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ABSTRACT

Doctor of Philosophy Thesis

THE EXACT SOLUTIONS OF SOME RATIONAL DIFFERENCE EQUATIONS
WITH LIE SYMMETRY ANALYSIS

Mira¢c GUNEYSU
Zonguldak Biilent Ecevit University
Graduate School of Natural and Applied Sciences

Department of Mathematics

Thesis Advisor: Assist. Prof. Dr. Melih GOCEN
August 2022, 59 pages

This thesis involves the study of symmetries to find the exact solutions of some rational
difference equations. We obtain the solutions for special cases of the difference equations by

using Lie symmetry analysis. This thesis consist of six chapter.

In the first chapter, we introduce the difference equations and Lie symmetry analysis. Also we
give a brief literature review of studies about the thesis topic.

In the second chapter, we give some basic definitions and theorems needed in this thesis.

In the third chapter, we consider an example of difference equation which the exact solutions

obtained by Lie symmetry analysis.



ABSTRACT (continued)

In the fourth chapter, we investigate the Lie point symmetries of some fifth order difference

equations and obtain their exact solutions with Lie symmetry analysis.

In the fifth chapter, we give the exact solutions of some higher order rational difference

equation by using Lie symmetry analysis.
In the final chapter, apart from the form of the difference equations which is mentioned in the
other chapters, we consider a different type of difference equation and obtain the exact

solutions.

Keywords: Difference equation, Lie symmetry analysis, exact solutions, group invariant

solutions.

Science Code: 403.06.01



OZET

Doktora Tezi

BAZI RASYONEL FARK DENKLEMLERININ LiE SIMETRi ANALIZi iLE KESIN
COZUMLERI

Mira¢ GUNEYSU
Zonguldak Biilent Ecevit Universitesi

Fen Bilimleri Enstitiisii
Matematik Anabilim Dah

Tez Damsmani: Dr. Ogr. Uyesi Melih GOCEN
Agustos 2022, 59 sayfa

Bu tez, fark denklemlerinin kesin ¢oziimlerinin simetri ile bulunmasini igerir. Fark
denklemlerinin 6zel durumlariin ¢oziimlerini Lie simetri analizi ile elde ederiz. Bu tez alti

boliimden olusmaktadir.

Birinci boliimde, fark denklemlerini ve Lie simetri analizini tanitiyoruz. Ayrica, tez konusu

ile ilgili ¢alismalarin kisa bir literatiir taramasini veriyoruz.

Ikinci béliimde, bu tezde gerekli olan bazi tanim ve teoremleri veriyoruz.

Ucgiincii béliimde, kesin ¢dziimleri Lie simetri analizi ile elde edilen bir fark denklemi 6rnegi

ele aliyoruz.

Dordiincii boliimde, bazi besinci mertebeden fark denklemlerinin Lie nokta simetrilerini

arastirtyoruz ve Lie simetri analizi ile kesin ¢6ziimlerini elde ediyoruz.



OZET (devam ediyor)

Besinci boliimde, bazi yiiksek mertebeden rasyonel fark denklemlerinin kesin ¢6ziimlerini Lie

simetri analizi kullanarak veriyoruz.

Son boliimde, diger boliimlerde bahsedilen fark denklemleri formu disinda, farkli bir fark

denklem tipini ele aliyoruz ve kesin ¢6ztimlerini elde ediyoruz.

AnahtarKelimeler: Fark denklemi, Lie simetri analizi, kesin ¢oziimler, degismez grup

¢oziimleri.

BilimKodu: 403.06.01
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CHAPTER 1

INTRODUCTION AND LITERATURE REVIEWS

1.1 INTRODUCTION

Difference equations; sometimes it arises from generator functions, sometimes from nu-
merical solutions of differential equations and sometimes it emerges as a mathematical
model of a physical event. Difference equations appear in the study of discretization
methods for differential equations. Many of the results obtained in the theory of dif-
ference equations are almost discrete analogs of the corresponding differential equations.
However, the theory of difference equations is richer than the corresponding theory of
differential equations. In difference equations, the independent variable is defined on in-
tegers. Therefore, instead of derivative terms in difference equations, the difference of
the unknown function is found. In this respect, difference equations rather characterize
discontinuous problems. Difference equations have attracted the attention of scientists
working in various branches of science for a long time. During this time, scientists achieved
very effective results on difference equations and ensured the continuous development of
this field.

