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��*ø5øù 
  
 

  <DNODúÕP�7HRULVL�JHQHO�KDWODUÕ�LOH�0DWHPDWLNVHO�$QDOL]�LoLQGH�\HU�DOÕU��%X�
Teori içinde önemli bir yerL�RODQ�µ�(Q�.�o�N�.DUHOHU�<DNODúÕPÕ¶�EX�WH]GH�
LQFHOHQPLúWLU�� 
 7H]LQ�ELULQFL�E|O�P�QGH��Lo�oDUSÕP�X]D\ODUÕQGDNL�HQ�L\L�\DNODúÕP�\DQL�(Q�
.�o�N�.DUHOHU�<DNODúÕPÕQÕQ�\DQÕQGD���HQ�N�o�N�NDUHOHU�\DNODúÕPÕ�LOH�*UDP�0DWULVL�
YH�'HWHUPLQDQWÕ�DUDVÕQGDNL�LOLúNL�GH�LQFHOHQPLúWLU� 
 7H]LQ�LNLQFL�E|O�P�QGH�oDOÕúPDPÕ]ÕQ�ND\QD÷ÕQÕ�ROXúWXUDQ�WHPHO�WDQÕP�YH�
WHRUHPOHUH�\HU�YHULOPLúWLU� 
 7H]LQ��o�QF��E|O�P�QGH�LVH��ED]Õ�X]D\ODUGD��(Q�.�o�N�.DUHOHU�\DNODúÕPÕ��
QRUPDO�GHQNOHPOHU���*UDP�0DWULVL�YH�'HWHUPLQDQWÕ���NDSDOÕOÕN��NDYUDPÕ�ve tam iç 

oDUSÕP�X]D\Õ�NRQXODUÕQD�\HU�YHULOPLúWLU� 
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2. TEMEL TANIM VE TEOREMLER 
 
 
2.1 øo��dDUSÕP�8]D\ODUÕ 
 
 

(Q�.�o�N�.DUHOHU�<DNODúÕPÕ¶QÕ�WDQÕPODPDGDQ�|QFH���Lo�oDUSÕP�X]D\ODUÕ�
WDQÕPODQDUDN�WHPHO�|]HOOLNOHUL�YHULOHFHNWLU�� 
 

�7DQÕP�������� X bir UHHO�YHNW|U�X]D\Õ�ROVXQ� X x X  kümesinden R  reel 

VD\ÕODU�N�PHVLQH�WDQÕPODQDQ��YH� Xzyx ∈∀ ,,  için ; 

 

 

( ) ( ) ( )

( ) ( )

( ) ( )

( ) ( ) )(00,,0,)

)(,,)

)(,,)

)(,,,)

Pozitiflikxxxxxd

Homojenlikyxyxc

Simetrixyyxb

Lineerlikzyzxzyxa

=⇔=≥

=

=

+=+

αα

















 (2.1.1) 

                         

|]HOOLNOHULQL�VD÷OD\DQ�����������IRQNVL\RQXQD�ELU�Lo�oDUSÕP ve  X �YHNW|U�X]D\ÕQD�GD�ELU�
Lo�oDUSÕP�X]D\Õ denir.   

        %HQ]HU�WDQÕP�C/ �NRPSOHNV�VD\ÕODU�N�PHVL�ROPDN��]HUH�NRPSOHNV�YHNW|U 
X]D\ODUÕ�LoLQ�GH�\DSÕODELOLU��$QFDN�EX�GXUXPGD� ),( yx �Lo�oDUSÕPÕ�ELU�NRPSOHNV�VD\Õ�
ROXU�YH�������E��HúLWOL÷L 
                            

b')     ),(),( xyyx =                           (Hermitiyen  Simetri )                             (2.1.1)             

 
E
�HúLWOL÷L�LOH��\HU�GH÷LúWLULU��%XUDGD�VD÷GDNL��VW�oL]JL�NRPSOHNV�HúOHQL÷L�
göstermektedir. 
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Örnek 2.1.1:  X = n
R  ,  ( )nxxxx ,,, 21 �=  ,  ( )nyyyy ,,, 21 �=    ve 

iw , ni ,,1�= ���SR]LWLI�VD\ÕODUÕ�ROVXQ�� nR  ’de  (x,y��Lo�oDUSÕPÕ 

∑
=

=
n

i

iii yxwyx
1

),(  

úHNOLQGH�WDQÕPODQÕU� 
 

Örnek 2.1.2: X = n
C/ �NRPSOHNV�gNOLG�X]D\Õ������x , y ∈ n

C/ ve niwi ,,1, �=  

SR]LWLI��VD\ÕODU��ROPDN���]HUH��� nC/  ’de   (x,y��Lo�oDUSÕPÕ� 

ii

n

i

i yxwyx ∑
=

=
1

),(     

úHNOLQGH�WDQÕPODQÕU� 
 
Gerçekten ; 
 

a) ∑ ∑
=

+=+=+
n

i

iiiiiiii yzxwzyxwzyx
1

()(),( ∑∑
==

+=
n

i

iii

n

i

iiii zywzxwz
11

)()()  

                                                                                  
                                                                                       = ),(),( zyzx +             
                               
   

b) ∑ ∑ ∑
= = =

====
n

i

n

i

n

i

iiiiiiiii xyxywyxwyxwyx
1 1 1

),()()()(),(  

 

c) ),()(),(
11

yxyxwyxwyx
n

i

iiii

n

i

ii αααα ∑∑
==

===  

 

d) 0)...()...(),(
22

1
1

11 ≥++=++== ∑
=

ni

n

i

nniiii xxwxxxxwxxwxx                     ( * ) 

                                                         
olur.                                                    
               

     (x,x) = 0 olsun. Bu durumda wi SR]LWLI�ELU�VD\Õ�ROGX÷XQGDQ���*���HúLWOL÷LQGH�KHU�����������������
xi = 0 olur.Yani ; 

0,,0,0 21 === nxxx �  �GÕU��2�KDOGH� 0),,,( 21 == nxxxx �    olur.   

��|]HOOLN�VD÷ODQÕU�YH�gNOLG�X]D\ÕQÕQ�ELU�Lo�oDUSÕP�X]D\Õ�ROGX÷X�J|U�O�U� 
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     Örnek 2.1.3: ],[ baCX =  ��ROPDN��]HUH�H÷HU�� ( )tfx =  ve ( )tgy =   ise 

( )yx,  �Lo�oDUSÕPÕ 

∫==
b

a

dttgtfgfyx )()(),(),(         

úHNOLQGH�WDQÕPODQÕU� 
 

         Örnek 2.1.4: ],[2
baLX =     olmak üzere bu uza\��]HULQGHNL�Lo�oDUSÕP� 

                            

∫=
b

a

dxxgxfgf )()(),(      

úHNOLQGH�WDQÕPODQÕU� 
 
 
             Teorem 2.1.1 ��6FKZDU]�(úLWVL]OL÷L��� 
%LU�Lo�oDUSÕP�X]D\ÕQGD 

),(),(),(
2

yyxxyx ≤  

GÕU��(úLWOLN�KDOL�DQFDN�YH�DQFDN� x  ve y �OLQHHU�ED÷ÕPOÕ�LVH�P�PN�QG�U� 
 

 øVSDW���(÷HU�y = 0 ise (x���� ���ROXS��LVSDW�DoÕNWÕU� 
 

λ�NH\IL��ELU�NRPSOHNV�VD\Õ�ROVXQ����������G��¶�GHQ 

0),( ≥++ yxyx λλ  

GÕU��%X��LIDGH                     

0),(),(),( ≥++ yyyxxx λλλ  

úHNOLQGH�\D]ÕOÕU���%X�HúLWVL]OLN��|]HOOLNOH� 

),(

),(

yy

yx
−=λ  

VD\ÕVÕ�LoLQ�GR÷UXGXU�%|\OHFH� 
 

                         0),(
),(

),)(,(

),(

),)(,(

),(

),)(,(
),(

2
≥+−− yy

yy

xyyx

yy

xyyx

yy

xyyx
xx  

 

GÕU�2�]DPDQ� 
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0
),(

),)(,(
),( ≥−

yy

xyyx
xx  

  

olur. Buradan her iki taraf ),( yy �LOH�oDUSÕOÕUVD�� 
 

0),)(,(),)(,( ≥− xyyxyyxx  

),)(,(),)(,( yyxxxyyx ≤  

 

ROXU��ùLPGL���������E’���NXOODQÕOÕUVD�������������������������������������������������������� 
),)(,(),(),( yyxxyxyx ≤                                                                           

),)(,(),(
2

yyxxyx ≤  

 

bulunur. Farzedelim ki burada 

),(),(),(
2

yyxxyx =  

HúLWOLN�KDOL�VD÷ODQVÕQ��(÷HU�\� ���ROXUVD�HúLWOLN�DoÕNWÕU� 
 

O halde y ����DODOÕP��%X�GXUXPGD��������λ = − (x,y) ⁄ (y,y)  olmak üzere 
 

(x+  λy, x+ λy )= 0 

olur. Böylece  (2.1.1)(d) ’den                                                  

                          

yxyx λλ −=⇒=+ 0   ⇒  y
yy

yx
x

),(

),(
=  

 

bulunur. Sonuç olarak   yx α=  ise o zaman; 
 

),)(,(),(),( 222
yyxxyyyx == α  

 
GÕU� 

          
 Teorem 2.1.2:  X �ELU�Lo�oDUSÕP�X]D\�LVH� 

 

),( xxx =  

 

HúLWOL÷L�� X �¶GH�ELU�QRUP�WDQÕPODU�YH� X ��EX�QRUP�LOH�ELU�QRUPOX�YHNW|U�X]D\Õ�ROXU� 
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  øVSDW��   ),( xx     QLFHOL÷L��QRUP��úDUWODUÕQÕ�� 
 

i)   0≥x  

i)  00 =⇔= xx  

iii) xx αα =              ,     α skaler 

iv) yxyx +≤+ ���������hoJHQ�HúLWVL]OL÷L� 
  
VD÷ODPDOÕGÕU��øON���úDUW�DúLNDUGÕU�hoJHQ�HúLWVL]OL÷LQL�VD÷ODGÕ÷ÕQÕ�J|VWHUHOLP� 

 

2
yx +   =  ),( yxyx ++  

                                        =  ),(),(),(),( yyxyyxxx +++  

                               =  
22

),(2 yyxRx ++  

                              ≤   
22

),(2 yyxx ++  

                         ≤  
22

2 yyxx ++  

           = 2)( yx +  

             
GÕU�YH��E|\OHFH������������������������������� 

yxyx +≤+  

olur. 

         Teoerem 2.1.3 (Paralelkenar Teoremi): 
 

 Bir  X   iç ve . �7HRUHP������¶GHNL�JLEL�WDQÕPODQVÕQ�%X�GXUXPGD� 
2222

22 yxyxyx +=−++  

GÕU� 
 �øVSDW�   ),(),(

22
yxyxyxyxyxyx −−+++=−++  

                                                         = −++++ ),(),(),(),(),( xxyyxyyxxx     

                                                         ),(),(),( yyxyyx +−−    
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                                                          = )(2
22

yx +  

                                                             =  
22

22 yx +   

  
dir. 
 
%X�WHRUHP�D\QÕ�]DPDQGD� X �]HULQGHNL�QRUPXQ�ELU�Lo�oDUSÕP�WDUDIÕQGDQ��Uetilip 

�UHWLOHPHGL÷LQL�V|\OHU�
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�����øo�dDUSÕP�8]D\ODUÕ�LoLQ�$oÕ�*HRPHWUL 
 
         �5HHO��Lo�oDUSÕP�X]D\ÕQGDNL�VÕIÕUGDQ�IDUNOÕ�LNL�HOHPDQ�LoLQ��������¶GHQ� 
 

1
),(

1 ≤≤−
yx

yx
 

 

olur. Sonuç olarak  

yx

yx ),(
cos =θ  

 

                                                     
GH÷HULQL�VD÷OD\DQ�WHN�ELU� [0, ]θ π∈ �GH÷HUL�YDUGÕU� 
     
      
 7DQÕP��������5HHO�ELU�Lo�oDUSÕP�X]D\ÕQGDNL� x  ve y �HOHPDQODUÕ�DUDVÕQGD�
kalan θ�DoÕVÕ� 
 

                             
yx

yx ),(
cos =θ           ,   πθ ≤≤0            (2.2.1)

               
úHNOLQGH�WDQÕPODQÕU� 
.RPSOHNV�Lo�oDUSÕP�ROPDVÕ�GXUXPXQGD�EX�WDQÕP 

                                       
yx

yx ),(
cos =θ              (2.2.2)       

   

%XUDGD�|]HOOLNOH�LNL�GXUXP�GLNNDWH�GH÷HUGLU� 
 
A)  θ  = 0 ise; bu durumda  cos θ = 1  ve buradan   (x,y) = xy  olur. Teorem 

�����¶�H�J|UH�[�YH�\�HOHPDQODUÕ�OLQHHU�ED÷ÕPOÕGÕU��� βα yx = .  Buradan da x  ve y ’ 

QLQ�SDUDOHO�ROGXNODUÕQÕ�V|\OH\HELOLUL]��� 
B) θ = π/2  ise ; x ve y HOHPDQODUÕ�GLN��RUWRJRQDO��WLU��d�QN�� 0cos =θ olup   

 

0
),(

cos ==
yx

yx
θ  
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olur.Bu da gösterir ki 0),( =yx �GÕU�� 
         7DQÕP������� ( ) 0, =⊥ yxancakveancakyx ��¶�GÕU� 
 
7DQÕPD�GD\DOÕ�RODUDN�úXQODUÕ�V|\OH\HELOLUL]� 
 

a) .HQGLVLQH�RUWRJRQDO��RODQ�WHN�HOHPDQ��¶�GÕU� 
b) xyyx ⊥⇒⊥  ’ dir. 

c) nxxxy ,,, 21 �⊥    ise Raa n ∈,,1 �  olmak üzere ,  nn xaxaxay +++⊥ �2211   

olur. 

