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Abstract

Exact Solutions for Some Differential Equations Through Different
Methods

Karmina Kamal ALI

Ph.D. Thesis

FIRAT UNIVERSITY
Graduate School of Natural and Applied Sciences

Department of Mathematics
June 2022, Page: vi-92

This study looks on finding exact solutions to differential equations in a variety of nonlinear
scientific fields. The generalized exponential rational function method is used to study some nonlinear
model includes the Gilson-Pickering equation, the strain wave equation in micro-structured solids,
and system of equations based on ion sound and Langmuir waves equations. In addition, we modified
a new technique named as a modified generalized exponential rational function method. To evaluate
the efficiency of the new scheme, we applied the generalized exponential rational function method
and the new modified method to the system of equations based on ion sound and Langmuir waves
equations, and we chose the same values of the parameters in all families for both methods, as
well as we presented the difference between the obtained solutions by two methods in the result
and the discussion section. One might easily conclude that the new approach is quite effective and
successful in seeking the exact solutions of the nonlinear differential equations. Besides, we study and
defined some new basic concepts in fractal calculus. We also, study some fractal differential equation
such as the electrical circuits involving fractal time, the fractal battery discharging on fractal time
sets, and study the fractal version of both one-term and three-term fractal differential equations.
The fractal Laplace transform of the local derivative and the non-local fractal Caputo derivative is
applied to investigate the proposed fractal models. Furthermore, the simulation analysis is performed
by comparing the underlying fractal derivatives to the classical ones in order to understand the
significance of the results. The effects of the fractal parameter and the fractional parameter are also
discussed.

Keywords: Exact solutions; Analytical methods; Generalized exponential rational function and

its newly modified method; fractal calculus; Local fractal derivative; Non-local fractal Caputo

derivative; Local and non-local fractal Laplace transform.
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ÖZET

Bazı Diferansiyel Denklemlerin Farklı Yöntemlerle Kesin Çözümleri
Karmina Kamal ALI

Doktora Tezi

FIRAT ÜNİVERSİTESİ
Fen Bilimleri Enstitüsü

Matematik Anabı̇lı̇m Dalı
Haziran 2022, Sayfa: vi-92

Bu çalışmada, çeşitli doğrusal olmayan bilimsel çalışma alanlarındaki diferansiyel
denklemlere kesin çözümler bulmak amaçlanmaktadır. Genelleştirilmiş üstel rasyonel fonksiyon
yöntemi, Gilson-Pickering denklemini, mikro yapılı katılarda gerinim dalgası denklemini, iyon
sesine ve Langmuir dalga denklemlerine dayalı denklem sistemlerini içeren bazı doğrusal olmayan
modelleri incelemek için kullanılır. Ek olarak, modifiye edilmiş genelleştirilmiş üstel rasyonel
fonksiyon yöntemi olarak adlandırılan yeni bir tekniği modifiye ettik. Yeni şemanın etkinliğini
değerlendirmek için, iyon sesi ve Langmuir dalgaları denklemlerine dayalı denklem sistemine
genelleştirilmiş üstel rasyonel fonksiyon yöntemini ve yeni modifiye edilmiş yöntemi uyguladık ve
her ikisi için de tüm ailelerde aynı parametre değerlerini seçtik. Yöntemlerin yanı sıra iki yöntemle
elde edilen çözümler arasındaki farkı sonuç ve tartışma bölümünde sunduk. Yeni yaklaşımın lineer
olmayan diferansiyel denklemlerin tam çözümlerini aramada oldukça etkili ve başarılı olduğu
sonucuna kolayca varılabilir. Ayrıca, fraktal analizde bazı yeni temel kavramları inceledik ve
tanımladık. Ayrıca, fraktal zamanı içeren elektrik devreleri, fraktal zaman kümelerinde boşalan
fraktal pil gibi bazı fraktal diferansiyel denklemleri ve hem bir terimli hem de üç terimli fraktal
diferansiyel denklemlerin fraktal versiyonu incelendi. Önerilen fraktal modelleri araştırmak için
yerel türev ve yerel olmayan fraktal Caputo türevinin fraktal Laplace dönüşümü uygulandı.
Bundan başka, sonuçların önemini anlamak için temeldeki fraktal türevleri klasik türevlerle
karşılaştırarak simülasyon analizi yapıldı. Fraktal parametrenin ve kesirli parametrenin etkileri de
tartışıldı.

Anahtar Kelimeler: Kesin çözümler; Analitik metodlar; Genelleştirilmiş üstel rasyonel fonksiyon

ve yeni modifiye edilmiş yöntem; fraktal hesap; Yerel fraktal türev; Yerel olmayan fraktal Caputo

türevi; Yerel ve yerel olmayan fraktal Laplace dönüşümü.

vii
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1. Introduction

Nonlinear partial differential equations (NLPDEs) are used to represent a variety of
nonlinear physical phenomena in different areas of applied sciences like fluid dynamics,
plasma physics, optical fibers, and biology [1]. This prompts the development of a number
of analytical ways to dealing with wave or evolution equations.

In a situation whereby the dependent variable u appearing in PDEs associates with
a physical quantity (for instance, the magnitude of an electromagnetic wave, the surface
height of a water wave), it is pertinent to investigate the oscillation of u. This stimulates the
introduction of several approaches to deal with the wave or evolution equations analytically.
If the form of these solutions has not changed during oscillation, then, such solutions are
regarded as the solitary waves (SW). SW which can remain unchanged in shape during
a time of collision are known as solitons [2]. The equilibrium between nonlinearity and
dispersion leads to SW and solitons being present.

The history of SW’s inception is quite important. Russell discovered in 1834 that a
wave bend collapsing at a large velocity traveled as a large heap of water for a long time
before spreading into minute ripples. Russell’s tests in a massive water tank were rigorous
in order to understand this logical phenomena. Furthermore, Stokes, Airy, Rayleigh, and
Boussinesq studied SW in an attempt to better understand this important phenomenon [3].

The quest for the exact solutions of nonlinear partial differential equations has long
been one of the most important priorities of mathematicians. So, for that purpose, several
effective analytical methods have been identified, like the sine-Gordon expansion method
[4-6], the Lie symmetry analysis [7], Backland transformation method [8], the Bernoulli
sub-equation method [9], the modified auxiliary expansion method [10], the
(m+ (G′/G)) −expansion method [11,12], Jacobi elliptic function expansion [13,14], the
extended sinh-Gordon expansion method, Hirota’s simple method [15-20], and so on.

One of the most significant fields of mathematics is partial differential equations
which describe a variety of processes in physics and engineering, for example, the
third-order Gilson and Pickering equation that have application in plasma physics
[6,21,22]. The strain wave equation in micro-structured solids have application is solid
physics [23-29]. In solid physics, waves are transmission layers that change energy (or)
knowledge from one mark to the other at a finite velocity. Such waves, when traveling,
carry energy in the form of pieces, packets, frames, and data-grams that include the source
location, the path, and the target address. A complication that occurs throughout wave
transport, including path deviation, loss of information, information error, and other
problems, must be handled in order to guarantee adequate delivery of information to the
terminal. In solids, the different wave forms, including elastic, longitudinal, vibration,
shear, shock, sound, and transverse, are responsible for the information conveying
processes referred to above. The practical applications of the system of equations for the
ion sound and Langmuir (SEISLWEs) [9,30,31] are as follows: the electron temperature of



the plasma is determined by calculating the frequency of the standing ion-wave mode [32].
The neutral gas density was predicted by the measurement of the gas damping of different
standing ion-wave modes [32]. The waves of Langmuir arise as coherent field structures
with peak intensities reaching levels of the collapse of Langmuir [33].

A fractal is a complex geometric figure that, unlike a traditional complicated figure,
does not simplify when enlarged. Fractal geometry extends classical geometry by removing
the assumption of smoothness to include non-differentiable functions. The word “fractal”
was invented in the 1960s by Mandelbrot [34,35]. Fractals have the following properties:
complicated structure, the similarity of structures across scale (self-similarity), and fractal
dimension, which is describing how much of the next dimension the function takes up
by virtue of folding back on itself [36–40]. Scientists have developed various methods to
propose fractal analysis, such as harmonic analysis, probabilistic method, fractional space,
and time scale methods [41–48]. Fractals have a non-differentiable framework, so ordinary
calculations can not be used on them. A. Parvate and A.D. Gangal have introduced the
Riemann like method to build a calculus for functions on Cantor sets, such as fractal curves.
The proposed method is a generalization of the ordinary calculus, that applies in instances
in which the standard calculus is not viable. Another useful feature of the proposed method
is the algorithmic method and local [49-51]. Algorithmicity is important in computations
with computers, and locality is important because measurements are local in physics [49-
51]. Several applications for fractal calculus are addressed in the literature, for example,
integrals and derivatives of functions on Cantor tartan spaces were defined and applied to
model sub-and super-diffusion on totally disconnected sets [52-55]. The diffraction fringes
from the fractal grating Cantor sets have been found in [56]. The analogue of the Euler
method and Logistic equation in fractal calculus were investigated in [57], and other related
researches in [58,59]. The classical non-local fractional integrals and derivatives have been
generalized based on fractal sets [60,61]. A fractal Kronig-Penny model which includes a
fractal lattice, a fractal potential energy comb, and a fractal Bloch’s theorem on thin Cantor
sets was investigated in [62]. The economic models from the viewpoint of local and non-
local fractal Caputo derivatives was studied in [63]. The analogues of both local Fourier
transform with its related properties and Fourier convolution theorem were proposed with
proofs in fractal calculus, also the fractal Dirac delta with its derivative and the fractal
Fourier transform of the Dirac delta were defined in [64].

1.1 Aim of the Thesis

The aim of this thesis is to present some new exact solutions to some nonlinear
partial differential equations via the generalized exponential rational function method
(GERFM) and its modified namely modified generalized exponential rational function
method (MGERFM). Various kinds of traveling wave solutions are constructed to the
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proposed nonlinear partial differential equations. On the other hand, some new results in
fractal calculus to some fractal differential equations are obtained by using fractal Laplace
transform and non local Laplace transform in the sense of Caputo derivative.

1.2 Outline of Thesis

The organization of this thesis is outlined as follows: Chapter one entails the
introduction about nonlinear partial differential equations and their applications, as well
as introduction about fractal calculus and their applications. Chapter two of this thesis
gives the definitions of some important terms in standard differential equations and some
fundamental definitions in fractal calculus. Chapter three presents the descriptions of the
used analytic methods in this thesis. Chapter four, we discussed the application of the
proposed methods to some certain nonlinear partial differential equations. In chapter five,
some necessary theorem and application of fractal Laplace transform to some fractal
differential equations are addressed. We present the conclusion of this thesis in chapter
six.
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2. FUNDAMENTAL DEFINITIONS

2.1 Some Fundamental Definitions of Differential Equation

In this section, some useful fundamental definitions of partial differential equations
that are related to the work of this thesis are presented.
Definition 2.1.1 A partial differential equation is a differential equation that has more
than one independent variable with one or more dependent variables [65].
Definition 2.1.2 The largest derivative that appears in the equation is called the order of
the differential equation [65].
Definition 2.1.3 A partial differential equation is considered to be linear if and only if the
following conditions are holds [65]:

• The dependent variable’s exponent and each partial derivative included in the
equation are both one.

• There are no cross-terms—that is, terms such as uux or uxuxx in which the function
or its derivatives occur more than once.

Otherwise, differential equation is said to be nonlinear differential equation.
Definition 2.1.4 A partial differential equations are regarded as homogeneous or
in-homogeneous. A partial differential equation of any order is referred as homogeneous if
each term of the PDE includes the dependent variable u or one of its derivatives [65].
Examples of homogeneous PDE:

1. ut = 4uxx

2. uxx + uyy = 0.

Examples of in-homogeneous PDE:

1. ut = uxx + x

2. uxx + uy = u+ 4.

2.2 Some Fundamental Tools of Fractal Calculus

In this subsection, we present some basic tools of the fractal calculus on a thin Cantor
set, which is shown in Figure 2.1., and Figure 2.2. Let p[a1, a2] be a subdivision of an interval
I = [a1, a2] which is a collection of points {a1 = t0, t1, ..., tn = a2}, such that ti < ti+1, for
more details we referred the reader to see [49-51, 66-70].
Definition 2.2.1 Assume that F κ ⊂ R is a thin Cantor set [71] and p[a1, a2] is a subdivision.



The mass function is given by [49-51]

Ψα (F κ, a1, a2) = lim
ς→0

Ψα
ς , (2.2.1)

where

Ψα
ς = inf

{p[a1,a2]:|p|≤ς}

m−1∑
j=0

Γ (α+ 1) (tj+1 − tj)αϕ (F κ, [tj+1 − tj ]) , (2.2.2)

and

ϕ (F κ, [tj+1 − tj ]) =

 1, F κ ∩ [tj+1 − tj ] ̸= ∅,
0, otherwise,

(2.2.3)

where

|p| = max
0≤j≤m

(tj+1 − tj) .
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Figure 2.1. The thin Cantor set (κ = 1/3) by iteration.
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Figure 2.2. The thin Cantor set (κ = 1/5) by iteration.

