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ABSTRACT

FAST MULTIPOLE METHOD FOR THE
SOLUTION OF ELECTROMAGNETIC
SCATTERING PROBLEMS

Ozgiir Salih Ergiil
M.S. in Electrical and Electronics Engineering

Supervisor: Assoc. Prof. Dr. Levent Giirel
June 2003

The fast multipole method (FMM) is investigated in detail for the solution of elec-
tromagnetic scattering problems involving arbitrarily shaped three-dimensional
conducting surfaces. This method is known to reduce the computational com-
plexity and the memory requirement of the solution without sacrificing the accu-
racy. Therefore, it achieves the solution of large problems with less computational
resources compared to the other traditional solution algorithms. However, the ex-
pected efficiency of the FMM may not be obtained unless the appropriate choices
of the components are made. The types of the employed integral equation, it-
erative algorithm, and preconditioning technique directly affect the efficiency of
the implementations. Performances of these components are also related to each
other, and their simultaneous optimization creates a challenging task in the de-

sign of an efficient solver.

Keywords: Fast multipole method (FMM), electromagnetic scattering, integral

equations, iterative algorithms, preconditioning techniques.
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OZET

ELEKTROMANYETIK SACINIM PROBLEMLERI ICIN HIZLI
COKKUTUP YONTEMI

Ozgiir Salih Ergiil
Elektrik ve Elektronik Miihendisligi Bolimii Yiiksek Lisans
Tez Yoneticisi: Dog. Dr. Levent Giirel
Haziran 2003

Gelisigiizel sekilli li¢ boyutlu iletken yiizeyleri iceren elektromanyetik sacinim
problemlerinin ¢6ziimii igin izl gokkutup yontemi (HCY) incelenmigtir. Bu
yontemin, hesapsal karmagikligy ve bellek gereksinimini, ¢oziimiin dogrulugundan
taviz vermeden diiglirdiigii bilinmektedir. Boylece, biiyilik problemlerin ¢oziimii
geleneksel ¢oziim algoritmalarina goére bilgisayar kaynaklarinin daha az kullani-
muyla yapilabilmektedir. Ote yandan, HCY nin beklenen verimliligi, bilegenleri
uygun secilmedigi siirece elde edilemeyebilir. Kullanilan integral denklemi, ite-
ratif algoritma ve preconditioning teknigi uygulamanin verimliligini dogrudan
etkiler. Bunlarin kullamimimin birbirine bagli olmasindan dolayi, verimli bir

¢Oziiciiniin tasarim zorlu bir ise doniismektedir.

Anahtar kelimeler: Hizh ¢okkutup yéntemi (HCY), elektromanyetik sacinim, in-

tegral denklemleri, iteratif algoritmalar, preconditioning teknikleri.
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Chapter 1

Introduction

Maxwell’s equations

V x H(r) = 31;75") +I(r) (1.1)
V x E(r) = _agir) (1.2)
V- D(r) = p(r) (1.3)
V-B(r)=0 (1.4)

and the associated boundary conditions are the basic tools for the formulation
of the electromagnetic problems. However, analytic treatment of these equations
is limited to some canonical geometries. For arbitrary geometries, numerical
methods have been developed in recent years. With the aid of the advances
in the computer technology, it has become possible to apply these numerical

techniques to very large electromagnetic problems.

1.1 Motivation

Most of the real-life problems in the electromagnetics are large, requiring immense
computational resources in their solutions. In addition, the solutions of these

problems are usually required to be performed for many times. The advances



in the computer technology make it possible to solve larger problems in reduced
processing times. On the other hand, fast and efficient algorithms are developed
to perform these solutions with restricted computational resources. The necessity
of these algorithms is not negated by the advances in the computer technology

because of the following reasons:

1. They can be integrated with the latest advances in the computer hardware

technology so that it becomes possible to solve even larger problems.

2. They are designed to perform the solutions with less number of operations

and they minimize the round-off errors introduced by the computers.

3. The improvement introduced by the fast algorithms usually provides greater
advances than the improvement introduced by the computer hardware tech-

nology in the solution of large problems.

As a results, fast and eflicient algorithms should be used to increase the ability

of computer technology in the solution of large electromagnetic problems.

1.2 Historical Background

Numerical techniques in computational electromagnetics are generally divided
into two groups: partial-differential-equation (PDE) and integral-equation (IE)
techniques. The finite-difference time-domain technique (FDTD) and the finite
element method (FEM) are the most popular PDE techniques, while the method
of moments (MOM) [1], the fast multiple method (FMM) [2, 3] and its extension,
the multi-level fast multipole algorithm (MLFMA) [4]-[6], recursive T-matrix al-
gorithms (RTMA’s) [7, 8], and the fast far-field approximation (FAFFA) [9] are

the most popular IE techniques.

In this thesis, the MOM and the FMM will be investigated in detail for the

2



solution of electromagnetic scattering problems. These methods rely on the ap-
plication of the discrete versions of the integral equations on the surfaces of the
geometries. Three integral equations will be used: The electric-field integral equa-
tion (EFIE), the magnetic-field integral equation (MFIE), and the combined-field
integral equation (CFIE). Following the discretization, a linear system of equa-
tions is obtained. The unknown of the system is a coefficient vector for the given

expansion of the induced current on the surface.

For problems that include large geometries in terms of the wavelength, the size
of the linear system becomes large, too. On the other hand, the MOM is not
suitable for solving large problems. For a linear system with N unknowns, this
method has O(N?) complexity for constructing the system, while the memory
requirement is also O(N?2). In addition, the direct solution of the system requires
O(N?3) processing time, and O(IN?) for an iterative solution with I iterations.
Consequently, as the number of unknowns increases, this method becomes very
inefficient in terms of the memory usage and the processing time. It becomes im-
possible to increase the problem size with the existing computational resources.

However, the MOM forms the basis for the FMM, which is much more efficient.

The FMM is based on the iterative solution of the linear system. This method
provides an efficient calculation of the matrix-vector multiplications required by
the iterative solver. With this method, the memory requirement drops to O(N%/2)
and the processing time becomes O(IN3/2). Consequently, it becomes possible
to solve larger problems. However, some FMM implementations may not show
the expected efficiency. It will be shown that the type of the integral equation to
formulate the problem directly affects the behavior of the iterative solver. Then,
the iterative solver may require large preconditioners to reach the solution and

this leads to increased memory usage and processing time.



Linear systems obtained by the EFIE are usually ill-conditioned, especially for
the problems involving closed surfaces. Therefore, their usage in the FMM re-
duces the efficiency significantly. Using the MFIE or the CFIE leads to better
results and the efficiency can be increased to expected levels. It will be shown
that the CFIE is the most suitable integral equation to formulate large problems.
On the other hand, these two integral equations cannot be applied to geometries
with open surfaces. Therefore, the EFIE becomes the only choice for those prob-

lems.

The extension of the FMM is the multi-level fast multipole algorithm (MLFMA),
which further reduces the processing time to O(IN log N) and memory require-
ment to O(Nlog N). The MOM, FMM and MLFMA implementations will be
applied on scattering-from-sphere problems to demonstrate the improvement on
the efficiency. It will be seen that, with the existing computational resources, the
MOM is limited to about 14,000-unknown problems, while it becomes possible
to solve a 130,000-unknown problem with the MLFMA.

The integrals arising in the MOM are evaluated by numerical techniques. This
causes a controllable error in the solutions. In the MLFMA, there are three ad-
ditional error sources that may also affect the accuracy of the final result. These
errors can also be controlled; however, the trade-off between the efficiency and
the accuracy should be balanced. The accuracy of the implementations will be

presented by comparisons to the analytical results.



1.3 Contributions

The main objective of this thesis is to solve large electromagnetic scattering prob-
lems with high accuracy. A brief overview on the integral equations will be given
in Chapter 2. In Chapters 3 and 4, MOM implementations will be shown in detail
to form the basis for the FMM implementations. Chapter 5 introduces the FMM
implementations using three different integral equations. The efficiency consid-
erations, with a focus on the iterative solutions of the problems, are investigated
in Chapter 6. Finally, the MLFMA will be presented in Chapter 7 as the final
stage of this work. Progress towards the MLFMA will be accompanied by the

results on accuracy and efficiency.

An efficient implementation of the MOM using the MFIE formulation and the
Rao-Wilton-Glisson (RWG) functions is given in [10]. An alternative implemen-
tation is presented in Chapter 4, which divides the expression for the impedance-
matrix elements into basic integrals and evaluates these basic integrals in a par-
allel manner. Adaptive integration algorithms are given in Chapter 3 to perform

the numerical integrations efficiently, with an adjustable accuracy.

The evaluation of the analytical integrals appearing in the MFIE formulation is
given in [10]-[12]; however, an investigation on the limit values will be presented
in Chapter 4. It will be shown that the solid angle expression in the MFIE can
be derived in these evaluations. In addition, for the unbounded integrand of the
testing integrals in the neighboring interactions, a singularity extraction method

will be suggested.

Although the CFIE is known to give better-conditioned systems for the closed

geometries [4], Chapter 6 presents a detailed investigation on the efficiency of



the FMM implementations, according to the choices of the integral equation, it-
erative solver, and preconditioning technique. It will be shown that the EFIE
may not be used with efficient preconditioners, such as the diagonal and block-
diagonal preconditioners. It will be also shown that the increase in the number

of iterations is very limited for the CFIE as the number of unknown increases.

1.4 Simulation Environment and Computational

Resources

To model the geometries, a commercial program, I-DEAS, has been used. This
program is also able to mesh the geometries, which is required by the numerical
implementations. Various geometries meshed with linear triangles will be shown

at the end of Chapter 2.

It should be noted that the modelling stage includes an error due to the in-
exact modelling of the curved surfaces with the linear elements. In addition, the
integral equations are used in discrete form, which leads to another error source.
These errors cannot be avoided; however, they can be made ignorably small by

choosing the size of the elements carefully, before the numerical treatment.

The solvers are implemented by Fortran programs, which are able to use the
exported data of the I-DEAS. The solutions are performed on Digital Alpha pro-
cessors with 2 GB memory. In addition to the solvers, other Fortran programs
have also been implemented to display the current distribution by the I-DEAS

and to calculate the radar cross section (RCS).



Chapter 2

Integral Equations

This chapter introduces the surface integral equations to solve the scattering and
radiation problems of objects having arbitrarily shaped geometries. For a con-
ducting surface, application of the boundary conditions leads to reduction of the
three-dimensional problem into a two-dimensional one involving the surface. In
this thesis, the objects are assumed to be perfectly conducting; however, integral

equations are also applicable to penetrable scatterers.

For the numerical solution of the problem involving the continuous fields and
current density, the method of moments (MOM) will be introduced. This method
expands the current density in terms of known basis functions, and tests the in-
tegral equation as many times as the number of unknown coefficients. The result

of this method is a linear system to be solved by a suitable technique.

2.1 Electric-Field Integral Equation

The electric-field integral equation (EFIE) can be derived by applying the bound-

ary condition about the tangential component of the electric field on a surface.



For a perfectly conducting surface,
t-E™(r)+t. E*(r) =0, (2.1)

where the observation point, 7, is located on the surface. In the equation, E™
represents the incident field due to external sources and E®** represents the scat-

tered field, which can be written in terms of the induced current as

E*(r) = iwp g dr'G(r,r") - J(r'), (2.2)
where
G(r,v') = [T + VIC_YJ g(r,r") (2.3)
is the dyadic Green'’s function and
ciklr—r!|
g(r,7") = yy— (2.4)

is the Green’s function for the three-dimensional scalar Helmholtz equation.
Then, the EFIE can be formed by substituting the scattered field expression

into the boundary condition as

;. / @G, ) I(r') = {—nf-Ei"C(r). (2.5)

2.2 Magnetic-Field Integral Equation

The magnetic-field integral equation (MFIE) can be derived by applying the
boundary condition about the tangential component of the magnetic field on
closed surfaces of objects. For a conducting surface, this boundary condition can

be written as

A x H™(r) + 7 x H*(r) = J(r) (2.6)

if the observation point, 7, approaches the surface from outside. In this equation,

H'™ represents the incident magnetic field due to external sources, while H**



represents the magnetic field scattered due to the induced current on the surface

and can be written as

H**(r) = . dr'J(v") x V'g(r,r"), (2.7)

where g(r,7’) is the Green’s function defined in (2.4). Then, it is convenient to

rewrite Equation (2.6) as

J(r) - x / dr' J(r') x Vg(r,r!) = 2 x H™(r), (2.8)
which is the general expression for the MFIE for conducting closed surfaces when
the observation point approaches from the outside.
2.2.1 Radiation Integral

As the observation point approaches the surface, the radiation integral can be

divided into two integrals as [13]

/ dr'J(r') x V'g(r,7') = lim dr'J(r") x V'g(r,r")
s St—0 S-S
+ Sl/imo dr'J(r') x V'g(r,7"), (2.9)
eV J S
which can be written shortly as
H**(r) = Hgy(r) + HZ(r). (2.10)

S! in Equation (2.9) is the infinitesimal surface in the vicinity of the observation
point, and the rest of the surface is represented by the first integral. The limits
in the equation indicate that S] shrinks to zero. However, its contribution to
the overall integral does not evaluate to zero since the integrand tends to diverge
when the observation point, r, approaches the source point, 7’. Figure 2.1 shows
that the observation point at (0,0, 2) approaches a smooth portion of the surface
as z goes to zero. In the figure, V; represents the interior of the closed object, so

that the observation point approaches the surface from outside. The infinitesimal

9



Figure 2.1: Observation point approaching a smooth portion of the surface from
outside.

surface S is locally planar having its normal in the z direction and in the shape

of a circle with radius e.

Since the observation point becomes close to the source, Green’s function given

in Equation (2.4) can be approximated as

etklr—='| 1

) = ~ , 2.11
g(r) drlr — 7| dmir — 7| (2.11)

In addition, source area is small enough that the current density can be assumed
to be constant over the entire surface with a value of J(ry), where ro = (0,0, 0)
is the point on the surface, which the observation point approaches in the limit.
Then, the current density can be taken out of the integral and the expression for

the scattered magnetic field from the infinitesimal surface becomes

1
sca ~ 1! .

H*(0,0,2) ~ J(ro) x /S ar'y (——4er — r’l)' (2.12)

If the gradient expression is written explicitly as

1 R
= )= — 2.13
v (]’r -7 |) R3’ (213)

where

R=r—7'=2%2-p, (2.14)

10



then

Q

H(0,0,2) ~ 20 / a2

) NV S AR
= Y] Y

J(ro) . [T ) (p’)2008¢’
——4—xa:/ d¢/ dp (OETE

T 22]3/2
J(ro) . [* : (p')2sm¢'
S aldd) d¢/ MGErE
_ _J(’l"o) N
= T i,
J(ro)

S R e

As the observation point approaches the surface, z goes to zero and
J
H:**(0,0,z =0) = ——gl) X 2.

