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ABSTRACT

An energy-saving mathematical model in the frame of conformable
derivative

Hozhin Mohammed BRAIM

Master's Thesis

FIRAT UNIVERSITY
Graduate School of Natural and Applied Sciences

Department of Mathematics

January 2022, Page: x + 33

In this study, there are four chapters. A general history of fractional calculations and conformable
derivatives is given in the first chapter. In the second chapter, the fundamental definitions, theorems of the
Laplace transform are given in detail. In the third chapter, an energy-saving model for building heating and
cooling is considered. An energy-saving model for building heating and cooling is explained which has a
huge effect on some aspects of everyday life, as well as a much more sustainable energy system all over the
world. Furthermore the model is considered in a general format with local derivatives and the results are

given. In the fourth chapter, the scientific results of the studies carried out in the thesis are given in detail.

Keywords: Conformable derivative, Energy, Heating-Cooling, Model.
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OZET

Uyumlu tiirev ile enerji tasarrufu saglayan matematiksel bir model
Hozhin Mohammed BRAIM
Yiuksek Lisans Tezi

FIRAT UNiVERSITESI
Fen Bilimleri Enstitlsi

Matematik Anabilim Dali

Ocak 2022, Sayfa: x +33

Bu calismada dort boliim bulunmaktadir. Birinci boliimde kesirli hesaplamalarin ve uyumlu tiirevlerin genel
bir tarihgesi verilmistir. Ikinci boliimde temel tamim teoremler ve Laplace doniisiimleri detayli olarak
verilmistir. Ugiincii boliimde binalarin sogutulmasi 1sitilmasi icin enerji tasarruf modeli g6z oniine alinmistir.
Giinliik yagamin bazi yonleri iizerinde biiyiik etkisi olan ve tiim diinyada ¢ok daha siirdiiriilebilir bir enerji
sistemi bina 1sitma ve sogutma icin enerji tasarrufu saglayan bir model ile ilgili sonuglar agiklanmstir.
Ayrica bu modelleme lokal tiirevlerle daha genel bir formatta ele alinmis ve sonuglari verilmistir. Dordiincii

boliimde ise tezde yapilan ¢aligmalarin bilimsel sonuglari ayrintili olarak verilmistir.

Anahtar Kelimeler: Uyumlu tirev, Enerji, Isitma ve Sogutma, Modelleme.
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1. INTRODUCTION

Relating to economic development and environmental benefits, one of the most important
principles for a long-term global energy system is energy efficiency. As a result, to create a more
sustainable environment, a strong focus on energy conservation should be put. Simply said, energy
efficiency implies using less energy to do the same work - in other words, reducing energy waste.
Utilization management is also important for keeping the correct balance between energy efficiency
and demand. As a result, it will conserve electricity to use mathematical approaches to investigate
the heating and cooling of buildings in some different ways. Many of us dedicate a significant
amount of time in structures like residences, businesses, hotels, and hospitals, which is why these
models are so important. It is possible to pass on significant savings by reducing energy usage in
homes, which account for a substantial percentage. Alternatively, there is a close relationship
between inside and outside temperature because when the outside temperature changes, the inside
temperature changes as well. It is important to raise the inside temperature to compensate for the
decreasing temperature outside, and as the difference between the inside and external temperatures
increases, so must the need to raise the inside temperature, so does the risk of frostbite, a significant
amount of energy is used. Energy can be saved by adopting energy-saving behaviors, installing
insulation, and updating appliances, among other things. The energy-saving model listed for
building heating and cooling has a strong link to Newton's law of cooling and furthermore
economical models [1-4]. Furthermore, compartmental analysis is used to model the temperature
of a building, which treats a building as one unit. The name for this method is a one-compartment
system, reduces the complexity of the model by identifying the proper parameters for estimating
the temperature of buildings at any given moment. This model that defines throughout a 24-hour
period, the inside temperature of a structure as a function of outside temperature, as well as some
other factors including heat produced inside the building, furnace heating, and air conditioner

cooling, is denoted by [5]

“Z—(:) = K{M(t) = T()} + H(t) + F(t). (1.1)

T(t) is the temperature of inside the building, H(t) is the heat created by lights, machines, and
people, F(t) is the heating or cooling produced by the furnace or air conditioner. Also the outside
temperature is generated by M(t), the physical properties of the building denoted by the positive
constant K. Many previous methods of communicating the model may be incomplete. As a result,
we present this model in terms of heating and cooling from an arbitrary order perspective to obtain
significantly more useful results [5]. Some local derivatives, the most common of which is the

conformable derivative, have become increasingly popular in recent years, which is defined by



—g)1-a\_
T8 (1) = lim 0TI (L.2)

£-0

Where t >0and 0 < a < 1, This limit-based local derivative without memory is well-behaved since
it conforms to the widely used properties in calculus. In several ways, such as derivative of the
product and quotient of two functions integration by parts formulas and chain rule, Taylor power
series, and Laplace transform, this efficient derivative approach to the classical derivative
outperforms the classical derivative. In this effort, the conformable fractional integral sense of the
fractional Laplace transform is reflected. There are numerous publications in the literature about
fractional Laplace transforms their properties and applications. Abdeljawad [6-7], on the other
hand, defined the conformable fractional Laplace transform with a few basic properties. Here,
several other significant properties are meticulously explored as part of this study's further
investigation.