    
 Örnek 2.2.1 (Kosinüs Teoremi): x ve y �UHHO��ELU�Lo�oDUSÕP�X]D\ÕQÕQ�
HOHPDQODUÕ�ROPDN��]HUH�� 
 

θcos2
222

yxyxyx ++=+  

 
GÕU� 
         Çözüm:     ),(),(),(),(),(

2
yyxyyxxxyxyxyx +++=++=+  

                                                                         =
22

),(2 yyxx ++  

                                                                         = 
22

cos2 yyxx ++ θ  

 
ROXS�LVSDW�WDPDPODQÕU� 
 
                            
 
                                                      
                                                    1x  

                                                                         21 xx λ−  
 
 
 
                                               2xλ                     2x  
                                              
                                                          ùHNLO������������������� 
                              
 1x   ve 2x �VÕIÕUGDQ�IDUNOÕ�HOHPDQODU�ROVXQODU�� 2xλ   , 1x   ’ in    2x   üzerine 

L]G�ú�P��RODFDN�úHNilde λ  skalerini seçelim. O zaman   
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212 xxx λλ −⊥  

GÕU�%XQXQ��DQODPÕ� 
0),( 212 =− xxx λλ  

ROPDVÕGÕU��2�KDOGH� 

2
22

21
2212 ),(

),(
0),(),( x

xx

xx
vexxxx ==− λλλλ  

GÕU�%XQXQ�DQODPÕ�� 02 =x   olmak üzere; 

                                                                                                                                

    1x  ’in  2x  ��]HULQH�L]G�ú�P�� �     2
22

21

),(

),(
x

xx

xx
                                            (2.2.3)      

 
GLU��%X�HúLWOLN�L]G�ú�P��NÕVDFD�WDQÕPODPDPÕ]D�\DUGÕPFÕ�ROXU� 
 

  2x �HOHPDQÕ�� ( ) 1, 222 == xxx �X]XQOXN�GH÷HULQH�VDKLSVH�R�]DPDQ�� 
 
                           1x  ’ in 2x ��]HULQH�L]G�ú�Pü = 221 ),( xxx    (2.2.4)

  

      
dir.  
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2.3 Ortonormal Sistemler 

  

 �7DQÕP�������  S , X �Lo�oDUSÕP�X]D\ÕQÕQ�HOHPDQODUÕQÕQ�ELU��N�PHVL�
ROVXQ�(÷HU� ,x y∀ ∈S için 

 

                     Syx

yx

yx

yx ∈








=

≠
= ,

1

0

),(                           (2.3.1) 

 
 
ise , S kümesine ortonormaldir denir. 
 
$QFDN���H÷HU��� yx ≠   için  ( ) 0, =yx   ise bu kümeye ortogonaldir denir.                                                

         Örnek 2.3.1: nR   ’ de  ),( yx �Lo�oDUSÕPÕ���� ∑
=

=
n

i

ii yxyx
1

),(            olmak üzere    

                                                                                                   

(1,0,0,…,0), (0,1,0,…,0), … , (0,0,…,1) 

 

ELULP�YHNW|UOHUL�ELU�RUWRQRUPDO�N�PH�ROXúWXUXUODU� 
                                                                                                                               

           Örnek 2.3.2: C[-π,π] veya L2 [-π,π@��X]D\ÕQGD��� ∫
−

=
1

1

)()(),( dxxgxfgf      iç 

oDUSÕPÕ\OD�ELUOLNWH 
 

( ) ( ) ( ) ( ) ( ) ,,2sin,2cos,sin,cos,2 2121212121 �xxxx
−−−−− πππππ  

 
IRQNVL\RQODUÕ��RUWRQRUPDO�ELU�N�PH�ROXúWXUXUODU� 
                                             

     Örnek 2.3.3: C[-1,1]  veya  L2[-1,1]  ’de  ∫
−

−=
1

1

2 )()(1),( dxxgxfxgf                

Lo�oDUSÕPÕ�LOH�ELUOLNWH�� 
                                                                       

 

21

]arccos)1sin[(
)(

x

xm
xU m

−

+
=           ,  m = 0,1,. . . , 
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IRQNVL\RQODUÕ��RUWRJRQDO�ELU�N�PH�ROXúWXUXU��*HUoHNWHQ�� 
                                                                                    
                                                                                        









=

≠
=++=− ∫∫

− nm

nm

dnmdxxUxUx nm

,2

,0

)1sin()1sin()()(1
0

1

1

2

π
θθθ

π

 

                                                                                             
 

dir. O halde  π
2 )(xUm     �IRQNVL\RQODUÕ�RUWRJRQDOGLU� 

 
  Teorem 2.3.1 ( Pisagor   Teoremi):  

��������(÷HU� nxxx ,,, 21 �  ’ ler ortogonal ise o zaman   

                              
22

2

2

1

2

21 nn xxxxxx +++=+++ ��           (2.3.2)  

dir. 

 
         øVSDW�� ix  ’ OHU�RUWRJRQDO�ROGX÷XQGDQ��M�≠k iken 0),( =kj xx �GÕU��'ROD\ÕVÕ\OD 
 

∑∑ ∑ ∑∑∑∑
= = = ====

===







=

n

i

n

j

n

j

n

j

jjjji

n

j

j

n

i

i

n

j

j xxxxxxxx
1 1 1 1

2

11

2

1

),(),(,  

 
 
ROXS�������VD÷ODQÕU� 
  Sonuç 2.3.2 : yx ⊥   ise  

222
yxyx +=+  dir. 

 
        �øVSDW�� Teorem  2.3.1 ’ de ,     n = 2 için 
                       

222
yxyx +=+  

  

ROXU��'ROD\ÕVÕ\OD�LVSDW�WDPDPODQPÕú�ROXU� 
  
        
  Teorem 2.3.3:�6ÕIÕUGDQ�IDUNOÕ��� nxxx ,,, 21 � ��RUWRJRQDO�HOHPDQODUÕQ�N�PHVL�
OLQHHU�ED÷ÕPVÕ]GÕU� 
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         �øVSDW�� Farz edelim ki       0,011 ≠=++ inn axaxa K    olsun. Yani ai ‘lerin 

KHSVL�VÕIÕU�ROPDVÕQ��2�]DPDQ�� 
),(),(),0(0 11 kkkknnk xxaxxaxax =++== �  

olur. Bu ise  
2

0 0
k k

x x= ⇒ = ��ROGX÷XQX�V|\OHU��%X�LVH�KLSRWH]�LOH�oHOLúLU� 
 �%X�WHRUHPLQ�WHUVL�|QHPOLGLU��<DQL�OLQHHU�ED÷ÕPVÕ]�ELU�N�PH�
RUWRQRUPDOOHútirilebilir.  

 

  Teorem 2.3.4:  1 2, , , ,
n

x x x� � �VRQOX�YH\D�VRQVX]�HOHPQODUÕQ�ELU�GL]LVL�|\OH�
ki her bir  1 2, , ,

n
x x x� ��OLQHHU�ED÷ÕPVÕ]�ROVXQ��2�]DPDQ�� 

  
 
 

                                              















++=

+=

=

�

333232131
*

3

222121
*

2

111
*

1

xaxaxax

xaxax

xax

 (2.3.3) 

 
ve 
                                              �,2,1,),( ** == jixx ijji δ  (2.3.4) 

 
RODFDN�úHNLOGH� 

ijaij ≤≤1,  

                                        
sabitlerini bulabiliriz. 
 
       ��øVSDW����$UGÕúÕN�RODUDN�� 
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)5.3.2(

),(

),(

1
11

*
1

**
111

22
*

2
*

1
*

1222

11
*

111















=−=

=−=

==

∑
=

++++++

n

i

nnnkknnn yyxvexxxxy

yyxvexxxxy

yyxvexy

�  

                       
NXUDOÕP��%X�\DSÕQÕQ�WHNUDU�HGLOPHVLQGHQ��� 1+ny  ve böylece 1+nx   ’in 121 ,,,, +nxxx �  

¶LQ�ELU�OLQHHU�NRPELQDV\RQX�ROGX÷X�DoÕNWÕU���0DGHP�NL�� iy  �VÕIÕr olamaz , o halde 

iy   ¶GH�VÕIÕU�RODPD]� BX�LúOHP�� ny  ’i  verir ve daha sonra  ny    ,  
ny

1
  ile 

oDUSÕODUDN�QRUPX���RODQ�ELU�YHNW|U�HOGH�HGLOLU��� 0=ny  olsa\GÕ��VRQ�VDWÕU� nx  ’ in ,  

{ }**
2

*
1 ,,, nxxx � ��F�POHVLQLQ�ELU�OLQHHU�NRPELQDV\RQX�ROGX÷XQX�J|VWHULUGL��'ROD\ÕVÕ\OD�

nx  ,   11 ,, −nxx �  ’in bir lineer kombinasyonu olurdu ki bu durum { }nxxx ,,, 21 �   ’in 

OLQHHU�ED÷ÕPVÕ]�ROPDVÕ\OD�oHOLúLU�� *
ix ’lar normaldir: 

1),(
1

),(),( 2

** === ii

i

iiiiii yy
y

yyyyxx
 

ùLPGL�GH� 1+nx   (veya 1+ny )   ile     *
1

*
1

* ,,, xxx nn �− ���¶ÕQ�RUWRJRQDO�ROGX÷XQX�
göstermeliyiz. 

Basit bir hesapla   ( ) 0, *
12 =xy �GÕU�  

 Farzedelim ki   ni ≤    , ij <   için , 

0),( * =ji xy , 

olsun. O zaman nj ≤     için , 
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0

),(),(

),)(,(),(

),),((),(

*
1

*
1

1

**
1

*
1

1

***
11

*
1

=

−=

−=

−=

++

=
++

=
+++

∑

∑

jnjn

n

k

jkknjn

n

k

jkknnjn

xxxx

xxxxxx

xxxxxxy

 

GÕU����                           
        

  Sonuç 2.3.5 : iia ��EDúNDWVD\ÕODUÕ��SR]LWLIWLU�� ( ) 1−= iiii ya    �GÕU� 
 
         Sonuç 2.3.6 : 

**
22

*
11

*
222

*
1212

*
1111

nnnnnn xbxbxbx

xbxbx

xbx

+++=

+=

=

�
�  

 
RODFDN�úHNLOGH�� 0>iib    olmak üzere     

ijbij ≤≤1,  

sabitlerini bulabiliriz. 
  
  

 øVSDW�                  
11

11
*

1
11

1

11

a
bkiöylex

a
x ==  

 
 

22
22

*
2

22

*
1

1122

21

*
2

22
1

22

21
2

11

1

a
bkiöylex

a
x

aa

a

x
a

x
a

a
x

=+−=

+
−

=

 

 
 
GÕU��7�PHYDUÕPOD���� 0>iia    için ; 
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,...2,10
1

=>== jy
a

b

ii

ii

ii

 

 
GÕU�  
         

 Sonuç 2.3.7 :    1
*

2
*

1
* ,,, −⊥⊥⊥ nnnn xxxxxx �      ��GÕU� 

 

 øVSDW��  **
22

*
11 kkkkkk xbxbxbx +++= �  

 
öyle ki   k< n  olmak üzere  
 

∑∑
==

==







=

n

i

inki

n

i

ikinkn xxbxbxxx
1

**

1

*** 0),(,),(  

GÕU� 
 (÷HU�� **

2
*
121 ,,,,,, nn xxxvexxx �� ��������������WDUDIÕQGDQ�ED÷ODQGÕUÕOPÕú�YH�

VRQUDNLOHULQ�RUWRQRUPDO�ROPDVÕ�LVWHQLU�YH� 0>kka  , k= 1,2,...,n  ise o zaman  ija  

sabitleri tek olarak belirlenirdi. Gram-6FKPLGW�LúOHPL�EXQODUÕ�EHOLUOHPHN�LoLQ�\DOQÕ]FD�
bir yöntemdir. 

'L÷HU�WDUDIWDQ���H÷HU�� 
 

,,,2,1,2211
*

nkxxxx nknkkk �� =+++= ααα  

 

ise , o zaman  ijα   sabitlerinin seçiminde daha özgür oluruz.  

 
         Örnek 2.3.4: �,,,,1 32

xxx ���NXYYHW�IRQNVL\RQODUÕ��&>D�E@��X]D\ÕQGD�OLQHHU�
ED÷ÕPVÕ]GÕU��(÷HU�� 

bxaxaxaxaa
n

n ≤≤≡++++ ,02
210 �  

 

ise o zaman  niai ,,2,1,0 �== �����GÕU�� 
 
        )(xw  ,  [a,b] üzerinde WDQÕPODQPÕú�SR]LWLI��LQWHJUDOOHQHELOLU�ELU�IRQNVL\RQ�ROPDN�
üzere , [ , ]C a b �¶GH�D÷ÕUOÕNOÕ�Lo�oDUSÕP������������������� 
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∫=
b

a

dxxgxfxwgf )()()(),(  

                             
úHNOLQGH�WDQÕPODQÕU� 
 
.XYYHW�IRQNVL\RQODUÕQÕQ�EX�Lo�oDUSÕP�LOH�RUWRQRUPDOOHúWLULOPHVL�LOH� 

�+= n

nn xkxP )(          ,         n =0,1,2,. .  .  ve   kn> 0 

�RUWRQRUPDO��SROLQRPODUÕQ�N�PHVL�HOGH�HGLOLU� 
     

∫ =
b

a

mnnm dxxPxPxw δ)()()( **     ,                  m,n = 0,1, . . . 

 
 

  Örnek 2.3.5: 1)(1,1 ==−= xwveba   olmak üzere Legendre 

SROLQRPODUÕ��WHRUHP������¶WHNL�\|QWHP�LOH�KHVSODQÕU�� 
2

321 ,,1 xxxxx ===     olsun. 

111 == xy  olur. Buradan; 

2

1
2

1

1*
1

211

1

1 ===







= ∫

+

− y

y
xveolurdxy  

     

2

1
)

2

1
,(),( *

1
*
12

*
22 xxxxxxy −=−=  

                                                     
Burada  

0.
2

1
)

2

1
,(

1

1

== ∫
+

−

dxxx  

  
olur. Buradan; 

.
3

2
211

1

2
22 olurdxxyböylecevexy =








== ∫

+

−

 

 

Böylece   xx
2

3*
2 =      olur.   

3

12
3 −= xy  
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





 −=






=
















 −= ∫

+

− 3

1
10

4

3
10

15

2

3

1 2*
3

21
1

1

2
2

3 xxvedxxy  

 

olur.             

  Örnek 2.3.6: 212 )1()(1,1 −−==−= xxwveba   alarak 

,),(),( 10 �xTxT  1. W�U�&KHE\VFKHY�SROLQRPODUÕQÕ�KHVDSOD\DOÕP� 
�,,,,1 3

3
2

210 xxxxxxx ====        olsun. 

 

0

0*
000 ,1

y

y
xxy ===  

 
olur. 

π=








−
== ∫

−

2
1

1

1
2

21
000

1

1.1
)],[( dx

x
yyy  

 
ve 

)(
1

0
21*

0 xTx
−== π

π
 

 

GÕU��ùLPGL�GH��� *
1x �¶Õ��EXODOÕP� 

 

( )

∫
−

−

−
−=

−=

1

1
2

1

*
0

*
0111

1

1.

,

dx
x

x
x

xxxxy

π

 

     
Bu son kÕVÕPGDNL�LQWHJUDOH�,��GHUVHN� 
 

0
1

1

1
2

=
−

= ∫
−

dx
x

x
I  

olur. 

Burada   tdtdxtx cos,sin == ��G|Q�ú�P��\DSÕOPÕúWÕU�YH� 22 ππ −ve ��VÕQÕUODUÕ�
HOGH�HGLOPLúWLU��'ROD\ÕVÕ\OD��EXUDGDQ�� 
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xxy =−= 01  

elde edilir. 

