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OZET

ENERJIYE ILISKIN KUANTUM SAYILARI KARELERININ
TOPLAMLARINDAN OLUSAN DAGILIMIN KLASIK DAGILIMLARLA
KARSILASTIRILMASI

YUKSEK LiSANS TEZi

Sefika COKCOSKUN

istanbul Universitesi
Fen Bilimleri Enstitisu

Fizik Anabilim Dah

Danisman : Prof. Dr. Baki AKKUS
I1. Damisman : Prof. Dr. Tolga YARMAN

Tezin ana konusu, Onceden belirledigimiz sabit bir enerji araligina bagh olarak ¢Ozilen
Schrédinger Denklemi’nin ti¢ boyutta hapsedilen bir par¢acigin kuvantum seviyelerinin enerji

olasilik dagiliminin belirlenmesidir. Boyle bir bakis agisi ¢esitli agilardan ilgingtir:

) Elde ettigimiz dagilimin grafigi klasik bir olan Maxwell Dagilimma c¢ok
benzemektedir.

i) i) Acikladigimiz dagilim, kutuda, Pauli prensibine gore (yani, hi¢bir pargacik gifti,
karsilik gelen kuvantum sayilar1 kiimesiyle temsil edilen ayni enerji seviyesini
isgal edemez) onceden belirlenmis alt sinir enerji seviyesi ile {ist sinir enerji

seviyesi arasinda yerlesmis kuvantum duzeylerinin sayis1 kadar, ¢ok sayida serbest



parcacik; s0z konusu kutuda hapsedilen pargaciklarin toplulugunun enerji olasilik
dagilimi haline gelir.

iii) iii) Hatta hala kuvantizasyon ve Pauli Prensibi’nin varsayildigi bir odadaki
molekiillerde oldugu gibi serbest pargaciklar arasindaki ‘elastik carpigmalarin’
oldugu 6ngorilebilir; agiga ¢ikardigimiz sonucun, bir odada bulunan molekiller
dengede sergilenecek olan enerji olasilik dagilimi ile pratikge ayni olmasini
beklemekteyiz.

iv) iv) Kuvantize enerji, sirastyla, her bir uzaysal boyut ile iliskili ti¢ adet kare tam
saymin toplami ile orantilidir; kesinlikle ortaya koydugumuz 6zellik, tam sayilarin
matematigi acisindan bilhassa dikkat gekicidir - o kadar ki, olasilik dagilimi
sonucuna iliskin yaklagimin, 3'ten daha yuksek boyutlar icin ayni1 kalacagini
gérmeyi, baska bir deyisle ister boyut sayisiyla oynansin ister tam sayilarin
tistleriyle oynanasini s6z konusu tam sayilarin belli bir iistte olarak toplamlarinin,

bulguladigimiz sonugunun uzak diismemekte oldugunun ifade edebilmekteyiz.
Aralik 2018, 65 sayfa.

Anahtar kelimeler: Maxwell enerji dagilimi, Mathematica Programi, Schrodinger Denklemi
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SUMMARY

COMPARISION OF THE DISTRIBUTION OF THE SUM OF THE
SQUARES OF QUANTUM NUMBERS RELATED TO THE ENERGY WITH
THE CLASSICAL DISTRIBUTIONS *

M.Sc. THESIS

Sefika COKCOSKUN

Istanbul University
Institute of Graduate Studies in Science and Engineering

Department of Physics

Supervisor : Prof. Dr. Baki AKKUS
Co-Supervisor : Prof. Dr. Tolga YARMAN

The energy probability distribution of the quantum levels of a particle imprisoned in three
dimensions in the manner of Schrédinger’s common setup engenders; as contingent upon a
fixed energy range, that we determine beforehand, will be the subject of this essay. Such an
outlook is interesting from several angles: i) It looks very much like a classical Maxwellian
distribution. ii) In the case we have as many free particles in the box as the number of levels
depicted by the number of quantum levels in between the predetermined lower bound energy
level and the upperbound energy level, all the while assuming that the Pauli Exclusion
Principle holds (i.e., “that no pair of particles can occupy the same energy level represented
by the corresponding set of quantum numbers”); the distribution we disclose becomes the

energy probability distribution of the ensemble of particles imprisoned in the given box. iii) It

xii



can even be guessed that, if elastic collisions between the free particles in question, were
allowed, just like is the case for molecules in a room, and still assuming quantization and the
Pauli Principle, the outcome we disclose should be about the same as that of the energy
probability distribution, molecules in a room would display in equilibrium. iv) The quantized
energy being proportional to the sum of three squared integers associated with respectively,
each of the spatial dimensions; the property we reveal certainly becomes remarkable from the
point of view of mathematics of integer numbers — so much so that we further disclose how
the approach pertaining to the probability distribution output remains the same for higher
dimensions than 3, i.e. the sum of, say, four squared integers yields, be this qualitatively, the

same output.

* . This summary was taken from the article T. Yarman et. all, wrote out of the content of this

thesis.

December 2018, 65 pages.

Keywords: Maxwell energy distribution, Mathematica program, Schrodinger equation
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1. GIRIS

Kitlesi m olan ve potansiyel enerjisi 0 olarak segilmis, Ly, Ly ve L, boyutlarindaki bir
kutuda hapsolmus bulunan bir parcacigin Shrédinger Denklemi’nin bilinen 6zdeger
¢Oziimiinden yola ¢ikiyoruz. Bu ¢oziim, yani parcacigin hareket enerjisi E, her ii¢ boyutla,
ayr ayri iligkilendirilmis, ny, n, ve n, diyecegimiz, kuvantum sayilarin karelerinin toplamini
(nz + n% + nZ) icermektedir. Her (i¢ kenarda kolaylik saglamak iizere L’ye esit olsun. O

halde, s0z konusu karelerin toplami, pargacigin hareket enerjisi E ile orantilidir. Oranti

2

katsayist; h Plank, sabiti olarak kibik geometride olmaktadir.

8mL2

Bu tezde oncelikle ii¢ boyutlu bir kutuda hapsolmus tek bir par¢acigin bulunabilecegi enerji
seviyelerini hesap etmeyi 6ne ceksek dahi, kutumuzda birden fazla pargacigin bulunmasi

halinde, bunlarin herhangi ikisinin ayn1 enerji seviyesinde bulunamayacagini, varsayiyoruz.

Enerji seviyeleri, yukaridaki denklemden goriindiigii iizere, miimkiin kuvantum sayilarinin
ayr1 ayr1 ve liger licer kombinasyonlari zemininde tasvir edilmektedir. Her ii¢ boyuta iligskin
ticerli kuvantum sayilarini bir araya getirilerek, bunlarin karelerin toplanmasi ile elde edilen

sonuglarin, bazilarinin, ayni olabilecegi, hemen goriilebilmektedir.

Buna kolay bir 6rnek olarak, her i¢ boyutta da, kuvantum sayisi olarak ve sadece 1 ile 2
sayllarinin miimkiin kilindigin1 diisiinelim. Bunlan tiger liger eslestirilince su 8 secenekle

kars1 karsiya kaliyoruz.
1,1,1), (1,1,2),(1,2,1),(2,1,1),(2,1,2), (2,2,1),(1,2,2)ve (2,2,2).

Bunlar, g6z oniine aldigimiz basit halde, parcacigin isgal edebilecegi enerji seviyelerini
belirleyen ve her biri ¢ ayri boyuttan segilen {i¢ kuvantum sayidan olusan, “kuvantum

demetler” olmaktadir.
Bu demetlerdeki tam sayilarin karelerinin toplamlarini yazalim:
(1,1, 1) — (1*1%+1%=3

1,1,2) — (1*1%+2%)=6



(1,2,1) — (1*2°+1%)= 6
2,1,1) - (221°+1%)=6
2,1,2) — (221%+29)=9
2,2,1) — (222%+1%)=9
(1,2,2) — (1%2%+2%)=9
(2,2,2) > (2% 2°+2%)=12
Bu durumda goriilecegi lizere toplamda, 8 secenekten ,

1 segenek 3 sayisini,
1 secenek 12 sayisini,

3 secenek 6 sayisini,

O O O O

3 secenek 9 sayisini
vermektedir.

Bu durum gostermektedir ki; kutumuzda ¢ok sayida, diyelim ki, her ti¢ boyutta da 1’den N’ye
kadar kuvantum sayilarimiz yer alirsa, toplamda pargaciklarin olasi enerjilerine doniik olarak
N* tane enerji seviyesi olacaktir. Fakat; ‘iki par¢acik ayni bir (nyg,ny0,1,) Kuvantum
sayilar demetine sahip bulunamayacagina” dair, kisittimiz nedeniyle; pargaciklar ancak, ayri
ayr1 Ugerli kuvantum sayilariyla temsil edilen farkli farkli katlara yerlesmek durumunda,

olacaklardir.

Bununla beraber, iste, kimi {gerli kuvantum sayilarinin karelerinin toplamlari, ayni
olabilecektir. Yani, bir¢ok pargacik farkli farkli kuvantum seviyelerde bulunsalar da, son

toplamda ayni1 bir hareket enerjisine sahip olabileceklerdir.

Bu ¢ergevede tipkr yukarida dikkate getirdigimiz 6rnekte oldugu gibi, belli bir enerjiye doniik

belli bir say1, veya ayn1 anlamda belli bir enerjiye doniik, belli bir olasilik, ortaya ¢ikmaktadir.

Bu tezde, ele alinan kutuda, ¢ok yiiksek sayida parcacigin yer almasi halinde ortaya ¢ikacak

enerji dagilimi, hesaplanmaktadir ve gosterilmektedir.



Hesap ettigimiz, enerji dagilimlari, gérmekteyiz ki, Maxwell Enerji Dagilimi’na sasirtici

derecede benzemektedir. Dikkate getirmek istedigimiz olgu, esasen, budur.

Konuyu matematiksel olarak 6zetlemede ¢ok yarar vardir. Kiibik, her {i¢ boyutta, yalnizca tam
sayilardan olusan N tane sayimiz bulunuyor. Bunlar, demek ki l¢ boyutta, toplamda
Nx Nx N = N3 uzaysal noktay: isaret ediyor. Bu her noktaya simdi, bunun koordinatlarmin
karelerinin toplamindan olusan sayiy1 yaziyoruz. Koordinatlar1 farkli olacak olmakla beraber
s06z konusu say1, li¢ boyutlu uzayimizin bagka kimi noktalarinda karsimiza ¢ikiyor. Bu say1
karsimiza eger toplamda n defa ¢ikiyorsa; bunu, tiim benzer sekilde hesap edilmis olacak,
sayilarin iginde bulma olasiligimiz (P) , demek ki

pon (L2)

oluyor.

Bu tezde aradigimiz, iste, tam da, P=f(n) fonksiyonu olmaktadir. Bu fonksiyon, gercekten de,
Maxwell Dagilimi’n1 ¢ok andiriyor, demistik. O kadar ki, N tane say1y1 her bir eksende 1’den
N’ye kadar yerlestirebilecegimiz gibi, diyelim ki, 100’den N + 100 ‘e kadar olacak sekilde de

yerlestirebiliriz.

Bu noktada iizerinde durulmaya deger bir ayrint1 sudur: S6z konusu kutunun i¢indeki, zaten
enerjilerinin ortalamada yiiksek olmasi ihtimali kuvvetli olan ve “homojen” dagildiklarini
varsayabilecegimiz molekiillerin sayica fazlaligi; ¢ok c¢ok disiikk enerjili molekillerin
mevcudiyet ihtimalini neredeye imkansizlastiracak olup, bu durumda, her bir boyutta, 1 ila
100’e kadarki bir diziyi almak yerine, s6zgelimi, 20’den 120’e kadarki bir diziyi gdzetmek,
goreceli olarak daha gergek¢i olacaktir. Bu son durumda, ayrica, elde edilecek sonuglar

Maxwell Dagilimi’yla daha yakin ortiisme sergileyen bir resim sunuluyor.

Demek ki, boyle yapmamiz halinde, P=f(n) dagilimi, tipki Maxwell Dagilimi'nin sicakligin
yukseltilmesine bagl olarak, saga dogru enerji ekseninde kaymasi ornegindeki gibi, saga

kayiverecektir.