Another way for changing temperature in the buildings, we install a thermostat to
compare the required temperature T(t) to the temperature in the building, and the furnace heating
is activated when the real temperature is lower than the desired temperature. When the temperature
rises above the intended level, however, the air conditioner is activated to keep the room cool. If
we assume that the quantity of heating or cooling is equivalent to the difference in temperature, that
isF(t) = kp[T,, — T(t)] where K is any positive constant. In this case, the equation (1.1) becomes
the following equation

O = KN ~ T} + C(©) + Ke [Ty — T@). (1.3)

During the last and present centuries, many scientists found appropriate definitions for the notion

of integral or derivative with non-integer order, From that time which L’Hospital 1695 asked if we
n
have n = % so what does it mean of Zx—ﬁ. To indicate differentiation and integration in any order,

the fractional name was used. In recent years, the significance of fractional calculations in the fields
of pure applied science and engineering has begun to grow significantly. Many definitions of
fractional calculus have become popular, such as Riemann-Liouville, Caputo [8-10], Weyl, Fourier,
Abel, Leibniz, Grinwald, and Letnikov definitions. Furthermore, the most commonly used
definitions are
1)Riemann-Liouville definition [11] . It is straightforward to substitute the iterated integral
with a single integral direct Leibniz-Cauchy formula and to replace the fractional function
with the Gamma function. The integration of the metric dt also yields the arbitrary order
Riemann-Liouville. For n—1 < a <n, where n belongs to natural numbers, the
derivative of the function f with order a on the Riemann-Liouville definition is given by
[10]



T = —— L [F O __gy, (1.4)

r(n-a)dt™"’a (t—x)a—n+1

Which T is an operator of the left fractional derivative with order is not integer number, also %

is an operator of the derivative with an integer number.
2) Caputo definition. [11] This definition utilized an integral form of the fractional derivative.

Letx € [n — 1,n),n € N, then the fractional derivative of f is defined as [11]

TE®) = oy o s X (L5)

r(n-a)’a (t-x)a—nt+1 ="

3) Griunwald —Letnikov definition [11] . The limit definition of the derivative should be
iterated in this law to generate a quantity with a specific binomial coefficient, which should
then be fractionalized by using the Gamma function instead of the fractional in the binomial
coefficient. Grunwald-Letnikov defines a fractional derivative as

T p® = lim e %, o -1 (F) £ = jh). (1.6
A wide variety of studies and models related to non-local and local derivatives are available in the
literature [12-14, 18-26].
This thesis is structured as follows: The basic definitions, theorems, and properties of the truncated
conformable derivative and integral are discussed in chapter 2. In chapter 3, the Laplace transform
of truncated conformable derivative and integral is used to solve the aforementioned model (An
energy-saving mathematical model in the frame of conformable derivative) and numerous details

regarding this useful method are provided. Some figures are included to help understand the energy-
saving model at the end of this thesis.



2. BASIC DEFINITIONS AND THEOREMS

2.1. Conformable derivative

Definition 2.1.1. [17] Assume that f: (0, o) — R be a given function, then a left conformable
derivative of the function f with order 0 < a < 1 is defined as follows

—a)1-%)—
TZ(t) = lirr& UGLC ag) ) rQ (2.1)
ED

For everyt > a. If a = 0, then we can write by T,. From this definition if a left conformable

derivative TZ exists on the interval(a, b), then we can infer that
TEN® = lim (TENH(E®). 22)
Note: Let fis a differentiable function and 0 < a < 1, after that, we may say

(TZH®) =t —a)~f'(®). (2.3)

Definition 2.1.2. [15-17] The right conformable derivative of the function f: (0, ) — R with
order a, where 0 < a < 1, is defined as follows

_pl-a)_
D) = lir‘%f(Hs(b 2 ) @, (2.4)
E—

For every t < b. From this definition if (57 f)(t) exists on the interval (a, b), then we can assume

that
@ETH® = lim (ETH®). 2.5)
Note: [5] We can also define the right conformable derivative as

&I = =(b =) *f'(©). (2.6)

Where a € (0,1] and f is differentiable. Assume that f be a given function and conformable
derivative of the function f is exists, so that f is said to be a-differentiable function. Let « € (0,1]
and consider two a-differentiable functions, f and g at a < t, then the definition of conformable

derivative satisfies all of the following properties [5,17]
1/ T,(af + bg) = aT,(f) + bT,(g), for every a, b that the numbers belong to R.
2/ T,(tP) = ptP~t, foreveryp € R.

3/ Ta(fg) = gTa(f) +fTa(g)-



i\ _ 9Ta(F)—fTa(g)
4/ T, (E) == 2

5/ T,(A) =0, forall f(t) = A where A is a constant.

6/ If f is differentiable in addition, then (T, f)(t) = t1~¢ % (0).
The conformable derivative of some functions [17,18]

1/ T,(tP) = ptP~% foreveryp € R.

2/ T,(1)=0.

3/ T,(e®*) = cx'~%e*, where c € R.

4/ T,(sinbx) = bx'~%(cosbx),b € R.

5/ T,(cosbx) = —bx'~%*sinbx, b € R.

Through this, we found the conformable derivative of basic functions as follows

. t< t*
T, (sm —) = coS—.
a a

t% t%
T, (cos —) = —sin—
a
t® t®
Ta (e a) =ea

Remark 2.1.3. [18] We must see that the function could not be a differentiable function, but it

could be a-differentiable at a point, for example
Take f(t) = 3¥/t. Then (T1f)(0) = tlirg;r(Tlf)(t) =1, where (T1f)(t) =1, for t > 0.
3 - 3 3

But Z—f (0) does not exist.

Definition 2.1.4. [9,17] Let f be a n-differentiable at ¢, where t > 0. Then the conformable
derivative of f with order @¢ € (n,n + 1), n € N is given by

flal-1 (HstIal—a)_f([a]—l) ®
. .

T f(t) = lirré (2.7)
E—
Where the number [«] is the smallest integer number which [a] > a. Also, we can assume that

T f () = U= flal(p), (2.8)



Where a € (n,n + 1] and n is a positive integer, we say that f is (n+1)-differentiable of a non-
negative number ¢.

Definition 2.1.5. [17] suppose that f: (0,0) — R be a given function and £ ™ (t) exists, then the
left conformable derivative starting from the number a to the function f with order @ where

n<a<n+1lneN,and f = a—1isdefined as
Tef(©) = T ™ (). (2.9)

We write T, and Tg where a = 0.