212
1

1

1
2

22
1

1

1
2111 211

.
),(),( 






=









−
=









−
=== ∫∫

−−

π
dx

x

x
dx

x

xx
xxyyy

olur. Burada  yine ;  

tx sin= 21sin,21sincos, ππ =⇒=−=⇒−== ttttvetdtdx ��G|Q�ú�POHUL� 
\DSÕOPÕúWÕU� 
Buradan; 

( ) )(
22

2

1

21
21

21
1

1*
1 xTx

x

y

y
x

−
−







==









==
ππ

π
 

 
elde  edilir.  
 

( ) 








−
−









−






−=

−−=

∫∫
−

−

−

− 1

1
2

2
1

1

1
2

21
2

*
0

*
02

*
1

*
1222

1

1.

12

),(),(

dx
x

x
xdx

x

xx
x

xxxxxxxy

ππ

 

 
 
%X�HúLWOLNWHNL�LON�LQWHJUDOH�� 1I   ve  ikinci integrale  2I   dersek ; 
 

22

π
=I     (daha önce  gösterildi) 

 

0
1

1

1
2

2

1 =
−

= ∫
−

dx
x

xx
I  

                                
 bulunur. Çünkü burada , 

2

3

1 x

x

−
 tek fonksiyondur. Buradan; 

 



2.TEMEL TANIM VE TEOREMLER                                                                                Oray OR                              

 20 

2

1

2
)(0.

2

2

1
1

2
2

−=







−






−= −

−

x

xxy
πππ

 

EXOXQXU��ùLPGL� 

( )
∫
−







=

−

−
=

1

1

21

2

22

2 22

1

1

21 π
dx

x

x
y

 

Böylece; 

( ) )(
2

12
2

22

1
2

1

2

21
2

21

21

2

2

2*
2 xTx

x

y

y
x

−−







=−






=









−
==

ππ
π

 

elde  edilir.   
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������)RXULHU���2UWRJRQDO���$oÕOÕPODUÕ 
 

 7DQÕP��������  ,,, *
2

*
1 �xx �����RUWRQRUPDO�HOHPDQODUÕQ�VRQOX�YH\D�VRQVX]�ELU�

GL]LVL�ROVXQ��\�NH\IL�VHoLOPLú�ELU�HOHPDQ�ROPDN��]HUH 
( ) *

1

*, n

n

n xxy∑
∞

=

 

 

LIDGHVLQH��\�LoLQ�ELU�)RXULHU�VHULVL�GHQLU���(÷HU�GL]L�VRQOX�LVH�VRQOX�WRSODP�NXOODQÕOÕU����
Burada ; ( )*, nxy ��VDELWOHUL��\�¶�QLQ��)RXULHU���NDWVD\ÕODUÕ�RODUDN�DGODQGÕUÕOÕU�\�
HOHPDQÕQÕQ�)RXULHU�VHULVL� 

                                                  ( ) *

1

*,~ n

n

n xxyy ∑
∞

=

                                             (2.4.1)

   

úHNOLQGH�J|VWHULOLU� 
 (2.2.4) göz önünde bulundurularak  (2.4.1) ; 

                                   ∑
∞

=1

~
n

y ( y  ’ nin  *
nx ��]HULQH�L]G�ú�P�� (2.4.2) 

úHNOLQGH�\RUXPODQDELOLU�YH�E|\OHFH�ELU�HOHPDQÕQ�)RXULHU�VHULVL�\DOQÕ]��RUWRQRUPDO�
HOHPDQODUÕQ�ELU�VLVWHPL��]HULQGHNL�HOHPDQODUÕQ�L]G�ú�POHULQLQ�WRSODPÕGÕU� 
 (÷HU� 0,,, 21 ≠�xx   ortogonal ise  o zaman , 

                                       ,,2,1* �== k
x

x
x

k

k
k  (2.4.3) 

úHNOLQGH�VHoLOHELOLU��|\OH�NL��������� 

                      
( )
( )∑ ∑

∞

=

∞

=

=










1 1 ,

,
,~

n k

k

kk

k

k

k

k

k x
xx

xy

x

x

x

x
yy  (2.4.4) 

olur. 

Yeniden , (2.2.3) ’ ten  
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                                     ∑
∞

=1

~
n

y ( y ’ nin  nx ��]HULQH��L]G�ú�P��� (2.4.5) 

DQODPÕ�oÕNDUÕODELOLU� 
 Örnek 2.4.1 : 3R  ’ te   ),( yx �Lo�oDUSÕPÕ�� ∑

=

=
3

1

),(
i

ii yxyx   olmak üzere ,  

)1,0,0(,)0,1,0(,)0,0,1( *
3

*
2

*
1 === xxx  

seçelim. Bir ),,( cbay = 3R∈  için ; 

 

cxybxyaxy === ),(,),(,),( *
3

*
2

*
1  

ROGX÷XQGDQ�� 
)1,0,0()0,1,0()0,0,1(),,( cbacba ++=  

WRSODPÕ�� y ¶�QLQ��)RXULHU�DoÕOÕPÕGÕU� 
 Örnek 2.4.2 : ],[ ππ−C   veya  ],[2 ππ−L ���X]D\ODUÕQÕ���

∫
−

=
π

π

dxxgxfgf )()(),( ��Lo�oDUSÕPÕ\OD��HOH�DODOÕP�� 

Ortonormal sistem : �,2sin)(,cos)(,sin)(,)2( 21212121 xxx
−−−− ππππ  

 

∫∫
−−

==
π

π

π

π ππ
dxkxxfbvedxkxxfa kk sin)(

1
cos)(

1
     olmak üzere; 

                                     ∑
∞

=

++
1

0 sincos
2

~)(
k

kk kxbkxa
a

xf   (2.4.6) 

GÕU��%XQD�)RXULer Serisi denir. 

 Örnek 2.4.3 :  ]1,1[−C �X]D\ÕQGD���� ( ) ∫
− −

=
1

1
21

)()(
,

x

dxxgxf
gf     olsun. 

Ortonormal sistem: 

( ) ,,)(
2

,)(
2

,)( 2

21

1

21

0
21 �xTxTxT

−−
−















 πππ  

olmak üzere ; 
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              ∫∑
+

−

∞

= −
=+

1

1
2

1

0

1

)()(2
,)(

2
~)(

x

dxxTxf
axTa

a
xf k

k

k

kk

p

                 (2.4.7) 

 

GÕU��%XQD��&KHE\VFKHY-Fourier seULVL�DGÕ�YHULOLU� 
 6RQOX�ER\XWOX�X]D\ODU�ROPDVÕ�GXUXPXQGD��ELU�HOHPDQ�LOH�RQXQ�)RXULHU�DoÕOÕPÕ�
oDNÕúÕNWÕU��%XQXQ�LoLQ�DúD÷ÕGDNL�WHRUHP�YHULOHELOLU� 
 Teorem 2.4.1 : nxxx ,,, 21 � �OLQHHU�ED÷ÕPVÕ]��YH�� *

ix  ’ lar  ix ’lerin                                           
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2.5 )RXULHU��$oÕOÕPODUÕQÕQ�0LQLPXP�g]HOOLNOHUL 
 

 ��)RXULHU�DoÕOÕPODUÕ�DúD÷ÕGDNL�PLQLPXP�|]HOOL÷LQH�VDKLSWLU� 
 

 Teorem 2.5.1 : Bir X Lo�oDUSÕP�X]D\ÕQGD��� �,, *
2

*
1 xx   ortonormal bir sistem 

ve  y �NH\IL�VHoLOPLú�ROVXQ��2�]DPDQ� Naaa ,,, 21 �   sabitlerinin her seçimi için ;  
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LIDGHVLQLQ�\DOQÕ]�YH�\DOQÕ]�� 
                                           ( ) Nixya ii ,,2,1,, * �==  (2.5.2) 

�ROGX÷X�]DPDQ��\DQL� a ’ lar y ¶�QLQ�NDWVD\ÕODUÕ�ROGX÷X�]DPDQ��PLQLPXP�GH÷HULQLQ�
HOGH�HGLOHFH÷L�DoÕNWÕU��%LU�EDúND�GH\LúOH���ELU�Lo�oDUSÕP�X]D\ÕQÕQ�VRQOX�ER\XWOX�bir alt 

X]D\ÕQGD�� y ¶�\H�HQ�\DNÕQ�OLQHHU�NRPELQDV\RQ�� y �LoLQ�)RXULHU�VHULVLQLQ�Q��NÕVPL�
WRSODPÕGÕU� 
 

 1�PHULN�DQDOL]LQ�HQ�N�o�N�NDUH�SUREOHPL��X\JXQ�ELU�Lo�oDUSÕP�X]D\ÕQGD����

∑
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−
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ii
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xay
i 1

min   ’ nin terimlerini bulmak ile formüle edilebilir. Bir sonraki sonuç 

bu tür problemlerin çözümünü verir. 

 

 Sonuç 2.5.2 : Nxxx ,,, 21 � ��ELU�Lo�oDUSÕP�X]D\ÕQGD�OLQHHU�ED÷ÕPVÕ]�

HOHPDQODUÕQ�ELU�N�PHVL�ROVXQ��� ∑
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−
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ii xay
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�¶H�PLQLPL]H�HGLOPLú�� Nxxx ,,, 21 �  ‘nin 

lineer kombinasyonunu bulma problemi , 
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WDUDIÕQGDQ�o|]�O�U���� 
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ix  ’ lar , x  ’ lerin  ortonoUPDOOHúWLULOPLúOHULGLU�YH�\XNDUÕGDNL�SUREOHPLQ�
çözümü  tektir. Bu bize her en küçük kare probleminin , uygun  bir Fourier serisi 

WDUDIÕQGDQ�o|]�OG�÷�Q��V|\OHU� 
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 øVSDW����7HRUHP�������¶�LQ�VRQ��HúLWOL÷LQGH�� ( )*, ii xya = ��\D]DOÕP���%|\OHFH�
LIDGH�HWPLú�ROGX÷XPX]�HúLWOLN�HOGH�HGLOLU� 
 
  
 6RQXo���������%HVVHO��(úLWVL]OL÷L�����(÷HU�� *

ix  ’ lar   ortonormal ise , o zaman, 
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22*,   (2.5.3) 
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 øVSDW��  Sonuç 2.5.3 ’den ; 
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 Sonuç 2.5.5 :�(÷HU�� *
ix ��¶�ODU�RUWRQRUPDO�HOHPDQODUÕQ�VRQVX]�ELU�GL]LVL�LVH��o 

zaman , 
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1
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i
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(2.5.4) 

GÕU� 
 

 øVSDW��  Sonuç 2.5.4  ’ ten  sonlu ortonormal elemanlar için Bessel 

HúLWVL]OL÷LQGHQ�KHU�� 0>N  için ; 
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seriQLQ�NÕVPL�WRSODPODU�GL]LVL�VÕQÕUOÕGÕU�YH�GROD\ÕVÕ\OD�\DNÕQVDNWÕU��%|\OHFH����������
HúLWVL]OL÷LQLQ�KHU�LNL�WDUDIÕQÕQ�� ∞→n �LoLQ�OLPLWL�DOÕQÕUVD����������HOGH�HGLOLU� 
 

 Sonuç 2.5.6 :�(÷HU�� *
ix  ’ lar ortonormal elemanlarÕQ�VRQVX]�ELU�GL]LVL�LVH��R�

zaman , 

                                                         ( ) 0,lim * =
∞→

i
i

xy   (2.5.5) 

GÕU��<DQL�� y ¶QLQ�)RXULHU�NDWVD\ÕODUÕ�VÕIÕUD�\DNODúÕU� 
 

 øVSDW������������HúLWVL]OL÷LQLQ�VROXQGDNL�LIDGH�\DNÕnsak olup genel terimi 

∞→n �LoLQ�VÕIÕUD�\DNÕQVDU��%|\OHFH�� ( ) 2*,lim i
i

xy
∞→

= 0  olur. Buradan  ( ) 0,lim * =
∞→ i

i
xy   

olur. 

 

 6RQXo���������2UWRJRQDO�(OHPDQODUÕQ�0LQLPXP�g]HOOL÷L���� nxxx ,,, 21 �  

OLQHHU�ED÷ÕPVÕ]�ROVXQ. **
2

*
1 ,,, nxxx �  ,  kx ¶�ODUÕQ�7HRUHP�������¶�WHNL�WDVDUÕ\D�J|UH��

RUWRQRUPDOOHúWLULOPLúOHUL�ROVXQ��2�]DPDQ��� 121 ,,, −naaa �  sabitlerinin tüm seçimleri 

için ; 
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probleminin çözümü  
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olur. (2.3.6) ’ dan ; 
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olur.  Sonuç 2.3.4  ve  (2.3.6) ’ dan ; 
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���(1�.hdh.�.$5(/(5�<$./$ù,0, 
 

������(Q�.�o�N�.DUHOHU�<DNODúÕPÕ 
  

 %LU�\�HOHPDQÕQÕQ�HQ�N�o�N�NDUHOHU��\DNODúÕPÕ���\DQL�ELU�Lo�oDUSÕP�X]D\ÕQGDNL�
\�¶\H�HQ�\DNÕQ�HOHPDQÕQ�EXOXQPDVÕ�SUREOHPL����YHULOHQ�OLQHHU�ED÷ÕPVÕ]��

nxxx ,,, 21 � HOHPDQODUÕQÕQ�ELU�NRPELQDV\RQX�WDUDIÕQGDQ�ELUNDo�\ROGDQ�LIDGH�
edilebilir : 

 

�����9HULOHQ�HOHPDQODUÕQ�� nn xaxaxa +++ �2211 �úeklindeki bir lineer kombinasyon 

olarak , 

(2)  x ¶�OHULQ�RUWRQRUPDOOHúWLULOPLúOHULQLQ�� **
22

*
11 nn xbxbxb +++ � ��úHNOLQGHNL�OLQHHU�

kombinasyonu olarak. 

 
 Örnek 3.1.1 :�(÷HU�� ],[ ππ−∈Cf    , o zaman, 
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−

→∞
−

→∞

π

π

π

π

dxnxxfdxnxxf
nn

 

 

GÕU��%X�5LHPDQQ�WHRUHPLGLU�YH��6RQXo�������¶�LQ�ELU�VRQXFXGXU� 
 

 Çözüm :       Bu uzaylarda  %HVVHO�HúLWVL]OL÷L��� 

,,2,1,sin)(
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∫
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olmak üzere , 
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GÕU�����������¶GHQ� 
( ) 0lim 22 =+

∞→ nn
n

ba    ⇒   0lim 2 =
∞→ n

n
a      ve     0lim 2 =

∞→ n
n

b  

ROXU�YH�E|\OHFH�o|]�P�WDPDPODQÕU�  

 Örnek 3.1.2 :  )(* xPn �¶�OHU��/HJHQGUH�SROLQRPODUÕ�ROVXQODU��(÷HU� ]1,1[−∈Cf    

ise , o zaman , 

∫
−

∞→
=

1

1

* 0)()(lim dxxPxf n
n

 

GÕU� 
 Çözüm :  LegeQGUH��SROLQRPODUÕ� ]1,1[−C  ’ de  �,,,1 2

xx ����úHNOLQGHNL��
OLQHHU�ED÷ÕPVÕ]�HOHPDQODUÕQ��RUWRQRUPDOOHúWLULOPLúOHULGLUOHU��<DQL���� ]1,1[−C  ’ de  bir 

ortonormal sistem belirtirler.  O halde Sonuç 2.5.6 ’ dan ; 
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 Örnek 3.1.3 :�(÷HU�� ],[2
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problemi tek çözüme sahiptir. 