Tam sayilar &leminde bdyle bir o6zelligin ortaya c¢ikmasi, ‘matematik diinyayi’ yakinen

ilgilendirecektir, kanaatindeyiz.



Dahasi, sozkonusu ettigimiz bulgular, yalmiz ¢ boyutlu tam sayilar aleminden degil, dort

boyutlu, bes boyutlu ve daha (st boyuttaki ‘farazi’ tamsayilar alemlerinde de, ayni olmaktadir.

Bu tezde, bu konu ayrica islenmektedir.



2. GENEL KISIMLAR

2.1 UC BOYUTLU SCHRODINGER DALGA DENKLEMI VE BUNUN KUTUYA
HAPSOLMUS COZUMU: OZDEGER VE OZFONKSiYON

Disiincemize en basitten baglayarak, yatkinlik saglamak iizere, ilk 6nce, Sekil 2.1.°de
gosterildigi gibi sonsuz yiikseklikli kutuda hapsolmus pargacigin bir boyutlu Schrodinger

Denklemi’ni ve bunun ¢6ziminii yaziyoruz.

Sekil 2.1: Bir boyutta kutuya hapsolmus m kiitleli parcacik v pargacigin belli seviyedeki hizi olup,

p=mv, olmaktadir.

Bu pargacigin Schrodinger Denklemi’ni alisilmis notasyonla yaziyoruz [1]:
hZ

() w0 = Ee(x). (2.1)

Bu denklemde; kutu icinde potansiyel enerji, 0 alinmis olup, haliyle yer almamaktadir. Buna

karsilik, par¢acik kutunun digina ¢ikamama kisitindadir.
Burada gecen biiyiikliikler asagidaki gibidir.

h: Planck sabiti / 21

v: Pargacigin dalga fonsiyonu

E: Pargacigin Kinetik enerjisi

m: Parcacigin kiitlesi



Kutunun uzunlugu L’dir.
Denklem (2.1)’in ¢6zimi sudur [1];

E=" n=1,2,3.. 2.2)

8mlL2

burada n kuvantum sayisidir.

Bulunacak E degeri denklemimizin, 6zdegeridir. Denklemimizin 6zfonksiyonu aligilmis

notasyonla [1];
w(x) = Asinkx , (2.3)

olmaktadir. Buradaki ¢6zim Denklem 2.4’te oldugu gibi Born formulasyonuna formiline

gore bulunmakta ve asagidaki sekilde tanimlanmaktadir [1]. Bu gergevede,

fOL wl(x)dx =1, (2.4)

AP =2, (2.5)
2mE

k? = = (2.6)

olmaktadir [1].

Biz bu tezde, esas olarak Sekil 2.2’de oldugu gibi {i¢ boyutlu ve sifir potansiyel enerjiyi haiz

[(V(r)=0)], bir kutuya hapsolmus bir pargacik zemininde ¢alismayi, hedefliyoruz.

Lz —

Y

Lx V1



Sekil 2.2: 3 boyutlu kutu igindeki pargacik [2].

Bu diistince ile 3 boyutta Schrédinger Denklemini yazalim [1]. Rolativistik olmayan

Schrodinger Denklemi, belirli bir enerji seviyesindeki kutudaki partikiiliin enerjisini saglar

[3]:

fLZ
2m

(24 20 22)900 100 = 0 .

Denklemimizin 6zdeger ve 6z fonksiyonlari, alisilmis notasyonla soyledir:

_PEn)®

2.1 . X TTX
we(x) = (2sin(=E)  , nEL 2,30 By = vl (2.8)
_ (235 o Myny _a _h?(ny)?
wy2(y) = (E)z sm(T), n=1,2,3.. E= g (2.9)
_ (27 cin(lenz - _h2(ng)?
w,2(z) = (Lz)z sin( - ), n,=1, 2, 3... E, = omiZ (2.10)

Ny, Ny, N, sirastyla x,y, z yonlerinde dalga fonksiyonuyla iligkili kuvantum sayilaridir [3].

h?_ (ng)?

n=em oz

+ (n)? + (ny)? ) (211)

2 2
LZ LZ

Kolaylik saglamak amaciyla, bu sekilde dikdortgenler prizmasi yerine L kenar uzunluguna

sahip bir kiip gozetmekteyiz (L, = L, = L, = L). Bu durumda [1];

h2
Ex;y;z_gm(LZ)

(n, 2 +n,%2+n,%) n=123, .. (2.12)
y

olacaktir.



2.2 PAULI PRENSIBI

Atomlar genellikle ¢oklu-elektronludurlar. N6tr atomlarda, bir protona karsilik bir elektron
bulunur; bu durum atomu, ‘nétr’ kilar. *‘NOtr’, toplamda ‘yuksuz’ demektir. Elektronlar,
atomun ¢ekirdeginden ne kadar uzakta konumlandiklarina bagli olarak, farkli enerji

seviyelerinde bulunabilirler [4].

Bir atomdaki her bir elektronun, ‘benzersiz’ bir ‘kuvantum sayilar1 demeti’ vardir. Bu demet,
genelde birden fazla kuvantum sayisiyla ifade edilir. Bir atomdaki tiim elektronlarin tiim
kuvantum sayilariin kombinasyonu, Schrédinger Denklemi’ne, uyan bir dalga fonksiyonuyla

tanimlanir [4].

1945 yilinda Pauli’ye Nobel 6diilii kazandiran Pauli Dislama Prensibi’ne gore, iki elektron,
ayni bir kuvantum sayilar1 demetini paylasamaz [5]. Her elektronun kendine 6zgu bir halde
olmasi gerektigini, baska bir deyisle, bir atomdaki hi¢ bir elektronun ayni kuvantum sayi

topluluguna sahip olmayacagini, 6ne surilmektedir [6].

Bu tezde, s6z konusu prensip, kutuya hapsolmus ve aralarinda etkilesme varsaymayacagimiz
parcaciklara uygulanabilir, varsaymaktadir. Bagka bir deyisle, kutudaki iki pargacik, iste, ayni

kuvantum sayilar1 demetini haiz olmayacaktir.



2.3 ENERJi DAGILIM FONKSiYONU

Klasik termodinamigin ‘ideal gaz’ yaklasimiyla birlikte ¢alistig1 bilinmekte ve burada gazin
olusturdugu  molekiillerin  birbiriyle etkilesmedigi  varsayilmaktadir. Ideal gazin
tanimlanmasina yonelik yasalar ¢ok uzun zaman 0nce catilmistir [3]. Gazin bir molekilden

olustugunu diisiinerek, Boyle ve Mariotte ideal gaz yasasini, yazalim [7];
PV = n,RT = kNT (2.13)

Burada, P gazin basinct,V gazin hacmi, T gazin sicakligi, n,, gazin mol sayisi, N Avagadro

sayisi, R=831 Joules/°K olan gaz sabitidir. Burada,
R
k=1, (2.14)

olmaktadir. k Boltzman sabiti ve N Avogadro sayisidir [7].

Kapali bir kapta bulunan molekiller, onlar1 siirlayan duvarlarla etkilesme halinde
olacaklardir, fakat birbirleriyle etkilesmeyeceklerdir. Boylece her molekil, sonsuz yiiksek
potansiyele haiz kapali bir kutuda tek bir kuvantum mekaniksel parcacik gibi davranacaktir
[3]. Gazlarin kinetik teorisine gore, bir kapta bulunan gaz Sekil 2.3’te oldugu gibi, kabin

duvarlarina carpip geri dondiikge, her molekiilde ayr1 ayrt momentum degisimi gozlenir ve
Denklem (2.13)’ nin Denklem 2.15’te oldugu gibi, E=§kT formiilii de kullanilarak

tiiretilmesini saglar [7].

PV =Zmv? =2 NE (2.15)

% = E ortalama transfer olan molekiillerin enerjisi, m kiitle, v2 hizin ortalama karesidir [7].
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Sekil 2.3: Ug boyutlu kutuda bir gaz parcaciginin hareketi [8].

Kapali kutuya hapsettigimiz parcacigin enerji dagilim fonksiyonu inceleyip; ilk olarak
P(E;) E;'ye karsi olarak tanimlayalim:

p(Ep) = % (2.16)

f(Ej), enerji degeri (Ej)'nin N olasi enerji degerlerinden meydana gelme sikligidir.

Gazlarin istatistik termodinamik yaklasiminda, esas olarak ii¢ tiir dagilim mevcuttur. Bu
dagilimlar, Maxwell — Boltzmann (MB), Bose — Einstein (BE) ve Fermi — Dirac (FD) olarak

isimlendirilen dagilimlardir [9].

Aralarindaki uzakliklar, birbirlerinde ayirt edilmeleri igin yeterli olan 6zdes parcaciklardan
bahsediyorsak, 6rnegin gaz molekilleri diyelim. Bu tir pargaciklar igin Maxwell-Bolzman

dagilimi fonksiyonunu tanimliyoruz.

Dalga fonksiyonlar1 ortiistiigii igin birbirinden ayirt edilemeyen ‘0’ veya ‘tam say1i’ spinli
(donull)) o6zdes pargaciklar bozon adi verilen bu tiir pargaciklar disarlama ilkesine

uymadiklarindan onlar i¢in Bose-Einstein Dagilim1 gecerli olmaktadir.

Ayni sekilde birbirinden ayirt edilemeyen spinleri buguklu ( , ... ) olan 6zdes parcaciklar

)

N |-
-

Nl w
N u

fermiyon ad1 verilen bu tiir pargaciklar disarlama ilkesine uyduklarindan (6rnegin elektron)

onlar icin Fermi-Dirac Dagilimimi kullanmaktayiz [6].
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Maxwell-Boltzmann Bose-Einstein Fermi-Dirac

(klasik) [Fuantum) [kuantum)
i 1 1
fiE) flE) fiE) =
AEEAT AgERT _ 4 AgERT 4
ozdes aywdediemez ozdes Zijr'lf"JE“ﬂﬂE"l"l'll'."Z
g, fakat a | T : :
tzdes Iu-ﬂ}-'; -Il'r h'.f:lfﬁ'l‘ﬂ et partkdller, tam sginl partikiller, yanm spanl
A {bozonlar) { fermiyonlar)
drnekler: molekiler hiz drnekler. lermal sama GL'“:"[ "'"_ :TEEILEII:{'I <
dadihrma spesilik i e oo ol

=him

Sekil 2.4: MB, BE ve FD dagilimlarinin 6zellikleri [10].
[2.3 BULGULADIGIMIZ DAGILIMIN MAXWELL DAGILIMI iLE BENZERLIGi

19. yiizyillda Ingiliz bilim adami James Clerk Maxwell ve Avusturyali Fizikci Ludwig
Boltzmann gazlarin kinetik teorisini olusturmaya onculik ettiler. Maxwell-Bolzman dagilim
fonksiyonu, T mutlak sicakligindaki bir pargacik sisteminde € enerjili bir durumdaki f;,,;(€)

ortalama parcacik sayisinin ;

fon (£) = A€k (2.17)
formuliiyle verildigini ve A’nin degeri sistemdeki parcacik sayisina bagli olup, bir dalga
fonksiyonun normlama sabitine benzer sekildedir. k (2.14)’te verildigi gibi Boltzmann

10723,

sabitidir oyle ki, k = 1.381xT dir.

Gaz molekdllerinin enerji dagilimlari, makroskopik boyutta, kapali bir kutuda, bulunan
relativistik olmayan etkilesimli pargaciklar olarak ele alindi. L boyutunda bir kapali kiip kutu
icinde bulunan m kiitleli par¢acik igin yazilmis ve sirasiyla ii¢ boyut ile iligkili kuvantum
sayilariyla [n,, n,, n,] betimlenen belli enerji seviyesinde bulunan Schrodinger Denkleminin

E enerji 6zdegeri Denklem (2.2) ile tanimlanmusti.