Definition 2.2.2 Assume that c0 ∈ R. The staircase function of order α is given by [49-51]

Sα
F κ (t) =

Ψα (F κ, c0, t) , if t ≥ c0,

− Ψα (F κ, c0, t) , otherwise.
(2.2.4)

The graph of the integral staircase function is presented in Figure. 2.3., and Figure 2.4.
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Figure 2.3. The integral staircase function for the thin Cantor set F κ for the case of (κ = 1/3).

Figure 2.4. The integral staircase function for the thin Cantor set F κ for the case of (κ = 1/5).
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Definition 2.2.3 The Ψ − dimension is defines using the mass function as follows [49-51]:

dimΨ (F κ ∩ [a1, a2]) = inf {α : Ψα (F κ, a1, a2) = 0} ,

= suf {α : Ψα (F κ, a1, a2) = ∞} .
(2.2.5)
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Figure 2.5. Ψ − dimension of the thin Cantor set (κ = 1/3).

8



Figure 2.6. Ψ − dimension of the thin Cantor set (κ = 1/5).

Figure 2.5., and Figure 2.6. are the Ψ − dimension which is intersection point of the
red line with the blue line.
Definition 2.2.4 The characteristic function χF κ(α, t) for a given thin Cantor set is defined
by [49-51]

χF κ(α, t) =


1

Γ (α+ 1) , t ∈ F κ,

0, otherwise.
(2.2.6)
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Figure 2.7. Characteristic function for thin Cantor set with (κ = 1/3).

Figure 2.8. Characteristic function for thin Cantor set with (κ = 1/5).

Figure 2.7., and Figure 2.8. are the characteristic function for thin Cantor set.
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Some important formulas:

Dα
F κc = 0, c is constant, (2.2.7)

Dα
F κSα

F κ(t) = χF κ(α, t), (2.2.8)

Dα
F κSα

F κ(t)m = mSα
F κ(t)m−1, (2.2.9)

Dα
F κ sin(Sα

F κ(t)) = χF κ(α, t) cos(Sα
F κ(t)), (2.2.10)

Dα
F κ tan(Sα

F κ(t)) = χF κ(α, t) sec2(Sα
F κ(t)), (2.2.11)

Dα
F κ cos(Sα

F κ(t)) = −χF κ(α, t) sin(Sα
F κ(t)), (2.2.12)

sin(Sα
F κ(t)) = Sα

F κ(t) − Sα
F κ(t)3

3! + Sα
F κ(t)5

5! + ... =
∞∑

i=1
(−1)i−1S

α
F κ(t)2i−1

(2i− 1)! ,(2.2.13)

cos (Sα
F κ(t)) = 1 − Sα

F κ(t)2

2! + Sα
F κ(t)4

4! + .... =
∞∑

i=1
(−1)i−1S

α
F κ(t)2i−2

(2i− 2)! , (2.2.14)

eSα
F κ (t) = 1 + Sα

F κ(t) + Sα
F κ(t)2

2! + .... =
∞∑

i=1

Sα
κ (t)i−1

(i− 1)! , (2.2.15)

ln |1 + Sα
F κ(t)| = Sα

F κ(t) − Sα
F κ(t)2

2 + Sα
F κ(t)3

3 − ... =
∞∑

i=1
(−1)i−1S

α
F κ(t)i

i
. (2.2.16)

2.3 Local Fractal Calculus

In this section, we provided some definitions of the local fractal calculus.
Definition 2.3.1 If F κ is α− perfect set, then the Fα-derivative of f (t) at t is defined by
[49,50,51]

Dα
F κ(f (t)) =


F κ − lim

x→t

f (x) − f (t)
Sα

F κ (x) − Sα
F κ (t) , if t ∈ F κ,

0, otherwise,
(2.3.1)

if the limit exist.
Definition 2.3.2 The Fα-integral of f (t) on [a1, a2] is defined by [49,50,51]

∫ a2

a1
f (t) dα

F κt ≈
n∑

j=1
fj (t) (Sα

F κ (tj) − Sα
F κ (tj−1)). (2.3.2)

2.4 Non-Local Fractal Calculus

In this section, we present some useful concepts of the non-local fractal calculus [60-
64, 71-73].
Definition 2.4.1 For a function f(t), t ∈ F κ, the fractal left-sided Riemann-Liouville
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integral is defined by [61]

aJβ
t f (t) = 1

Γα
F κ (β)

∫ t

a

f (x)
(Sα

F κ (t) − Sα
F κ (x))α−β

dα
F κx, (2.4.1)

where t > a.

Definition 2.4.2 The fractal left-sided Riemann–Liouville derivative is given by [61]

aDβ
t f (t) = 1

Γα
F κ (n− β) (Dα

F κ)n
∫ t

a

f (x)
(Sα

F κ (t) − Sα
F κ (x))−nα+β+α

dα
F κx, (2.4.2)

where nα− α ≤ β < nα, n ∈ N.
Definition 2.4.3 [61] The fractal left-sided Caputo derivative is given by

C
a D

β
t f (t) = 1

Γα
F κ (n− β)

∫ t

a

(Dα
F κ)nf(x)

(Sα
F κ(t) − Sα

F κ(x))−nα+β+α
dα

F κx, (2.4.3)

where nα− α < β ≤ nα, n ∈ N.
2.5 The Local Fractal Laplace Transform and Mittag-Leffler Functions

In this section, we provide definitions of the local fractal Laplace transform and fractal
Mittag-Leffler functions to apply them in solving fractal differential equations.
Definition 2.5.1 The fractal Laplace transform (FLT) of a function f (t) , t ∈ thin
Cantor sets is presented by [60-61, 71-73]

B (w) = Lα
F κ (f(t)) =

∞∫
0

exp (−Sα
F κ (t)Sα

F κ (w)) f (t) dα
F κt, (2.5.1)

where B (w) and L (f) : f (t) → B (w) are called the fractal Laplace transform of f (t) . If
∃ M > 0, ∃ T > 0, and atα < Sα

F κ (t) < btα, a, b ∈ R

e−εSα
F κ (t)|f(t)| < e−εtα |f(t)| ≤ M ∀ t > T, (2.5.2)

then the fractal integral Eq. (2.5.1) exists.
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Table 2.1. Fractal Laplace Transform Formulas

f(t) Lα
F κ (f(t))

a a
Sα

F κ (w) a > 0
eaSα

F κ (t) 1
Sα

F κ (w)−a

Dα
F κ,tf (t) Sα

F κ (w) B (w) − f (0)
(Dα

F κ,t)2f (t) Sα
F κ (w)2 B (w) − Sα

F κ (w) f(0) − Dα
F κ,tf (t) |t=0∫ t

0 f(t′)dα
F κt′ B(ω)

Sα
F κ (w)

eaSα
F κ (t)f(t) B(ω − a)

(Sα
F κ (t)n f(t) (−1)n(Dα

F κ,ω)nB(ω)
uα

F κ(t − c) 1
Sα

F κ (w)e
−cSα

F κ (w)

uα
F κ(t − c)f(t − c) e−cSα

F κ (w)B(ω)

Definition 2.5.2 The fractal Laplace transform of the local fractal derivative is
defined by [60,61,71-73]

Lα
F κ ((Dα

t )nf (t)) = Sα
F κ (w)n Lα

F κ (f (t)) −
n−1∑
j=0

Sα
F κ (w)n−j−1 (Dα

F κ,t)jf |t=0. (2.5.3)

The fractal Laplace transform of the fractal left-sided Riemann–Liouville
derivative is defined by [60,61,71-73]

Lα
F κ(

(
0Dβ

t )f (t)
)

= Sα
F κ (w)β B(w) −

n−1∑
j=0

Sα
F κ (w)j [0Dβ−j−1

F κ,t f (t)]t=0. (2.5.4)

The fractal Laplace transform of the fractal Caputo derivative is defined by [60,61,71-
73]

Lα
F κ

(
C
0 D

β
t f (t)

)
= Sα

F κ(w)βLα
F κ (f (t)) −

n−1∑
j=0

Sα
F κ(w)β−j−1(Dα

F κ)j(f (t) |t=0. (2.5.5)

Definition 2.5.3 The inverse fractal Laplace transform is given by [60-61,71-73]

f(t) = (Lα
F κ)−1 (B (w)) . (2.5.6)

Example 1. The fractal inverse of the following

Sα
F κ (w) + 3

(Sα
F κ (w) − 2)(Sα

F κ (w) + 1) ,
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is given by

(Lα
F κ)−1{ Sα

F κ (w) + 3
(Sα

F κ (w) − 2)(Sα
F κ (w) + 1)} = 5

3(Lα
F κ)−1{ 1

Sα
F κ(w) − 2}

− 2
3(Lα

F κ)−1{ 1
Sα

F κ(w) + 1}

= 5
3e

2Sα
F κ (t) − 2

3e
−Sα

F κ (t).

(2.5.7)

Example 2. Consider the fractal differential equation

Dα
F κ,tf(t) − 5f(t) = e5Sα

F κ (t), f(0) = 0. (2.5.8)

By taking the local fractal Laplace transform to both sides of Eq. (2.5.8), we have

Sα
F κ(w)B(ω) − 5B(ω) = 1

Sα
F κ(w) − 5 . (2.5.9)

It follows

B(ω) = 1
(Sα

F κ(w) − 5)2 . (2.5.10)

Taking the fractal inverse Laplace transform of Eq. (2.5.10), we obtain

f(t) = (Lα
F κ)−1

{
B(ω)

}
= Sα

F κ(t)e5Sα
F κ (t), (2.5.11)

which is the solution of Eq. (2.5.8).
Example 3. Consider the fractal system given as follows

(Dα
F κ,t)2y(t) + z(t) + y(t) = 0,

(Dα
F κ,t)z(t) + (Dα

F κ,t)y(t) = 0,
(2.5.12)

with the conditions

y(0) = 0, Dα
F κ,ty(t)|t=0 = 0, z(0) = 1.

Taking the local fractal Laplace transforms of Eq. (2.5.12), gives(
Sα

F κ(ω)2 + 1
)
Y (ω) + Z(ω) = 0,

Z(ω) + Y (ω) = 1
Sα

F κ(ω) ,
(2.5.13)

where Z(ω) = (Lα
F κ)z(t) and Y (ω) = (Lα

F κ)y(t). Solving Eqs. (2.5.13), we get

Z(ω) = Sα
F κ(ω) + 1
Sα

F κ(ω)2 , Y (ω) = − 1
Sα

F κ(ω)2 .
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Thus, taking the fractal inverse Laplace transform, we conclude that

y(t) = −Sα
F κ(t),

z(t) = 1 + Sα
F κ(t).

(2.5.14)

Definition 2.5.4 The fractal Mittag-Lefler function of one parameter is given by
[60,61,71-73]

Eα
F κ,γ (t) =

∞∑
j=0

Sα
F κ(t)j

Γα (γj + 1) , γ > 0. (2.5.15)

Definition 2.5.5 The fractal Mittag-Lefler function of two parameters is given by
[73]

Eα
F κ,γ,υ (t) =

∞∑
j=0

Sα
F κ(t)j

Γα (γj + υ) , γ > 0, υ ∈ R. (2.5.16)

Definition 2.5.6 The fractal Laplace transform of the Mittag-Leffler function is
defined by [73]

Lα
F κ

(
Sα

F κ(t)υ−1Eα
γ,υ (λtγ)

)
= Sα

F κ(w)γ−υ

Sα
F κ(w)γ − λ

, Sα
F κ (w) > 0,

∣∣∣λSα
F κ(w)−γ

∣∣∣ < 1. (2.5.17)

Definition 2.5.7 The fractal Wright function is defined by [73]

Wα
σ,υ (t) =

∞∑
j=0

Sα
F κ(t)j

j!Γα (σj + υ) , γ > −1, υ ∈ R. (2.5.18)

Eq. (2.5.18) is named the simplest Wright function.
Definition 2.5.8 The more general Wright function is given by [73]

1Ψ1

 (n+ 1, 1)

(σn+ 1, σ − υ)

∣∣∣∣∣∣ ( −µ)Sα
F κ(t)σ−υ

 :=
∞∑

j=0

Γα (n+ j + 1)
Γα (σn+ υ + σj)

Sα
F κ(t)j

j! . (2.5.19)

Furthermore, a generalization of three parameters Mittag-Lefler function is defined
as follows:

Eα,ρ
σ,υ (t) :=

∞∑
j=0

(ρ)j

Γα (σj + υ)
Sα

F κ(t)j

j! = 1
Γα (ρ)1Ψ1

 (ρ, 1)

(υ, σ)

∣∣∣∣∣∣ Sα
F κ (t)

 , (2.5.20)

where σ > 0, υ > 0, σ, υ, Sα
F κ (t) ∈ R. Using the fact that

1Ψ1

 (a, v)

(ϑ, χ)

∣∣∣∣∣∣ t

 =
∞∑

n=0

Γα (nv + a)
Γα (χn+ ϑ)n! .
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Definition 2.5.9 The Laplace transform of the Wright function is defined by [73]

Lα
F κ

Sα
F κ(t)σn

1Ψ1

 (n+ 1, 1)

(σn+ 1, σ − υ)

∣∣∣∣∣∣ (−µ)Sα
F κ(t)σ−υ

 = n! S
α
F κ(w)(σ−υ)−(nυ+1)(
Sα

F κ(w)σ−υ + µ
)n+1 .