 

 Çözüm :  Sonuç 2.5.3 ’ te   )(xfy =    ve  i

i xx = ��DOÕQÕUVD���� 
 

( )
2

0

*2

2

1

2

0

),(

)(minmin

∑

∫ ∑∑

=

==

−=









−=−

N

i

i

b

a

N

i

i

i
a

N

i

i

i
a

xxff

dxxaxfxay
ii

 

GÕU��6D÷�WDUDI�SR]LWLI�YH�VDELWWLU��9H�� *
ix ��RUWRQRUPDO�HOHPDQODUÕ��*UDP-Schmidt 

\|QWHPL\OH��WHN�RODUDN��EHOLUOHQGL÷LQGHQ�EX�WHN�o|]�PH�VDKLSWLU� 
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 Örnek 3.1.4 :  ( ) dxxaxaae
x

ai

21

1

2
210min ∫

−

−−−   problemini çözelim. 

 Çözüm :  Burada  x
ey = �RODUDN�DOÕ\RUX]��<DQL�� 
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olur.  Daha önceki bilgilerimizden  �,,,1 2
xx  polinomlar sisteminin 

RUWRQRUPDOHúWLULOPHVL\OH��� 1)(,1,1 =−== xwba  olmak üzere )  Legendre  

SROLQRPODUÕ�HOGH�HGLOHFH÷LQGHQ� *
ix �¶�ODU��\HULQH��/HJHQGUH��SROLQRPODUÕQÕ��

kullanabiliriz.Yani; 
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 Örnek 3.1.5 : �+= − nn

n xxT
12)(       &KHE\VFKHY��SROLQRPODUÕ�ROVXQ��2�

zaman ,  a ¶�ODUÕQ�W�P�VHoLPOHUL�LoLQ�� 
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GÕU��%XUDGD�� 1≥n  ’dir. 
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elde edilir. Bir önceki örnekteki gibi   Sonuç  2.5.7 ’den   (3.1������VD÷ODQÕU� 
 Örnek 3.1.6 :  (÷HU�� ∑
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  sürekli bir  )(xf   fonksiyonunun 



��(1�.hdh.�.$5(/(5�<$./$ù,0,������������������������                                                   Oray OR                              

 34 

Chebyschev - Fourier  serileri ise, o zaman, 
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)()()(
2

)( 1111
0 xTaxTaxTa

a
xf nnnn ++=






 +++− �  

 

GÕU��� )(11 xTa nn ++ ����VÕUDOÕ�Eir dizide alterne olarak 2+n �WDQH�Hú�PD[LPD��YH�PLQLPD�¶�
\D��VDKLS�ROGX÷XQGDQ����'$9,6�3�-���µ,QWHUSRODWLRQ�DQG�$SSUR[LPDWLRQ¶��'RYHU�
Publication, Inc.,New York (1975)  ) Teorem 7.6.4  bize , parantez içinin  nP ’ den  

)(xf ¶H�HQ�L\L�G�]J�Q�\DNODúÕP�ROGX÷XQX�V|\OHU��%XQXQ�LoLQ�NÕVPL��&KHE\VFKHY�–
)RXULHU��VHULOHUL��ED]HQ�HQ�L\L�G�]J�Q�\DNODúÕPODUÕ�WDQÕPODPDNWDNL�EDúODQJÕo�QRNWDVÕ�
RODUDN�NXOODQÕOÕU� 
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 (÷HU�� f  bir polinom ise , onun Chebyschev-�)RXULHU�DoÕOÕPODUÕ��NXYYHWOHULQ�
��&KHE\VFKHY�SROLQRPODUÕQÕQ�NRPELQDV\RQODUÕ�RODUDN�EXOXQDELOLU��� 

 Örnek 3.1.7 :  ]1,1[− ��DUDOÕ÷Õ��]HULQGH��
65432

1)(
5432

xxxxx
xf +++++=   

IRQNVL\RQX�LoLQ�L]LQ�YHULOHQ�KDWD�SD\Õ�� 05.0=ε  dir. Gerçekten ;  

 

( ) ( ) ( )

( )

543210

531

420311010

96

1

120

3

96

11

120

32

90

76

20

149

510
16

1

6

1

43
8

1

5

1
3

4

1

4

1

2

1

3

1

2

1
)(

TTTTTT

TTT

TTTTTTTTTxf

+++++=

++⋅+

++⋅++⋅++⋅++=

 

GÕU��� 
( ) 1coscos)( ≤= xarcnxTn  

 

ROGX÷XQGDQ�VRQ�LNL�WHULPL�VLOHELOLUL]�YH�HQ�ID]OD�� 
05.0

96

1

120

3
<−  

KDWDVÕQÕ�\DNDODUÕ]��%|\OHFH� 

3210 96

11

120

32

96

76

20

149
TTTT +++  

3P  ’ dedir ve ]1,1[−   üzerinde )(xf �¶�H��������¶GHQ�GDKD�D]�ELU�KDWD�LOH�\DNODúÕU�
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3.2  Normal Denklemler 

 

 Teorem 3.2.1 :  Bir X �Lo�oDUSÕP�X]D\ÕQGD�� nxxx ,,, 21 � ��OLQHHU�ED÷ÕPVÕ]�
elemanlar  ve  **

2
*
1 ,,, nxxx �    ortonormal sistem olsun. O zaman , her  Xy ∈ �HOHPDQÕ�

için ; 

( ) **

1

*, jk

n

k

k xxxyy ⊥







− ∑

=

 

GÕU� 
 øVSDW�� 

( ) ( ) ( )( )

( ) ( )

0

,,

,,,,,

**

1

******

1

*

=

−=

−=







− ∑∑

==

jj

n

k

jkkjjk

n

k

k

xyxy

xxxyxyxxxyy

 

 

ROXS�LVSDW�WDPDPODQÕU� 
 Sonuç 3.2.2 :  y ile onun , nxxx ,,, 21 � �¶OHU�WDUDIÕQGDQ�ROXúWXUXODQ lineer  

NRPELQDV\RQODUÕQ�HQ�L\L�\DNODúÕ÷ÕQÕQ��IDUNÕ���KHU� jx ’e  ortogonaldir. 
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                                                     y - en iyi 

                                      y ����������������������\DNODúÕP���������������� 1x  

                                                                                                         
                                                        
                                                        en iyi yakl. 
                                                                          
 
 
 

                                                                                                 2x  

                                          
 
 
  

                                                                             ùHNLO��������        
 
 
 

Geometrik dilde ,  nn xaxaxa +++ �2211 ��úHNOLQGHNL�W�P�P�PN�Q�RODQ�
OLQHHU�NRPELQDV\RQODUÕQ�N�PHVLQLQ�ELU�OLQHHU�PDQLIROG�ROGX÷XQX�V|\OHUL]��%LU�OLQHHU�
PDQLIROG�RUMLQGHQ�JHoHQ�ELU�G�]OHP�NDYUDPÕQÕQ�JHQHOOHúWLULOPLúLGLU��9H��EX�VRnuç 

VDELW�ELU�HOHPDQGDQ��ELU�OLQHHU�PDQLIROGXQ�ELU�QRNWDVÕQD�HQ�NÕVD�X]DNOÕ÷ÕQ���PDQLIROGD�
GLN�ELU�HOHPDQÕQÕQ�X]XQOX÷X�ROGX÷XQX�LIDGH�HGHU��� 

Teorem 3.2.3 :  nn xaxaxa +++ �2211  ,  nxxx ,,, 21 � ��OLQHHU�ED÷ÕPVÕ]�
ROGX÷X�IDU]HGLOVLQ���OLQHHU�NRPELQDV\RQODUÕQÕQ�LoLQGHQ���� y ¶�\H�HQ�L\L�\DNODúÕP�
olsun. O zaman ia ��NDWVD\ÕODUÕ�DúD÷ÕGDNL�HúLWOLN�VLVWHPLQLQ�o|]�POHULGLU� 

 

  

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )nnnnnnn

nn

xyxxaxxaxxa

xyxxaxxaxxa

,,,,

.

.

.

,,,,

221

11122111

=+++

=+++

�

�

                      
















 (3.21) 

 

�%X�HúLWOikler normal denklemler olarak bilinirler. 
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 øVSDW�� Sonuç 3.2.2 ’den  

 

0,
1

=







− ∑

=

n

k

jkk
xxay  

 

GÕU��%X�LIDGH�DoÕOGÕ÷ÕQGD�� 
  

( ) ( ) ( )

( ) ( ) ( )
jnnjj

jnnjj

xxaxxaxy

xxaxxaxy

,,,

0,,,

11

11

++=

=−−−

�

�
 

 

HOGH�HGLOLU��%X�LVH������������VLVWHPLQLQ��M���HúLWOL÷LGLU� 
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����*UDP�0DWULVL�YH�'HWHUPLQDQWÕ 
 

 7DQÕP��.3.1 : nxxx ,,, 21 � �������ELU�Lo�oDUSÕP�X]D\ÕQGD�YHULOHQ�HOHPDQODUÕQ�ELU�
dizisi olsun. n x n  matrisi  

 

                     ( )( )























==

),(),(),(

..

..

..

),(),(),(

,

21

12111

nnnn

n

ji

xxxxxx

xxxxxx

xxG

�

�

  (3.3.1) 

 

nxxx ,,, 21 �  ’ lerin Gram matrisi�RODUDN�ELOLQLU��'HWHUPLQDQWÕ�� 
 

                               ( ) ( ) ( )
ijjin xxxxxxgg ,,,,1 === �  (3.3.2) 

 

HOHPDQODUÕQ�*UDP�GHWHUPLQDQWÕ�RODUDN�ELOLQLU� 
 

*UDP�PDWULV���QRUPDO�HúLWOLNOHULQ�NDWVD\ÕODUÕ�PDWULVLQLQ�WUDQVSR]XGXU��%X�D\QÕ�
zamanda 

            ( ) ( )∑
=

=++++++
n

ji

jijinnnn xxbaxbxbxbxaxaxa
1,

22112211 ,, ��  (3.3.3) 

bilineer formun matrisidir. Burada gerçekten ; 

 























=⇔++=

n

nn

a

a

XxaxaX

.

.

.
1

11 �  



��(1�.hdh.�.$5(/(5�<$./$ù,0,������������������������                                                   Oray OR                              

 40 























=⇔++=

n

nn

b

b

YybybY

.

.

.
1

11 �  

ve 

( )( )
nxnji

nnn

n

xx

xxxx

xxxx

A ,

),(),(

),(),(

1

111

=























=

�

�

 

  

olmak üzere n
K  üzerinde bilineer formu  nKf : x n

K ��úHklinde bir fonksiyon olup ; 

 

( ) ( )

( )

( )∑
=

=























=

=

++++=

n

ji

jiji

n

n

T

nnnn

xxba

b

b

Aaaa

YAX

xbxbxaxaYXf

1,

1

21

1111

,

.

.

.

..,,,

..

,,

�

��

 

 

(3.3.3) elde edilir. Buradaki bilineer formun  A  matrisi Gram matristir. 

 Burada  ( )nxxxg ,,, 21 �   argümentlerinin simetrik fonksiyonudur. Bunun için 

, ( )nji xxxxxg ,,,,,,, 21 ��� ���¶L�G�ú�QHOLP��YH�� ix  ve  jx ¶QLQ�\HU�GH÷LúWLUGL÷LQL�
YDUVD\DOÕP��<DQL���� ( )

nij xxxxg ,,,,,,1 ���   olsun. Bu ,  son ifadenin determinant   

DoÕOÕPÕQGD��L���YH��M���V�WXQODU�\HU�GH÷LúWLUGL÷LQL����LON�LIDGH�LoLQ��LVH��L���YH��M���VDWÕUODUÕQ��
\HU�GH÷LúWLUGL÷LQL��J|VWHULU� 
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 Lemma 3.3.1 :  ∑
=

==
n

j

jiji nixay
1

,,2,1, �  olsun. A ,  ( )
ija   matrisini 

göstersin ve A
~

 ,  onun konjuge transpozu  ( )
jia  olsun. O zaman ; 

                               ( ) ( )AxxxGAyyyG nn

~
,,,,,, 2121 �� =  (3.3.4) 

ve  

                              ( ) ( )nn xxxgAyyyg ,,,det,,, 21

2

21 �� =  (3.3.5) 

GÕU�� 
 øVSDW�� 

nnnnnn

nn

nn

xaxaxay

xaxaxay

xaxaxay

+++=

+++=

+++=

�
�

�

�

2211

22221212

12121111

 

 

olmak üzere,  

 

( ) AxxxG
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aaa

xxxxxx

xxxxxx

xaxaxxaxax

xaxaxxaxax

yxyxyx

yxyxyx

n

nnnn

n

nnnn

n

nnnnnnnn
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nnnn
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~
,,,
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.
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.
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.
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12111
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12111

111111
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12111

�

�

�
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�
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�

�

=


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









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









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
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






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







=






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




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=
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


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
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GÕU���+DWWD�� 
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( )n

nnn

n

nnnnnnnnnnnn
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nnnnnnnnnn
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dir. 

 

 %X�LNL�HúLWOL÷L�ELUOHúWLUHUHN�OHPPDQÕQ�LON�|]GHúOL÷LQL�HOGH�HGHUL]��øNLQFL�NÕVÕP�
determinant almaktan gelir  ve  burada AA =

~ ���GÕU� 
Özel durum olarak;  

 

                ( ) ( )nnnn xxxgxxxg ,,,,,, 21

22

2

2

12211 ��� σσσσσσ =  (3.3.6) 

 

GÕU� 
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 Teorem 3.3.2 :  0,,, 21 ≠nxxx �    olsun. O zaman ; 

       i)                         ( ) 22

2

2

121 ,,,0 nn xxxxxxg �� ≤≤  (3.3.7) 

 

GÕU�� 
       ii) $OW�VÕQÕU�� 0=g   hali  ancak ve ancak  ix ¶OHU�OLQHHU�ED÷ÕPOÕ�LVH�PH\GDQD�
JHOLU��hVW�VÕQÕU�DQcak ve ancak bu elemanlar ortogonal ise meydana gelir. 