This result can be generalized as

J(ro) <

HSCO.O (,ro) — 2 ,

where 71 represents the normal of the surface in general.

(2.15)

(2.16)

(2.17)

When the observation point approaches a smooth portion of the surface, Equa-

tion (2.17) indicates that the limit value of the magnetic field shown in Equation

(2.10) has a magnitude equal to half of the current density and has a direction

perpendicular to and in the same plane with the current flow. Consequently, if

some current flow exists on a planar surface, the principle value of the magnetic

field radiated by this current density is perpendicular to that plane, while the

limit value forms the parallel component.

In general, the limit value depends on the solid angle of the surface at the ob-

servation point, which is simply 27 for smooth surfaces. This dependence will

11



be shown explicitly in Chapter 4, but Equation (2.8) should be rewritten here as
[14]

&J(’I‘) — 7 X / dr'J(r') x V'g(r,r') = A x H™(r) (2.18)
4m S/(PV)
with
sca Q‘l o~
H:Z(ro) = - J (o) x @, (2.19)

where Q, represent the external and (Q; represents the internal solid angles of the
surface at the observation point, which may take values between 0 and 47. It
should be indicated that the Equation (2.18) relies on the assumption that the

current density is continuous at the observation point.

2.2.2 Derivation by Using Interior Boundary Condition

If the observation point approaches the boundary from the interior of the closed
surface, the boundary condition about the tangential component of the magnetic

field should be written as
A x H™(r)+ 7 x H**(r)=0 (2.20)

if the surface is perfectly conducting. Using the expression for scattered magnetic

field given in Equation (2.7),
A x H™(r)+ax [ dr'J(r") x Vg(r,r') =0, (2.21)
sl

which seems to be different from (2.8). However, if the same procedure was

applied to the radiation integral, then the limit value would be evaluated for

smooth surfaces as
J ('I‘())

Zo(ro) = ——5— X7, (2.22)
while it becomes
Q, .
Zo(ro) = = J (o) x 7t (2.23)

12



in general. Using these limit expressions, Equation (2.21) changes into Equa-
tion (2.18) again, although the derivation was based on a different form of the

boundary condition.

2.3 Combined-Field Integral Equation

When the EFIE or the MFIE are used for the scattering problems of closed ob-
jects, internal resonance problems arise at resonance frequencies. Both integral
equations have nonzero null-space solutions, which adds extra current on the ob-
ject in addition to the correct current distribution. The extra current from the
solution of the EFIE does not radiate so that the far-field radiation can be calcu-
lated correctly, even when the current is incorrect. However, null-space solution

of the MFIE radiates and leads to incorrect calculation of far-field radiation [15].

To avoid the internal resonance problem, the combined-field integral equation
(CFIE) can be used. This integral equation is simply the linear combination of

the EFIE and the MFIE, and can be represented as
CFIE = oEFIE + (1 — a)MFIE, (2.24)

where a may take values between 0 and 1. Then, the CFIE can be written by

combining the Equations (2.5) and (2.8) as
o [f- dr'G(r,r’) - J(r')}
Sl
+—(1—a) [J('r) —fax [ dr'J(r") x Vg(r, r’)]

sl

1 [%{. E™(r)+ (1 —a)f x H"‘"C(r)}. (2.25)

It should be noted that the MFIE part is multiplied by the factor of i/k, in order

to weight the equations equally before the linear combination.

13



Using the CFIE, two boundary conditions are applied at the same time and
null-space solution of this equation is zero for all frequencies. In other words,
the CFIE is free of internal resonance problem and it has unique solution for
all frequencies. However, the CFIE has another advantage that makes it more
preferable than the EFIE or the MFIE. As it will be shown later, matrix equations
obtained by using the CFIE are generally better conditioned than the systems
obtained by using the EFIE or the MFIE. This leads to relatively faster conver-
gence of the iterative methods in the solution of the system, and gives superiority
to the CFIE over the others [16]. Nevertheless, the MFIE and the CFIE cannot
be used for the scattering problems of objects with open surfaces, and the EFIE

becomes the only choice for those problems.

2.4 Method of Moments

Integral equations introduced in the previous sections can be represented in gen-
eral as

L{f(z)} = g(), (2.26)
where L is the linear operator of the equation, while f(z) is the unknown function

that stands for the current distribution and g(z) is the excitation. To solve the

problem, the unknown function can be expanded in a series of basis functions as

N
£(z) =) anbn(z), (2.27)

where a,, is the coefficient of the n** basis function. The basis functions should
be linearly independent and they have to be chosen appropriately, so that they

can expand the current distribution. Then, defining the residual error as

Rlo) =L 3 anbi(a) | - g(a)

n==1

=[ganz;{bn<x)}} ~ g(2), (2.28)

14



the aim becomes to make this error arbitrarily small, in order the solve the
problem not exactly, but with a small error. For this purpose, another set of
functions called the testing functions, ¢,,(z), can be used to weight both sides of

(2.28). Defining an inner product as
(a(z),b )—/dxa, (2.29)
Equation (2.28) can be tested for m =1, ..., N as
/ dztn, ZanL{b (z)} = / drt,(z) - g(z). (2.30)

Finally, interchanging the order of summation and integration, the set of equa-

tions becomes

N
> / dzton(z) - L{ba(z)} = / dzt(z) - 9(z) (2.31)
n=1

and a linear system can be formed as

N
Zaann = Upm, (2.32)
n=1

where the matrix elements are

Zon = / doton(z) - L{bn(z)} (2.33)
and the vector elements are
= /dxtm(x) - g(z). (2.34)

It is more evident in Equation (2.32) that N linearly independent equations are
used to find the unknown coefficients of N basis function. In this equation, the
matrix Z is usually called the impedance matrix, and the vector v is called the
excitation vector. An element of the Z matrix at (m,n) is referred to as the

interaction between the m®* testing and n'* basis functions.
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The method described above is called as the method of moments (MOM) [1],
which has been extensively used by many scientist in the solution of various
types of scattering problems. By this method, an operator equation is reduced to
a matrix equation. Therefore, it becomes possible to solve the linear equations

involving continuous functions numerically with small errors.

2.4.1 Geometry Modelling and Meshing

The application of the MOM requires the modelling of the problem geometries
in the computer environment. Then, the surface models have to be meshed ac-
cording to the type of the basis function to be used. Figures 2.2 and 2.3 show
triangular meshing applied on various models of closed and open geometries. For
high accuracy, the size of the triangles have to be small, which leads to large
number of triangles or number of unknown coefficients, N. However, it becomes
difficult to solve the linear system in (2.32) when N gets larger. The rule of
thumb is to choose the average size of the mesh about 1/10 of the wavelength so

that the MOM can be applied efficiently and with small error.

There are actually two error sources appearing at this stage. The first one is
the approximation of the continuous current density with discrete functions. The
second one is the modelling of the geometry with linear elements. The first error
always exists, but it can be reduced by decreasing the element size. The second
error, which also depends on the element size, exists only for the objects having
curved surfaces, such as the sphere. In Figure 2.2(b), the smooth surface of the

sphere is approximated by the combination of linear triangles.

Various types of basis functions can be defined on the triangular domains. For
small error in the expansion of the current, high-order functions should be pre-

ferred. In addition, the type of the linear operator also affects the choice [17], as

16



will be shown in the next subsection.

(c) Rod

Figure 2.2: Surface models of various closed geometries with triangular meshing,.
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(c) Log-periodic antenna

Figure 2.3: Surface models of various open geometries with triangular meshing.
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2.4.2 'Triangular Rooftop Basis Functions

Rao-Wilton-Glisson (RWG) functions are linearly varying vector functions de-
fined on planar triangular domains [18]. Due to their useful properties, they have

been widely used as basis and testing functions in MOM applications.

Figure 2.4: RWG function defined on the triangular domains.

Figure 2.4 shows an RWG function defined on two triangles having a common
edge of length l,,. This RWG function associated with the n* edge is given as

4 ln Y

ot +
2Ah"(r ), res,
l
b(r)=4{ " (p— — - % 2.35
(r) _2A;(r" r), TrES; (2.35)
0, otherwise}

where A} and A are the areas of the triangle surfaces S;" and S, respectively.
Since the function is zero outside the two triangles and due to the symmetry of
the expressions in the two triangular domains, an alternative definition can be

attempted for the function on the it* triangle as

ba(r) = £5% (r — ru)8i(r), (2.30)
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where
l, re A,
&(r) = (2.37)
0, otherwise
is used to indicate that the value is zero outside the triangle. The alignment of
the function on the triangle is represented by the index k& = 1,2, 3, which asso-

ciates the function to one of the three edges of the triangle.

An important property of the RWG functions is that their divergence is finite
everywhere. This comes from the fact that there is no discontinuity in the cur-
rent flow that is crossing the boundaries of the triangles. Considering a single
triangle, the current flow is purely tangential to two of the edges with no normal
component. At the edge, to which the function is associated, the current flow has
normal component; but it is continuous due to the corresponding current flow
on the other triangle of the same function. It should be noted that, the value
of the normal component becomes unity on the edge due to the normalization
factors in (2.35). Therefore, the coefficient related to the n* basis function can

be interpreted as the value of the current flow across the n** edge.

In general, divergence of the RWG function can be written as

(1, o+ \
:4—5, re n
V. bn('l‘) = < __ZL’ TES; (2.38)
A7
0, otherwz'seJ

and the total charge associated with the function becomes

A:{% - A;% =0. (2.39)

Equations (2.3) and (2.5) show that the implementation of the MOM with the
EFIE requires the divergence operation on the current density. Therefore, it is

appropriate to use the RWG functions to expand the current density, so that the

20



divergence operation is guaranteed to give bounded values. In addition, it will be
shown that an efficient implementation of the MOM with the EFIE also requires
the divergence of the testing functions. Therefore, it is also suitable to use the
RWG functions as the testing functions. In general, the strategy of choosing the
same type of basis and testing functions is called the Galerkin method. This
method will be extensively used in the MOM and the fast-multipole-method

(FMM) implementations presented in this thesis.
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Chapter 3

MOM Implementations with the
EFIE

This chapter introduces the application of the MOM on the EFIE. The imple-
mentation uses the RWG functions for both basis and testing functions. For
efficiency, the impedance-matrix expression will be modified and divided into
smaller integrals. In the evaluation of these integrals, it will be seen that the
integrands tend to diverge as the observation point approaches the source point,
due to the singularity of the Green’s function. To avoid numerical problems,
singularity extraction method will be introduced to divide the problematic inner
integral into analytic and numerical parts, each of which can be evaluated without
any problem. Various methods will be explained to manage the numerical parts
of the inner and outer integrals. Numerical results demonstrating the accuracy

of the implementation will be presented at the end of Chapter 4.

3.1 Formulation

For conducting objects, the EFIE is given in Equation (2.5) as

£ | &G,y J() = —£. Ee(r), (3.1)
s kn
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where the observation point is on the surface. To apply the MOM, current density

is expressed in terms of the basis functions as
N
J(r') = Z anbn (1), (3.2)
n=1

where b, (r’) represents the n'* basis function and a, represents the coefficient

determining the weight of this basis function. Then,
N ; ‘
£ [ dr'G(r,m)- > anba(r') = —t - E™(r) (3.3)
S’ n=1 k’T]
and this equality can be tested as
il i
d tom . ral A nbn n_— m . Finc .
[ artn() lerG(r,r) S auba(r) kn[S drtm(r) - E™(r), (3.4)
m n=1 m
where t,,(r) represents the m* testing function. Rearranging the order of sum-

mation and integrals, the MOM system can be formed as

N
> anZE, =k, (3.5)
n=1
where
ZE = / drt,(r) - / ' C(r, ') - b(r) (3.6)
Sm Sn
and
E i ine
Uy = 7— drt,(r) - E(r). 3.7
b [, rtn(r) - B7(7) (37)

Writing the dyadic Green’s function explicitly, the expression for the impedance-

matrix element can be further divided as

ZE = drt,(r) / dr’ [I + sz—] g(r,r") - by(r’)
Sm S-n, k
= drin,(r) - / dr'g(r, " )b, (7")
Sm Sn

+/ drtm(r)-/ dr'%f— (r,7") - by (). (3.8)
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If the basis and testing functions are chosen to be the RWG functions, the second
part of the expression can be evaluated as

1

— [ drta(r)- V{ dr'Vg(r,r") - bn(T')}
k Sm Sn

= k—lz/; drV - {tm(r)/ dr'Vg(r,'r')-bn('r')}

m K3

——1—/ drV-tm(r)/ dr'Vg(r,r") - b,(r")

k2 Js., Sn

= -12— dl"il-tm(r)/ dr'Vyg(r,v") - b,(r")
k? Jas,, Sn

1 ’ ’ ’
- F"-/sm drV - t,(r) Lﬂ dr'Vg(r,r') - by(r'), (3.9)

where 1 represents the normal direction around the triangle pair of the function,

as shown in Figure 3.1.

&>

&>

1

Figure 3.1: RWG function does not have current flow across its boundaries.

Since the RWG function does not have normal current flow across its boundaries,

1 ’ -
=i dl'a - t,,(r) i dr'Vg(r,r") - b,(r") =0 (3.10)
and
e / drtm(r) - V / dr’Vg('r,'r')-bn(r')}
k2 Sm Sn
_ 1 / ¥ - t(r) / 'V g(r, ') - bu(r") (3.11)
k? Js., Sn
since
Vy(r,v') = -V'g(r,r"). (3.12)
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A similar procedure can be applied on the inner integral, so that

% /S m d'rtm('r)-V{ /S n dr’Vg(r,T')'bn(’"')}
= % /5 drV - tp(r) / ] dr'v’ {bn(r’)g(r,r’)}

1
- = d'rV-tm(r)/ dr'g(r,r")V' - by(r')
k2 Js,, Sn

= 1?12 /S ] drv - to(r) /a dl'd - {bn(r’)g(r, 7")}

n

- drV - t,(r) dr'g(r,v")V' - b, (')
S Sn

1
= —ﬁ/ dTV'tm(T)/ drig(r,r")V'- by(r"). (3.13)
Sm Sn

Then, the impedance-matrix expression can be rewritten as
ZZ =/ drt,(r) / dr'g(r, " )b, (r")
Srm Sn
1
-5 / drV - to(r) / dr'g(r, )V - b(r"). (3.14)
Sm n

Inserting the functions and their divergences explicitly by using Equations (2.36)
and (2.38),

il
Zi%ﬂ 4;£ /dr — Tig) - /dr g(r, v (' - 7j)

1 lz l
k ﬂ / dr'g(r,r’) (3.15)

where ¢ and j indicate that the interaction is between i** and j** triangles, while
[ and k represent the alignment of the basis and testing functions on these trian-
gles. For an efficient implementation, it is essential to form the calculation loop
over the triangles, instead of calculating the interactions between the unknowns.
It will be shown that the basic integrals used in forming the impedance-matrix
expression can be calculated without any alignment information. Then, con-
structing the loop over the triangles makes it possible to avoid calculating the

same integrals for nine times.
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Before going on further, it should be noted that the divergence of a RWG func-
tion is finite, so that no problem occurs in the second integral in (3.14). The
advantage of using divergence-conforming functions in the EFIE-MOM appears
more evidently at this stage. Since the divergence is also a constant, the integral

reduces to a very simple form.