Recently there has been great importance in studying the difference equations in the
discipline of mathematics in addition other sciences. One of the reasons for this is im-
portance for techniques applied in difference equations are used in mathematical models
of real-life situations such as ecology, genetics, sequence and statistical problems, prob-
abilistic time series, combinatorial analysis, number teory, geometry, electrical circuits,
radiation, psychology, sociology, stock market movements in economics, the research of
the number of live populations in medicine and biology, ecology, genetics, more impor-
tantly the study of cell movements like the ratio of rise in canser cells and behavior HIV
virus and so much. For example some environmental scientists used the simple nonlinear
difference equation which included a logistic equation, to examine year-to-year changes

in the behavior of populations, in1950s. However, in the early 1970s, Robert May studied



the types of complex behaviors exhibited by the logistic equation. He investigated on the
relationship between these behaviors and fluctations in real populations.

Lately, researchers have used the ‘change of variables’ approach in which a new variable is
introduced and the original equation is transformed into a simpler and solvable equation.
However, the change of variables is often not obvious to determine. For this reason, we
need an approach which is systematically formal and leads to such changes of variable.
Furthermore, it is important to find the solution forms of difference equations and this
is a topic that has been studied recently. Omne of these studies is the Lie symmetry
analysis method, which is one of the new methods. Lie symmetry method provides a
theory for finding a proper change of variables. The Norwegian mathematician Sophus
Lie studied the group of mappings which leaves the differential equations invariant [1].
With this approach, one can solve difference equations using the group of transforma-
tions that leaves the equations invariant, similarly. After the inspiring works of Lie, the
invariance properties of these equations under groups of point transformations attracted
great interest. The symmetry method has been used to obtain the form of the solutions
of difference equations, see for example [2 — 5]. Moreover, Maeda [6] showed how to use
symmetry methods and get the solutions of the system of first-order ordinary difference
equations.Lie analysis was initiated by the Norwegian mathematician, Sophus Lie [7, 8].
For more applications of this method, see [9,10 — 13].

The purpose in this thesis is to investigate solutions of some specific nonlinear difference
equations with Lie symmetry analysis.This thesis consist of five chapters.

The first chapter is a concise overview of what this thesis is about and also is a literature
summary of difference equation theory with Lie symmetry analysis.

The second chapter consists of some basic important definitions and some significant
theorems used throughout the thesis.

The third chapter includes solutions of the difference equations

LTp—2Xp

Tp—1 (an + bnxn—2xn)

Tnt+1 =

where (@, )neng, (bn)nen, are non-zero real sequences, via symmetries with less restriction
on the initial conditions.
The fourth chapter presents solutions of the difference equations

Tnlpn—2Tn—4

$n71xn73(an + bnwnxnf2xnf4)

Tnt1 =



in closed form, where (a,)nen,, (bn)nen, are non-zero real sequences, via the technique of
Lie group analysis.
The fifth chapter contains solutions of the difference equations

Tn—9
Qp, + bn$n74xn79

Tnt1 =

for some arbitrary sequences of real numbers (a,) and (b,) .

The sixth chapter introduces solutions of the difference equations

TpTn—2

Tp41 =
pTp—2 + bnxn—?)

for some arbitrary sequences of real numbers (a,,) and (b,) .

