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ABSTRACT
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FOR SIMULTANEOUS LOAD BALANCING ON

COMPUTATION AND DATA
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M.S. in Computer Engineering

Advisor: Cevdet Aykanat

December 2018

In the literature, several successful partitioning models and methods have been

proposed and used for computational load balancing of irregularly sparse appli-

cations on distributed-memory architectures. However, the literature lacks par-

titioning models and methods that encode both computational and data load

balancing of processors. In this thesis, we try to close this gap by proposing

graph and hypergraph partitioning models and methods that simultaneously en-

code computational and data load balancing of processors. The validity of the

proposed models and methods are tested on two widely-used irregularly sparse

applications: parallel mesh simulations and parallel sparse matrix sparse matrix

multiplication.

Keywords: Computation load balancing, Data load balancing, Simultaneous com-

putation and data load balancing, Multi-constraint graph partitioning , multi-

constraint hypergraph partitioning.
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ÖZET

Eş ZAMANLI HESAPLAMA VE VERI YÜKÜ
DENGELEME IÇIN ÇIZGE/HIPERÇIZGE

BÖLÜMLEME MODELLERI

Mestan Fırat Çeliktuğ

Bilgisayar Mühendisliği, Yüksek Lisans

Tez Danışmanı: Cevdet Aykanat

Aralık 2018

Literatürde, dağıtık hafıza mimarilerinde düzensiz surette seyrek uygula-

maların hesaplama yükünü dengelemek için başarılı bölümleme modelleri ve

metotları önerilmiştir ve kullanılmıştır. Ancak, literatür işlemcilerin hem

hesaplama hem veri yükünü dengelemeyi amaçlayan bölümleme modelleri ile

metotlarından yoksun bulunmaktadır. Bu tezde, işlemcilerin hesaplama ve veri

yükünü eşzamanlı olarak dengelemeyi amaçlayan çizge/hiperçizge modelleri ve

metotları önererek bu boşluğu kapamaya çalışıyoruz. Önerilen modellerin ve

metotların geçerliliği, iki genişçe kullanılan düzensiz şekilde seyrek uygulamada,

paralel çözüm ağı (mesh) simülasyonlarında ve paralel seyrek matris seyrek matris

çarpımında, test edildi.

Anahtar sözcükler : Hesaplama yükü dengeleme, Veri yükü dengeleme, Eşzamanlı

veri ve hesaplama yükü dengeleme, Çok-kısıtlı çizge bölümleme, Çok-kısıtlı

hiperçizge bölümleme.
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Chapter 1

Introduction

Graph/hypergraph partitiong is utilized to partition workload for efficient paral-

lelization of several irregularly sparse applications. In literature, there are suc-

cessful proposed partitioning models and methods used for computational load

balancing of irregularly sparse applications on distributed-memory architectures

(e.g., Distributed mesh simulations, distributed sparse-matrix-sparse-matrix gen-

eralized multiplication (SPGEMM), distributed sparse-matrix-vector multiplica-

tion (SpMV) etc.).

Memory management is also an important issue on distributed memory ar-

chitectures environments for several irregularly sparse applications. Therefore,

memory footprint, which refers to total amount of data required for the com-

putations associated with a processor, is also an important issue while handling

given computation duties. So, simultaneous computation load and data size bal-

ancing is an important objective for the partitioning of the graphs/hypergraphs

representing the sparse applications.

In literature, simultaneous computation and data load balancing on given ap-

plication set is known in scope of multi-constraint graph/hypergraph partitioning

problem as two-constraint graph/hypergraph partitioning problem, i.e., Compu-

tation and data load constraints to be abided. In [2, 3], this problem is addressed
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in certain form for distributed parallel mesh simulations under given memory

constraints. However, partitioning models and methods that encode both com-

putational and data load balancing of processors is lacking in literature. In this

thesis, we tried to contribute on this need by proposing graph/hypergraph par-

titioning models and methods that encode simultaneous computation and data

load balancing for processors. Empirical validity of the proposed models and

methods are confirmed by partitioning experiments performed on a wide range of

irregularly sparse matrices, i.e., on dataset certainly related to distributed mesh

simulations, dataset of C = AB kind row-row parallel SPGEMM application.

Rest of this thesis is organized as in following: Related work, problem definition

are given in Chapter 2. The proposed graph/hypergraph partitioning models for

simultaneous computation and data load balancing are described in Chapter 3.

Experimental details, experimental results are presented and discussed in Chapter

4. Finally, this thesis is concluded in Chapter 5.
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Chapter 2

Related Work and Problem

Definition

Various high performance computing applications such as mesh computations

based on finite-element methods (FEMs) and finite-volume element methods

(VEMs), sparse matrix sparse matrix generalized multiply (SPGEMM) and many

other applications (e.g. Sparse Matrix Vector Multiply (SpMV) etc.) could be

distributed to processors for parallellization [2, 3, 4]. In the thesis, we focus

on partitioning of mesh computations and the row-row parallel SPGEMM [4].

We aim to construct balanced partitioning for both data and computation load

according to predetermined imbalance ratio while minimizing the cutsize. It’s

important to note that mesh computation has a wide range of application fields.

Also, SPGEMM has various different application fields such as graph operations

[5, 6, 7, 8, 9, 10, 11, 12], linear programming [13, 14, 15], molecular dynamics

[16, 17, 18, 19, 20, 21, 22, 23, 24], recommender systems [25] as noted in [26]

in detail. There are various partitioning schemes for both applications in the

literature. Here, we investigate specifically mesh partitioning under memory con-

straints, multi-constraint (or multi-criteria) graph partitioning for multi-physics

simulation.
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In literature, mesh partitioning under memory constraints problem is stud-

ied in two studies [2, 3]. In physical applications, data can be represented by

mesh M = (Cm, Nm) [2, 3]. Cm signifies the set of mesh cells whereas Nm sig-

nifies the per-edge or per-face neighborhood relationship. The mesh M com-

putations are completed in the cell level (e.g., within triangles and quadrilat-

erals in two dimensional-mesh, or within tetrahedrons and hexahedrons in three

dimensional-mesh) [2]. Each mesh celli ∈ Cm represents a computation, also each

mesh celli ∈ Cm needs data and/or is given as data to its neighbor mesh cells

(∀cellj ∈ N(i)) originating from the geometrical mesh topology [2]. It’s inter-

esting to note that there is a one-to-one correspondence in terms of application

model with [27, 28, 29] in this regard. There are tasks (or computations) to be

handled and there are files (or data) that would be given for respective tasks

[27, 28, 29]. In distributed memory parallel mesh computations, there are multi-

ple processors running concurrently. Each parallel processor contains several cells

in a mesh partitioning, so each processor could need other cells, i.e., ghost cells,

from other parts (or other processors) as said. The ghost cells are reported to

affect dramatically memory footprint of a processor [2]. Each processor’s memory

footprint is tried to be bounded according to pre-determined memory bounds. In

this configuration, common mesh M partitioning problem formulation in [2, 3]

is to have a partitioning of M such that maximum computation among proces-

sors is minimized and memory footprint of each processor stays in given memory

bounds for each processor. In the formulation, M is represented by a bipartite

graph model in order to differ memory costs and computation costs [2, 3]. So,

the problem becomes a certain type of graph partitioning problem. We use the

representation in Section 3.4, 3.5. Multi-level partitioning tools have been devel-

opped such as Chaco [30], METIS [31, 32], ParMETIS [33, 34], Party [35], Scotch

[36, 37], Pt-Scotch [38, 39] , Jostle [40, 41], DRAMA [42], PaToH [1, 43], MLPart

[44], Mondriaan [45] hMetis [46, 47] Parkway [48, 49]. Two issues seem problem-

atic in [3]. It’s impractical to have a partitioning in which each processor’s given

memory bound is controlled. Since, it’s hard to respect each processor’s memory

bound. Rather, it’s practical, better to minimize the maximum data load as done

in computation constraint. The partitioner’s empirical validity is tested in very

narrow instance space consisting of 3 instances in [3].
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Multi-constraint (or multi-criteria) graph partitioning was studied widely.

Nevertheless, the partitioning for multi-physics simulation is specially addressed

in [50, 51]. They propose two new multi-constraint (or multi-criteria) graph par-

titioning tools such as Crack and new release of Scotch that could deal with

multi-constraint graph partitioning [50, 51] (an uncommon use of ’multi-criteria’

expression in lieu of generally utilized ’multi-constraint’ expression in literature

[52, 53, 54, 55, 56]). There are three-constraint partitioning experiments for accel-

erating multiphysics Particle-In-Cell(PIC) simulation experiments in which they

try to balance computational and memory (or data) weight costs, at the same

time one additional unit weight cost [50]. This is very close to the problem stud-

ied in the thesis. Nevertheless, as there is no guarantee of data needed by each

processor would not create a memory overflow, the proposed partitioning doesn’t

correspond one-to-one [2, 3]. We used generated computation and data weighting

scheme of [50] in mesh weighting (Section 4.2.1). Again, instance space is narrow

to test empirical validity.

In distributed C = AB kind row-row parallel SPGEMM, vx represents each

the pre-multiply of row x of A with matrix B such as cx,∗ = ax,∗B computation,

and requires respective rows of B as data to complete its computation [4, 26].