 (÷HU�HOHPDQODU�QRUPDOOHúWLULOPLúOHU�LVH���\DQL� 1=ix   ise, o zaman ,  

 

                                                         10 ≤≤ g  (3.3.8) 

GÕU� 
 øVSDW����L� Farzedelim ki  x ¶OHU�OLQHHU�ED÷ÕPOÕ�ROVXQ��2�]DPDQ�

02211 =+++ nn xaxaxa � ��LNHQ�KHSVL�VÕIÕU�ROPD\DQ� naaa ,,, 21 �   sabitlerini 

bulabiliriz. Farzedelim ki 0≠ja   olsun ve  

 

                 

               

nn

jj

nnj

jj

xy

xy

xaxaxay

xy

xy

=

=

=+++=

=

=
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−−

.

.

.
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.

.

11

2211
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�                                   























 (3.3.9) 

 

G|Q�ú�POHULQL�G�ú�QHOLP� 
 

( ) ( ) 0,0, == iij yyy ��ROGX÷XQGDQ������ ( ) 0,,, 21 =nyyyg � �����ROXU��ùLPGL�� 
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1000
.

.

.

.

.

.

.

.

.

.

.

.
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.

.

.

.

.
0001

21

��

��

��

��

nj aaaa

A =  

 

GHWHUPLQDQWÕ��� .j ��VDWÕUÕQ�PLQ|U�QH�J|UH�DoÕOÕUVD 

0001.00 ≠=++++++= jj aaA ��   

olur.  Lemma 3.3.1 ’den ; 

 ( ) 0,,, 21 =nxxxg �  

olur. Çünkü ;  

 

( ) ( )nn xxxgAyyyg ,,,det,,, 21

0

2

21 ����
	�
≠

=  

GÕU�� 
 ùLPGL�GH�� x ¶OHULQ�OLQHHU�ED÷ÕPVÕ]�ROGX÷XQX�G�ú�QHOLP��O zaman Teorem 

2.3.3 ’ den ; 

0,2211
* >+++= kkkkkkkk axaxaxax �  

 

RODFDN�úHNLOGH�RUWRQRUPDO�RODQ�� ija �VDELWOHULQL�EXODELOLUL]��/HPPDPÕ]GDQ�� 
( ) ( ) 2

21
**

2
*
1 ,,,,,,1 Axxxgxxxg nnij �� === δ  

olup ,  burada   
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nn
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a

A �
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2211
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.
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.

.
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GÕU��%|\OHFH�� 
                           ( ) 0

1111
,,,

22
22

2
11

221 >==
nn

n
aaaA

xxxg ��  (3.3.10) 

 

GÕU��%|\OHFH�� x ¶OHU�DQFDN�OLQHHU��ED÷ÕPOÕ�ROGX÷X�]DPDQ�� 0=g  olur. 

%XQGDQ�VRQUDNL�DGÕPGD� 
                                                   

2

2

1
k

kk

x
a

≤  (3.3.11) 

ROGX÷XQX�J|VWHUHFH÷L]� 
 (2.3.5) ’dan ; 

( ) 2

2
1

1

**2

2 ,
1

k

k

j

jjkkk

kk

xxxxxy
a

≤−== ∑
−

=

 

GÕU��d�QN��WHRUHP���������¶GHQ�YH� 0=ia �ROPDVÕQGDQ���\DQL���� 
1,,1,0),(),( ** −==== kixxxya ikii �  

ROPDVÕQGDQ�� 

k

k

i

iik xxax ≤− ∑
−

=

1

1

 

GÕU�  

 ii)  ( )⇒ �(÷HU�� ix ’ler ortogonal ise , o zaman  G ��N|úHJHQL� 2

ix  olan ve 

GL÷HU�KHU�WDUDI��VÕIÕU�RODQ�ELU�PDWULV�ROXU��<DQL�� 
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olur. Bu taktirde ; 

( ) 22

2

2

121 ,,, nn xxxxxxg �� =  

 

ROXU��%|\OHFH�HOHPDQODUÕQ�RUWRJRQDO�ROPD�KDOLQGH��VW�VÕQÕUGD�HúLWOLN�YDUGÕU� 
 

 ( )⇐ �9DUVD\DOÕP�NL�� 
( ) 22

2

2

121 ,,, nn xxxxxxg �� =  

olsun. (3.3.10) ’dan ; 

( )
22

22
2
11
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olur. Ancak   (2.3.5) ’dan  ve  Sonuç 2.5.3 ’ten ; 
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olur. Böylece ,  
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kk xy = ����ROGX÷XQGDQ�� 
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i
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−
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GÕU��%X�LVH�� nxxx ,,, 21 � ���YHNW|UOHULQLQ��RUWRJRQDOOL÷LQL�J|VWHULU� 
 Sonuç 3.3.3 �+DGDPDUG�¶ÕQ�'HWHUPLQDQW�(úLWVL]OL÷L���� ( )

ijaD =   kompleks 

HOHPDQOÕ�n x n  tipinde bir matris olsun. O zaman , 

                                 ( )∏
=

+++≤
n

k

knkk aaaD
1

22

2

2

1

2 �   (3.3.12) 

 

GÕU�� 
 (÷HU� ija  elemanlaUÕ� Maij ≤  ,  nji ,,2,1, �= ���úDUWÕQÕ�VD÷ODUVD�R�]DPDQ�� 
 

                                                     2nn nMD ≤  (3.3.13) 

olur. 

 øVSDW�� ix  ,   ( )inii aaa ,,, 21 �   vektörünü belirtsin. nC  ’de 

( ) ∑
=

=
n

k

jkikji aaxx
1

,  

+HUPLWLDQ��Lo�oDUSÕPÕQÕ�NXOODQDOÕP��(÷HU� jiaD =
~

 ,  D ’nin konjuge transpozunu 

belirtirse o zaman, 
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olur. Böylece , 
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olur. Böylece (3.3.12) elde edilir. 

 (÷HU�� Maij ≤  ise o zaman ; 

22
Maij ≤  

dÕU��%XUDGDQ��� 

22
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2

22

1

.
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.
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≤
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HúLWVL]OLNOHUL�WDUDI�WDUDID�WRSODQÕUVD�� 
222

2

2

1 Mnaaa knkk ≤+++ �  

HOGH�HGLOLU��ùLPGL�KHU�LNL�WDUDIÕQ�Q��NXYYHWL�DOÕQÕUVD�� 
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1 ≤+++ �  

olur.  )( *  ’dan ; 
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=
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1
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2 ��  

ROGX÷XQGan , 
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nn MnD 2
2

£  

olur. Buradan , 

2nn nMD ≤  

GÕU� 
Teorem 3.3.4 :�%LU�Lo�oDUSÕP�X]D\ÕQGD���� nxxx ,,, 21 � ��OLQHHU�ED÷ÕPVÕ]�ROVXQ��

(÷HU� 
 

                              ( )nn
a

xaxaxay
i

+++−= �2211minδ  (3.3.14) 

 

ise, o zaman , 
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n
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yxxxg

,,,
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212

�
�

=δ  (3.3.15) 

GÕU� 
 

 øVSDW���0LQLPL]H�HGLOPLú�� nn xaxa ++�11 �HOHPDQÕ��� s   olsun. O zaman , 

 

( ) ( ) ( )ssyysysysysy ,,,
22 −−−=−−=−=δ  

 

olup (3.2.1) ’den ( ) 0, =− ssy �¶GÕU��%XUDGDQ�� 
 

( ) ( ) ( )ysyyysy ,,,2 −=−=δ  

ve 

                                                          ( ) ( ) 2,, δ−= yyys  (3.3.16) 

 

ROXU��1RUPDO�GHQNOHPOHUL�DúD÷ÕGDNL�IRUPGD�\D]DU�YH����������¶QÕQ�DoÕOPÕú�KDOLQL�
bunlara eklersek , 
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 (3.3.17) 

 

elde edilir. Böylece bu sistem )1(,,,, 121 =+nn aaaa �  gibi biri belli n+1 bilinmeyen, 

Q���GHQNOHPGHQ�ROXúDQ�KRPRMHQ�GHQNOHP�VLVWHPL�ROXU�� ( )11 ,,, +nn aaa �    n+1 ’lisi  

( )0,,0,0 � �¶GDQ�IDUNOÕ�DúLNDU�ROPD\DQ�ELU�o|]�PH�VDKLS�ROGX÷XQGDQ�NDWVD\ÕODU�
GHWHUPLQDQWÕ�VÕIÕU�ROPDN�]RUXQGDGÕU���$NVL�WDNWLUGH�NDWVD\ÕODUÕQ�KHSVL�VÕIÕU�ROXUGX�� 
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Buradan ; 
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�YH��GROD\ÕVÕ\OD�� 
( ) ( )yxxxgxxxg nn ,,,,,,, 2121

2 �� =δ  
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( )n

n

xxxg

yxxxg

,,,

,,,,

21

212

�
�
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elde edilir. 

 Teorem 3.3.5 :�%LU�Lo�oDUSÕP�X]D\ÕQGD���� nxxx ,,, 21 � ��OLQHHU�ED÷ÕPVÕ]�ROVXQ� 
( )nn

a
xaxay

i

++− �11min  

probleminin çözümü s   , 
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÷−=  (3.3.18) 
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GÕU��� sy − �KDWDVÕ�� 
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ile verilir. 

 øVSDW������������QRUPDO�GHQNOHPOHUGHQ�YH��&UDPHU�.XUDOÕ�¶QGDQ��\DQL��� 1a  için  
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elde edilir.  



��(1�.hdh.�.$5(/(5�<$./$ù,0,������������������������                                                   Oray OR                              

 55 

                   ( )n

n

nnnn

n

xxxg

yxxx

xxxxxx

xxxxxx

y ,,,

0),(),(),(
.

.

.

.

.

.
0),(),(),(

21

21

21

11211

K

K

K

K

¸=  (3.3.21) 

 

\D]ÕODELOLU��d�QN�����������������Q��V�WXQD�J|UH�DoÕOÕUVD���� 
( ) ( ) yxxxgxxxgy nn =÷ ,,,,,,. 2121 ��  

ROXU��ùLPGL�����������¶H�������������  eklenerek  ; 
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(3.3.19)  elde edilir. 

 Sonuç 3.3.6 : ,,, 21 �xx ��OLQHHU�ED÷ÕPVÕ]�YH�� �,, *
2

*
1 xx  ’lar , �,, 21 xx  ’lerin 

Gram-6FKPLGW�¶H�J|UH��RUWRQRUPDOOHúWLULOPLúOHUL�ROVXQODU��2�]DPDQ�� 
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úHNOLQGH�YHULOLU� 
 øVSDW��                       ( )1111min −−++− nnn

a
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PLQLPXP�SUREOHPLQL�G�ú�QHOLP��6RQXo��������¶\H��X\JXQ�RODUDN�EX�PLQLPXP�
probleminin çözümü ; 

                                  ( ) 0,1111

*

>++−= −− nnnnn

nn

n axaxax
a

x �  (3.3.24) 
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olur. Buradan ; 
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elde edilir. Teorem 3.3.4 ’ten ;  
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olur. Buradan   
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olur. Burada  nna ��\HULQH�\D]ÕOÕU�YH�JHUHNOL�G�]HQOHPH�\DSÕOÕUVD�� 
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(3.3.22)  elde edilir. 

 Örnek 3.3.1 : �,,,1 2
321 xxxxx === ��ROPDN��]HUH���/HJHQGUH�SROLQRPODUÕ�

Sonuç 3.3.6 ’dan da elde edilebilir. 
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�����*UDP�'HWHUPLQDQWÕQ��g]HOOLNOHUL  
 

 Teorem 3.4.1 :�*UDP�GHWHUPLQDQWÕ�� ( )nxxxg ,,, 21 � ��DúD÷ÕGDNL�|]Hlliklere 

sahiptir. 
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xxxgxxxgxxxxgd

kjxxxgxxxxgc

xxxgxxxgb

durfonksiyonusimetrikinümentleringa

nppn

nnn

nnkj

nnj

<≤≤






 ″+





 ′≤





 ″+′

≠=+

=

+ 1,,,,,,,)(

,,,,,,,,,)(

,,,,,,,,)(

,,,,,,,)(

.arg,)(

111

21
21

21
21

211
21

211

21

2

1

���
���

���
���

σ

σσ

  

















 (3.4.1) 

 

�H��¶GHNL�HúLWOLN�KDOL�DQFDN�YH�DQFDN�� 
( ) njppixx ji ≤≤+≤≤= 1,1,0,  

ROPDVÕ�GXUXPXQGD�VD÷ODQÕU� 
 

 øVSDW�����D���ve   (b)��GXUXPODUÕ�GDKD�|QFH�J|VWHULOGL� 
 

(c)   ���������F���úÕNNÕQGD�YHULOHQ�HúLWVL]OL÷LQ�VRO�WDUDIÕQGDNL�GHWHUPLQDQWD��������VD÷�
WDUDIÕQGDNL�GHWHUPLQDQWD��������GL\HOLP�� 
 

 

(1)  ( )

),(),(),(),(

),(),(),(),(

),(),(),(),(

),(),(),(),(

,,,,,,

1

1

1

11111

1

nnjnknn

njjjkjj

nkjkkkk

njk

njk

xxxxxxxx

xxxxxxxx

xxxxxxxx

xxxxxxxx

xxxxg

���
��

���
��

���
��

���

��� =    
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(2) 

( )

),(),(),(

),(),(),(

),(),(),(

,,,,,,

1

1

1111

1

nnkjnn

nkjkjkjkj

nkj

nkjk

xxxxxxx

xxxxxxxxxx

xxxxxxx

xxxxxg

��
��

��
��

��

���

σ

σσσσ

σ

σ

+

++++

+

=+

 

gQFH��M���V�WXQ��HOHPDQODUÕ����|UQH÷LQ�� 
),(),(),( kijikji xxxxxxx σσ +=+  

ROGX÷XQGDQ��������DúD÷ÕGDNL�JLEL�\D]ÕODELOLU�� 
 

),(),(),(),(

),(),(),(),(

),(),(),(),(

),(),(),(),(

1

1

1

11111

nnkjnknn

njkjkjkjj

nkkjkkkk

nkjk

xxxxxxxxx

xxxxxxxxxx

xxxxxxxxx

xxxxxxxxx

���
�

��
�

���
�

���

σ

σσ

σ

σ

+

++

+

+

 

 

GÕU���M��VDWÕU�HOHPDQODUÕ��GD�� 
),(),(),( ikijikj xxxxxxx σσ +=+  

ROPDN��]HUH����\XNDUÕGD��M���V�WXQ�LoLQ�\DSÕODQODU��M��VDWÕU�LoLQ�\DSÕOÕUVD�YH�VD÷�WDUDI�
\HQLGHQ�\D]ÕOÕUVD�������GHWHUPLQDQWÕ�HOGH�HGLOLU��%|\OHFH���F��VD÷ODQPÕú�ROXU� 
(d)  Burada  nxxx ,,, 32 � ��¶LQ�OLQHHU�ED÷ÕPVÕ]�ROGX÷XQX�YDUVD\DELOLUL]��$NVL�WDNWLUGH�
��������G����¶QLQ�HOHPDQODUÕ�VÕIÕU�ROXU�YH�KHP�GH�HúLWVL]OLN�DúLNDU�ROXU��ùLPGL�� 

nxxx ,,, 32 � ¶OHUL�RUWRQRUPDOOHúWLUHOLP�YH� **
3

*
2 ,,, nxxx � ��RUWRQRUPDO�YHNW|UOHUL�DGÕQÕ�

verelim. O zaman Teorem 2.5.1  ve  (3.3.15) ’den , 

( ) ∑
=






 ″+′−″+′=++−″+′=

n

i

iinn
a

xxxxxxxaxaxx
i 1

**
11112211 ,min �δ  
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ve 

( )n

n

xxg

xxxxg

,,

,,,

2

111
2

�
� 





 ″+′

=δ    ⇒       ( )n

n

xxg

xxxxg

,,

,,,

2
21

211
21

�
� 





 ″+′

=δ  

ROXU��'ROD\ÕVÕ\OD�EXUDGDQ�� 
 

( ) ( )