1.2 REVIEW ON DIFFERENCE EQUATION WITH LIE SYMMETRY

ANALYSIS

In this section we give some difference equation that have an important role in the liter-

ature for Lie Symmetry Analysis.

e In [14], Ibrahim and Touafek investigated the solutions and properties of the differ-

ence equation

Tp—1Tp—2

Tn (an + bnxn—lmn—Q)

(1.1)

Tpy1 =

where (an),cngs (On)ney, are real two-periodic sequences and the initial values z_s,
x_1, To are non-zero real numbers. In [15], Mnguni and Folly-Gbetoula used a Lie
symmetry-based method to solved Eq.(1.1). Equivalently, they studied

UpUn+1
Unp+2 (An + Bnunun-l-l)

Unp43 =

instead, where (A,,) and (By),en, are arbitrary sequences.

n€ENg

e In [16], Ibrahim studied the solutions and properties of the difference equation

LTpTn—2

Tp_1 (a + brpx,_2)

Tnt1 =



where initial values are nonnegative real numbers. In [17], Folly-Gbetoula and
Nyirenda extended the work in [16] by obtaining the solutions of difference equations

of the form
Tndp—2

Tn-1 (an + bnxnxn—Q)

Tp+l1 =

where (an),en,s (Pn)ney, @re non-zero real sequences, via symmetries with less re-
striction on the initial conditions.Without loss of generality authors instead studied
the equation

UpUn+4-2
Unp+1 (An + Bnunun+2)

Un 3 =

where (A,),,cy, and (By),,cy, are non-zero real sequences.

In [18], Elsayed investigated the dynamics and solutions of the difference equation

Tn—5
Qp, + bnxn—lxn—3$n—5

Tnt1 = (12)

where (an),en,» (On)nen, are arbitrary sequences and the initial conditions z_5, z_4,
T_3, T_9, x_1 and x are arbitrary non zero real numbers. In [19], Mnguni et al.

used a Lie symmetry-based method to solve Eq.(1.2). Equivalently, they study
Unp
An + Bnunun+2un+4

Un+6 =

instead, where (A,), oy, and (B,),y, are arbitrary sequences. This means they

can only compare x; with u;. 5.

In [20], Nyirenda and Folly-Gbetoula are inspired by the work of Elsayed in [21]
who studied the following recursive sequences:

Tp—3Tp—4g
Tn (il + mn—lxn—2mn—3$n—4)

Tpy1l = , n=0,1,..., (1.3)

where the initial conditions are arbitrary real numbers. Clearly, [21] are special

cases of a more general form

Tpn—3TLp—4
Tyl = il ,n=0,1,..., (1.4)
Tn (an + bnxn—lxn—an—an—4>

where (an),cn,» (On),en, are real sequences. Authors utilized symmetry methods to
solve this more general difference equation Eq.(1.4). Equivalently, they studied the
forward difference equation

UpnUn+1
Unp+4 (An + Bnunun+1un+2un+3)

Un+5 =

where (A,), oy, and (B,),,cy, are arbitrary sequences.

4



e In [22], Nyirenda and Folly-Gbetoula used the Lie group analysis method to inves-

tigate the invariance properties and the solutions of

T o Tp—5Tn—3

1= :

" Tn—1 (an + bnxn—Bwn—S)

where (an),cn,s (On)ney, are real sequences. Without loss of generality, authors

equivalently studied the forward difference equation

UpUn+-2
Up+4 (An + Bnunun+2)

Un+6 =

where (A,), oy, and (B,),,cy, are arbitrary sequences.

e In [23], Folly-Gbetoula and Nyirenda performed a symmetry analysis and derived

closed form formulas for solutions of difference equations of the form

Lp—3Tn

Tp—2 (an + bnxnf?ﬁrn)

Tn4+1 =
where (an),cng> (bn)ney, are sequences of real numbers. Without loss of generality,
authors equivalently studied the forward difference equation

UpUn+-3
Unp+1 (An + Bnunun—l—?))