Yet to our knowledge, there is no study in which memory footprint is tried to

be balanced with synchronous effort of balancing maximum computation load for

the C = AB kind SPGEMM computation as opposed to the mesh partitioning

schemes presented above [2, 3, 50, 51]. Differing properties of the addressed

applications in the thesis are twofold, such as structural patterns of the matrices

representing the computations, and weighting schemes arising from computation

natures (Section 4.2.1, Section 4.2.2). For both applications, we try to construct

a balance on maximum computation and data load by modelling the problem as

graph/hypergraph partitioning problem, different from [2, 3] similar to [50, 51],

with new ideas such as split data vertex replication and inverse data weight

distribution.
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1 2 3 4 5 6

1 X 0 0 X 0 X

2 0 X 0 0 X 0

3 0 0 X 0 X 0

4 X 0 0 X 0 0

5 0 X X 0 X 0

6 X 0 0 0 0 X

(a) 6 x 6 symmetric matrix

v1

v2

v3

v5

v6

v4

(b) Undirected graph representation of the matrix

Figure 2.1: 6 x 6 symmetric matrix, its undirected graph representation

2.1 Problem Definition

In this section, we describe graph/hypergraph partitioning problems with their

instances we studied, i.e., two-constraint graph partitioning (Section 3.4, 3.5),

single-constraint hypergraph partitioning (Section 3.1) and two-constraint hy-

pergraph partitioning (Section 3.2, 3.3, 3.6, 3.7).

2.1.1 Graph Partitioning Problem

A graph G = (V , E) is a data structure which is composed of a set V of vertices

and a set E of edges. An example of undirected graph drawing which representing

a matrix is illustrated in Fig. 2.1. In Fig. 2.1, vertex vi ∈ V is represented with

gray circles, and undirected edge eu ∈ E is represented with with line segment.

Each edge eij connects a pair of distinct vertices vi and vj. A cost ci is assigned

to each edge eij. Each vertex has its adjaceny list, Adj(vi) denotes the set of its

6



neighbors, that is,

Adj(vi) = {vj : eij ∈ E} (2.1)

Multiple weights w1(vi), ..., w
C(vi) are assigned to each vertex vi, where wc(vi)

referring the cth weight assigned to wc(vi).

q

(G) = {P1, ..., PK} is called a K-way vertex partition of G if parts are

mutually disjoint and mutually exhaustive.

In

q

(G), an edge eij is defined as cut (external) if vertices vi and vj are located

in different parts, and defined as uncut (internal) otherwise. A vertex vi in

q

(G)

is defined as a boundary vertex if it is connected by at least one cut edge.

The cutsize of

q

(G) is: ∑
eij∈Eec

c(nj), (2.2)

where Eec is the set of cut edges.

W c(Pk) of part Pk is defined as the sum of the cth weights of the vertices in

Pk.

A partition

q

(G) is defined as balanced if

W c(Pk) ≤ W c
avg(1 + εc) k ∈ {1, 2, ..., K} and c ∈ {1, 2, ..., C}, (2.3)

where W c
avg = (

∑K
i=1W

c(Pi))/K, and εc is the predetermined imbalance ratio for

the cth weight.

The K-way multi-constraint graph partitioning problem [54, 56] is then defined

as finding a K-way vertex partition such that the cutsize is minimized while the

balance constraint (2.3) is maintained. Graph partitioning problems are known

to be NP-hard [57, 58]

7



In our proposed bipartite graph partitioning models (Section 3.4, Section 3.5),

we have C = 2, i.e., first constraint for computation load and second for data

requirement. We use well known, widely used, the state-of-the-art graph/mesh

partitioner METIS [31, 32] for achieving a partition

q

(G) in the models (Section

3.4, Section 3.5).

2.1.2 Hypergraph Partitioning Problem

A hypergraph H = (V ,N ) is a generalization of the concept of a graph and

is composed of a set V of vertices and a set N of nets, i.e., ∀nj ∈ N , nj ⊂ V
and known also as hyperedge. An example of a hypergraph representing the

neighboorhood structure of 2D mesh of 6 cells is illustrated in Fig. 2.2. Vertex

∀vi ∈ V is represented with gray circles, ∀nj ∈ N is represented with black point

and line segments (See Fig. 2.2).

Each net nj ∈ N connects a subset of vertices defined as Pins(nj). A cost

c(nj) is assigned to each net nj. Nets(vi) defines the set of nets that connect vi.

Multiple weights w1(vi), ..., w
C(vi) are assigned to each vertex vi, where wc(vi)

referring to the cth weight assigned to vertex vi.

q

(H) = {P1, ..., PK} is called a K-way vertex partition of H if parts are

mutually disjoint and mutually exhaustive.

In

q

(H), the connectivity set
∧

(nj) of net nj is composed of the parts which

are connected by the respective net, that is,∧
(nj) = {Pk : Pins(nj) ∩ Pk 6= ∅}. (2.4)

The number of parts connected by nj is defined as:

h(nj) = |
∧

(nj)|. (2.5)

8



cell7

cell5

cell4

cell2

cell1

cell3

cell6

(a) Representation of 2D mesh of 6-cells

v1 v2 v3 v5 v6v4

n5 n6

n1 n2 n3

n4

(b) Hypergraph representation of the mesh

Figure 2.2: The mesh, its hypergraph representation
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A net nj is defined as cut (external) if it connects more than one part, i.e.,

h(nj) > 1, and is defined uncut (internal) otherwise.

The cutsize of

q

(H) is defined as:∑
nj∈N

c(nj)(h(nj)− 1). (2.6)

A vertex vi in

q

(H) is defined as a boundary vertex if it is connected by at

least one cut net.

Definition of the weight W c(Pk) of part Pk is defined as the sum of the cth

weights of the vertices in Pk.

A partition

q

(H) is said to be balanced if

W c(Pk) ≤ W c
avg(1 + εc) k ∈ {1, ..., K} and c ∈ {1, ..., C}, (2.7)

where W c
avg = (

∑K
i=1W

c(Pi))/K, and εc is the predetermined imbalance ratio for

the cth weight.

The K-way multi-constraint hypergraph partitioning problem [55, 52, 53] is

then defined as finding a K-way vertex partition such that the cutsize is minimized

while the balance constraint (2.7) is maintained. The hypergraph partitioning

problem is known to be NP-hard [57, 58].

We note that for C = 1, problem is reduced to well-studied standard hyper-

graph partitioning problem. This is our baseline model, i.e., only constraint for

computation load (Section 3.1). In our proposed hypergraph partitioning models

(Section 3.2, Section 3.3, Section 3.6, Section 3.7), we have C = 2, where the first

constraint for computation load and second for data size. We use the well known,

state-of-the-art hypergraph partitioner PATOH [1, 43] for acquiring a partition

q

(H) in the models (Section 3.2, Section 3.3, Section 3.6, Section 3.7).

10



Chapter 3

Proposed Graph/Hypergraph

Partitioning Models for

Simultaneous Computation Load

and Data Size Balance

The total amount of data usage of processors is not constant while the total

amount of computation of processors is constant and the data amount depends

on the quality of the task partitioning. Therefore, a naive balancing on the data

weights of the parts will not encode the minimization of the data size of the

maximally loaded processor. For instance, a very tight balance on the data sizes

of the processors might yield a very high max processor data size if the underlying

partition produces a high amount of data replication. The partitioning objective

of minimizing the cutsize in graph/hypergraph partitioning problems encode the

minimization of the total amount of data replication via clustering the tasks that

require the same data elements to the same parts under the given balancing

constraints. In this regard, the main contributions to the literature are split

data vertex replication and inverse data weight distribution. Split data vertex

replication here has two implications, one for graph partitioning and another for

hypergraph partitioning. In both cases, recursive bipartitioning (RB) framework

11



is constructed by using as-is a state-of-art partitioning tool, i.e., METIS/PATOH,

for two-way partitioning. In these RB frameworks, two sub-graph/hypergraphs

are formed from previously acquired partitions. In these sub-graphs/hypergraphs,

we adopt the replication of boundary data vertices in the bipartition. Replicated

data vertices are evaluated as other ”normal” vertices. Their edges/pins are

put to new sub-graph/hypergraphs. When we obtained a K-way partition by

the RB frameworks, we calculate computation load and data size of processors

by using initial graph/hypergraph adjacency information. Inverse data weight

distribution denotes distribution of net weights onto computation vertices’ data

weights. The distribution is handled either before K-way direct partitioning or

before/during RB of the hypergraph. In the RB framework, PATOH is used as-is

for two-way partitioning as above. When two new sub-hypergraphs are built in

each step of the RB framework, the distribution is made from scratch for each

sub-hypergraph. After acquisition of a K-way partition, computation load and

data size of processors are calculated as above, with a general method. Baseline

model will be described first. Then, split data vertex replication-related models

and inverse data weight distribution related models will be presented in order.

3.1 Baseline Model: Single-Constraint Hyper-

graph Partitioning Model

A mesh M which results from Finite Element Method (FEM) or Volume Ele-

ment Method (VEM) or another application is demanded to be partitioned for

quicker solution of a mesh. In this regard, data load and computation load is

aimed to be balanced as aforemetioned. A mesh M = (Cm, Nm) , where Cm rep-

resents cell set and Nm represents neighborhood relation, could be modelled as

hypergraph HM = (VM , NM) to model computation load and data requirement

simultaneously. The hypergraph could vary structurally and in terms of number

of constraints. In our hypergraph models, there are at most two constraints, i.e.,

one for computation constraint and another for data constraint. In this section,

single-constraint hypergraph model HSc = (VSc, NSc) will be described in detail.

12



In the model, VSc represents computations and NSc represents data requirement.

There is an exemplary mesh composed of eight (8) cells in Fig. 3.1a. Each cell is

coloured by one different colour. Its correspondent single-constraint hypergraph

HSc is shown in Fig. 3.1b.

Each cell in Cm expresses a single computation task. Each cell in Cm corre-

sponds to a vertex VSc. v1 ∈ VSc corresponds to cell1 ∈ Cm as seen in Fig. 3.1.

The same correspondence is valid between v2 ∈ VSc and cell2 ∈ Cm and so on.