Bu tanim ile ilgili, belli E'min gergeklesmesi; farkli [n,,n,,n,] kimelerin zemininde
olabilmektedir. Tezde, [n,,ny, n,] kimelerini (n*) durumunu referans alarak kare kuvantum

sayilarinin ortalamasiyla aramamizin nedeni, ortalama molekiller ile dogrudan baglantili

olmasidir. Buna gore, E'yi basitlestirebiliriz [11].
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Basit durum ic¢in kuvantum sayilarin1 1 ve 2 secelim, ve bu sayilar i¢ boyutta tim yonlerde
olacaklardir. BOylece, 1 ve 2, 6teleme yoni boyunca, 1 ve 2, 0,, yoni boyunca ve 1 ve 2, 0,
yonl boyunca, izin verilen kuvantize edilmis enerji seviyelerinde, N = 23 = 8 seklinde
farkli kuvantum noktalarina isaret edeceklerdir. Verilen yonlerde tamsayi kuvantum sayilarini
tastyan koordinat sistemi [Oy, O, O,] tarafindan temsil edilir ve bu koordinat sistemini 1 ve 2

sayilarindan olusturucak isek,
(1,1,1), (1,1,2), (1,2,1), (2,1,1), (2,1,2), (2,2,1), (1,2,2), (2,2,2)
olacaktir.
Yukarida ki gibi 8 adet olan esleniklerin her birinin karesini asagidaki gibi alip, toplayalim.
(1,1,1) - (13+1%+1%9=3, (2,2,2) — (2*+2°+2%)=12
(2,1,2) - (2°+1%+2%)=9, (1,1,2) — (1%+1%+2%)=6
(1,2,2) - (13+2%+25=9, (1,2,1) —» (1%+2*+1%)=6
(2,2,1) - (242%+15=9  (2,1,1) - (2*'1°+1%)=6

Bu durum gosteriyor ki, Uglii olarak 8 farkli kuvantum noktasina sahip olmamiza ragmen;
kuvantum kare toplamlarinin bazilarinin ayni say1 degeri ¢iktigini1 gézlemleyebiliriz. 3, 6, 9 ve

12' ye, 8 enerji enerji degerinden , 8 durum igin,

0 1 segenek 3 sayisini,
0 1 secenek 12 sayisini,
0 3 segenek 6 sayisini,
0]

3 secgenek 9 sayisini
vermektedir.

Denklem (2.16) da verilen kuvantum konumlarinin her biri igin kuantum tam sayilarinin
karelerinin toplanmasinin emsalli tatbikatindan ¢ikarilan sayilar ile orantili olanlar arasindaki
enerji numaralar1 igin sifir olasiligina yol acabilecegi agiktir. Nitekim, 3, 6, 9, 12 numaral
nihai sayilardir ve 2, 4, 5, 7, 8, 10 ve 11 sayilarin1 bu nedenle ele almadik. Bu ¢zellik daha az

Onem kazanmasina karsin, her yonde ¢ok sayida tamsay1 secmemiz durumunda, yine de enerji
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olasilik dagilimi fonksiyonunun tanimini gelistirebiliriz. Boylece bir kuvantum enerji seviyesi
bulma olasilif1 olarak p(E) dE' yi tanimlayabiliriz. Enerji E degerini tasiyan enerji aralif1

dE, E etrafinda yerlestirilir.

(B)
p(E) = fTE (2.18)

f(E), enerjinin birim aralig1 i¢inde yer alan bir enerjinin ortaya ¢ikis frekansidir, s6z konusu

tam enerji aralig1 E civarindadir.

(2.13) ve (2.14) Denklemlerinin disinda asagidaki iligkileri de yazabilecegimiz agiktir.

f(E;j 1 N
SLpE)=1=3, =y rE) ==, (2.18)
Emax Emax Emax
e p(BYdE = 1= [ %dE == Jome F(B)E = z=1, (2.19)

Her hallikarda, enerji E'ye gore enerji olasilik dagilimi fonksiyonu p(E), Maxwelian Enerji
Dagilimi’na ¢ok benzer goriinmektedir. Asagida sunacagimiz ¢izimlerden bellidir; p(E) 'nin

zirvesine tekabll eden enerji E,.q)'in ortalama enerjinin solunda yer almasidur.
E = [[™*E p(E)dE. (2.20)

olacaktir. Ornek, Maxwell Dagilim grafigi Sekil 2.5’te gosterilmistir.

' '
E—jl"’ﬂl‘ﬂ‘
i

243 0.5 1.0 15 2.0 2.5
Enerji

Sekil 2.5: Ornek Maxwell enerji dagilinu [12].
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3. MALZEME VE YONTEM

3.1 1 VE 2 SAYISININ DAGILIM GRAFIGININ WOLFRAM MATHEMATICA
PROGRAMI ILE CiZDIRILMESI

Uc boyuttaki bir parcacigm, hava ile ¢arpisma olmaksizin kapali bir kapta oldugunu ve
elektronlarin Pauli Prensibi kistasiyla, kuvantum enerji seviyelerine yerlestigini farzediyoruz.
Kolay olmasi amaciyla ilk olarak ‘1’ ve ‘2’ kuvantum sayilarinin enerji seviyelerini
inceliyoruz. Bu kuvantum sayilarinin her yonde (x, y, z) olabilecegi asikardir. O halde, 1 ve 2
‘X’ yéninde, 1 ve 2 ‘y’ yonlinde ve 1 ve 2 ‘z’ yonunde izin verilen kuvantize edilmis enerji
seviyelerinde * N = 22 = 8’ kadar farkli kuvantum noktalarinda bulunacaklardir. Bu 8 farkli
kuvantum noktalarinin (1, 1, 1), (1, 1, 2), (1,2, 1), (2,1, 1), (2, 1, 2), (2, 2, 1), (1, 2, 2) ve (2,
2, 2) seklinde olacagi hesaplanabilir. Bu asamadan sonra; her bir tglii sirali eslenigin
asagidaki sekliyle kendi aralarinda karesini alip, kendi aralarinda toplama islemi yapiyoruz.
Kareleri alinip toplanan durumda, esleniklerin bazilarinin asagidaki gibi tekrarlandiginm

gorebiliyoruz.

(1,1,1) & (1%+1%+19)=3 (2,2,2) > (2°+ 2>+ 25)=12

(1,1,2) 2 (1%+1%+29=6 (1,2,1) > 1%+ 2°+ 19)= 6 2,1,1) > 2>+ 1%+ 19=6
(2,1,2) > (22 +1%+29)=9  (2,2,1) > 2>+ 2%+ 19)=9 (1,2,2) (1% 2°+29)=9
Bu durumda goriilecedi iizere toplamda 8 secenekten

0 1 secenek 3 sayisini,

0 1 secgenek 12 sayisini,
0 3 segenek 6 sayisini,
0]

3 secenek 9 sayisini

vermektedir.


http://www.wolfram.com/mathematica/
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Yukarida bahsi gecen konunun, dagilim grafigini olusturmak adina ‘Wolfram Mathematica’
11.1.1 programini kullanarak enerji dagiliminmi elde edecegiz. Bu programda yapilan

kodlamalar asagidaki gibidir.

Oncelikle a ve b olmak izere 1 ve 2 tam sayisin1 programda tanimlayarak basliyoruz.
a=1

b=2

ﬂ Ui *-Wofam Mathematca 111
Fle Eft nset Fomat Cel Grphics Eieustin Pelets Window Help

i:1
bz

Sekil 3.1: 1 ve 2 sayilarinin Wolfram Mathematica programinda tanimlanmast.

‘a’ ve ‘b’ sayisi olarak tanimladigimiz 1 ve 2 sayilarini, ‘Tuples[{a”2, b”2},3” kodu ile
herbiri Gcll olarak (x,y,z) eslenmis sekilde ve eslenmis her tgliiniin karesi alinmis olarak
siraltyoruz. Programin bize vermis oldugu sonug, Sekil 3.2’de de goriilecegi iizere

{1,1,1},{1,1,4},{1,4,1},{1,4,4},{4,1,1},{4, 1,4}, {4, 4,1}, {4, 4, 4} olacaktir.


http://www.wolfram.com/mathematica/
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Untitled-1* - Wolfram Mathematica 11.1
File Edit Insert Format Cell Graphics Evaluation Palettes Window Help

a=1
b=2

Tuples[{a”™2, b*2}, 3]

({1, 1,1}, {1, 1,4}, {1,4,1}, {1, 4,4}, {4,1, 1}, {4, 1,4}, {4, 4,1}, {4, 4, 4}}

Sekil 3.2: 1 ve 2 sayisinin Wolfram Mathematica programinda tiglii sirali dizilip, dizilimin karesinin

alinmasi.

Bir sonraki adimda, her eslenigi kendi arasinda, (parantezler arasi) toplama iglemini ‘total’
komutu yapiyoruz. Sekil 3.3’te de goriilecegi sekilde, bu komut sonrasi program ¢iktisinda; 6

ve 9 sayilarindan tiger tane 3 ve 12 sayilarindan birer tane olmaktadir.

E Untitled-1~ - Wolfram Mathematica 11.1
File Edit Insert Format Cell Graphics Evaluation Palettes Window Help

a=1
b=2

Tuples[{a~2, b*2}, 3]
{{1, 1,1}, {1,1,4},{1,4,1}, {1,4,4}, {4,1,1}, {4,1,4}, {4,4,1}, {4, 4,4}]

Sort[Total[Table[Tuples[set, 3],], {2}]]
{3,6,6,6,9,9,9, 12}

Sekil 3.3: Wolfram Mathematica programinda kareleri alinan 8 eslenigin kendi arasinda toplama

islemi yapilip, siniflandirilmasi.

Elde edilen siniflandirmanin dagilim grafigini ¢izebilmek adina tekrarlayan sayilar1 ve kag
defa tekrarladigim1 *Counts’ komutuyla Sekil 3.4’te oldugu gibi gosteriyoruz. Beklendigi gibi,
3 sayisindan 1 tane, 6 sayisindan 3 tane, 9 sayisindan 3 tane ve 12 sayisindan 1 tane oldugunu

programin ¢iktisinda gérunuyor.


http://www.wolfram.com/mathematica/
http://www.wolfram.com/mathematica/

17

Untitled-17 - Wolfram Mathematica 11.1
File Edit Insert Format Cell Graphics Evaluation Palettes Window Help

a=1
b=2

1

2

Tuples[{a”~2, b"2}, 3]

({1, 1,1}, (1,1, 4}, {1,4,1}, (1, 4,4}, {4,1, 1}, {4,1, 4}, {4,4,1}, (4,4, 4}]

Sort[Total[Table[Tuples[set, 3],], {2}]]

A

{3,6,6,6,9,9,9, 12}

Counts [Sort[Total [Table[Tuples[set, 3],.], {2}]]]
<|3-1,6-3,9-3,12-1)p

Sekil 3.4: Wolfram Mathematica programinda elde edilen sonucun sikliklarinin karsilagtirilmasi.

Karsilagtirma sonras: grafigimiz eksenlerini tanimlamak adina; ‘x’ eksenine kareleri alinip,
toplama islemi yaptigimiz sayilarin degerlerini (3, 6, 9 ve 12) yaziyoruz. Ayni zamanda bu
ekseni ‘enerji ekseni’ olarak adlandiriyoruz. Grafigin ‘y ekseni’ ise sonuglarin kag kere tekrar
ettigini belirten sayilart (1 ve 3 ) konumlandirarak ve ‘enerji olasilik yogunlugu’ olarak
adlandirtyoruz. 1 ve 2 sayilarinin ii¢lii sirali esleniklerinin kareleri alinip toplama islemi
sonrasi tekrarli olan sayilarin olustugu ve bu islemin dagilimi gosterilmistir. Elde edilen

dagilimin Sekil 3.5°te gosterimistir.


http://www.wolfram.com/mathematica/
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E 1,2 CIZIMI Cazdmlendink = - Wolfram Mathematica 11.1
File Edit Inset Format Cell Graphics Evaluation Palettes Window Help

SmoothHistogram[Total /@ Tuples [ {set}, 3] + 15, Automatic, "PDF", Axes —» True, AxesOrigin - {8, 8}, PlotRange —» {Full, All},
Filling -+ Axis, AxesLabel -+ {"Energy", "Energy Probability Density"}, Mesh » {1, @}, MeshFunctions - {#1 &, %2 &},
MeshStyle » {Directive[PointSize [Medium], Red], Blue}]

Energy Probability Density

0.05F

— Energy
10 20 20 40
Histogram[Total /@ Tuples[set, 3], Automatic, Axes » True, PlotRange » {Full, All},
AxeslLabel » {"Energy", "Energy Probability \nDensity (unscaled)"}]

Energy Probability
Density (unscaled)
6F

af

w

[

1 —‘
0 L L Energy
14

0 2 4 6 8 10 12

Sekil 3.5: 1 ve 2 sayilarinim Wolfram Mathematica programinda enerji dagilimu.