(2.5.21)

Theorem 2.5.1 Fractal convolution theorem. If Lα
F κ (h (t)) = H (w) , and Lα

F κ (k (t)) =
K (w) , then [73]

Lα
F κ (h (t) ∗ k (t)) = Lα

F κ (h (t)) Lα
F κ (k (t)) = H (w)K (w) . (2.5.22)

Or, equivalently,

Lα,−1
F κ (H (w)K (w)) = h (t) ∗ k (t) , (2.5.23)

where h (t) ∗ k (t) is called the fractal convolution of h (t) and k (t), which is defined by
the integral

h (t) ∗ k (t) =
t∫

0

h (t− τ)k (t) dα
F κτ =

t∫
0

h (τ)k (t− τ)dα
F κτ, (2.5.24)

where t ∈ F κ.
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3. Fundamental concepts of each method

This chapter provides the basic concepts of the GERFM and its newly modified version.
3.1 The GERFM

The fundamental steps of the GERFM are addressed in this section as follows [74-79].
Step 1. Consider the NPDE as follows:

Q (u, ux, ut, uxx, ...) = 0, (3.1.1)

using

u (x, t) = U(ζ), ζ = σx+ δy, (3.1.2)

in Eq. (3.1.1), we get a nonlinear ordinary differential equation (NODE)

W
(
U,U ′, U ′′, ...

)
= 0. (3.1.3)

Step 2. Let we set up the solution of Eq. (3.1.3) as

U(ζ) = A0 +
m∑

k=1
Akψ(ζ)k +

m∑
k=1

BKψ(ζ)−k, (3.1.4)

where

ψ (ζ) = r1e
s1ζ + r2e

s2ζ

r3es3ζ + r4es4ζ
, (3.1.5)

where A0, Ak, Bk, and rj , sj (1 ≤ j ≤ 4) are constants to be determined, such that the Eq.
(3.1.4) verify the NODE Eq. (3.1.3). Note that m can be determine by using the balance
principle which is determine between the highest derivative and a nonlinear term.
Step 3. Plugging Eq. (3.1.4) into Eq. (3.1.3), we get a polynomial equation. Setting each
coefficient in the polynomial to zero, we achieve a system of algebraic equations.
Step 4. Solving the obtained system given in Step 3 with aid of computational packages,
we will find the values of A0, Ak, and Bk. Eventually, one may simply acquire the exact
solutions of Eq. (3.1.3).
3.2 The newly MGERFM

The basic steps of the newly MGERFM are presented in this section as follows:
Step 1. Consider the NPDE as follows:

Q (u, ux, ut, uxx, ...) = 0, (3.2.1)



using

u (x, t) = U(ζ), ζ = σx+ δy, (3.2.2)

in Eq. (3.2.1), then we obtain a NODE as follows

W
(
U,U ′, U ′′, ...

)
= 0. (3.2.3)

Step 2. Let we set up the solution of Eq. (3.2.3) as

U(ζ) = A0 +
m∑

k=1
Akψ(ζ)k +

m∑
k=1

Bkψ(ζ)−k +
m∑

k=1
Ck
ψ′(ζ)k

ψ(ζ)k
, (3.2.4)

where

ψ (ζ) = r1e
s1ζ + r2e

s2ζ

r3es3ζ + r4es4ζ
, (3.2.5)

where A0, Ak, Bk, Ck, and rj , sj (1 ≤ j ≤ 4) are constants to be determined, such that the
Eq. (3.2.4) verify the NODE Eq. (3.2.3). Note that m can be determine by using the
balance principle.
Step 3. Plugging Eq. (3.2.4) into Eq. (3.2.3) we get a polynomial equation. Setting each
coefficient in the polynomial to zero, we achieve a system of algebraic equations.
Step 4. Solving the obtained system given in Step 3 with aid of computational packages,
we will find the values of A0, Ak, and Bk, Ck. Eventually, one may simply acquire exact
solutions of Eq. (3.2.3).
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4. Mathematical analysis and Application of

the methods

In the part of the theses, mathematical analysis of the Gilson-Pickering equation
(GPE), the strain wave equation in micro-structured solids, and the system based on the
ion sound and Langmuir waves (SISLWs) equations are addressed. In addition, application
of the GERF to the GPE, the strain wave equation in micro-structured solids, and the SISEs
are analyzed, as well as application of the new modified generalized exponential rational
function method to the system based on the ion sound and Langmuir waves (SISLWs)
equations are given.
4.1 Gilson-Pickering equation

In this portion, the GERFM is implemented in getting the wave solutions to the third-
order nonlinear partial differential equation was introduced in [21] by Gilson and Pickering
as

ut − ϵuxxt + 2kux − uuxxx − αuux − βuxuxx = 0, (4.1.1)

where ε, α, κ and β are non-zero real numbers. There have been specific instances of Eq.
(4.1.1) has been reported in the literature, such as when ϵ = 1, α = −3, β = 2, Eq. (4.1.1)
gives the Fuchssteiner-Fokas-Camassa-Holm equation, which is a completely integrable
nonlinear partial differential equation which arises at different levels of approximation in
shallow water theory [80,81], when ϵ = 0, α = 1, k = 0, and β = 3 then Eq. (4.1.1) reduces
to the Rosenau-Hyman equation, which arising in the study of the influence of nonlinear
dispersion on the structure of patterns in liquid drops [82], when ϵ = 1, α = −1, k = 0.5,
and β = 3, then Eq. (4.1.1) becomes the Fronberg-Whitham, which was developed to
analyze the qualitative characteristics of wave breakage, and admits a wave of the highest
height [83-85].

Recently, the Gilson–Pickering equation has been investigated using a variety of
methods, such as the (G′

/G)-expansion method [86], the Bernoulli sub-equation model
[87], the anstaz method [88], and the sine-Gordon expansion method [89]. Consider the
following wave transformation

u = U (ζ) , ζ = x− ht, (4.1.2)

plugging Eq. (4.1.2) into Eq. (4.1.1), then the following NODE can be obtained:

(2k − h)U ′ + hϵU ′′′ − UU ′′′ − βU ′U ′′ − αUU ′ = 0, (4.1.3)

where ϵ, β, α, h, and k are non-zero real numbers.



Integrating Eq. (4.1.3) once with respect to ζ, and assuming that the integration
constant is zero, we have

(2k − h)U + (ϵh− U)U ′′ + 1 − β

2
(
U ′)2 − α

2U
2 = 0. (4.1.4)

Applying the balance principle, by taking the nonlinear term U2, and the highest
derivative U ′′ in Eq. (4.1.4), gives m = 2, with m = 2, Eq. (3.1.4) takes the form

U(ζ) = A0 +A1ψ (ζ) + B1
ψ (ζ) +A2ψ(ζ)2 + B2

ψ(ζ)2 . (4.1.5)

Taking Eq. (3.2.5) into account, we have to following family:
Family 1. When rj = {−2,−1, 1, 1} , sj = {0, 1, 0, 1} , then Eq. (3.2.5) reduced to

the following form

ψ (ζ) = −2 − eζ

1 + eζ
. (4.1.6)

Case 1. When

A0 = A1 (−1 + 13α)
18α , B1 = 0, A2 = A1

3 , B2 = 0, β = −2,

h = A1
(
−2 + α+ α2)

36αϵ , k = A1 (−1 + α) (2 + α+ αϵ)
72αϵ ,

we have hyperbolic type solution as shown in Figure 4.1.

u1 (x, t) = 1
18A1

1 − 1
α

− 3
1 + cosh

[
x− A1t(−2+α+α2)

36αϵ

]
 . (4.1.7)
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Figure 4.1. 3D profile and 2D graphs of Eq. (4.1.7) using A1 = 0.2, α = 0.5 and ϵ = 0.1.

Case 2. When

A0 = −2 (h− 2k) (−1 + 13α)
(−1 + α)α , A1 = 0, B1 = −72 (h− 2k)

−1 + α
,

A2 = 0, B2 = −48 (h− 2k)
−1 + α

, ϵ− (h− 2k) (2 + α)
hα

, β = −2,

we get exponential type solution as seen in Figure 4.2.

u2 (x, t) = −
2 (h− 2k)

(
4e2ht (−1 + α) + e2x (−1 + α) − 4eht+x (1 + 2α)

)
(2eht + ex)2 (−1 + α)α

. (4.1.8)

21



Figure 4.2. 3D profile and 2D graphics of Eq. (4.1.8) using h = 2, α = 0.5 and k = 4.

Family 2. When rj = {−2 − i, 2 − i,−1, 1} , sj = {i,−i, i,−i}, then Eq. (3.2.5) takes
the form

ψ (ζ) = cos (ζ) + 2 sin (ζ)
sin (ζ) . (4.1.9)

Case 1. When

A0 = B1 (8 − 13α)
60α , A1 = 0, A2 = 0, B2 = −5B1

4 , β = −2,

h = −B1 (−8 + α) (4 + α)
240αϵ , k = B1 (4 + α) (8 + α (−1 + 4ϵ))

480αϵ ,

we get periodic singular solution as shown in Figure 4.3.

u3 (x, t) = 1
60B1


− 15(

cos
(
x+ B1t(−8+α)(4+α)

240αϵ

)
+ 2 sin

(
x+ B1t(−8+α)(4+α)

240αϵ

))2

+ 2 + 8
α

 .
(4.1.10)
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Figure 4.3. 3D profile and 2D graphics of Eq. (4.1.10) using B1 = 0.2, α = 0.5 and ϵ = 0.1.

Case 2.

A0 = A1 (8 − 13α)
12α , B1 = 0, A2 = −A1

4 , B2 = 0, β = −2,

ϵ− A1 (−8 + α) (4 + α)
48hα , k = 1

24 (12h+A1 (4 + α)) ,

we get singular solution as seen in Figure 4.4.

u4 (x, t) = −
A1
(
−8 + α+ 3α cot (ht− x)2

)
12α . (4.1.11)
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Figure 4.4. 3D profile and 2D graphics of Eq. (4.1.11) using A1 = −2, α = −0.5 and h = −2.

Family 3. When rj = {2, 0, 1, 1} , sj = {−1, 0, 1,−1}, then Eq. (3.2.5) reduced to
the following form

ψ (ζ) = cosh (ζ) − sinh (ζ)
cosh (ζ) . (4.1.12)

Case 1. When

A0 = −A1 (−4 + α)
3α , B1 = 0, A2 = −A1

2 , B2 = 0, β = −2,

h = −A1 (−4 + α) (8 + α)
24αϵ , k = −A1 (−4 + α) (8 + α+ 4αϵ)

48αϵ ,

we have dark solution as shown in Figure 4.5.

u5 (x, t) =
A1

(
8 + α− 3α tanh

(
x+ A1t(−4+α)(8+α)

24αϵ

)2
)

6α .
(4.1.13)
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Figure 4.5. 3D profile and 2D graphics of Eq. (4.1.13) using A1 = 0.2, α = 0.5 and ϵ = 0.1.

Case 2.

A0 = −
h− 2k +

√
(h−2k)2(−4+α)√

(−4+α)2

α
,B2 = 0, β = −2,

ϵ = −
4h− 8k +

√
(h−2k)2(−4+α)(4+α)√

(−4+α)2

4hα ,B1 = 0,

A1 =
6
√

(h− 2k)2√
(−4 + α)2

, A2 = −
3
√

(h− 2k)2√
(−4 + α)2

,

we get bright solution solution as shown in Figure 4.6.

u6(x, t) =
−
√

(h− 2k)2 (−4 + α) − (h− 2k)
√

(−4 + α)2√
(−4 + α)2α

+
3
√

(h− 2k)2αsech(ht− x)2√
(−4 + α)2α

.

(4.1.14)
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Figure 4.6. 3D profile and 2D graphics of Eq. (4.1.14) using A1 = 0.2, α = 0.5, h = 1 and k = 2.

Family 4. When rj = {1 − i, 1 + i, 1, 1} , sj = {i,−i, i,−i}, then Eq. (3.2.5) reduced
to the following form

ψ (ζ) = cos (ζ) + sinh (ζ)
cos (ζ) . (4.1.15)

Case 1. When

A0 = −B1 (−2 + α)
3α ,A1 = 0, A2 = 0, B2 = −B1, β = −2,

h = −b1 (−8 + α) (4 + α)
48αϵ , k = b1 (4 + α) (8 + α (−1 + 4ϵ))

96αϵ ,

we have periodic singular solution as seen in Figure 4.7.

u7 (x, t) = 1
60B1


−15(

cos
(
x+ B1t(−8+α)(4+α)

240αϵ

)
+ 2 sin

(
x+ B1t(−8+α)(4+α)

240αϵ

))2

+ 2 + 8
α

 .
(4.1.16)
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Figure 4.7. 3D profile and 2D graphics of Eq. (4.1.16) using B1 = 0.2, α = 0.5 and ϵ = 0.1.

Case 2.