Conclusively, vi ∈ VSc corresponds to celli ∈ Cm. Neighborhood denotes data

requirement of a cell. Since, each cell needs neighbor cells as data, i.e., cells shar-

ing an edge, a face, a region with respective cell, for solution of a mesh. Each

face, edge or a region that a cell shares with a neighbor cell is represented by

a pin in its net (or hyperedge). In other words, net of celli (i.e. ni) connects

all neighbor cells (or vertices) of celli as well as celli. In Fig. 3.1a, cell2, cell7

are neighbor cells of cell1, n1 connects v1, v2, v7 respectively. Utilized weighting

scheme in Fig. 3.1 belongs to certain type of mesh computation described in Sec-

tion 4.2.1. In C = AB kind row-row parallel SPGEMM, vertex vx represents

cx,∗ = ax,∗B computation. Net ni represents each row i of B, where ni captures

data dependency of ax,B computations to bi, and conclusively ni connects vertex

vx such that vx ∈ rows(a∗,i) [4]. The product’s weighting has its own pattern

described in Section 4.2.2.

We could use direct k-way hypergraph partitioning or recursive bipartitioning

(RB) after having constructed the model HSc, we preferred RB as shown in Al-

gorithm 1. We handle cut-net splitting as described in [1]. This single-constraint

partitioning model tries to construct a balance on the computation loads of the

processors. We couldn’t build balancing on the data sizes of the processors as a

baseline, since data partition is depending on task partition, but reverse depen-

dency is invalid as described.
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n6 n7 n8

n1 n2 n3 n4

n5

1 100 10
2 144 12
3 169 13
4 196 14
5 225 15
6 256 16

i w(vi) c(ni)

7 289 17
8 324 18

(b) Single-Constraint Hypergraph representation of the mesh

Figure 3.1: Mesh and its single-constraint hypergraph representation
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Algorithm 1 Single-Constraint Hypergraph Partitioning Algorithm

Input : Matrix M (representing a mesh or the B in the C = AB kind SPGEMM)
Output: Partition vector, Computed performance metrics (Section 4.4.1)

1: HSc = ConstructSingleConsHypergraph(M);
2: partVec = PartitionRBSingleConsHypergraph(HSc);
3: perMetriCvec = ComputePerformanceMetric(partVec);
4: return partVec, perMetricVec

3.2 Data-Vertex Based Direct K-way Hyper-

graph Partitioning Model

This model HDV BDr
= (VDV BDr

, NDV BDr) is initial hypergraph to be used for

applying split data vertex replication on hypergraphs. There are two main dif-

ferences between the single-constraint hypergraph model HSc and the HDV BDr
.

HDV BDr
has two constraints, the first for computation and the second for

data, while HSc has single constraint, only for computation (See Fig. 3.2 and

Fig. 3.1). In contrast to HSc, HDV BDr
has vertex type differentiation. It has

two types of vertices such as computation vertex (vCi ) and data vertex (vDi ) (See

Fig. 3.2). As seen from Fig. 3.2 and Fig. 3.1, computation vertex vCi in HDV BDr

corresponds to vertex vi structurally where i ∈ {1, 2, 3, 4, 5, 6, 7, 8}. That is,

both vertices represent same single computation work in the mesh (Fig. 3.1a).

Naturally, their computation constraints are equal to each other, i.e., w1(vCi ) =

w1(vi). Nevertheless, vCi has additionally data constraint w2(vCi ) = 0 in the

mesh application, positive data constraint in the SPGEMM application (Section

4.2.2). The data vertex directly correlates with formation of nets and respective

net weight. As known, each net represents the data requirement of the vertices it

connects in our hypergraph models. Naturally, characteristic of data vertex vDi is

having data constraint equals to respective net weight c(ni), i.e., w2(vDi ) = c(ni),

whereas its computation constraint is zero (See Fig. 3.2). As seen from Fig. 3.2,

each net ni connects one data vertex vDi having the same weight. It denotes data

is two-fold represented in the HDV BDr
.

We use direct k-way hypergraph partitioning for the HDV BDr
. The partitioning
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model aims at constructing a balance on the both computation load and data

size of the processors. It is a two-constraint direct k-way hypergraph partitioning

model. The partitioning procedure is presented as an overview in Algorithm 2.

Algorithm 2 Data Vertex Based Direct K-Way Hypergraph Partitioning Algo-
rithm
Input : Matrix M (representing Mesh cells or B in C = AB kind SPGEMM)
Output: Partition vector, Computed performance metrics (Section 4.4.1)

1: HDV BDr
= ConstructDVBHypergraph(M);

2: partVec = PartitionDirectDVBHypergraph(HDV BDr
);

3: perMetriCvec = ComputePerformanceMetric(partVec);
4: return partVec, perMetriCvec

3.3 Data-Vertex Replication Based Recursive

Hypergraph Bipartitioning Model

HDV BDr
is bipartitioned through the RB process to obtain sub-hypergraphs

(Fig. 3.2). Intuitively, idea behind the RB framework is benefiting from certain

useful information needed for improved partitioning objective while it may not be

acquired by the direct k-way partitioning. In this regard, replication is utilized

for improving the objective [59, 60, 61, 62, 63, 64, 65, 66, 67, 68, 69, 70, 71, 72].

Main contribution of our RB framework is the split data vertex replication on

hypergraphs to improve the objective.

3.3.1 Split Data Vertex Replication on Hypergraphs and

the RB Framework

In this section, we describe split data vertex replication during RB of the hy-

pergraphs and the RB framework in detail. We use PATOH as-is for two-way

partitioning in each step of the framework. In two-way split data-vertex repli-

cated partition

qdvR = (VL, VR), a vertex (either computation or data) could

belong to VL, VR or only a data vertex could belong to both of them. We use
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Figure 3.2: Data-vertex based hypergraph representation of the mesh
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letters L or R to denote the parts of the bipartition. During the formation of

two new sub-hypergraphs (HL, HR) in RB, critical operation is split data vertex

replication. All other issues for the formation are handled according to [1, 43].

Exemplary split data vertex replication is described in Fig. 3.3 in absence of

cut-net splitting anomaly. Data vertex vDf in cut-net n1cut belongs to VR (Fig. 3.3).

If the cut-net is splitted like [1], n
′′
1int

will have vDf on VR, but n
′
1int

won’t have

any data vertex on VL. However, our model requires replication for each cut-net.

Therefore, vDf is replicated to n
′
1int

as vDfrep and vDfrep is evaluated as other vertices

in n
′
1int

, its pin is added n
′
1int

as seen in Fig. 3.3. This split data vertex replication

scheme is applied as described for each cut-net in every RB step in absence of

the anomaly. Via the replication, computation load and its required data size

are held correctly in computation and data weights (i.e., w1(vi), w
2(vi)) in every

RB step. RB for each sub-hypergraph goes on until desired K-way partition is

acquired. As said, there are cut-net splitting anomalies. Their handling is done

for decreasing the cutsize, i.e., decreasing the replication and conclusively total

data size. The handling of these anomalies is described in following.

3.3.1.1 Cut-net Splitting Anomalies in the Split Data Vertex Repli-

cation

There are three (3) cut-net splitting anomalies which could increase cutsize during

the RB. Their handling is done for preventing the increase and each anomaly, its

handling are explained separately in next three sections.

3.3.1.1.1 Cut-net Splitting Anomaly-1 (Single Data Vertex Anomaly)

The handling of data vertex neighborhood anomaly is described in Algorithm 3.

One data vertex vDj represents data needed for computation vertices vCi such that

vCi ∈ nj. Cut-net njc usually denotes there are two subsets of vertices in njc

requiring same data vertex vDj for their computations in our RB framework. So,

vDj is replicated onto either L or R in RB as described (See Fig. 3.3). However,

when the data vertex vDj is on one part such as R and all other computation

18



vDf

vCc

L R

vCb

vCa
n1cut

vCe

vCd

vCc

L

vCb

vCa
vDfrep

vDf

R

vCd

vCe

n
′
1int

n
′′
1int

vCa a1 a2
vname w1(v) w2(v)

vCb b1 b2

vCc c1 c2

vDf f1 f2

vCd d1 d2

vCe e1 e2

vCa a1 a2
vname w1(v) w2(v)

vCb b1 b2

vCc c1 c2

vDf f1 f2

vCd d1 d2

vCe e1 e2

vDfrep f1 f2

Figure 3.3: Split Data Vertex Replication in RB of HDV BDr

19



vDj

vCc

L R

vCb

vCa

vCc

L R

vCb

vCa

vDj
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Figure 3.4: Red triangle: Single data vertex anomaly, The Anomaly-1 Handling

vertices of njc , i.e., vCi ∈ Pins(njc) \ vDj , are on L (See Fig. 3.4). Then, there

is no need for the replication. Since, there is no vCi requiring vDj on R. The

vDj ’s part is changed to R (Alg. 3, Line 5-7), njc becomes internal net njint
. This

move affects given cutsize, imbalance negatively. Therefore, cutsize computation

is done after the move accordingly.

Algorithm 3 Cut-net Splitting Anomaly-1 Handling

Input : Partition vector partVec, Hypergraph to be BP HDV BDr

Output: Partition vector partVec

1: for each cut-net njc in Nc do
2: lDCnt ← 0, rDCnt ← 0, lCCnt ← 0, rCCnt ← 0;
3: countLRCvDv(lDCnt, rDCnt, lCCnt, rCCnt);
4: // Evaluate the data and computation vertex numbers computed above
5: if (lDCnt == 1 && rCCnt ≥ 1) or (rDCnt == 0 && lCCnt ≥ 1) then
6: changeDvPart(vDj , partVec)
7: end if
8: end for
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Figure 3.5: Green circle: Single computation vertex anomaly, The Anomaly-2
Handling

3.3.1.1.2 Cut-net Splitting Anomaly-2 (Single Computation Vertex

Anomaly)

Single computation vertex anomaly handling is described in Algorithm 4. If

cut-net njc contains a single computation vertex vCa in one part such as L and

all other vertices are on other part R (See Fig. 3.5), the replication is expected.