Unp44 =
where (A,), oy, and (B,),,cy, are arbitrary sequences.

e Elsayed, in [24] obtained the solution of

Tn—5
-1+ Tp—2Tp—5

Tnt1 =

In [25], Folly-Gbetoula and Nyirenda derived solutions of the following difference

equations via the invariant of their group of transformations:

Tn—5
= 1.5
o+t Qp, + bnxn—2xn—5 ( )

for some arbitrary sequences of real numbers (a,,) and (b,). The solution to Eq.(1.5)
difference equation provides a generalization of the solution of Elsayed [24].Without
loss of generality, authors instead studied the difference equation

Unp,
An + Bnun+3un

Un+6 =



e In [26], Folly-Gbetoula and Nyirenda studied solutions to the difference equations

of the form

Tp—7Tn—2
Tn—a (an + bnxn—7xn—2)

(1.6)

Tp+l1 =

where (a,,) and (b,) are arbitrary sequences of real numbers, and the initial values
are r_7, T_g, ..., v_1 and xg. Authors performed a symmetry analysis and derive
formulas for solutions of higher-order difference equations Eq.(1.6) . They considered
the forward ordinary difference equations of the Kovalevskaya form

UpUn+5
Unp+3 (An + Bnunun-l—S)

Up4+8 =

where A,, and B,, are random real sequences, equivalent to Eq.(1.6).

e In [27], Elsayed et al. obtained the formulas of the solutions of the difference

equations

Tp—5Tn

Tpog (£l + 2, 51,)]

n=01,.., (1.7)

Tp+l1 =

in which the initial conditions xz_5, x_4, x_3, *_5, x_1 and x( are arbitrary non zero
real numbers. In [28], Folly-Gbetoula and Nyirenda obtained symmetry generators
admitted by the difference equations of the form

Lp—5Tn

Tp—4 (an + bnwnff)xn)

(1.8)

Tnt1 =

where a,, and b, are random sequences, and then proceed to find the solutions in
closed form via the invariance of the group of transformations admitted by Eq.(1.7).
Authors first present the solutions in a unified manner and then split them into dif-
ferent categories based on some properties of the ¢ final constraint’. They considered
the forward ordinary difference equations of the Kovalevskaya form

UpUn+5
Un+1 (An + Bnunun-l—S)

Un+6 =
where A, and B, are random real sequences, equivalent to Eq.(1.8).

e In [29], Elsayed obtained the formulas of the solutions of the difference equations

Tp—4Tp—2

Tn—1 (j:l + l’n,4l’n,2),

Tntl1l = n:O,l,...,



in which the initial conditions z_4, x_3, x_9, _; and x( are arbitrary non-zero real

numbers. In [30], Folly-Gbetoula and Nyirenda obtain the vector fields of

Tp—a4Tp—2
Tp—1 (an + bnxnf4$n72)

Tnt1 =

where a,, and b,, are random real sequences, and then proceed to find the solutions
in closed form via the invariance of the group of transformations and using the
method of Lie group analysis. Authors considered the forward ordinary difference

equations of the Kovalevskaya form

UpUn+2
Un+3 (An + Bnunun+2)

Un+5 =

where A,, and B,, are random real sequences.

Elsayed, in [31] obtained the exact solutions of

Tn—3
= , 1.9
T T o X % s (1.9)

In [32], Mnguni et al. obtained solutions of the following difference equations via

the invariant of their group of transformations:

Tn-3
ap + bnxn—lxn—?)

Tptl =

for some arbitrary sequences of real numbers (a,,) and (b,). Thus the solution to the
difference equation above extends the solution of Elsayed [31] to equation (1.9) to a
more general setting. Without loss of generality, they instead studied the difference
equation

Un
An + Bnunun—‘r?

Unta =

In [4], Folly-Gbetoula et al. used symmetry transformations and invariant methods,

they derived solutions of the following difference equation

TnTn—3

ApTnp + bnxnf4

Ty = (1.10)

for some arbitrary sequences of real numbers (a,) and (b,). They inspired by some

finding in [33], Khaliq and Elsayed obtained exact solutions of

= TnTns 1.11
Tn+1 T ( )



For the sake of notation and definitions used in this work, authors shall considered

the Kovalevskaya form of Eq.(1.10), that is

Up41Un+4
nUn+4 + Bnun

Unts = o (1.12)

where A, and B, are random real sequences. Authors explained how solutions of
Eq.(1.10) and Eq.(1.12) are related and showed that solutions in [33], for Eq.(1.11)

are indeed special cases of the solutions that they present in [4].