( ) ( )n

n

n

n

n

k

kk

n

k

kk

n

k

n

k

kkkk

n

k

n

k

kkkk

n

k

kk

nn
a

n

n

xxg

xxxg

xxg

xxxg

xxxxxxxx

xxxxxxxx

xxxxxxxx

xxxxxx

xaxaxx
xxg

xxxxg

i

,,

,,,

,,

,,,

,,

,,

,,

,

min
,,

,,,

2
21

21
21

2
21

21
21

2

**
11

2

**
11

2 2

**
11

**
11

2 2

**
1

**
111

2

**
1111

2211
2

21

211
21

�
�

�
�

��
�






 ″

+





 ′

≤






 ″−′+





 ′−′≤






 ″−″+





 ′−′=






 ″−





 ′−″+′=






 ″+′−″+′=

++−″+′=





 ″+′

∑∑

∑ ∑

∑ ∑

∑

==

= =

= =

=

 

 

olur. Buradan ; 






 ″+





 ′≤





 ″+′

nnn xxxgxxxgxxxxg ,,,,,,,,, 21
21

21
21

211
21 ���  

 

HOGH�HGLOLU��YH�E|\OHFH��G���VD÷ODQÕU� 
(e)  pkk <≤1, ��úDUWÕQÕ�VD÷ODVÕQ��2�]DPDQ�VRO�WDUDIWD�GDKD�ID]OD�WHULP�
ROGX÷XQGDQ�� 
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( ) ( ) 2

11

2

11 minmin
1

ppkkk
b

nnppkkk
a

xbxbxxaxaxax
j

++−≤+++−
++++

KK  

ROXU��%HQ]HU�úHNLOGH�� 
( ) 22

11min pnnppp
c

xxcxcx
j

≤++− ++ �  

olur. Teorem 2.7.4 ’ten , 

 

                                         
( )

( )
( )

( )
pk

pkk

nk

nkk

xxg

xxxg

xxg

xxxg

,,

,,,

,,

,,,

1

1

1

1

�
�

�
�

+

+

+

+ ≤  (3.4.2) 

 

ve 

                                                    
( )

( ) ( )p

np

npp
xg

xxg

xxxg
≤

+

+

,,

,,,

1

1

�
�

 (3.4.3) 

 

olur. Özellikle (2.8.2) ’de     1,,2,1 −=== pkkk �       için ; 

 

                                       

( )
( )

( )
( )

( )
( )

( )
( )

( )
( ) ( )

p

np

np

p

p

n

n

p

p

n

n

xg
xxg

xxg

xxg

xxg

xxg

xxg

xxg

xxg

xxg

xxg

≤

≤

≤

+ ,,

,,

.

.

.

,,

,,

,,

,,

,,

,,

,,

,,

1

3

2

3

2

2

1

2

1

�
�

�
�

�
�

�
�

�
�

                     























 (3.4.4) 

 

HOGH�HGLOLU��%X�HúLWVL]OLNOHUL�WDUDI�WDUDID�oDUSDUVDN�� 
( )

( ) ( )
p

np

n xxg
xxg

xxg
,,

,,

,,
1

1

1 ��
�

≤
+
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veya 

                                   ( ) ( ) ( )
nppn xxgxxgxxg ,,,,,, 111 ��� +≤   (3.4.5) 

HOGH��HGLOLU��ùLPGL�� 
 ��������¶GHNL�HúLWOLN�KDOL�VD÷ODQDELOLU��⇔  (3.4.4) ’deki KHU�ELU�ED÷ÕQWÕ�
VD÷ODQPDOÕGÕU��<DQL����DQFDN�YH�DQFDN�� 
 

                                    ( ) 22

11min pnnppp
c

xxcxcx
j

=++− ++ �  (3.4.6) 

ve  

( ) ( ) 1,,2,1,minmin
2

1111 −=++−=++− ++++ pkxbxbxxaxax ppkkk
b

nnkkk
a jj

���  

(3.4.7) 

 

ROPDOÕGÕU���6RQXo�������¶WHQ�� 

( )∑∑
==

−=−
N

i

i

N

i

ii
a

xyyxay
i 1

2*2
2

1

,min  

 

ifadesi ancak  ),( *
ii xya = ��LVH�VD÷ODQÕUGÕ��'ROD\ÕVÕ\OD�������������DQFDN�YH�DQFDN� 

npjxx jp ,,1,0),( �+==  

LVH�VD÷ODQÕU��d�QN����7HRUHP��������¶WHQ� 

( ) ( )
2

1

*22

11 ,min ∑
+=

++ −=++−
n

pj

jppnnppp
c

xxxxcxcx
j

�  

GÕU��ùLPGL�GH�� 1−= pk   için  (3.4.7) 
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( )

( ) ( )

( ) ( )

( ) ( ) ( ) ( )
( ) 0,

,,,,

,,

,,

minmin

1

2*
1

2*
1

*
1

2*
1

2*
1

2*
1

2*
1

2*
1

2

1

2
*

1

2

1

2

1

2

1

=

=+++

=

−=−

−=++−

∑

∑

∑

+=
−

−−−−

=
−−

−−
=

−−

−−

n

pi

ip

ppnppppp

n

pi

ppip

ppp

n

pi

ipp

ppp
b

nnppp
a

xx

xxxxxxxx

xxxx

xxxxxx

xbxxaxax
pj

�

�

 

olur. Buradan ; 

( ) ( ) ( ) nppjxxxxxx ipipip ,,2,1,0,0,0, *
1

*
1

2*
1 �++==⇒=⇒= −−−  

olur. Böylece ; 

nppp xxxx ,,, 211 �++− ⊥  

olur. 1,,3,2 �−−= ppk ���DOÕQDUDN��EHQ]HU�VRQXoOD�HOGH�HGLOLU��YH��RUWRJRQDOOLN�
GXUXPODUÕ�VD÷ODQÕU� 
 *UDP�GHWHUPLQDQWÕ�oRN�GLNNDW�oHNLFL�ELU�JHRPHWULN�\RUXPD�VDKLSWLU�� nR ’de 

( )
iniii xxxx ,,, 21 �= �úHNOLQGH��n   vektör verilsin. Bu vektörler ,  hacmi 

( )nxxxVV ,,, 21 �= ��WDUDIÕQGDQ�EHOLUOHQPLú�RODQ�EHOLUOL�Q�ER\XWOX�ELU�SDUDOHO\�]�Q�
N|úHOHULGLU��V , 

                         

nnnn

n

n

xxx

xxx

xxx

V

�

�
�

21

22221

11211

.

.

.

.

.

.
= ����GHWHUPLQDQWÕQÕQ�DoÕN�GH÷HUL (3.4.8) 

úHNOLQGH�J|VWHULOHELOLU� 
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       3x  

                                                    2x                   

                                                                        

                                          

                                                1x                                                                                                               

 

 

                                                 ùHNLO�������  3
R  ’te  paralelyüz 

                                                                  

 ��������¶GHNL�GHWHUPLQDQWÕ�WUDQVSR]X�LOH�oDUSDUVDN�� 
 

                    ( )n

nnnn

n

xxg

xxxxxx

xxxxxx

V ,,

),(),(),(
.

.

.

.

.

.
),(),(),(

1

21

12111

2 �

�

�

==  (3.4.9) 

 

GHWHUPLQDQWÕQÕ�HOGH�HGHUL]��Böylece , 

 

                                        ( ) ( )nn xxgxxV ,,,, 11 �� =  (3.4.10) 

olur. 
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����.DSDOÕOÕN�YH�6RQXoODUÕ 
 

 7DQÕP��������  X �QRUPOX�ELU�YHNW|U�X]D\Õ�YH�� X �¶GH�HOHPDQODUÕQ�VRQOX�YH\D�
sonsuz bir sistemi ,,, 21 �xx  olsun. Her  Xx ∈ HOHPDQÕQD� ix  ’lerin   sonlu lineer 

NRPELQDV\RQX�LOH�NH\IL�RODFDN�úHNLOGH�\DNODúDELOL\RUVD�EX�VRQOX�YH\D�VRQVX]�VLVWHPH�
NDSDOÕGÕU�GHQLU��<DQL�� Xx ∈   ve   0>ε  için ; 

 

                                          ( ) ε≤+++− nn xaxaxax �2211  (3.5.1) 

 

RODFDN�úHNLOGH�� naaa ,,, 21 �   sabitlerini bulabiliriz. 

 Örnek 3.5.1 : nR   veya  n
C  ’de  n ��ED÷ÕPVÕ]�YHNW|U�Q�KHU�N�PHVL�NDSDOÕGÕU��

ix ¶OHU�OLQHHU�ED÷ÕPVÕ]�ROGX÷XQGDQ�� 
( ) 0,,, 21 >nxxxg �  

GÕU��(÷HU� 
( )

iniii xxxx ,,, 21 �=  

ise , o zaman , 

( ) 0

.

.

.

.

.

.

.

.

.

.

.

.

,,

1

111

1

111

1 >=

nnn

n

nnn

n

n

xx

xx

xx

xx

xxg

�

�

�

�

�  

 

GÕU�YH�EXUDGDQ�� 0≠ijx ����GÕr. Verilen her  y  , 

nn xaxaxay +++= �2211  

sistemi  ia �¶OHU�LoLQ�o|]�OP�úW�U� 
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 Örnek 3.5.2 :  ],[ baCX =   ,  )(max xff
bxa ≤≤

= ���QRUPX�LOH�WDQÕPODQPÕú�
olsun. ,,,,1 2 �xx  sistemi ],[ baC �¶GH�NDSDOÕGÕU�� 
 Çözüm :  f �V�UHNOL�ROGX÷XQGDQ���:HLHUVWUDVV�7HRUHPLQGHQ���7HRUHP�������
DAVIS,P.J., ‘Interpolation and Approximation’, Dover Publication, Inc.,New York 

(1975) )  0>∀ ε  için  

 

ε≤−=−
≤≤

)()(max)()( xPxfxPxf n
bxa

n  

 

RODFDN�úHNLOGH n

nn xaxaaxP +++= �10)( ��YDUGÕU��'ROD\ÕVÕ\OD�� { }ΚΚ ,,,,,1 2 νξξξ   

NDSDOÕGÕU� 

 Örnek 3.5.3 :     ,    �����QRUPX\OD�WDQÕPODQPÕú�

olsun.     sistemi  X �¶GH�NDSDOÕGÕU�� 
 

 ����PXWODN�GH÷HUL�S��GHUHFHGHQ�LQWHJUDOOHQHELOLU�IRQNVL\RQODU�X]D\Õ���
ELU�YHNW|U�X]D\Õ��ROPDN��]HUH����'$9,6�3�-���µ,QWHUSRODWLRQ�DQG�$SSUR[LPDWLRQ¶��
Dover Publication, Inc.,New York (1975) )  Teorem 1.4.0 (e)  yani ; 

 

�(÷HU�    olmak üzere  ],[ baLf

p

Î ,  , ise ,  o zaman ,  her 0>e   için   

 

 

RODFDN�úHNLOGH���V�UHNOL��ELr )( xg  fonksiyonu bulabiliriz. 

 g V�UHNOL�ROGX÷XQGDQ���   için    polinomu öyle ki    

için  
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dir. Son ifadede  her iki taraIÕQ�LQWHJUDOL�DOÕQÕUVD�� 
 

 

 

GÕU��%|\OHFH����LQWHJUDOOHU�LoLQ����������0LQNRZVNL�HúLWVL]OL÷LQGHQ���'$9,6�3�-���
‘Interpolation and Approximation’, Dover Publication, Inc.,New York (1975) ) ; 

  

 

 

olur. 

 Örnek 3.5.4 :  ,  ��¶GH��RODQ�DQDOLWLN�IRQNVL\RQODUÕQ�N�PHVL�ROVXQ�� 
 

olmak üzere ,       �¶GH�NDSDOÕ�GH÷LOGLUOHU���(÷HU�NDSDOÕ�ROVDODUGÕ���KHU�
  için ; 

 

RODFDN�úHNLOGH�� �VDELWOHUL�EXOXQDELOLUGL���(úLWVL]OLNWH���|]HOOLNOH��  

konulursa  
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olur.  Bu ise   seçilirse bir çelLúNLGLU� 

 .DSDQÕúÕQ�DQODPÕQD�EDNPDGDQ�|QFH���ED]Õ��JHQHO�WRSRORMLN�NDYUDPODUÕ�
KDWÕUODWPDN�\DUDUOÕ�RODFDN� 
 ,  �X]DNOÕN�IRQNVL\RQX�LOH�WDQÕPOÕ�ELU�PHWULN�X]D\�ROVXQ���(÷HU��

 ise ,  ��úDUWÕQÕ�VD÷OD\DQ� �HOHPDQODUÕQÕQ�W�P�Q��LoHUHQ��
 kümesine bir DoÕN�\XYDU�DGÕ�YHULOLU��� 

  bir metrik uzay ve �ROVXQ��(÷HU��� ��RODFDN�úHNLOGH�ELU�
�VD\ÕVÕ�YDUVD��� ’ye   ’nin bir Lo�HOHPDQÕ denir.  

 %LU�PHWULN�X]D\GD�YH�GROD\ÕVÕ\OD�QRUPOX�ELU�YHNW|U�X]D\ÕQGD�\DNÕQVDNOÕN�úX�
úHNLOGH�WDQÕPODQDELOLU� 
 7DQÕP��������  bir metrik uzay ve  ,  �¶GH�HOHPDQODUÕQ�ELU�GL]LVL�
ROVXQ��(÷HU��  için , 

                                                     (3.5.2) 

ise ,    dizisine �HOHPDQÕQD�\DNÕQVDNWÕU�GHQLU�� 
 Normlu bir uzayda  (3.5.2) , 

                                                     (3.5. ) 

 

LIDGHVLQH�HúLW�ROXU� 
 <DNÕQVDN�Eir dizinin limiti tektir. Kabul edelim ki  dizisinin iki limiti 

olsun. Yani ;  

     ve        

ROVXQ���0HWULN�X]D\�ROPD�HúLWVL]OLNOHULQGHQ�RODQ��oJHQ�HúLWVL]OL÷LQGHQ�� 
 

 

 

GÕU�  için    elde ederiz ve böylece   
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olur.  