However, if replication is done, the net to be created on part R during cut-net

splitting will connect only one computation vertex vCa and single data vertex

vDjrep . The net would be highly probably cut-net in next RB step(s), which would

increase cutsize unnecessarily. In lieu of the replication, the data weight w2(vDj ) =

d2 of the data vertex vDj is compressed by summation onto the single computation

vertex vCa data weight w2(vCa ) = a2 + d2 as seen in Fig. 3.5. After the handling,

total computation and total data weight are preserved for L and R.
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Algorithm 4 Cut-net Splitting Anomaly-2 Handling

Input : Partition vector partVec, Hypergraph to be BP HDV BDr

Output: Vertex weight vectors

1: for each cut-net njc in Nc do
2: totalVCnt ← 0, lDCnt ← 0, rDCnt ← 0, lCCnt ← 0, rCCnt ← 0;
3: countTotalVLRCvDv(totalVCnt, lDCnt, rDCnt, lCCnt, rCCnt);
4: // Evaluate number of vertices computed above
5: if (lCCnt == 1 && (rCCnt + rDCnt) == totalVCnt - 1) or Inverse then
6: comressDWeight(vDjc , Singv

C
jint )

7: end if
8: end for

3.3.1.1.3 Cut-net Splitting Anomaly-3 in the Hypergraph RB (Single

Computation and Single Data Vertex Anomaly)

The anomaly’s handling is described in Algorithm 5. In the framework, a cut-

net is splitted into L and R. Either the L or the R of the cut-net could connect

single computation vertex vCa and single data vertex vDj (See Fig. 3.6). It may

lead to useless increase in cutsize as described. The same compression operation

onto vCa data weight w2(vCa ) = a2+d2, described in Section 3.3.1.1.2, is applied as

seen in Fig. 3.6. In the handling of this anomaly, the data vertex vDj is deleted in

the internal net, after the replication if the replication is required. This handling

doesn’t disturb preservation of total data and computation weight.

Algorithm 5 Cut-net Splitting Anomaly-3 Handling

Input : Partition vector partVec, Hypergraph to be BP HDV BDr

Output: Vertex weight vectors

1: for each cut-net njc in Nc do
2: lDCnt ← 0, rDCnt ← 0, lCCnt ← 0, rCCnt ← 0;
3: countLRCvDv(lDCnt, rDCnt, lCCnt, rCCnt);
4: // Evaluate the data and computation vertex numbers computed above
5: if (lDCnt == 1 && lCCnt == 1 or rDCnt == 0 && rCCnt == 1) then
6: comressDWeight(vDjint , SingvCjint)

7: deleteDV(vDjint , njint
)

8: end if
9: end for

There are two important points to note. First, multiple anomalies could

occur simultaneously. For instance, the anomaly-1 could occur while there is
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Figure 3.6: Brown triangle-yellow circle: Single computation and data vertex
anomaly, Anomaly-3 Handling
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anomaly 2 (See Fig. 3.7). Those multiple anomalies are handled together prop-

erly. Two exemplary multiple handlings are step-by-step demonstrated in Fig. 3.7

and Fig. 3.8. Second, we make a permutation separately within computation ver-

tices and within data vertices after having constructed HDV BDr
model (Fig. 3.2)

in order to provide randomization for better performance of PATOH [1, 43].

3.4 Bipartite Graph Direct K-way Partitioning

Model

“A bipartite graph, also called a bigraph, is a set of graph vertices decomposed

into two disjoint sets such that no two graph vertices within the same set are

adjacent. A bipartite graph is a special case of a k-partite graph with k=2.” [73].

A mesh M = (Cm, Nm) is modelled as a bipartite graph BGCDVDr
= (VC∪VD, Ecd)

to represent computation load and data requirement simultaneously (See Fig. 3.9

and Fig. 3.1a). BGCDVDr
, in terms of structure, is previously used in [2, 3].

VC represents the computation-vertex set (See left part of Fig. 3.9) and VD
represents the data-vertex set (See right part of Fig. 3.9). A computation vertex

vCi ∈ VC associates to computation realized for celli ∈ Cm. A data vertex vDj ∈ VD
associates to data contained in cellj ∈ Cm. As celli ∈ Cm signifies both compu-

tation and data, the celli is represented both in VC , VD as vCi , vDi respectively.

Naturally, cardinalities of VC and VD are equal to each other, i.e., |VC | = |VD|
for mesh applications (Fig. 3.9 and Fig. 3.1a). Ecd denotes the edge set. It models

computation-data dependency. The task associated with celli requires the data

associated with other cells with which it shares an edge, a face or a region for

its computation task in M , i.e., ∀cellneig ∈ N(i). An edge e = (vCi , v
D
j ) ∈ Ecd de-

notes vCi requires, for its computation, data contained in vDj . So, there is an edge

e = (vCi , v
D
j ) ∈ Ecd incurred by neighborhood for ∀cellj ∈ N(i) and ∀vC

i ∈ VC .

For mesh applications (See Fig. 3.9 and Fig. 3.1a),

Adj(vCi ) = {vDj : j ∈ {1, 2, ..., k} where N(i) = {cellneig1 , cellneig2 , ..., cellneigk}}
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Figure 3.7: Simultaneous multiple cut-net splitting anomalies handling(Anomaly-
1 and Anomaly-2).
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Adj(vDj ) = {vCi : i ∈ {1, 2, ..., s} where N(j) = {cellneig1 , cellneig2 , ..., cellneigs}}

Each vertex of BGCDVDr
is associated with two weights to enable a two con-

straints formulation, i.e., the first for computation load w1(vi) and the second for

data size w2(vi) such that vi ∈ (VC ∪ VD). Weighting scheme used for BGCDVDr

in Fig. 3.9 is described in Section 4.2.1.

In C = AB kind row-row parallel SPGEMM, vertex vx represents the pre-

multiply of row x of A with matrix B such as cx,∗ = ax,∗B computation [4]. So,

∀vCx ∈ VC corresponds to ∀vx [4]. ∀vDj ∈ VD corresponds to ∀rowj ∈ B [4]. Ecd
includes an edge e = (vCx , v

D
j ) if vector-matrix multiply ax,∗B needs rowj ∈ B

for computation cx,∗ [4]. The product’s weighting is made as described in Section

4.2.2.

A hypergraph H may be represented by a bipartite graph B(H) [74]. It’s inter-

esting to note that BGCDVDr
is a bipartite graph representation of HDV BDr

. We

use direct k-way bipartite graph partitioning for the BGCDVDr
. The partitioning

model tries to build a balance on the both constraints of the processors. It’s

two-constraint direct k-way graph partitioning.
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Figure 3.9: The bipartite graph model of the mesh
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3.5 Data-Vertex Replication Based Recursive

Bipartite Graph Bipartitioning Model

BGCDVDr
is bipartitioned through the RB process to obtain sub-graphs (Fig. 3.9).

Reason why RB is utilized is to improve the partitioning objective, and for same

purpose replication is also used as described in Section 3.3. Main contribution of

our RB framework is the split data vertex replication on bipartite graphs for the

improvement.

3.5.1 Split Data Vertex Replication on Bipartite Graphs

and the RB Framework

In this section, we describe split data vertex replication during RB of the bipar-

tite graphs and the RB framework in detail. We use METIS as-is for two-way

partitioning in each step of the framework. In two-way split data-vertex repli-

cated partition

qdvR = (VL, VR), state of vertex belonging is as in Section 3.3.

Letters L or R are utilized to express the parts of the bipartition. Split data ver-

tex replication is critical for the construction of two sub-bipartite graphs (BPGL,

BPGR) in a RB step. All other bipartitioning issues are realized with respect to

[32].

For the bipartite graph, split data vertex replication operation in

qdvR is il-

lustrated in Fig. 3.10, when there is no cut-edge splitting anomaly. Cut-edge

ec = (v1, v2) is an edge connecting two vertices v1, v2 locating at two different parts

of a given k-way graph partitioning

q

. In our context, cut-edge ec = (vCi , v
D
j )

in

qdvR implies vCi ∈ VL, vDj ∈ VR or reverse. It means that the tasks in the

L and the R need vDj at the same time. If a vDj is one end of ec in

qdvR, then

vDj is replicated to other part, i.e, to VL | vDj ∈ VR or to VR | vDj ∈ VL. As seen

in Fig. 3.10, data vertex vDf ∈ VR is an end of three different cut-edges such as

ec1 = (vCa , v
D
f ), ec2 = (vCb , v

D
f ), ec3 = (vCc , v

D
f ). As such, vDf is replicated to VL as

vDfrep and vDfrep is evaluated as a normal vertex in VL, its edges, i.e., (vCa , v
D
frep),
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(vCb , v
D
frep

), (vCc , v
D
frep), are added to EL (See Fig. 3.10). The split data vertex

replication is applied for every data vertex vDj which is an end of an cut-edge

ec in

qdvR in each RB step as described, if there is no anomaly. As in Section

3.3, computation load and data size are stored precisely in computation and data

weights (i.e., w1(vi), w
2(vi)) in each RB step because of the replication. RB for

each sub-graph continues until determined K-way partition is obtained. As afore-

mentioned, there are cut-edge splitting anomalies. They are handled to reduce

the cutsize, that is to reduce the replication and so total data requirement. Each

handling is described in following.