A0 = −B1 (−2 + α)
3α ,A1 = 0, B2 = −B1, β = −2, A2 = 0,

h = 2k − 1
12B1 (4 + α) , ϵ = B1 (−8 + α) (4 + α)

4α (−24k +B1 (4 + α)) ,

we have periodic singular solution as seen in Figure 4.8.

u8 (x, t) = 1
6B1

1 + 4
α

+ 3
−1 + sin

(
4kt− 2x− 1

6B1t (4 + α)
)
 . (4.1.17)
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Figure 4.8. 3D profile and 2D graphics of Eq. (4.1.17) using B1 = 2, α = 1.5, k = 1 and A1 = 2.

Family 5. When rj = {−1, 3, 1,−1} , sj = {1,−1, 1,−1}, then Eq. (3.2.5) reduced
to the following form

ψ (ζ) = cosh (ζ) − 2 sinh (ζ)
sinh (ζ) . (4.1.18)

Case 1. When

A0 = A1 (−8 + 11α)
12α ,B1 = 0, A2 = A1

4 , B2 = 0, β = −2,

h = A1 (−4 + α) (8 + α)
48αϵ , k = A1 (−4 + α) (8 + α+ 4αϵ)

96αϵ ,

we have a dark soliton solution as shown in Figure 4.9.

u9 (x, t) =
A1

(
8 + α− 3α tanh

(
x+ A1t(−4+α)(8+α)

24αϵ

)2
)

6α .
(4.1.19)
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Figure 4.9. 3D profile and 2D graphics of Eq. (4.1.19) using A1 = 0.2, α = 0.5 and ϵ = 1.

Case 2.

A0 = A1 (−8 + 11α)
12α ,B1 = 0, A2 = A1

4 , B2 = 0, β = −2,

k = 1
24 (12h+A1 (−4 + α)) , ϵ = A1 (−4 + α) (8 + α)

48hα ,

we have singular solution as seen in Figure 4.10.

u10 (x, t) =
A1
(
−8 + 2α+ 3αcsch(ht− x)2

)
12α . (4.1.20)
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Figure 4.10. 3D profile and 2D graphics of Eq. (4.1.20) using A1 = 0.2, α2, h = 3 and α = 2.

Family 6. When rj = {1, 1,−1, 1} , sj = {1,−1, 1,−1}, then Eq. (3.2.5) reduced to
the following form

ψ (ζ) = − cosh (ζ)
sinh (ζ) . (4.1.21)

Case 1. When

h = a2 (−16 + α) (32 + α)
12αϵ , k = a2 (−16 + α) (32 + α+ 16αϵ)

24αϵ ,

A0 = 2A2 (−64 + α)
3α ,B1 = 0, B2 = A2, β = −2, A1 = 0,

we have hyperbolic type solution as shown in Figure 4.11.

u11 (x, t) = 2A2 (−64 + α)
3α +A2 coth

(
x− A2t (−16 + α) (32 + α)

12αϵ

)2

+A2 tanh
(
x− A2t (−16 + α) (32 + α)

12αϵ

)2
.

(4.1.22)
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Figure 4.11. 3D profile and 2D graphics of Eq. (4.1.22) using A2 = 1.2, α = 2 and ϵ = 2.5.

Case 2.

A0 = 16kϵ2 (1 + 64ϵ)
−1 + 256ϵ2 , A1 = 0, B1 = 0, A2 = 24kϵ2

−1 + 256ϵ2 ,

B2 = 24kϵ2
−1 + 256ϵ2 , β = −2, h = 2k

(
2 + 1

−1 + 16ϵ

)
, α = −1

ϵ
,

we have hyperbolic type solution as shown in Figure 4.12.

u12 (x, t) = 16kϵ2 (1 + 64ϵ)
−1 + 256ϵ2 +

24kϵ2 coth
(
x− 2kt

(
2 + 1

−1+16ϵ

))2

−1 + 256ϵ2

+
24kϵ2 tanh

(
x− 2kt

(
2 + 1

−1+16ϵ

))2

−1 + 256ϵ2 .

(4.1.23)
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Figure 4.12. 3D profile and 2D graphics of Eq. (4.1.23) using ϵ = 2 and k = −0.5.

4.2 The Strain Waves in Micro-Structured Solids

In this portion, we applied the generalized exponential rational function method to
the strain waves in micro-structured solids.

The guiding equation for the micro-strain wave in micro-structured solids is defined
[23]

ϕtt − ϕxx − Sβ1
(
ϕ2
)

xx
− λβ2ϕxxt + δβ3ϕxxxx −

(
δβ4 − λ2β7

)
ϕxxtt

+ λδ (β5ϕxxxxt + β6ϕxxttt) = 0,
(4.2.1)

where S stands for an elastic strain, δ represents the ratio between micro-structure size and
the length of wave, λ represents the influence of dissipation and βi ∈ R− {0}, for 1 ≤ i ≤ 7.
The balance among non-linearity and dispersion is said to have occurred when δ = O (S).
Putting λ =0 in Eq. (4.2.1) provides a non-dissipative case that is driven by the following
double dispersive equation

ϕtt − ϕxx − S
(
β1
(
ϕ2
)

xx
− β3ϕxxxx + β4ϕxxtt

)
= 0. (4.2.2)

In certain nonlinear strain wave models for adaptable or elastic solids, different
methodologies could be used to portray the in uence of macro-dissipation. The
synchronized impact of large scale and micro-dissipation on shock wave spread has been
investigated in a series of studies by neglecting the micro-structure’s inertia and
micro-stresses that could be associated with the fine structure [89].
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Recently, Eq. (4.2.2) have been investigated by several distinct methods including
the new generalized (G′/G) − expansion method [25], the exponential expansion method
[26], the Kudryashov and functional variable methods [27], the sine-Gordon expansion
method [90], the modified extended mapping technique [91], the modified extended direct
algebraic method [92].

Inserting the wave transformation

ϕ = U (ζ) , ζ = x− κt, (4.2.3)

into Eq. (4.2.2), we get

(
κ2 − 1

)
U ′′ − Sβ1

(
U2
)′′

+ S
(
β3 − β4κ

2
)
U (4) = 0. (4.2.4)

Integrating Eq. (4.2.4) twice with respect to ζ, yields

S
(
β3 − β4κ

2
)
U ′′ +

(
κ2 − 1

)
U − Sβ1U

2 = 0, (4.2.5)

where the integration constants are considered zero.
Using the balance principle between the terms of U ′′ and U2 in Eq. (4.2.5), we get

m = 2, then Eq. (3.1.4) takes the form

U (ζ) = A0 +A1f (ζ) + B1
f (ζ) +A2f

2 (ζ) + B2
f2 (ζ) . (4.2.6)

Taking Eq. (3.2.5) into account, we have to following family:
Family 1. If we set rj = {−2,−1, 1, 1} , sj = {0, 1, 0, 1} , then Eq. (3.2.5) turn to the

following form

ψ (ζ) = −2 − eζ

1 + eζ
. (4.2.7)

Case 1.

A0 = 13
(
−1 + κ2)
Sβ1

, A1 = 18
(
−1 + κ2)
Sβ1

, B1 = 0, A2 = 6
(
−1 + κ2)
Sβ1

, B2 = 0,

β3 = −1 + (1 + Sβ4)κ2

S
,

we have hyperbolic type solution as shown in Figure 4.13.

ϕ1 (x, t) =
(
−1 + κ2) (−2 + cosh (x− tκ))

Sβ1 (1 + cosh (x− tκ)) . (4.2.8)
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Figure 4.13. Topological type profile of Eq. (4.2.8) using S = 2.2, β1 = 2.9 and κ = 1.6.

Case 2.

A0 = 13 (β3 − β4)
β1 + Sβ1β4

, A1 = 0, B1 = 36 (β3 − β4)
β1 + Sβ1β4

, A2 = 0, B2 = 24 (β3 − β4)
β1 + Sβ1β4

,

κ =
√

1 + Sβ3√
1 + Sβ4

,

inserting the above values and Eq. (4.2.7) into Eq. (4.2.5), we have the following exponential
solution as presented in Figure 4.14.

ϕ2 (x, t) =

(
e2x + 4e

2t
√

1+Sβ3√
1+Sβ4 − 8e

x+ t
√

1+Sβ3√
1+Sβ4

)
(β3 − β4)

(
ex + 2e

t
√

1+Sβ3√
1+Sβ4

)2

(β1 + Sβ1β4)

. (4.2.9)
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Figure 4.14. Topological type profile of Eq. (4.2.9) using S = 0.2, β1 = 0.9, β3 = 0.7 and β4 = 0.4.

Family 2. Let rj = {−2 − i, 2 − i,−1, 1} , sj = {i,−i, i,−i}, then Eq. (3.2.5) takes
the following form

ψ (ζ) = cos (ζ) + 2 sin (ζ)
sin (ζ) . (4.2.10)

Case 1.

A0 =
−1 + κ2 + 14

√
(−1 + κ2)2

2Sβ1
, A1 = −

6
√

(−1 + κ2)2

Sβ1
,

B1 = 0, A2 =
3
√

(−1 + κ2)2

2Sβ1
, B2 = 0, β3 = β4κ

2 +

√
(−1 + κ2)2

4S ,

substituting the above values and Eq. (4.2.10) into Eq. (4.2.5), we have a periodic singular
solution as seen in Figure 4.15.

ϕ3 (x, t) =
−1 + κ2 + 2

√
(−1 + κ2)2 + 3

√
(−1 + κ2)2 cot (x− tκ)2

2Sβ1
. (4.2.11)
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Figure 4.15. Periodic singular type profile of Eq. (4.2.11) using β1 = 0.5, S = 0.4 and κ = 0.7.

Case 2

A0 = 26 (β3 − β4)
β1 − 4Sβ1β4

, A1 = 0, B1 = 120 (β3 − β4)
β1 (−1 + 4Sβ4) , A2 = 0, B2 = 150 (β3 − β4)

β1 − 4Sβ1β4
,

κ =
√

1 − 4Sβ3√
1 − 4Sβ4

,

plugging the above values and Eq. (4.2.10) into Eq. (4.2.5), we have a periodic solution as
shown Figure 4.16.

ϕ4 (x, t) =

2 (β3 − β4)

2 − 15(
cos
(

x+ t
√

1−4Sβ3√
1−4Sβ4

)
+2 sin

(
x+ t

√
1−4Sβ3√
1−4Sβ4

))2


β1 (−1 + 4Sβ4) .

(4.2.12)
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Figure 4.16. Periodic singular type profile of Eq. (4.2.12) using β3 = 0.5, S = 0.1, β4 = 0.7 and β1 = 0.9.

Family 3. When rj = 2, 0, 1, 1, sj = −1, 0, 1,−1, then Eq. (3.2.5) takes the form

ψ(ζ) = cosh(ζ) − sinh(ζ)
cosh(ζ) . (4.2.13)

Case 1.

A0 = 4 (β3 − β4)
β1 + 4Sβ1β4

, A1 = 12 (−β3 + β4)
β1 + 4Sβ1β4

, B1 = 0, A2 = 6 (β3 − β4)
β1 + 4Sβ1β4

, B2 = 0,

κ =
√

−1 − 4Sβ3√
−1 − 4Sβ4

,

inserting the above values and Eq. (4.2.13) into Eq. (4.2.5), we have non-topological type
profile as shown in Figure 4.17.

ϕ5 (x, t) =

2 (β3 − β4)

2 − 15(
cos
(

x+ t
√

1−4Sβ3√
1−4Sβ4

)
+2 sin

(
x+ t

√
1−4Sβ3√
1−4Sβ4

))2


β1 (−1 + 4Sβ4) .

(4.2.14)
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Figure 4.17. Non-topological type profile of Eq. (4.2.14) using β4 = −2, β1 = 5, β3 = −1 and S = 3.

Case 2.

A0 =
−1 + κ2 +

√
(−1 + κ2)2

2Sβ1
, A1 = −

3
√

(−1 + κ2)2

Sβ1
,

B1 = 0, A2 =
3
√

(−1 + κ2)2

2Sβ1
, B2 = 0, β3 = β4κ

2 +

√
(−1 + κ2)2

4S ,

inserting the above values and Eq. (4.2.13) into Eq. (4.2.5), we have a bright solution as
given in Figure 4.18.

ϕ6 (x, t) =
−1 + κ2 +

√
(−1 + κ2)2 − 3

√
(−1 + κ2)2sech(x− tκ)2

2Sβ1
. (4.2.15)
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Figure 4.18. Topological type profile of Eq. (4.2.15) using β1 = 0.2, S = 0.4 and κ = 0.2.

Family 4. By setting rj = {−1, 1, 1, 1} , sj = {1,−1, 1,−1} , then Eq. (3.2.5) turn to
the following form

ψ (ζ) = − sinh (ζ)
cosh (ζ) . (4.2.16)

Case 1.

A0 = −4 (β3 − β4)
3β1

, A1 = 0, B1 = 0, A2 = −2 (β3 − β4)
β1

,

B2 = −2 (β3 − β4)
β1

, S = − 1
4β4

, κ = − i
√

−4β3 + β4√
3
√
β4

,

we have singular solutions as seen in Figure 4.19.

