [21, 22].

In this thesis, a novel trimming tree structure strategy in MLFMA, which is
previously applied for SIEs [21, 22], is adopted and applied to VIEs. With this
strategy, thresholding and ML techniques are performed to eliminate the redun-
dant interactions in MLFMA iterations. In particular, the converged current
coefficients are determined via a Fully Connected Neural Network (FCNN) and
the tree structure is systematically modified and becomes sparser as the iterations
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proceed. Due to this sparsification, the convergence is accelerated and matrix-
vector multiplication time per iteration is also reduced. As a result, significant
speed-up is achieved with a limited and controllable error with respect to the
conventional MLFMA.

Different from trimmed MLFMA (T-MLFMA) for SIEs, the interactions are
arbitrary in any volume, therefore training of FCNN is completed with only a
small size of homogeneous dielectric spheres with different permittivity values.
Then, the trained network is used to estimate the current coefficients in the
solution of scattering from larger and relatively complex objects. The results
with T-MLFMA are presented and discussed in detail and significant speed-up is
obtained for various types of homogeneous and inhomogeneous dielectric objects.

The rest of this thesis is organized as follows: In Chapter 2, the basics of
electromagnetic theory to constitute volume integral equations are explained in
detail. Firstly, the mathematical expressions for fields in terms of electric and
magnetic sources are obtained, and then volume integral equations are derived by
using the volume equivalence theorem. Next, the resultant volume integral equa-
tions are converted into a system of linear equations by using MoM. In Chapter
3, first, the conventional MLFMA is discussed. Then, T-MLFMA is introduced
and the trimmed tree structure of T-MLFMA is deeply investigated. Next, the
trimming process of coefficients and the details of FCNN are explained. In Chap-
ter 4, the analyses for trimming parameters used in T-MLFMA are presented and
performances of T-MLFMA and conventional MLFMA are compared for various
dielectric objects.

Throughout this thesis, e−iωt notation is used and suppressed, where ω = 2πf
is the angular frequency.
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Chapter 2

Electromagnetic Theory
Background

2.1 Basics of Electromagnetic Theory

Maxwell’s equations provide a mathematical model on how electric and mag-
netic fields physically interact with matter. The time-harmonic form of these
equations inside a linear, homogeneous and isotropic medium in frequency do-
main are given by

∇ × E(r) = iωµH(r) − M(r), (2.1)

∇ × H(r) = −iωϵE(r) + J(r), (2.2)

∇ · E(r) = ρe(r)
ϵ

, (2.3)

∇ · H(r) = ρm(r)
µ

. (2.4)

In (2.1)-(2.4), E is the electric field intensity, H is the magnetic field intensity,
J and M are the electric and magnetic current densities, respectively, whereas
ρe and ρm are the electric and magnetic charge densities, respectively. ϵ and
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µ denote the permittivity and permeability of of the medium, respectively, and
finally r stands for the position vector. Note that, M and ρm are fictitious
magnetic sources and provide a mathematical and computational symmetry in the
equations [26]. Also note that, the relation between current and source densities
is expressed via the continuity equations given by

∇ · J(r) = iωρe(r), (2.5)

∇ · M(r) = iωρm(r). (2.6)

The vector wave equations for the electric and magnetic fields can be derived
from (2.1) to (2.4) by utilizing the continuity equations. Therefore, we obtain
simpler expressions for E and H fields separately in terms of the sources in the
medium. The resultant vector wave equations for E and H are given in

∇2E(r) + k2E(r) = −iωµJ(r) + ∇ρe(r)
ϵ

+ ∇ × M(r), (2.7)

∇2H(r) + k2H(r) = −iωϵM(r) + ∇ρm(r)
µ

+ ∇ × J(r). (2.8)

As an alternative form of Maxwell’s equations, E and H fields can be written in
terms of vector and scalar potentials given by [26]

E(r) = iωA(r) − ∇ϕe(r) − 1
ϵ
∇ × F(r), (2.9)

H(r) = iωF(r) − ∇ϕm(r) − 1
µ

∇ × A(r). (2.10)

In (2.9)-(2.10), F and A are the electric and magnetic vector potentials, respec-
tively, ϕe and ϕm are the electric and magnetic scalar potentials, respectively.
The vector and scalar potentials are satisfying the wave equations given by [26]

∇2F(r) + k2F(r) = −ϵM(r), (2.11)
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∇2A(r) + k2A(r) = −µJ(r), (2.12)

∇2ϕe(r) + k2ϕe(r) = −ρe(r)
ϵ

, (2.13)

∇2ϕm(r) + k2ϕm(r) = −ρm(r)
µ

. (2.14)

(2.11)-(2.14) are obtained by imposing the Lorenz gauges that are given by

∇ · A(r) = iωϵµϕe(r), (2.15)

∇ · F(r) = iωϵµϕm(r). (2.16)

Solutions of (2.11)-(2.14) for F, A, ϕe and ϕm can be expressed in a general form
as

F(r) = ϵ
∫
dr′M(r′)g(r, r′), (2.17)

A(r) = µ
∫
dr′J(r′)g(r, r′), (2.18)

ϕe(r) = 1
ϵ

∫
dr′ρe(r′)g(r, r′), (2.19)

ϕm(r) = 1
µ

∫
dr′ρm(r′)g(r, r′). (2.20)

where g(r, r′) is the free space Green’s function given by

g(r, r′) = eik|r−r′|

4π|r − r′|
. (2.21)

In (2.17)-(2.21) r′ denotes the position vector of the source region, whereas r
denotes the position vector of the observation point. Substituting (2.17)-(2.20)
into (2.9)-(2.10), we can write E and H fields as

E(r) = ik

√
µ

ϵ

∫
dr′
(

J(r′)+ 1
k2 ∇′·J(r′)∇

)
g(r, r′)−

∫
dr′∇g(r, r′)×M(r′), (2.22)
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H(r) = ik

√
ϵ

µ

∫
dr′
(

M(r′) + 1
k2 ∇′ · M(r′)∇

)
g(r, r′) +

∫
dr′∇g(r, r′) × J(r′).

(2.23)

(2.22)-(2.23) will be utilized to constitute volume integral equations in the fol-
lowing sections.

2.2 The Volume Equivalence Theorem

One can use the volume equivalence theorem to determine the scattered fields
when a material object exists in a free-space environment. Consider the sources
Ji and Mi that radiate into free space and generate E0, H0 fields. They satisfy
the Maxwell’s equations given by

∇ × E0(r) = −Mi + iωµ0H0(r), (2.24)

∇ × H0(r) = Ji − iωϵ0E0(r). (2.25)

If we put the same sources into a material medium whose constitutive parameters
are ϵ(r) and µ(r). They generate fields E, H that satisfy Maxwell’s equations
given as

∇ × E(r) = −Mi + iωµ(r)H(r), (2.26)

∇ × H(r) = Ji − iωϵ(r)E(r). (2.27)

Subtracting (2.24) from (2.26) and (2.25) from (2.27), we obtain

∇ × (E(r) − E0(r)) = iω
(
µ(r)H(r) − µ0H0(r)

)
, (2.28)

∇ × (H(r) − H0(r)) = −iω
(
ϵ(r)E(r) − ϵ0E0(r)

)
. (2.29)
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The scattered fields Escat(r) and Hscat(r) can be defined as [26]

Escat(r) = E(r) − E0(r), (2.30)

Hscat(r) = H(r) − H0(r). (2.31)

Using (2.30) and (2.31), (2.28) and (2.29) can be expressed as [26]

∇ × Escat(r) = iωµ(r)H(r) − iωµ0H0(r) + iωµ0Hscat(r)

= iω
(
µ(r)H(r) − µ0H0(r)

)
+ iωµ0Hscat(r)

(2.32)

and

∇ × Hscat(r) = −iωϵ(r)E(r) + iωϵ0E0(r) − iωϵ0Escat(r)

= −iω
(
ϵ(r)E(r) − ϵ0E0(r)

)
− iωϵ0Escat(r).

(2.33)

Next, lets define volume equivalent electric current density Jeq(r) and volume
equivalent magnetic current density Meq(r) as [26]

Jeq(r) = −iω
(
ϵ(r) − ϵ0

)
E(r) = −iωϵ0

(
ϵr(r) − 1

)
E(r), (2.34)

Meq(r) = −iω
(
µ(r) − µ0

)
H(r) = −iωµ0

(
µr(r) − 1

)
H(r). (2.35)

These equivalent sources exist only inside the material and excite fields into the
free space [26] as sketched in Fig. 2.1.

Next, using (2.34) and (2.35), (2.32) and (2.33) can be rewritten as [26]

∇ × Escat(r) = iωµ0Hscat(r) − Meq(r), (2.36)

∇ × Hscat(r) = −iωϵ0Escat(r) + Jeq(r). (2.37)
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Figure 2.1: The Volume Equivalence Theorem: A dielectric or magnetic material (may be
inhomogeneous) is replaced by equivalent sources and free space.

2.3 Volume Integral Equations

In scattering problems, it would be simpler to solve (2.36)-(2.37) if Jeq and
Meq equivalent sources were known. However Jeq and Meq also depend on E and
H fields, which are unknown due to the presence of a material object. Therefore,
recognizing that solutions of (2.36)-(2.37) (i.e., the scattered fields) that use the
equivalent current sources, Jeq and Meq, are given in (2.22) and (2.23), the volume
integral equations for the total electric and magnetic fields (incident plus the
scattered fields) can be written as

E(r) =Einc(r) + ik

√
µ0

ϵ0

∫
dr′Jeq(r′)g(r, r′) − i

k

√
µ0

ϵ0
∇
∫
dr′Jeq(r′) · ∇′g(r, r′)

−
∫
dr′∇g(r, r′) × Meq(r′),

(2.38)

H(r) =Hinc(r) + ik

√
ϵ0

µ0

∫
dr′Meq(r′)g(r, r′) − i

k

√
µ0

ϵ0
∇
∫
dr′Meq(r′) · ∇′g(r, r′)

+
∫
dr′∇g(r, r′) × Jeq(r′).

(2.39)
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(2.38) and (2.39) can be solved by expressing the equivalent current sources, Jeq

and Meq, in terms of the flux densities D and B (called-DB formulation) [27], or
in terms of E and H fields (called EH-formulation) [28], or a modified version of
the EH-formulation called EE- and HH-formulations [28]. In this thesis, we used
the DB-formulation as explained in the next subsection.

2.3.1 DB Formulation

Firstly, Jeq and Meq are replaced with the flux densities D and B.

Jeq(r) = −iω
(

1 − 1
ϵr(r)

)
D(r), (2.40)

Meq(r) = −iω
(

1 − 1
µr(r)

)
B(r). (2.41)

Then, substituting (2.40) and (2.41) into (2.38) and (2.39), and using the consti-
tutive relations between E and D and H and B, one can obtain DB formulations
as

D(r)
ϵr(r) =Dinc(r) + k0ω

√
µ0ϵ0

∫
dr′(1 − 1

ϵr(r′))D(r′)g(r, r′)

− ω

k0

√
µ0ϵ0 ∇

∫
dr′(1 − 1

ϵr(r′))D(r′) · ∇′g(r, r′)

+ iωϵ0

∫
dr′(1 − 1

µr(r′))∇g(r, r′) × B(r′),

(2.42)

B(r)
µ(r) =Binc(r) + k0ω

√
µ0ϵ0

∫
dr′(1 − 1

µr(r′))B(r′)g(r, r′)

− ω

k0

√
µ0ϵ0 ∇

∫
dr′(1 − 1

µr(r′))B(r′) · ∇′g(r, r′)

− iωµ0

∫
dr′(1 − 1

ϵr(r′))∇g(r, r′) × D(r′).

(2.43)

Because we only deal with inhomogenous dielectric objects in this thesis, µr(r) =
1 leading to [29]
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D(r)
ϵr(r) =Dinc(r) + k2

0

∫
dr′(1 − 1

ϵr(r′))D(r′)g(r, r′)

− ∇
∫
dr′(1 − 1

ϵr(r′))D(r′) · ∇′g(r, r′),
(2.44)

B(r)
µ(r) =Binc(r) − iωµ0

∫
dr′(1 − 1

ϵr(r′))∇g(r, r′) × D(r′). (2.45)

However, (2.45) contains two unknowns (D and B) and hence, it is not useful.
Hereafter, we proceed with the D-formulation given in (2.44), and solve it using
the MoM procedure. It should be noted that because D (the electric flux density)
is the unknown [27], divergence-conforming basis functions that maintain the
continuity of the normal component of D at the boundaries should be used in the
MoM procedure.

2.4 Method of Moments

MoM is a common technique to solve integral equations in frequency domain
by converting them into system of linear equations. In this method, any linear
operator L

{
.
}

acts on a vector f(r) and produces an output vector g(r) given by
[5]

L
{
f(r)

}
= g(r). (2.46)

The MoM procedure starts by expanding the unknown vector f(r) as a finite
sum of pre-defined linearly independent (divergence conforming in our case) ba-
sis functions which satisfy the boundary conditions of electromagnetic fields on
the discretized regions. In our problem, the region of object is discretized into
tetrahedrons and the electric flux density vector inside the tetrahedrons is ex-
pressed in terms of weighted sum of basis functions as
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f(r) ≈
N∑

n=1
anfn(r). (2.47)

In (2.47) an n = 1, ..., N are the unknown coefficients of the known divergence
conforming basis functions to be found at the end of the MoM procedure. By
using the linearity of the L operator, (2.46) can be rewritten as

N∑
n=1

anL
{
fn(r)

}
≈ g(r). (2.48)

Equation (2.48) consists of N unknown coefficients. In order to solve this equa-
tion, we use another set of N properly chosen testing functions (weighting func-
tions) wm(r), m = 1, ..., N to test both sides of it by defining an inner product
on each tetrahedron as

⟨f1(r), f2(r)⟩ =
∫
drf1(r) · f2(r), (2.49)

where the integration is inside the volume of each tetrahedron. Hereafter, by
testing both sides of (2.48) we obtain [5]

⟨wm(r),
N∑

n=1
anL

{
fn(r)

}
⟩ ≈ ⟨wm(r),g(r)⟩,m = 1, ..., N (2.50)

and interchanging the order of summation and integration, we obtain
N∑

n=1
an

∫
drwm(r) · L

{
fn(r)

}
≈
∫
drwm(r) · g(r),m = 1, ..., N. (2.51)

Equation (2.51) can be cast into an N×N matrix equation that can be expressed
as

N∑
n=1

anZmn = vm, (2.52)
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where

Zmn =
∫
drwm(r) · L

{
fn(r)

}
, (2.53)

and

vm = drwm(r) · g(r). (2.54)

Note that in this thesis, we use Galerkin’s scheme, where the weighting functions
are chosen to be the same as basis functions. Also note that the matrix equation
given in (2.52) can be solved via direct methods or iterative techniques. In both
direct and iterative solutions of (2.52), the memory requirement is O(N2) for N
unknowns (i.e. N basis functions) as the impedance matrix, Zmn, must be stored
in the memory. On the other hand, the direct solution of (2.52) requires an O(N3)
computational complexity, whereas iterative solvers require an O(N2) computa-
tional complexity for each iteration [5]. Because we are interested to solve the
scattering from inhomogenous dielectric objects, the volumetric discreatization
requires large number of unknowns (i.e., N becomes very large quickly). Hence,
we will solve (2.52) using some acceleration algorithms as will be explained in the
upcoming chapters.