?z

Testing Triangle

"~<

p,

X Basis Triangle

Figure 3.2: Location of the basis and testing triangles after the coordinate trans-
formation.

Finally, a coordinate transformation can be applied, so that the basis triangle
lies on the z-y plane with one of its edges on the z-axis, as shown in Figure 3.2.
Such a transformation is essential in order to easily evaluate the analytic integrals
appearing in the singularity extraction. The final expression for the interaction

can be written as

zkl » ik:R

Z'ﬁi,]l 4A ‘JA / dr(r T'Lk / dr’(p p]l)4 R
1 lzk lgl / zlcR
TRAA I R

_ ‘l,kl]l
4AA/ dr(p — py) /d”’47rR

_ zkl]l
244 P / dr(p - pzk/d"zmzz

1 l,klﬂ /
T K2A

(3.16)

47rR
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where

=|r—p'| (3.17)

is the distance between the observation point and the source point.

3.2 Singularity Extraction

When the observation and source points approach each other, R goes to zero and
the integrands of the inner integrals in Equation (3.16) diverges. For a numerical

evaluation of these inner integrals, a suitable singularity extraction method has

sz
dr'S / dr'Z / d'r— (3.18)
SJ

to be applied as

/ dr'p / d'r’p . (3.19)
It should be noted that
d eikR -1 )
}il_l'f}) 7= ik (3.20)

so that the first integrals on the right sides of Equations (3.18) and (3.19) can be
evaluated numerically without any singularity problem, while other two integrals

can be evaluated analytically [11, 12].

Evaluation of [, dr'l/R

Figure 3.3 shows the source triangle lying on the z-y plane with one of its edges
on the z axis, and the projection of the observation point on the z-y plane, which

may be located inside or outside the triangle. The integral can be divided into

1
d'r’-—=/
s, R Js,

7

two parts as
1 1
dr'—= /d '—, 3.21
STRYLTR (3:21)

where the region S, represents the infinitesimal circular area centered at the pro-

jection and lying within the source triangle. Therefore, it does not actually exist
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when the projection is outside, but it exists as a full circle when the projection

is inside the triangle.

Az

Observation

i Point
r
2z
P\
Sj Se
»~
X

Figure 3.3: Source triangle on the z-y plane and projection of the observation
point.

By using the identity

, R . 1
Vs - (FP> =g (3.22)
where
P=|P|=|p-/p|, (3.23)

the integral can be evaluated as

1 R
'L o =
. dr 7 ll_l‘)l(l) - dr'Vyg (PP> +11m d'r 7
J 7 €
R . a(p) e P
= lim pP-ad +lim | " ds | Py
=0 Jo(s;—se) P e=0 Jo (P2 z2)1/2
Ray . : 2, 2\1/2 _
=lim s PP adl’ + o(p) lim [(e? + 2%) |2|]
R R
- P?-'&z/ Sl + lim . adl
; as; P2 5. P
a(p) lim [(€% + 2%)Y% — |2]] (3.24)
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3
=ZP§-@-/ %dl’
i=1 8:5;
+o(p) lim [~ (7 +2°)/% + (€ + 2%)"/2 — |z]]
2 R
=Y P4, / B - (o)), (3.25)
8;8; P

1=1

Observation 2
Point

<
4
0 + - {l\ o
- + '3
U
llI-l \g
+ A
X \ U,

Figure 3.4: Geometric variables introduced to express the results of analytical
integrals.

Finally, the integral can be written in terms of the geometric variables shown in

Figure 3.4 as

ar' % = —a(p)lel + Y0 BY - dfe [ tan~t I gt I
5" T a Sl -y

« RY +1F
0, -~ | p0 i i
+ Ei P) -a; [P, In (*R{ " li_)], (3.26)

where the variables can be summarized as follows:

e R} and R; are the distances between the observation point and the end

oints of i** edge. The superscripts “+” and “—” referring to the end points
p g
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of the edge are determined by the right-hand rule applied on the triangle

in the 2 direction.

e R? is the distance between the observation point and the i** edge, which
can be written as

RY = [22 + (P?)?)/2, (3.27)

(3

where P? is the distance between the projection of the observation point on
the z-y plane and the i** edge. In addition, P? is the unit vector pointing
along the line between the projections of the observation point on the z-y

plane and on the i** edge. The direction of this vector is towards the edge.

e [} and [; have magnitudes equal to the “+” and “—” segments of the

it* edge. These segments are formed by the projection of the observation
point on the edge. The signs of [ and I are determined by the relative
position of this projection compared to the “+” and “—” ends of the edge.

In general,

IF (Pei — P2) - (P—— P)
== , 3.28
]~ o= ps) (- —p,)] (8.28)

where p,; is the projection of the observation point on the i** edge, while

p, and p_ represent the “+” and “~” ends of the edge, respectively.

In Equation (3.26), a represents the angular extent of 5, lying within the trian-
gle, so that it becomes 27 when the projection of the observation point is inside
the triangle and zero when it is outside. If the projection is on an edge or vertex,

then o takes values between 0 and 27. These cases are shown in Figure 3.5. In

general,
.. I+ I
a(p) = E PY.a, [’can"1 1—;'.5 —tan™! ﬁ (3.29)

1=1
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and Equation (3.26) can be rewritten as

POt P~
d’l‘—= PO Ai t -1 [ —t -1 i Y
2 “'z'[ R R <R9)2+|zaR;]

A Rf+1f
0 - 0 ) %

with the aid of the identity

tan~! L tan™? 1 el =tan™! Pl (3.31
= PORE = (Rt R 31)
AZ
=27

--0 "

Figure 3.5: Different cases for the projection of the observation point.

Evaluation of [, dr'p’'/R

This integral can be divided as
4 '4
- 1
d'r’&:/ dr'g————e+p/ dr’'— 3.32
s R J," TR TPTR (3:32)

and it should be noted that the second integral has been evaluated. The first

integral can further be divided into two integrals as

p—p P —p p—p
dr’' ——— / dr'——+ | dr'—— 3.33)
/s R Sj—S. R S. R (

7
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and the integrand can be written as

‘-D%p = -VLR (3.34)
so that
— _ nl
a2l — _lim [ @'VeR-lim [ a2
5 R e=0Js_s, e=0Js,
, 2 pe P2
=—1 Radl" — i ———dPd
= 8(5—5¢) “ em0 0 /c; [P? + 22]1/2 ¢
3
=— u; Rdl
i=1 ;5
3
1 T+ I
=-3 Z a; [(R?)Z In %}f_ + IR — l;R;} : (3.35)

where the final expression is reached by considering the geometric entities shown
in Figure 3.4. Finally, Equations (3.35) and (3.30) can be combined as shown in

(3.32) to complete the evaluation.

3.3 Evaluation of Impedance-Matrix Elements

For an efficient implementation, the expression in Equation (3.16) has to be

divided into smaller integrals as

Ll
ZiE- =
kgl 4A1AJ

4
{ [ —= + TiZj + yikyjl:l Iy + Ieg + Iea

— Tjileq — Yjiles — Tirles — yikIe7}a (3.36)

where the basic integrals can be listed as

Iy =/ d”'/ Ii?a Iep =/ dT,/ :CI;:;L’ I3 =/ d’l‘/ Y (z;g,
fo= [ ar [ att, o= [ ar [ Le=[ ar [ 13
Ier =/ d’l‘/ Zg’ (3.37)
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and the inner integrals can be written as

eik:R

Iin — d ’
el /S'n "R
ikR

. e
I;g:/s d'r'z’—4ﬂ_R,

™
' ikR
n __ ’
o3 = / dr

Sn

Equation (3.36) indicates that the integrals can be evaluated without any align-

,€
y47rR'

(3.38)
ment information of the basis and testing functions. The evaluation of these seven
basic integrals require the evaluation of three inner integrals. Then, their values
can be used in forming the contributions to different locations in the impedance
matrix. It should be noted that a triangle may belong up to three functions so

that the contribution may be added up to nine different locations.

3.4 Numerical Evaluation of Integrals

The inner integrals in Equation (3.38) are divided into numerical and analytical
parts as shown in Equation (3.18). The numerical parts of these integrals can
be evaluated by using Gaussian quadrature rules. There are many of rules em-
ploying different numbers of points on the triangle. In addition, the rules using
different or same number of points can be combined to obtain new rules using

larger number of points.

On the other hand, using a static rule in the implementation may result in in-
correct integrations or inefficiencies. For an integration, if the number of points
are less than the required, the final value may not converge to the exact value
within a small error. In the other extreme, many integration points may be used,
although few of them could already satisfy the convergence criteria. In addition,
the distribution of the points may not be uniform and it would be better to take

more samples, where the function changes rapidly, while taking less points for
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smoother portions. As a result, instead of using high-ordered Gaussian quadra-
ture rules, an adaptive algorithm can be used to control the integration error

efficiently. Two different methods of adaptive integration will be presented here.

3.4.1 Adaptive Integration: Method 1

As shown in Figure 3.6, following steps are applied to evaluate the inner integrals

on the basis triangle:

Step 1

Step 2

Step 4

NO
Step 3 ( Comparison ] —

y vEs

Step 4 [ Finish ]

Figure 3.6: Adaptive integration method 1.

1. On the triangle, three points are chosen, each of which is at the middle
of an edge. As the Gaussian quadrature rule with three points states, the
value of the integral is

I = | Fp1) + £(62) + £(63)| 3, (3.39

where A; is the area of the triangle.
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2. Three more points are taken on the medians of the triangle. These points
are located at 1/3 of the median nearer to the vertices of the triangle. The

value of the integral with six points becomes
lo= [£600)+ £62)+ £09) +21100) + 27(65) + 27 69)| L. (20

3. A comparison is performed on the 6-point versus 3-point integration values.

If the error, which can be defined as

(3.41)

is less then the given error threshold, then the integration can be assumed
to converge. Then, Is can be returned as the value of the integral. If the
error is large, more points should be sampled in order to achieve the desired

convergence.

4. If the convergence is not satisfied, each of the three subtriangles can be
considered as separate domains, on which the integrations are to converge
individually, similar to the main triangle after first step. Three points are
already evaluated on each of these subtriangles, and the process continues

by taking three more samples to reach 6-point integrations.

5. The adaptive routine continues by comparing the results of the 3-point and
6-point integrations on subtriangles. Whenever convergence is reached in
a subtriangle, one branch of the adaptive integration stops there, but the

algorithm may go on in other subtriangles.

It should be noted that the algorithm completely stops only when the conver-
gence is accomplished in all of the subtriangles of the basis triangle. In addition,
the distribution of the points on the triangle is not uniform and more points are
taken, where the function changes more rapidly. This is due to the fact that the

algorithm continues to sample denser only on the non-converged regions.
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Figure 3.7: Function to be integrated on the triangular domain.

A disadvantage of this method appears when the aspect ratio of the integration
domain gets larger. Figure 3.7 shows a function to be integrated on the triangu-
lar domain with node coordinates (0,0, 0), (0.083,0,0), and (0.042, 0.048,0). As
shown in Figure 3.8, the method continues to make divisions towards the edge
on the z axis, but does not obtain a convergence. Actually, on the subtriangles
near the edge, the new points are not located efficiently and they are very near
to previous points. Therefore, the method tends to continue infinitely until an
external stop. The second adaptive integration method avoids such divisions that

create domains with high aspect ratios.

3.4.2 Adaptive Integration: Method 2
This method, described in Figure 3.9, consists of the following steps:

1. The algorithm starts with taking five points on the main triangle. The
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Figure 3.8: Integration points taken by the first adaptive method to evaluate the
integral of the function shown in Figure 3.7

value of the integral with five points can be written as

s = [161) + 102) + 163) + 1o8)+ 2005)| 2. (342)

It should be indicated that two of the points are located on the longest edge

of the triangle.

2. Six more points are taken on the triangle. To determine the location of these
new points, the medians are drawn to the longest edge in each subtriangle.

Then 9-point integration can be written as

Iy = | f(p1) + £ (p2) + 2 (p5) + £(p6) + f(p7)
+27(08) + f09) + fp10) + 2 (p11)| 2. (349

It should be noted that the third and fourth points are not used in the

9-point integration.

3. A comparison on 5-point and 9-point integrations is made to determine
the error as in the previous algorithm. If the convergence criterion is not

satisfied, the process continues.

37



Step 3 [ Comparison ]

y ¥Es

Figure 3.9: Adaptive integration method 2.

4. Before taking more points, each subtriangle is checked by comparing their
3-point and 5-point integrations. It should be realized that the points to

calculate these integrations have already been sampled in the previous steps.

5. The algorithm continues on the subtriangles that have large errors between
their 3-point and 5-point integrations. The subtriangle at this stage is

similar to the main triangle after the first step.

6. The algorithm continues with the comparisons of 5-point and 9-point in-
tegrations on subtriangles. Different from the first algorithm, if a parent
triangle does not satisfy the convergence criteria, the procedure does not

continue on all of the subtriangles.

This algorithm guarantees the divisions to be done appropriately so that the as-
pect ratios of the sub-domains do not grow. Figure 3.10 shows the integration
points taken on the triangle for the function in Figure 3.7, for which the first al-

gorithm fails. As it can be seen, there is no inefficient crowding of the integration
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points with the new algorithm. The control stage to determine the longest edge
of the triangles creates an extra computational load, but this load is negligible

when compared to the inefficient sampling of the integrand.

0.05F ., e . ) T, .
0.03} 4 X o e
X
N
0.02F - PRI S
x X
: x X x :
0.01} A W P
X X :
0 e 15¢ . .
0 0.02 0.04 0.06 0.08 0.1
X

Figure 3.10: Integration points taken by the second adaptive method to evaluate
the integral of the function shown in Figure 3.7

In both of the algorithms, the process continues until convergence in every re-
gion is guaranteed, which may lead to unnecessary usage of time. Convergence
in a small region may not be so important since the result of this region may
be negligible compared to the overall integration. For the first algorithm, this
inefficiency can be avoided by carrying the 6-point integration result of the main
triangle to each level of the adaptive method in order to compare the integration
results of the subtriangles and decide on the necessity of further division. In the
second algorithm, the carried value is the 9-point integration result of the main

triangle, which is more reliable.