Elde edilen grafik sonrasi, grafigin altinda kalan alan1 aritmetik olarak ikiye bolmek amaciyla, Sekil
3.5’te oldugu gibi ‘mean’ komutu kullaniyoruz. Bunu kullanmamizda ki ama¢ grafigin alt alaninin
yarisinin nereden kesildigini tespit etmektir. Bdylece dagilimin hangi dagilim oldugunu

gozlemleyebilmeyi amagliyoruz.

ﬂ 1,2 CIZIMI Cézdmlendi.nb ™ - Wolfram Mathematica 11.1
File Edit Insert Format Cell Graphics Evaluation Palettes Window Help
Show[Histogram[Total /@ Tuples[set, 3] + 15, Automatic, "PDF", Axes + True, AxesOrigin —+ {@, @}, PlotRange + {Full, All},
AxeslLabel -+ {"Energy", "Energy Probability Density"}],
SmoothHistogram[Total /@ Tuples[{set}, 3] + 15, Automatic, "PDF", Axes » True, AxesOrigin -+ {@, @}, PlotRange » {Full, All},
AxeslLabel » {"Energy", "Energy Probability Density"}], PlotRange » All]
Energy Probability Density

0151

005

L Energy
10 20 30 40

Histogram[Total /@ Tuples[set, 3], {Sqrt[y]}, Axes - True, PlotRange —» {Full, All},
AxeslLabel -+ {"Energy (untransposed)", "Energy Probability \nDensity (unscaled)"}]

Energy Probability
Density (unscaled)

o

(S

[SIE)

o o o s oW

Energy (untransposed)

4 6 8 10 12

(ST
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Show[SmoothHistogram[Total /@ Tuples[{set}, 3] + 15, Automatic, "PDF", Axes » True, AxesOrigin - (@, @}, PlotRange —» {Full, All},
Axeslabel - {"Energy", "Energy Probability Density"}, Mesh - {1, @}, MeshFunctions » {#1 &, #2 &},
MeshStyle -+ {Directive[PointSize[Medium], Red], Blue}],
SmoothHistogram[Total /@ Tuples[{set}, 3] + 15, Automatic, "PDF", Axes —» True, AxesOrigin - (@, @}, PlotRange » {{@, y + 15}, All},
Filling - Axis, AxesLabel —» {"Energy", "Energy Probability Density"}]]

Eneray Probability Density

Energy

Sekil 3.6: 1 ve 2 sayilarinin Wolfram Mathematica programinda ‘mean’ komutuyla enerji dagilimi.

1 ve 2 sayilartyla 3 boyutta denenmis olan bu ¢alisma, istenen her enerji araliginda yapilabilir. Yine
matematik diinyada ilgi gekecegini diisiindiigiimiiz, 4 boyutta da, hatta enerji araligmin kuvveti

degistirilerekte bu islemler tekrarlanabilir.


http://www.wolfram.com/mathematica/
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4. BULGULAR

4.1 BELIRLENEN ENERJi ARALIKLARININ WOLFRAM MATHEMATICA
PROGRAMI ILE CiZDIRILMESI

4.1.1 3 Boyutlu Cizimlerin Gosterilmesi

‘Kuvantize enerji’, sirasiyla, uzaysal boyutlarin her biri ile iliskili ii¢ kare tamsayilarin
toplam1 ile orantilidir; agiga cikardigimiz o6zellik kesinlikle tam sayilarin matematigi

acgisindan dikkat ¢ekicidir.

1 ve 2 sayilarinda uygulamis oldugumuz programlama sirasimi ‘Malzeme ve YoOntem’
boliimiinde acikca ifade ettigimiz sekliyle, enerji araligmi degistirdigimiz kuvantum say1
degerlerine asagidaki 6rneklerde oldugu sekilde uyguladik. Grafikler cizdirdikten sonra, tim
grafiklerin yorumlanmasinin kolay olmasi adina, sola dogru y ekseninde transpoze islemi

yapilmustir.

Bu tezde, matematiksek olarak ilging oldugunu diisiindiigiimiiz i¢in boyut ve Ustler de
degisiklikler yapildi. 1 ve 2 sayilar ile basladigimiz enerji aralifini, asagidaki sekillerde
oldugu gibi bir ¢ok aralikta (6rnegin:1-50, 300-400 vb.) degistirdigimizde Mathemetica
programinda elde ettigimiz klasik dagilimlarla ulastik. Ozellikle asagidaki sekillerde
goriilecegi iizere goz karariyla bakildiginda Sekil 4.2, Sekil 4.4, Sekil 4.6 ve Sekil 4.7 de
Maxwell Dagilima benzemektedir. Daha sonrasinda ise nasil bir manzara ile karsilacagimiz

tezimizin disinda bir konudur.

Energy Probability Density

Sekil 4.1: 1-50 arasi sayilarin enerji dagilimi.


http://www.wolfram.com/mathematica/
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Energy Probability Density

Energy Probability Density 0.0006
0.0006 —

7‘ *\ 0.0005

0.0005
0.0004

0.0004
0.0003 0.0003
0.0002 0.0002
0.0001 0.0001

Energy Energy
1000 2000 3000 4000 500 1000 1500 2000 2500 3000 3500

Sekil 4.2: 20 ile 40 aras1 sayilarin enerji dagilimlari.

Energy Probability Density Energy Probability Density

0.00035 — 0.0004f
0.00030 71 3‘ L
0.00025 0.0002 -
0.00020 | i

i 0.0002f
0.00015 r
0.00010 000011
0.00005

Energy . : p -t Energy
1000 2000 3000 4000 5000 G0OOD 7000 1000 dlil 2000 2000 5000

Sekil 4.3: 20-50 arasi1 sayilarin enerji dagilimi.

Energy Probability Density Energy Probability Density
e s
p— 7‘?‘ 5\ 0.00015
0.00010 0.00010
0.00005 0.00005
Ehergy === 0 pE e e e Energy

2000 4000 6000 8000 10000 12000 14000 2000 4000 6000 8000 10000 12000

Sekil 4.4: 20-70 aras1 sayilarin enerji dagilimu.
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- ) Energy Probability Density
Energy Probability Density .
0.000085 0.00007 |

A |
P N 0.00006 |

0.00005
0.00004
0.00003
0.00002
0.00001
Energy :

5000 10000 15000 20000 25000 3000.0

0.00008 |

0.00004 |

0.00002 +

Energy
5000 10000 15000 20000 25000 30000

Sekil 4.5: 1-100 aras1 sayilarin enerji dagilimi.

Energy Probability Density
0.00008 7["“\ Energy Probability Density

7“ N 0.00008 |

0.00006
0.00006
0.00004
000004 -
000002 0.00002

r——r—r

Ener ) =
5000 10000 15000 20000 25000 % 5000 10000 5000 20000 25000 MY
Sekil 4.6: 30 ile 100 arasi sayilarin enerji dagilimlari.
Energy Probability Density Energy Probability Density
0.000025 T 0.000025
0.000020 7( \ 0.000020
0.000015 0.000015
0.000010 0.000010
5 %1076 5.%10°8
Energy - Energy

20000 40000  GOOOD 80000 T 20000 40000 60000 80000

Sekil 4.7: 100 ile 200 arasi sayilarin enerji dagilimu.

Energy Probability Density Energy Probability Density
0.00001 ?«:"'""‘:.i 0.00001 |
s.xm"’i 7[ 3‘ 8.x107%
a_um"’é 6.x107% |
4-*1055' 4.x10°%
i
2.x106§‘ 2.x10°%]
I 50000 100000 150000 200000 "0 S 50000 100000 150000 200000 "o

Sekil 4.8: 300 ile 400 arasi sayilarin enerji dagilimu.
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Energy Probability Density
4.%1078 e

3.%x1078 7 N

Energy Probahility Density

2.x1078

1.x107®

Energy . 7
100000 200000 300000 400000 500000 nergy Energy
Sekil 4.9: 900 ile 1000 sayilarinin enerji dagilimi.
Energy Probability Density
Energy Probability Density
T P it
?c/ \% 3.5x1077 |
a _4n-T -
3. =10 . 2.x10°7 ,
25%10
241077 . 251077}
15210
1.x10°7 %1077}
5.x10 3
. . 1 - Energy ; ™ Energy
1105 2x10% 32105 4x10% 5x10% 6x10% 1:10% 2x10% 3x<10% 4x10%° 5x10° snn‘.&‘l’E g
Sekil 4.10: 9900 ile 10000 sayilarinin enerji dagilimi.
Bey Rdetiy Desty
Energy Probability Density
_8 TS |
35x108 / \ 35‘]03%
3x10” 7[ \ T 3
251078 25x10°8|
2x107® 2108
151078 5108
1x1078 1.%10°8}
5x1079 5.x1079}
7559/ = = = = Energy
107 2x107 3x07 4x17 5x07 6xD 12107 2x107  3x107 4x107 5x107

Sekil 4.11: 99900 ile 100000 sayilarinin enerji dagilima.
4.1.2 4 Boyutlu Cizimlerin Gosterilmesi

Matematiksel olarak ilgin¢ oldugunu diisiindiigimiiz i¢in 3 boyutlu yaptigimiz ¢aligmayi, 4
biyutlu olarakta yapmayi denedik. Program da sadece boyut kismima ‘3’ yerine ‘4’ yazarak

asagidaki gibi Sekil 4.1 de oldugu gibi aymi grafik ile karsilastik.
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Energy Probability Density
é ’ ' Energy Probability Density

0.0005 | 0.0005 |
0.0004 | 0.0004 |
0.0003 T 0.0003 }
0.0002| 0.0002}
0.0001 | : ‘ ‘ Y 0.0001 |
1 ] =l — [ e - Energ}- L ol - " - Energy
1000 2000 3000 4000 5000 1000 2000 3000 4000 5000

Sekil 4.12: 4 boyutta 20 ile 40 arasi sayilarin enerji dagilimlari.
4.1.3 2 Boyutlu Cizimlerin Gosterilmesi

Matematiksel olarak ilging oldugunu diisiindiiglimiiz i¢in 3 boyutlu yaptigimiz ¢alismayi, 2
bryutlu olarakta yapmayi denedik. Program da sadece boyut kismina ‘3’ yerine ‘2’ yazarak
asagidaki gibi Sekil 4.1 ve Sekil 4.9° da oldugu gibi ayn1 grafik ile karsilastik.

Energy Probability Density
0.0007 |

Energy Probability Density

_ 0.0006 |
00008y 0.0005 |
[ 0.0004 |
0.0004| .
0.0003

0.0002} R

0.0001 |

N R o | NN PPN, - S - Energy
00 1000 1600 2000 2600  agoor oo 500 1000 1500 2000 2500 3000

Sekil 4.13: 2 boyutta 20 ile 40 arasi sayilarin enerji dagilimu.
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5. TARTISMA VE SONUC

Bu tezde, sabit enerji araliklarimi belirledigimiz, {i¢ boyutlu olarak hapsedilen pargacigin,

kuvantum seviyelerinin ‘Schrodinger Denklemi’ni’ g6z 6niine aldik.
Buldugumuz sonug bir ¢ok agidan ilgingtir:

) Herseyden once, ¢ikan grafikler, klasik bir Maxwell dagilimini andirtyor.

i) Aym zamanda, Bose-Einstein, Fermi-Dirac gibi istatistiksel dagilimlara 1sik
tutmaktadir. Sonraki durumda, kimi {igerli kuvantum sayilarinin Karelerinin
toplamlari, ayni olabilecegi saptanmis, diger bir deyisle birgok parcacik farkli
farkli kuvantum seviyelerde bulunsalar da, son toplamda ayni bir hareket
enerjisine sahip olabileceklerdir.

iii) Ele alinan kutuda, ¢ok yiiksek sayida pargacigin yer almasi halinde ortaya ¢ikacak

enerji dagilimi, hesaplanmig ve gosterilmistir.