Definition 2.1.6. [17-19] The right conformable derivative f: (0,c0) — R ended at b, with order
awheren<a<n+1,neNandp =a—1isgiven by

(GTH®) = D™ (ETF ™) (@). (2.10)

Notice that, if we have the number ¢ suchthata =n+ 1thenf =a—n=n+1-n= =1
and the conformable derivative will become f ™V (t). Also, Definition 2.1.4 and Definition 2.1.5
are respectively will become the same as Definition 2.1.1 and Definition 2.1.2, where n = 0 or
ae(0,1).

Theorem 2.1.7. (Rolle's theorem to conformable differentiable functions) [6,20]

Assume that a > 0, if f:(0,00) —» R is a given function such that satisfy the following
conditions
i.  f iscontinuous function on interval (a, b).
ii.  fis a-differentiable function for some a € (0,1).
ii.  f(a) =f(b).
Then there exist ¢ € (a, b), such that (T, f )(c) = 0.
Proof. By conditions (i) and (iii) we have c € (a, b), which is the extrema point. Assume that c is

a local minimum point with no loss of generality. So,

1-a)_ 1-a)\_
(T (@) = i eI = iy Here 2O @.11)
E—

£-0" &

hence (T, f)(c) = 0 because the limit is non-positive as £ — 0~ and is non-negative as ¢ —» 0.

Theorem 2.1.8. (Mean value theorem to conformable differentiable functions) [19,21]

Leta > 0 and f: (0,) — R be a given function that satisfy the following conditions

i. f is continuous on interval (a, b).



ii. f is a-differentiable function for some a € (0,1).

Then there exist the number c € (a, b), such that

(Taf)(©) = 522,

b“ ;aa
Proof. Take the function
ORNIORNIORE wn ol CEARTY (2.12)
(T @) = (Tuf)(0) = 0 - FL2 (“a) (2.13)

b(l

because the function g fulfills Rolle's theorem assumptions, then there is the number ¢ € (a, b) such
that (T,g)(c) =0, so
b
(Taf)(e) = 522 (2.14)

a
OI

Note: If f is a differentiable function with 0 < a < 1, so that (T2f)(t) = (t — a)1~*f'(x) and
(ng) (t) = —(b — t)1%f'(¢t). The conformable derivative of constant function is zero. Likewise,
if (TZf)(t) =0 on interval (a,b) so, by the mean value theorem of conformable differentiable
function for all t € (a, b) we can easily show that f(t) = 0, the conformable mean value theorem
can also be used where we can prove that if the conformable derivative of the function f on interval

(a, b) is positive (negative) then the graph of f is increasing (decreasing).

Theorem 2.1.9. [19] Assume that f: [a, b] — R be a given function,a > 0 and 0 < a < 1, if the

function f satisfy the following conditions

i. f iscontinuous on interval [a, b].
ii. f is a-differentiable on interval (a, b).
Then we can say that
a) If(T,f)(t) <0forallt € (a,b),then f is decreasing on [a, b].
b) If (T,f)(t) > 0forallt € (a,b), then f are increasing on [a, b].
Lemma 2.1.10. Suppose that f, h: [a, ) = R be given functions such that TS is exists for every

a < t. If f is a differentiable function on the interval (a, o) and T2f(t) = (t — a)1~*h(t), so that
- Y
h(t) = ” forall t > 0.

The foundation for the proof is the definition and putting in place h = e(t — a)1~% then h - 0 as

& - 0. We can state this lemma as a result.



Theorem 2.1.11. (Chain Rule) [17] Suppose that @ € (0,1] and g, f: [a,©) = R left
a-differentiable functions. If we assume h(t) = f(g(t)). So h(t) become left a-differentiable

function and for all values of ¢t when t # 0 and the function g(t) # 0 we obtain

(Tem(@®) = (TEH(9®) - (TEg(©®) - g (2.15)

and if t = a, then
(TZh)(a) = tligg(To?f)(g(t)) “(Tg ) - g(®)* ™. (2.16)

Proof. Since the function g is a continuous and by putting u = t + (t — a)*~% in definition then

we get
(T¢h)(®) = (t — @)~ < [h(v)]

_ i F900) ~ F @)

u-t (u—1) OO

1 feW)-f@®) . gw-g®) . \1-a
Ny o7 nger Ga)

_ 4 flaw)-fg®) | 1-a Ta . a-1
=l T e g T g(t)  g(t)

= (TN 9®) - TEPH®) - g

Theorem 2.1.12. [19] Assume a, 8 are two positive constant numbers, such that 0 < a, 8 < 1,
and f be a given function (non-constant) two times differentiable on an open interval (a, b), a,b €

R, The conformable derivatives must follow the rules below.

TalTpf ()] # T[T (f (X)]. (2.17)
Proof. We may get the following relationship from the definition:

To[Tpf ()] = Ta[x*P]f' (x) + x*PT,[(f' ()]

= x'FO[(1 = B)f' () + xf " (x)] (2.18)

Tp[Tof (O] = Tplx'%1f" () + %~ *Tp[f' ()] = xF=4[(1 = @) f' () + xf "' ().

As a result, the proof is finished.

Proposition 2.1.13. Suppose that 0 < a,f <1 and the function f:[a,o0) - R such that
1< a+p < 2. 0f fis twice differentiable on (a, o) so that



(TETEN(®) = T pf () + (1 = Bt — @) PTEF(®). (2.19)
Proof. The function f is twice differentiable and by conformable product rule we see that
TETEF(®) = (t - )= [TEf(D)]
= (t—a)" [t - ) Ff(0)]
= (t— )" [t — )P + A= B)(t — ) P (0)]
= T2 pf(©) + (1= B)(t — @) PTEf (L),
We also have (TETS£)(t) = Tof (£) = f"(t) when a, § - 1.

In this section, for a few smooth functions, we calculate the conformable derivative at a number a
in the left case and a number b in the right case. Suppose a € (n — 1,n), n is a natural number and
f:[a, o) = R be given such that f ™ (t) exists and continuous. Then, by definition 2.1.4 we can

see this,
Tef(®) = T nf *0(©®
= (t— )" f M) (2.20)
and

TEf(@) = lim, (£ = " f () = 0.