 

 Sonuç olarak   ise ,   dizisinin limiti   ’dir denir  ve  

                                                       (3.5.3) 

úHNOLQGH��J|VWHULOLU� 
 

 (3.5. �����QRUPGD�\DNÕQVDNOÕN�RODUDN�DGODQGÕUÕOÕU��(÷HU�QRUP�ELU�LQWHJUDO�LOH�
WDQÕPODQPÕú�LVH�\DNÕQVDNOÕN�RUWDODPD�\DNÕQVDNOÕN�RODUDN�DGODQGÕUÕOÕU� 
 )RQNVL\RQODUÕQ�QRUPOX�YHNW|U�X]D\ODUÕ�ROPDVÕ�KDOLQGH���\DNÕQVDNOÕN�W�UOHUL�
�QRNWDVDO�G�]J�Q��GL÷HU�\DNÕQVDNOÕN�W�UOHULQGHQ�IDUNOÕGÕU��1RUPOX�X]D\GD�
IRQNVL\RQODUÕQ�ELU�GL]LVL�QRNWDVDO�\DNÕQVDN�ROPDGDQ�\DNÕQVDN�RODELOLU��%X�QHGHQOH���
bu D\ÕUÕP�KHU�]DPDQ�\DSÕOPDOÕGÕU� 
  bir metrik uzay ve    olsun.  ile �¶QLQ�NDSDQÕúÕQÕ�J|VWHUPHN�
üzere   ,  �¶QLQ�\DNÕQVDN�GL]LOHULQLQ�E�W�Q�OLPLWOHULQLQ�N�PHVL�RODUDN�WDQÕPODQÕU��

�ROGX÷X�DoÕNWÕU����d�QN���  olmak üzere DOÕUVDN��
 olup  dir.) 

 (÷HU��   ise   ’ye NDSDOÕGÕU denir.   ise   kümesine   ’de  

\R÷XQGXU�denir. ��VD\ÕODELOLU�\R÷XQ�ELU�DOW��N�PH\H�VDKLS�LVH�  ’e D\UÕODELOLUGLU�
denir. 

 (÷HU���������     ise ,  o zaman , 

 

ROGX÷XQGDQ�E�W�Q��  için 

 

\D]DELOLUL]��$QFDN�UDV\RQHO�VD\ÕODUÕQ�PHWULN�X]D\Õ�RODUDN�DOÕQGÕ÷Õ�WDNWLrde  

��EXQXQ��WHUVL�GR÷UX�GH÷LOGLU��gQHPOL�RODQ�EXQXQ�GR÷UX�
ROGX÷X�X]D\ODUGD�WDUWÕúPDNWÕU� 
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 7DQÕP���������  bir metrik uzay ve   ,  �¶LQ�HOHPDQODUÕQÕQ�ELU�GL]LVL�
olsun. Her   ve  tüm   için  

 

 

 

RODFDN�úHNLOGH�ELU�� �VD\ÕVÕ�YDUVD�  ’e  bir Cauchy dizisi�GHQLU��(÷HU�KHU�
Cauchy dizisi  ’de bir limite sahipse  �X]D\ÕQD�WDPGÕU denir. 

 

 (÷HU� �WDP�QRUPOX�ELU�YHNW|U�X]D\Õ�LVH�YH�KHU�   için , 

 

                                             (3.5.4) 

 

RODFDN�úHNLOGH�� �VD\ÕVÕ�EXOXQDELOL\RUVD�R�]DPDQ�� 
 

                                                       (3.5.5) 

 

RODFDN�úHNLOGH�ELU� �YDUGÕU� 
 

 Tam normlu bir vektör uza\Õ��%DQDFK�X]D\Õ�RODUDN�DGODQGÕUÕOÕU� 

 Örnek 3.5.5 :  ���X]D\Õ��   normu ile verislsin. 

 

olsun.  O zaman , 
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GÕU���d�QN��   için     dir. 

 1RNWDVDO�\DNÕQVDN�LVH�  için     dir. O halde  

�ROPDOÕGÕU��$QFDN����   ’dur. 

 Örnek 3.5.6 : ��NRPSOHNV�gNOLG�X]D\Õ�WDPGÕU�Ye böylece bir Banach 

X]D\ÕGÕU� 
   ,   ’de bir Cauchy dizisi olsun. ¶QLQ�WDPOÕ÷Õ�ELOLQGL÷LQGHQ��  ve   

JHUoHO�VD\Õ�GL]LOHUL�&DXFK\�GL]LVLGLUOHU�YH�\DNÕQVDNWÕUODU� 

  

GLU��'ROD\ÕVÕ\OD�� �WDPGÕU� 
 Örnek 3.5.7 : ��X]D\Õ��]HULQGH� ��QRUPX�WDQÕPODQVÕQ��
%X�X]D\�WDPGÕU� 
 (÷HU��� 
                                   ( * ) 

ise , o zaman ,   dizisi  ���]HULQGH�G�]J�Q�\DNÕQVDNWÕU��+HUKDQJL�ELU�
  için de , 

 

GÕU��%X�ise �¶QLQ�ELU�&DXFK\�GL]LVL�ROGX÷XQX�J|VWHULU��+DWWD��   

dizisi  reel terimli bir Cauchy dizisidir. ��WDP�ROGX÷XQGDQ�EX�GL]L�\DNÕQVDNWÕU���
  için  ��ROXU��%X�úHNLOGH�KHU�� ��QRNWDVÕ\OD�ELU�WHN�UHHO�

�VD\ÕVÕ�HúOH\HELOLUL]��%X�LVH�   üzerinde  bir �IRQNVL\RQX�WDQÕPODU����
����
’da  için , 

 

 

RODFDN�úHNLOGH� ��IRQNVL\RQX�YDUGÕU�YH�EX����  ’nin   ’e  bu normda 

\DNÕQVDGÕ÷ÕQÕ�J|VWHULU�� ��¶OHULQ�V�UHNOL�YH�\DNÕQVDNOÕ÷ÕQ�G�]J�Q�ROPDVÕ�nedeniyle, 
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limit fonksiyonu olan  ’de    üzerinde süreklidir. O halde   

’dir. O halde  �WDPGÕU� 

 Örnek 3.5.8 :  ��X]D\Õ����    normu ile 

WDQÕPODQPÕú�LVH��� ��WDP�GH÷LOGLU��%X�� �¶GH��ELU�HOHPDQD�\DNÕQVDN�ROPD\DQ�ELU�
Cauchy dizisi bularak  gösterilebilir. 

 Çözüm :�.ROD\ODúWÕUPDN�LoLQ���  ,  ��DODOÕP��YH��  sürekli  

fonksiyonu   

 

 

 

olsun. , 

 

V�UHNOL�ROPD\DQ�IRQNVL\RQ�ROVXQ��ùLPGL� 

 

ROXU��%XQGDQ�GROD\Õ� 
 

olur.    (normda)  �¶H��\DNÕQVDNWÕU��YH��VWHOLN���� 
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ROGX÷XQGDQ�� ��ELU�&DXFK\�GL]LVLGLU����<DNÕQVDGÕ÷Õ�� �LVH�EX�X]D\ÕQ�ELU�HOHPDQÕ�
ROPDGÕ÷ÕQGDQ���� ��X]D\Õ��WDP�GH÷LOGLU� 
 Teorem 3.5.1 :     ’ler bir �Lo�oDUSÕP�X]D\ÕQGD�RUWRQRUPDO�
HOHPDQODUÕQ�ELU�GL]LVL�ROVXQ��%X�GL]L�\DOQÕ]FD�VRQOX�VD\ÕGD�HOHPDQODUGDQ�GD�ROXúPXú�
RODELOLU��$úD÷ÕGDNL�\HGL�LIDGH\L�J|]�|Q�QH�DODOÕP� 
 

      (A)    ’lar  �¶GH�NDSDOÕGÕU� 
      (B)   Her  �HOHPDQÕQÕQ��)RXULHU�VHULVL�QRUPGD� �¶\H�\DNÕQVDU���\DQL�� 

                                          (3.5.6) 

GÕU� 
 

�������&����3DUVHYDO�|]GHúOL÷L�VD÷ODQÕU��<DQL����KHU��  için , 

 

                                              (3.5.7) 

 

      ( ��*HQLúOHWLOPLú�3DUVHYDO�|]GHúOL÷L�VD÷ODQÕU��<DQL���KHU�  için , 

 

                                                 (3.5.8) 

GÕU� 
 

       (D)   ��¶Õ�LoHUHQ�GDKD�E�\�N�RUWRQRUPDO�VLVWHP��\RNWXU� 
 



��(1�.hdh.�.$5(/(5�<$./$ù,0,������������������������                                                   Oray OR                              

 76 

         (E)  ���HOHPDQODUÕ�WDPOÕN�|]HOOL÷LQH�VDKLSWLU��<DQL��  ve    

      ise   ��¶GÕU� 
 

   (F)  �¶LQ�ELU�HOHPDQÕ����RQXQ��)RXULHU�NDWVD\ÕODUÕ�WDUDIÕQGDQ�WHN�RODUDN�
belirlenir. Yani , 

H÷HU��     ise , o zaman      dir. 

 O halde 

                                        (3.5.9) 

ROXU��(÷HU�� �WDP�ELU�Lo�oDUSÕP�X]D\Õ�LVH��   olur ve böylece tüm bu yedi 

durum denktirler. Yani ,  

                                        (3.5.10) 

olur. 

 øVSDW��  A %��ROGX÷XQX�J|VWHUHOLP� 
 $��GR÷UX�ROVXQ�����������¶GHQ�� 

 

GÕU��$�¶GDQ�GROD\Õ�YH�������������JHUH÷LQFH��VRQ�LIDGH� 

 

úHNOLQGH�\D]ÕODELOLU��%X�GD��%�¶QLQ�\DQL����������¶QÕQ�VD÷ODQPDVÕ�GHPHktir. Çünkü , her 

  ve   için  

 

RODFDN�úHNLOGH�ELU� ��YDUGÕU��2�KDOGH� 

 

 

GÕU���$ %��VD÷ODQÕU� 
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  %�GR÷UX�ROVXQ��2�KDOGH����ELU� �HOHPDQÕQD�RQXQ�)RXULHU�VHULOHUL\OH�
\DNODúDELOLUL]��%|\OHFH��% $��VD÷ODQÕU� 

 

 O halde  A B   dir. 

 

 B �ROGX÷XQX�J|sterelim. 

 

%�VD÷ODQVÕQ��2UWRJRQDOOLNWHQ�� 

 

                                                         

 

6FKZDU]�HúLWVL]OL÷LQGHQ�� 
 

 

 

GÕU���%�VD÷ODQGÕ÷ÕQGDQ�VD÷�WDUIDWDNL�KHU�LNL��LIDGH�GH�� �LoLQ�VÕIÕUD�\DNODúÕU��
Buradan  

 

olur. Böylece , 
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ROXU��'ROD\ÕVÕ\OD����%   dir. 

 Her  ��LoLQ�VD÷ODQGÕ÷ÕQGDQ����    ’nde     seçilerek son ifade 

 

úHNOLQGH�\D]ÕOÕU��%X�LVH� 
 

demektir. Buradan   �&��VD÷ODQÕU� 
 ùLPGL�����& %���ROGX÷XQX�J|VWHrelim. 

&�VD÷ODQVÕQ��6RQXo��������¶WHQ� 

 

olup,  ��LoLQ��KHU�LNL�WDUDIÕQ�OLPLWL�DOÕQÕUVD�� 

 

olur. (3.5.7) ’den  bu  

 

olur. Buradan ; 

 

 

olur. O halde   C %��VD÷ODQÕU��%|\OHFH� 
A B C  

VD÷ODQPÕú�ROXU� 
 ùLPGL�GH���$ '�ROGX÷XQX�J|VWHUHOLP� 
A %�ROGX÷unu biliyoruz. (  (B )  ’deki gibi ) 
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olup ,  ��OLPLW�DOÕQÕUVD���������% )   ’deki gibi ) 

 

olur.   ve   ��DOÕQÕUVD������������������ 

                                        (1) 

olur. (2.9.8) ’den   

                                                  (2) 

 

olur.  (1)  ve  (2)   den    

 

olur.  ���ROGX÷XQGDQ�EX�ELU�oHOLúNLGLU��2�KDOGH���$ '��VD÷ODQÕU� 

ùLPGL��'� (��ROGX÷XQX��J|VWHUHOLP� 
 ( )  Burada    D E  yerine    �ROGX÷XQX�J|VWHUHFH÷L]� 
 

�9DUVD\DOÕP�NL���   ve  ��RODFDN�úHNLOGH��  var olsun. O halde    

          sistemi ,  �����VLVWHPLQGHQ�GDKD�JHQLú�ELU�RUWRQRUPDO�

VLVWHP�ROPXú�ROXU��%X�LVH�  ’ünü verir. O halde  olur.  

 

Olmayana ergi metodundan   D (��VD÷ODQÕU� 
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 ( ���(�GR÷UX�ROVXQ��<DQL��   ve    olsun. O 

halde    ;     ������¶GDQ��GDKD�JHQLú�ELU�RUWRQRUPDO�VLVWHP�

olamaz. Çünkü ; 

��¶GÕU��'ROD\ÕVÕ\OD��� ��úHNOLQGH�ELU�YHNW|U�EXODPD\Õ]��2�KDOGH��( D  

VD÷ODQÕU� 
Böylece  D (��VD÷ODQPÕú�ROXU� 
 ùLPGL�GH��( )��ROGX÷XQX�J|VWHUHOLP� 
 ( ���(��GR÷UX�ROVXQ��)DU]HGHOLP�NL��     

olsun. O zaman  

 

ROXU��(��¶GHQ�GROD\Õ� 
 

 

dir. Böylece  E )��VD÷ODQÕU� 
 ( ) Burada yine olmayana ergi metodunu kullanarak ,  F E  yerine  

��ROGX÷XQX�J|VWHUFH÷L]�� 
 (�\DQOÕú�ROVXQ��<DQL�� 

 

RODFDN�úHNLOGH�ELU��   bulabiliriz. Her   için , 

 

 

 



��(1�.hdh.�.$5(/(5�<$./$ù,0,������������������������                                                   Oray OR                              

 81 

GÕU��d�QN�����   olup , kabulden ��GÕU��%|\OHFH��   ve   

��D\QÕ�)RXULHU�NDWVD\ÕOÕ�LNL�IDUNOÕ�HOHPDQ�ROXU��%X�LVH�� ’ünü verLU��'ROD\ÕVÕ\OD����
F (��VD÷ODQPÕú�ROXU� 
%|\OHFH�����������]LQFLUL�WDPDPODQPÕú�ROXU� 
 

 ùLPGL��) %�ROGX÷XQX�J|VWHUHFH÷L]�YH�E|\OHFH�����������¶GDNL�]LQFLUL�
NXUPXú�RODFD÷Õ]� 
 Farzedelim ki    �WDP���YH�)�GR÷UX�ROVXQ��   olsun  ve  

                                                           (3.5.11) 

HOHPDQODUÕQÕ�G�ú�QHOLP���   için , 

 

yazabiliriz    öyle ki   

                                                   (3.5.12) 

GÕU��*HUoHNWHQ�� 

 

 

GÕU� 
(2.5.3) %HVVHO�HúLWVL]OL÷LQGH�� ��OLPLW�DOÕQÕUVD�� 
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ROXU��%X�VHULQLQ�NÕVPL�WRSODPODU�GL]LVL�VÕQÕUOÕ��YH�GROD\ÕVÕ\OD�\DNÕQVDN�RODFD÷ÕQGDQ��
  ve       için  , 

                                              

RODFDN�úHNLOGH��ELU��   bulabiliriz. Böylece    bir Cauchy dizisidir  ve   ’in 

WDPOÕ÷ÕQÕQ�YDUVD\ÕPÕQGDQ�ELU�� ��HOHPDQÕQD�\DNÕQVDU��<DQL�� 
 

                                                         (3.5.13) 

 

GÕU���   sabit  ve    olsun. O zaman , 

 

GÕU��d�QN��� 

 

ROGX÷XQGDQ� 
 

 

GÕU��6FKZDU]��HúLWVL]OL÷LQGHQ��� 

 

GÕU��%X�LIDGHGH�� �OLPLW�DOÕQÕU��YH������������J|]�|Q�QGH�EXOXQGXUXOXUVD�� 

 

olup 

 

 

elde edilir. F  ’den bu  ���ROGX÷XQX�J|VWHULU�YH������������ 
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úHNOLQGH�\D]ÕOÕU��%X��LVH�NHVLQOLNOH��%�¶GLU���2�KDOGH����) %��VD÷ODQÕU� 
%|\OHFH������������]LQFLUL��WDPDPODQÕU� 
 �7DQÕP�������� ��ELU�Lo�oDUSÕP�X]D\Õ�YH� olsun.  