3.5.1.1 Cut-edge Splitting Anomalies in the Split Data Vertex Repli-

cation

There are three (3) general cut-edge splitting anomalies. Each of them with its

handling is distinctly described in following three (3) sections.

3.5.1.1.1 Cut-edge Splitting Anomaly-1 (Single Data Vertex Anomaly)

This anomaly corresponds to cut-net splitting anomaly-1(Section 3.3.1.1.1).

When the data vertex vDj is on one part such as R and computation vertices in

its adjaceny list, i.e., vCi ∈ Adj(vDj ), are on L (See Fig. 3.11). Then, there is no

necessity for the replication due to absence of computation vertex vCi requiring

vDj on L in

qdvR. As seen in Fig. 3.11, vDj ’s part is changed to L (similar to

Alg. 3, Line 5-7). Each cut-edge ec connecting vDj becomes uncut(or internal).

The part change has a bit negative effect on proposed cutsize, imbalance. So,

cutsize is computed after the change.

3.5.1.1.2 Cut-edge Handling Anomaly-2 (Single Computation Vertex

Anomaly)

The anomaly corresponds to cut-net splitting anomaly-2 (Section-3.3.1.1.2).

When data vertex vDj is an end of only one cut-edge ec = (vCa , v
D
j ) in

qdvR,

i.e., (vDj ∪ Adj(vDj ) \ vCa ) ∈ VR, vCa ∈ VL, data weight of the data vertex vDj
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vDf f1 f2

vCd d1 d2

vCe e1 e2

vDfrep f1 f2

Figure 3.10: Split Data Vertex Replication in RB of BPGDV B
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Figure 3.11: Red triangle: Single data vertex anomaly, Cut-edge Splitting
Anomaly-1 Handling

is compressed onto data weight of the computation vertex vCa by addition of

w2(vDj ) = d2 to the w2(vCa ) = a2 (See Fig. 3.12). So, w2(vCa ) = w2(vCa ) + w2(vDj ),

and finally w2(vCa ) = a2 + d2 as seen in Fig. 3.12. We prefer the compression

instead of the replication. Because, internal edge eint = (vCa , v
D
jrep) is created in

the replication, vDjrep will have only vCa in its adjacency list, and eint could easily be

cut in further bipartitions of the RB. The possible cut-edge formation eintc could

increase cutsize needlessly. At the end of the anomaly handling, total weights are

preserved for L and R.

3.5.1.1.3 Cut-edge Handling Anomaly-3 (Single Computation and

Single Data Vertex Anomaly)

The anomaly corresponds to the cut-net splitting anomaly-3 (Section 3.3.1.1.3).

In the RB framework, vDj belongs to L or R (or to both in case of the replication).

Data vertex vDj could be an end of only one internal edge eint = (vCa , v
D
j ) ∈ ER

in

qdvR, i.e., (vDj ∪ vCa ) ∈ VR, (Adj(vDj ) \ vCa ) ∈ VL or reverse (See Fig. 3.13).

In this case, compression operation onto the w2(vCa ) = a2 is applied as ex-

plained in Section 3.3.1.1.3. As seen in Fig. 3.13, post-compression state becomes

w2(vCa ) = a2+d2. eint ∈ ER or eint ∈ EL is deleted from ER or EL and vDj is deleted
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vDj

vCc
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vCb
vCa vDj

vCc

L R

vCb
vCa

vCa a1 a2
vname w1(v) w2(v)

vCb b1 b2

vCc c1 c2

vDj d1 d2

vCa a1 a2 + d2
vname w1(v) w2(v)

vCb b1 b2

vCc c1 c2

vDj d1 d2

Figure 3.12: Green circle: Single computation vertex anomaly, Cut-edge splitting
Anomaly-2 Handling

from VR or VL after the replication if the replication is required (See Fig. 3.13).

Total weights are preserved as usual.

Finally, we should note two points. First, we didn’t give pseudocode for han-

dling the cut-edge splitting anomalies in Section 3.5.1.1. Since, each anomaly is so

similar to each respective cut-net splitting anomaly described in Section 3.3.1.1.

Therefore, Alg. 3, Alg. 4 and Alg. 5 are applied to the respective cut-edge split-

ting anomaly with minor adaptations. Second, there could be multiple cut-edge

splitting anomalies. For example, while there is an cut-edge splitting anomaly-2,

there could be cut-edge splitting anomaly-3 at the same time (See Fig. 3.15).

Those kinds of multiple anomalies are handled together properly. Two multiple

anomaly handlings are illustrated step by step in Fig. 3.14 and Fig. 3.15.
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vDjvCa
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vname w1(v) w2(v)

vCa a1 a2
vname w1(v) w2(v)

vDj d1 d2

Figure 3.13: Brown triangle-yellow circle: Single computation and data vertex
anomaly, Cut-edge splitting Anomaly-3 Handling

3.6 Inverse Data Weight Distribution Based Di-

rect K-way Hypergraph Partitioning Model

Main contribution of this model is inverse data weight distribution. As seen

from Fig. 3.17 and Fig. 3.1b, construction of HIDWDDr
= (VIDWDDr

, NIDWDDr
)

from the examplary mesh in Fig. 3.1a is structurally same as the hypergraph

HSc. Structure implies formation of vertex set and net construction. Neverthe-

less, there are two constraints, i.e., first for computation and second for data, in

HIDWDDr
unlike HSc (See Fig. 3.17 and Fig. 3.1b). Main difference comes from

data constraint w2(vi) acquired by inverse data weight distribution.

The distribution is described in Algorithm 6. Nets represent data requirement
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L

vCa

L

vDj

L R
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vCa a1 a2
vname w1(v) w2(v)

vDj d1 d2

vCa a1 a2 + d2
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Figure 3.14: Simultaneous multiple cut-edge splitting anomalies
handling(Anomaly-1 and Anomaly-2).
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vname w1(v) w2(v)

vDk d1 d2
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Figure 3.15: Simultaneous multiple cut-edge splitting anomalies
handling(Anomaly-2 and Anomaly-3).
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vi vk vlvj

nj nk nlni

w2(vi) = c(ni)/|Pins(ni)|+ c(nj)/|Pins(nj)|+ c(nl)/|Pins(nl)|, w2(vi) = round(w2(vi) ∗ 1000)
w2(vj) = c(ni)/|Pins(ni)|+ c(nj)/|Pins(nj)| , w2(vj) = round(w2(vj) ∗ 1000)
w2(vk) = c(ni)/|Pins(ni)|+ c(nj)/|Pins(nj)|+ c(nk)/|Pins(nk)|, w2(vk) = round(w2(vk) ∗ 1000)
w2(vl) = c(nj)/|Pins(nj)|+ c(nk)/|Pins(nk)|+ c(nl)/|Pins(nl)|, w2(vl) = round(w2(vl) ∗ 1000)

Figure 3.16: Inverse data weight distribution realization

(or load) in HIDWDDr
as in Section 3.1. Each net weight is distributed to its ver-

tices (See Fig. 3.16). Each net nj contributes to data weight of its connected ver-

tices (each vx) equally by c(nj)/sj where vx ∈ Pins(nj) and sj = |Pins(nj)| (Al-

gorithm 6, Line 1-6). Additionally, nnz(b∗,x) is added to each vertex vx’s data

weight w2(vx) right after the distribution for the C = AB SPGEMM operation

as described in Section-4.2.2. Then, we scale each data weight w2(vx) by 1000

(Algorithm 6, Line 8-10). One last step is to round each scaled data weight

w2(vx). This scaling is performed since PATOH utilizes only integer weights.

The whole distribution procedure’s exemplary representation is given in Fig. 3.16.

Mesh weighting scheme (Section 4.2.1) is used in the representation. As seen in

Fig. 3.16, Nets(vi) = {ni, nj, nk}. vi’s data weight w2(vi) takes contribution from

each respective net by cy/sy such that y ∈ {i, j, k} and sy = |Pins(ny)|. Same

distribution logic is applied for each vertex in Fig. 3.16. Each data weight w2(vx)

is resulting value of the distribution algorithm in Fig. 3.17. Finally, we apply

direct k-way hypergraph partitioning to the model in Fig. 3.17.
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v1 v2 v3 v5 v6 v7 v8v4

n6 n7 n8

n1 n2 n3 n4

n5

1 100 8250
2 144 15000
3 169 7500
4 196 22250
5 225 8830
6 256 24250

i w1(vi) c(ni)

7 289 19330
8 324 9580

w2(vi)
10
12
13
14
15
16
17
18

Figure 3.17: Inverse data weight distribution based hypergraph representation of
the mesh
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Algorithm 6 Inverse Data Weight Distribution Handling

Input : Hypergraph HIDWD

Output: Vertex weight vectors

1: for each net nj ∈ NIDWD do
2: dwContr = c(nj) / |Pins(j)|;
3: for each vi ∈ Pins(nj) do
4: w2(vi) += dwContr;
5: end for
6: end for
7: // Scale weights by multiplying 1000
8: for each data weight w2(vi) do
9: w2(vi) ∗= 1000

10: end for

3.7 Inverse Data Weight Distribution Based Re-

cursive Hypergraph Bipartitioning Model

As the name suggests, this model is recursive bipartitioning (RB) framework im-

plementation of inverse data weight distribution. The modelHIDWDDr
in Fig. 3.17

is obtained at the beginning. Then, we recursively bipartition the initial hyper-

graph HIDWDDr
(Fig. 3.17) applying inverse data weight distribution in each RB

step. Via utilization of RB, our objective is to better encapsulating processors’

data size so that maintaining balance of data sizes of processors while minimiz-

ing total amount of data replication better encodes minimizing max data size of

processors.