In [34], Folly-Gbetoula studied the system of difference equations

TnTn41
Tp+3 (an + bnxn$n+1)

Tnid = (1.13)

where (ay,) (bn)pen, are non-zero sequences of real numbers. For equation

n€eNp?
Eq.(1.13), author derived all Lie point symmetries and gived formulas for solutions
in closed form and also discussed periodicity and asymptotic behavior of solutions

in some cases.



CHAPTER 2

BASIC DEFINITIONS AND THEOREMS

In this chapter, we give some basic definitions and theorems used in this thesis. For

details, see [9,12, 35,46 — 54]

2.1 DIFFERENCE EQUATIONS

In this section some significant definitions and theorems are presented about difference
equations.
Let I be some interval of real numbers and let f : I**! — I be a continuously differentiable

function. A difference equation of order (k + 1) is an equation of the form

Tn+1 :f(xnyxnfla”'?xn*k)a n:0717"" (21)

A solution of Eq.(2.1) is a sequence {z,}°° , that satisfies Eq.(2.1) for all n > —k.

For every set of initial conditions x_g, £_(k11), ..., ©o € I, the difference equation Eq.(2.1)

[e.9]

has a unique solution {z,}>° ,.

As a special case of above lemma, for every set of initial conditions xq, z_1 € I, the second

order difference equation

Tpt1 = f(Tn, Tn-1), n=0,1,.. (2.2)

has a unique solution {z, }>°_; and for every set of initial conditions x¢,z_1,2_o € I, the

third order difference equation

Tot1 = [(Tn, Tp_1,Tn_2), n=0,1,.. (2.3)
has a unique solution {z,}5° ,. (see [48])

Definition 2.1 A point T € I is called an equilibrium point of Eq.(2.1) If

z=f(z,T,..,T).



That is
Tp =2 forn >0

is a solution of Eq.(2.1) or equivalently, T is a fized point of f .

Definition 2.2 (Stability) (a) The equilibrium point T of Eq.(2.1) is locally stable if

for every € > 0; there exists § > 0 such that for all x_j,x_gi1,...,x_1,29 € I with
|T_p — T+ |21 — T| + ... + |20 — T| < 0,
we have

|z, —T| <e, foralln>—k.

(b) The equilibrium point T of Fq.(2.1) is locally asymptotically stable if T is locally stable

solution of

Eq.(2.1) and there exists v > 0, such that for all x_y,x_pi1,...,0_1,x0 € I with
|z — |+ |[x_p1 — T+ ... + |20 — T| < 7,
we have

lim z, =7=.
n—oo

(c) The equilibrium point T of Eq.(2.1) is global attractor if for allx_j, x_g11,...,2_1,20 €

I we have

lim z, =7.
n—oo

(d) The equilibrium point T of Eq.(2.1) is globally asymptotically stable if T is locally
stable, and T is also a global attractor of Eq.(2.1).

(e) The equilibrium point T of Eq.(2.1) is unstable if T is not locally stable.

10



2.2 LIE SYMMETRY ANALYSIS

We start by giving some important definitions and theorems for Lie symmetry analysis.

For more information, see [9, 12].

Definition 2.3 Let G be a local group of transformations acting on a manifold M. A
subset S C M 1is called G-invariant, and G is called symmetry group of S , if whenever

x €S and g € G s such that g.x is defined, then g.x € S.
Definition 2.4 A parameterized set of point transformations,
.z — 2 (z;e),

where x = x;, 1 = 1,...,p are continuous variables, is a one-parameter local Lie group of

transformations as long as the following conditions are met:
a. 'y is the identity map if + = x when € = 0.
b. I',I'y = T4y for every a and b sufficiently close to 0.

c. Fach z; can be represented as a Taylor series (in a neighborhood of ¢ = 0 that is

determined by x) and therefore

& (w36) = a2 + & (v) + O(e?), i: 1,...,p.