2.4.1 SWG Functions

In this thesis, we use DB-formulation as VIE and hence, we use divergence
conforming SWG functions in the MoM solution of the resultant VIE. Once di-
electric object is modeled by tetrahedral elements, SWG functions are defined for
tetrahedron pairs as follows [29]:

A full SWG, as shown in Fig. 2.2 is formed from a pair of tetrahedrons, denoted
with T+

n and T−
n , with a triangular common face. In Fig. 2.2, V +

n and V −
n denote

the volumes of T+
n and T−

n , respectively, while An is the area of the triangular
common face. r+

n and r−
n are defined from origin to the free vertices of T+

n and T−
n ,

respectively, representing the coordinates of these two vertices (opposite to the
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Figure 2.2: SWG Function

triangular common face). ρc+
n is defined from the vertex of T+

n to the centeroid
of T+

n , whereas ρc−
n is defined from the centeroid of T−

n to its vertex. Finally, any
point inside T+

n is shown either by the position vector r (defined from the origin)
or by ρ+

n defined from the free vertex of T+
n . Similarly, any point inside T−

n is
shown either r or by ρ−

n , which is defined from the point to the vertex of T−
n .

Consequently, an SWG basis function is mathematically expressed as

fn(r) =


An

3V +
n

(r − r+
n ), r ∈ T+

n

An

3V −
n

(r−
n − r), r ∈ T−

n

0, otherwise.

(2.55)

The following properties of SWG functions are important and useful in expanding
the electric flux density D(r) [29] in terms of them:

(a) Because a tetrahedron is formed from four triangular faces, D(r) inside a
tetrahedron is represented as the vector sum of four linearly independent basis
functions, each of which corresponds to one of the faces.

(b) Each SWG, fn(r), is tangential to three side faces and is normal to the common
face (nth face) of T+

n and T−
n . Morover, it is continuous across this common
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face and its value (3V ±
n )/An, which is constant. Therefore, each fn(r) has a

multiplicative coefficient An/(3V ±
n ) (see (2.55)) to normalize the value of the flux

density to unity on the common face. This property ensures the continuity of the
normal D across the common face of the tetrahedrons.

(c) The charge density of an SWG function, fn(r), is given by

∇.fn(r) =


An

V +
n
, r ∈ T+

n

−An

V −
n
, r ∈ T−

n

0, o/w

(2.56)

which is constant within each tetrahedron.

(d) The unknown expansion coefficient an (to be determined at the end of the
MoM procedure) represents the value of the normal component of D over the
common face (nth face).

(e) The moment of an SWG function fn(r) over T±
n is given by∫

T ±
n

drfn(r) = An

3 ρc±
n . (2.57)

Finally, in some cases, if a common face of a pair of tetrahedrons is on the
boundary, then only one of the tetrahedrons remains inside the volume of interest.
In such a scenario, we define and use only half SWG function regarding the interior
tetrahedron.

2.4.2 Discretization of VIEs

As mentioned before, in this thesis, we proceed with the D-formulation given
in (2.44). On the other hand, we expand iωD(r) by the SWG functions [29] as

iωD(r) =
N∑

n=1
anfn(r). (2.58)

Therefore, first (2.44) is arranged as [30]
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Dinc(r) = 1
iω

(
1 − κ(r)

)
iωD(r) + ik0

√
µ0ϵ0

∫
dr′κ(r′)iωD(r′)g(r, r′)

− i

√
µ0ϵ0

k0
∇
∫
dr′κ(r′)iωD(r′) · ∇′g(r, r′),

(2.59)

where κ(r) = 1 − 1
ϵr(r) .

Then, using the Galerkin’s procedure (testing functions are chosen as the same
as basis functions), an N ×N dense matrix equation in the form of

Z a = w (2.60)

is formed. The elements of Z are given by [30]

Z[m,n] = 1
iω

∫
Vm

dr(1 − κ(r))fm(r) · fn(r)

+ iωµ0ϵ0

∫
Vm

drfm(r) ·
∫

Vn

d(r′)κ(r′)fn(r′)g(r, r′)

+ 1
iω

∫
Vm

drfm(r) · ∇
∫

Vn

d(r′)κ(r′)fn(r′) · ∇′g(r, r′)

(2.61)

and the elements of w is given by [30]

w[m] =
∫

Vm

drfm(r) · Dinc(r). (2.62)

Note that in addition to the interactions of between the full SWG functions
(basis and testing), there are interactions between full and half SWG functions
(full SWG basis function, half SWG testing function or vice versa) as well as
interactions between half SWG functions (basis and testing). Therefore, the
matrix equation given in (2.60) can be rewritten as
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ZF F ZF H

ZHF ZHH

 aF

aH

 =
wF

wH

 . (2.63)

As a result, the interaction between the nth SWG basis function f±
n (correspond-

ing to + and - tetrahedrons of the nth face) and the mth testing function f±
m

(corresponding to + and − tetrahedrons of the mth face), assuming a constant
permittivity within each tetrahedron and using (2.55) and (2.61), can be written
as

Z[m,n] =
∑
m±

∑
n±

ζm±,n±δm±n±(1 − κ±
n )

iω

∫
V ±

m

dr(r − r±
m) · (r − r±

n )

+iωµ0ϵ0ζm±,n±κ±
n

∫
V ±

m

dr(r − r±
m) ·

∫
V ±

n

dr′(r′ − r±
n )g(r, r′)

+ζm±,n±κ±
n

iω

∫
V ±

m

dr(r − r±
m) · ∇

∫
V ±

n

dr′(r′ − r±
n )∇′g(r, r′)


(2.64)

In (2.64),
∑
±

notation is used to add contributions from both + and − tetrahe-

drons of full SWG functions (for example; m+, n+ means the interaction between
the + tetrahedron of the mthe face and + tetrahedron of the nth face; or m+,
n− means the interaction between the + tetrahedron of the mthe face and −
tetrahedron of the nth face, etc.), δm±n± is the Kronecker’s delta function, which
is 1 only if the testing ans basis tetrahedrons are the same. Furthermore, in
(2.64),

ζm±,n± = AmAn

9V ±
m V

±
n

γ±
mγ

±
n (2.65)

where γ±
m = ±1 and γ±

n = ±1. Finally, only + tetrahedron (and hence + quanti-
ties) must be considered if a half SWG function is considered.

In a similar fashion, the right-hand side (RHS) vector is explicitly given as
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w[m] =
∑
±

γ±
mAm

3V ±
m

∫
V ±

m

dr(r − r±
m) · Dinc(r). (2.66)

The last term of (2.64) contains a high-order ( 1
R3 , R = |r − r′|) singularity when

r = r′. To reduce it to 1
R2 singularity, the vector identity A · ∇′ψ = ∇′ · (ψA) −

ψ∇′ · A is used for its third term resulting [31]

∫
V ±

n

dr′(r′ − r±
n ) · ∇′g(r, r′) =

∫
V ±

n

dr′∇′ · ((r′ − r±
n )g(r, r′))

−
∫

V ±
n

dr′g(r, r′)∇′ · (r′ − r±
n ).

(2.67)

Regarding the first integral in the right-hand side of (2.67), divergence theorem is
used to convert the volume integral into a surface integral over the 4 faces of the
tetrahedron (T+

n or T−
n ). However, the only contribution will be from the common

surface (nth surface), since the basis function has only tangential component on
other three surfaces [30]. Additionally, evaluating the divergence of the position
vector for the second term in the right-hand side of (2.67), we arrive at

ψ(r) =
∫

V ±
n

dr′(r′ − r±
n )∇′g(r, r′) = 3V ±

n

An

∫
Sn

dr′g(r, r′) − 3
∫

V ±
n

dr′g(r, r′).

(2.68)

Substituting (2.68) in place of the third term in the right-hand side of (2.64)
and repeating the above mentioned procedure once again (i.e., using divergence
theorem and making use of the properties of SWG functions,), we arrive at

∫
V ±

m

dr(r − r±
m) · ∇ψ(r) = 3V ±

m

Am

∫
Sm

drψ(r) − 3
∫

V ±
m

drψ(r) (2.69)

which replaces the third term in the right-hand side of (2.64) with only a 1
R

type
singularity. Consequently, the final form of the impedance matrix entries with 1

R

type singularity (when r = r′ ) is given by
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Z[m,n] =
∑
±

∑
±

ζm±,n±δm±n±(1 − κ±
n )

iω

∫
V ±

m

dr(r − r±
m) · (r − r±

n )

+ iωµ0ϵ0ζm±,n±κ±
n

∫
V ±

m

dr(r − r±
m) ·

∫
V ±

n

dr′(r′ − r±
n )g(r, r′)

+ 9ζm±,n±κ±
n

iω

∫
V ±

m

dr
∫

V ±
n

dr′g(r, r′)

− Amγ
±
mγ

±
n κ

±
n

iωV ±
m

∫
V ±

m

dr
∫

Sn

dr′g(r, r′)

− Anγ
±
mγ

±
n κ

±
n

iωV ±
n

∫
Sm

dr
∫

V ±
n

dr′g(r, r′)

+ γ±
mγ

±
n κ

±
n

iω

∫
Sm

dr
∫

Sn

dr′g(r, r′)


(2.70)

During the numerical calculations of the integrals, Gaussian quadrature rules with
different orders are used. Second-order quadrature is used for basis functions (4
basis points), and first-order quadrature is used for testing functions (1 testing
point). These points are the barycentric coordinates [32], which make the volume
integrals easier to solve by avoiding the singularity in the tetrahedrons. However,
particularly, to increase the accuracy, proper singularity extraction routines [33,
34] are utilized in some geometries as will be specified in the Numerical Results
chapter.
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Chapter 3

MLFMA and Trimmed MLFMA

3.1 Introduction

As mentioned in the previous chapter, MoM solution of VIEs results in a ma-
trix equation Z a = w, where Z is an N × N dense matrix with N being the
number of unknowns. The solution of such a matrix equation requires O(N3)
computational complexity when direct inversion methods are used. Iterative
methods, which are based on matrix-vector-multiplication (MVM), reduce the
computational complexity to O(N2) for each iteration. Furthermore, the mem-
ory requirement is O(N2) for both iterative and direct solutions. Unfortunately,
electrically large inhomogenous dielectric type volumetric problems that require
millions/billions of unknowns cannot be investigated because of such complexity
levels. Therefore, as a state-of-the-art computational method MLFMA, which
is a hierarchical extension of FMM, reduces both time and memory complex-
ity to O(NlogN) for N unknowns, and enables us to attack the aforementioned
problems. Furthermore, as will be explained later in this chapter, MLFMA is
futher accelerated by a progressive elimination of interactions during the itera-
tions (when iterative solvers are used) using artificial neural networks (ANN) and
thresholding, referred to as trimmed MLFMA (T-MLFMA), which is previously
applied to the solutions of surface integral equations (SIEs) successfully [21, 22].
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(a) 2D view of clustering of 3D object (b) Oct tree structure of boxing scheme

Figure 3.1: Boxing scheme of 3D object

As a result, a significant improvement in the solution time of VIEs is achieved
without sacrificing much from the accuracy.

3.2 Multilevel Fast Multipole Algorithm

Any MLFMA implementation starts by constructing a tree structure in order
to perform majority of the interaction computations in a group-by-group manner.
The object to be analyzed is placed in a cubic box, and is recursively divided into
eight identical subboxes by bisecting the box edges (referred to as "clustering"). A
2D view of a clustered 3D object is shown if Fig. 3.1(a). The resultant hierarchy
of boxes is called the tree structure (see Fig. 3.1(b)). The recursive division ends
when a stopping criterion is met. This criterion is usually the size of the box (its
edge length) at the leaf (lowest/deepest) level. In this thesis, the size of the box
at the leaf level is decided to be equal or greater than λ/16. During this step, all
empty boxes at any level are omitted.

The next step is the grouping of boxes. Using the one-box-buffer scheme [8] and
depending on the distance between the boxes, a box may be a near-zone-box,
a far-zone-box or a very-far-zone-box with respect to a given box of interest as
shown in Fig. 3.2 (a 2D view). As a result of such grouping, the matrix equation
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Figure 3.2: 2D view of the one-box-buffer scheme (and grouping of boxes) at the 4th level of
MLFMA

Z a = w can be decomposed as

Z a = Znear a + Zfar a = w, (3.1)

where Znear denotes all the interactions among the near-zone-boxes, whereas Zfar

denotes all the interactions among the far-zone (and very-far-zone) boxes. The
main contribution comes form the interactions of basis and testing SWG functions
that remain in the near-zone-boxes of each other, Znear, as they are calculated
directly in an element-by-element fashion, and stored in the memory. However,
they constitute a small portion of the total interactions and Znear is very sparse.
Interactions of basis and testing SWG functions of the far-zone boxes, Zfar, are
computed in a group-by-group manner in each and every level. Finally, basis and
testing SWG functions that remain in the very-far-zone boxes (with respect to
each other) have indirect interactions among each other that only occur at higher
levels (still they are in Zfar).