3.7.1 Cut-Net Splitting in the Model and RB Framework

We use PATOH as-is for two-way partitioning to achieve bipartition vector in

each step of RB. Then, cut-net splitting is handled as in [1] for formation of

two new sub-hypergraphs. When we built the sub-hypergraphs by bisection, the

distribution (Alg. 6) is distinctly applied for each sub-hypergraph. RB for each

sub-hypergraph continue up until aimed K-way partition is obtained.
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Chapter 4

Experimental Results

In this chapter, we present and discuss our conducted experiments to evaluate the

performance of the proposed graph/hypergraph models for simultaneous compu-

tation and data load balancing.

4.1 Experimental Dataset

We assessed the performance of the proposed graph/hypergraph models for dis-

tributed mesh simulations on a wide range of sparse matrices of Tim Davis,

University of Florida (UFL) sparse matrix collection [75]. From this dataset, we

choose the matrices which have either 2D or 3D coordinate values (The spar-

sity patterns of these matrices are considered as representing the neighborhood

structure of the mesh represented in FEM or VEM applications) in order to gener-

ate computation and data weights with ”Particle-In-Cell”-like simulations vertex

weight generation algorithm in [50] as described in Section 4.2.1. We didn’t in-

clude matrices with less than averagely 100 rows locating in a part of given K-way

vertex partition

q

(G) or

q

(H). That is, we have matrices who have at least 6400

rows for 64-way graph/hypergraph vertex partition and 12800 rows for 128-way

vertex partition so on and so forth, to obtain purposeful partitioning results for
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effective parallelization. Therefore, we have different number of instances for dif-

ferent K-way partitions (See Table 4.1, 4.2, 4.3, 4.4, 4.5, 4.6). Also, we excluded

some instances whose partitioning experiments dures so much for big K values

(i.e., K = 512, 1024) due to sequential partitioning environment and hardware

capabilities.

The C = AB kind SPGEMM instances, we tested the models, as in algebraic

multigrid solver are obtained by using the tool in [76]. On those SPGEMM in-

stances, generated interpolation operators by the tool, i.e., “.P” suffix denotes

operator matrix, are used in usual as B matrix. In addition to those, there are

several instances from first C = AB kind SPGEMM operation of the Galerkin

product RAP, i.e., C= RA, and certain instances including SPGEMM from rec-

ommendation systems field [4] and thermomech dK-thermomech dM instance [4]

are taken into experiments. Same exclusion principle related with average num-

ber of rows in a part of given K-way vertex partition

q

(G) or

q

(H) have been

also applied for the SPGEMM dataset.

4.2 Experimental Weighting Scheme

Computation and data weighting schemes for two applications which are used in

the models are described.

4.2.1 Computation and Data Weighting Scheme Used for

Modelling the Distributed Mesh Computations

First, one should recognize that various weighting schemes arise from application

nature of mesh computations [2, 3, 50, 77]. It seems problematic that no weight

distribution exist along with meshes in [75]. Weight distributions may change

algorithm performance [50]. Putting together meshes with their multi-constraint

weight distributions related with their application nature in a database is reported

to be valuable [50].
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In the thesis, we use weighting scheme produced by a method (or algorithm)

for generating realistic weight distributions corresponding to “Particles-in-Cells”-

like simulations [50]. Relation between computation load and memory footprint

in [2] is used identically in [50]. “Relationship between computational cost and

memory weight is arbitrary” [2]. It means the relation may be quadratic, cubic

etc. Nevertheless, the computational cost of a mesh element is reported to be

equal to the square of its memory size for the weighting [2]. Reasoning behind the

said relation in “Particles-in-Cells”-like simulations is described as in following:

Computations are related to the the number of particles located in a mesh cell

and whilst computation of one cell generally increases with the square of the

number of particles in this cell, the amount of memory needed for holding a cell

is linear with the number of particles located in this cell [50]. Including the said

weighting, the method for creating memory and computation weight distributions

of ”Particle-In-Cell”-like simulations is proposed [50] (Algorithm 51/Generation

of the Vertex Weights). Very similar algorithm is proposed in [51]. As said, we

used the algorithm [50].

We faced with a problem of finding a solution for the weight generation in

certain number of sparse matrices from [75] due to topology of the matrices.

Hence, interval for finding radius, i.e., radius of each peak, in the algorithm [50]

was changed for expanding the solution space as follows:

The interval was: L/8 ≤ radius ≤ L/4 [50],

It became: L/64 ≤ radius ≤ L/32.

where L is length of the mesh [50]. We defined L as arithmetical average of

differences of each mesh dimension’s minimum and maximum values in cartesian

plane. We utilized 2D and 3D data sets from Tim Davis, University of Florida

Sparse Matrix Collection [75]. Therefore, L was computed as the average of at

most respective three differences.

In Section 3.1, we only used generated computation weights cwi for weighting

vertex vi ∈ V and generated data weight dwj is utilized for weighting net nj ∈ N
(See Fig. 3.1b). Naturally, computation weight w1(vi) is square of net weight
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c(ni) as seen in Fig. 3.1b. Formally,

∀vi ∈ V , w1(vi) = cwi (4.1)

∀nj ∈ N , c(nj) = dwj (4.2)

Difference of Sections 3.2 and 3.3 from Section 3.1 is that a vertex is addition-

ally weighted with data weight w2(vi) | vi ∈ V (See Fig. 3.9 and Fig. 3.1). Also,

we differentiate vertex type, i.e., computation vertex vCi and data vertex vDj (See

Fig. 3.9). vCi has non-zero computation weight w1(vCi ) equals to cwi, zero data

weight w2(vCi ). On the contrary, vDj has non-zero data weight w2(vDj ) equals to

dwj, zero computation weight w1(vDj ). dwj is used to assign net cost c(nj). So,

computation weight w1(vCi ) is square of net cost c(ni) and data weight w2(vDi ) as

seen in Fig. 3.2. Formally,

∀vCi ∈ VC, w1(vCi ) = cwi (4.3)

w2(vCi ) = 0 (4.4)

∀vDj ∈ VD, w1(vDj ) = 0 (4.5)

w1(vDj ) = dwj (4.6)

∀nj ∈ N , c(nj) = dwj (4.7)

In Section 3.4 and Section 3.5, the right above weighting scheme is applied

almost in same way (See Fig. 3.9 and Fig. 3.2). But, there is no edge cost

corresponding to net cost (See Fig. 3.9).

In Section 3.6 and Section 3.7, vertex vi ∈ V has a data weight w2(vi) apart

from Section 3.1 (See Fig. 3.17 and Fig. 3.1). Computation weight w1(vi) and net

weight c(nj) is obtained in same way with Section 3.1 (See Fig. 3.17 and Fig. 3.1).

Data weight w2(vi) is assigned by inverse data weight(or net cost) distribution

heuristic described in Section 3.6 (See Fig. 3.16 and Fig. 3.17).
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4.2.2 Computation and Data Weighting Scheme Used

for Modelling the Row-row parallel C=AB kind

SPGEMM Computations

Weighting is done with respect to structure of A, B and C matrices and nature

of the SPGEMM [4]. Computation weight w1(vx) and net cost c(nj) is defined as

follows [4]:

w1(vx) =
∑

i∈cols(ax,∗)

nnz(bi,∗) (4.8)

c(nj) = nnz(bj,∗) (4.9)

where, vx represents each the pre-multiply of row x of A with matrix B such as

cx,∗ = ax,∗B computation, a net nj represents each row j of B.

In contrast to distributed mesh computations (Section-4.2.1),there is an auto-

matic data weight w2(vx) of a vertex vx ∈ V representing a computation in the

SPGEMM (when, a model is two-constraint, e.g., Section 3.6.):

w2(vx) = nnz(b∗,x) (4.10)

In Section 3.1, computation and net weighting is done as described in Eq. (4.8)

and Eq. (4.9). Formally,

∀vi ∈ V , w1(vi) =
∑

j∈cols(ai,∗)

nnz(bj,∗) (4.11)

∀nj ∈ N , c(nj) = nnz(bj,∗) (4.12)

In Section 3.2 and Section 3.3, computation vertex vCi has computation weight

w1(vCi ) given in Eq. (4.8), data weight w2(vCi ) given in Eq. (4.10). Data vertex
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vDj has zero computation weight w1(vDj ), positive data weight w2(vDj ) equals to

cost c(nj) of net nj (4.9). Formally,

∀vCi ∈ VC, w1(vCi ) =
∑

j∈cols(ai,∗)

nnz(bj,∗) (4.13)

w2(vCi ) = nnz(b∗,i) (4.14)

∀vDj ∈ VD, w1(vDj ) = 0 (4.15)

w2(vDj ) = c(nj) (4.16)

∀nj ∈ N , c(nj) = nnz(bj,∗) (4.17)

In Section 3.4 and Section 3.5, computation and data weighting are same as

the weighting scheme specified in Eq. (4.13), Eq. (4.14), Eq. (4.15), Eq. (4.17).

As above (Section 4.2.1), there is no edge cost which could correspond to net cost

in the models (Section 3.4, Section 3.5).

In Section 3.6 and Section 3.7, vertex vi ∈ V has positive computation and data

weights, i.e., w1(vi) > 0, w2(vi) > 0. Computation weight w1(vi) and net weight

c(nj) are determined as in Section 3.1. Data weight w2(vi) is obtained in three

steps. First, we apply inverse data weight(or net cost) distribution Algorithm 6,

Line 1-6 (See Fig. 3.16). Second, we add nnz(b∗,i) given in Eq. (4.10) before

scaling in Alg. 6 (Line 8-10). Third, we scale the weights by 1000 as described in

Alg. 6 (Line 8-10).