Also, from the right case when f:(—o,b) » Ris a function such that f™(t) exists and

continuous, then we have
(47F)®) = Jim (b — " *f ™ () = 0.

Now, assume «a € (0,1] and n is positive integer number, then the sequential conformable

derivative with order n on the left side is defined as follows
(MTart) = TATE ..T2f(f), n—times (2.21)
also, in the right case defined by

bTF(t) = BTET .. ETf(t), n — times. (2.22)



Suppose that f: [a, ) — R is a second continuously differentiable and « € (0, %], the collections
on the other hand, show that

Q- - f'O) + - a)?*24f"(®), for t>a

0, for t=a. (2.23)

TETEF(0) = {

Also, when the function f: (—oo, b) — R is second continuously differentiable and a € (0, %], then

the direct collections in the right case show that

1—a)(b—0t)12%f"(t) + (b — t)?729f""(0), if b>t,

ETETF(0) ={ 0 f bt (2.24)

As a result of this procedure, we are notified that the second-order sequential conformable

derivative is not possible to be continuous function when f is second continuously differentiable
function for a € (%, 1). If we consider an inductive step, then we can obtain nt"-order sequential
conformable derivative function which is continuous and disappears at the endpoints b in the right
case and a in the left case when f is n-continuously differentiable function for a € (0, %].

Theorem 2.1.14. [19] Suppose that f, g are two differentiable functions, as a result f is
differentiable function at any g(t) and g is differentiable at any t, the conformable derivative
follow chain rule, it means

To(fog(x)) = x*~*g(x)*~%g" () Ta (f ()l e=g x)-
Proof. Assume that g is differentiable function at any t, and f is differentiable function at any g(t),

so that by definition, we get

1-a)_
Tel(fog) ()] = lim L20Cer T)-Uoa) (229)

&

putting k = ex™%* | we get

Ta[(fog)(x)] — xl—a }gr(l) (fOQ)(x+k]2_(f09)(x) (226)
with
—lim (fog)(x+k)=(fog)(x)
k—0 k '

The derivative of a composite function, if we use it the chain rule for the ordinary derivative, we

obtain

lim (Fog)(x+k)-(fog)(x) _ lim Flgx)+k)—f(g(x)) . (2.27)
k—0 k k-0 k

10



We also have k = eg(x)1~%.

The equation above can be rewritten as follows

f(9()+eg ()~ %)—f(g(x)) (2.28)

&

lim
k-0

(f‘)g)(x+k]z_(f09)(x) — g(x)l—a lln(l)
&>

replacing (2.28) in (2.26) we get the following

Ta((fog) () = x1g ey~ i 20072002 (229
P d

&

with of course

. f(g)+eg () *)=f(g(x)
Ta(f(t))|t=g(x) = lsl_r}(l) ( ) .

&

This completes the proof.

2.2. Conformable integral

Definition 2.2.1. [17,22] Suppose that f: (0,0) — R is a function, so that the left conformable

integral of a function f of order « where 0 < a < 1 is defined as follows
12 () = [ f()de(x, ).
Ifa =0thenin I and d,(x,a) we can write I, and d,x .
= [,r - f () dx. (2.30)

Definition 2.2.2. [15] Assume that f: (0, ) — R be a given function then the right conformable

integral of a function f of order @ where 0 < @ < 1 is defined by
BIF(E) = f, f()da(b,x)
= 7 (b -0 f(x) dx. (2.31)

Theorem 2.2.3. [22] Assume that f: (0,0) — R be a continuous function and 0 < a < 1, then for

everya <t

T laf () = f(¢). (2.32)

Proof. since f is continuous so 1%f(t) is a differentiable function, hence

TEULH(®) = (t — )4 (1EF)(L)

11



= (t—a)' "2 [ (x — @) f(x) dx
= (t - )% (x - Q) f (D)
= f(®).

Theorem 2.2.4. Suppose that f:(0,00) — R be a continuous function and 0 < @ < 1, then for

every t > a we have
aTelf () = f(©). (2.33)
Proof. Since f is a continuous function, then 2If (t) is differentiable. Hence,
ST(BI(H)(®) = £ BI(f (D)

- dt“b x1-«a

= tl-a &

tli-a

=f(®.

Definition 2.2.5. [17] Assume f = a —n and f be a given function, so that the left fractional

integral starting from a > 0 of a function f of order n < a < n + 1 is defined by

18 () = I (= P 7Hf) = — [1(t — )" (x — a)P 1 ()l (2.34)
be careful of if « =n + 1 then we get § = 1, As a result, the iterative integral of f could be

determined by using Cauchy formula with n + 1 times over (a, t] is given by
IEF(8) = I f(0) = — [ (t — )" f (x)dx. (2.35)

Remember that the left Riemann-Liouville conformable integral of order any positive number a

which start from a is defined as follows

18f(©) = 15 [, (6 = ) f(s)ds. (2.36)

Notice that I'(n + 1) = n! for n is a natural number then from eq. (2.32) and (2.33), we can see this
Igf@© =Igf@®

wherea =n+1forn=0,1,2,..

12



Application 2.2.6. We have

UGt - ") = pos (v — ) h (2.37)

where a, u > 0, so that we can easily calculate the left conformable fractional integral of (t — a)#
of ordera € (n,n+ 1] and u € Rsuchthata + x —n > 0 as

[(a+u—n)

I8(6 = @) () = I (6 — @)HFa1 () = L)

(x — a)*+H

likewise, the right conformable fractional integral of (t — a)* of order @ € (n,n+ 1] and u € R

such that &« + p — n > 0 where a, u > 0 is given by

—n— I(a+u—n)
bI(b — t)*(x) = . 2I(b — ) 1(x) = 1"(Z+—Z+711)(b — x)HR,

From the explanation above, the conformable fractional integrals of polynomial functions and the
Riemann fractional integrals and are different from a constant multiple and correspond with natural

orders.