Numerical parts of the inner integrals given in (3.38) are evaluated in a par-
allel manner, which means that they are calculated simultaneously within the

same adaptive algorithm. Choosing the source point, the integrands of these
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integrals are determined with a single evaluation of the extracted Green’s func-
tion. After the evaluation of the numerical parts, they are combined with the
analytical parts to complete the inner integrals. Then, these three inner integrals
are used to form the seven outer integrals given in (3.37). The evaluation of the
outer integrals can be performed either by high-ordered Gaussian quadratures
or adaptive integration. These integrals are also evaluated simultaneously, since

they have also related integrands.

3.5 Excitation

There are various excitation types that can be implemented in the MOM using
the EFIE formulation. For the scattering problems, plane-wave excitation can
be used, while the radiation problems can be implemented with either delta-gap

voltage sources or current sources defined on the geometry.

3.5.1 Plane-Wave Excitation
In the plane-wave excitation, the external source is a plane wave having a certain
propagation direction. Rewriting Equation (3.7),

vE = | drt,(r)- E™(r). (3.44)
kn Js,,

Incident electric field in the above can be written as
E™(r) = Ege'*T, (3.45)
where Ej is a complex vector, which satisfies
Ey-k=0. (3.46)

Then, the equation

vE = 2 drtn,(r) - E%™*T (3.47)
kn Js,,

can be used to fill the right-side vector in the MOM system.
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3.5.2 Delta-Gap Excitation

Delta-gap 'sources can be located on the geometry to create voltage differences
between two separate parts of the geometry. Figure 3.11 shows a delta-gap source
located on the m** edge of the geometry. For this type of source to be meaningful,
the only connection between the geometry parts, separated by the source, should
be through this edge. In the infinitely narrow gap between the triangles of the
m*? edge, some electric field is assumed to exist. The voltage difference is induced

by this electric field to excite the conductor. Incident field for delta-gap source
d

oA

Figure 3.11: Delta-gap source defined on the m® edge.

can be written as

E™(r) = @i8(r — ) /d (3.48)

where d represents the gap distance and . is the unit vector perpendicular to the
edge. 6(r — ry,) in the expression indicates that the electric field is only located

on the m* edge, inside the infinitely narrow gap between the triangles. Then,
£ —tim { -~ - Beb(r — = O 49
vp = llil_r% {kﬂ /Sm drt,(r) - G.o(r rm)/d} " (3.49)

since the normal component of RWG function becomes unity on its edge.
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3.5.3 Current Sources

Similar to the delta-gap source, various current sources can be located on the
geometry. Figure 3.12 shows four different implementations that can be summa-

rized as follows:

Source Source
»*
Basis /N Basis oY Basis
(a) (b)
Source Source

F
n

Basis \ Basis Basis Basis

\
Y

f’—
.

kY
\

-
@IS o . e =

-
.

:
1
1
]
1
1
]
'
)
Y]
.

~~
&

()

Figure 3.12: Current sources defined with the RWG functions.

e Type 1: This type of current source is implemented by forcing one of the

basis functions to have a certain coefficient.

e Type 2: This type of current source is similar to the first type, but the
current source is now located on an edge. This can be accomplished by

defining a half basis function and assigning a coefficient for it.

e Type 3: This type of current source is implemented by dividing one of the
basis functions into two, and reversing the current flow in one of them. The

currents on the two triangles may flow towards the common edge (sink) or

away from the edge. \\“““\’“

42 m et mg &'\ﬁ“\%



e Type 4: If another basis function is defined at the source location in type 3,
the electrical connectivity is maintained between the parts of the geometry
on the different sides of the source and this results in another type of current

sources.

In Figure 3.12, the basis functions are represented by triangles. Corresponding

physical equivalences for the types of the current sources are shown in Figure 3.13.

© @

Figure 3.13: Corresponding physical equivalences for the current sources shown
in Figure 3.12.

3.6 Computational Analysis of the MOM

For an N-unknown problem, the MOM generates an impedance matrix that has
N? elements, each of which is calculated separately. Then, both the processing
time and the memory requirement appears to be O(N?) to form this matrix. After
that, the system has to be solved either by using a direct method such as Gaus-
sian elimination, or by using an iterative solver. The direct solution involves

O(N?3) floating-point operations (FLOPs), while the iterative solution requires
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matrix-vector multiplication in each iteration, which can be done with O(IN?%)
operations. Therefore, processing time for the solution becomes O(N3) for direct
methods and O(IN?) for iterative methods, where I is the number of iterations.

On the other hand, it is usually observed that I = O(N) and O(IN?) = O(N3).

In conclusion, computational requirements of the MOM increases very rapidly
as the problem size gets larger. The requirements will be quantified at the end of
Chapter 5, together with the requirements for the fast multipole method in order

to make comparisons.

3.7 RCS Calculations for RWG Basis Function

This section presents the summary for calculating the radar cross section (RCS)
of an object due to the induced current represented by the RWG the functions.

In the far-field, r > A and
E(r) = ikn[08 - F(9,4) + ¢ - F(6, $)]g(r), (3.50)

where

eik’r

glr) = = (3.5)

and F(f, ¢) is the vector current moment, which can be written as
F8,0)= | J(r")e %, (3.52)
Sl

If the RWG functions are used to expand the current, the expression for vector

current moment for a basis triangle can be written with the aid of Equation (2.36)

as

L —ikFr
F(6,¢) = iaﬂé;l—’ (r' — rj)e ** (3.53)
i Js;

where a;; indicates the coefficient related to the basis function that resides on

the I** edge of the j* triangle. This expression can be evaluated analytically
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without any numerical treatment. In addition, the vector current moments for
the basis functions can be summed directly to find the vector current moment of

the overall current distribution.

Finally, the RCS can be calculated as

RCS(8, ¢) = 4nr?P™(r) = 4nr?| E(r)|?
k2772
e

166 - F(6,0) + ¢ - F(6,9)%. (3.54)

To check the accuracy of the implementations, one way is to calculate the RCS of
the problem by using the induced current on the geometry. This will be done in
the next chapter to compare the MOM implementations formulated by various

integral equations.
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Chapter 4

MOM Implementations with the
MFIE and the CFIE

The MOM can also be used to solve electromagnetic scattering problems formu-
lated by the MFIE. However, the MFIE introduces additional difficulties that do
not appear in the EFIE formulation. Due to the cross product term, efficient
implementation of the integrals become more difficult and the number of basic
integrals, each of which has to be evaluated independently, increases drastically.
Moreover, the MFIE contains a 1/R? singularity, which causes extra numerical

problems that was not encountered in the EFIE [10].

This chapter introduces two different implementations of the MOM using the
MFIE formulation. The first implementation uses the Galerkin method and the
RWG functions, while the second one uses point testing functions. Singularity
extraction for the new integrals will be introduced in the first implementation.
However, it can be omitted entirely in the second implementation, which has sim-
pler expressions for the matrix elements but lower accuracy. These two will also
be combined with the EFIE implementations to form the CFIE implementations

and the results will be shown at the end of the chapter to make comparisons on
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accuracy and efficiency.

4.1 MFIE-MOM Implementation with RWG Test-
ing Function

The MFIE formulation can be used in the MOM in a manner similar to the EFIE
formulation. Impedance-matrix expression includes double integration and the
inner part contains a singularity that should be extracted. It will be observed
that the solid angle dependence of the MFIE appears at this stage, in the evalu-
ation of the analytic integrals. Different from the EFIE formulation, some of the
outer integrals may also have a singularity in the MFIE formulation and it may
be chosen to apply singularity extraction for these integrals. This singularity is
weak so that is also possible to overcome it by high sampling of the integrands,

while controlling the location of the samples to avoid numerical errors.

For efficiency, the overall expression for an impedance-matrix element will be
divided into basic integrals and interactions between pairs of triangles will be
calculated instead of the interactions between pairs of unknowns. It will also be
observed that the self-interaction of a triangle does not require explicit imple-
mentation of singularity extraction. This is due to the fact that an infinitesimal
current density on a planar surface produces only perpendicular magnetic field
on that plane, except in its own location. Therefore, in self-interactions, only the
limit value in Equation (2.10) is tested by the testing function, while the principle

value is not.
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4.1.1 Formulation

The MFIE for closed conducting surfaces was shown in Equation (2.8) as
J(r) =7 x / dr' J(r') x V'g(r,v") = 4 x H(r) (4.1)
s
when the observation point approaches the surface from outside. The MOM
can be applied to this equation by expressing the current density in terms of
basis functions (b,) and then testing both sides of the equation by using testing
functions (¢,,) as

/m drt,(r) - A x H™(r) = / drt, Zan

m n=1

—/md'rt nx/d'r Za/n ')leg(""") (4.2)

where N is the number of unknown coefficients. Interchanglng the order of sum-
mations and integrations, the right side of the equation can be combined and the

MOM system can be formed as

N
Z an ZM =M, (4.3)
n=1
where
=/ drt,(r) - by(r)
Sm
— | drtyp(r)-Ax [ dr'b,(r'") x V'g(r,r’) (4.4)
Sm Sn
and
oM = / drt(r) - 7 x H™(r). (4.5)

™m

If the RWG basis and testing functions are used, interaction between a basis and
a testing triangle (part of an impedance-matrix element) can be written by using

the expression for the RWG functions in Equation (2.36) as

'Lk —rik) lu(r —T5)
lzk( rzk) “ [l]l( rjl) '
_ hANEEL 7 L I wV 4.6
/idr o [ ar I V), (49
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where % and j are used to indicate that the interaction is between the i** testing
and the j** basis triangles, while k and [ represent the alignment of basis and
testing functions on these triangles. The Kronecker delta function in the first
term indicates that the basis and testing functions have nonzero values only in-

side their respective triangles.

At this stage, it can be assumed that a coordinate transformation is applied
on the basis and testing triangles so that the basis triangle lies on the z-y plane
and one of its edges lies on the z axis, as shown in Figure 3.2. Such an oper-
ation is essential in order to simplify the numerical operations and singularity

extractions for the inner integrals. Then,

ikl
Zity = b [ drtr=ra)-(r=py)
Liklji / . / . (1 —ikR)e™*R
_ ikl — ). — — " (4
4A1,A_1 s, d”'(’l" r’Lk) n X s, dr (p p]l) X (7' p) AT R3 ’ ( 7)
where
=|r —7'| (4.8)

is the distance between the observation point and the source point, and the
gradient of the Green’s function has been written explicitly. Finally, by using the
identity

(6" = ps) x (r—p')=—(r—py) x (p' — 1), (4.9)

the interaction between a pair of basis and testing triangles can be written as

ikl
Z{}gﬂ ”422 / dr(r —ry) - (r - p;)
(1 — ikR)e*R

ikl
+ 16”’;17’14 / dr(r —rg) -7 x (r—p;) / dr'(p’ —r) 73

(4.10)
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4.1.2 Singularity Extraction

When the observation and source points approach each other and R goes to zero,
the integrand of the inner integral in Equation (4.10) diverges. This singularity

can be extracted by dividing the integral into three smaller parts as

/ dr'(p’ — r)fm(R) = / dr'(p’ — r) fm1(R)
S; s,
2
+ % o dr'(p’ — ) fm2(R) + N dr'(p’ — ) fm3(R), (4.11)
where

(1 —ikR)e™*E — (1 + k*R?/2)

fra(R) = =
fma(R) = =
ms(R) = 75
FlB) = s B) + FralB) + fra(B) = ST )

As R goes to zero, the function f,;1(R) has a finite limit value

(4.13)

) _ .. [(1—ikR)e*® — (1 +Kk*R?/2)] k3
fm foa () = i | = -

and the first integral in Equation (4.11) can be evaluated numerically without any
singularity problem, while the second and the third integrals will be evaluated
analytically. The latter integrals can be further divided as

g d'r'(p' - r)fm2(R) = < d'r'(p' - p)fm2(R) - . dT'émez(R)

/S ,. dr'(p’ = r) fm3(R) = /S ,. dr'(p' — p) fma(R) — /S ,. dr' 2z fma(R).

The integrals involving the 1/R singularity were evaluated in the context of the

EFIE formulation in Section 3.2. The other two integrals will be evaluated here

in a very similar manner.
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Evaluation of fsj dr'Z2z fr3(R)

Considering Figure 3.3, the integral can be partitioned as

1 N 1 1
A dr’ zzﬁ = zz(/S._S dr’ ﬁ-i—/ dr’ ﬁ) (4.14)
J €

7

where the region S, is the infinitesimal area centered at the projection of the
observation point on the z-y plane. It should be recalled that this area may be a
circle, part of a circle or may not exist according to the location of the projection

with respect to the triangle. Then, the identity

! by — _ L
S (RPP) T TR (4.15)
with
P=|P|=|p—p| (4.16)
can be used, so that
d’ri—-—hm dr'V; L —P) +lim d'ri
R =0, 5 \RP €0 "3
1
= — —_— 7 l
lim w4 RPP adl’ + lim R 7 PdPdg
- L b adl +1im |20 _ o)
g‘l}‘l’ 3(S;—S:) RP P+ e—% [ | 2| (22 + 2)1/2
1
= — T 0 ~ 17
ZP ki / P2R e-I% 95, RpP adl
. [op) a(p)
+ ll—{% [ lzl (32 + 52)1/2
1
= —_ Y 0 ! it
ZP wh / P2Rdl T ) B
Jelp) _ olp)
+l1_r;(1)[ |z| (Z2+€2)1/2
= — P T PO/ dll
.Z s PR
. [a(p) a(p) a(p)
" 21_1)1(1) { || (22 + €2)1/2 + (22 +€2)1/2

. 150 ., olp)
=—ZP P/Pszl T
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The final result can be written in terms of the geometric variables shown in

Figure 3.4 and the integral becomes

1
dr'zz— = ﬁ%la(p)

s, R
LSS 50 (et S s L2l
AT L Bt popy —tan” g ) (A1)

It should be noted that a(p) is equal to the angle of the S, lying within S;, so that
it is equal to 27 if the projection of the observation point is inside the triangle,
and is equal to zero if it is outside the triangle. It can also take values between
zero and 27 if the projection is on an edge or a vertex. The expression for a(p)

given in Equation (3.29) can be used to rewrite Equation (4.17) as
2l 5~ ;2
/ dr'zz— =2 Z P? - 4,3, (4.18)
S.

where
P -1 P

- t e
EP+ER " (B + AR
with the aid of the identity given in Equation (3.31).

B; = tan™! (4.19)

Az
Observation Observation
Point 1 Point 2
Observation
Point 3
Y
@ (’ -

X Basis Triangle
Figure 4.1: Limit cases for observation points approaching the basis triangle.