The improvement in the complexity of MLFMA comes from the group-by-group
computations of Zfar in each iteration that is performed in three separable
stages: Aggregation, translation and disaggregation. Separation of these stages
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Figure 3.3: Interaction of two SWG functions (illustrated in 2D) located in two far-zone boxes

is achieved by factorizing and diagonalizing the free-space Green’s function us-
ing Gegenbauer’s addition theorem [35]. Consider the interactions of two SWG
functions (one basis and one testing) that remain in the far-zone boxes with re-
spect to each other as shown in Fig. 3.3. The free-space Green’s function can be
expanded in terms of spherical harmonics using Gegenbauer’s addition theorem
(factorization) as

eik|r−r′|

4π|r − r′|
= eik|w+v|

4π|w + v|
= ik

4π

∞∑
t=0

(−1)t(2t+ 1)jt(kv)h(1)
t (kw)Pt(ŵ · v̂), (3.2)

where jt and h
(1)
t are spherical Bessel and spherical Hankel functions of the first

kind, respectively, with order t, and Pt is the Legendre polynomial of order t,
w is the translation vector with w = |w|, v = v1 + v2 is the shift vector with
v = |v|, and w > v. Next, the spherical waves can be represented as integral over
the plane-wave spectrum as

jt(kv)Pt(ŵ · v̂) = 1
4π(i)t

∫
d2k̂eik·vPt(k̂ · ŵ), (3.3)

leading to the diagonal form of the Green’s function given by
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eik|w+v|

4π|w + v|
= ik

(4π)2

∫
d2k̂eik·v

∞∑
t=0

(i)t(2t+ 1)h(1)
t (kw)Pt(k̂ · ŵ). (3.4)

In (3.4), k̂ represents the unit vector in the radial direction and d2k̂ represents
the sampling over the unit sphere. Defining the shift operator as

β(k,v) = eik·v, (3.5)

the translation operator as

T (k,w) =
∞∑

t=0
(i)t(2t+ 1)h(1)

t (kw)Pt(k̂ · ŵ), (3.6)

and using v = v1 + v2, (3.4) can be expressed as

eik|w+v1+v2|

4π|w + v1 + v2|
= ik

(4π)2

∫
d2k̂β(k,v1)T (k,w)β(k,v2). (3.7)

The infinite summation in the translation operator, T (k,w), must be truncated
at a finite τ value (truncation number) during MLFMA implementations. Hence,
the translation operator is approximated as

Tτ (k,w) ≈
τ∑

t=0
(i)t(2t+ 1)h(1)

t (kw)Pt(k̂ · ŵ). (3.8)

The τ value is selected via the excess bandwidth formula (EBF) [8] for large
translation distances given by

τ ≈ 1.73ka+ 2.16(d0)2/3(ka)1/3. (3.9)

In (3.9) a is the box size (i.e., box edge length) and d0 is the desired number of
accurate digits [8]. On the other hand, for small box sizes (and hence, for small
translation distances), τ can be selected as [37]
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Figure 3.4: Illustration of group-by-group interaction of several basis and testing SWG func-
tions (depicted in 2D) that remain in two far-zone boxes (source box Cs and observation box
Co)

τ ≈ 14.14(d0) − 7.17. (3.10)

Also note that τ is defined for each level and it not only affects the accuracy of
the translation operator but also determines the number of sampling points along
θ and ϕ for the integration in (3.7).

Now at this point, let’s consider two boxes that are in the far-zone of each other.
Each box contains several SWG functions (source box Cs contains SWG basis
functions and observation box Co contains SWG testing functions) as depicted in
Fig. 3.4, where rCs and rCo are the centers of the source Cs and observation Co

boxes, respectively.

Assume each SWG as a point source and rn denotes the position vector of the nth

source (source point: centroid of the common face of the nth SWG basis function)
in Cs (n=1,...,NCs). Similarly, rm denotes the position vector of the mth testing
function (observation point) in Co. Using (3.7), the Green’s function due to the
nth source point (located at rn) in Cs at the observation point rm in Co is written
as
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Figure 3.5: Aggregation in the leaf and a higher levels

eik|rm−rn|

4π|rm − rn|
= ik

(4π)2

∫
d2k̂βS(k, rCs −rn)Tτ (k, rCo −rCs)βR(k, rm −rCo), (3.11)

where βS(k, rCs − rn) and βR(k, rm − rCo) are the shift operators at the source
box Cs and the observation box Co, respectively. As can be seen from (3.11), a
change in the position of source and/or observation points only change the shift
operators while the translation operator stays intact. Hence, the field due to NCs

sources in Cs can be written at the observation point rm as

NCs∑
n=1

eik|rm−rn|

4π|rm − rn|
= ik

(4π)2

∫
d2k̂βR(k, rm − rCo)Tτ (k, rCo − rCs)

NCs∑
n=1

βS(k, rCs − rn),

(3.12)

which enables the group-by-group computations for the far-zone interactions.

Finally, let’s briefly explain the three stages of MLFMA: Aggregation, translation
and disaggregation.
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Aggregation: In this stage, the radiated fields for each box at every level are com-
puted in a recursive manner from the leaf level to the highest level (mother level).
In the leaf level, the radiation pattern of each SWG basis function is multiplied
with the corresponding element of the coefficient vector a[n], and aggregated into
the center of the subbox C’ as depicted in Fig. 3.5. As a result, the field at the
center of a leaf-level box can be expressed as

SC′(k, rC′) =
∑

bn∈C′
a[n]βS(k, rC′ − rn)Sn(k, rn), (3.13)

where rC′ is the position vector for the center of the box C ′, and Sn(k, rn) is the
radiation pattern of the nth SWG function positioned at rn. At higher levels, the
radiation pattern at the center of each child box (subbox) C ′ is multiplied by a
shift function, and aggregated into the center of the parent box C (see Fig. 3.5).
The final field expression at the center of the parent box C is written as

SC(k, rC) =
∑

C′∈C

βS(k, rC − rC′)SC′(k, rC′), (3.14)

where SC′(k, rC′) is the radiation pattern of the child box C ′ centered at rC′ .
Note that, because the truncation number may differ (increase) due to the change
(increase) of the box size at different (higher) levels, we may need different (more)
number of θ and ϕ samples in (3.12). Hence, interpolation might be necessary
[8].

Translation: After the aggregation stage, computed aggregated fields are trans-
lated to boxes with available far-zone interactions, denoted as F{C}. Hence, the
receiving pattern (translated field) at the center of a box C (positioned at rC) is
given by

GC(k, rC) =
∑

C′∈F {C}
Tτ (k, rC − rC′)SC′(k, rC′) (3.15)
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Figure 3.6: Translation at two different levels

Note that the translation stage is done for each level of MLFMA, as illustrated
in Fig. 3.6.

Disaggregation: Once the translated fields, GC(k, rC) are computed, they are
distributed to the lower level boxes by disaggregation as depicted in Fig. 3.7.
Basically, a disaggregated field from the center of the parent box to the center of
a child box is added to the field conveyed via translation from the far-zone boxes
at the level of the child box. Hence, the disaggregated field, G+

C′(k, rC′), at the
center of the child box rC′ , can be expressed as

G+
C′(k, rC′) = GC′(k, rC′) + βR(k, rC′ − rC)G+

C(k, rC) C ′ ∈ C. (3.16)

In (3.16), GC′(k, rC′) is the receiving field of the child box due to the translation
from the far-zone boxes (at the same level), and G+

C(k, rC) is the disaggregated
field at the center of the parent box C, centered at rC . This process is continued
until we arrive to the leaf level, where receiving fields of boxes G+

C′ are distributed
to the SWG functions by performing a dot product with the radiation pattern of
the mth SWG function, Fm(k, rm) m = 1, ..., N and integrating over the radiation
sphere. Also note that, the truncation number may again differ at lower levels,
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Figure 3.7: Disaggregation in the leaf and a higher level

and hence we may need different (less) number of θ and ϕ samples in (3.12).
Hence, anterpolation [8] might be necessary. Consequently, the mth element of
MVM is give by

N∑
n=1

Zfar[m,n]a[n] =
(
ik

4π

)2 ∫
d2k̂Fm(k, rm) · βR(k, rm − rC)G+

C(k, rC). (3.17)

The resulting MVM is used at each iteration of the iterative solver, where we use
the flexible generalized minimal residual (F-GMRES) method [38], and iterations
are terminated when a predefined residual error is achieved.

3.3 Trimmed MLFMA

MLFMA, explained in the previous section, is accelerated by a progressive
elimination of interactions during the iterations as will be explained in this sec-
tion. Such an elimination of interactions results in trimmed tree structures [21,
22], and hence the method is called trimmed MLFMA (T-MLFMA).
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Consider the matrix equation in (3.1), the solution for vector a can be constructed
by using the Krylov subspace vectors which are given in

Kr(Z,w) = span{w,Z w,Z2 w, ...,Zr−1 w}, (3.18)

where r is the order of the subspace and can have smaller values up to N . The
order r increases as the iterations continue in the iterative solver. In general, as
the number of Krylov subspace vectors increases, the error of the solution de-
creases. However, the contribution to the solution coming from Krylov subspace
vectors decreases as the iterations proceed and most of the subspace vectors con-
verge after some iterations [21]. As a result, we obtain negligible variations in
some elements of the calculated w and updated a after a certain iteration (say
i), and these elements can be eliminated in the far-zone interaction computations
for the next iterations (i + 1, i + 2, ...). To illustrate this behaviour, a sample
problem is investigated where a homogenous dielectric sphere of radius 300 mm
with relative dielectric permittivity ϵr = 4 is illuminated by a uniform plane wave
at 0.3 GHz. MoM is employed to solve the resultant VIE, where the dielectric
sphere is discretized with λ/20 edge length tetrahedrons leading to 7190 SWG
functions, and the unknown coefficient vector a is obtained iteratively. Next, we
calculate the normalized error between wi and the actual w for each element of
the right-hand side (RHS) vector w at each iteration as

ei
w[n] = log10

|wi[n] − w[n]|
|w[n]| , (3.19)

where w[n] is the actual value for the nth element of w, whereas wi[n] is its value
at the ith iteration. Similarly, the normalized error between ai and the resultant
a for each element of the coefficient vector a at each iteration is calculated as

ei
a[n] = log10

|ai[n] − a[n]|
|a[n]| , (3.20)

where a[n] is the final value for the nth element (solved value) of a, whereas ai[n] is
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Figure 3.8: Error between (a) the final a and the calculated ai at each iteration; (b) the
actual w and the calculated wi at each iteration for a homogeneous dielectric sphere of radius
300 mm with ϵ = 4 illuminated by a uniform plane wave at 0.3 GHz

its value at the ith iteration. These errors versus number of iterations are plotted
in Fig. 3.8. As can be seen from Fig. 3.8(a), the variation in ei

a[n] is (n=1, ...,
7190) is negligible for most of the elements after i = 25 iterations. Similarly, the
variation in ei

w[n] is also negligible after i = 20 iterations as observed in Fig.
3.8(b).

Therefore, after a number of iterations, the interactions of the converged elements
(ai[n] and wi[n]) can be omitted, because they contribute significantly less, which
leads to a trimming in the tree structure yielding a reduction in the number of
operations in each MVM as follows: Let’s rewrite (3.1) as

[
Znear

]
·



a1

.

.

ap

.

.

aN


+



Z11 . . . . Z1N

. . . . . .

. . . . . .

. . . . . .

. . . . . .
ZN1 . . . . ZNN

Z1p

.

.

Zm1 . . Zmp . . ZmN

.

.

ZNp



·



a1

.

.

ap

.

.

aN


=



w1

.

.

wm

.

.

wN


, (3.21)
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Figure 3.9: Iterative solution scheme in T-MLFMA

and assume that ap and wm are the converged elements of a and w, shown in green
and red colors, respectively. Because ap is converged, there is no need to make
calculations with the pth column (highlighted with green box) of Zfar. In a similar
fashion, because wm is converged, there is no need to make calculation with the
mth row (highlighted with the red box) of Zfar. Deleting this row and column
in MVMs in MLFMA for the next iterations, the conventional tree structure is
trimmed (trimming scheme is explained in the next section), and the number of
operations decrease in Zfar a calculations. On the other hand, because the sparse
Znear is calculated before the iterations and stored in the memory, its trimming
does not provide any significant reduction in the MVM time. Hence, trimming is
not implemented to Znear and it stays intact [21, 22].

The trimming of the converged elements of w is called the testing function trim-
ming (briefly testing trimming) and the trimming of the converged elements of a
is called the basis function trimming (briefly basis trimming). Testing and basis
function trimmings are processed separately at each iteration as illustrated in
Fig. 3.9, which shows the workflow of iterative solutions. Basically, the solver
produces the coefficient vector ai by taking wi as an input at iteration i (shown
in solid lines) separately. Regarding the testing trimming process, we exploit a
simple comparison of calculated wi at the ith iteration with the actual w to trim
testing functions. However, regarding the basis trimming process, we employ ML
techniques to predict which elements of a can be omitted as the final solution of
a is not known.
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(a) (b)

Figure 3.10: Regular (a) and jointly (b) trimmed tree structure for aggregation and disag-
gregation stages

3.3.1 Trimming Scheme on MLFMA

In regular MLFMA, all stages (aggregation, disaggregation, and translation)
share the same tree structure at each iteration as depicted in Fig. 3.10(a) where
the aggregation and disaggregation of fields between boxes at different levels are
shown in solid black arrows. Because all boxes are included in calculations, the
MVMs in all these stages are performed in the same manner and computation
time for MVMs are constant at each and every iteration. On the other hand,
explained in the previous section, some converged interactions give opportunity
to omit some portions of Zfar after some iterations. However, this trimming pro-
cess should be considered carefully, since the tree structure of MLFMA changes
significantly and all stages are affected notably. Basically, as explained in [21,
22], we need to consider the followings: (a) The convergence behaviour of basis
and testing trimmings is different, which leads to different tree structures for ag-
gregation and disaggregation. Note that basis trimming affects the aggregation
while the testing trimming affects the disaggregation. (b) Once started, trim-
ming must propagate to all branches of the tree. Otherwise we cannot obtain
maximum efficiency. (c) The trimming process should be cumulative based on
the evolution of the tree structure at each iteration.

Fig. 3.10(b) shows the tree structure (both for aggregation and disaggregation)
when the trimming is applied to both aggregation and disaggregation. In this
figure, if any box is trimmed from both aggregation and disaggregation, that box
is depicted in gray color, and trimmed aggregated and disaggregated fields are
shown in gray dashed arrows. As can be noticed from this figure (see also Fig.