Proposition 2.2.7. [17] If 0 < a,u < 1and f:[a, ) — R be a given function, suchthat 1 < a +
u < 2.Then

laluf ® = = Uaf)©) + % (loruf )(O) = % 3 57172 f(5)ds. (2.38)
Proof. Interchange the integral order and note that
Ipruf (8) = (I;s*HH72£ () (0) (2.39)

= [yt = 9)s™H72 f(s)ds

then, we see that

Il f(t) = fot[fotlf(s)sa_l ds]t,#~tdty

=[S F()s UL 4 dey] ds

sk

= Jy f(&)s% [ =] ds

u

tth

= [y = sa1f(s)ds - [y =57 f(s) ds

_ fot%sa_lf(s) ds + f0t£Sa+”_2f(S) ds — f()tisa+u_2f(s) ds — fot%Sa—lf(s) ds

13



= [y L5 () ds + 2 ([ et (s) ds — f () ds — ¢ ff ST () s

t

= = UeP)® + %[ Uaruf )(O) =t f; 574472 f()ds].

u

Lemma 2.2.8. [17,22] suppose that f: [a, ) — R be a function such that f™(t) is continuous and

n<a <n+ 1where f = a —n, then for all t > a we have

Telaf (@) = f(O). (2.40)
Proof. By definition of the conformable derivative and integral we get

dn

TEIEF(t) = TE[oz 18 (©)]

= TE[ 18,1 (- )P ()]

There are derivatives of order n and integral with order n + 1 where n is positive integer, so
TRIGF(8) = TSI ((t — a)P 7 F())]-

Since f§ = a —nwheren < a < n + 1, n belongs to natural numbers and for 0 < § < 1 so that
IF[(t = a)P f(O] = I £ (£)
TEISF () = TEIEF (D).
Hence by Theorem 2.2.3, we get TZIZf(t) = f(t).

Lemma 2.2.9. Suppose that f: (—0,b] = R be a given function and n < @ <n+ 1 such that

f™(t) is a continuous function, where § = a — n then for every b > t we have

aTalf(®) = f(©.

We can prove the previous lemma.
Corollary 2.2.10. Assume that f: [a, b) = R be a given function. If I$T, f(t) exists for
a <t < b, then f(t) is differentiable on the open interval (a, b).

Lemma 2.2.11. [8] Suppose that f:[a, b) — R be a differentiable function, and 0 < a < 1, then
forevery t >0

IRTEf@®) = f(©) = f(a). (2.41)

Proof. From the Theorem 2.1.7 and Definition 2.2.1, since f is differentiable then we have

14



IETEF() = [;(x — @) T (F) (x) dx
= fat(x —a)* 1 (x —a)7f"(x) dx
=f®) = f(a).
Proposition 2.2.12. Let f:[a,b) = R is (n + 1) times differentiable function and

a € (n,n+ 1], then for every t > a we have

FO (@) (t-a)k
k! '

IgTdf () = f(t) = Xk=o (2.42)

Proof. By definition of conformable derivative and conformable integral we get
IGTEF(6) = It [(t — )F TR FM ()]
= 2t =Pt =) M)

= Ir(f+1f(n+1)(t)

®) (@) (t—a)k
= f(8) = T O

Similarly, we have the right case of the form, which is as follows.

Proposition 2.2.13. Suppose that f: [a, b)) = R be (n + 1) times differentiable function and

n<a <n+1,thenforevery a <t we have

(-D*r O B)(b-)*

BIBT(F)(E) = f(8) — Doy 2Lt (2.43)

butwhenn=00r0 < a < 1, then

A aT(H(®) = f(©) — f (D). (2.44)

Theorem 2.2.14. (Conformable integration by parts) [17,19] Suppose that f, g are two
differentiable functions and f, g: [a, b] = R, then

[P F) TE@D @ da(x @) = fg12 ~ [ 9GO TEP () de (x, @). (2.45)

Proof. From the Definition 2.1.1 and Definition 2.2.1 we can say that

[P FE) TA(@) () da(x, @) = [ (x — ) 1f (%) (x — @)%y’ (¥)dx (2.46)

15



by integration by parts we have

= [2f(x) g'(0)dx (2.47)
b b
f FOOTE@) () da (o) = Fgl - f 900 f(0)dx

= fglb — [Px— @) (x — @) g (x) f'(x)dx

= £g15 = [ g() TEF) () dg (x, a).

2.3. Fractional power series expansion

We construct fractional power series expansions for functions which the Taylor power series
expansion is not accessible because they are not continuously differentiable at some positions.
Theorem 2.3.1. [17,23] Let 0 <a <1 and f is an infinitely a-differentiable function at a
neighborhood of a point t, so that the power series of the function f is defined by

o (TN () (t-t) e
f(®) =Xk=0 ak(;d o, (2.48)

1
where t, < t < to+ Ra,R > 0 and (T.°)®)(t,) this is k times of the fractional derivatives have

been applied.

1
Proof. Letfor ty <t < ty+ R«,R > 0 the function f is defined by
f(©) = o+ ert = o) + ca(t = £)** + c3(t = £0)** + -
then f(ty) = co. Taking cho of f and evaluate at t, we get

(Toiof ) (to)

a

(ch"f)(to) =ca=c =

(72°7a°1 ) 20

2a2

(TRTLf)(to) = 2a%c; = ¢y =

t t t
(ToTe0Ta0 F ) (o)
6a3

(TRTLTOf)(to) = 6a3cs = ¢3 =

Inductively proceed and applying Tof" of function f, n-times and evaluating at t, we get

16



(D]
_ (T;Of) (to)
Cn = ann! )

Therefore (2.48) is obtained and the proof is finished.

Proposition 2.3.2. (Fractional Taylor inequality) [17] Suppose that f is a-differentiable function
at a neighborhood of a point t, and has a Taylor power series representation (2.48), and a € (0,1]
such that | (T2 )™+ < M, M > 0 for some n belongs to natural numbers. If

(T2 B (£9) (t—ty) K
akk!