ϕ7 (x, t) = 4 (β3 − β4)
β1

−
2 (β3 − β4) coth

(
x− it

√
−4β3+β4√
3
√

β4

)2

β1

−
2 (β3 − β4) tanh

(
x− it

√
−4β3+β4√
3
√

β4

)2

β1
.

(4.2.17)
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Figure 4.19. Singular type profiles of Eq. (4.2.17) using β4 = 4, β1 = 0.2 and β3 = −4.

Case 2.

A0 = 12 (β3 − β4)
β1 (−1 + 16Sβ4) , A1 = 0, A2 = 6 (β3 − β4)

β1 − 16Sβ1β4
,

B2 = 6 (β3 − β4)
β1 − 16Sβ1β4

, B1 = 0, κ = −
√

1 − 16Sβ3√
1 − 16Sβ4

,
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we have hyperbolic solution as shown in Figure 4.20.

ϕ8 (x, t) = 12 (β3 − β4)
β1 (−1 + 16Sβ4) +

6 (β3 − β4) coth
(
x+ t

√
1−16Sβ3√
1−16Sβ4

)2

β1 − 16Sβ1β4

+
6 (β3 − β4) tanh

(
x+ t

√
1−16Sβ3√
1−16Sβ4

)2

β1 − 16Sβ1β4
.

(4.2.18)

Figure 4.20. Singular type profile of Eq. (4.2.18) using β4 = −3, β1 = 2, β3 = −1 and S = 4.

Family 5. By setting rj = {i,−i, 1, 1} , sj = {i,−i, i,−i}, then Eq. (3.2.5) turns to
the form

ψ(ζ) = − sin(ζ)
cos(ζ) . (4.2.19)

Case 1.

A0 = −1 + κ2

4Sβ1
, A1 = 0, B1 = 0, A2 = −3

(
−1 + κ2)
8Sβ1

,

B2 = −3
(
−1 + κ2)
8Sβ1

, β3 = 1 + (−1 + 16Sβ4)κ2

16S ,

using the above values and Eq. (4.2.19) into Eq. (4.2.5), we have periodic singular solution
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as illustrated in Figure 4.21.

ϕ9 (x, t) =
−1 + κ2 + 2

√
(−1 + κ2)2 + 3

√
(−1 + κ2)2 cot (x− tκ)2

2Sβ1
. (4.2.20)

Figure 4.21. Periodic singular type profile of Eq. (4.2.20) using β1 = 0.5, S = 0.4 and κ = 0.7.

Case 2.

A0 = 4 (β3 − β4)
3β1

, A1 = 0, B1 = 0, A2 = −2 (β3 − β4)
β1

,

B2 = −2 (β3 − β4)
β1

, S = 1
4β4

, κ = − i
√

−4β3 + β4√
3
√
β4

,

we get periodic singular solution as seen in Figure 4.22.

ϕ10 (x, t) = 4 (β3 − β4)
3β1

−
2 (β3 − β4) cot

(
x+ it

√
−4β3+β4√
3
√

β4

)2

β1

−
2 (β3 − β4) tan

(
x+ it

√
−4β3+β4√
3
√

β4

)2

β1
.

(4.2.21)
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Figure 4.22. Periodic like lump type profiles of Eq. (4.2.21) using β1 = 0.3, β3 = −2 and β4 = 1.

4.3 The System Based on the Ion Sound and Langmuir Waves

In the present portion, mathematical analysis of the SEISLWEs equations are
addressed, as well as application of the GERF and the new MGERF methods on the
proposed system are discussed.

Consider the system based on the ion sound and Langmuir waves equations by
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[9,30,31,93,94]
i
∂E

∂t
+ 1

2
∂2E

∂x2 − nE = 0,

∂2n

∂t2
− ∂2n

∂x2 − 2∂
2 |E|
∂x2

2
= 0,

(4.3.1)

it is under the influence of the power-motive force arising from the non-linear force that
charged the particle experience in the in-homogeneous electromagnetic oscillating region due
to the high-frequency effect, Eeiwpt and n respectively show the normalized electrical field
of the Longmuir oscillation and the normalized density perturbation [95]. The structure
of the constitution and relationship of the solitons of Langmuir and the heavy chaos have
been studied in [96]. Langmuir cave through pumping and wave energy dissipation have
been provided in [97]. Simulation of the collapse of the Langmuir waves is performed via
the PIC method [98]. The evolution of the isolated cavity of Langmuir is explored, for
this aim, the Vlasov equations for electrons and ions are solved by numericaI method for
two spatial variables [99]. Numerical simulation have been studied for two-dimensional
Langmuir collapse in plasma [100]. Strong Langmuir turbulence in laser plasma have been
investigated in [101]. Weak Langmuir turbulence has been considered in [102]. Nonlinear
Langmuir waves in multi-ion-component low-temperature plasma have been studied, the
Sagdeev potential method has been used to examine the characteristics of solitary waves,
and it has also been observed that the properties of soliton in multi-ion-component plasma
are distinct from those of soliton in electron-ion plasma [103]. The meaning of the spectra
as a symbol of nonlinear collapse of the electron-sound and ion-sound secondary waves
of the Langmuir waves has been addressed in [104]. The relationship between Langmuir
solitons, coupled solitons and sound waves has been investigated in [105]. The trapping
of Langmuir waves in Ion Holes have been studied in [106]. The problem of the nonlinear
level of instability of the monochromatic wave of Langmuir have been addressed [107]. The
spacial location of Langmuir waves create from an electron ray spread in an inhomogeneous
plasma have investigated in [108].

Take the wave transformation as

E (x, t) = eiγU (ζ) , n (x, t) = V (ζ) , γ = kx+ wt and ζ = αx+ βt, (4.3.2)

where k,w, α, and β are none zero scalars, as well as

V (ζ) = 2
β2 − k2U

2 (ζ) . (4.3.3)

Using Eq. (4.3.2) and Eq. (4.3.3) into Eq. (4.3.1), one may obtain

ρU ′′ − ω̄U − 4U3 = 0, (4.3.4)

where ρ = α
2 (
k2 − 1

)
, ω̄ =

(
k2 − 1

) (
2w + k2).
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4.4 Application of the GERFM

In this subsection, the application of the GERFM to Eq. (4.3.1) is presented. By
using the balance principle between U ′′ and U3 in Eq. (4.3.4), we get m = 1. Using m = 1,
then Eq. (3.1.4) reduces to the following form

U(ζ) = A0 +A1ψ (ζ) +B1ψ(ζ)−1. (4.4.1)

Using Eq. (4.4.1) into Eq. (4.3.4), then after some processes the following families of exact
solutions of Eq. (4.3.1) can be obtain:

Family 1. Using ri = {−1,−2, 1, 1} , si = {1, 0, 1, 0} in Eq. (3.1.5), one may get

ψ (ζ) = −eζ − 2
eζ + 1 . (4.4.2)

Taking Eq. (4.4.2), Eq. (4.4.1), and Eq. (4.3.4) into account, the following cases can be
obtain:
Case 1. For

A0 = 3B1
4 , A1 = 0, w = B1

2 − 4k2 + 4k4

8 − 8k2 , α = − iB1√
2 − 2k2

,

we get a complex exponential type solutions as given in Figure 4.23., and Figure 4.24.

n (x, t) = 2
−1 + k2


B1

(
2e

iB1kt√
2−2k2 − e

iB1x√
2−2k2

)

4
(

2e
iB1kt√
2−2k2 + e

iB1x√
2−2k2

)


2

,

E (x, t) = e
i
(

(B12−4k2+4k4)t

8−8k2 +kx

)
B1

(
2e

iB1kt√
2−2k2 − e

iB1x√
2−2k2

)

4
(

2e
iB1kt√
2−2k2 + e

iB1x√
2−2k2

)
 .

(4.4.3)
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Figure 4.23. 3D surfaces and 2D graphs of n(x, t) in Eq. (4.4.3) using B1 = 4 and k = 0.3.

46



Figure 4.24. 3D surfaces and 2D graphs of E(x, t) in Eq. (4.4.3) using B1 = 4 and k = 0.3.

Case 2. For

A0 = 3
√

−1 + k2α

2
√

2
, A1 =

√
−1 + k2α√

2
, B1 = 0, w = 1

4
(
−2k2 − α2

)
,

we have dark type solutions as shown in Figure 4.25., and Figure 4.26.

n (x, t) = 2
−1 + k2

−

√
−1 + k2α tanh

(
1
2 (kt− x)α

)
2
√

2

2

,

E (x, t) = ei(kx+ 1
4 t(−2k2−α2))

−

√
−1 + k2α tanh

(
1
2 (kt− x)α

)
2
√

2

 .
(4.4.4)

47



Figure 4.25. 3D surfaces and 2D graphs of n(x, t) in Eq. (4.4.4) using k = 2.3 and α = 0.3.

Figure 4.26. 3D surfaces and 2D graphs of E(x, t) in Eq. (4.4.4) using k = 2.3 and α = 0.3.

Family 2. Using rj = {−2 − i,−2 + i, 1, 1} , sj = {i,−i, i,−i}, then Eq. (3.1.5)
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reduced to the following form

ψ (ζ) = −2 cos (ζ) + sin (ζ)
cos (ζ) , (4.4.5)

by using Eq. (4.4.5) with Eq. (4.4.1) into Eq. (4.3.4), we have
Case 1. When

A0 = 2bB1
5 , A1 = 0, w = −k2

2 + 2b2
1

25 (−1 + k2) , α =
√

2B1

5
√

−1 + k2
,

we get a singular solutions as seen in Figure 4.27., and Figure 4.28.

n (x, t) = 2
−1 + k2

2B1
5 − B1

2 + tan
(√

2(kt−x)B1
5
√

−1+k2

)


2

,

E (x, t) = e
i
(

kx+t

(
− k2

2 +
2B2

1
25(−1+k2)

)) 2B1
5 − B1

2 + tan
(√

2(kt−x)B1
5
√

−1+k2

)
 .

(4.4.6)

Figure 4.27. 3D surfaces and 2D graphs of n(x, t) in Eq. (4.4.6) using k = 3 and B1 = 4.
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Figure 4.28. 3D surfaces and 2D graphs of E(x, t) in Eq. (4.4.6) using k = 3 and B1 = 4.

Case 2. When

A0 =
√

−1 + k2
√
k2 + 2w, A1 = 1

2
√

−1 + k2
√
k2 + 2w, B1 = 0,

α = −

√
k2

2 + w,

we get periodic singular solution as shown in Figure 4.29., and Figure 4.30.

n (x, t) = 2
−1 + k2

1
2
√

−1 + k2
√
k2 + 2w tan

√k2

2 + w (kt− x)

2

,

E (x, t) = ei(tw+kx)

1
2
√

−1 + k2
√
k2 + 2w tan

√k2

2 + w (kt− x)

 .
(4.4.7)
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Figure 4.29. 3D surfaces and 2D graphs of n(x, t) in Eq. (4.4.7) using k = 2 and w = 4.

Figure 4.30. 3D surfaces and 2D graphs of E(x, t) in Eq. (4.4.7) using k = 2 and w = 4.

Family 3. Using rj = {2, 0, 1, 1} , sj = {−1, 0, 1,−1} in Eq. (3.2.5), then we have

ψ (ζ) = cosh (ζ) − sinh (ζ)
cosh (ζ) , (4.4.8)
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by using Eq. (4.4.8) with Eq. (4.4.1) into Eq. (4.3.4), we get
Case 1. When

A0 =
√

−α2 (1 + 2w + 2α2)√
2

, A1 = −
√

−α2 (1 + 2w + 2α2)√
2

, B1 = 0,

k = −
√

2
√

−w − α2,

we get dark solutions as shwon in Figure 4.31., and 4.32.

n (x, t) =

√−α2 (1 + 2w + 2α2) tanh
(
α
(
x+

√
2t

√
−w − α2

))
√

2

2

×

2
−1 + 2 (−w − α2) ,

E (x, t) =

√−α2 (1 + 2w + 2α2) tanh
(
α
(
x+

√
2t

√
−w − α2

))
√

2

×

ei(tw−
√

2x
√

−w−α2).

(4.4.9)

Figure 4.31. 3D surfaces and 2D graphs of n(x, t) of Eq. (4.4.9) using α = 1 and w = −2.
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Figure 4.32. 3D surfaces and 2D graphs of E(x, t) of Eq. (4.4.9) using α = 1 and w = −2.

4.5 Application of the new MGERF method

In this portion, application of the new MGERF to the Eq. (4.3.1) are presented.
Using the balance principle between U ′′ and U3 in Eq. (4.3.4), we get m = 1. Using m = 1,
Eq. (3.2.4) reduces to the form

U(ζ) = A0 +A1ψ (ζ) +B1ψ(ζ)−1 + C1
ψ′ (ζ)
ψ (ζ) . (4.5.1)

By using Eq. (4.5.1) into Eq. (4.3.4), then after some processes the families of exact
solutions of Eq. (4.3.1) can be produces as follows:

Family 1. Taking Eq. (4.4.2) and Eq. (4.5.1) into account, one may get
Case 1. When

A0 = 3
4 (2A1 +A1) , C1 = B1

2 , w = −(−2A1 +B1)2 − 4k2 + 4k4

8 (−1 + k2) ,

α = i (2A1 −B1)√
2 − 2k2

,
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we get dark solution as shown in Figure 4.33., and Figure 4.34.

n (x, t) = 2
−1 + k2

√(−1 + k2)α2 tanh
(

1
2 (kt− x)α

)
2
√

2

2

,

E (x, t) = ei(kx+ 1
4 (−2k2−α2)t)

√(−1 + k2)α2 tanh
(

1
2 (kt− x)α

)
2
√

2

 .
(4.5.2)

Figure 4.33. 3D surfaces and 2D graphs of n(x, t) of Eq. (4.5.2) using α = 1 and w = −2.
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Figure 4.34. 3D surfaces and 2D graphs of E(x, t) of Eq. (4.5.2) using α = 1 and w = −2.