33



(a) (b)

Figure 3.11: Trimmed (a) aggregation and (b) disaggregation tree structures

3.11(a) for aggregation and Fig. 3.11(b) for disaggregation), the tree structure
that is employed for aggregation differs from that for disaggregation. For instance,
a box can be omitted from aggregation, but it is not necessarily trimmed in
disaggregation and vice versa. Algorithm 1 describes the box trimming algorithm
in aggregation due to basis function trimming.

Algorithm 1 Box Trimming Algorithm in Aggregation due to Basis Function
Trimming

1: procedure At Each Iteration
2: for Box=1:B do
3: if all basis functions in the Box are excluded then
4: exclude the Box from aggregation and translation
5: end if
6: end for
7: end procedure

First of all, if all basis functions are trimmed in a box, there will be no radiated
field in the center of the box, and aggregation of the zero-field to the parent
box becomes redundant and the box is trimmed from aggregation calculations as
illustrated in Fig. 3.11(a). Second of all, the translation of this field to far zone
boxes does not contribute the solution and becomes unnecessary as indicated
in Fig. 3.12(a). In Fig. 3.12(a), trimmed boxes in aggregation are shown in
grey color, despite included boxes in aggregation are shown in green color. The
translation of fields due to included boxes are shown in solid yellow arrows, and
redundant translation of fields due to the omitted boxes from aggregation are
shown in dashed grey arrows. The same procedure is adopted at higher levels.
Finally, if a basis function is trimmed solely, the radiation of this basis function
to the center of the box at the lowest level becomes redundant.
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(a) (b)

Figure 3.12: Box trimming in translation (a) basis box, (b) testing box

Similarly, Algorithm 2 describes the box trimming algorithm in disaggregation
due to testing function trimming. First of all, if all testing functions are trimmed
in a box, it will be redundant to disaggregate any field to that box from the parent
box and the box is trimmed from disaggregation calculations as illustrated in Fig.
3.11(b). Second of all, translation to the trimmed box from all far zone boxes
becomes unnecessary as depicted in Fig. 3.12(b). In Fig. 3.12(b), the trimmed
box in disaggregation is depicted in gray color and redundant translation of fields
to the omitted box from disaggregation are shown in dashed gray arrows. Finally,
if a testing function is trimmed solely, there is no need to receive any field to this
testing function from the box center at the lowest level.

Algorithm 2 Box Trimming Algorithm in Disaggregation due to Testing Func-
tion Trimming

1: procedure At Each Iteration
2: for Box=1:B do
3: if all testing functions in the Box are excluded then
4: exclude the Box from translation and disaggregation
5: end if
6: end for
7: end procedure

In the following subsections, we explain in detail how the testing and basis func-
tion trimmings are performed.
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3.3.1.1 Testing Function Trimming

To determine the converged elements of the right-hand-side vector w and trim
the testing functions, a straightforward comparison is performed between the
calculated wi at each iteration and the actual w.

Algorithm 3 Testing Function Trimming Algorithm
1: procedure At Each Iteration
2: for m=1:N do
3:
4: ew

i = |wi[m]−wactual[m]|
|wactual[m]|

5:
6: if ew

i ≤Testing Trimming Error Threshold then
7: Counter[m] = Counter[m]+1
8: else
9: Counter[m] = 0

10: end if
11: if Counter[m] = Testing Trimming Count then
12: exclude the testing function fm

13: else
14: store the Counter for the next iteration
15: end if
16: end for
17: end procedure

Algorithm 3 presents the steps of the testing trimming algorithm at each iteration.
As the first step, an error is calculated for each element of wi at each iteration
given by

ew
i [m] = |wi[m] − wactual[m]|

|wactual[m]| , (3.22)

where m is the index of the element, wactual is the actual right-hand-side vector
and wi is the latest calculated right-hand-side vector. Next, this error is compared
with a predetermined Testing Trimming Error Threshold (TTET) value. To avoid
the undesired trimming of not fully converged interactions, we wait until the error
is below the TTET value Testing Trimming Counter (TTC) (let’s say this value
is 3 or 5) times in a row. If the error ew

i [m] is TTC times below the TTET value,
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we assume the convergence of this testing function w[m] is ensured, and w[m] is
trimmed (i.e., removed from the MLFMA calculations) for the next iterations,
and the disaggregation tree is updated starting from the bottom level.

3.3.1.2 Basis Function Trimming

To determine the converged elements of the coefficient vector a and trim the
basis functions, a simple comparison as done with w is not sufficient because the
actual coefficient vector a is not available in the solver. Therefore, an estimation
is made using a Fully-connected neural network (ML technique) based on the
coefficient vector results that are obtained in previous iterations. The estimation
process and the details of the fully-connected neural network are provided in
detail in the next subsection.

Algorithm 4 Basis Function Trimming Algorithm
1: procedure At Each Iteration
2: for n=1:N do
3: aestimated[n] = ECV (ai−1[n], ai−2[n], ai−3[n])
4:
5: ea

i = |ai[n]−aestimated[n]|
|aestimated[n]|

6:
7: if ea

i ≤ Basis Trimming Error Threshold then
8: Counter[n] = Counter[n]+1
9: else

10: Counter[n] = 0
11: end if
12: if Counter[n] = Basis Trimming Count then
13: exclude the basis function fn

14: else
15: store the Counter for the next iteration
16: end if
17: end for
18: end procedure

Algorithm 4 presents the steps of the basis function trimming algorithm at each
iteration. As the first step, the Estimate Coefficient Vector (ECV) function takes
the latest (usually the last 3 iterations i−1, i−2, i−3 before the current iteration
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Figure 3.13: Coefficient vector estimation via Fully-Connected Neural Network

i) 3 coefficient vectors as input and calculates the estimation for each element of
a as shown in Fig. 3.13. Then, an error is calculated for each element of ai at
each iteration given by

ea
i [n] = |ai[n] − aestimated[n]|

|aestimated[n]| , (3.23)

where n is the index of the coefficient vector element, aestimated is the estimated co-
efficient vector and ai is the latest calculated coefficient vector. As the next step,
this error is compared with a predetermined Basis Trimming Error Threshold
(BTET) value. Similar to the testing function trimming, to avoid the undesired
trimming of not fully converged interactions, we wait until the error is below
the BTET value Basis Trimming Counter (BTC) (let’s say this value is 3 or 5)
times in a row. If the error ea

i [n] is BTC times below the BTET value, we as-
sume the convergence of this basis function a[n] is ensured, and a[n] is trimmed
(i.e., removed from the MLFMA calculations) for the next iterations, and the
aggregation tree is updated starting from the bottom level.

As will be mentioned in the Numerical Results chapter, several analyzes are per-
formed to determine the values of TTET, TTC, BTET and BTC. Therefore,
the performance of T-MLFMA (e.g., far-field error with respect to the conven-
tional MLFMA, total MVMs time, etc.) is compared for different values of these
threshold and counter values.
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Figure 3.14: Estimation of real and imaginary parts of coefficient vector via FCNN

3.3.1.3 Fully-Connected Neural Network

A four-layer fully-connected neural network (FCNN) is constructed similar to
the one in [21, 22] to estimate a (i.e., aestimated in Algorithm 4) for the afore-
mentioned basis function trimming. The first (input) layer has 10 neurons, the
second and third layers have 8 and 4 neurons, respectively, and finally the fourth
(output) layer has 1 neuron. Besides, the first, second and the third layers use
rectified linear unit (ReLU) activation function, whereas the last layer uses the
Sigmoid activation function.

The inputs of this FCNN at iteration i are the real and imaginary parts of the
normalized coefficient vector elements coming from the previous 3 iterations (i.e.,
i-3, i-2, i-1). The normalization is performed with respect to the real and imag-
inary parts of the coefficient vector element obtained at (i − 4)th iteration as
illustrated in Fig. 3.14.

Regarding the data set, λ/4 homogeneous dielectric spheres with different ϵr

values (ϵr = 1.5, 2, 3, 4, 6, 8, 10, 15, 20 and 25) are considered. The objects are
discretized with 71,466 SWG functions and illuminated by linearly polarized plane
waves, and coefficient vectors at each iteration are saved. Desired residual error in
the solutions are 10−4 and results at all iterations are used in the training without
omitting any sample. After that, the FCNN is trained via Adam optimizer using
mean-absolute-error (MAE) loss function for 500 epochs [39]. The training takes
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approximately 1 hour on AMD Ryzen 7 PRO 2700 Eight-Core Processor CPUs.
We believe that the training with such a small size full spheres is sufficient to
estimate the current coefficients for larger and more complex geometries, since,
unlike the interactions of RWGs, the interactions of SWG functions are random
in any volume, and the SWGs have many different directions yielding various
interactions in a sufficiently large volume. For this reason, trained network is
used for the solution of homogeneous and inhomogeneous of significantly more
complex geometries (e.g., sphere, torus, cone, cube, cylinder) with different ϵr

values. Numerical results are presented and discussed in the Numerical Results
chapter in detail.
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Chapter 4

Numerical Results

In this chapter, numerical results of scattering from several homogenous and in-
homogenous dielectric objects are presented. These results are obtained via both
conventional MLFMA and T-MLFMA. Scattered far-zone electric fields, num-
ber of iterations, and MVM times in iterations are discussed for both MLFMA
and T-MLFMA simulations. Firstly, T-MLFMA analyses for different BTET,
TTET, and BTC, TTC values (basis and testing trimming parameters which are
explained in the previous chapter) are performed for a homogeneous dielectric
sphere. These analyses are performed to observe the sensitivity of T-MLFMA
method to different BTET, TTET, and BTC, TTC values. After these analyses,
parameter values are determined. Next, we discuss the solutions of different ho-
mogenous and inhomogenous spheres, layered spherical shells, torus, cone, cube,
cylinder, and some other relatively complex geometries by considering the sensi-
tivity analyses results.

In all simulations, the objects are illuminated by linearly polarized uniform plane
waves (x-polarized uniform plane wave propagating in the z-direction) and FGM-
RES is used as the iterative solver. The desired residual error of the iterative
solver and the maximum number of iterations are set to 10−3 and 2000, respec-
tively. Moreover, a block diagonal preconditioner (block size = 2) is used in all
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simulations. Singularity extraction techniques are applied in the simulations in-
volving dielectric cone. In T-MLFMA simulations, the far-zone scattered electric
field error is given by

Error = ||Esimulated − Ereference||2
||Ereference||2

, (4.1)

and calculated with respect to the conventional MLFMA result or Mie series solu-
tion (if available), where || ||2 = L2 norm of the vector. In (4.1), Esimulated stands
for the far zone electric field vector calculated with T-MLFMA (or MLFMA if
Mie series solution is available), and Ereference is used to denote the far-zone
electric field vector calculated with either Mie series solution (if available) or the
conventional MLFMA.

4.1 Trimming Threshold Analysis

In this section, T-MLFMA simulations are performed for different values of
BTET and TTET separately. BTC and TTC values are set to 2 in these simula-
tions for basis and testing trimmings, respectively. Therefore, separate analyses
are performed for both basis and testing trimming to analyze the effect of error
threshold levels. 2λ diameter homogeneous sphere with ϵr = 3 is used in this set
of simulations and the operating frequency is 1 GHz (λ=0.3 m). The object is
discretized with 413,654 SWG functions. The far-zone scattered electrical field,
error, and MVM times obtained from the T-MLFMA simulations are compared
with that of MLFMA. Also the error of MLFMA and T-MLFMA with respect to
the Mie series solution are investigated.

First, only basis trimming is applied. BTC is set to 2, and both MLFMA and
T-MLFMA results are compared to the Mie series solution.

In Fig. 4.1(a), the scattered far-zone fields obtained with T-MLFMA for differ-
ent threshold values (BTET = 0.01, 0.05 and 0.1), and the scattered far-zone
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Table 4.1: Numerical results for MLFMA and T-MLFMA with only basis trimming for
different BTET values for the scattering from a homogeneous dielectric sphere with 2λ diameter
and ϵr = 3 at 1 GHz

BTET Number Of
Iterations

MVM Time
(s)

Error w.r.t.
MLFMA (%)

Error w.r.t.
Mie (%)

MLFMA - 161 4824 - 4.85
0.1 89 2593 9.63 12.99

T-MLFMA 0.05 116 3403 5.13 6.68
0.01 158 4607 0.31 4.70

field obtained with conventional MLFMA are depicted. The progress of residual
errors in T-MLFMA and MLFMA for corresponding simulations are shown in
Fig. 4.1(b). In Fig. 4.1(c), the included SWG basis functions at each iteration in
T-MLFMA simulations are given, and lastly, MVM times for each iteration for
T-MLFMA and conventional MLFMA simulations are shown in Fig. 4.1(d).

We can observe that, when the BTET value decreases from 0.1 to 0.01, the
number of iterations increases, and the resultant far-zone electric field converges
to the MLFMA solution. This convergence can be observed more clearly in the
back-scattered fields in Fig. 4.1(a) when the BTET value decreases from 0.1 to
0.01 in a controllable manner and Table 4.1 tabulates the details of the analysis.
The far-field errors of T-MLFMA for BTET 0.1, 0.05 and 0.01 are 12.99%, 6.68%,
and 4.70% with respect to Mie series solution (which is analytical). The same
errors with respect to the conventional MLFMA are 9.63%, 5.13%, and 0.31%.
As expected, as BTET is decreased, the number of iterations and MVM time
increase but the accuracy improves. Nevertheless, T-MLFMA is always faster
than the conventional MLFMA. Depending on the application one can sacrifice
from the accuracy and increase the efficiency or vice versa.

In the second part, only testing function trimming is applied, and the numeri-
cal results for T-MLFMA for TTET = 0.01, 0.05, and 0.1 with TTC = 2 are
compared with the conventional MLFMA and Mie series results in Fig. 4.2. In
Fig. 4.2(a), the scattered far-zone fields obtained with T-MLFMA for different
threshold values (TTET = 0.01, 0.05 and 0.1), and the scattered far-zone field
obtained with conventional MLFMA are shown. The progress of residual errors in
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Figure 4.1: (a) The scattered electric field of the homogenous dielectric sphere with 2λ
diameter and ϵr = 3 for different Basis Trimming Error Threshold values with BTC = 2, (b)
residual errors, (c) included SWG functions, and (d) MVM time at each iteration
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T-MLFMA and MLFMA for corresponding simulations are shown in Fig. 4.2(b).
In Fig. 4.2(c), the included SWG testing functions at each iteration in T-MLFMA
simulations are given, and lastly, MVM times for each iteration for T-MLFMA
and conventional MLFMA simulations are depicted in Fig. 4.2(d).