It is essential to check the analytic evaluation in the limit case, when the obser-

vation point approaches the z-y plane as shown in Figure 4.1. If the limit point
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is outside or inside the triangle, but not on any edge, then

3
. s 1 o po 4 i a ly "
11_13(1) 5 d'r'zz-}? =2 ;=1 P’ (tan P_io — tan™! P%-O = 2a(p). (4.20)

However, if the observation point approaches an edge, the contribution from that

edge to the summation in Equation (4.18) becomes

lim [po X7 ( tan™! ———-—PPIT —tan™! ————P{)ll_
) (RO)? + |2IR} (R9)? + |2|RT
. _ RY cos(p)lf
— 1 t 1 1 1
R0 [ B+ IR sm(@)| (R + ()7
_ tap-l RY cos(p)ly J
(R?)? + |RYsin()|[(R?)? + (I7)?]1/2
- o [ S oml )
R9—0 sin(p)|l7 | sin(p)|i7 |
=2, (4.21)

where ¢ is the angle between the approach path and the z-y plane. Contribution

from the other two edges can also be evaluated as

i <A I 07+ . PYI-
i POogtan™! ——ti ___ _tanl— "t
ROT[Z P ( R+ RE (R?>2+|z|R:)]
3. I+ -
= ZP{’-ai<tan-1 fod — tan™? -}55) =x (4.22)
i=2 ¢ 3

and the value of the integral becomes

lim | dr'2z—= = 2(2¢p — 7+ 7) = £20. (4.23)

RY—0 Jg; R3
This result is interesting because the limit value of the integral appears to de-
pend on the angle between the approach path and the plane of the basis triangle.
Figure 4.3 shows the calculated values for the magnitude of the integral when
the observation point approaches the edge with various angles as illustrated in

Figure 4.2. The result in Equation (4.23) is validated by demonstrating that the

calculated values converge to the correct limit values as R — 0.
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Figure 4.2: Observation points approaching the edge at different angles.
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R

Figure 4.3: Magnitude of the integral I = | s; dr’2z fm3(R) for the scenario in
Figure 4.2.
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Evaluation of |, s, 4r' (P’ = p) fm3(R)

Considering Figure 3.3 again,

p—p P —p / pF—p
darf_F = a2 —F ' .
5 U [ /; . U + . dr 7 (4.24)

7

(1Y _ P —p
(2)--2 )

and the identity

can be used to continue as

’__ /
/ a2 =P — iy dr'Vy (l) + lim d'r"u
5 S;—Se R =0 /s,

' R3 e—0 R3
= —lim ——udl' + lim d'r P—f
3 1
— g ol - ! . H 5 !
- Zu, / dl lli’% A Rudl
2n
+ lim / P2 5 APd%
Rf + l+
= — u; ln ——* 4.26
;“ R+ (4.26)

It should be noted that the logarithmic function in Equation (4.26) diverges when
the observation point is on one of the edges of the triangle. In other words, the
analytic evaluation of an inner integral results in unbounded values for some
locations of the observation point. If the integration rule that is applied on the
testing triangle requires taking points on the edges, then an additional singularity
extraction has to be applied to some of the outer integrals for the interaction of

neighboring triangles, in order to avoid numerical problems.
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4.1.3 Evaluation of the Impedance-Matrix Elements

Any interaction between a basis and a testing triangle can be evaluated by using
Equation (4.10) with the aid of singularity extraction introduced in the previ-
ous subsection. The first integral in this equation is nonzero only for the self-
interaction of the triangles, while the second integral contributes to all interac-
tions. However, there exists a shorter way of evaluating the self-interactions. In
addition, the interactions are not calculated as shown in Equation (4.10), but
the integrals are divided into basic integrals for an efficient implementation. This
subsection goes deeper into the evaluation of the integrals from the point of view

of the implementation side.

Evaluation of the Self-Interactions of the Triangles

In the self-interaction of the triangles, all of the observation points are in the
basis triangle. Therefore, Figure 4.1 can be considered again for the observation
point that approaches a point inside the triangle on the z-y plane. Then, the
integrand of the second integral in Equation (4.10) can be written in the limit

form as

— ikR)e*R

2—0
1 — ikP)ei*P
=(p—pi) N x (p— pj) X /5 dr’(p’ — P)L'_Zp'éle__
7

i ikR
—lim{('r—pik)-ﬁ, X (r—pj) X /.dr'éz—(l—zgflL}.

z—0 SJ

(4.27)

The first part of the integrand evaluates to zero due to the cross product between
the two vectors in the z-y plane. This cross product gives a vector in the 2
direction, and the second cross product with 72 vanishes since 72 = 2 in the case
of self-interaction. Although there exists a logarithmic singularity due to the

(p—p')/P? term in Equation (4.26), this causes no problem since it is multiplied
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by the vanishing cross product. Then,

— 7 ik
R R

5 R
- —lim {(’r o) X (r = py) X /5,. dr’ézgl_iz—f)cM}
— i {(r = pu) A x (r = py) x /S ' fa(R)}
-t {(r = pu) - (r = ) x [ d'zepua()}
~ lim {(r — py) X (1= py) X / dr' 32 fm3(R)}, (4.28)
(R

where fi1(R), fm2

been shown to have finite values in all cases so that the integral of zf,,;1(R) goes

), and fr3(R) are given in Equation (4.12). fn,1(R) h

to zero as z goes to zero. Furthermore, Equation (3.26) shows that the integral
of zfm2(R) is also zero in the limit case, while Equation (4.20) shows that the
integral of z f,3(R) converges to a(p), which is equal to 27 in the basis triangle.
Therefore,

z2—0

lim {(r = Pi) - X (1 = pj) X L,- ar'(e’ - T)(l__ill;mﬂ}

— AR {(p — pa) A X (p— py) X /s,. d"'fzfma(R)}

z—0
—(p— pw) - % (p— pj) x 2a(p)
= =2n(p— py) - (P = Py). (4.29)

This final result can be substituted in Equation (4.10) and the expression for the

self-interaction of a triangle becomes

Ziga = i’iﬁ[ / ar(p—pw) - (P—Pa) — 5 / dr(p — pix) - (P — p,z)]

zklzl
=3a? / dr(p - py) - (p = Pa)- (4.30)

As aresult, the evaluation of self-interactions reduces to a very simple form, which
does not require the explicit implementation of singularity extraction. This result

is expected from the discussion in Chapter 2. Since the current density is on a
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planar surface, magnetic field produced by an infinitesimal portion of the current
is perpendicular to the surface, except at the source location, where its magnitude
is equal to half of the current density and its direction is tangential to the plane
and perpendicular to the current flow. Then, testing of the radiation integral
reduces to testing of the limit value in Equation (2.10), while the principle value

is omitted.

For efficiency, Equation (4.30) is partitioned as

Lil;
Lt = k—zl drz? + / d’ry2 —(za + zix) drz
7 44; S; i S;

— (ya + Yix) / dry + (zaZa + yilyik)Ai}- (4.31)

S;
This new expression indicates that the integrals related to self-interaction of a
triangle can be evaluated without any alignment information about the testing

and basis functions. Then, the alignment information can be used to evaluate

nine different values to be added to different locations in the impedance matrix.

Evaluation of the Interactions Between Separate Triangles

For the interaction of separate triangles, Equation (4.10) becomes

Lirls
Zigj1 = Ton AJA / dr(r —rg)-f x (r—py)

(1 — ikR)et*®
5 dr'(p’ — T)T—. (4.32)
The above is partitioned for an efficient implementation as

Lixly

Zik,jl = M{ (nzxiksz + NYikYjt — NaTj1Zik — nyyjlzik) Iy

+ (nyxikyjz - nzyjlyik) Iz + (nzyiksz - nyszxik) y -

+ (nzzik — NTj — nzzik)fm4 + (nyzik = Ny — nzyilc) Ins (4.33)
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+ v[nz(yﬂ + Yik) — nyxik] Img + {ny(sz + Tik) — nzyik] Imio
+ (nzzik - nzxik) I + (nyzik - nzyik>Im12

+ (nzxﬂ + nyyjl) Ime — nyyYjlmr — neZTjilmin

+ n2dm13 — Nedmia + Nodmis — Nylmie + Nylmiz + nlmis

— Nglmi1g — Nadmao — nyIm21 + Nglmag + Nyl — nyIm24}a

(4.34)

where n,, n, and n, are the z, y and z components of 4. The basic integrals in

Equation (4.33) can be listed as

Iy = / drIi™
S.

S;

S;

Lna= | drzI?, Is = / dryl™® I = | drzI'"
S; S; S;
Iy = / drzI%, Ing = / dryl™, Ing = [ drzI'%,
S; S; S;
Imio= [ drzlI?, Lnin = | dryl™ Ima= [ drzI™
S; Si S;
Iz = / dr:z:zlf,’:l I = / d'ra:zI,i,’:1 L5 = dryzl,’:l
S; i S;
Im16 = / d’I‘yZI:.ZLl Im17 = d’l"IL'y ,;",7:2 Im18 = d’I'IBZ ZLZ
Si S; S;
_ 2 rin 2 rin _ 2 rin
I d I d T d
ml9 = TY Lpa m20 = L ) m21 = TT L3
S; S; S;
Ipon = d'r:z:yIf,’;3 I3 = / dryzI", Loy = / d'rzzl,’,’;3
Si 3 Si

and the inner integrals can be defined as

Im = / dr' 2 fm(R)

(4.35)

(4.36)



where f,,(R) is given in Equation (4.12). The twenty-four basic integrals in Equa-
tion (4.35) can be evaluated without alignment information about the testing and
basis functions. Then, Equation (4.33) can be used for nine times to calculate the
contributions to the impedance-matrix elements. It should be also noted that the
basic integrals contain only three different inner integrals that can be evaluated

only once.

The interaction between the separate triangles that are on the same plane can
be entirely omitted in the MFIE implementations. This is because of the fact
that the current source on the basis triangle produces only perpendicular mag-
netic field on the testing triangle. Therefore, these interactions can be neglected

without any attempt of evaluation.

Evaluation of the Interactions Between the Neighboring Triangles

Calculation of the interactions between the testing and basis triangles, which
share common edges, can be considered as the interactions of separate trian-
gles. However, analytical evaluation of the (p— p')/R? integral given in Equation
(4.26) results in unbounded values as the observation point approaches the com-
mon edge, and this singularity is not suppressed by a vanishing factor as in the
case of self-interactions. Since the singularity is logarithmic, it does not cause a
serious problem in the numerical integration on the testing triangle as long as the
integration points are taken inside the triangle. However, it is also possible to
apply a singularity-extraction technique for the outer integrals as will be shown

in the next subsection.

Figure 4.4 shows the testing and basis triangles that are sharing a common edge.
The observation point sampled on the testing triangle approaches the common

edge at an angle ¢ with the z-y plane. The integrand of the integral in Equation
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Testing Triangle

=

Observation
Point

Basis Triangle

Figure 4.4: Interaction between the neighboring basis and testing triangles.

(4.10) can be considered in the limit case as

lim {(T—Tik)-'ﬁ,x (r—pj) XL_dr’(p'_T)alfggiﬁ}

R0

—_7 ikP

= (p =) 7 x (p = py) / dr'(p — p) L= kD)
S; P3

R0

— lim {('r—'rik)-ﬁ, X (r—py) ¥ [/SJ dr'2z fm1(R)

k2
v [ dsetml®)+ / dr'zzfm;,(R)]}

S;

— ikR)eikR
=(p—ra) X (p—pj) / dr'(p )(Lzmi_
" A% {(T = Tie) X (1= py) [ / dr'22 frma(R ] } (4.37)

It should be noted that 7 is not in the z direction as in the case of self-interaction.
Therefore, the cross products in the first term does not evaluate to zero and
the logarithmic singularity is not suppressed. On the other hand, integrals of

2fm1(R) and zfm2(R) become zero again, while integral of zf,3(R) has the limit
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value given in Equation (4.23). Using this value, the integrand becomes

: N 1 — ikR)et®
lim {(r-—rik)-n X (r—py) % /s dr’(p’—r).(_T)_}
J

RS-0

—7 ikR

~(p=ra) ax (0= py) x [ ar'(p — I
S; R

—(p=Ta) - x (p— p;) x £2p. (4.38)

The second term of the right-hand side of Equation (4.38) represents the testing
operation of the magnetic field produced by the infinitesimal portion of the basis
triangle around the limit location of the observation point, while the first term
represents the testing operation of the magnetic field produced by the rest of the

basis triangle.

Basis Triangle 1

)

Observation

Basis Triangle 2

Figure 4.5: Limit case as the observation point approaches the edge of the basis
function.

Finally, it is possible to determine the magnetic field produced by an infinites-
imal source on the same source location residing on an edge. Figure 4.5 shows
a basis function located on an edge, where the model geometry has an internal
solid angle of £2;. The observation point is in one of the triangles and approaches

the edge. The infinitesimal portion of the basis function located around the limit
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point is non planar and has two sides on the both triangles. The second term in
Equation (4.38) can be used to write the contribution from the side in the second

triangle as
sca,2 4 jal o () "
HX5(r) = E(P - szlz)ﬂf X Mg = %Jz(r) X fig (4.39)

with the aid of the constants in Equation (4.10), while omitting the constants
related to the testing function. Similarly, the contribution from the side in the

first triangle can be written with the aid of Equation (4.29) as

sca,1 2w Livi - 7T -
H g (r)=-(p- lezl)fj: X iy = o—Ju(r) x fin. (4.40)
Then, the total field becomes
o1 (1) = o= Jy (1) X Ay + e (r) X B (4.41)
e—»OT_2ﬂ_1 ny 2772T Ts. .

This final expression is different from the one in Equation (2.19) since the current

density at the limit location of the observation point is not continuous in this case.

4.1.4 Singularity Extraction for Outer Integrals

Among the integrands of the basic integrals shown in Equation (4.35), those that
include I", and I‘"; may have logarithmic singularities related to their fn3 term
given in Equation (4.26) if they are calculated for the interactions of neighboring
triangles. Some of these integrands also include z factor, which goes to zero as the
observation point approaches the common edge, and the singularity is suppressed
by this vanishing factor. One way to annihilate the singularity of the other inte-
grands is to apply a second coordinate transformation so that the common edge

always lies on the z axis, as shown in Figure 4.6.

With this rotation, the integrands including the I'", term become bounded and

the singularity is suppressed since the contribution of the common edge to the
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Testing Triangle Testing Triangle
< b4

Basis Triangle y y
x X Basis Triangle

Figure 4.6: Second coordinate transformation used to annihilate the singularity
of the outer integral.

summation in Equation (4.26) becomes zero. It should be recalled that only this
contribution leads to unbounded values, while the contributions from the other
two edges are bounded. Considering the integrands including the I term, it
can be observed that some of them include a y factor, which also becomes zero as
the observation point approaches the common edge in the rotated configuration.