Soyut matematiksel bir bakis agisiyla, birkag boyut ve Ozellikle 4 boyutta, ayrica kuvantum
sayilarinin kuvvetlerini 2' nin Gzerinde ve 2' nin altinda bir Ust m ile birlikte, m = 1/2 ve
benzerleri dahil olarak,benzer araliklar i¢inde, birkag simiilasyon yaptik. Tezde paylasilan tim

grafiklerde gizilenler Maxwell Dagilimi ya da benzeri dagilimlart andirdigini bulguladik.

Bu tezde esasen ortaya koydugumuz olgu budur.
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EKLER

EK:Al 20 ile 40 sayisinin 3 boyutlu olarak Wolfram Mathematica programinda

gosterimi
In[20]:= ClearAll["Global *"]
In[21]:= set=Range[20,40]"2

Out[21]={400,441,484,529,576,625,676,729,784,841,900,961,1024,1089,1156,1225,1296,13
69,1444,1521,1600}

In[22]:= y=Mean[Total/@Tuples[set,3]]//N

Out[22]= 2810

In[23]:= z=Median[Commonest[ Total/@ Tuples[set,3]]]
Out[23]= 2804

In[24]:=  SmoothHistogram[Total/@Tuples[set,3]  -1100,Automatic,"PDF",Axes->True,
AxesOrigin->{0,0},PlotRange->{Full, All}, Filling->Axis,AxesLabel->{"Energy","Energy
Probability Density"},Mesh->{1,0},MeshFunctions->{#1&,#2&},MeshStyle-
>{Directive[PointSize[Medium],Red],Blue}]

Energy Probability Density

Out[24]= ™300 1000 1500 2000 2500 3000 3500 e

In[25]:= Histogram[Total/@Tuples[set,3]-y, Automatic, Axes->True, PlotRange->{Full, All},
AxesLabel->{"Energy","Energy Probability \nDensity (unscaled)"}]
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Energy Probahility
Density (unscaled )
1000 7777
800
600
400
200
Out[25]= O—lm0 100 50 0 50 1w 1m0 200 oY
In[29]:=  Show[Histogram[Total/@Tuples[set,3]-1100, = Automatic,"PDF",Axes->True,

AxesOrigin->{0,0}, PlotRange->{Full, All}, AxesLabel->{"Energy"”,"Energy Probability
Density"}],SmoothHistogram[Total/@Tuples[set,3]-1100,Automatic,"PDF",Axes->True,
AxesOrigin->{0,0}, PlotRange->{Full, All}, AxesLabel->{"Energy","Energy Probability
Density"}],PlotRange->All]

Energy Probability Density

OUt[Zg]: 500 1000 1500

In[27]:= Histogram[Total/@Tuples[set,3],{Sqrt[y]}, Axes->True, PlotRange->{Full, All},
AxesLabel->{"Energy (untransposed)”,"Energy Probability \nDensity (unscaled)"}]

Energy Probability
Density (unscaled

Out[27]= 071500 2000 2500 3000 3500 4000 4500 o ey (Unanspose

In[30]:= Show[SmoothHistogram[Total/@Tuples[set,3]-1100,Automatic,"PDF",Axes-
>True,AxesOrigin->{0,0},PlotRange->{Full,All},AxesLabel->{"Energy","Energy Probability
Density"},Mesh->{1,0},MeshFunctions->{#1&,#2&},MeshStyle-
>{Directive[PointSize[Medium],Red],Blue}],SmoothHistogram[Total/@Tuples[set,3]-
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1100,Automatic,"PDF",Axes->True,AxesOrigin->{0,0},PlotRange->{{0,y
1100}, All},Filling->Axis,AxesLabel->{"Energy","Energy Probability Density"}]]

Energy Probability Density

OUt[30]: 500 1000 1500 2000 2500 3000 3800 o

EK:A2 1 ve 50 sayisimin 3 boyutlu olarak Wolfram Mathematica programinda

gosterimi
In[77]:= ClearAll["Global *"]
In[78]:= set=Range[1,50]"2

Out[78]={1,4,9,16,25,36,49,64,81,100,121,144,169,196,225,256,289,324,361,400,441,484,52
9,576,625,676,729,784,841,900,961,1024,1089,1156,1225,1296,1369,1444,1521,1600,1681,1
764,1849,1936,2025,2116,2209,2304,2401,2500}

In[79]:= y=Mean[Total/@Tuples[set,3]]//N

Out[79]= 2575.5

In[80]:= z=Median[Commonest[ Total/@ Tuples[set,3]]]
Out[80]= 2609

In[81]:= SmoothHistogram[Total/@Tuples[set,3],Automatic,"PDF",Axes->True, AxesOrigin-
>{0,0},PlotRange->{Full, All}, Filling->Axis,AxesLabel->{"Energy","Energy Probability
Density"},Mesh->{1,0},MeshFunctions->{#1&,#2&},MeshStyle-
>{Directive[PointSize[Medium],Red],Blue}]
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Energy Probability Density

Out[8]_]: 000 2000 3000 4000 5000 6000 7000 oV
In[82]:= Histogram[Total/@Tuples[set,3]-y, Automatic, Axes->True, PlotRange->{Full, All},
AxesLabel->{"Energy","Energy Probability \nDensity (unscaled)"}]

Energy Probability
Density (unscaled )

15000

10000

out[82]= " a0 o 2 a0 T

In[83]:= Show[Histogram[Total/@ Tuples[set,3]1000, Automatic,"PDF",Axes->True,
AxesOrigin->{0,0}, PlotRange->{Full, All}, AxesLabel->{"Energy","Energy Probability
Density",FontSize-
>Large}],SmoothHistogram[Total/@Tuples[set,3]1000,Automatic,"PDF",Axes->True,
AxesOrigin->{0,0}, PlotRange->{Full, All}, AxesLabel->{"Energy","Energy Probability
Density",FontSize->Large}],PlotRange->All]

Energy Probabkility Density

out[83]=

In[84]:= Histogram[Total/@Tuples[set,3],{Sqrt[y]}, Axes->True, PlotRange->{Full, All},
AxesLabel->{"Energy (untransposed)”,"Energy Probability \nDensity (unscaled)"}]
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Energy Probability
Density (unscaled

Energy (untransposed

Out[84]=

In[92]:= Show[SmoothHistogram[Total/@Tuples[set,3]+400,Automatic,"PDF",Axes-
>True,AxesOrigin->{0,0},PlotRange->{Full,All},AxesLabel->{"Energy","Energy Probability
Density",FontSize->Large},Mesh->{1,0},MeshFunctions->{#1& #2&},MeshStyle-
>{Directive[PointSize[Medium],Red],Blue}],SmoothHistogram[Total/@Tuples[set,3]+400,A
utomatic,"PDF",Axes->True,AxesOrigin->{0,0},PlotRange->{{0,y+400},All},Filling-
>Axis,AxesLabel->{"Energy","Energy Probability Density",FontSize->Large}]]

Energy Probability Density

Out[92]=

EK:A3 100 200 sayisinin 3 boyutlu olarak Wolfram Mathematica programinda

gosterimi
ClearAll["Global™*"]
set=Range[100,200]"2

{10000,10201,10404,10609,10816,11025,11236,11449,11664,11881,12100,12321,12544,127
69,12996,13225,13456,13689,13924,14161,14400,14641,14884,15129,15376,15625,15876,1
6129,16384,16641,16900,17161,17424,17689,17956,18225,18496,18769,19044,19321,19600
,19881,20164,20449,20736,21025,21316,21609,21904,22201,22500,22801,23104,23409,237
16,24025,24336,24649,24964,25281,25600,25921,26244,26569,26896,27225,27556,27889,2
8224,28561,28900,29241,29584,29929,30276,30625,30976,31329,31684,32041,32400,32761
,33124,33489,33856,34225,34596,34969,35344,35721,36100,36481,36864,37249,37636,380
25,38416,38809,39204,39601,40000}
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y=Mean[Total/@Tuples[set,3]]/N

70050.
z=Median[Commonest[Total/@Tuples[set,3]]]
71861

SmoothHistogram[Total/@Tuples[set,3],Automatic,"PDF",Axes->True, AxesOrigin-
>{0,0},PlotRange->{Full, All}, Filling->Axis,AxesLabel->{"Energy","Energy Probability
Density"},Mesh->{1,0},MeshFunctions->{#1&,#2&},MeshStyle-
>{Directive[PointSize[Medium],Red],Blue}]

Histogram[Total/@Tuples[set,3]-y, Automatic, Axes->True, PlotRange->{Full, All},
AxesLabel->{"Energy","Energy Probability \nDensity (unscaled)"}]

Show[Histogram[Total/@Tuples[set,3]1000, Automatic,"PDF",Axes->True, AxesOrigin-
>{0,0}, PlotRange->{Full, All}, AxesLabel->{"Energy","Energy Probability
Density",FontSize-
>Large}],SmoothHistogram[Total/@Tuples[set,3]1000,Automatic,"PDF",Axes->True,
AxesOrigin->{0,0}, PlotRange->{Full, All}, AxesLabel->{"Energy"”,"Energy Probability
Density",FontSize->Large}],PlotRange->All]

Histogram[Total/@Tuples[set,3],{Sqrt[y]}, Axes->True, PlotRange->{Full, All}, AxesLabel-
>{"Energy (untransposed)","Energy Probability \nDensity (unscaled)"}]

Show[SmoothHistogram[Total/@Tuples[set,3]-30000,Automatic,"PDF",Axes-
>True,AxesOrigin->{0,0},PlotRange->{Full,All},AxesLabel->{"Energy","Energy Probability
Density",FontSize->Large},Mesh->{1,0},MeshFunctions->{#1& #2&},MeshStyle-
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>{Directive[PointSize[Medium],Red],Blue}],SmoothHistogram[Total/@Tuples[set,3]-
30000,Automatic,"PDF",Axes->True,AxesOrigin->{0,0},PlotRange->{{0,y-
30000},All},Filling->Axis,AxesLabel->{"Energy","Energy Probability Density",FontSize-
>Large}]]

EK:B1 20 ve 40 sayilarnmn 3 boyutta kigciikten biiyiige siralamislar1 ve goriiniim

sikhigi

In[10]:= ClearAll["Global *"]
set=Range[20,40]"2
Sort[Total[Table[Tuples[set,3]],{2}1]

Out[11]={400,441,484,529,576,625,676,729,784,841,900,961,1024,1089,1156,1225,1296,13
69,1444,1521,1600}

Out[12]={1200,1241,1241,1241,1282,1282,1282,1284,1284,1284,1323,1325,1325,1325,1325
11325,1325,1329,1329,1329,1366,1366,1366,1368,1368,1368,1370,1370,1370,1370,1370,137
0,1376,1376,1376,1409,1409,1409,1411,1411,1411,1413,1413,1413,1413,1413,1413,1417,14
17,1417,1417,1417,1417,1425,1425,1425,1452,1454,1454,1454,1454,1454,1454,1458,1458,

--9131---,4346,4346,4346,4346,4346,4346,4356,4356,4356,4409,4409,4409,4411,4411,4411,
4413,4413,4413,4413,4413,4413,4417 4417 4417 4417 4417 4417 4425 4425 4425 4486 448
6,4486,4488,4488,4488,4490,4490,4490,4490,4490,4490,4496,4496,4496,4563,4565,4565,45
65,4565,4565,4565,4569,4569,4569,4642, 4642, 4642, 4644,4644,4644,4721,4721,4721,4800}

In[14]:= Counts[Sort[Total[Table[ Tuples[set,3]],{2}1]1]