Table 4.2: Numerical results for MLFMA and T-MLFMA with only testing trimming for
different TTET values for the scattering from a homogeneous dielectric sphere with 2λ diameter
and ϵr = 3 at 1 GHz

TTET Number Of
Iterations

MVM Time
(s)

Error w.r.t.
MLFMA (%)

Error w.r.t.
Mie (%)

MLFMA - 161 4824 - 4.85
0.1 111 3203 7.50 12.36

T-MLFMA 0.05 127 3719 2.45 6.68
0.01 148 4328 0.39 4.68

It can be observed that when the TTET value decreases from 0.1 to 0.01, the
number of iterations increases and the resultant far-zone electric field converges
to the MLFMA solution. This convergence can be observed more clearly in
back-scattered fields in Fig. 4.2(a) when the TTET value decreases from 0.1
to 0.01 and Table 4.2 tabulates the details of the analysis. The far-field errors
of T-MLFMA for TTET 0.1, 0.05 and 0.01 are 12.36%, 6.68%, and 4.68% with
respect to the Mie series solution (which is analytical). The same errors with
respect to the conventional MLFMA are 7.50%, 2.45%, and 0.39%. As expected,
as TTET is decreased, the number of iterations and MVM time increase but
the accuracy improves. Still, T-MLFMA is always faster than the conventional
MLFMA. Depending on the application one can sacrifice from the accuracy and
increase the efficiency or vice versa.

One final conclusion (based on the results) that the basis function trimming pro-
vides faster convergence than the testing function trimming for the same counter
and threshold values, however the scattered far-field error is smaller in testing
trimming case. Note that, as BTET and TTET decrease, the number of itera-
tions and MVM time increase and results become more accurate, and T-MLFMA
is always faster than conventional MLFMA. More efficient results can be obtained
by sacrificing from the accuracy and vice versa.
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Figure 4.2: (a) The scattered electric field of the homogenous dielectric sphere with 2λ
diameter and ϵr = 3 for different Testing Trimming Error Threshold values with TTC = 2, (b)
residual errors, (c) included SWG functions, and (d) MVM time at each iteration
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4.2 Trimming Counter Analysis

As we have observed in Fig 4.1 and Fig 4.2, the trimming alters the accuracy
of MVM calculations and yields errors in far-zone scattered electric fields. These
errors are mainly caused by the improper trimming of basis and testing functions,
since the trimming process is based on predictions. To decrease this undesired
errors, we allow the interactions of trimmed basis and testing functions proceed
in a certain number of iterations called trimming counter (BTC for basis and
TTC for testing as explained during the explanation of T-MLFMA). In this set
of simulations, we analyze the effect of these counter values to the performance of
T-MLFMA. Similar simulation parameters are used and the object is illuminated
in the same way as those explained in the Trimming Threshold Analysis section.

First, only basis function trimming is employed in the simulations, and numerical
results for T-MLFMA for BTC = 2, 3, 4, 5, 6 with BTET = 0.1 are compared
with the conventional MLFMA and the Mie series results in Fig. 4.3.

We can observe that, when the BTC values are lowered from 6 to 2, the number of
iterations reduces, and the MVM time for each iteration also decreases. However,
the far-field error both with respect to the conventional MLFMA and Mie series
solution increase due to the rapid convergence for small values of BTC. The far
field errors for BTC = 2, 3, 4, 5, and 6 are listed in Table 4.3 as 9.63%, 7.36%,
5.82%, 4.91%, and 3.42%, respectively. The same errors with respect to the
Mie series solution are also tabulated in the same table. T-MLFMA simulations
converge in 89, 105, 117, 120, 124 iterations on the contrary to 161 iterations
of MLFMA leading to a decrease in the run time of the total MVM as seen in
Table 4.3. We can conclude that keeping BTC = 3 can limit the far field error
under 1% and we obtain approximately 30% speed up by using only basis function
trimming.

Second, only testing function trimming is applied in the simulations and numerical
results for T-MLFMA for TTC = 2, 3, 4, 5, 6 with TTET = 0.1 are compared
with the conventional MLFMA and Mie series results in Fig. 4.4.
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Figure 4.3: (a) The scattered electric field of the homogenous dielectric sphere with 2λ
diameter and ϵr = 3 for different Basis Trimming Counter values with BTET = 0.1, (b) residual
errors, (c) included SWG functions, and (d) MVM time at each iteration
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Table 4.3: Numerical results for MLFMA and T-MLFMA with only basis trimming for
different BTC values for the scattering from a homogeneous dielectric sphere with 2λ diameter
and ϵr = 3 at 1 GHz (BTET = 0.1)

BTC Number Of
Iterations

MVM Time
(s)

Error w.r.t.
MLFMA (%)

Error w.r.t.
Mie (%)

MLFMA - 161 4824 - 4.85
2 89 2590 9.63 12.99
3 105 3024 7.35 10.49

T-MLFMA 4 117 3435 5.82 9.21
5 120 3557 4.91 8.38
6 124 3676 3.42 6.95

In Fig. 4.4(a), the scattered far-zone fields obtained with T-MLFMA for different
threshold values (TTC = 2, 3, 4, 5, and 6), and the scattered far-zone field
obtained with the conventional MLFMA are depicted. The progress of residual
errors in T-MLFMA and MLFMA for corresponding simulations are shown in
Fig. 4.4(b). In Fig. 4.4(c), the included SWG testing functions at each iteration
in T-MLFMA simulations are given and lastly, MVM times for each iteration for
T-MLFMA and conventional MLFMA simulations are shown in Fig. 4.4(d).

Table 4.4 tabulates the details of the analysis. The far-field errors of T-MLFMA
with respect to the conventional MLFMA for TTC 2, 3, 4, 5, and 6 are 7.50%,
3.72%, 2.02%, 1.35%, and 1.02%, respectively. The same errors with respect to
the Mie series solution are also tabulated in the same table. As expected, as
TTC is increased, the number of iterations and MVM time increase but the ac-
curacy improves. Nonetheless, T-MLFMA is always faster than the conventional
MLFMA. Depending on the application one can sacrifice from the accuracy and
increase the efficiency or vice versa.
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Figure 4.4: (a) The scattered electric field of the homogenous dielectric sphere with 2λ
diameter and ϵr = 3 for different Testing Trimming Counter values with TTET = 0.1, (b)
residual errors, (c) included SWG functions, and (d) MVM time at each iteration
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Table 4.4: Numerical results for MLFMA and T-MLFMA with only testing trimming for
different TTC values for the scattering from a homogeneous dielectric sphere with 2λ diameter
and ϵr = 3 at 1 GHz (TTET = 0.1)

TTC Number Of
Iterations

MVM Time
(s)

Error w.r.t.
MLFMA (%)

Error w.r.t.
Mie (%)

MLFMA - 161 4824 - 4.85
2 111 3203 7.50 12.36
3 122 3477 3.72 7.84

T-MLFMA 4 127 3719 2.02 6.18
5 132 3809 1.35 5.25
6 134 3928 1.02 5.12

4.3 Investigation of T-MLFMA Performance
for relatively More Complex Objects

In this section, trimming threshold and trimming counter analyses (if nec-
essary) are performed for different homogeneous and inhomogeneous dielectric
objects. Both basis and testing trimmings are applied in T-MLFMA simulations.
Same values are assigned to testing and basis threshold values (BTET & TTET),
and also same values are used for basis and testing counter values (BTC & TTC).

Homogeneous Full-Sphere Results: Firstly, a homogeneous sphere with 1.5λ di-
ameter and ϵr = 6 is considered and the operating frequency is 1 GHz (λ =
0.3 m). The object is discretized with 777,308 SWG functions. Far-zone scat-
tered electrical field, residual errors and MVM times in each iteration obtained
from T-MLFMA are presented and are compared with that of the conventional
MLFMA.

Different from Fig. 4.1(b) - 4.4(b), in Fig. 4.5(b), the included basis and testing
SWG functions are depicted together in solid and dashed colors, respectively.
The numerical results for threshold value of 0.1, 0.05 and 0.03 are shown in red,
blue and green colors, respectively. Moreover, BTC and TTC values are set to 5
and the details of the analysis are given in Table 4.5. We can observe that, the
reduction of threshold value from 0.1 to 0.03 provides more accurate results while
the number of iterations increase slightly but still significantly less than that of the
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Figure 4.5: (a) The scattered electric field of the homogeneous dielectric sphere with 1.5λ
diameter and ϵr = 6 for different Testing-Basis Trimming Error Threshold values with BTC =
TTC = 5, (b) residual errors, (c) included SWG functions, and (d) MVM time at each iteration
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conventional MLFMA. By using the TTET and BTET value of 0.03, T-MLFMA
and MLFMA results are very consistent with each other for forward-scattered and
back-scattered fields. The MVM time is reduced from 33307 seconds to 13471
seconds, resulting in approximately three-fold acceleration.

Table 4.5: Numerical results of MLFMA and T-MLFMA with different threshold values for
the scattering from a homogeneous dielectric sphere with 1.5λ diameter and ϵr = 6 at 1 GHz

BTET and
TTET Value

Number Of
Iterations

MVM Time
(s)

Error w.r.t.
MLFMA (%)

Error w.r.t.
Mie (%)

MLFMA - 774 33307 - 6.62
0.03 308 13471 6.41 7.27

T-MLFMA 0.05 277 12163 8.33 7.87
0.10 254 10914 23.57 29.27

Next, another an homogeneous sphere with 0.375λ diameter and ϵr = 25 is con-
sidered and the operating frequency is 750 MHz (λ = 0.4 m). The object is dis-
cretized with 178,286 SWG functions. Far-zone scattered electrical field, residual
errors and MVM times in each iteration obtained from T-MLFMA are presented
and are compared with that of the conventional MLFMA in Fig. 4.6. The nu-
merical results for threshold value of 0.01 and 0.005 are shown in red and blue
colors, respectively. Moreover, BTC and TTC values are set to 5 and the de-
tails of the analysis are given in Table 4.6. We can observe that, the reduction
of threshold value from 0.01 to 0.005 provides more accurate results while the
number of iterations is not changed significantly but still less than that of the
conventional MLFMA. By using the TTET and BTET value of 0.005, T-MLFMA
and MLFMA results are very consistent with each other for forward-scattered and
back-scattered fields. The MVM time is reduced from 989 seconds to 889 seconds,
resulting in 1.2 times acceleration.

Table 4.6: Numerical results of MLFMA and T-MLFMA with different threshold values for
the scattering from a homogeneous dielectric sphere with 0.5λ diameter and ϵr = 25 at 0.75
GHz

BTET and
TTET Value

Number Of
Iterations

MVM Time
(s)

Error w.r.t.
MLFMA (%)

Error w.r.t.
Mie (%)

MLFMA - 177 989 - 1.45

T-MLFMA 0.005 148 818 3.44 3.85
0.01 156 789 24.70 25.64
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Figure 4.6: (a) The scattered electric field of the homogeneous dielectric sphere with 0.375λ
diameter and ϵr = 25 for different Testing-Basis Trimming Error Threshold values with BTC =
TTC = 5, (b) residual errors, (c) included SWG functions, and (d) MVM time at each iteration
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Inhomogeneous Full Sphere Results: Next, scattering from an inhomogeneous
(layered) sphere is investigated, and results for T-MLFMA and MLFMA are
presented and compared with each other as well as with the Mie series solution in
Fig. 4.7. The inhomogeneous sphere involves two concentric spheres. The inner
sphere has λ/2 radius and filled with a dielectric material with ϵr = 2, and the
outer homogeneous spherical shell has λ/2 thickness and filled with a dielectric
material with ϵr = 5. The operating frequency is 1 GHz (λ= 0.3 m). The object
is discretized with 1,035,465 SWG functions by considering the mesh mating con-
ditions, which ensure smooth transitions in meshing at the border of two regions.
Far-zone scattered electric field, residual errors and MVM times in each iteration
obtained from T-MLFMA are compared with that of the conventional MLFMA.

The numerical results for 3 different threshold values of 0.1, 0.03 and 0.01 are
shown in red, blue and green colors, respectively, in Fig. 4.7. Also, TTC and BTC
values are set to 5 and the details of the numerical results are tabulated in Table
4.7. For the threshold value of 0.1, the number of iterations is reduced significantly
from 1661 to 1112. However, the accuracy of the far-zone scattered field is not
sufficient and the far-field error is approximately 19.11%. We observe that, the
reduction of threshold value from 0.1 to 0.03 provides more accurate results while
the number of iterations increase slightly; but still significantly less than that
of the conventional MLFMA. By using the threshold value of 0.03, we achieve
6.41% far-field error and T-MLFMA and MLFMA results become significantly
consistent for forward-scattered and back-scattered fields. The MVM time is
reduced from 620271 seconds to 343702 seconds, resulting in approximately two-
fold acceleration. For further accurate results, the threshold value is decreased
to 0.01 and far-field error is obtained as 3.61% while 1.5 times speed-up in MVM
time is achieved.