Ry (8) = Xien+1

(T B (ty) (t—to) K
akk!

= f(x) — Xk=o
then we have

|RE(t)| < (t — to)**D),

atl(n+1)!

t—tg)%

Application 2.3.3. [17-23] Let the fractional exponential function f(t) =e « and for
a € (0,1) the function f(t) does not have a Taylor power series representation about t, because it

is not differentiable at a point t,. We know that (TOfOf)(n)(tO) = 1 for every n, therefore

(t—tg)% _+ ka
e @ =Yyr L (2.49)

akk!

This series converges to f on intervals, as shown by the ratio test [t,, ).

(t—to)® (t-te)*
a a

Application 2.3.4. Suppose that f(t) = sin——and g(t) = cos——, know that f, g do not

have Taylor power series about t = t, for a € (0,1) because they are not differentiable functions
there, by the help of (2.48),

t—tg)*
=t _ .
a

to .- t—to)*
T, sin os L=t
a

t t—tg)* . (t—tg)”*

we have
. (t—t)% _ woo K (t_to)(2k+1)a < 550
sm—a —Zk=0(_1) m, tg<t<o ( . )
and
(t=t0)* _ woo (t—to) @R
cos ao = Zk:o(—l)km, tg <t <o, (2.51)
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1

— is not differentiable at

Application 2.3.5. Assume that 0 < @ < 1 then the function f(t) =

t = 0, hence it does not have Taylor power series about t = 0. Now with the help of (2.48), we

can see that

—z = Do t%K, 0<t<1. (2.52)

For more generally we get

1

- a
1_(f to)
a

= Yimo(t — to)™, to <t <to+1. (2.53)

Remark 2.3.6. In case f is not differentiable function at a where f is a function such that defined
on (—o,a), then for some a € (0,1] We want to find its conformable right fractional-order
derivatives 4T at a and apply it for fractional Taylor series on some open interval (a — R, a), where

f

and so on.

F (t=te)*
R > 0. For example, the functions —ae

and sin(
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3. MATHEMATICAL MODELING OF HEATING AND COOLING OF
BUILDINGS USING LAPLACE TRANSFORM

In this chapter, we consider some conformable applications of Laplace transform

0 _S(f-fo)
a

I CHOENNE

fOE—t) ™ 3.1)
where to € Rand 0 < a <1, we apply this definition to identify a solution of Laplace

conformable differential equation of order a.

3.1. Laplace Transform

Definition 3.1.1. [24] Suppose that f(t) be a function on the interval [0, o), then the Laplace

transform of f is the function F defined by
F(s) = [ e st f(t)dt. (3.2)

The domain of the function F(s) is all the values of s for when the integral in (3.2) exists. The
Laplace transform of f is denoted by both L{f} and F.
Theorem 3.1.2. [7] Let f, f; and f, are functions which Laplace transform exists for « < s and

assume that ¢ be a constant. Then for s > «
1) Lifi+ f2} = LUAY+ LUf2) 3.3)
2) L{cf} = cL{f}, cis constant. (3.4)
Proof. We can use the linearity properties of integration, we get for s > «
LU+ f2)(8) = [ et [fi(®) + fo(D)]de
= [Je St Adt+ [ e St f(Ddt

= L{f1}(s) + L{f2}(s).

Hence, equation (3.3) is satisfied. Similarly, we can see this.
L{cf}s) = [y e~ (cf ()de = c [, e™ f(D)at.

= c L{f}(s).



Theorem 3.1.3. If the Laplace transform L{f}(s) = F(s) exists for s > «, so that
L{e®f()}(s) =F(s —a). (3.5)
Proof. We can calculate
L{EeTf(DY(s) = [ e~te f(t)dt
= [ e C"Dtf(t)dt
=F(s—a).

Theorem 3.1.4. [24] Assume that f'(t) be piecewise continuous function on the interval [0, o)
and f(t) is a continuous function on the interval [0, o), with both of exponential order a . Then,

fors >«

L{f'3(s) = s L{f}(s) = f(0). (3.6)

Proof. Since L{f'} exists, we can utilize integration by parts with (u = e~5¢ and
dv = f'(t)dt) to have

L{f’}(S) — foooe_Stf,dt — I\IIi_l;lgof(;Ve—Stfl(t)dt

Jlim [eStFOIN +s [ e s f(e)dt]
= lim ™V f(N) = f(0) +5 lim [ e~Stf(tydt
= lim e SNf(N) — £(0) + 5 L{f}(s)

to investigateAl]im e SN f(N), we have noticed because the function f(t) is of exponential order

a, there exists a constant M such that for N large,
|e_SNf(N)|S e~SNMeaN = Me—(S—ON
consequently, for s > a,
0< lim [e™NfF(N) |s Jim Me=G=ON =,

So, lim e SNf(N) = 0.

N—-oo
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For s > a equation (3.6) reduced to

L{fY(s) = sL{f}(s) — f(O).

Table 3.1. Basic functions of Laplace transform [17,25]

f® L{f}(s) = F(s)
1 %, s>0
et i s>a
", n=123,.. — s>0
sin bt # s>0
cos bt 5245-—1;2 s>0
et", n=123.. # s>a
e sin bt (s—a?ﬁ s>a
e cos bt (S_Z)% s>a

Definition 3.1.5. Assume that F(s) be a given function, if there is a function f(t) which is
continuous on [0, o) and satisfies L{f} = F. Then we can say that f(t) is the inverse Laplace

transform of F(s) and employ the notation f = L~{F}.
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3.2. Energy-saving model by using differential Laplace transform

Our objective in this section is to produce a mathematical model that explains the 24-hour
temperature profile in the buildings as a function of outside temperature, the heat generated inside
the structure, furnace and air conditioner heating or cooling. The model that was identified is

defined as follows
T'(t) =K{M(t) —T(t)} + H(t) + F(t) TO) =T, 3.7

where the inside temperature of a building at time t is denoted by T(t), H(t)is the additional
heating rate, F(t) is heating (or cooling) generated by the furnace (or air conditioner), the physical
properties of the building is a positive constant K, and M(t) is the outside temperature of the
building.