Then, the singularities in these integrands also disappear.

Finally, there are only three basic integrals

= [ dr [ a4 ~)ga(®)

Inio = / drz dr'(y' — y) fm(R)
Si S;

o = / drz® [ dr'(y —y)fm(R), (4.42)
S; S;

which still have logarithmic singularities in their integrands. Since the logarith-
mic singularity is weak, numerical evaluation of these integrals can be achieved
by dense sampling in the testing domain and avoiding approaching the common
edge. Alternatively, singularity extraction for the outer integrals can also be em-

ployed, as will be shown here.
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Using Equations (4.12) and (4.26),
k2
Im3 =/; dr < dr'(y’ — y) [fml(R) + ?fmz(R)]
+ / dr [ dr'(y' —y) fms(R)
S; 8;

=/ dr [ dr'(y’ —y)[fm(R) + gfmz(R)]
s Js;

. BRI+
_,/s.drzuilnR{+l{

i=1

(4.43)

and the singularity is only due to the contribution from the common edge, so

that

s = [ ar [ ar't =) [ fos(R) + £ fra(0)]

S; S;
3
R+ R +1f
-/ d ; In =% ’+/d[ln1_ L 2lnR°]
/S. r;u nRi +17  Js, 4 R1+1;Jr (£7)
— | dr2In(R?). (4.44)

S;

As the observation point approaches the common edge,

RE+1F
h 1 1 21 0
Rgr_rfo{ In R+ T n(Rl)}

2 211/2
= lim {m ([(Rg) +(lf) ]1/2+ZI_L(R‘1’)2)}
10 (R + (10)?] " + 11

=In [4l{f|l’f |] , (4.45)

which is finite. Then,

o= [ ar| [ a6 = () + 20

— [ dr2In(RY) (4.46)
S
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and the first integral can be evaluated numerically without any singularity prob-

lem, while the second integral can be evaluated analytically. Similarly,

Inio =/S_ d'r:r[/s' dr'(y' — y) fm(R) +21n (R‘l’)}

— [ dr2zIn(RY) (4.47)
8;
) - =/& dra? [/SJ dr'(y' — y) fm(R) +2In (R(l)):l
- / dr22? In(RY). (4.48)
s,

Finally, the analytical integrals can be evaluated as

dr2in(R) = A; [m(hi) - g}

S;
2 8 1 11
1 ) 1 25
222 In(R%) = 2A | (k) = 2| +124. 1 2 n(h) — 22
Si dr2z®In(R)) = l[{ A; [2 In(h;) 8] + 5 A; [6 In(h;) 72]
1 7

4.1.5 Numerical Integration of Inner and Outer Integrals

The numerical evaluation of the inner integrals in the MFIE is very similar to
the evaluation in the EFIE formulation. The inner integrals in (4.36) can be
calculated in a parallel manner by using an adaptive algorithm. Then, these in-
tegrals are used in forming the outer integrals given in (4.35). It should be noted
that the number of outer integrals is twenty-four, which is much larger than the
number of outer integrals in the EFIE. These integrals are also evaluated simul-
taneously with high-ordered Gaussian quadrature rules or adaptive algorithms.
On the other hand, three of the outer integrals require singularity extraction in
the case of interactions between neighboring triangles. Thus, only the numerical
parts of these integrals are evaluated in the same numerical routine with the other

integrals, while their analytical parts are calculated separately.
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4.1.6 Excitation

Plane-wave excitation can be used with the MFIE formulation as in the EFIE.
In the excitation formula
vM = [ drt,(r) nx H™(r), (4.50)
Sm

the incident magnetic field can be written as
H™(r) = %k x Ege™*T, (4.51)

where FE is a complex vector, which satisfies
Ey-k=0. (4.52)

Then,

l ~ .
oM = . drt,(r) - 7o x k x Ege'*T (4.53)
Sm

can be used to fill the right-hand-side vector of the MOM system.

4.2 MFIE-MOM Implementation with Point Test-
ing Functions

This section introduces the relatively simpler implementation of the MOM using
the MFIE formulation. This implementation uses point testing functions defined
at the center of each edge and in the vector direction perpendicular to the edges
as shown in Figure 4.7. These functions are in the planes of the triangles so that,
if the two triangles are not on the same plane, then the testing functions also
split into two unaligned parts. Using these functions, the self-interactions in the
MOM matrix reduces to a very simple form and it becomes possible to omit the

singularity extraction entirely [19].
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Figure 4.7: Point testing functions.

4.2.1 Formulation

Equation (4.3) shows the MOM system as

N
Z anZ¥ = v, (4.54)
n=1

where

zZM = / drt,(r) - bu(r)—
Sm

drt,(r)-Aax [ dr'b,(r'") x V'g(r,r') (4.55)
Sm Sn

and

oM = [ drt () -7 x H™(r) (4.56)

m S
if the MFIE is used. The testing function defined on the m® edge can be written

as

tm(r) = 20(r ~ Tem)fms + 5007 = Fem )iz (457)
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where 7., represents the center location of the m® edge, while &,,; and &2
represents the unit vectors, which are perpendicular to the m** edge and lying in

the planes of the triangles. Using this expression,

~ 1.
Zrczln = [%tml + Etm2:| : bn('rem) —én- ; d""bn("'l) X V'g('rem, 7‘,) (458)
and
oM =&, H™(r ), (4.59)

where &,, is the unit vector in the direction of the m®™ edge. Finally, if the RWG
basis functions are used, the interaction between a basis triangle and a testing

function (part of an impedance-matrix element) becomes

1. 1. Li(Tem — T
Z,I,‘Zﬂ = [-2-tm1 + §tm2] . 6j(7’em)il(—%:———ﬂ—)
/)
l.
—é,- gt dr'(r' — rji)) X V'g(rem, '), (4.60)
24; Js,

where the index j is used to indicate that the interaction is calculated for the j**
basis triangle and the index [/ represents the alignment of the basis function on
this triangle. As it was done before, a rotation can be applied at this stage, so

that the basis triangle resides on the z-y plane. Then,

1. 1. l'l"'em_p')
Zta = (gt + ghna] - rem) 220
¥
L 1 — ik R,,y, ) etkfem
e 2 [ (e py) x (rem — ) L)

™ 245 Js,
1. 1. ljl('rem - pjl)
= |:§tm1 + Etm2] ‘ 6j('rem)——2717—_
1y (1 — ik Rep, )€ Fem
+ €n 'Ejzl;(rem - pjl) X /n d'r'(p’ - "'em) 47]_R2m ! (4'61)

where

Rem = |Pem — 7| (4.62)

and with the aid of the identity given in Equation (4.9).
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4.2.2 Evaluation of the Impedance-Matrix Elements

Equation (4.61) can be used easily to calculate the interaction between a testing
function and a basis triangle that are not coincident in space. For those inter-
actions, the first term evaluates to zero. Because, §;(Tes) is zero since 7, is

located out of the basis triangle.

On the other hand, when the testing function is defined on one of the edges
of the basis triangle, it becomes possible for the observation point to be at the
same location with the source point. However, this causes numerical problems
since the Green’s function tends to diverge as R goes to zero. As a result, sin-
gularity extraction has to be applied to the integrand when the testing function

resides on one of the edges of the basis triangle.

Evaluation of Self-Interactions

Basis Triangles

Testing Function

Figure 4.8: Point testing function approaching the center of the edge of the basis
function from outside.

Figure 4.8 shows the testing function defined on the same edge as the basis

function, and it is desired to calculate the interaction between these functions. It
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Basis Triangle

Figure 4.9: Point testing function approaching the edge of the basis triangle.

is assumed that the testing function approaches from the outside of the geometry.
Considering only the first triangle of the basis function, the scenario simplifies
to the one shown in Figure 4.9. The observation point approaches the edge on a

line making an angle ¢ with the z-y plane and
o=— (4.63)

where (); is the internal solid angle at the edge. Then,

1£ ljlll (pem - pjlll)

Z ’]lll 2 ml * 2AJ1

(1 — ik Rey, ) etk Ftem
4T RS,
: . L (1 — ik Rep, )tk Fem
_Rélmn—l»o {em. 2;1;1 (Tem — pﬁ,1 X z/ dr' zem yry .

. L
+€em - i (pem p_71l1 / d’r'(p pem)

(4.64)

It should be noted that half of the testing function resides on the other side of the
edge so that t.,5 has no contribution in the first term. It can be also observed that
the second term in (4.64) evaluates to zero since the cross product of two vectors
on the z-y plane gives a vector in the 2 direction, which is perpendicular to &,.

Although the integral contains a logarithmic singularity, it is suppressed by the
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vanishing dot product. For the third term, only the integral of zem, fms(Rem) is

NONZEIO aS Zer, gOES to zero and

1 L (Pem — Piuy) Uity (Pem — Pjuty) .20
M - _f . J\em i/ 4 ‘ih\FPem jaly I
m,jils 2 ml 2Aj1 €m 2Aj1 Xz47r

(4.65)

with the aid of the limit value given in Equation (4.23). Finally, these two terms

can be combined as

M _ lf . lj1l1 (pem - pjlll) _ ££ . ljlll (pem - pjlll)
mijih — grml 24;, 2r ™ 24;,
_ 1 rl _ &-i . ljxll(pem _ pjlll)
20 277'_ ™ 2Aj1
[ Q);
= 5 -1 - %J tmi - Jl(pem)
1. ]
=—=|]1 - — .
2 27 | (4.66)

since the normal component of the RWG function is unity at the edge.

It can be observed that the interaction between the second basis triangle and
the testing function is the same:

Z"Afyjzlz = 2 [1 - %] tma - JZ(pem) = 3 [1 ~ 5l (4.67)

——

Therefore, self-interactions in the impedance matrix become

Q
M __ _
zM = [1 —27{] , (4.68)

which is a very simple expression to be evaluated when m = n.

Evaluation of Neighboring Interactions

As it is shown in Figure 4.10, the testing function may reside on one of the edges

of the triangle, but it may not be defined on the same edge as the basis function.
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Testing Function

Basis Triangles

Figure 4.10: The testing function residing on one of the edges of the basis triangle,
on which the basis function is not defined.

Then, using the final result in Equation (4.65), the interaction becomes

Mo _ _];“ y ljlll (pem r pj1l1) i if F lj1l1 (pem 2 lell)
S 2 4 24; or ™ 24;,
1 Q-
= § [1 > 2_7:_:| tm Jl(pem)
1 Q;
S e
2 [ 27r]
=0 (4.69)

since the current flow is parallel to the edge and perpendicular to the testing func-
tion. Consequently, the interactions between the neighboring testing functions

and basis triangles can simply be omitted.

Evaluation of Interactions Between Nontouching Functions

When point testing functions are used in the direction perpendicular to the edges,
evaluation of self-interactions in the MFIE does not require any singularity ex-
traction. In addition, neighboring interactions evaluate to zero. Therefore, to
simplify the implementation, singularity extraction can be totally omitted even

for the near-distance interactions between nontouching functions.
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The interactions between nontouching basis triangles and testing functions can

be written as

R (1 — ikRep)etkRem
M . ’ _ em
L, jl = €m 24, = (Tem — Pyl) X / dr'(p’ — Tem) 4nRE

L
e I (o — py) X / (0 = 7o) fon(Bem). (4.70)
24 s

For an efficient implementation, this expression is divided into smaller integrals

as
M lﬂ ) " [
,Jl 2A] T Cma y]lzem mpl — Zem mp3
lﬂ J i J i
_Eemy LjiZemdmpl — Zemimps
+ZLAemz [(Z?em - wﬂ)I:r?w - (yem - yjl)‘['r:p2
J

+ (leyem yjl-'rem) pl] ’ (4.71)

where enz, €my, and e, are the z, ¥, and z components of é,, respectively. The

integrals are slightly different from the ones given in Equation (4.36) as
o= [ (o)

= [ dr'e fu(Ren)

I = / dr'y fm(Rem) (4.72)

and singularity extraction is not applied to the integrands.
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4.3 CFIE-MOM Implementation with RWG Ba-

sis and Testing Functions

Combining Equations (3.15) and (4.6) with the aid of Equation (2.25),

Lirl
sz,al 4;;; {/ dr(r — ry) /d’r g(r, v )(r' —ry)

_ﬁ/s d'r/s dr’g(r,'r')}

1 liklﬂ
+Q a)Em{aﬁ /S dr(r —ra) - (r —13)

dr(r—rg) - x [ dr'(r' —ry) x V’g(’r,'r')} (4.73)
S; S;

can be used to calculate the interactions in the CFIE formulation employing
RWG basis and testing functions. The MOM implementation on the CFIE for-
mulation should not be constructed as the sequential combination of the EFIE
and the MFIE parts. Although these formulations are generally different, their
detailed implementations share some of the inner and outer integrals. In addi-
tion, some basis operations, such as the coordinate transformation, can be done
in common to avoid duplications. Consequently, the MFIE and the EFIE imple-
mentations should be mixed to form an efficient CFIE implementation. For each
triangle-triangle pair, the EFIE and the MFIE formulations should be applied

simultaneously to calculate interaction in the CFIE.

Equations (4.53) and (3.47) can also be combined as

Uy = aé/ drt,(r) - E%*T + (1 - a)%— drt,(r) - i X k x Ege™*T

m nSm

(4.74)

to form the expression for plane-wave excitation in the CFIE.
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4.4 CFIE-MOM Implementation with Point Test-
ing Function for the MFIE

The MFIE and the EFIE implementations can also be combined when they use
different types of testing functions. However, the contribution of the equations
into the linear sum has to be adjusted appropriately. When the MFIE with
point testing functions is combined with the EFIE using RWG testing functions,
Equations (3.5) and (4.60) can be used as

!
ZGa= zkﬂ{/ dr(r — re; dr'g(r,v")(r' — 7
kgl — 4AA ( k) S, ( )( Jl)

-3/ dr dr’g(r,r’)}
5;

+(1-a) A{ £ - 5(re,,c)-j-’%;f—’l)

- % / dr'(r’ — ;) X V'g(reir, )} (4.75)
where the MFIE part is multiplied by the area of the testing triangle for the

correct weighting. The corresponding expression for the plane-wave excitation

becomes

— e tm . 0 _ikr _ —Ai Am . inc em
Um akn . drt,(r) - E°e™7" + (1 a)k ém - H™(rem)
g . 7 - .

=a— tm(r) - E%*T + (1 — a)—A;é,, - k X Ele*Tem 4.76

= q s dri,(r) e + (1 - a) - ém -k x E’€ (4.76)

to form the excitation expression for the CFIE. In both (4.75) and (4.76), the
MFIE expressions are multiplied by A; in order to balance the weight of the outer
integral in the EFIE, which is missing in the MFIE.