As the next simulation, again an inhomogeneous sphere involving two concentric
spheres is analyzed, However, this time, the inner sphere has λ/2 radius and
filled with a dielectric material with ϵr = 5, and the outer spherical shell has
λ/2 thickness and filled with a dielectric material with ϵr = 2. The operating
frequency is again 1 GHz (λ= 0.3 m). The object is discretized with 322,930
SWG functions by considering the mesh mating conditions which ensure smooth
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Figure 4.7: (a) The scattered electric field of the inhomogeneous concentric sphere with
radiusin =λ/2, ϵin

r = 2 and radiusout =λ, ϵout
r = 5 for different Testing-Basis Trimming Error

Threshold values with BTC = TTC = 5 (b) residual errors, (c) included SWG functions, and
(d) MVM time at each iteration
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Table 4.7: Numerical results of MLFMA and T-MLFMA for different threshold values for the
scattering from a inhomogeneous dielectric sphere with radiusin =λ/2, ϵin

r = 2 and radiusout =λ,
ϵout

r = 5 at 1 GHz

BTET and
TTET Value

Number Of
Iterations

MVM Time
(s)

Error w.r.t.
MLFMA (%)

Error w.r.t.
Mie (%)

MLFMA - 1661 620271 - 4.65
0.01 1112 400534 3.61 2.96

T-MLFMA 0.03 1109 343702 6.41 5.04
0.10 1040 294105 19.11 19.90

transitions in meshing at the border of two regions. Far-zone scattered electric
field, residual errors and MVM times in each iteration obtained from T-MLFMA
are compared with that of the conventional MLFMA. The numerical results are
depicted in Fig. 4.8 for 3 different threshold values of 0.05, 0.03 and 0.01 and
these results are shown in red, blue and green colors, respectively. Also, TTC
and BTC values are set to 5 and the details of the numerical results are tabulated
in Table 4.8. For the threshold value of 0.03 and 0.05, the number of iterations
are not reduced significantly. However, T-MLFMA provides approximately 2.3
and 2.7 times speed-up in MVM times while the far field errors are obtained as
5.38% and 9.91%, respectively. Moreover, more accurate result with 2.37% far-
field error is obtained for the threshold value of 0.01 with 1.2 times speed-up in
MVM time.

Table 4.8: Numerical results of MLFMA and T-MLFMA for different threshold values for the
scattering from a inhomogeneous dielectric sphere with radiusin =λ/2, ϵin

r = 5 and radiusout =λ,
ϵout

r = 2 at 1 GHz

BTET and
TTET Value

Number Of
Iterations

MVM Time
(s)

Error w.r.t.
MLFMA (%)

Error w.r.t.
Mie (%)

MLFMA - 1319 35888 - 1.54
0.01 1171 29493 2.37 2.35

T-MLFMA 0.03 1059 15652 5.38 4.95
0.05 1049 13653 9.91 9.43

Spherical Single-Layer Shell Results: Next, we consider spherical shell geome-
tries, which enable us to increase the size of geometry without sacrificing from
the high number of unknowns. As the first example, we present the results for
a spherical shell with 4λ diameter, λ/15 thickness and ϵr = 6. The operating
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Figure 4.8: (a) The scattered electric field of the inhomogeneous concentric sphere with
radiusin =λ/2, ϵin

r = 5 and radiusout =λ, ϵout
r = 2 for different Testing-Basis Trimming Error

Threshold values with BTC = TTC = 5 (b) residual errors, (c) included SWG functions, and
(d) MVM time at each iteration
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frequency is 1 GHz (λ = 0.3 m). The object is discretized with 1,093,971 SWG
functions. Far-zone scattered electric field, residual errors and MVM times in
each iteration obtained from T-MLFMA are compared with that of the conven-
tional MLFMA. The numerical results are depicted in Fig. 4.9 for 3 different
threshold values of 0.1, 0.05 and 0.03, and these results are shown in red, blue
and green colors, respectively. Moreover, TTC and BTC values are set to 3 and
the details of the numerical results are tabulated in Table 4.9. For the threshold
value of 0.1, the number of iterations are reduced significantly from 274 to 97
leading three-fold speed-up in MVM time. However, it does not provide accurate
result for the back-scattered fields. Therefore, we decrease the threshold value
to 0.05 and even further to 0.03, and we obtain more accurate results for the
back-scattered field as can be observed in Fig. 4.9. Moreover, for the threshold
values of 0.05 and 0.03, we obtain approximately 1.86 and 1.77 times speed-ups
in MVM times while the far-field errors with respect to the conventional MLFMA
are obtained as 3.62% and 0.62%, respectively.

Table 4.9: Numerical results of MLFMA and T-MLFMA for different threshold values for the
scattering from the shell geometry with 4λ diameter, λ/15 thickness and ϵr = 6 at 1 GHz

BTET and
TTET Value

Number Of
Iterations

MVM Time
(s)

Error w.r.t.
MLFMA (%)

Error w.r.t.
Mie (%)

MLFMA - 274 16816 - 1.18
0.03 165 9463 0.62 1.41

T-MLFMA 0.05 161 9026 3.62 4.00
0.10 97 5526 2.97 2.52

Next, after investigating the performance of T-MLFMA for different BTET and
TTET values for a shell geometry with 4λ diameter and ϵ = 6, we set BTET and
TTET values to 0.1, BTC and TTC values to 3 for another set of single-layer shell
geometry simulations. The performance of T-MLFMA with these parameters for
different shell objects are presented. The operating frequency is 1 GHz (λ = 0.3
m). The diameters of these shells are 4λ, 5λ and 6λ with the same thickness
λ/15. The details of T-MLFMA and MLFMA results are tabulated in Table 4.10
for two different ϵr values, 4 and 6. The trimming is applied for both basis and
testing, and BTET and TTET have the same value of 0.1 and also BTC and
TTC values are set to 3 for all T-MLFMA simulations given in Table 4.10. In
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Figure 4.9: (a) The scattered electric field of the shell geometry with 4λ diameter, λ/15 thick-
ness and ϵr = 6 obtained with MLFMA and T-MLFMA for different Basis-Testing Trimming
Error Threshold Values with BTC = TTC = 3, (b) residual errors, (c) included SWG functions,
and (d) MVM time at each iteration
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Fig. 4.10(a), (b) and (c), the scattered far-fields for T-MLFMA and MLFMA
are presented for 4λ, 5λ and 6λ shell geometries with ϵr = 4, respectively. In
Fig. 4.11(a), (b) and (c), the scattered far-fields for T-MLFMA and MLFMA are
presented for same shell geometries with ϵr = 6. These objects are discretized
with 1,131,236, 1,815,147 and 2,589,663 SWG functions. T-MLFMA provides
1.58, 1.82 and 1.83 times speed-up in MVM times for these shell geometries with
ϵr value of 4. Moreover, significantly accurate results are achieved while far-field
error value is below 3% for each simulation. Similar to ϵr value of 4 case, accurate
results are obtained for the solution of the same shell geometries with ϵr = 6. We
achieve 3.05, 4.51 and 11.55 times speed-up in MVM times while the far-field
errors are below 3%. We observe that T-MLFMA provides significant speed-up
with highly accurate results for the scattered far-fields when the size of the object
is large and ϵr value is high.

Table 4.10: Numerical results of MLFMA and T-MLFMA for the shell geometry with 4λ, 5λ
and 6λ diameter, λ/15 thickness and ϵr = 4, 6. In T-MLFMA BTET = TTET = 0.1 and BTC
= TTC = 3 at 1 GHz

Diameter ϵr
Number of
Iterations

MVM
Time (s)

Error w.r.t.
MLFMA (%)

Error w.r.t.
Mie (%)

MLFMA
4λ

4
65 4182

-
1.09

5λ 85 36240 1.95
6λ 120 49373 1.58

T-MLFMA
4λ

4
44 2649 1.11 1.20

5λ 49 19805 1.93 1.87
6λ 69 27158 2.56 1.83

MLFMA
4λ

6
274 16816

-
1.18

5λ 491 20416 2.44
6λ 1392 580510 2.31

T-MLFMA
4λ

6
97 5526 2.97 2.52

5λ 116 4524 1.92 3.72
6λ 127 50302 1.21 2.33

Spherical Three-Layer Shell Results: Next, we consider a more complex problem
involving 3 concentric dielectric spherical shell layers. The outermost diameter of
the geometry is 1.5λ. From outer to inner, thicknesses and ϵr values of the shells
are λ/15, λ/20, λ/20 and 2, 4, 6, respectively, as sketched as an in set in Fig. 4.12.
The operating frequency is 0.5 GHz (λ = 0.6 m). The object is discretized with
1,955,966 SWG functions by considering the mesh mating conditions. Scattered
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Figure 4.10: The scattered electric field of the shell geometry with a diameter of (a) 4λ, (b)
5λ and (c) 6λ. In each case, the thickness is λ/15 and ϵr = 4. In T-MLFMA results, BTC =
TTC = 3 and BTET = TTET = 0.1 62
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Figure 4.11: The scattered electric field of the shell geometry with a diameter of (a) 4λ, (b)
5λ and (c) 6λ. In each case, the thickness is λ/15 and ϵr = 6. In T-MLFMA results, BTC =
TTC = 3 and BTET = TTET = 0.1 63



Table 4.11: Numerical results of MLFMA and T-MLFMA for different threshold values for
the scattering from the 3 layer shell geometry with the outermost diameter = 1.5λ with λ/15,
λ/20 and λ/20 thicknesses and ϵr values 2, 4 and 6, respectively, from outer to inner at 0.5
GHz

BTET and
TTET Value

Number Of
Iterations MVM Time (s) Error (%)

MLFMA - 74 18944 -

T-MLFMA 0.05 47 12252 1.29
0.1 47 11045 18.11

far-zone electric field, residual errors and MVM times in each iteration obtained
from T-MLFMA are compared with that of the conventional MLFMA. The nu-
merical results are tabulated in Table 4.11 for 2 different threshold values of 0.1
and 0.05, and these results are shown in red and blue colors, respectively. For the
threshold value of 0.1, the number of iterations are reduced significantly from 74
to 47. However, it does not provide accurate result for the back-scattered fields.
Therefore, when we decrease the threshold value to 0.05, we obtain more accurate
results for the back-scattered field as can be observed in Fig. 4.12. However, the
MVM time is increased from 11045 seconds to 12252 seconds with respect to the
0.1 threshold case. For the threshold value of 0.05, we achieve approximately 1.65
times speed up by obtaining 1.29% far-field error.

Next, we again consider a 3-layer spherical shell geometry which has a 3λ out-
ermost diameter, However, from outer to inner, thicknesses and ϵr values of the
shells are 2λ/15, λ/10, λ/10 and 6, 4, 2, respectively. The operating frequency is
1 GHz (λ = 0.3 m). The object is discretized with 1,955,966 SWG functions again
by considering the mesh mating conditions, which ensure smooth transitions in
meshing at the border of the two regions. Scattered far-zone electric field, residual
errors and MVM times in each iteration obtained from T-MLFMA are compared
with that of the conventional MLFMA. The numerical results are depicted in
Fig. 4.13 for 3 different threshold and counter value combinations. Moreover,
the details of the numerical results are tabulated in Table 4.12. Firstly, threshold
and counter values are set to 0.1 and 3, respectively. Secondly, the counter value
is increased to 5 by keeping the threshold value the same. Finally, the threshold
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Figure 4.12: (a) The scattered electric field of the 3 layer shell geometry with the outermost
diameter 1.5λ diameter with λ/15, λ/20 and λ/20 thicknesses and ϵr values 2, 4 and 6, respec-
tively, from outer to inner, obtained with MLFMA and T-MLFMA for different Basis-Testing
Trimming Error Threshold Values with BTC = TTC = 5, (b) residual errors, (c) included SWG
functions, and (d) MVM time at each iteration
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and counter values are assigned as 0.05 and 3, respectively. In the first case, T-
MLFMA provides approximately 1.93 times speed-up with 5.83% far-field error
with respect to the conventional MLMFA as indicated in Table 4.12. For the
second case, we achieve approximately 1.77 times speed-up and 2.14% far-field
error, and finally for the third situation, we achieve approximately 1.51 times
speed-up and 1.51% far-field error.

Table 4.12: Numerical results of MLFMA and T-MLFMA for different threshold and counter
values for the scattering from the 3 layer shell geometry with the outermost diameter is 3λ,
and with 2λ/15, λ/10 and λ/10 thicknesses and ϵr values 6, 4 and 2, respectively, from outer
to inner at 1 GHz

BTET and
TTET Value

BTC and
TTC Value

Number Of
Iterations MVM Time (s) Error (%)

MLFMA - - 468 115025 -
0.1 3 251 59619 5.83

T-MLFMA 0.1 5 266 65069 2.14
0.05 3 315 76365 1.51

Now, after investigating the performance of T-MLFMA for different BTET and
TTET values for two three-layer shell geometries, we set BTET and TTET values
to 0.1, BTC and TTC values to 3 for another set of three-layer shell geometry
simulations. The trimming is applied for both basis and testing. The operating
frequency is 1 GHz (λ = 0.3 m). The outermost diameter of the three-layer shell
object is 3λ, and from outer to inner, thicknesses are 2λ/15, λ/10 and λ/10.
Two different simulations with different ϵr values for shell layers are performed.
As the first simulation, the ϵr values from outer to inner are set to 6, 1.2 and
1.5, respectively. As the second simulation, the ϵr values from outer to inner
are set to 8, 1.2 and 3, respectively. The object is discretized with 1,955,966
SWG functions for both simulations. The details of T-MLFMA and MLFMA
results for both simulations are tabulated in Table 4.13. In Fig. 4.14(a) and
(b), the scattered far-fields obtained with T-MLFMA and MLFMA are presented
for both simulations. T-MLFMA provides 2.2 and 2.7 times speed-up in MVM
times, respectively. Moreover, significantly accurate results are achieved while
the far-field error is at 2.17% and 5.19% for both simulations, respectively.