4.3 Experimental Setup

For partitioning hypergraphs as described in the hypergraph partitioning models

(Section 3.1, 3.2, 3.3, 3.6, 3.7), we employed state-of-the-art serial hypergraph

partitioner tool PATOH [1, 43]. For bipartite graph partitioning as described in

Section 3.4, 3.4, we utilized state-of-the-art serial graph partitioner tool METIS
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[31, 32]. In literature, METIS is also known as a widely used tool for parti-

tioning meshes, it has an interface to partition the mesh data directly [32]. The

RB frameworks (Section 3.3, 3.5, 3.7) have been built via using the tools as-are

for two-way partitioning. Both tools use multi-level partitioning schemes (i.e.,

Coarsening, initial partitioning, refinement phases in each level) for obtaining a

bipartition.

We conducted experiments presented in this thesis with K ∈ {64, 128, 256,

512, 1024} where K signifies number of processors. In other words, the test in-

stances are partitioned for each K value. K denotes number of distinct processors

in a distributed parallel platform. As both PATOH and METIS utilize random-

ized algorithms, we made five (5) consecutive runs, acquired 5 different partition

results for each test instance. Then, we took geometric average of 5 partitions

for each performance metric (Section 4.4.1.1, 4.4.1.2, 4.4.1.3), to use the average

as representative result. In all test instances, we used maximum allowable imbal-

ance ratio ε = 0.05 for both computation and data weights, i.e., ε1 = 0.05 and

ε2 = 0.05. All experiments have been conducted by use of random seed in the

respective tools.

We employed PATOH [1, 43] via using default parameters for all models except

the partitioning model described in Section 3.3. In this model (Section 3.3), we

preferred cell visit order for coarsening algorithms as continuous/sequential. It

signifies that there is increasing vertex ID order in visits of coarsening phase (i.e.,

crs V isitOrder = 0), i.e., PATOH visits first computation vertices ∀vCi ∈ VC and

then data vertices ∀vDj ∈ VD in increasing manner [43]. Additionally, we make a

permutation separately within computation vertices ∀vCi ∈ VC and within data

vertices ∀vDj ∈ VD after having constructed the model (Fig. 3.2) in order to

provide randomization in vertex visit order for better performance of PATOH on

the model. We used the METIS [31, 32] with default parameters, partitioning

objective of totalv (which refers to total communication volume) is selected for

better encapsulating total communication volume. Please note that minimizing

total communication volume corresponds to minimizing total amount of data

replication since the size of the vertex is set to the size of data represented by the

vertex.
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4.4 Performance Evaluation of the Proposed

Models

In this section, we describe performance metrics that we use for the evaluation

of load balance quality and their calculations (Alg. 7) in detail.

4.4.1 Performance Metrics

In a given graph/hypergraph K-way vertex partition vector, we know which vertex

is in which part, i.e., vi ∈ Pbelong where belong ∈ {1, 2, ..., K} and that each

vertex is connected by which nets, i.e, Nets(vi) or nets connected which vertices,

i.e., Pins(nj). By these informations, we compute three performance metrics

such as maximum computation load proportion W 1
maxLoadProp (Section 4.4.1.1),

maximum data load proportion W 2
maxLoadProp (Section 4.4.1.2), average data load

proportionW 2
avgLoadProp (Section 4.4.1.3) to measure proposed computation and

data load balance’s quality.

4.4.1.1 Maximum Computation Load Proportion

A computation load for a part in a K-way partition

q

is sum of computation

weights of computation vertices, i.e., W 1(Pk). It’s important to note that ideal av-

erage computation load W 1
ideal−avg is equal to average computation load W 1

avg due

to theoretical fact that total computation load doesn’t change after a partitioning

where W 1
avg denotes the average of all K parts’ computation loads. The maxi-

mum computation load is the highest computation load amongst K parts, i.e.,

W 1
max = max1≤k≤KW1(Pk). Maximum computation load proportionW 1

maxLoadProp

is defined as maximum computation load W 1
max over ideal average computation

load W 1
ideal−avg.

W 1
maxLoadProp = W 1

max/W
1
ideal−avg (4.18)
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4.4.1.2 Maximum Data Load Proportion

A data load for a part in a K-way partition

q

is sum of data weights of all vertices,

i.e., W 2(Pk). Average data load W 2
avg is average of all K parts’ data loads for a

given partition. Ideal average data load W 2
ideal−avg is total data load which is sum

of each data weight w2(vi) where vi ∈ V over K before partitioning. We take into

consideration that ideal average data load W 2
ideal−avg is not equal to average data

load W 2
avg. Because, total data load could change according to a task partitioning

q

(See Section 3). Maximum data load is the highest data load amongst K parts,

i.e., W 2
max = max1≤k≤KW2(Pk). Maximum data load proportion W 2

maxLoadProp

is defined as maximum data load W 2
max over ideal average data load W 2

ideal−avg.

Because, W 2
ideal−avg 6= W 2

avg,

W 2
maxLoadProp = W 2

max/W
2
ideal−avg (4.19)

4.4.1.3 Average Data Load Proportion

In order to measure the amount of data replication incurred by a partition, we

define average data load proportion W 2
avgLoadProp as average data load W 2

avg over

ideal average data load W 2
ideal−avg.

W 2
avgLoadProp = W 2

avg/W
2
ideal−avg (4.20)

We consider that since total computation theoretically doesn’t change for any

given partition. Average computation load W 1
avg over ideal average computation

load W 1
ideal−avg should be always one.

W 1
avgLoadProp = W 1

avg/W
1
ideal−avg = 1 (4.21)

Hence, W 1
avgLoadProp (Eq. 4.21) is naturally useless for sake of the balance quality

measurement.
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4.4.1.4 General Method for Computation of the Performance Metrics

Calculation of the metrics is presented in Algorithm 7. Algorithm 7 describes

general method which is valid for all the hypergraph partitioning models (i.e.,

Section 3.1, 3.2, 3.3, 3.6, 3.7). When task partitioning is given as in Algorithm 7,

then we would compute unique datas (i.e., nets) required for tasks (Alg. 7 - Line

7-16, unique net set NUniqNetSet acquisition for each part, formally Nets(Pi) such

that Pi ∈

q

(H) and i ∈ 1, 2, ..., K). Then, we compute three metrics (Alg. 7 - Line

24-28). Adaptation of the Algorithm 7 for partitioned bipartite graphs (Section

3.4, 3.5) requires minor, simple transformations. It’s easily adaptable for the

bipartite graphs.

4.4.2 Performance Comparison

All tables (Table-4.1, 4.3, 4.5, 4.2, 4.4, 4.6) contain geometrically averaged results

for all instances belonging to each K-way partition, i.e., K ∈ {64, 128, 256,

512, 1024}. Three tables (Table-4.1, 4.3, 4.5) are averaged results of the mesh-

related dataset, other three tables (Table-4.2, 4.4, 4.6) are averaged results of the

SPGEMM dataset.

In all tables (Table-4.1, 4.3, 4.5, 4.2, 4.4, 4.6), we have the following repre-

sentations. The first column represents number of parts in given partition, i.e.,

K of K-way partition. In the second column, we showed number of instances we

tested for the particular K value. The third and the following columns represent

average results of following partitioning schemes in order: Baseline model: single-

constraint hypergraph partitioning model HSc (Section 3.1), data-vertex based

direct K-way hypergraph partitioning model HDV BDr
(Section 3.2), data-vertex

replication based recursive hypergraph bipartitioning model HDV BRB
(Section

3.3), inverse data weight distribution based direct K-way hypergraph partition-

ing model HIDWDDr
(Section 3.6), inverse data weight distribution based recursive

hypergraph bipartitioning model HIDWDRB
(Section 3.7), bipartite graph direct

K-way partitioning model BGCDVDr
(Section 3.4), data-vertex replication based
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Algorithm 7 Computation of Performance Metrics

Input : Partition vector partVec, HypergraphH, K-way partitioned by

q

(H)
Output: Performance metrics

1: totCWeight← 0, totDWeight← 0,
2: maxCWeight← 0, maxDWeight← 0;
3: idealCWeightAvg ← 0, idealDWeightAvg ← 0;
4: obtainIdealCDWegAvg(idealCWeightAvg, idealDWeightAvg);
5: for each part Pk in

q

(H) do
6: totPartCWeight← 0, totPartDWeight← 0;
7: NUniqNetSet ← ∅;
8: for each vi in Pk do
9: totPartCWeight += w1(vi);

10: totPartDWeight += w2(vi);
11: for each net nj in Nets(vi) do
12: if NUniqNetSet ∩ nj = ∅; then
13: NUniqNetSet = NUniqNetSet ∪ nj;
14: end if
15: end for
16: end for
17: for each net nu in NUniqNetSet do
18: totPartDWeight += cu;
19: end for
20: incrementTotalCDWeight(totCWeight, totPartCWeight, totDWeight,

totPartDWeight);
21: assignMaxCDWeight(maxCWeight , totPartCWeight, maxDWeight,

totPartDWeight);
22: end for
23: // Compute performance metric-1, i.e., W 1

maxLoadProp

24: maxCLoadPr = maxCWeight/ idealCWeightAvg;
25: // Compute performance metric-2, i.e., W 2

maxLoadProp

26: maxDLoadPr = maxDWeight/ idealDWeightAvg;
27: // Compute performance metric-3, i.e., W 2

avgLoadProp

28: avgDLoadPr = (totPartDWeight/K)/ idealDWeightAvg;
29: return maxCLoadPr, maxDLoadPr, avgDLoadPr;
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recursive bipartite graph bipartitioning model BGCDVRB
(Section 3.5). Preference

reason of the baseline model HSc (Section 3.1) is described in the beginning of

the Chapter 3.