Case 2. When

A0 = 3A1 + 3
√

(−1 + k2)α2

2
√

2
, B1 = 2A1 +

√
2
√

(−1 + k2)α2,

C1 = A1 +
√

(−1 + k2)α2
√

2
, w = 1

4(−2k2 − α2),

we get exponential solutions as illustrated in Figure 4.35., and Figure 4.36.

n (x, t) = 2
−1 + k2


(
ektα − exα

)√
(−1 + k2)α2

2
√

2 (ektα + exα)

2

,

E (x, t) = ei(kx+ 1
4 t(−2k2−α2))


(
ektα − exα

)√
(−1 + k2)α2

2
√

2 (ektα + exα)

 .
(4.5.3)
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Figure 4.35. 3D surfaces and 2D graphs of n(x, t) of Eq. (4.5.3) using α = 0.4 and k = 2.

Figure 4.36. 3D surfaces and 2D graphs of E(x, t) of Eq. (4.5.3) using α = 0.4 and k = 2.

Family 2. Taking Eq. (4.4.7) and Eq. (4.5.1) into account, we get
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Case 1. When

C1 = −B1
5 , w = −25 (−1 + k) k2 (1 + k) + 4(−5A1 +B1)2

50 (−1 + k2) ,

α =
√

2 (−5A1 +B1)
5
√

−1 + k2
, A0 = 2

5 (5A1 +B1) ,

we get periodic singular solutions as shown in Figure 4.37, and Figure 4.38.

n (x, t) = 2
−1 + k2

(
1
5 (5A1 −B1) tan

(√
2 (kt− x) (5A1 −B1)

5
√

−1 + k2

))2

,

E (x, t) = e
i
(

kx+
t(−25(−1+k)k2(1+k)+4(−5A1+B1)2)

50(−1+k2)

)
(

1
5 (5A1 −B1) tan

(√
2 (kt− x) (5A1 −B1)

5
√

−1 + k2

))
.

(4.5.4)

Figure 4.37. 3D surfaces and 2D graphs of n(x, t) of Eq. (4.5.4) using A1 = 2, B1 = 0.5 and k = 2.
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Figure 4.38. 3D surfaces and 2D graphs of E(x, t) of Eq. (4.5.4) using A1 = 2, B1 = 0.5 and k = 2.

Case 2. When

A0 =
√

(−1 + k2) (k2 + 2w) + 4A1, B1 = 5
2

(√
(−1 + k2) (k2 + 2w) + 2A1

)
,

C1 = −1
2

√
(−1 + k2) (k2 + 2w) −A1, α =

√
k2

2 + w,

we have trigonometric type solutions as seen in Figure 4.39., and Figure 4.40.

n (x, t) = 2
−1 + k2


√

(−1 + k2) (k2 + 2w)
(

−1 + 2 tan
(√

k2

2 + w (kt− x)
))

2
(

2 + tan
(√

k2

2 + w (kt− x)
))


2

,

E (x, t) = ei(tw+kx)


√

(−1 + k2) (k2 + 2w)
(

−1 + 2 tan
(√

k2

2 + w (kt− x)
))

2
(

2 + tan
(√

k2

2 + w (kt− x)
))

 .
(4.5.5)
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Figure 4.39. 3D surfaces and 2D graphs of n(x, t) in Eq. (4.5.5) using w = 0.4 and k = 2.

Figure 4.40. 3D surfaces and 2D graphs of E(x, t) in Eq. (4.5.5) using w = 0.4 and k = 2.

Family 3. Taking Eq. (4.4.12) and Eq. (4.5.1) into account, then the following cases
can be obtained:
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Case 1. When

A0 = 1
2

(√
− (−1 + k2) (k2 + 2w) + 4C1

)
, B1 = 0,

A1 = −1
2

√
− (−1 + k2) (k2 + 2w) − C1, α =

√
−k2

2 − w,

we have hyperbolic type solutions as shown in Figure 4.41., and Figure 4.42.

n (x, t) = 2
−1 + k2



− 1
2

−1 + e
√

− k2
2 −w(kt−x)

√− (−1 + k2) (k2 + 2w)−

−1 + cosh

√−k2

2 − w (kt− x)

×

C1

1 + tanh

√−k2

2 − w (kt− x)





2

,

E (x, t) = ei(tw+kx)



− 1
2

−1 + e
√

− k2
2 −w(kt−x)

√− (−1 + k2) (k2 + 2w)−

−1 + cosh

√−k2

2 − w (kt− x)

×

C1

1 + tanh

√−k2

2 − w (kt− x)




.

(4.5.6)
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Figure 4.41. 3D surfaces and 2D graphs of n(x, t) in Eq. (4.5.6) using w = 0.4 and k = 2.

Figure 4.42. 3D surfaces and 2D graphs of E(x, t) in Eq. (4.5.6) using w = 0.4 and k = 2.
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GERFM MGERFM

Family one, case one, complex
exponential function type

solution

Family one, case one, tanh type
solution

Family one, case two, tanh type
solution

Family one, case two,
exponential type solution

Family two, case one, tan type
solution

Family two, case one, tan type
solution

Family two, case two, cot and
tan type solution

Family two, case two, cot type
solution

Family three, case one, tanh
type solution

Family three, case one, cosh and
tanh type solution

Table 4.1. Comparison between solutions obtained by GERFM and its newly modified version.

4.6 Result and Discussion

In this part of thesis, the GERF method and the newly MGERF method have been
successfully used to investigate SISLWs equations. To better understand the difference
between two methods, the same parameters were chosen to solve the proposed system at
the same time for both methods, leading in the development of same solutions as well as
the different solutions. We found that in family one, Eq. (4.4.3) with Eq. (4.5.2), and
Eq.(4.4.4) with Eq. (4.5.3) are different solutions. In family two Eq. (4.4.6) with Eq.
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(4.5.4) are similar solutions, and Eq. (4.4.7) with Eq. (4.5.5) are different solutions. In
family three Eq. (4.4.9) with Eq. (4.5.6) are different solutions. We conclude that the newly
modified method is a powerful method and give different types of solutions comparison with
the GERFM.
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5. Fractal Differential Equations

In this chapter, some fractal differential equations are proposed for investigation
includes electrical circuit involving fractal time, fractal battery discharging model on
fractal time sets, and three-term as well as one term fractal differential equations.
5.1 Series RLC Circuit

In this section, we present two examples as applications in which temporal evolution
with a fractal structure takes place. In part (i), we take a series RLC circuit, and in part (ii),
we take a parallel RLC circuit, which are widely used in the field of physics and engineering
[109].
A. Series RLC Circuit

Consider a series RLC circuit such that its dynamics, which include fractal time, is
suggested as follows [109]:

D2α
F κ,ti (t) + R

L
Dα

F κ,ti (t) + 1
LC

i (t) = 0, 0 < α ≤ 1, t ∈ F κ, (5.1.1)

using the initial conditions i (0) = A, and Dα
F κ,ti(t)|t=0 = A. In Eq. (5.1.1), R,L, and C

are the resistor, inductor, and the capacitor, respectively.
Applying the fractal Laplace transform to both sides of Eq. (5.1.1), we get

iαF κ (w) = ASα
F κ (w)

Sα
F κ(w)2 + R

LS
α
F κ (w) + 1

L∗C

+ A

Sα
F κ(w)2 + R

LS
α
F κ (w) + 1

L∗C

+ R

L

A

Sα
F κ(w)2 + R

LS
α
F κ (w) + 1

L∗C

,

(5.1.2)

applying the inverse Laplace to Eq. (5.1.2), then gives

i (t) = Ae−

(
R+

√
−4L+CR2

√
C

)
Sα

F κ (t)

2l

2
√

−4L+ CR2


√
C

(
−1 + e

√
−4L+CR2Sα

F κ (t)
√

CL

)
(2L+R)

+
(

1 + e
√

−4L+CR2Sα
F κ (t)

√
CL

)√
−4L+ CR2

 . (5.1.3)

In view of the upper bound of the staircase function (Sα
F κ(t) ≤ tα) [49,50], we have

i (t) ≈ Ae−

(
R+

√
−4L+CR2

√
C

)
tα

2l

2
√

−4L+ CR2


√
C

(
−1 + e

√
−4L+CR2tα

√
CL

)
(2L+R)

+
(

1 + e
√

−4L+CR2tα
√

CL

)√
−4L+ CR2

 . (5.1.4)



Figure 5.1. The sketch of Eq. (5.1.3) using A = 0.5, R = 3, L = 0.8 and C = 2.
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Figure 5.2. The sketch of Eq. (5.1.4) using A = 0.5, R = 3, L = 0.8 and C = 2.

Figure 5.1., and Figure 5.2. are corresponding to series RLC circuit.
B. Parallel RLC Circuit

Consider a parallel RLC circuit if its dynamics includes fractal time; therefore, to
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model it, we can write the following differential equation as [109]

D2α
F κ,tυ (t) + 1

RC
Dα

F κ,tυ (t) + 1
LC

υ (t) = 0, 0 < α ≤ 1, t ∈ F κ, (5.1.5)

using the initial conditions υ (0) = A, and Dα
F κ,tυ(t)|t=0 = A, and applying the fractal

Laplace transform to both sides of Eq. (5.1.5), then it turns to

υα
F κ (w) = A

Sα
F κ (w)

Sα
F κ(w)2 + Sα

F κ (w)
RC + 1

LC

+ 1
Sα

F κ(w)2 + Sα
F κ (w)
RC + 1

LC

+ 1
RC

1
Sα

F κ(w)2 + Sα
F κ (w)
RC + 1

LC

.

(5.1.6)

Taking the inverse Laplace of Eq. (5.1.6), we get

υ (t) = Ae−

(
L+

√
L(L−4CR2)

)
Sα

F κ (t)
2CLR

2
√
L (L− 4CR2)

(
−1 + e

√
L(L−4CR2)Sα

F κ (t)
CLR

)
L (1 + 2CR)

+ Ae−

(
L+

√
L(L−4CR2)

)
Sα

F κ (t)
2CLR

2
√
L (L− 4CR2)

(
1 + e

√
L(L−4CR2)Sα

F κ (t)
CLR

)√
L (L− 4CR2).

(5.1.7)

By the upper bound of the staircase function (Sα
F κ(t) ≤ tα), we get

υ (t) ≈ Ae−

(
L+

√
L(L−4CR2)

)
tα

2CLR

2
√
L (L− 4CR2)

(
−1 + e

√
L(L−4CR2)tα

CLR

)
L (1 + 2CR)

+ Ae−

(
L+

√
L(L−4CR2)

)
tα

2CLR

2
√
L (L− 4CR2)

(
1 + e

√
L(L−4CR2)tα

CLR

)√
L (L− 4CR2).

(5.1.8)
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Figure 5.3. The sketch of Eq. (5.1.7) using A = 0.5, R = 2, L = 7 and C = 0.1.
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Figure 5.4. The sketch of Eq. (5.1.8) using A = 0.5, R = 2, L = 7 and C = 0.1.

Figure 5.3., and Figure 5.4. are corresponding to parallel RLC circuit.
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5.2 Battery Discharging Model on Fractal Time Sets

In this section, the mathematical model of battery discharging involving the fractal
time [110-112] is proposed for investigation. The discharge of a battery may be defined
as an RC−circuit with resistance R and capacity C for the charge Q. In the first model,
we study the local fractal battery discharging model by virtue of the local fractal Laplace
transform. In the second model, we investigate the non-local fractal battery discharging
model by mean of the non-local fractal Laplace transform.
First Model.

Consider the local fractal battery discharging model as follows (for the standard
version we refer the reader to see [113]):

Dα
F κQ (t) + 1

RC
Q (t) = 0, (5.2.1)

with the charge amount for the battery at t = 0 equal to Q0 (i.eQ (0) = Q0) . If we apply
the local fractal Laplace transform to Eq. (5.2.1), then we have

Sα
F κ (w)Lα

F κ (Q (t)) −Q0 + 1
RC

Lα
F κ (Q (t)) = 0,

or,

Lα
F κ (Q (t)) = Q0

Sα
F κ (w) + 1

RC

. (5.2.2)

Taking the inverse Laplace local fractal calculus to both sides of Eq. (5.2.2), we obtain the
charge of a battery in the frame of local fractal derivative follows:

Q (t) = Q0 exp
(

− 1
RC

Sα
F κ (t)

)
. (5.2.3)

Using (a1t
α ≤ Sα

F κ(t) ≤ a2t
α), we can write

Q (t) ≈ Q0 exp
(

− 1
RC

tα
)
. (5.2.4)
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Figure 5.5. We have sketched Eq. (5.2.3) Q0 = 0.5, R = 5, C = 3. κ = 1/5 (red color), κ = 1/3 (blue color) and
κ = 1/2 (green color).