(÷HU���    için ; 

                                                              (3.5.14) 

 

iken   ise  �¶\H�WDPGÕU�GHQLr. 
 

*|UG�÷�P�]�JLEL��WDP�ELU�Lo�oDUSÕP�X]D\ÕQGD�WDPOÕN�YH�NDSDOÕOÕN�GHQN�NDYUDPODUGÕU� 

 Örnek 3.5.9 :   ,   ��úHNOLQGH�WDQÕPODQPÕú�

olsun. Bir    ve    için,  �V�UHNOL�ROGX÷XQGDQ��7HRUHP��������
:HLHUVWUDVV��<DNODúÕP�7HRUHPL�¶QGHQ��'$9,6�3�-���µ,QWHUSRODWLRQ�DQG�
Approximation’, Dover Publication, Inc.,New York (1975) )  ; 

 

RODFDN�úHNLOGH��   sabitlerini bulabiliriz. 

6RQ�LIDGHGH�KHU�LNL�WDUDIÕQ�LQWHJUDOL�DOÕQÕUVD�� 
 

 

 

olur. Bu ifade ise , 
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olup , buradan      �¶GH�NDSDOÕGÕU�� 

��HOHPDQODUÕQÕ�/HJHQGUH�SROLQRPODUÕ�LOH�GH÷LúWLUHUHN��W�P��7HRUHP�������$-F 

GXUXPODUÕ�L]OHQLU��g]HOOLNOH���H÷HU�� ��YH�H÷HU� 

 

 

ise , o zaman , Teorem 3.5.1 (E)  ’den  ���GÕU� 
  

 Teorem 3.5.2 ( Riesz ) : �ELU�WDP�Lo�oDUSÕP��X]D\Õ�YH�  dizisi 

 

NRúXOXQX�VD÷OD\DQ�ELU�GL]L�YH����   ortonormal sistem olsun. Bu durumda  

 

                                                (3.5.15) 

 

RODFDN�úHNLOGH�ELU� ��YDUGÕU� 
 

 øVSDW��  ���HOHPDQODUÕQÕ�J|]�|Q�QH�DODOÕP� 

 

 

 

GÕU��� ���VHULVL�KLSRWH]GHQ�\DNÕQVDN�ROGX÷XQGDQ����    bir Cauchy dizisidir 

ve   
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RODFDN�úHNLOGH��ELU�� �YDUGÕU����d�QN���� 

      olan  ��NÕVPL�WRSODPODU�GL]LVL��\DNÕQVDNWÕU��'ROD\ÕVÕ\OD�ELU�

Cauchy dizisidir. Yani ,   için ,   ��RODFDN�úHNLOGH�ELU�   

bulunabilir. Buradan , 

 

ROGX÷XQGDQ��   bir Cauchy dizisidir. ) 

  sabit  ve   ile    Schwarz ’dan ; 

 

GÕU��6RQ��LIDGHGH�� �LoLQ��OLPLW�DOÕQÕUVD 
 

ROXU��'ROD\ÕVÕ\OD�� 
 

ROXS������������VD÷ODQÕU� 
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3.6 �7DP�øo�dDUSÕP�8]D\ODUÕQÕQ��*HRPHWULN�g]HOOLNOHUL 
 

 Teorem 2.5.1  ’de  verilen  bir elemandan bir lineer manifolda minimum bir 

X]DNOÕ÷ÕQ�YDU�ROGX÷XQX�J|UG�N��%X�NÕVÕPGD�EXQX�GDKD�JHQHO�DOW�N�PHOHUH�QDVÕO�
JHQLúOHWHELOHFH÷LPL]L�LQFHOH\HFH÷L]���7HRUHP��������EXQXQ��LoLQ�E�\�N�|QHPde 

\HWHUOL�ELU�GXUXP�VD÷ODU� 
 Teorem 3.6.1 :  �WDP�ELU�Lo�oDUSÕP�X]D\Õ�ROVXQ��  ,   �¶LQ��NDSDOÕ���
WRSRORMLN�RODUDN�����NRQYHNV�YH�ERú�ROPD\DQ�ELU�DOW�N�PHVL�ROVXQ��  ve 

                                                      (3.6.1) 

úHNOLQGH�NXUDOÕP��2�]DPDQ�  ’de ; 

                                                            (3.6.2) 

RODFDN�úHNLOGH�WHN�Eir ��YDUGÕU�� 
 

 

 

                                                                                                                                              

                                                                       

                                                                                                       d       

  

                                                                                      

                                         

                                                        ùHNLO������� 

 

 

 øVSDW����(3.6.1) ’den   ’de  

                                                                 (3.6.3)      
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RODFDN�úHNLOGH��    HOHPDQODUÕQÕQ�� bir dizisini bulabiliriz. Teorem 2.1.3  

Paralelkenar  teoreminden ; 

 

 

ROXU��0�NRQYHNV�ROGX÷XQGDQ��    ’dir.Böylece   

 

elde edilir. Çünkü ; 

 

  ile  �DUDVÕQGDNL�X]DNOÕ÷ÕQ�HQ�N�o�÷��� �LVH���KHUKDQJL�ELU�HOHPDQ�LoLQ�EX�X]DNOÕN�
�¶GHQ�E�\�N�YH\D�HQ�ID]OD�HúLW�ROXU�� 

'ROD\ÕVÕ\OD�� 
 

dir. (3.6.3)  ile    için , 

 

GÕU��%XQXQ�DQODPÕ�� ��GL]LVLQLQ�ELU�&DXFK\�GL]LVL�ROPDVÕGÕU�� �WDP�ROGX÷XQGDQ�
�KHU�&DXFK\�GL]LVL�\DNÕQVDNWÕU���� 

 

RODFDN�úHNLOGe   ��YDUGÕU��� ��NDSDOÕ�ROGX÷XQGDQ���  ,    ’dedir.  

 ùLPGL��� 
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             (1) 

GÕU��'L÷HU�WDUDIWDQ������������¶GHQ�� 
                                                            (2) 

dir.  Öyleyse  (1)  ve  (2) ’den   

 

dir. 

 ùLPGL�GH� �¶ÕQ�WHN�ROGX÷XQX�J|VWHUHOLP� 
Farzedelim ki , 

 

RODFDN�úHNLOGH��   ve   �¶�H��VDKLS�RODOÕP��� ��NRQYHNV�ROGX÷XQGDQ���� ,   

 ’dedir. Böylece  

 

olur. Buradan  

 

dir. Paralelkenar teoreminden  

 

olur. Öyleyse       dir. 

 Teorem 3.6.2 : �WDP�ELU�Lo�oDUSÕP�X]D\Õ�YH� , ¶GHQ�IDUNOÕ�NDSDOÕ�ELU�DOW�
YHNW|U�X]D\Õ�ROVXQ��%X�GXUXPGD�VÕIÕUGDQ�IDUNOÕ�ELU� ��HOHPDQÕ�YDUGÕU��<DQL����

  için  
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GÕU� 
 øVSDW��   olsun.   , 

 

úHNOLQGH�WDQÕPODQVÕQ��7HRUHP�3.6.1 ’den ,   ’de  

 

RODFDN�úHNLOGH�ELU� ��HOHPDQÕ�YDUGÕU���   diyelim. ��¶GÕU��$NVL�

taktirde   ��ROXS�NDEXO�P�]OH�oHOLúir. 

 �YHNW|U�X]D\Õ�ROGX÷XQGDQ���W�P�  ve tüm   ’ler  için ,   

’ dir. Böylece  

 

olur. O zaman , 

 

ve 

 

GÕU��%X�� 

 

�ROGX÷XQGDQ�� 
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����DQODPÕQD�JHOLU��g]HO�RODUDN����EXUDGD�� �JHUoHO�VD\Õ�ROPDN��]HUH� 
 

seçilirse, o zaman tüm  ’lar için , 

 

GÕU��$QFDN��   ve yeterince küçükler için , 

 

negatiftir. Böylece ,  ��QHJDWLI��RODPD\DFD÷ÕQGDQ����    olur. 

'ROD\ÕVÕ\OD�� 
 

������GÕU� 
 Sonuç 3.6.3 :  ��WDP�ELU�Lo�oDUSÕP�X]D\Õ�YH� ,  �¶GHQ�IDUNOÕ��NDSDOÕ�ELU�
DOW�YHNW|U�X]D\Õ��ROVXQ��  ’in ,  �GÕúÕQGDNL�ELU�HOHPDQÕQÕ� �¶QLQ�HOHPDQODUÕQD�
ELUOHúWLUHQ�YHNW|UOHU�DUDVÕQGD�PLQLPDO�X]XQOX÷D�VDKLS�RODQ���  ’ye diktir. 

 Teorem 3.6.4 :  ,      üzerinde konveks olan ,  derecesi    olan 

SROLQRPODUÕQ�N�PHVLQL�EHOLUWVLQ��    olsun. O  zaman , 

                                                   (3.6.4) 

problemi tek bir çözüme sahiptir. 

 øVSDW�����Teorem 3.2.1  ( DAVIS,P.J., ‘Interpolation and Approximation’, 

Dover Publication, Inc.,New York (1975) ) ’den ; 

Bir    polinomu    üzerinde konvekstir  ancak ve ancak    üzerinde 

��GÕU���� 
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  (÷HU��  ve    ,     üzerinde konveks iseler ,  o zaman  

 

 de     için    üzerinde konvekstir.  Hatta  

 

olup  buradan     konvekstir.    böylece konvekstir.  

  ùLPGL�GH�  ’nin ,  ���QLQ��NDSDOÕ�ELU�DOW�N�PHVL�ROGX÷XQX��
J|VWHUHFH÷L]� 

,   �����\H���\DNÕQVDN�ROVXQ��\DQL�� 

 

olsun.  ,   ’e  �¶GH�HQ�L\L�\DNODúDQ�HOHPDQ�ROVun.( Sonuç 2.5.2 ’deki gibi 

) 

O zaman , 

 

      için  

 

 

olur , öyle ki   ’de     olur.  O halde   dir. 

 ùLPGL�GH�� 
���SROLQRPODUÕ�� ��DUDOÕ÷ÕQGDNL�GHUHFHOHUL�  olacak 

úHNLOGH�RUWRQRUPDO�SROLQRPODU�ROVXQ��2�]DPDQ���ED]Õ�   sabitleri için  



��(1�.hdh.�.$5(/(5�<$./$ù,0,������������������������                                                   Oray OR                              

 92 

 

\D]ÕODELOLU�YH�E|\OHFH�, 

 

 

GÕU��%|\OHFH�� 
 

ROXU��ùLPGL�� 

 

GÕU��d�QN��� 
 ,    çemberinde analitik olsun. O zaman  

 

 ’de�G�]J�Q�RODUDN�\DNÕQVDU��%|\OHFH�YHULOHQ�ELU�   için,  bu kuvvet 

VHULVLQLQ�\HWHULQFH�HOHPDQODUÕQÕ�DODELOLU�YH�   için   

 

RODFDN�úHNLOGH��� 
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SROLQRPXQD�YDUÕUÕ]���.H\IL bir   ��JHUoHO�DUDOÕ÷Õ��]HULQGH� 
 

GLU��$QFDN�DQDOLWLN�ROPD\DQ�IRQNVL\RQODU�LoLQ��NXYYHW�VHULOHULQGH�E|\OH�ELU�JHQLúOHPH�
V|]�NRQXVX�GH÷LOGLU� 
 %|\OHFH�NRPSOHNV�G�]OHPGHNL�KHU�VÕQÕUOÕ�E|OJH��]HULQGH��    

G�]J�Q�RODUDN�\DNÕQVDU��%XUDGDQ�� 

 

R�E|OJH��]HULQGH�G�]J�Q�RODUDN�\DNÕQVDU�YH��   üzerinde    

ROGX÷XQGDQ��R�E|OJH��]HULQGH��� ��ROXU���<DNÕQVDGÕ÷Õ�IRQNsiyon polinom 

ROGX÷XQGDQ�OLPLWL�GH�� içinde olur. O halde ��NDSDOÕGÕU��%|\OHFH�������������
teoreminden ��NRQYHNV���NDSDOÕ�YH�� �¶QLQ�ERúWDQ�IDUNOÕ�ELU�DOW�N�PHVL�
ROGX÷XQGDQ� 

 

SUREOHPLQLQ�WHN�ELU�o|]�P��YDUGÕU� 
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g=*(d0øù 

 
 

 �����\ÕOÕQGD�0HUVLQ¶GH�GR÷GXP��g÷UHQLPLPL�VÕUDVÕ\OD�&XPKXUL\HW�
øONRNXOX���0RELO�2UWDRNXOX���+DFÕ�6DEDQFÕ�/LVHVL�¶QGH�WDPDPODGÕP�������
\ÕOÕQGD�6�OH\PDQ�'HPLUHO�hQLYHUVLWHVL�)HQ-Edebiyat Fakültesi Matematik 

%|O�P�QH�JLUGLP�������\ÕOÕQGD�PH]XQ�ROXS�dXNXURYD�hQLYHUVLWHVL�)HQ-
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