Out[14]= <|1200->1,1241->3,1282->3,1284->3,1323->1,1325->6,1329->3,1366->3,1368-
>3,1370->6,1376->3,1409->3,1411->3,1413->6,1417->6,1425->3,1452->1,1454->6,1458-
>6,1460->6,1466->6,1476->3,1497->3,1499->3,1501->6,1505->6,1507->3,1509->6,1517-
>6,1529->3,1542->3,1544->3,1546->6,1550->6,1552->3,1554->6,1558->3,1560->6,1570-
>6,1584->3,1587->1,1589->6,1593->6,1595->6,1601->12,1605->6,1611->3,1613->6,1625
>6,1634->3,1636->3,1638->6,1641->3,1642->6,1644->3,1646->6,1650->3,1652->6,1654-
>6,1658->6,1666->3,1668->6,1681->3,1682->6,1683->3,1685->6,1689->6,1691->3,1693-
>6,1697->3,1699->6,1700->3,1701->6,1705->6,1709->6,1713->6,1723->3,1725->6,1728-
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>1,1730->6,1734->6,1736->6,1741->6,1742->12,1746->6,1752->6,1754->12,1760->6,1761-
>3,1766->6,1770->6,1777->3,1779->3,1781->6,1782->3,1784->6,1785->6,1787->3,1789-
>6,1793->3,1795->6,1797->6,1801->6,1802->6,1805->6,1809->9,1811->6,1817->6,1824-
>3,1825->6,1826->3,1828->3,1829->6,1830->6,1834->6,1836->3,1838->6,1842->3,1843-
>3,1844->6,1845->6,1846->6,1850->6,1854->6,1858->9,1860->6,1865->6,1866->6,1868-
>3,1870->6,1875->1,1876->6,1877->6,1881->6,1883->6,1886->6,1889->15,1890->6,1893-
>6,1899->6,1901->12,1906->3,1907->6,1908->6,1913->12,1917->12,1925->6,1926-
>3,1928->3,1929->3,1930->12,1931->6,1934->6,1936->3,1937->6,1938->6,1942->3,1944-
>6,1946->6,1949->6,1950->6,1953->6,1954->6,1956->3,1958->9,1960->6,1966->6,1968-
>3,1970->6,1971->3,1973->6,1974->6,1976->6,1977->3,1978->6,1979->3,1981->6,1985-
>6,1986->6,1987->3,1989->6,1992->3,1993->3,1994->6,1995->6,1997->12,2000->6,2001-
>6,2005->6,2009->9,2011->6,2014->6,2017->6,2018->6,2019->3,2021->6,2025->9,2027-
>6,2028->1,2029->6,2030->6,2034->6,2036->6,2037->12,2038->3,2040->6,2041->6,2042-
>12,2046->6,2049->6,2052->6,2054->12,2057->3,2059->6,2060->6,2065->6,2066-
>18,2070->12,2078->6,2081->9,2082->6,2083->3,2084->12,2085->12,2089->6,2090-
>12,2091->3,2093->6,2096->3,2097->3,2099->6,2100->6,2101->6,2102->6,2105->6,2106-
>6,2107->3,2109->12,2113->9,2114->6,2115->6,2121->6,2123->3,2124->3,2125->6,2126-
>6,2129->6,2131->6,2132->6,2133->6,2134->3,2136->3,2137->6,2138->6,2141->12,2142-
>6,2144->3,2145->6,2146->6,2147->3,2149->6,2150->9,2152->6,2153->6,2154->12,2155-
>6,2158->6,2162->6,2165->6,2166->9,2168->6,2169->9,2173->6,2174->6,2176->3,2178-
>9,2180->6,2181->6,2182->6,2184->6,2186->6,2187->1,2189->6,2193->9,2194->12,2195-
>12,2198->6,2200->3,2201->18,2202->6,2205->6,2206->6,2208->6,2210->6,2211->6,2213-
>12,2214->3,2216->6,2218->6,2219->6,2221->6,2222->6,2225->18,2229->12,2232-
>6,2237->6,2238->6,2241->6,2242->9,2243->12,2244->6,2246->6,2249->12,2250-
>12,2251->3,2252->3,2253->6,2254->6,2258->3,2259->6,2260->6,2261->12,2262->6,2264-
>3,2265->12,2266->12,2270->6,2272->6,2273->12,2274->9,2276->6,2282->6,2283-
>3,2284->3,2285->18,2286->6,2290->6,2291->6,2292->6,2294->12,2297->3,2298->6,2299-
>3,2301->12,2302->12,2305->6,2306->6,2307->3,2308->3,2309->12,2310->6,2313-
>0,2314->6,2315->6,2316->6,2317->6,2321->15,2322->3,2324->6,2325->6,2326->9,2328-
>6,2329->9,2330->12,2331->6,2334->6,2337->9,2339->9,2340->6,2341->6,2342->6,2345-
>12,2347->6,2349->6,2352->1,2354->15,2356->6,2357->12,2358->6,2360->6,2361-
>6,2362->12,2363->3,2365->6,2366->12,2369->12,2370->6,2371->6,2372->6,2373-



36

>6,2376->6,2377->3,2378->12,2379->6,2381->6,2382->6,2384->6,2385->12,2386->6,2389-
>6,2390->12,2394->18,2395->6,2397->6,2400->3,2401->6,2402->6,2403->3,2405-
>12,2406->6,2408->12,2409->9,2411->3,2412->3,2413->12,2414->18,2417->6,2419-
>3,2420->6,2421->6,2424->6,2425->9,2426->12,2427->9,2429->12,2430->12,2433-
>6,2435->6,2437->6,2438->12,2441->15,2443->6,2445->6,2446->6,2448->6,2449->6,2450-
>24,2451->3,2453->6,2456->12,2457->12,2459->6,2461->12,2466->15,2468->3,2469-
>18,2470->6,2473->6,2474->12,2475->3,2476->3,2477->6,2478->12,2480->6,2481-
>6,2482->6,2483->6,2484->12,2486->12,2489->6,2490->6,2491->12,2493->6,2494-
>6,2497->18,2498->15,2500->6,2501->6,2502->3,2504->6,2506->6,2507->6,2508->3,2509-
>6,2510->12,2513->6,2514->6,2516->6,2517->6,2518->6,2520->6,2521->9,2523->7,2525-
>18,2526->12,2529->18,2530->6,2531->6,2532->3,2534->12,2537->18,2538->12,2539-
>6,2540->6,2541->6,2546->9,2547->6,2548->6,2549->18,2550->6,2553->12,2554-
>12,2555->6,2558->6,2561->18,2564->6,2565->12,2566->6,2568->3,2570->12,2573-
>12,2574->6,2576->6,2577->6,2578->9,2579->15,2580->6,2581->6,2582->9,2584->3,2585-
>12,2586->12,2587->6,2590->6,2592->3,2594->12,2595->6,2596->9,2597->18,2598-
>9,2600->6,2601->12,2602->6,2604->6,2606->6,2609->12,2610->12,2613->6,2614-
>15,2616->6,2617->6,2619->6,2621->18,2622->6,2624->3,2625->6,2626->12,2627-
>12,2628->6,2630->12,2632->6,2634->6,2637->12,2638->6,2641->3,2642->12,2643-
>3,2645->18,2646->6,2648->3,2649->18,2650->12,2651->9,2653->6,2654->6,2656-
>6,2657->15,2658->3,2659->6,2660->6,2661->6,2662->3,2664->6,2665->6,2666->12,2669-
>18,2670->12,2673->12,2674->6,267/5->12,2676->6,2680->6,2681->12,2682->6,2683-
>3,2685->12,2686->6,2689->6,2690->6,2691->12,2693->6,2694->9,2696->6,2698->6,2700-
>1,2701->12,2702->12,2705->18,2706->6,2707->3,2708->6,2709->12,2710->6,2712-
>0,2713->6,2714->18,2715->6,2717->6,2718->6,2720->6,2721->3,2722->6,2723->6,2724-
>6,2725->6,2726->24,2729->18,2730->6,2732->6,2733->6,2734->6,2738->12,2739-
>6,2741->6,2742->12,2744->6,2745->6,2746->6,2749->6,2750->6,2752->3,2753->9,2754-
>12,2755->6,2756->12,2757->6,2760->6,2761->9,2762->18,2763->3,2765->6,2769-
>12,2770->6,2771->12,2772->6,2773->12,2774->12,2777->3,2778->12,2779->12,2781-
>12,2784->6,2785->18,2786->12,2789->12,2793->15,2795->6,2796->6,2798->18,2801-
>12,2803->9,2804->12,2805->18,2809->6,2811->6,2813->12,2814->12,2821->18,2822-
>15,2824->3,2825->12,2826->18,2827->3,2828->6,2829->6,2830->6,2832->3,2833-
>6,2834->18,2835->6,2838->3,2840->6,2841->9,2842->6,2843->6,2845->6,2846->18,2849-
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>12,2850->12,2852->12,2853->6,2854->9,2856->6,2858->12,2859->6,2861->6,2862-
>12,2864->3,2865->6,2866->6,2868->12,2869->6,2870->6,2872->6,2873->9,2874->6,2875-
>6,2877->6,2881->6,2882->24,2883->1,2885->6,2886->6,2888->3,2889->12,2890->6,2891-
>15,2893->6,2894->6,2896->6,2897->12,2899->6,2900->6,2901->12,2902->3,2904-
>6,2905->12,2906->6,2907->6,2909->18,2910->12,2913->6,2914->6,2915->6,2920-
>6,2921->18,2922->6,2923->6,2925->24,2926->6,2930->6,2933->12,2934->9,2936-
>6,2937->6,2938->6,2939->12,2941->6,2942->6,2945->18,2946->3,2948->3,2950-
>12,2952->9,2954->12,2955->6,2956->3,2957->12,2958->6,2960->6,2961->18,2962-
>9,2964->6,2966->18,2969->12,2970->12,2974->12,2978->9,2979->6,2980->6,2981-
>18,2984->6,2986->12,2987->12,2988->3,2990->6,2992->3,2994->12,2996->6,2997-
>12,2998->6,3000->6,3002->6,3005->12,3006->12,3009->15,3010->12,3011->9,3012-
>3,3013->6,3014->6,3017->18,3018->6,3019->3,3020->6,3021->6,3024->6,3025->3,3026-
>3,3027->6,3028->6,3029->18,3030->6,3033->9,3034->12,3035->6,3037->6,3038->6,304 1-
>15,3043->6,3044->6,3045->6,3046->6,3049->6,3050->6,3051->9,3053->6,3054->6,3057-
>6,3058->9,3059->6,3060->6,3061->6,3062->6,3065->12,3066->6,3069->18,3072->1,3073-
>6,3074->12,3075->3,3076->9,3077->12,3078->12,3080->6,3081->6,3083->6,3084-
>6,3086->12,3089->9,3090->12,3091->6,3093->6,3094->6,3096->6,3097->12,3098-
>12,3101->6,3104->6,3106->6,3107->6,3108->6,3109->6,3110->18,3113->6,3114-
>12,3117->6,3118->6,3121->9,3122->6,3123->6,3125->6,3126->6,3128->12,3129->6,3130-
>6,3134->12,3137->9,3138->3,3139->9,3140->6,3141->6,3144->6,3145->6,3146->18,3147-
>3,3149->12,3150->12,3153->15,3155->6,3156->6,3157->6,3158->12,3161->12,3165-
>6,3168->6,3169->9,3170->18,3171->6,3173->6,3176->12,3177->6,3179->6,3181-
>12,3185->6,3186->12,3187->12,3189->6,3194->6,3197->18,3198->6,3200->6,3201-
>6,3202->3,3203->3,3204->3,3205->6,3206->12,3209->6,3210->6,3211->6,3212->3,3213-
>6,3214->6,3217->9,3218->9,3219->6,3220->6,3221->6,3222->9,3224->6,3225->18,3226-
>6,3229->6,3230->12,3234->9,3235->6,3236->6,3237->6,3240->6,3241->6,3242->6,3244-
>3,3245->6,3246->6,3249->6,3250->6,3252->6,3253->6,3254->12,3258->6,3262->12,3265-
>6,3266->12,3267->4,3268->3,3269->12,3270->6,3273->6,3274->6,3275->12,3276-
>6,3281->12,3282->3,3284->6,3285->12,3286->6,3288->3,3290->18,3291->6,3293-
>12,3294->6,3296->6,3297->6,3299->6,3300->6,3301->6,3302->6,3305->12,3309-
>18,3314->9,3316->6,3317->6,3321->6,3322->6,3323->12,3329->15,3331->6,3332-
>6,3334->3,3336->3,3337->6,3338->6,3339->6,3341->12,3342->12,3344->3,3345-
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>12,3346->12,3350->3,3352->6,3353->12,3354->12,3358->6,3362->6,3363->3,3365-
>18,3366->9,3368->6,3369->6,3371->6,3372->3,3374->12,3376->3,3378->6,3380->6,3381-
>6,3382->6,3384->6,3386->6,3389->6,3393->6,3394->12,3398->6,3400->3,3401->9,3402-
>6,3403->3,3405->6,3406->12,3408->6,3409->6,3410->6,3411->3,3413->6,3414->3,3416-
>6,3417->6,3418->6,3419->12,3421->6,3422->6,3425->12,3429->6,3432->6,3433->9,3435
>6,3438->6,3441->6,3442->9,3443->3,3444->6,3445->6,3449->12,3450->6,3451->6,3453-
>12,3461->12,3464->3,3465->6,3466->6,3467->3,3468->1,3469->6,3470->6,3472->6,3473
>6,3474->6,3475->6,3476->6,3482->12,3483->3,3485->12,3486->6,3489->6,3492->6,3493
>6,3494->18,3498->6,3500->6,3501->6,3506->12,3510->12,3513->3,3515->6,3518-
>6,3521->12,3522->6,3524->12,3526->3,3528->6,3530->12,3537->3,3539->3,3540-
>6,3541->12,3542->6,3545->12,3546->6,3547->3,3549->6,3553->3,3554->6,3555->6,3557
>6,3561->6,3562->6,3564->3,3565->6,3566->6,3569->9,3571->9,3572->6,3573->6,3577-
>6,3579->3,3581->6,3585->6,3587->6,3589->6,3590->6,3594->6,3597->12,3600->3,3601-
>6,3605->6,3606->3,3608->3,3609->6,3610->6,3614->6,3616->3,3617->3,3618->9,3619-
>6,3620->6,3622->3,3624->6,3625->6,3626->6,3630->6,3634->6,3638->9,3640->6,3641-
>9,3645->6,3646->6,3648->3,3650->12,3654->6,3656->6,3658->6,3666->6,3667->3,3669-
>6,3672->3,3674->6,3675->1,3677->6,3680->6,3681->6,3683->6,3684->3,3689->12,3693-
>6,3694->6,3697->6,3698->6,3699->6,3701->12,3707->6,3713->12,3717->12,3718-
>3,3720->6,3725->6,3729->6,3731->6,3737->6,3746->9,3748->3,3749->6,3750->6,3753-
>6,3754->6,3756->3,3758->6,3762->3,3764->6,3766->6,3770->6,3771->3,3773->6,3774-
>6,3776->3,3778->9,3780->6,3786->6,3788->3,3790->6,3796->6,3797->6,3806->6,3810-
>6,3817->3,3819->3,3821->6,3825->9,3826->3,3827->3,3828->6,3829->6,3833->3,3835-
>6,3837->6,3841->6,3845->6,3849->9,3850->6,3851->6,3857->6,3865->6,3869->6,3876-
>3,3883->3,3885->6,3888->1,3890->6,3894->6,3896->6,3902->12,3905->6,3906->6,3912-
>6,3914->12,3920->6,3926->6,3929->3,3930->6,3942->3,3944->6,3961->3,3962->6,3963-
>3,3965->6,3969->6,3971->3,3973->6,3977->3,3979->6,3981->6,3984->3,3985->6,3989-
>6,3993->6,4003->3,4005->6,4021->6,4034->3,4036->3,4038->6,4041->3,4042->6,4044-
>3,4046->6,4050->3,4052->6,4054->6,4058->6,4066->3,4068->6,4082->6,4100->3,4107-
>1,4109->6,4113->6,4115->6,4121->12,4125->6,4131->3,4133->6,4145->6,4161->3,4182-
>3,4184->3,4186->6,4190->6,4192->3,4194->6,4198->3,4200->6,4210->6,4224->3,4257-
>3,4259->3,4261->6,4265->6,4267->3,4269->6,4277->6,4289->3,4332->1,4334->6,4338-
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>6,4340->6,4346->6,4356->3,4409->3,4411->3,4413->6,4417->6,4425->3,4486->3,4488-
>3,4490->6,4496->3,4563->1,4565->6,4569->3,4642->3,4644->3,4721->3,4800->1>