For data load balancing quality, we examine minimization of maximum load,

i.e., maximum data load proportion metric W 1
maxLoadProp (Table 4.1, 4.2). In

both dataset, we observed significant improvements in proposed models other

than the baseline model HSc according to the baseline model HSc for each K value

(Table 4.1, 4.2). We also see that RB paradigm always achieves better solution as

expected (e.g., BGCDVRB
gave consistently better results than BGCDVDr

). While

BGCDVRB
is the method giving best results in average in the mesh-related dataset

(Table 4.1), HIDWDRB
is the best method in the SPGEMM dataset (Table 4.2).
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Table 4.1: Overall performance comparison in terms of maximum data load pro-
portion in the mesh-related dataset

K #ofInstances Bas.: HSc HDV BDr
HDV BRB

HIDWDDr
HIDWDRB

BGCDVDr
BGCDVRB

64 117 1.83 1.33 1.31 1.29 1.25 1.30 1.24
128 108 2.02 1.44 1.41 1.40 1.34 1.40 1.33
256 94 2.28 1.56 1.51 1.50 1.42 1.50 1.40
512 82 2.59 1.69 1.58 1.61 1.49 1.58 1.46
1024 63 2.88 1.71 1.59 1.66 1.50 1.60 1.48

Table 4.2: Overall performance comparison in terms of maximum data load pro-
portion in the SPGEMM dataset

K #ofInstances Bas.: HSc HDV BDr
HDV BRB

HIDWDDr
HIDWDRB

BGCDVDr
BGCDVRB

64 69 1.66 1.12 1.10 1.11 1.09 1.13 1.10
128 63 1.87 1.15 1.12 1.14 1.11 1.17 1.13
256 54 1.94 1.19 1.14 1.18 1.13 1.19 1.15
512 45 2.03 1.23 1.16 1.22 1.15 1.22 1.18
1024 28 2.09 1.26 1.19 1.25 1.16 1.25 1.21

Average data proportion load W 2
avgLoadProp is measuring average data assigned

to processors with respect to a given task partition

q

. In the mesh-related dataset

(Table 4.3), best method is baseline method HSc. Effect of RB we observed in

maximum data load proportion W 2
maxLoadProp is again observed with one exception

(i.e., BGCDVRB
and BGCDVDr

, they are almost same in average, but the case

changes negatively for RB paradigm for greater K values). In the SPGEMM

dataset (Table 4.4), the best model is HDV BRB
, while worst result comes from the

baseline model HSc in contrast to the mesh-related dataset (Table 4.3).
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Table 4.3: Overall performance comparison in terms of average data load propor-
tion in the mesh-related dataset

K #ofInstances Bas.: HSc HDV BDr
HDV BRB

HIDWDDr
HIDWDRB

BGCDVDr
BGCDVRB

64 117 1.11 1.18 1.16 1.18 1.16 1.15 1.15
128 108 1.15 1.24 1.21 1.24 1.22 1.20 1.20
256 94 1.18 1.29 1.26 1.29 1.27 1.25 1.25
512 82 1.21 1.34 1.29 1.35 1.31 1.27 1.28
1024 63 1.18 1.33 1.26 1.33 1.28 1.24 1.26

Table 4.4: Overall performance comparison in terms of average data load propor-
tion in the SPGEMM dataset

K #ofInstances Bas.: HSc HDV BDr
HDV BRB

HIDWDDr
HIDWDRB

BGCDVDr
BGCDVRB

64 69 1.45 1.07 1.06 1.07 1.06 1.06 1.06
128 63 1.58 1.09 1.07 1.09 1.07 1.08 1.08
256 54 1.61 1.11 1.08 1.11 1.09 1.09 1.10
512 45 1.66 1.14 1.10 1.13 1.10 1.10 1.12
1024 28 1.66 1.14 1.10 1.14 1.11 1.11 1.13

Maximum computation load proportion W 1
maxLoadProp is utilized for observing

minimization of maximum computation load. It’s tried to be achieved by respec-

tive tools as a first balance constraint. ViaW 1
maxLoadProp, we examine computation

load balance quality of a given task partition

q

. In the mesh-related dataset (Ta-

ble 4.5), the best method is HDV BDr
and its closest method is HIDWDDr

. As seen

from those observations, the RB effect is positive for the graph models as opposed

to the the hypergraph models (Table 4.5). In the SPGEMM dataset (Table 4.6),

very similar finding is reported, the best two methods are HDV BDr
, HIDWDDr

as

in the mesh-related dataset results and RB’s effect is almost same. However, the

proposed models work better than baseline model HSc as we expect to see.

When we evaluate maximum data load proportion W 2
maxLoadProp results (Table

4.1, 4.2) with maximum computation load proportion W 1
maxLoadProp results (Table

4.5, 4.6), we conclude that there are clear improvements in simultaneous data

and computation load balancing purpose. While maintaining balance on given
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computation load constraints, we dramatically decreased maximum data load.

One could observe instance-by-instance performance assessments of the meth-

ods on the datasets. Especially, fractional performance evaluations on the

datasets of the methods could be seen by scrutinizely analyzing performance

profiles presented in Appendix A.

Table 4.5: Overall performance comparison in terms of maximum computation
load proportion in the mesh-related dataset

K #ofInstances Bas.: HSc HDV BDr
HDV BRB

HIDWDDr
HIDWDRB

BGCDVDr
BGCDVRB

64 117 1.04 1.03 1.04 1.03 1.04 1.05 1.04
128 108 1.04 1.03 1.04 1.03 1.04 1.05 1.04
256 94 1.05 1.03 1.05 1.04 1.05 1.06 1.05
512 82 1.06 1.04 1.05 1.05 1.06 1.06 1.06
1024 63 1.06 1.03 1.05 1.04 1.06 1.06 1.05

Table 4.6: Overall performance comparison in terms of maximum computation
load proportion in the SPGEMM dataset

K #ofInstances Bas.: HSc HDV BDr
HDV BRB

HIDWDDr
HIDWDRB

BGCDVDr
BGCDVRB

64 69 1.03 1.02 1.02 1.02 1.03 1.05 1.04
128 63 1.03 1.02 1.02 1.02 1.03 1.05 1.04
256 54 1.03 1.02 1.02 1.02 1.03 1.05 1.04
512 45 1.03 1.02 1.02 1.02 1.03 1.05 1.04
1024 28 1.03 1.02 1.03 1.02 1.03 1.05 1.04
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Chapter 5

Conclusion

Graph/hypergraph partitiong is widely used to partition workload in a way that

the computation load among the processors would be balanced for efficient par-

allelization of several irregularly sparse applications while minimizing the total

communication volume. In that regard, several successful partitioning models

and methods have been proposed and used for computational load balancing of

irregularly sparse applications on distributed-memory architectures.

Besides, data load is also an important issue while fulfilling the computation

requirements. In the thesis, we proposed graph/hypergraph partitioning mod-

els and methods for simultaneous computation and data load balancing. We

utilized the RB framework for better encoding data size of processor, proposed

the split data vertex replication in our RB framework for the bipartite graphs

and the hypergraphs and also proposed inverse data weight distribution for the

hypergraphs.

Empirical validity of the proposed models and methods is tested and confirmed

by assessing the performance of the models on a wide range of sparse matrices

related to distributed parallel mesh simulations and C = AB kind row-row paral-

lel SPGEMM applications. With the proposed models and methods, we observed
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significant improvements in simultaneous computation load and data size balanc-

ing purpose. While maintaining balance on given computation load constraints,

we dramatically decreased maximum data size.
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Appendix A

Performance Profiles

A.1 Dataset related to the Mesh Applications:

Performance Profiles of the Models
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Figure A.1: Performance profiles for maximum data load proportion metric in
dataset related to the mesh applications for K ∈ {64, 128, 256, 512, 1024}
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(c) Avg.data load prop. metric - Perfor-
mance profile of the models, K = 256

1.0 1.1 1.2 1.3 1.4
τ=  512-Mesh_AvgData relative to the best

0.0

0.2

0.4

0.6

0.8

1.0
Fr

ac
tio

n 
of

 m
at

ric
es

Baseline :HSc

HDVBDr

HDVBRB

HIDWDDr

HIDWDRB

BGCDVDr

BGCDVRB
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Figure A.2: Performance profiles for average data load proportion metric in
dataset related to the mesh applications for K ∈ {64, 128, 256, 512, 1024}
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(e) Max. comp. load prop. metric -
Performance profile of the models, K =
1024

Figure A.3: Performance profiles for maximum computation load proportion met-
ric in dataset related to the mesh applications for K ∈ {64, 128, 256, 512, 1024}

68



A.2 The C= AB kind SPGEMM Dataset: Per-

formance Profiles of the Models
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(e) Max. data load prop. metric - Per-
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1024

Figure A.4: Performance profiles for maximum data load proportion metric in
the C= AB kind SPGEMM dataset for K ∈ {64, 128, 256, 512, 1024}
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1.0 1.1 1.2 1.3 1.4
τ=  256-SPGEMM_AvgData relative to the best

0.0

0.2

0.4

0.6

0.8

1.0

Fr
ac

tio
n 

of
 m

at
ric

es

Baseline :HSc

HDVBDr

HDVBRB

HIDWDDr

HIDWDRB

BGCDVDr

BGCDVRB
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Figure A.5: Performance profiles for average data load proportion metric in the
C= AB kind SPGEMM dataset for K ∈ {64, 128, 256, 512, 1024}
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(e) Max. comp. load prop. metric -
Performance profile of the models, K =
1024

Figure A.6: Performance profiles for maximum computation load proportion met-
ric in the C= AB kind SPGEMM dataset for K ∈ {64, 128, 256, 512, 1024}
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