We consider the Laplace transform of equation (3.7)
LIT'(0)} = LIK{M(®) + T(O} + H(®) + F(1)
sL{T(t)} — T(0) = —KL{T(t)} + L{KM(t) + H(t) + F(t)}
SL{T ()} + KL{T ()} = L(KM(t) + H(t) + F(¢)) + Tp.
Let G(t) = K[M(t) + H(t) + F(t)]
cir(ny =" o

by taking inverse Laplace transform
_ r-1) 1 —1¢.To
T(©) = £ LG + £

T(t) = [, e DG (t)dx + Toe ™,

3.3. Laplace transform of the modified conformable derivative

We apply the Laplace transform in the case of the modified conformable derivative to solve
arbitrary-order differential equations, and we introduce the Laplace transform of some important

functions.

Definition 3.3.1. Suppose that f: [t, — oo) be a real-valued function and t, € R, « € (0,1], then

the fractional Laplace transform of order « starting from a of the function f is defined as follows

0 _S(t_

LX) = Fo(s) = [Te™ ¢ f(O)dat,ty)
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tt)“

=, e =S5 F0)(t — to)e 1 dt. (3.8)

Theorem 3.3.2. Suppose that f: [ty, ) — R be a real-valued function for « € (0,1] and @ € R
then

LATEF©}(s) = sEL(s) — f(a). (3.9)
Proof. From the definition of conformable Laplace transform
LATERONE) = [Fe™ 0 (¢ - ' F/ Ot - ) de

= [t

T +s [0 - T
= —f(a) + sF{(s).

Lemma 3.3.3. This lemma connects the conformable and normal Laplace transforms, assume that

f:[to, ) = Ris a function and L2 {f (£)}(s) = F.°(s) exists then we get
FE2(s) = L{(f (o + (@)a))}(s)
which for g: [0,0) = R

L{g(O}(s) = [; e~ g(B)at. (3.10)

Proof. Letu = %

1 1
=>t—ty= (au)e thendt = (aw)« tdu

Fo(s)= [, e f(t)(t — to)* ldt

a—-1

= [ ety + (a)a) (@) (aw)a™du

= L{f (to + (a)®)}(s).

Lemma 3.3.4. Let f:[0,00) = R, L2{f(£)}(s) = F:2(s) exists and
L{FDY(s) = fome‘“f(t)dt is classical Laplace transform, so that

LE{FOYs) = FR(s) = LG}, (3.11)
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Application 3.3.5.[17,26] We provide conformable Laplace transforms for particular functions in
this condition.

1) L2{1}(s) = % for s > 0.

2) L2{(s) = L{f (to + (awe)} (5) = + e FS’? s> 0.
3) LotP}(s) = S‘i r (1 + i) s> 0.

4 o {eg}(s)zﬁ, s> 1.

5) £ {sinw <} (s) = L{sinwt}(s) = .

6) £8{cosw Sl (s) = Lleosw}(s) = .

D L S )9 = Lt + (@)

Theorem 3.3.6. (Convolution theorem) [26] Suppose that f, g: [0,) - R,a € (0,1], s > 0 and
there exists f(t), g(t) are two functions such that F.°(s) = LL{f(£)} and G2 (s) = LE2{g(t)},

then we get the following relation [25]

LE{f « g}(®) = F(s) Gl (s) (3.12)

where (f * g) is the convolution of the functions f and g.
Proof. With the help of relation (3.11) and because the classical Laplace transform has the

convolution property, we have
LR * g0} = L{° Fa0g(t —wdu) = [ e @ ([} Fu)g(t — wydu)de
o ~tg te
=f f e"a f(w)g(t —uw)dudt
0 0
nowlett —u=z, dt = dz,
= fuoio f::u e_st?f(u)g(t —u)dtdu

(u+z)®

= [ e« fwg(z)dzdu
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o)

= Jyeoe ™t J,2 o fWg(2)dzdu

= £{f; f(t —wgwdu} = L{(f * 9)}.

Therefore,

LTHF()G(9)} = LTS * 9O} = (f * 9)(®)

3.4. Energy-saving model by using conformable Laplace transform

In this part, we'll show how to use the Laplace transform of the truncated conformable
derivative to present solutions for the energy-saving model to heating and cooling buildings of any
order. Consequently, we propose using the additional parameter « in the truncated conformable
Laplace transform function to calculate how the internal temperature of buildings affects the outside
temperature. The following is the underlying model in the truncated conformable derivative form

(t—to)

L f@Ys) = [ e @ fOE—1t)*" (3.13)

Where tye R, and 0 < a < 1. This definition is used to investigate the solution of the Laplace

conformable differential equation of order a. such as the observed model is given by

== K{M(t) = T(O)} + H(t) + F(t). (3.14)

Which the additional heating rate that is always non-negative is denoted by H(t) and F(t) is
negative for air conditioner cooling and positive for furnace. the temperature T(t) is proportional
to the difference between M (t) which is the outside temperature and the inside temperature T'(t)
and K be any positive constant, which is depends on the physical properties of the building.

The model can be given in Laplace form as follows
T,T(t) = K{M(t)—T)}+ H() + F(t) where, T(0) =T, .
If we use Laplace transform for the above equation we get
La{TaT(O} = L{K{M (@) =T ()} + H() + F()}.
By using this relation
Lo{TT(0)} = sLy(T(t) — T(0))

SLAT(t) —T(0)} = =KL AT ()} + L {KM(t) + H(t) + F(t)}
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T, | Lo{G(t
L AT()} = “r T %

where G(t) = KM(t) + H(t) + F(t).