Figure 5.6. We have presented Eq. (5.2.4) using Q0 = 0.5, R = 5 and C = 3.

In Figure 5.5., and Figure 5.6., we have shown the solution of first model for the
discharging batteries.
Remark 1. If we choose α = 1, in Eq. (5.2.3), then we arrive the same result in the
standard form, where α is the dimension of the fractal set.
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Second Model. Consider the non-local fractal battery discharging model as follows:

C
0 D

β
F κQ (t) + 1

RC
Q (t) = 0, (5.2.5)

with using Q (0) = Q0. If we apply the non-local fractal Laplace transform to Eq. (5.2.5),
then we obtain

Sα
F κ(w)βLα

F κ (Q (t)) −Q0S
α
F κ(w)β−1 + 1

RC
Lα

F κ (Q (t)) = 0,

Or,

Lα
F κ (Q (t)) = Q0

Sα
F κ(w)β−1

Sα
F κ(w)β + 1

RC

. (5.2.6)

Taking the inverse non-local fractal Laplace transform to both sides of Eq. (5.2.6), we
obtain the charge function, which is solution of a battery discharging model in the frame of
non-local fractal derivative as follows

Q (t) = Q0E
α
F κ,β

( −1
RC

Sα
F κ(t)β

)
, (5.2.7)

or, equivalently

Q (t) = Q0

∞∑
n=0

(
−1
RCS

α
F κ(t)β

)n

Γ (nβ + 1) . (5.2.8)

Utilizing (a1t
α ≤ Sα

κ (t) ≤ a2t
α), we get

Q (t) ≈ Q0

∞∑
n=0

(
−1
RC t

αβ
)n

Γ (nβ + 1) . (5.2.9)
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Figure 5.7. We have sketched Eq. (5.2.8) setting Q0 = 0.5, R = 2, C = 2, κ = 1/3(α = 0.63), β = 0.9 (red
color), β = 0.8 (blue color) β = 0.7 (black color) and β = 0.3 (green color).

Figure 5.8. We have presented Eq. (5.2.9) using Q0 = 0.5, R = 2, C = 2 and α = 0.63.
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Figure 5.9. We have presented Eq. (5.2.8) using Q0 = 0.5, R = 2, C = 2, β = 0.3, κ = 1/5, (red color),
κ = 1/3 (blue color) κ = 1/2 (green color)

Figure 5.10. We have presented Eq. (5.2.9) using Q0 = 0.5, R = 2, C = 2 and β = 0.3.

In Figure 5.7., Figure 5.8., Figure 5.9., and Figure 5.10., we have illustrated the details
of the second model.
Remark 2. If we choose α = 1 in Eq. (5.2.9), then we get the same result in the standard
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fractional calculus form. If we choose α = β = 1 in Eq. (5.2.9), then we get the same
result in the standard calculus form, where α is the dimension of the fractal set, and β is
the operator of the non-local derivative.
5.3 One-term and Three-term Fractal Differential Equations

In this section, we investigate the fractal version of both one-term and three-term
fractal differential equations.
(I) Consider the three-term fractal-order differential equation with constant coefficients, for
the standard version see in [114]

Dα
F κ,ty (t) + µ C

0 D
β
F κ,ty (t) + λy (t) = f(t), µ > 0, 0 < β < α ≤ 1, (5.3.1)

where y (0) = b and Fα
F κ (w) = 1

Sα
F κ (w) .

Applying the fractal Laplace transform to both sides of Eq. (5.3.1), we have

Y α
F κ (w) = b

1
Sα

F κ (w) + µSα
F κ(w)β + λ

+ bµ
Sα

F κ(w)β−1

Sα
F κ (w) + µSα

F κ(w)β + λ

+ Sα
F κ(w)−1

Sα
F κ (w) + µSα

F κ(w)β + λ
.

(5.3.2)

Observe that

1
Sα

F κ (w) + µSα
F κ(w)β + λ

= Sα
F κ(w)−β

Sα
F κ(w)1−β + µ

1[
1 −

(
−λSα

F κ (w)−β

Sα
F κ (w)1−β+µ

)] ,

where
∣∣∣∣ −λSα

F κ (w)−β

Sα
F κ (w)1−β+µ

∣∣∣∣ < 1.

Recall that

(1 − t)−i =
∞∑

r=0

i+ r − 1

r

 tr.
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This implies

1
Sα

F κ (w) + µSα
F κ(w)β + λ

=
∞∑

i=0
(−λ)i Sα

F κ(w)−β−iβ(
Sα

F κ(w)1−β + µ
)i+1

=
∞∑

i=0
(−λ)iS

α
F κ(w)−β−iβ−(i+1)(1−β)(
1 + µSα

F κ(w)β−1
)i+1

=
∞∑

i=0
(−λ)iSα

F κ(w)−(i+1)
(
1 + µSα

F κ(w)β−1
)−(i+1)

=
∞∑

i=0
(−λ)iSα

F κ(w)−(i+1)×

∞∑
r=0

i+ r

r

(−µ)rSα
F κ(w)r(β−1)

=
∞∑

i=0
(−λ)iSα

F κ(w)−(i+1)×

∞∑
r=0

(i+ r)!
r!i! (−µ)rSα

F κ(w)r(β−1).

(5.3.3)

Inserting Eq. (5.3.3) into Eq. (5.3.2), we have

Y α
F κ (w) = b

( ∞∑
i=0

(−λ)i
∞∑

r=0

(i+ r)!
r!i! (−µ)rSα

F κ(w)(β−1)r−(i+1)
)

+ bµ

( ∞∑
i=0

(−λ)i
∞∑

r=0

(i+ r)!
r!i! (−µ)rSα

F κ(w)(β−1)r−(i+1)+β−1
)

+
( ∞∑

i=0
(−λ)i

∞∑
r=0

(i+ r)!
r!i! (−µ)rSα

F κ(w)(β−1)r−(i+1)−1
)
.

(5.3.4)

Taking the inverse Laplace of both sides of Eq. (5.3.2), one may get

y (t) = b

( ∞∑
i=0

(−λ)i
∞∑

r=0

(i+ r)!
r!i! (−µ)r Sα

F κ(t)(1−β)r+i

Γα ((1 − β) r + i+ 1)

)

+ bµ

( ∞∑
i=0

(−λ)i
∞∑

r=0

(i+ r)!
r!i! (−µ)r Sα

F κ(t)(1−β)r+i−β+1

Γα ((1 − β) r + i− β + 2)

)

+
( ∞∑

i=0
(−λ)i

∞∑
r=0

(i+ r)!
r!i! (−µ)r Sα

F κ(t)(1−β)r+i+1

Γα ((1 − β) r + i+ 2)

)
.

(5.3.5)
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Then

y (t) = b

( ∞∑
i=0

(−λ)iSα
F κ(t)i

∞∑
r=0

(i+ r)!
r!i! (−µ)r Sα

F κ(t)(1−β)r

Γα ((1 − β) r + i+ 1)

)

+ bµ

( ∞∑
i=0

(−λ)iSα
F κ(t)i−β+1

∞∑
r=0

(i+ r)!
r!i! (−µ)r Sα

F κ(t)(1−β)r

Γα ((1 − β) r + i− β + 2)

)

+
( ∞∑

i=0
(−λ)iSα

F κ(t)i+1
∞∑

r=0

(i+ r)!
r!i! (−µ)r Sα

F κ(t)(1−β)r

Γα ((1 − β) r + i+ 2)

)
.

(5.3.6)

Hence

y (t) = b

 ∞∑
i=0

(−λ)iS
α
F κ(t)i

i! 1Ψ1

 (i+ 1, 1)

(i+ 1, 1 − β)

∣∣∣∣∣∣ (−µ)Sα
F κ(t)

1−β

 
+ bµ

 ∞∑
i=0

(−λ)iS
α
F κ(t)(i+1−β)

i! 1Ψ1

 (i+ 1, 1)

(i− β + 2, 1 − β)

∣∣∣∣∣∣ (−µ)Sα
F κ(t)

1−β

 
+

 ∞∑
i=0

(−λ)iS
α
F κ(t)i+1

i! 1Ψ1

 (i+ 1, 1)

(i+ 2, 1 − β)

∣∣∣∣∣∣ (−µ)Sα
F κ(t)

1−β

  .
(5.3.7)

By considering Eq. (2.4.20), Eq. (5.3.7) can be rewritten as follows:

y (t) = b

( ∞∑
i=0

(−λ)iSα
F κ(t)iEα,i+1

1−β,i+1

(
(−µ)Sα

F κ(t)
1−β
) )

+ bµ×
( ∞∑

i=0
(−λ)iSα

F κ(t)(i+1−β)Eα,i+1
1−β,i−β+2

(
(−µ)Sα

F κ(t)
1−β
) )

+
( ∞∑

i=0
(−λ)iSα

F κ(t)i+1Eα,i+1
1−β,i+2

(
(−µ)Sα

F κ(t)
1−β
) )

.

(5.3.8)

Furthermore, we have

y (t) = b

 ∞∑
n=0

(−λ)nSα
F κ(t)n

∞∑
j=0

(n+ 1)j

Γα ((1 − β) j + n+ 1)

(
(−µ)Sα

F κ(t)
1−β
)j

j!



+ bµ×



∞∑
n=0

(−λ)nSα
F κ(t)(n+1−β)×

∞∑
j=0

(n+ 1)j

Γα ((1 − β) j + n− β + 2)

(
(−µ)Sα

F κ(t)
1−β
)j

j!



+

 ∞∑
n=0

(−λ)nSα
F κ(t)n+1

∞∑
j=0

(n+ 1)j

Γα ((1 − β) j + n+ 2)

(
(−µ)Sα

F κ(t)
1−β
)j

j!

 .
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(5.3.9)

(II) Consider a fractal differential equation involving the non-local fractal derivatives as
follows:

C
0 D

γ
F κ,ty (t) + µC

0 D
β
F κ,ty (t) + λy (t) = f (t) , µ > 0, 0 < β < γ ≤ 1, (5.3.10)

(by using y (0) = b and Fα
F κ (w) = 1

Sα
F κ (w)). Applying the fractal Laplace transform to both

sides of Eq. (5.3.10), we obtain

Y α
F κ (w) = b

Sα
F κ(w)γ−1

Sα
F κ(w)γ + µSα

F κ(w)β + λ
+ bµ

Sα
F κ(w)β−1

Sα
F κ(w)γ + µSα

F κ(w)β + λ

+ Fα
F κ (w)

Sα
F κ(w)γ + µSα

F κ(w)β + λ
.

(5.3.11)

Observe that

1
Sα

F κ(w)γ + µSα
F κ(w)β + λ

= Sα
F κ(w)−β

Sα
F κ(w)γ−β + µ

1[
1 −

(
−λSα

F κ (w)−β

Sα
F κ (w)γ−β+µ

)] ,

where
∣∣∣∣ −λSα

F κ (w)−β

Sα
F κ (w)γ−β+µ

∣∣∣∣ < 1.

Recall that

(1 − t)−i =
∞∑

r=0

i+ r − 1

r

 tr.
This implies

1
Sα

F κ(w)γ + µSα
F κ(w)β + λ

=
∞∑

i=0
(−λ)i Sα

F κ(w)−β−iβ(
Sα

F κ(w)γ−β + µ
)i+1

=
∞∑

i=0
(−λ)iS

α
F κ(w)−β−iβ−(i+1)(γ−β)(
1 + µSα

F κ(w)β−γ
)i+1

=
∞∑

i=0
(−λ)iSα

F κ(w)−(i+1)γ
(
1 + µSα

F κ(w)β−γ
)−(i+1)

=
∞∑

i=0
(−λ)iSα

F κ(w)−(i+1)γ
∞∑

r=0

i+ r

r

(−µ)r×

Sα
F κ(w)r(β−γ)

=
∞∑

i=0
(−λ)i

∞∑
r=0

(i+ r)!
r!i! (−µ)rSα

F κ(w)−(i+1)γ+r(β−γ).

(5.3.12)
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Inserting Eq. (5.3.13) into Eq. (5.3.12), we get

Y α
F κ (w) = b

( ∞∑
i=0

(−λ)i
∞∑

r=0

(i+ r)!
r!i! (−µ)rSα

F κ(w)(β−γ)r−iγ−1
)

+ bµ

( ∞∑
i=0

(−λ)i
∞∑

r=0

(i+ r)!
r!i! (−µ)rSα

F κ(w)(β−γ)r−(i+1)γ+β−1
)

+
( ∞∑

i=0
(−λ)i

∞∑
r=0

(i+ r)!
r!i! (−µ)rSα

F κ(w)(β−γ)r−(i+1)γ−1
)
.