EK:B2 20 ve 40 sayilarimin 2 boyutta ve m=1/2 i¢in kiiciikten biiyiige siralanislar: ve

goriiniim sikhgi

In[25]:= ClearAll["Global *"]
set=Range[20,40]"1/2
Sort[Total[Table[Tuples[set,4]].{2}1]

Out[26]={10,21/2,11,23/2,12,25/2,13,27/2,14,29/2,15,31/2,16,33/2,17,35/2,18,37/2,19,39/2,2
0}

Out[27]={40,81/2,81/2,81/2,81/2,41,41,41,41,41,41,41,41,41,41,83/2,83/2,83/2,83/2,83/2,83/
2,83/2,83/2,83/2,83/2,83/2,83/2,83/2,83/2,83/2,83/2,83/2,83/2,83/2,83/2,42,42,42,42,42,42,42
42,42,42,42,42,42,42,42,42 42,42 ,42,42,42,42,42,42,42 42,42 42,4242 42 42,42 ,42,42,85/2,8
5/2,85/2,85/2,85/2,85/2,85/2,85/2,85/2,85/2,85/2,85/2,85/2,85/2,85/2,85/2,85/2,  ---194307---
,155/2,155/2,155/2,155/2,155/2,155/2,155/2,155/2,155/2,155/2,155/2,155/2,155/2,155/2,155/
2,155/2,155/2,78,78,78,78,78,78,78,78,78,78,78,78,78,78,78,78,78,78,78,78,78,78,78,78,78,7
8,78,78,78,78,78,78,78,78,78,157/2,157/2,157/2,157/2,157/2,157/2,157/2,157/2,157/2,157/2,1
57/2,157/2,157/2,157/2,157/2,157/2,157/2,157/2,157/2,157/2,79,79,79,79,79,79,79,79,79,79,1
59/2,159/2,159/2,159/2,80}

In[28]:= Intersection[Total[ Table[Tuples[set,4]].{2}]]

Out[28]={40,81/2,41,83/2,42,85/2,43,87/2,44,89/2,45,91/2,46,93/2,47,95/2,48,97/2,49,99/2,5
0,101/2,51,103/2,52,105/2,53,107/2,54,109/2,55,111/2,56,113/2,57,115/2,58,117/2,59,119/2,6
0,121/2,61,123/2,62,125/2,63,127/2,64,129/2,65,131/2,66,133/2,67,135/2,68,137/2,69,139/2,7
0,141/2,71,143/2,72,145/2,73,147/2,74,149/2,75,151/2,76,153/2,77,155/2,78,157/2,79,159/2,8

0}
In[29]:= Counts[Sort[Total[ Table[ Tuples[set,4]],{2}1]1]

Out[29]= <|40->1,81/2->4,41->10,83/2->20,42->35,85/2->56,43->84,87/2->120,44-
>165,89/2->220,45->286,91/2->364,46->455,93/2->560,47->680,95/2->816,48->969,97/2-
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>1140,49->1330,99/2->1540,50->1771,101/2->2020,51->2284,103/2->2560,52->2845,105/2-
>3136,53->3430,107/2->3724,54->4015,109/2->4300,55->4576,111/2->4840,56-
>5089,113/2->5320,57->5530,115/2->5716,58->5875,117/2->6004,59->6100,119/2-
>6160,60->6181,121/2->6160,61->6100,123/2->6004,62->5875,125/2->5716,63-
>5530,127/2->5320,64->5089,129/2->4840,65->4576,131/2->4300,66->4015,133/2-
>3724,67->3430,135/2->3136,68->2845,137/2->2560,69->2284,139/2->2020,70-
>1771,141/2->1540,71->1330,143/2->1140,72->969,145/2->816,73->680,147/2->560,74-
>455,149/2->364,75->286,151/2->220,76->165,153/2->120,77->84,155/2->56,78->35,157/2-
>20,79->10,159/2->4,80->1|>

EK:B3 90 ve 100 sayilarnmn 3 boyutta icin Kkiiciikten biiyiige siralamislar1 ve

goriiniim sikhigi

ClearAll["Global *"]

set=Range[90,100]"2

Sort[Total[Table[Tuples[set,3]],{2}1]
{8100,8281,8464,8649,8836,9025,9216,9409,9604,9801,10000}
Intersection[Total[Table[Tuples[set,3]],{2}]]

{24300,24481,24662,24664,24843,24845,24849,25026,25028,25030,25036,25209,25211,252
13,25217,25225,25392,25394,25398,25400,25406,25416,25577,25579,25581,25585,25587,2
5589,25597,25609,25762,25764,25766,25770,25772,25774,25778,25780,25790,25804,25947
,25949,25953,25955,25961,25965,25971,25973,25985,26001,26134,26136,26138,26142,261
44,26146,26150,26152,26154,26158,26166,26168,26182,26200,26321,26323,26325,26329,2
6331,26333,26337,26339,26341,26345,26349,26353,26363,26365,26381,26508,26510,26514
,26516,26522,26526,26532,26534,26540,26546,26550,26562,26564,26697,26699,26701,267
05,26707,26709,26713,26715,26717,26721,26725,26729,26731,26737,26745,26749,26886,2
6888,26890,26894,26896,26898,26902,26904,26906,26910,26914,26918,26920,26926,26928
,26930,26936,27075,27077,27081,27083,27089,27093,27099,27101,27107,27113,27117,271
25,27266,27268,27270,27274,27276,27278,27282,27284,27286,27290,27294,27298,27300,2
7306,27308,27310,27316,27457,27459,27461,27465,27467,27469,27473,27475,27477,27481
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,21485,27489,27491,27497,27505,27509,27648,27650,27654,27656,27662,27666,27672,276
74,27680,27686,27690,27702,27704,27841,27843,27845,27849,27851,27853,27857,27859,2
7861,27865,27869,27873,27883,27885,27901,28034,28036,28038,28042,28044,28046,28050
,28052,28054,28058,28066,28068,28082,28100,28227,28229,28233,28235,28241,28245,282
51,28253,28265,28281,28422,28424,28426,28430,28432,28434,28438,28440,28450,28464,2
8617,28619,28621,28625,28627,28629,28637,28649,28812,28814,28818,28820,28826,28836
,29009,29011,29013,29017,29025,29206,29208,29210,29216,29403,29405,29409,29602,296
04,29801,30000%}

Counts[Sort[Total[Table[Tuples[set,3]1,{2}11]

<|24300->1,24481->3,24662->3,24664->3,24843->1,24845->6,24849->3,25026->3,25028-
>3,25030->6,25036->3,25209->3,25211->3,25213->6,25217->6,25225->3,25392->1,25394-
>6,25398->6,25400->6,25406->6,25416->3,25577->3,25579->3,25581->6,25585->6,25587-
>3,25589->6,25597->6,25609->3,25762->3,25764->3,25766->6,25770->6,25772->3,25774-
>6,25778->3,25780->6,25790->6,25804->3,25947->1,25949->6,25953->6,25955->6,2596 1 -
>12,25965->6,25971->3,25973->6,25985->6,26001->3,26134->3,26136->3,26138-
>6,26142->6,26144->3,26146->6,26150->3,26152->6,26154->6,26158->6,26166->3,26168-
>6,26182->6,26200->3,26321->3,26323->3,26325->6,26329->6,26331->3,26333->6,2633 /-
>3,26339->6,26341->6,26345->6,26349->6,26353->6,26363->3,26365->6,26381->6,26508-
>1,26510->6,26514->6,26516->6,26522->12,26526->6,26532->6,26534->12,26540-
>6,26546->6,26550->6,26562->3,26564->6,26697->3,26699->3,26701->6,26705->6,26707-
>3,26709->6,26713->3,26715->6,267/17->6,26721->6,26725->6,26729->9,26731->6,26737/-
>6,26745->6,26749->6,26886->3,26888->3,26890->6,26894->6,26896->3,26898->6,26902-
>3,26904->6,26906->6,26910->6,26914->6,26918->9,26920->6,26926->6,26928->3,26930-
>6,26936->6,27075->1,27077->6,27081->6,27083->6,27089->12,27093->6,27099-
>6,27101->12,27107->6,27113->12,27117->12,27125->6,27266->3,27268->3,27270-
>6,27274->6,27276->3,27278->6,27282->3,27284->6,27286->6,27290->6,27294->6,27298-
>9,27300->6,27306->6,27308->3,27310->6,27316->6,27457->3,27459->3,27461->6,27465-
>6,27467->3,27469->6,27473->3,27475->6,27477->6,27481->6,27485->6,27489->9,27491-
>6,27497->6,27505->6,27509->6,27648->1,27650->6,27654->6,27656->6,27662-
>12,27666->6,27672->6,27674->12,27680->6,27686->6,27690->6,27702->3,27704-
>6,27841->3,27843->3,27845->6,27849->6,27851->3,27853->6,27857->3,27859->6,27861-
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>6,27865->6,27869->6,27873->6,27883->3,27885->6,27901->6,28034->3,28036->3,28038-
>6,28042->6,28044->3,28046->6,28050->3,28052->6,28054->6,28058->6,28066->3,28068-
>6,28082->6,28100->3,28227->1,28229->6,28233->6,28235->6,28241->12,28245-
>6,28251->3,28253->6,28265->6,28281->3,28422->3,28424->3,28426->6,28430->6,28432-
>3,28434->6,28438->3,28440->6,28450->6,28464->3,28617->3,28619->3,28621->6,28625-
>6,28627->3,28629->6,28637->6,28649->3,28812->1,28814->6,28818->6,28820->6,28826-
>6,28836->3,29009->3,29011->3,29013->6,29017->6,29025->3,29206->3,29208->3,29210-
>6,29216->3,29403->1,29405->6,29409->3,29602->3,29604->3,29801->3,30000->1|>

EK:C1 20 ile 40 sayisimmn 4 boyutlu ‘2. kuvvetinin  Wolfram Mathematica

programinda gosterimi
In[4]:= ClearAll["Global *"]
In[5]:= set=Range[20,40]"1/2

Out[5]=
{10,21/2,11,23/2,12,25/2,13,27/2,14,29/2,15,31/2,16,33/2,17,35/2,18,37/2,19,39/2,20}

In[6]:= y=Mean[Total/@Tuples[set,4]]//N

Out[6]= 60.