4.5 Results

Figure 4.11 shows eight different triangularly meshed models of sphere having a
radius of 0.3 m. The information about these models are given in Table 4.1. Only
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Table 4.1: Sphere problems.

Mesh-size | Corresponding { Number of | Radius of the

Frequency Unknowns Sphere

6 cm 500 MHz 930 0.5 A

5 cm 600 MHz 1302 0.6 A

4 cm 750 MHz 2076 0.75 A

3 cm 1000 MHz 3723 1.0 A

2 cm 1500 MHz 8364 1.5 A
1.5 cm 2000 MHz 14871 2.0 A
1.0 cm 3000 MHz 32862 3.0 A
0.5 cm 6000 MHz 132003 6.0 A

four of these models will be considered at this step due to the limited efficiency
of the MOM. Each of these models are excited by plane waves propagating in the
—z direction and with electric fields polarized in y direction. Following MOM

implementations are used to solve the problems at the corresponding frequencies.

1. EFIE-MOM: This implementation uses the EFIE formulation introduced
in Chapter 3. RWG functions are used for both testing and basis functions.
Singularity extraction is applied for the inner integrals. Numerical parts of
the inner integrals as well as the outer integrals are evaluated by adaptive
algorithms with 1% error criteria. Figure 4.12 shows the plots of calculated
RCS results on the z-y plane. Reference values obtained with an analytical

technique, i.e., Mie scattering, are also plotted to make comparisons.

2. MFIE-MOM with Point Testing: This implementation uses the MFIE for-
mulation with RWG basis functions and point testing functions. Singularity
extraction is applied for the inner integrals and numerical parts are evalu-
ated by adaptive algorithms with 1% error criteria. Figure 4.13 compares
the computed RCS values to the analytical results.

3. MFIE-MOM with RWG Functions and Galerkin Method: This implementa-
tion also uses the MFIE formulation, but Galerkin method is applied with
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RWG functions. Singularity extraction is applied for the inner integrals
and numerical parts are evaluated by adaptive algorithms with 1% error
criteria. For the outer integrals, Gaussian quadrature rules are used. It
has been observed that 16-point rule and 7-point rule with singularity ex-
traction for the outer integrals result in convergence of the matrix elements
with less than 1% error. Figure 4.14 compares the computed RCS values

to the analytical results.

4. CFIE-MOM with RWG Functions and Galerkin Method: This implemen-
tation is the combination of the first and the third implementations. CFIE
parameter « is chosen to be 0.2. Figure 4.15 compares the computed RCS

values to the analytical results.

It can be observed that the MFIE implementations produce RCS values that are
less accurate than those of the EFIE implementation. This is more obvious in the
second implementation, where point testing functions are used. Better testing
of the equation with the RWG functions leads to improvement, but some inac-
curacy still exists in the third implementation. It should be indicated that this
error is not due to the numerical evaluation of the integrals since the evaluation
and the convergence of the integrals have been carefully controlled. The reason
behind the relative inaccuracy of the MFIE as compared to the EFIE is not well
understood. However, the vie of basis functions that may be more suitable than

the RWG functions is currently under investigation.

If the MFIE is used, the RCS values can be significantly incorrect due to the
internal resonance problem [15, 20]. For example, this situation can be observed
when the third model in Figure 4.11 is solved at 800 MHz. Figure 4.16 shows
the plots of the RCS values obtained by the EFIE, the MFIE, and the CFIE
formulations. It can be seen that the values obtained by the MFIE are signifi-
cantly different (and incorrect) as compared to the the EFIE and the CFIE values.
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Figure 4.11: Models of a sphere having a radius of 0.3 m with mesh sizes (a)

(c) 4 cm, and (d) 3 cm.
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Figure 4.11: (continued) Models of a sphere having a radius of 0.3 m with mesh

sizes (e) 2 cm, (f) 1.5 cm, (g) 1.0 cm, and (h) 0.5 cm.
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Figure 4.12: RCS values obtained by the EFIE-MOM implementation for a sphere
with a radius of (a) 0.5 A, (b) 0.6 A, (c) 0.75 A, and (d) 1.0 A.
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Figure 4.13: RCS values obtained by the MFIE-MOM implementation using point
testing functions for a sphere with a radius of (a) 0.5 A, (b) 0.6 A, (c) 0.75 A, and
(d) 1.0 A
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Figure 4.14: RCS values obtained by the MFIE-MOM implementation using the
RWG functions and Galerkin method for a sphere with a radius of (a) 0.5 A, (b)
0.6 A, (c) 0.75 A, and (d) 1.0 A.
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Figure 4.15: RCS values obtained by the CFIE-MOM implementation using the
RWG functions and Galerkin method for a sphere with a radius of (a) 0.5 A, (b)
0.6 )\, (c) 0.75 A, and (d) 1.0 A.

84



20 T L} L3 T
10 ................................
% OF—— 2/ \ -
(7]
0_10 TEPRET- - - - - - \s.
& \ 4 : — EFIE-MOM |’
DO i 1 ,....f .......... % oonod I .f---- CFIE-MOM | ]
| : { L—_—_MFIE-MOM |:
: 3 | : : LI : ;
_30 1 L i L 1 L L
50 100 150 200 250 300 350
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lations for a sphere with a radius of 0.8 A. The MFIE suffers from the internal
resonance problem.
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Chapter 5
FMM Implementations

As it was stated in Chapter 3, the MOM requires O(N?) memory and O(N?3)
processing time for a problem of N unknowns. Therefore, as the number of un-
knowns increases, this method becomes inefficient in terms of the computational
resources. In this chapter, another method called the fast multipole method
(FMM) will be introduced, which has lower complexity and can be used to solve
larger problems with less memory and processing time. This method was first
introduced by Rokhlin [2, 3] and used in many studies to efficiently solve elec-
tromagnetic scattering problems, as an alternative to the MOM. A two-level
FMM implementation reduces both the complexity of matrix-vector multiplica-
tion and memory requirement to O(N%2). Multi-level fast multipole algorithm
(MLFMA), later developed by Song and Chew [4]-[6], further reduces the com-
plexity and memory requirement to O(N log N), making it possible to solve much

larger problems with limited hardware in a shorter time.
The FMM is based on the MOM, but calculates the interactions in a differ-

ent way, using the new expression developed by the factorization of the Green’s

function. The system is solved iteratively, and the FMM provides a quick way
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of matrix-vector multiplication. The efficiency heavily depends on the used inte-
gral equation, the iterative solver, and the preconditioning technique. Chapter 6

investigates these components in detail.

5.1 Theory of the FMM

Expressions for the impedance-matrix elements in the MOM implementations

using the EFIE and the MFIE formulations are given in (3.6) and (4.4) as
ZE = / drt,(r) - / dr'G(r,r') - by(r') (5.1)
and

D = /Sm drt,,(r) - by(r)

_ [ arta@r) -5 x / dr'b, () x V'g(r, "), (5.2)
Sm Sn

respectively. Due to the long-range effect of the Green’s function in both for-
mulas, these expressions have to be calculated separately for all basis-testing
function pairs in order to form the impedance matrix. The FMM formulation
starts with a factorization of the Green’s function to make it possible to calculate

the interactions in a group-by-group manner.

5.1.1 Factorization of the Green’s Function

Rewriting the Green’s function as

, eik|'r-—'r'| eik|D+d| 53
g(r’r)_47T|T—T"|_|D+d|’ ()
the addition theorem can be used to factorize the Green’s function as
eils:[D-l-dI ik s . o
= N (=142 + 1) (kd) R (kD)P(d - D), 5.4

=0
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where j;(z) is the spherical Bessel function, h§1) (z) is the spherical Hankel func-
tion of the first kind, P, is the Legendre polynomial, and d < D. Inserting the
identity

snitj(kd)P(d - D) = / Lhe*4p(k - D), (5.5)
where the integration is over the unit sphere, (5.4) can be rewritten as

ikl D+d| ik
|D+d|~ 16x2

L
/ £k (2 + )V (kD) Pyl - D), (5.6)

where the summation is truncated at L and the equality turns into an approx-
imation. At this stage, the summation part can be represented by a function,

called the translation function, as

., L
Ty(k, D, %) = = 3" (21 + 1A (kD) Pi(cost), (5.7)
4T =
where 9 is the angle between the unit vectors & and D. Then, the Green’s

function becomes

cik|D-+d|

1 [ o ik
e / 2he* T, (k, D, ). (5.8)

5.1.2 Calculation of an Interaction

It is desired to calculate the interaction between a basis function and a testing
function, as shown in Figure 5.1, by using (5.1) or (5.2). To insert Equation
(5.8) into the formulation, the distance between the basis and testing functions

is divided into segments as

T =1 = (1 —Tm) + (P — 1) + (re = To) + (o — ) + (T — 7')

=Trfm+ Tfme + Tee + Te'fn + Ty (59)

where 7, and 7y, represent the reference points in the testing and basis func-

tions, respectively, while 7. stands for a point near the testing function and r»
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Figure 5.1: Dividing r» — 7’ into segments.

stands for another one near the basis function. Then, the segments can be ar-
ranged as
dy = Trfm + Time
do = Tofn + T
d=d; +d;
D=ry (5.10)

and (5.8) becomes
etklr—7’|
dmlr — ']

In addition, using the above, the dyadic Green’s function can be expressed as

4% / d2leet™® TrimAT smet T gt s VT (K |Pog |, Foer - B).  (5.11)

G(r,v") = %/dzl}(_f— kk)et® rrtmm imet o it e )Ty (K, |1 oo, o - ).

(5.12)

Finally, the interaction between the basis and testing functions can be written as
1 . . . .

25, = 4 [ CRFEBTh Irerl for-B) - FRcB) (513
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for the EFIE formulation and

k ) .
Z},‘fn—H d%Ffmc( VT (k, |Tee), Poo - k) - and(k) (5.14)

for the MFIE formulation, where

FE_ (k) = e (rm=re) i dre®r=Tm)(T — kk) - t(r) (5.15)
FE (k) = ek re—rsm) j dr'e”* ' =ria)(T — kk) - b, (v') (5.16)
F?’Im(l‘%) = -k x ei’“'("f"'“"")/ dre* T=Timlt, (r) x #i (5.17)
F%c,(lz:) = e“"("f:’“"f")/ dr'e~ ' -Tm)p, (). (5.18)

"

It should be noted that the self-interaction term in the MFIE is omitted, since
the FMM can only be applied to distant interactions, as will be explained later.
Since the CFIE is simply the linear combination of the EFIE and the MFIE, it
is also possible to write the interaction in the CFIE formulation as

Zgn — aZE + (1 - )kzrjrt:[n

_ L / PRFS, (R)Ty(k, |rec|, 7o - k) - FSpu(B),  (5.19)
where
qunw(fc) = qe*(rim=re) g dre® T =rim)(T — kk) - to(7)
— (1 — )k x e*Trm=re) g dre®r—Tmt, (1) x 7 (5.20)
and
F$ (k) = e re=sm) : dr'e=* ' —rsa)(T — kk) - by (v"). (5.21)

It should be noted that F}anc has only # and ¢ components so that F%d can be

reduced to F?M, without any complication and F?nc, becomes the same as F?nc,.
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5.1.3 Clustering and Evaluation of the Interactions

The addition theorem in (5.4) is valid only if d < D. Therefore, the new expres-
sions can be used to calculate the interactions between testing and basis functions
if and only if

(r—r)+(re —7') < (re—r0), (5.22)
which means that the points ¢ and ¢’ should be chosen close to the testing and

basis functions, respectively, compared to the distance between these points.

Cluster of testing functions Cluster of basis functions

Figure 5.2: Clustering of basis and testing functions provides a single translation
between the clusters.

Figure 5.2 shows basis and testing functions, which are grouped (clustered) ac-
cording to their locations in space. If the points ¢ and ¢’ are chosen to be common
points for all functions in the testing and basis clusters, respectively, the transla-
tion function, Ty (k, |ch/|, #c - k), becomes the same for all interactions between
pairs of functions in these clusters. Then, instead of calculating the interactions

separately, a single translation between the clusters can be used for efficiency.
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In the FMM, basis and testing functions are grouped to calculate the interac-

tions in a group-by-group manner. The procedure can be outlined as follows:

1. In each basis group, the expressions in (5.16) and (5.18) are calculated for
all basis functions, using the common point (cluster center) chosen for the
group. For each basis function, the expression is evaluated for K points
(directions) on the unit sphere and the value at each direction can be in-
terpreted as the radiation of the basis function in that direction from the

cluster center.

Geometry

Basis functions
Clusters

Figure 5.3: Aggregation process in basis clusters.

2. In each basis group, the values of the radiations of the basis functions
are added at each direction. Therefore, the overall radiation of the group
is found with respect to the cluster center. This aggregation process is

illustrated in Figure 5.3.

3. The translation function is defined for each pair of basis and testing groups,
instead of all pairs of the functions. For each group-group interaction, the
translation function multiplies the overall radiation of the basis group and

translates it to the center of the testing cluster. This operation can be
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Figure 5.4: Translation from a basis cluster to testing clusters.

interpreted as the translation of the radiation into incoming waves for the

testing functions. Figure 5.4 sketches this step for a basis cluster.

4. To test the incoming wave, the expressions in (5.15) and (5.17) are calcu-
lated for each testing function. Following the translations, the radiations
from all basis groups are added at the common point of the testing group.
Then, the total radiation from all basis functions can be tested by each
testing function at K points. This disaggregation process is illustrated in

Figure 5.5.

5. A group-group interaction is completed when the integration in (5.13),
(5.14), or (5.19) is evaluated on the unit sphere.

The FMM is based on the iterative solution of the system. Therefore, the
impedance matrix is not stored in the memory. Instead, the procedure above
is used in every iteration to perform the matrix-vector products required by the
iterative solver. The coefficient vector is included in the first step of the proce-
dure, as the radiated fields of the basis functions are aggregated. Radiation of

each basis function is multiplied by the corresponding coefficient to weight its
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Geometry

Testing functions

Figure 5.5: Disaggregation process in testing clusters.

contribution to the group radiation. Then, the other steps are applied to find the

resulting vector of the multiplication.