(5.3.13)

Taking the Laplace inverse to both sides of Eq. (5.3.13), we have

y (t) = b

( ∞∑
i=0

(−λ)i
∞∑

r=0

(i+ r)!
r!n! (−µ)r Sα

F κ(t)(γ−β)r+iγ

Γα ((γ − β) r + iγ + 1)

)

+ bµ

( ∞∑
i=0

(−λ)i
∞∑

r=0

(i+ r)!
r!i! (−µ)r Sα

F κ(t)(γ−β)r+(i+1)γ−β

Γα ((γ − β) r + (i+ 1) γ − β + 1)

)

+
( ∞∑

i=0
(−λ)i

∞∑
r=0

(i+ r)!
r!i! (−µ)r Sα

F κ(t)(γ−β)r+(i+1)γ

Γα ((γ − β) r + (i+ 1) γ + 1)

)
.

(5.3.14)

Therefore, we obtain the following:

y (t) = b

 ∞∑
n=0

(−λ)nS
α
F κ(t)γn

n! 1Ψ1

 (n+ 1, 1)

(γn+ 1, γ − β)

∣∣∣∣∣∣ (−µ)Sα
F κ(t)

γ−β

 

+ bµ



∞∑
n=0

(−λ)nS
α
F κ(t)(n+1)γ−β

n! ×

1Ψ1

 (n+ 1, 1)

((n+ 1) γ − β + 1, γ − β)

∣∣∣∣∣∣ (−µ)Sα
F κ(t)

γ−β




+

 ∞∑
n=0

(−λ)nS
α
F κ (t)(n+1)γ

n! 1Ψ1

 (n+ 1, 1)

((n+ 1) γ, γ − β)

∣∣∣∣∣∣ (−µ)Sα
F κ(t)

γ−β

  ,
(5.3.15)

By taking into account Eq. (2.4.20), Eq. (5.3.15) can be rewritten in the following form:

y (t) = b

( ∞∑
i=0

(−λ)iSα
F κ(t)iγEα,i+1

γ−β,iγ+1

(
(−µ)Sα

F κ(t)
γ−β
) )

+ bµ×
( ∞∑

i=0
(−λ)iSα

F κ(t)(i+1)γ−βEα,i+1
γ−β,(i+1)γ−β+1

(
(−µ)Sα

F κ(t)
γ−β
) )

+
( ∞∑

i=0
(−λ)iSα

F κ(t)(i+1)γEα,i+1
γ−β,(i+1)γ+1

(
(−µ)Sα

F κ(t)
γ−β
))

.

(5.3.16)
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Furthermore, we have

y (t) = b

 ∞∑
n=0

(−λ)nSα
F κ(t)nγ

∞∑
j=0

(n+ 1)j

Γα ((γ − β) j + nγ + 1)

(
(−µ)Sα

F κ(t)
γ−β
)j

j!



+ bµ×



∞∑
n=0

(−λ)nSα
F κ(t)(n+1)γ−β×

∞∑
k=0

(n+ 1)j

Γα ((γ − β) j + (n+ 1) γ − β + 1)

(
(−µ)Sα

F κ(t)
γ−β
)j

j!



+



∞∑
n=0

(−λ)nSα
F κ(t)(n+1)γ×

∞∑
k=0

(n+ 1)j

Γα ((γ − β) j + (n+ 1) γ + 1)

(
(−µ)Sα

F κ(t)
γ−β
)j

j!

 .
(5.3.17)

(III) Consider the following one-term fractal differential equation with constant coefficient
and local fractal derivatives:

bDα
F κy (t) = f (t) , b ∈ R. (5.3.18)

By taking the Laplace transform to both sides of Eq. (5.3.18), we have

Lα
F κ (y (t)) = 1

bSα
F κ (w)F (Sα

F κ (w)) . (5.3.19)

Let us now take the Laplace inverse to both sides of Eq. (5.3.19), and using Eq. (2.4.24),
we get

y (t) = 1
b

t∫
0

f (τ) dα
F κτ. (5.3.20)

Remark 5.3.1. When we put α = 1, we get the standard ordinary calculus results [121].
(IV) Consider a fractal differential equation involving the non-local fractal derivatives as
follows:

b C
0 Dσ

t y (t) = f (t) , (5.3.21)

where 0 < σ < 1, b ∈ R.
By taking the Laplace transform to both sides of Eq. (5.3.21), we have

Lα
F κ (y (t)) = 1

b Sα
F κ(w)σF (Sα

F κ (w)) . (5.3.22)
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Taking the Laplace inverse to both sides of Eq. (5.3.22), and using Eq. (2.4.24), we get

y (t) = 1
b Γ (σ)

t∫
0

1
(t− τ)1−σ f (τ) dα

F κτ. (5.3.23)

Remark 5.3.2. When we put α = 1, get the standard fractional calculus results [121].
5.4 Numerical Examples

In this section, the simulation of all obtained solutions are analyzed.
1. Assume that b = 0 i.e y (0) = 0 in Eq. (5.3.9), we get

y (t) =

 ∞∑
i=0

(−λ)iSα
F κ(t)i+1

∞∑
j=0

(i+ 1)j

Γα ((1 − β) j + i+ 2)

(
(−µ)Sα

F κ(t)
1−β
)j

j!

 , (5.4.1)

≈

 ∞∑
i=0

(−λ)it
α(i+1)

∞∑
j=0

(i+ 1)j

Γ ((1 − β) j + i+ 2)

(
−µ(t)

α∗1−αβ
)j

j!

 . (5.4.2)

In Figure 5.11., we have plotted exact solution of Eq. (5.4.1).
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Figure 5.11. The sketch of Eq. (5.4.1) using α = 0.62, β = 0.5 µ = 0.9 and λ = 0.8.
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Figure 5.12. The sketch of Eq. (5.4.2) using α = 0.62 µ = 0.9 and λ = 0.8.

In Figure 5.12., we have plotted exact solution of Eq. (5.4.2) under the effect of
fractional parameter β.
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Figure 5.13. The sketch of Eq. (5.4.2) using β = 0.5, µ = 0.9 and λ = 0.8.

In Figure 5.13., we have plotted exact solution of Eq. (5.4.2) under the effect of fractal
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parameter α.
2. Assume that b = 0 i.e y (0) = 0 in Eq. (5.3.17), we get

y (t) =
∞∑

i=0
(−λ)iSα

F κ(t)(i+1)γ×

∞∑
j=0

(i+ 1)j

Γα ((γ − β) j + (i+ 1) γ + 1)

(
(−µ)Sα

F κ(t)
γ−β
)j

j! ,

(5.4.3)

≈

 ∞∑
i=0

(−λ)it
αγ(i+1)

∞∑
j=0

(i+ 1)j

Γ ((1 − β) j + i+ 2)

(
−µ(t)

αγ−αβ
)j

j!

 . (5.4.4)

In the approximation of Eqs. (5.4.2) and (5.4.3) we used upper bound as Sα
Cκ(t) ≤ tα.
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Figure 5.14. The sketch of Eq. (5.4.3) using α = 0.62, µ = 0.9, λ = 0.8 and γ = 0.55.

In Figure 5.14., we have plotted exact solution of Eq. (5.4.3) under the effect of
fractional parameter β.
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Figure 5.15. The sketch of Eq. (5.4.3) using β = 0.55, µ = 0.9, λ = 0.8 and γ = 0.55.

In Figure 5.15., we have plotted exact solution of Eq. (5.4.3) under the effect of fractal
parameter α.
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Figure 5.16. The sketch of Eq. (5.4.3) using β = 0.5, µ = 0.9, λ = 0.8 and α = 0.62.

In Figure 5.16., we have plotted exact solution of Eq. (5.4.3) under the effect of fractal
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Mittag-Leffler parameter γ.
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Conclusion

This thesis provided a comprehensive study on the theory and applications to some
nonlinear partial differential equations, local, and non local fractal differential equations.
The technique of generalized exponential rational function and its newly modified version
are used to construct exact solutions fro some NPDEs. The GERFM and its modify are
the most powerful methods because constructing solutions via these two methods are
depend on the include constants rj , sj (1 ≤ j ≤ 4), in other words, when we change the
values of rj , sj (1 ≤ j ≤ 4) the solutions are change, so, by continuous the processes, we
can get abundant families of different solutions. In order to convert the proposed non
linear partial differential equations into a NODEs, a traveling wave transformation has
been implemented. Singular solutions, compound singular solutions, complex solutions,
and topological and non-topological solutions are reported for the Gilson-Pickering
equation that arise in plasma physics by using the GERFM. Non-topological solutions,
periodic singular solutions, topological solutions, singular solutions, and periodic like lump
solutions are constructed for the micro-strain wave in micro-structured solids using the
mentioned method. The GERFM method and the novel MGERFM method have been
successfully used to investigate the system based on the ion sound and Langmuir waves
equations which arise in various area such as plasma physics, engineering sciences. To
better understand the difference between the two methods, the same variables were chosen
to solve the model at the same time for both schemes, leading in the development of the
same solutions as well as the different solutions, we gave more details about difference of
two methods in the subsection result and discussion in chapter 4. All produced solutions
satisfy the studied governing equations. Furthermore, the dynamic behavior of all
reported solutions are addressed in 2D, 3D, and contour surfaces by selecting suitable
values for free involved parameters.

The local fractal Laplace transform and non-local Fractal Laplace transform in the
sense of Caputo derivative have applied to investigate some fractal differential equations
such electrical circuits involving fractal in both of serious and parallel RLC circuit, battery
discharging model on fractal time sets as well as one-, and three-term fractal differential
equations. In addition to, some new concepts of fractal calculus have been defined.

Time and space with a fractal structure in physical models give us new and more
general results [115,116]. In [117], a general technique has developed to retrieve the fractal
dimension of self-similar soils through microwave (radar) scattering. Researchers have
usually studied the laws of physics in spaces with higher dimensions. However, studying
the laws of physics in the spaces of non-integer dimensions, which are seen in nature and
laboratories, has its own place [118,119]. A polariton gas that is confined in a
quasiperiodic one-dimensional cavity gives a fractal energy spectrum and log-periodic
oscillations of the integrated density of states [120]. The fractal structure in a space
random walker leads to a broad distribution and non-equilibrium phenomena or
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anomalous diffusion on fractally disordered media such as the backbone of a percolating
cluster (see Ref. [121] and the references therein).

The fractal calculus includes fractional order derivatives that have the following
benefits. First, it has a local property that plays an important role in application because
measurements are also local in physics. Second, it has a geometric meaning; that is, the
order of the fractal derivatives is equal to the dimension of the domain of the functions.
Third, it has a physical meaning; that is, Einstein’s law states the relationship between
the random walk dimension Dw, electric resistance exponent resistance ζ , and the
spectral dimension ds, which reads as Dw = 2ζ/2 − ds (see Refs. 122 and 123). Also,
according to the relation of Alexander–Orbach, Dw = 2D/ds where D is the fractal (e.g.,
Hausdorff, box counting, or Ψ-dimension) dimension such that ζ = Dw −D (see Ref. [53]).

We have generalized the fractal calculus and investigated the series and parallel
RLC circuits by considering their corresponding fractal differential equations that give
their dynamics with fractal time. The local fractal Laplace transform has been used to
obtain some new analytical solutions for the equations under consideration. Some
examples using the local fractal Laplace transform have been provided. Furthermore, we
carry out the comparison analysis by solving the governing equations in the standard
version and in the fractal calculus; also, we demonstrate that when α = 1, we get the same
results in the standard version. In order to study the effect of fractal derivatives, we have
changed the value of α in given models. A simulation analysis has been carried out in
order to explain the effect of the dimension of the fractal time on these systems so that it
can provide a new mathematical model for experimental data.

The battery discharging model on a thin Cantor set from the viewpoint of the fractal
calculus. The local and non-local fractal Laplace transforms have been used to obtain some
new analytical solutions for the equations under consideration. It is worth pointing out that
in all the obtained solutions, for model one, the case of α = 1, we get the same result in the
standard calculus, for model two, the case of α = 1, we get the same result in the standard
fractional calculus, and also if we choose α = β = 1, we get the same result in the standard
calculus; this shows us the power of the used method. In addition, simulation analysis has
been carried out in order to shed more light on the physical characteristics of the given
equations. To study the effect of fractal and fractional parameters, we have changed the
values of κ in Figures 5.5, 5.9, and the values of α in Figures 5.6, 5.10, also the values of
β in Figure 5.8. The parameter α is a dimension of the fractal set, the parameter κ is a
length of removed open interval from the Cantor set, and β is a parameter of the non-local
derivative.

The one-term and three-term fractional differential equations from the viewpoints
of local and non-local fractal derivatives have been explored. The well-known Laplace
transform has been used to form some new analytical solutions for the mentioned models.
Furthermore, we carry out a comparative analysis by solving the governing equation in the
contexts of the standard version and fractal calculus for two cases in which one can also

85



demonstrate that when α = γ = β = 1, the same results are obtained in the standard
version (see [114,121]). To study the effect of a fractional order derivative, we have fixed
one index while changing the other one. A simulation analysis has been carried out to
explain the effect of the orders of derivatives for both local and non-local cases on bound
solutions that might be helpful in providing a mathematical model for experimental data
in physical phenomena. All in all, exact solutions are non-differentiable in the sense of
standard derivatives.
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