By taking inverse Laplace transform, we obtain

T(t) = £ {2 + =20

S+K S+K

T() =T, £ {o) + L& {e Lel6 )]

t& t&
T(t) =Tye “a +e ¥a .G(Y)

by using the convolution theorem, we get

ca @

t'
T(t) = Tpe ¥« +e ¥ «G(D)

1 t _pe® 1
Tt)=Toe @+ [je" « .G@)t* " dr.

3.5. Description of building heating and cooling model by classical derivative.

The main goal of this part is to explain the creation of a fundamental mathematical model
for representing building temperature profiles over a 24-hour period by using the classical Laplace
transform. The observed model is given by [5]

L(T(®) = KIN() = T(O)} + C(©) + kf (T, — T(2)) . (3.15)

Where the 24-hours temperature inside the building is T(t) which is given in the form of a function
of the outside temperature N(t), the heat generated in the building is denoted by C(t), and the heating
of the furnace or cooling of the air conditioner F(t) generally, We assume that the amount of heating
or cooling is proportionate to the temperature difference, which F(t) = Kz[T,, — T (t)], where Kz
is positive constant, T, is desire temperature. F(t) and C(t) are defined as energy per unit time
and K is a positive constant depending on the physical properties of the building.

The observed model is given by

dT(t)

- = KIN®) =T} + C(®) + Kr[T,, = T(0)] (3.16)

by taking Laplace transform

sL{T(0)} = T(0) = LK{N(®) — T} + C(&) + Ke[T, — T(£)}
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sL{T(D)} = T(0) = —KL{T(®)} + KLIN(®)} + L{C(D)} — K L{T ()} + K L{T,}

LT} s+ K+ Kp) =Ty + KL{N(t)} + L{C(t)} + K L{T,,}

(3.17)
S+K+KF S+K+Kr S+K+Kp
by taking inverse Laplace to transform for (3.17),
T() =T, o~ (K+KR)t 4 o=(K+Kp) G + K e—(K+KF)tTW

by convolution theorem,

T(t) = Ty e~ KR 4 [[e= K+ s G(r)dT + K [, e"K+KRED T g,

3.6. Description of building heating and cooling model by conformable derivative.

In this section, the fractional building heating and cooling model was introduced by utilizing
Laplace transform to the model. This fractional model can be expressed by

O = KIN@®) - T@)] + C() + K (T, = T(D)) . (3.18)

By taking Laplace transform for equation (3.18)
L AToT(O)} = LAK[N(@) — T(0)] + C(©) + Ke(Ty, — T(D)}-

By using this relation

L AT, T()} = sL{T(©)} —T(0)

sL{T(8)} = To = =KL AT ()} + KLAN (O} + Lo{C(O)} + KpLo{T ()} + Kp Lo {T (0}

SLAT(6)} + KLAT ()} + KpLoAT(0)} = Lo{KN(t) + C(O} + KpLo{Tw} + To
LATOY(s + K + Kp) = Ty + Lo {KN(t) + C(0)} + KpLo (T},

By taking inverse Laplace transform

— r-1 Ty La{G(t)} KpLa{Tw}
T =1L {S+K+KF + S+K+Kp + s+K+Kp}

Where G(t) = KN(t) + C(t)

t t t®
T(t) =Ty e P a 4+ e E DT w G (1) + Kp e * TP T,
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t@ (t-1)% t-n%
=Ty e K+HFe 4 fote_(K+KF)T. G(v) t* dr + Kp fot e KR G (1) t4 d,
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4. CONCLUSIONS

In this part, heating and cooling of buildings for an energy-saving model, we provide several
experiments and visual observations, which have a significant impact on economics, the
environment, health effects, and a much more sustainable energy system all over the world. As
mentioned previously, the observed model is provided by [5]

T'(t) = K{M(t) — T(£)} + H(t) + F(b), 7(0) = T,. (4.1)

By using the Laplace transform to solve the above equation (4.1) with classical

differentiation, we get
T = Toe K + [ e DG (0)dr. (4.2)

When we compare this integer-order solution to the alternative solution produced in the main
findings using the truncated conformable derivative with the arbitrary order provided below, we
find that the integer-order solution is preferable, we can see that this integer-order solution is

preferable.

PN i

T(t)=T, e_k% +f0te « .G(rt—1)t* ! dr. (4.3)
We can easily see that the solution (4.3) consists of two parameters a and t, where a € (0,1).
In other words, a solution of arbitrary order can be applied in a finite number of ways, that is a huge
benefit to a real-world problem like calculating the temperature of a building at any given time and
observing its behavior in greater detail [3]. We do this by analyzing the heating and cooling of
buildings including some visuals consisting of various values of a. However, as shown in Figure
1, the association between inside and outside temperature, that is an effective indication for inside
temperature, is found to support the results. When the weather is warm, the temperature of inside
has a strong connection with outside temperature but, when the weather is cold because people try
to maintain a consistent temperature by employing heating systems while the outside temperature
lowers, measurement error may be considerable. As a result, investigating building heating and
cooling from an arbitrary order perspective, can be much more useful than a standard technique,
especially in cold winter situations. Figure 4.1 and Figure 4.2 are obtained when H (t) is a constant,
F(t) = 0 and outdoor temperature M(t) varies as a sinus curve, such that M(t) = M, — Bcos0t,

where B is a positive constant and 6 = % . In Figure 4.1 we utilize the distinct value of @ = 1, =

0.98 while in Figure 4.2 the values are « = 1, = 0.94. We also look at the solution curves for

a=1a= 090, and a = 1,a = 0.86 respectively in Figure 4.3 and Figure 4.4. The obtained



results clearly show that conformable derivatives can provide less measurement error for energy-

saving models in terms of heating and cooling infinite numbers of orders.
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Figure 4.1. Comparative analysis with truncated conformable derivative
When a =1, ¢ = 0.98
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Figure 4.2. Comparative analysis with truncated conformable derivative
Whena =1, a =094
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Figure 4.3. Comparative analysis with truncated conformable derivative
Whena =1, ¢ = 0.90
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Figure 4.4. Comparative analysis with truncated conformable derivative
Whena =1, a = 0.86
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