Homogeneous Cone Results: As a different geometry, we consider homogeneous
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Figure 4.13: (a) The scattered electric field of the 3 layer shell geometry with the outermost
diameter is 3λ, and with 2λ/15, λ/10 and λ/10 thicknesses and ϵr values 6, 4 and 2, respectively,
from outer to inner, obtained with MLFMA and T-MLFMA for different threshold and counter
values, (b) residual errors, (c) included SWG functions, and (d) MVM time at each iteration
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Figure 4.14: (a) The scattered electric field of the 3 layer shell geometry with a 3λ outermost
diameter with 2λ/15, λ/10 and λ/10 thicknesses and (a) ϵr values 6, 1.2 and 1.5, respectively,
from outer to inner and (b) ϵr values 8, 1.2 and 3, respectively, from outer to inner, obtained
with MLFMA and T-MLFMA with BTET = TTET = 0.1 and BTC = TTC = 3
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Table 4.13: Numerical results of MLFMA and T-MLFMA for the scattering from the 3 layer
shell geometries with a 3λ outermost diameter with 2λ/15, λ/10 and λ/10 thicknesses and ϵr

values 6, 1.2 and 1.5, from outer to inner and ϵr values 8, 1.2 and 3, from outer to inner at 1
GHz

ϵr
BTET and

TTET
BTC and

TTC
Number of
Iterations

MVM
Time (s)

Error
(%)

MLFMA 6-1.2-1.5 - - 280 60401 -
T-MLFMA 0.1 3 134 27600 2.17
MLFMA 8-1.2-3 - - 577 131275 -

T-MLFMA 0.1 3 236 48994 5.19

cone, which has a λ diameter and λ height with ϵr = 5. The operating frequency
is 1 GHz (λ = 0.3 m). The object is discretized with 453,762 SWG functions.
Scattered far-zone electric field, residual errors and MVM times in each iteration
obtained from T-MLFMA are compared with that of the conventional MLFMA.
The numerical results are depicted in Fig. 4.15 for 3 different threshold values
of 0.1, 0.05, and 0.03 in red, blue and green colors, respectively. TTC and BTC
values are set to 3. The details of the numerical results are tabulated in Table 4.14.
For the threshold value of 0.1, the number of iterations are reduced from 56 to
33 and MVM time drops from 1170 seconds to 641 seconds (1.82 times speed-up)
with a far-field error 9.28% with respect to the conventional MLFMA. However,
for the threshold values of 0.05 and 0.03, more accurate results are obtained for the
scattered far-field with far-field errors 5.81% and 2.76%, respectively. Moreover,
T-MLFMA provides 1.52 and 1.41 times speed-up for the threshold values of 0.05
and 0.03, respectively.

Table 4.14: Numerical results obtained with MLFMA and T-MLFMA for different threshold
values for the scattering from homogeneous cone with a λ diameter and λ height with ϵr = 5
at 1 GHz

BTET and
TTET Value

Number Of
Iterations MVM Time (s) Error (%)

MLFMA - 56 1170 -
0.1 33 641 9.28

T-MLFMA 0.05 38 767 5.81
0.03 40 828 2.76

Next, we set BTET and TTET values to 0.1, BTC and TTC values to 3 for
another set of cone geometry simulations. The trimming is applied for both basis
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Figure 4.15: (a) The scattered electric field of homogeneous cone with a λ diameter and λ
height with ϵr = 5, obtained with MLFMA and T-MLFMA for different Basis-Testing Trimming
Error Threshold Values with BTC = TTC = 3, (b) residual errors, (c) included SWG functions,
and (d) MVM time at each iteration
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and testing. Similar to the previous case, scattering from a homogeneous cone
with ϵr value of 3 is performed. The cone has a λ diameter and λ height. The
object is discretized with 121,994 SWG functions. Scattered far-fields obtained
from MLFMA and T-MLFMA are compared in Fig. 4.16(a). The details of T-
MLFMA and MLFMA numerical results are presented in Table 4.15. T-MLFMA
provides 1.47 times speed-up in MVM times and scattered far-field results show
high accuracy with far-field error 1.28%. Similarly, a larger homogeneous cone
with a 2λ diameter and 2λ height is considered. The object, again, has ϵr =
3. This object is discretized with 693,438 SWG functions. Scattered far-fields
obtained from MLFMA and T-MLFMA are compared in Fig. 4.16(b). The T-
MLFMA and MLFMA numerical results are presented in Table 4.15. T-MLFMA
provides 1.75 times speed-up in MVM times and scattered far-field results show
high accuracy with the far-field error 2.49%.

Table 4.15: Numerical results obtained from MLFMA and T-MLFMA for different threshold
values for the scattering from homogeneous cones with a λ diameter, λ height and a 2λ diameter,
2λ height with ϵr = 3 at 1 GHz

Diameter Height Number of
Iterations

MVM
Time (s)

Error
(%)

MLFMA
λ λ

22 236 -
T-MLFMA 17 162 1.28
MLFMA 2λ 2λ 79 12888 -

T-MLFMA 47 7426 2.49

Homogeneous Torus Results: After analyzing the T-MLFMA results for the cone
geometry, we present T-MLFMA results for various dielectric torus geometries.
In the first simulation, the inner radius of the torus is λ/3 and the outer radius is
2λ/3 with ϵr = 3. The operating frequency is 1 GHz (λ = 0.3 m). The object is
discretized with 122,567 SWG functions. Scattered far-zone electric field, residual
errors and MVM times in each iteration obtained from T-MLFMA are compared
with that of the conventional MLFMA. The numerical results are depicted in Fig.
4.17 for 3 different threshold values of 0.3, 0.2, and 0.1 in red, blue and green
colors, respectively. TTC and BTC values are set to 3. Moreover, the details
of numerical results are tabulated in Table 4.16. For the threshold value of 0.1,
the number of iterations are reduced from 20 to 16 and MVM time drops from
140 seconds to 98 seconds with a significantly high accuracy for the scattered
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Figure 4.16: The scattered electric field of the homogeneous cone with (a) λ diameter and
λ height with ϵr = 3, (b) 2λ diameter and 2λ height with ϵr = 3 obtained from MLFMA and
T-MLFMA with BTET = TTET = 0.1 and BTC = TTC = 3
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far-field. Moreover, the number of iterations are reduced to 15 and MVM time
drops to 77 seconds (1.82 times speed-up) for the threshold value of 0.3 with the
far-field error 1.78%.

Table 4.16: Numerical results obtained from MLFMA and T-MLFMA for different threshold
values for the scattering from a homogeneous torus with a λ/3 inner radius and 2λ/3 outer
radius with ϵr = 3 at 1 GHz

BTET and
TTET Value

Number Of
Iterations MVM Time (s) Error (%)

MLFMA - 20 140 -
0.3 15 77 1.78

T-MLFMA 0.2 16 79 1.04
0.1 16 98 0.50

Table 4.17: Numerical results of MLFMA and T-MLFMA for different threshold values for
the scattering from the homogeneous torus with λ/2 inner radius and 3λ/2 outer radius with
ϵr = 5 at 1 GHz

BTET and
TTET Value

Number Of
Iterations MVM Time (s) Error (%)

MLFMA - 1192 143563 -
0.1 209 25048 8.09

T-MLFMA 0.05 317 37801 5.27
0.03 370 44527 4.70

Next, we consider another homogeneous torus geometry with λ/2 inner radius
and 3λ/2 outer radius, and ϵr = 5 at the same frequency (1 GHz). The object
is discretized with 1,220,774 SWG functions. Scattered far-zone electric field,
residual errors and MVM times in each iteration obtained from T-MLFMA are
compared with that of the conventional MLFMA. The numerical results are shown
in Fig. 4.18 for 3 different threshold values of 0.1, 0.05, and 0.03 in red, blue and
green colors, respectively. TTC and BTC values are set to 5. Moreover, Table
4.17 tabulated the details of the numerical results. For the threshold value of
0.03, the number of iterations are reduced from 1192 to 370 and MVM time
drops from 143563 seconds to 44527 seconds (3.3 times speed-up) with a 4.70%
far-field error with respect to conventional MLFMA. Moreover, for the threshold
value of 0.1, the number of iterations are reduced to 209 and MVM time drops to
25048 seconds (5.8 times speed-up) with a far-field error of 8.09%. Considering
this result and the result for the torus geometry with ϵr = 3, we can conclude
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Figure 4.17: (a) The scattered electric field of the homogeneous torus with a λ/3 inner
radius and 2λ/3 outer radius with ϵr = 3 obtained with MLFMA and T-MLFMA for different
Basis-Testing Trimming Error Threshold Values with BTC = TTC = 3, (b) residual errors, (c)
included SWG functions, and (d) MVM time at each iteration
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Figure 4.18: (a) The scattered electric field of the homogeneous torus with a λ/2 inner
radius and 3λ/2 outer radius with ϵr = 5 obtained from MLFMA and T-MLFMA for different
Basis-Testing Trimming Error Threshold Values with BTC = TTC = 3, (b) residual errors, (c)
included SWG functions, and (d) MVM time at each iteration
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that lower trimming threshold and larger trimming counter values are required
to achieve smaller far-field error for larger values of ϵr.

After investigating the performance of T-MLFMA for two torus geometries with
different ϵr values, we set BTET and TTET values to 0.1, BTC and TTC val-
ues to 3 for another set of torus geometry simulations. The trimming is applied
for both basis and testing. As the first simulation, scattering from a homoge-
neous torus object with λ/3 inner radius and 2λ/3 outer radius with ϵr = 6 is
performed. The object is discretized with 122,567 SWG functions. Scattered
far-fields obtained with MLFMA and T-MLFMA are compared in Fig. 4.19(a).
The details T-MLFMA and MLFMA numerical results are tabulated in Table
4.18. T-MLFMA provides 2.5 times speed-up in MVM times and scattered far-
field results are accurate with a far-field error of 2.17%. As the second example,
a larger torus object with λ inner radius and 2λ outer radius with ϵr = 3 is
considered. This object is discretized with 1,988,043 SWG functions. Scattered
far-fields obtained with MLFMA and T-MLFMA are compared in Fig. 4.19(b).
The details of T-MLFMA and MLFMA numerical results are presented also in
Table 4.18. T-MLFMA provides 4.52 times speed-up in MVM times and highly
accurate scattered far-field results are obtained with a far-field error of 1.35%.

Table 4.18: Numerical results obtained with MLFMA and T-MLFMA for the scattering from
a homogeneous torus with a λ/3 inner radius, 2λ/3 outer radius with ϵr = 6 and with a λ inner
radius, 2λ outer radius with ϵr = 3 at 1 GHz

Inner
Radius

Outer
Radius ϵr

Number of
Iterations

MVM
Time (s)

Error
(%)

MLFMA
λ/3 2λ/3 6 90 506 -

T-MLFMA 48 200 2.17
MLFMA

λ 2λ 3 358 353795 -
T-MLFMA 82 78244 1.35

Homogeneous Cylinder Results: We present numerical results this time for a ho-
mogeneous dielectric cylinder. The diameter and the height of the cylinder is λ
and 2λ, respectively, with ϵr = 5. The operating frequency is 1 GHz (λ = 0.3
m). The object is discretized with 1,389,170 SWG functions. Scattered far-zone
electric field, residual errors and MVM times in each iteration obtained from T-
MLFMA are compared with that of the conventional MLFMA. The numerical
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Figure 4.19: The scattered electric field of a homogeneous torus (a) with a λ/3 inner radius
and 2λ/3 outer radius with ϵr = 6, (b) with a λ inner radius and 2λ outer radius with ϵr = 3,
obtained with MLFMA and T-MLFMA with BTET = TTET = 0.1 and BTC = TTC = 3
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results are depicted in Fig. 4.20 for 3 different threshold values of 0.1, 0.05, and
0.03 in red, blue and green colors, respectively. TTC and BTC values are set to
5. Moreover, the details of numerical results are tabulated in Table 4.19. For the
threshold value of 0.1, the number of iterations are reduced from 266 to 164 and
MVM time drops from 32478 seconds to 19502 seconds (1.67 times speed-up) with
a 27.25% far-field error with respect to the conventional MLFMA. On the other
hand, the number of iterations are 203 and 206, and MVM times are obtained as
24425 seconds (1.34 times speed-up) and 24757 seconds (1.32 times speed-up) for
the threshold values of 0.05 and 0.03, respectively. We obtain significantly more
accurate results for the threshold value of 0.03 with a far-field error of 3.51%.

Table 4.19: Numerical results obtained with MLFMA and T-MLFMA for different threshold
values for the scattering from a homogeneous cylinder with λ diameter and 2λ height with ϵr

= 5 at 1 GHz

BTET and
TTET Value

Number Of
Iterations MVM Time (s) Error (%)

MLFMA - 266 32478 -
0.1 164 24425 27.25

T-MLFMA 0.05 203 24757 14.70
0.03 206 32478 3.51

Inhomogeneous Cylinder Results: Next, we consider inhomogeneous cylinder ge-
ometries. The first geometry, the object involves two concentric cylinders with
a λ/4 diameter and λ/4 height for the inner cylinder, and a λ/2 diameter and
λ/2 height for the outer cylinder. The inner and outer cylinders have ϵr = 6 and
ϵr = 3, respectively. The operating frequency is 1 GHz (λ = 0.3 m). The object is
dicretized with 74,432 SWG functions by considering the mesh mating conditions.
Scattered far-zone electric field, residual errors and MVM times in each iteration
obtained from T-MLFMA are compared with that of the conventional MLFMA.
The numerical results are depicted in Fig. 4.21 for 3 different threshold values
of 0.2, 0.1, and 0.05 in red, blue and green colors, respectively. TTC and BTC
values are set to 5. Moreover, the details of the numerical results are tabulated in
Table 4.20. The number of iterations are reduced from 48 to 38 and MVM time
drops from 996 seconds to 502 seconds (approximately two-fold acceleration) with
a 4.82% far-field error with respect to the conventional MLFMA for the threshold
value of 0.2. On the other hand, the number of iterations are obtained as 39 and
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Figure 4.20: (a) The scattered electric field of a homogeneous cylinder with λ diameter and 2λ
height with ϵr = 5 obtained with MLFMA and T-MLFMA for different Basis-Testing Trimming
Error Threshold Values with BTC = TTC = 3, (b) residual errors, (c) included SWG functions,
and (d) MVM time at each iteration
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Figure 4.21: (a) The scattered electric field of two concentric cylinders, where the inner
cylinder has a λ/4 diameter and λ/4 height with ϵr = 6 and the outer cylinderical shell has a
λ/2 diameter and λ/2 height with ϵr = 3, obtained with MLFMA and T-MLFMA for different
Basis-Testing Trimming Error Threshold Values with BTC = TTC = 5, (b) residual errors, (c)
included SWG functions, and (d) MVM time at each iteration
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41, and MVM times are obtained as 597 seconds (1.67 times speed-up) and 663
seconds (1.50 times speed-up) for the threshold values of 0.1 and 0.05, respec-
tively. We obtain significantly more accurate results for the threshold value of
0.05 with the far-field error 0.75%.