In[7]:= z=Median[Commonest[ Total/@ Tuples[set,4]]]
out[7]= 60

In[8]:= Histogram[Total/@Tuples[set,4]-y, Automatic, Axes->True, PlotRange->{Full, All},
AxesLabel->{"Energy","Energy Probability \nDensity (unscaled)"}]

Energy Probability
Density (L

5000}

ol H‘ ; }—‘__ _—

Out [8] = -10 10
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In[16]:= Show[Histogram[Total/@Tuples[set,4]-41, Automatic,"PDF",Axes->True,
AxesOrigin->{0,0}, PlotRange->{Full, All}, AxesLabel->{"Energy"”,"Energy Probability
Density"}],SmoothHistogram[Total/@ Tuples[set,4]-41,Automatic,"PDF",Axes->True,
AxesOrigin->{0,0}, PlotRange->{Full, All}, AxesLabel->{"Energy","Energy Probability
Density"}],PlotRange->All]

Energy Probability Density

I

—

Out[16]=

In[11]:= Histogram[Total/@Tuples[set,4],{Sqrt[y]}, Axes->True, PlotRange->{Full, All},
AxesLabel->{"Energy (untransposed)”,"Energy Probability \nDensity (unscaled)"}]

Energy Probability
Density (unscaled)

— EI1eI'-;I‘,"-1iI1T‘.'3n$iJ'35":-f|'

Ouflll= "% = & 1w =@

In[17]:= Show[SmoothHistogram[Total/@Tuples[set,4]-41,Automatic,"PDF",Axes-
>True,AxesOrigin->{0,0},PlotRange->{Full,All},AxesLabel->{"Energy","Energy Probability
Density"},Mesh->{1,0},MeshFunctions->{#1&,#2&},MeshStyle-
>{Directive[PointSize[Medium],Red],Blue}],SmoothHistogram[Total/@Tuples[set,4]-
41,Automatic,"PDF",Axes->True,AxesOrigin->{0,0},PlotRange->{{0,y-41} All}Filling-
>AXis,AxesLabel->{"Energy","Energy Probability Density"}]]
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Energy Probability Density
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Out[l?]: 5 10 15 20 25 30 35

EK:C2 20 ile 40 sayisimin 3 boyutlu kiip kuvvetinin Wolfram Mathematica

programinda gosterimi
In[134]:= ClearAll["Global *"]
In[135]:= set=Range[20,40]"3

Out[135]=
{8000,9261,10648,12167,13824,15625,17576,19683,21952,24389,27000,29791,32768,35937
,39304,42875,46656,50653,54872,59319,64000}

In[136]:= y=Mean[Total/@Tuples[set,3]]//N

Out[136]= 90900.

In[137]:= z=Median[Commonest[ Total/@Tuples[set,3]]]
Out[137]= 180811/2

In[138]:= SmoothHistogram[Total/@Tuples[set,3] -18500,Automatic,"PDF",Axes->True,
AxesOrigin->{0,0},PlotRange->{Full, All}, Filling->Axis,AxesLabel->{"Energy","Energy
Probability Density"},Mesh->{1,0},MeshFunctions->{#1&,#2&},MeshStyle-
>{Directive[PointSize[Medium],Red],Blue}]
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Out[138]= I 50000 100000
In[139]:= Histogram[Total/@Tuples[set,3]-y, Automatic, Axes->True, PlotRange->{Full,
All}, AxesLabel->{"Energy","Energy Probability \nDensity (unscaled)"}]

Energy Prabability
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Out[139]= ~50000 0 50000 10000 Y

In[140]:=  Show[Histogram[Total/@Tuples[set,3]-18500, Automatic,"PDF",Axes->True,
AxesOrigin->{0,0}, PlotRange->{Full, All}, AxesLabel->{"Energy","Energy Probability
Density"}],SmoothHistogram[Total/@Tuples[set,3]-18500,Automatic,"PDF",Axes->True,
AxesOrigin->{0,0}, PlotRange->{Full, All}, AxesLabel->{"Energy"”,"Energy Probability
Density"}],PlotRange->All]
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Out[140]= 50000 100000 150 000 Energy

In[142]:= Histogram[Total/@Tuples[set,3],{Sqrt[y]}, Axes->True, PlotRange->{Full, All},
AxesLabel->{"Energy (untransposed)”,"Energy Probability \nDensity (unscaled)"}]
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Out[142]= " 50000 100000 150000
In[143]:= Show[SmoothHistogram[Total/@Tuples[set,3]-15500,Automatic,"PDF",Axes-
>True,AxesOrigin->{0,0},PlotRange->{Full,All},AxesLabel->{"Energy","Energy Probability
Density"},Mesh->{1,0},MeshFunctions->{#1&,#2&},MeshStyle-
>{Directive[PointSize[Medium],Red],Blue}],SmoothHistogram[Total/@Tuples[set,3]-

15500,Automatic,"PDF",Axes->True,AxesOrigin->{0,0},PlotRange->{{0,y-
15500}, All},Filling->Axis,AxesLabel->{"Energy","Energy Probability Density"}]]
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Out[143]= 50000 100000 150000 Fneray

EK:D1 20 ile 40 sayisimin 2 boyutlu olarak Wolfram Mathematica programinda
gosterimi

ClearAll["Global *"]
In[6]:= set=Range[20,40]"2

Out[6]={400,441,484,529,576,625,676,729,784,841,900,961,1024,1089,1156,1225,1296,136
9,1444,1521,1600}

In[7]:= y=Mean[Total/@Tuples[set,2]]//N

Out[7]= 1873.33
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In[8]:= z=Median[Commonest[ Total/@ Tuples[set,2]]]
Out[8]= 1903

In[9]:=  SmoothHistogram[Total/@Tuples[set,2] -500, Automatic,"PDF",Axes->True,
AxesOrigin->{0,0},PlotRange->{Full, All}, Filling->Axis,AxesLabel->{"Energy","Energy
Probability Density"},Mesh->{1,0},MeshFunctions->{#1&,#2&},MeshStyle-
>{Directive[PointSize[Medium],Red],Blue}]

Energy Probability Density
0.0007 }

Out[9]= 500 1000 1500 2000 2500

In[10]:= Histogram[Total/@Tuples[set,2]-y, Automatic, Axes->True, PlotRange->{Full, All},
AxesLabel->{"Energy","Energy Probability \nDensity (unscaled)"}]

Energy Probability
Densty (unscaled )
60
- | |
40
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20
10
Out[10]= "o s 0 500 1000 e
In[13]:= Show[Histogram[Total/@ Tuples[set,2]-500, Automatic,"PDF",Axes->True,

AxesOrigin->{0,0}, PlotRange->{Full, All}, AxesLabel->{"Energy"”,"Energy Probability
Density"}],SmoothHistogram[Total/@ Tuples[set,2]-500,Automatic,"PDF",Axes->True,
AxesOrigin->{0,0}, PlotRange->{Full, All}, AxesLabel->{"Energy"”,"Energy Probability
Density"}],PlotRange->All]
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Out[13]= T 500 1000 1500 2000 2500

In[14]:= Histogram[Total/@Tuples[set,2],{Sqrt[y]}, Axes->True, PlotRange->{Full, All},
AxesLabel->{"Energy (untransposed)”,"Energy Probability \nDensity (unscaled)"}]
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Out[14]= 1000

In[15]:= Show[SmoothHistogram[Total/@Tuples[set,2]-500,Automatic,"PDF",Axes-
>True,AxesOrigin->{0,0},PlotRange->{Full,All},AxesLabel->{"Energy","Energy Probability
Density"},Mesh->{1,0},MeshFunctions->{#1&,#2&},MeshStyle-
>{Directive[PointSize[Medium],Red],Blue}],SmoothHistogram[Total/@Tuples[set,2]-
500,Automatic,"PDF",Axes->True,AxesOrigin->{0,0},PlotRange->{{0,y-500} All},Filling-
>AXxis,AxesLabel->{"Energy","Energy Probability Density"}]]

bability Density

OUt[l5]: T 1000 1500

EK:E1 20 ile 40 sayisinin 4 boyutlu olarak Wolfram Mathematica programinda

gosterimi

ClearAll["Global™*"]



49

set=Range[20,40]"2

{400,441,484,529,576,625,676,729,784,841,900,961,1024,1089,1156,1225,1296,1369,1444,1
521,1600}

y=Mean[Total/@Tuples[set,4]]//N

3746.67
z=Median[Commonest[Total/@Tuples[set,4]]]
3510

SmoothHistogram[Total/@Tuples[set,4],Automatic,"PDF",Axes->True, AxesOrigin-
>{0,0},PlotRange->{Full, All}, Filling->Axis,AxesLabel->{"Energy","Energy Probability
Density"},Mesh->{1,0},MeshFunctions->{#1&,#2&},MeshStyle-
>{Directive[PointSize[Medium],Red],Blue}]
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Histogram[Total/@Tuples[set,4]-y, Automatic, Axes->True, PlotRange->{Full, All},
AxesLabel->{"Energy","Energy Probability \nDensity (unscaled)"}]
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20000
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Show[Histogram[Total/@Tuples[set,4]-1000, Automatic,"PDF",Axes->True, AxesOrigin
>{0,0}, PlotRange->{Full, All}, AxesLabel->{"Energy","Energy Probability
Density"}],SmoothHistogram[Total/@ Tuples[set,4]-1000,Automatic,"PDF",Axes->True,
AxesOrigin->{0,0}, PlotRange->{Full, All}, AxesLabel->{"Energy","Energy Probability
Density"}],PlotRange->All]
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Histogram[Total/@Tuples[set,4],{Sqrt[y]}, Axes->True, PlotRange->{Full, All}, AxesLabel-
>{"Energy (untransposed)","Energy Probability \nDensity (unscaled)"}]
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Show[SmoothHistogram[Total/@Tuples[set,4]-1000,Automatic,"PDF",Axes-
>True,AxesOrigin->{0,0},PlotRange->{Full,All},AxesLabel->{"Energy","Energy Probability
Density"},Mesh->{1,0},MeshFunctions->{#1&,#2&},MeshStyle-
>{Directive[PointSize[Medium],Red],Blue}],SmoothHistogram[Total/@Tuples[set,4]-
1000,Automatic,"PDF",Axes->True,AxesOrigin->{0,0},PlotRange->{{0,y-

1000}, All},Filling->Axis,AxesLabel->{"Energy","Energy Probability Density"}]]
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EK:F1 Sirasiyla 2, 3 ve 4 boyutta 20 ile 40 sayilarinin yerlestirildigi eksen takimlari

zemininde yapilan uygulama sonuclarinin karsilastirilmasi
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