Due to the restriction in the addition theorem, not all interactions can be calcu-
lated by the FMM. When the basis and testing clusters are close to each other,
the distance between the cluster centers becomes small and (5.22) is not satisfied.
These near-field interactions are calculated as in the MOM and combined with the
FMM interactions in the iterative procedure. The matrix-vector multiplication
in the FMM can be written as
N
D Zmatn= 3, D Zmon
n=1 C'eN(C) neC’

1 . . . .
+ 4—/d2kamc(k) - Z TL(I{J, |7'cc'|,7'cc’ . k) Z and(k)an,
T C'eF(C) neC’

(5.23)
where m stands for the testing function, which belongs to cluster C. The clusters
close to this cluster are represented as N(C), while the ones in the far-field
zone are represented as F/(C). On the right-hand side of (5.23), the first term

includes the near-field interactions between the m® testing function, and those
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basis functions, which belong to clusters in the near-field of C. Then, the second
term adds the contributions from the other basis functions, belonging to clusters
far from C. The efficiency of an FMM implementation relies on keeping the

number of near-field interactions small as compared to the far-field interactions.

5.1.4 Truncation Number

The summation in (5.7) is truncated at L, which is an important parameter re-
quiring special attention. One of the error sources of the FMM is this truncation
since the addition theorem is originally based on an infinite sum. To reduce the
error in the factorization of Green’s function, one may attempt to choose L large
and expect the error to drop as L gets larger. However, this is not the case due

to the finite precision used in the computations.

As [ exceeds the variable z and gets larger, the Hankel function, hl(l)(x) in (5.4)
tends to grow rapidly. Figure 5.6 shows the magnitude of the imaginary part of
the Hankel function with respect to [, for different values of z as 1,2,...,10. It

can be observed that the plots tend to blow up whenever [ exceeds z.

The growing values of the Hankel function are suppressed by the Bessel func-
tion so that the contribution to the summation in (5.4) becomes smaller for
larger harmonics. On the other hand, the equality holds better as these small

contributions are included.

In principle, tﬂe equality in (5.6) holds better as L gets larger. However, this
requires the perfect evaluation of the Hankel function so that the angular inte-
gration can be performed correctly. Due to the Hankel function, the integrand
takes very large values with a large variation introduced by the Legendre polyno-

mial. The perfect evaluation would result in a moderate value for the integration.
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Figure 5.6: Magnitude of the imaginary part of the Hankel function, hl(l) (z) with
respect to [ for different values of z.

However, this becomes impossible when the used precision in the computation is
insufficient to represent the value of the integrand correctly. Then, the angular

integration fails and the equality does not hold.

Consequently, the truncation number, L, should be chosen small enough to avoid
divergence of the summation, while it should be large enough for the convergence.
Various ways of choosing the truncation number have been developed. A refined

formula is given as [6]

L =~ kd + 1.8423(kd)'/3, (5.24)

where dy is the desired correct number of digits. Considering (5.10), it should
be noted that value of d ranges from 0 to the sum of the two cluster diameters,
according to the location of testing and basis functions with respect to the cluster
centers. However, for a cluster-cluster pair, a single value of L have to be used.
As a result, the value of d in (5.24) is generally determined by considering the

worst case when d has its largest value.
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To control L and avoid the deviation of the sum, a simple method is to com-
pare L to kr.», which is the variable for the Hankel function. If L exceeds this
value, the clusters are said to be in the near-field of each other and the FMM
should not be used between these clusters. Then, the interactions between the

basis and testing functions in these clusters have to be calculated as in the MOM.

Using formulas in the determination of L is well suited for static clustering. A
usual way of clustering the unknowns is to put the geometry in a fictitious box
and to divide the box into sub boxes [6]. Chapter 7 introduces multi-level FMM

implementations, which use this type of clustering.

S0 ! r !

a5l — Green's functiontest | . S A ]
- -+ Formula §

40k Lo Difference I e ,

a5k o ......................... ......................... ......................
o 4 B T [
y I 4 & e - _

A & 4 o |
15k

I I S
5_', ...................... 4
I S— o 15 20

kd

Figure 5.7: Values of L obtained with the formula given in Equation (5.24) and
direct test of Equation (5.8) for an accuracy of three digits.

The formula given in Equation (5.24) can be tested by comparing its values
for L with the ones obtained by a direct evaluation of Equation (5.8). Figure 5.7

shows the L values when kr.» = 20 and dy = 3 for an accuracy of three digits.
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For L values up to 20, the formula shows very good performance with small er-
ror. After that, its values begin to deviate from the correct curve and the error
increases drastically. This result shows that the formula in (5.24) may not be

reliable for every possible case.

Another way of determining the truncation number is to form a look-up ta-
ble, filled with values for L according to variables d,r.» and dy. This table can
be formed easily by using Equation (5.8) and checking L for the given values of

variables.

The method using the look-up table works well with dynamic clustering, in which
the clusters have various sizes. In this method, after determining the value for L,
it should be still checked against kr.v. Although these values satisfy Equation
(5.8), their usage in the calculation of impedance-matrix elements may result in
failure due to large values of the Hankel function. Another strategy is to restrict

the value of L to be under a predetermined value in the look-up table.

5.1.5 Integration Points

The angular integration points used in Equations (5.13), (5.14), and (5.19) should
be chosen carefully and they must be sufficient to perform a quadrature that is
exact for all spherical harmonics of orders less than 2L. A simple method is
presented in [3] as choosing the values of § such that they are the zeros of the
Legendre polynomial, Pr(cosf). Then, ¢ can be sampled uniformly at 2L points
and the number of samples, K, becomes 2L2. Figure 5.8 shows the distribution

of the integration points when L = 5.
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Figure 5.8: Angular integration points for L = 5.

5.1.6 Computational Analysis of the FMM

The FMM does not fill the impedance matrix completely as MOM does. Only
the near-field interactions are calculated and stored in the memory and this leads
to a reduction in the memory usage. In addition, the rest of the interactions are
calculated in a group-by-group manner, which reduces the number of operations
significantly. In this subsection, individual steps of an FMM implementation will
be investigated to determine the requirements for the processing time and mem-

ory usage for the solution of a problem with N unknowns.

An FMM implementation has three main parts:

1. Aggregation: Equations (5.16) and (5.18) have to be calculated for all basis
functions and added to the overall radiation of the clusters. The calculation
part is done once for a problem, but the addition has to be done at each
iteration. For a basis function, K = 2L? «x (kd)? sample points are needed

on the unit sphere. If M is the number of clusters, there will be about
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N/M unknowns in each cluster and kd o< (N/M)'/2. As a result,
K < N/M (5.25)

and O(NK) = O(N?/M) FLOPs are required to calculate the radiations.
The aggregation process can also be performed with O(N?%/M) FLOPs for
each iteration. The memory requirement appears to be O(N?/M) at this

step to store the radiations of the basis functions.

2. Translation: For each pair of clusters that are far from each other, a transla-
tion has to be computed in K directions. This requires O(KM?) = O(NM)
FLOPs to be done for each iteration. On the other hand, calculation of the
translation function at K directions for each cluster-cluster pair requires
O(LK M?) = O(N3/?M"/?) FLOPs, while the memory requirement to store
the translation function is O(NM).

3. Disaggregation: At each cluster, the sum of the translation results has to be
multiplied by the receiving pattern of the testing functions. This requires
O(NK) = O(N?/M) FLOPs, which should be done at each iteration. Cal-
culation of the receiving patterns of the testing functions has to be done
once for a problem and requires O(N?/M) operations, while O(N2/M)

memory is required to store them.

In addition to these three steps, an FMM implementation also includes some
near-field interactions to be evaluated as in the MOM. For a single cluster, there
exist O(1) near clusters, so that the number of near-field interactions for this
single cluster becomes O(N?/M?). Considering all of the clusters, the near-field
interactions require O(N%?/M) FLOPs. The memory requirement to keep these
interactions is also O(N?/M).
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As a result, an FMM implementation requires

CaggiN? /M + CoggaI N*/M + CiranstINM + Ciransa N2 M2
+ CdislNz/M + Cdisszz/M + Cnea,-Nz/M
= O(IN*/M) + O(INM) + O(N32M/?) (5.26)

FLOPs, where I is the number of iterations, while the memory requirement ap-

pears to be

CaggN?/M + Cirans NM + CyigN? /M + Crear N2 /M = O(N?/M) + O(NM).
(5.27)
The third term in the processing time is usually neglected, since the constant
Ciranse is small compared to other constants, and the number of iterations, I,
usually increases with the number of unknowns. Then, choosing M = N/2 leads
to an optimization in both the processing time and the memory requirement.
With this choice, the memory requirement becomes O(N3/2) and the processing

time becomes O(N®/2) per iteration for the FMM.

In Chapter 3, the MOM was shown to require O(N?) memory and O(IN?) pro-
cessing time. They are reduced to O(N*?) and O(IN®/?), respectively, by the
FMM. Therefore, the FMM makes it possible to solve larger problems with lower
increase in the need of computational sources. Results proving this efficiency will

be presented at the end of this chapter.

101



5.2 FMM Implementation with RWG Basis Func-

tions

If the RWG functions are used to expand the current, the expression in (5.16)

becomes

FZ, (k) = %eikw—fm) : dr'e”* =T — kk) - (¢ —ry)  (5.28)
J i

for the basis triangle j and the function alignment [. It should be noted that this
expression can also be used in the MFIE formulation since F%’m has only 6 and
¢ components and the r component in F%c, can be eliminated. The evaluation
of (5.28) for each basis function involves integrations in the form of

dr'e= =) (p! — 1), (5.29)

Sj

For each triangle, the reference point of the basis function can be chosen as the
vertex, at which the current starts or ends. Then, the integrals to be evaluated

become

d,’_le—ik-('r'—rjl)(,,.’ - le)- (530)
S;

These integrals can be calculated analytically, instead of a numerical treatment.

If the Galerkin method is used and testing functions are also chosen as RWG
functions, (5.15) becomes

Ffy(k) = %e"""’ﬁk"c) : dre* =) (T — kk) - (r — ra), (5.31)

? i

where i represents the testing triangle, while & is the alignment of the function on
this triangle. Comparison of (5.31) to (5.28) for a RWG function shows that the
receiving pattern of the function is simply the complex conjugate of the radia-
tion pattern. Therefore, for each function, it is sufficient to calculate only (5.28).

When the function is used for testing, the same data can be used after a simple
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conjugation operation.

The complex-conjugate relation holds only for the EFIE formulation. It should
be noted that the testing functions require a different treatment in the MFIE
formulation. With the RWG functions, Equation (5.17) becomes

. L~ . :
FY,. (k) = —I’fk x etk (rin=re) : dre® =Tk (p — py) x A, (5.32)

which is not simply the complex conjugate of the expression in (5.31).

If point testing functions are used as testing functions, Equation (4.57) can be
inserted in (5.17) to obtain

F?Jmc(z:) =k x e“"'("f'""")/ dre®*(r—Timlt (r) x @t

m

~ . 41 o -
= —k x g7 d're’k"'i{(s('r — Tem)tm1 +6(r — 'r'c)tmz} X T
Sm

= —(k x &)etk(rem=rc) (5.33)

where € is the unit vector parallel to the edge and 7., represents the mid-point
of the edge. This expression is relatively simpler to evaluate, but leads to less

accuracy as in the MOM case shown in the previous chapter.

5.3 Results

To check the accuracy and efficiency of the FMM implementations, the sphere
models shown in Figure 4.11 can be considered again. It should be recalled
that these models are excited by a y-polarized plane wave propagating in the

—z direction. Two FMM implementations are used to solve the problems at the

corresponding frequencies:

1. EFIE-FMM: This implementation uses the EFIE formulation with the RWG

functions for both testing and basis functions. For near-field interactions,
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-the integrals are evaluated by adaptive algorithms with 1% error criteria,

and singularity extraction is applied to inner integrals.

2. CFIE-FMM: This implementation combines the EFIE and the MFIE im-
plementations with a = 0.2. RWG functions are used for both basis and
testing functions. For near-field interactions, the inner integrals are evalu-
ated by adaptive algorithms with 1% error criteria and with the aid of sin-
gularity extraction. The outer integrals are evaluated by 7-point Gaussian
quadrature rule, while the singularity extraction applied to outer integrals

in the MFIE.

5.3.1 Accuracy of the FMM Implementations

Different from the MOM, the FMM carries two extra error sources. One of them
is the truncation of the summation in the translation function, and the other is
the integration error in the angular integration. Both of these errors are directly

controlled by single parameter, dp.

Figure 5.9 shows the RCS values in the z-y plane, calculated by the EFIE-FMM
implementation with dy = 3. Corresponding plots for the CFIE-FMM are shown
in Figure 5.10. Both figures show that the FMM implementations have good
accuracies as compared to the MOM implementations, although they are much

more efficient.

5.3.2 Efficiency of the FMM Implementations

In the next chapter, it will be shown that the FMM implementations with the
CFIE formulation are more efficient than those with the EFIE formulation. At
this stage, only the EFIE-MOM and the EFIE-FMM implementations will be
compared to observe the superiority of the FMM over the MOM.
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Tables 5.1 and 5.2 show the processing times and required memory, respectively,
to solve various sphere problems. As the problem size gets larger, increases in
the memory requirement and processing time are slower for the FMM implemen-
tation. Thus, the FMM makes it possible to solve larger problems, which would
be very difficult to solve by using the MOM. This result was expected from the
discussions on the theoretical complexity of these implementations. The memory
requirements for the MOM and the FMM are expected to be O(N®) and O(N%/2)
respectively, while the processing times are O(N%) and O(N%/?), if I = O(N).
The superiority of the FMM over the MOM is more evident as NV gets larger.

Table 5.1: Comparison of the processing times of the EFIE-MOM and the EFIE-
FMM implementations.

Radius of the | Processing Time Processing Time
Sphere for the MOM (sec) | for the FMM (sec)
0.5 A 103 S
0.6 X 210 82
0.75 A 567 183
1.0 A 2211 471
1.5 A 20511 2676
2.0 X NA 10846

Table 5.2: Comparison of the memory requirements of the EFIE-MOM and the

EFIE-FMM implementations.

Radius of the | Memory Requirement | Memory Requirement

Sphere for the MOM (MB) | for the FMM (MB)
0.5 14 25

0.6 A 27 37

0.75 A 68 71

1.0 A 217 155

1.5 A 1018 552

2.0 A NA 1420
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On the other hand, a careful observation reveals that the memory requirement
of the EFIE-FMM is not O(N%2), but it is somewhat higher. This problem
will be investigated and solved in the next chapter. In general, the EFIE sys-
tems are ill-conditioned, especially when they are used for closed surfaces, so
that their iterative solutions become difficult. In the solution of the sphere prob-
lems, very large preconditioners have to be used in order to reach the result in
a reasonable number of iterations. Otherwise, the solution may take very long
times to converge or may not converge at all. Attempting to develop and use
an optimal preconditioner, which balances the trade-off between the speed of the
convergence and memory requirement, may be useful, however, modifying the
integral equation to fundamentally change and improve the conditioning of the
matrix equation is usually more effective in the pursuit to reach at more efficient

solvers.
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