Table 4.20: Numerical results obtained with MLFMA and T-MLFMA for different threshold
values for the scattering from two concentric cylinders, where the inner cylinder has a λ/4
diameter and λ/4 height with ϵr = 6, and the outer cylinderical shell has a λ/2 diameter and
λ/2 height with ϵr = 3 at 1 GHz

BTET and
TTET Value

Number Of
Iterations MVM Time (s) Error (%)

MLFMA - 48 996 -
0.2 38 502 4.82

T-MLFMA 0.1 39 597 2.30
0.05 41 663 0.75

Table 4.21: Numerical results of MLFMA and T-MLFMA for different threshold values for
the scattering from the concentric cylinders, where inner cylinder has λ/2 diameter and λ/2
height with ϵr = 4 and outer cylindrical shell has λ diameter and λ height with ϵr = 2.2 at 1
GHz

BTET and
TTET Value

Number Of
Iterations MVM Time (s) Error (%)

MLFMA - 290 108611 -
0.1 116 25935 7.56

T-MLFMA 0.05 151 41443 6.71
0.01 228 65872 1.18

As a second example for the inhomogeneous cylinder case, we again consider, two
concentric cylinders but with a λ/2 diameter and λ/2 height for the inner cylinder,
and a λ diameter and λ height for the outer cylinder. The inner and outer
cylinders have ϵr = 4 and ϵr = 2.2, respectively. The object is dicretized with
505,072 SWG functions by considering the mesh mating conditions which ensure
smooth transitions in meshing at the border of the two regions. Scattered far-
zone electric field, residual errors and MVM times in each iteration obtained from
T-MLFMA are compared with that of the conventional MLFMA. The operating
frequency is 1 GHz (λ = 0.3 m). Fig. 4.22 shows the numerical results for
3 different threshold values of 0.1, 0.05, and 0.01 in red, blue and green colors,
respectively. TTC and BTC values are set to 5. Moreover, the details of numerical
results can be seen in Table 4.21. We present approximately 4 times acceleration
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Figure 4.22: (a) The scattered electric field of two concentric cylinders, where the inner
cylinder has a λ/2 diameter and λ/2 height with ϵr = 4, and the outer cylinderical shell has
a λ diameter and λ height with ϵr = 2.2, obtained with MLFMA and T-MLFMA for different
Basis-Testing Trimming Error Threshold Values with BTC = TTC = 5, (b) residual errors, (c)
included SWG functions, and (d) MVM time at each iteration
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Figure 4.23: The scattered electric field of cylindrical Luneburg lens with BTET = TTET =
0.01 and BTC = TTC = 5, sizes and ϵr value of each layer are tabulated in Table 4.22

for the threshold value of 0.1 with a far-field error of 7.56%. However, we achieve
more accurate results for the threshold values of 0.05 and 0.01 with 6.71% and
1.18% far-field error values with respect to the conventional MLFMA, and 2.60
and 1.65 times speed-ups in MVM times, respectively.

Next, we consider a cylindrical Luneburg lens as a significantly more challenging
geometry which involves 6 different concentric dielectric layers [40] as sketched
at the in set of in Fig 4.23 and sizes of these layers are tabulated in Table 4.22.
ϵr values of layers are 12, 10, 8, 6, 4 and 2 from inner to outer. The object is dis-
cretized with 777,612 SWG functions by considering the mesh mating conditions
at the border of any of the two regions, and the operating frequency is 7 GHz
(λ=0.0428 m). Scattered far-fields for MLFMA and T-MLFMA are compared in
Fig. 4.23. The trimming is applied for both basis and testing, and BTET and
TTET have the same value of 0.01, whereas BTC and TTC values are set to 5 for
T-MLFMA simulation. With T-MLFMA, the number of iterations are decreased
from 432 to 327, and MVM times drops from 22009 seconds to 15242 seconds.
T-MLFMA provides approximately 1.5 times speed-up in MVM times and the
scattered far-field results are accurate with a far-field error of 2.20% with respect
to MLFMA result.
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Figure 4.24: (a) The scattered electric field of an array of inhomogeneous spheres (each has
λ diameter and ϵr value in each sphere is linearly decreasing from the center of each sphere
to the surface in z direction, 4 spheres around the origin have ϵr = 2.5 at z = 0 and ϵr = 1.5
at z = ±radius and remaining spheres have ϵr = 3.5 at z = 0 and ϵr = 2.5 at z = ±radius).
Results are obtained with MLFMA and T-MLFMA for different Basis-Testing Trimming Error
Threshold Values with BTC = TTC = 5, (b) residual errors, (c) included SWG functions, and
(d) MVM time at each iteration
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Table 4.22: Sizes and ϵr values of each layer of cylindrical Luneburg lens

Cylinder Number Diameter (mm) Height (mm) ϵr

1 (Innermost) 31.2 3.32 12
2 53.2 6.62 10
3 69.7 8.8 8
4 76.5 11 6
5 89.1 12.4 4

6 (Outermost) 95.4 13.8 2

Inhomogeneous Full-Sphere Array Results: The next numerical example is an
array of dielectric spheres, we increased the size of the problem by creating array
of spheres. The array consists of 16 dielectric spheres, which are placed side by
side on xy-plane in the form of a 4x4 array. The diameter of each sphere is λ and
the ϵr value inside of each sphere is decreasing linearly from the center of the each
sphere to surface of the each sphere in z-direction. 4 spheres around the origin
are shown in apricot color, the ϵr value inside the sphere is decreasing from 2.5 to
1.5 while the absolute value of the distance to the center of sphere in z-direction
is increasing up to the radius. For the remaining spheres, the ϵr value inside the
sphere is decreasing from 3.5 to 2.5 while the absolute value of the distance to
the center of sphere in z-direction is increasing up to the radius. The array is
dicretized with 922,362 SWG functions. Scattered far-zone electric field, residual
errors and MVM times in each iteration obtained from T-MLFMA are compared
with that of the conventional MLFMA. The numerical results are depicted in Fig.
4.24 for 3 different threshold values of 0.2, 0.1, and 0.05 in red, blue and green
colors, respectively. TTC and BTC values are set to 5 and Table 4.23 presents the
details of the numerical results. We obtain approximately 2.3 times speed-up for
the threshold value of 0.2 with a far-field error of 1.48% with respect to MLFMA
result. However, we achieve more accurate results for the threshold values of 0.1
and 0.05 with 1.25% and 0.32% far-field error values, respectively, obtaining 1.80
and 1.28 times speed-ups in MVM times.

Inhomogeneous Cone Array Results: We consider another type of array which
consists of 16 dielectric cones, and similar to the array of dielectric spheres they
are placed on xy plane in the form of a 4x4 array. The diameter and height of
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Figure 4.25: (a) The scattered electric field of the array of inhomogeneous cones (each has λ
diameter and λ height and ϵr value in each cone is linearly decreasing from the tip of the each
cone to the base in the z-direction, each cone has ϵr = 7.5 at the tip and ϵr = 1.5 at the base)
obtained with MLFMA and T-MLFMA for different Basis-Testing Trimming Error Threshold
Values with BTC = TTC = 3, (b) residual errors, (c) included SWG functions, and (d) MVM
time at each iteration
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Table 4.23: Numerical results of MLFMA and T-MLFMA for different threshold values for
the array of inhomogeneous spheres (each has λ diameter and ϵr value inside of each sphere is
decreasing linearly from the center of the each sphere to surface of the each sphere in z-direction,
the ϵr value of 4 spheres around the origin is decreasing from 2.5 to 1.5 while the absolute value
of the distance to the center of sphere in z-direction is increasing up to the radius, and the ϵr

value inside of remaining spheres is decreasing from 3.5 to 2.5 while the absolute value of the
distance to the center of sphere in z-direction is increasing up to the radius) at 1 GHz

BTET and
TTET Value

Number Of
Iterations MVM Time (s) Error (%)

MLFMA - 293 70219 -
0.2 150 31529 1.48

T-MLFMA 0.1 178 39149 1.25
0.05 226 54824 0.32

Table 4.24: Numerical results of MLFMA and T-MLFMA for different threshold values for
the array of inhomogeneous cones (each has a λ diameter and λ height, and ϵr value of each
cone is linearly decreasing from the tip of the each cone to the base in the z-direction, the ϵr

value is 7.5 and 1.5 at the tip and at the base, respectively) at 1 GHz

BTET and
TTET Value

Number Of
Iterations MVM Time (s) Error (%)

MLFMA - 84 10142 -
0.3 41 4426 2.77

T-MLFMA 0.2 44 5166 1.56
0.1 54 6781 1.14

each cone is λ. Moreover, the ϵr values are decreasing linearly from the tip of each
cone to its base. The ϵr value is 7.5 at the tip and 1.5 at the base. The array is
dicretized with 698,550 SWG functions. Scattered far-zone electric field, residual
errors and MVM times in each iteration obtained from T-MLFMA are compared
with that of the conventional MLFMA. The numerical results are depicted in
Fig. 4.25 for 3 different threshold values of 0.3, 0.2, and 0.1 in red, blue and
green colors, respectively. TTC and BTC values are set to 3. Moreover, Table
4.24 tabulates the details of the numerical results. We obtain approximately 2.3
times speed-up for the threshold value of 0.3 with a far-field error of 2.77% with
respect to MLFMA. However, it is possible to achieve more accurate results for
the threshold values of 0.2 and 0.1 with 1.56% and 1.14% far-field error values,
respectively, obtaining 1.96 and 1.49 times speed-ups in MVM times.

Homogeneous Cube Results: We also consider the scattering from a dielectric
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cube with edge length λ and ϵr value of 3. The dielectric cube is discretized
with 372,192 SWG functions and firstly illuminated by an x-polarized plane wave
directly traveling toward the face of the cube, secondly it is illuminated by an
x-polarized plane wave traveling toward the edge of the cube, and finally, it is
illuminated by a y-polarized plane wave traveling toward the corner of the cube.
Scattered far-fields obtained with MLFMA and T-MLFMA for each illumina-
tion are compared in Fig. 4.26(a), (b) and (c). The scattered field at ϕ = 90°
and ϕ = 45° planes are sketched for edge and corner illuminations, respectively.
Some details of T-MLFMA and MLFMA results are tabulated in Table 4.25. The
trimming is applied for both basis and testing, with BTET and TTET have the
same value of 0.1 and BTC and TTC values are set to 3 for T-MLFMA simula-
tions. T-MLFMA enables 1.5, 1.9 and 1.7 times speed-up in MVM times with
far-field errors of 1.58%, 7.79% and 5.12%, for face, edge and corner illuminations,
respectively, with respect to the MLFMA results.

Table 4.25: Numerical results obtained with MLFMA and T-MLFMA for a homogeneous
cube with λ edge length and ϵr = 3 illuminated from the face, edge and corner at 1 GHz

Illumination
Type

Number of
Iterations

MVM
Time (s)

Error
(%)

MLFMA Face 48 2595 -
T-MLFMA 33 1741 1.58
MLFMA Edge 52 2979 -

T-MLFMA 31 1569 7.78
MLFMA Corner 52 2911 -

T-MLFMA 32 1710 5.12

Layered Square Column Results: Our final numerical result is a layered square
column, which involves 3 different layers on top of each other [41]. Heights of
these layers (from bottom to top) are λ, 2λ and λ, and the side length of the base
of this column is λ. The bottom, middle and top layers have ϵr values of 2.5,
1.1 and 3.4, respectively. The object is discretized with 456,301 SWG functions
by considering the mesh mating conditions. Scattered far-fields obtained with
MLFMA and T-MLFMA are compared in Fig. 4.27. The trimming is applied for
both basis and testing, and BTET and TTET have the same value of 0.1, and also
BTC and TTC values are set to 3 for T-MLFMA simulation. With T-MLFMA,
the number of iterations is decreased from 62 to 47, and MVM times drops from
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Figure 4.26: The scattered electric field of the homogeneous cube with λ edge length and ϵr

= 3 obtained with MLFMA and T-MLFMA with BTET = TTET = 0.1 and BTC = TTC =
3 illuminated from the (a) face, (b) edge and (c) corner89
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Figure 4.27: The scattered electric field of a layered square column obtained from MLFMA
and T-MLFMA with BTET = TTET = 0.1 and BTC = TTC = 3

1600 seconds to 1042 seconds. T-MLFMA provides 1.7 times speed-up in MVM
time and the far-field scattering results show high accuracy and consistency with
a far-field error of 5.67% with respect to MLFMA.

In this section, we have showed and discussed the accuracy and efficiency of T-
MLFMA for the scattering from several geometries such as cone, torus, cylinder,
cube etc. in addition to spherical geometries. As we mentioned in FCNN part,
we have showed that the training with only a small size of homogeneous dielectric
spheres is sufficient to estimate current coefficients for relatively more complex
dielectric objects, since the interactions of SWG functions are random in any
sufficiently large volume.
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Chapter 5

Conclusion

In this thesis, we have presented a successful application of T-MLMFA to
VIEs, where the solution is accelerated by a progressive elimination of interactions
during the iterations using FCNN and thresholding. The elimination of matrix
columns is achieved by the estimation of converged current coefficients via ML
techniques, while the elimination of rows is performed by a simple comparison of
the actual and calculated RHS vectors. As a result of these eliminations, the tree
structure is sparsified and significant acceleration is achieved due to the decrease
in the number of iterations as well as MVM time per iteration as the iterations
proceed.

In this study, we have given the results for T-MLFMA and the conventional
MLFMA for scattering from relatively complex homogeneous and inhomogeneous
dielectric geometries such as spherical shell layers, cone, torus, cylinder, and cube,
etc., along with homogeneous dielectric sphere. The far-zone scattered fields,
progress in residual errors, trimmed SWG counts and MVM time at each iteration
are compared for T-MLFMA and the conventional MLFMA in each example. As
a result, we achieved 1.5 to 10 times speed-up in MVM time compared to the
conventional MLFMA depending on the geometry of the scatterer and the value
of ϵr. Especially, significant accelerations are observed for larger objects with high
values of ϵr, since the solutions are obtained generally in prolonging iterations in
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these examples. It should be noted that, in all simulations, the same FCNN,
which is trained with only a group of small sized homogeneous spheres, is used.
We observed that training with only a group of small sized homogeneous spheres is
sufficient to estimate current coefficients for relatively more complex objects since
the interactions of SWG functions are random in any volume. As a result, the
successful application of T-MLFMA to VIEs enables us to obtain fast solutions
for highly inhomogeneous, large complex objects, which are often encountered in
various areas, such as biomedical imaging applications, radomes, electromagnetic
absorbers. As a future work, the training group can be enhanced to attack much
more complicated lossy dielectric geometries.
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