Assume that the forward pth-order difference equation takes the form
Untp = (N, Upy ooy Upip—1), W E D (2.4)

for some smooth function 2 and a regular domain D C Z. So as to compute a symmetry

group of (2.4), we take into consideration the group of point transformations given as
n=n,

Uy = Uy + £Q (N, uy,) + O (52) ,

ﬁn-I—j = Up+tj + ESjQ (n, un) +0 (52) ) (25>
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where ¢ (¢ is sufficiently small) is the parameter, Q = Q(n,u,) is a continuous function,

referred to as characteristic and S is the shift operator defined as
S:n—n+1, Su, =t
The criterion of invariance is then
Untp = (N Upy Upg 1y ves Untp—1) (2.6)
which yields the linearized symmetry condition
SPQ — XQ = 0wy =Q(nsineestinp1)- (2.7)
by substituting (2.5) in (2.6). Observe that
0

X =Q (n,uy) v + 5*Q (n, uy,)

0

—+a I +SP—1 ) a >
Q (n un) 8un—‘,—p—l

e (2.8)

is the corresponding ‘prolonged’ infinitesimal of the group of transformations (2.5). Upon
knowledge of the function(s) @), one is able to obtain the invariant V' by using the canonical

coordinate [35] .

dun

Q (n,un)
Generally, the steps involves are lengthy even though very exact and do not give room to

guess work on the perfect choice of invariants.

Definition 2.5 V,, is invariant under the Lie group of transformations Eq.(2.5) if and
only if

X (V,)=0

where V,, can be found by solving the characteristic equation

dun . dun+1 o . dun+p_1 (_ an>

Q  SQ T s\ 0

12



CHAPTER 3

AN EXAMPLE OF A THIRD ORDER RATIONAL DIFFERENCE
EQUATION

In this chapter we handle an example of difference equation which Folly-Gbetoula and
Nyirenda investigated the solutions with Lie symmetry analysis in [17].
In [16], Ibrahim investigated the solutions and properties of the difference equation

Tp—oXp

Tn-1 ((I ol bxn—QIn)

Tpy1 =

where initial values are nonnegative real numbers. In this chapter Folly-Gbetoula and
Nyirenda extend the work in [16] by obtaining the solutions of difference equations of the
form

LTp—oXnp

Tn-1 (an o bnxn—2xn)

(3.1)

Tp+l =

where (@, )nengs (bn)nen, are non-zero real sequences, via symmetries with less restriction
on the initial conditions. Because of the terminology they adopt, they instead study the

equation

UpUn+2
Upig = , 3.2
3 un+1(An + BnununJrQ) ( )

where (A, )neng, (Bn)nen, are non-zero real sequences.

Present the solutions of Eq.(3.2) using a symmetry based method, they first find the Lie
algebra of Eq.(3.2). Then, they lower the order via the invariant and then solutions are
constructed.

It was seen that the solutions obtained in [16] and the solutions obtained in [17] were

same.
3.1 REDUCTION AND SOLUTIONS

Le us investigate the difference equation of the form Eq.(3.2), i.e.,

UpUn4-2
3 Un+1 (An + Bnunun+2) ( )

13



When they apply the invariance criterion Eq.(2.7) to Eq.(3.3), they get

90 o0 o
Qn+3, Q) —Q(n+1, u”H)@u—nH —Q(n+2, u"+2)8un+2 - Q(n, un)a—un =0
and
UpUn42
O 1
Qn+3, Y+ u, (An + Bnunun+2)Q(n L)
A, u
. n Un 2
Unp+1 (An + Bnunun+2)2Q(n " ’ un+2)
A
nUn+2 Qn, u,) =0. (34)

a Unp+1 (An + Bnunun+2)2

The latter is a functional equation and in order to get rid of w, 3, they apply implicit
differentiation with respect to u, (regarding u,; as a function of w,, u,;2 and Q) by

applying the differential operator

L0 w90 (09/0u) D
~ u,, Oup Oupir  Oup  (0Q/Onir) Oty
0 2Aanu% A, u, /
= +2 3Q (nvun) - w QQ (naun)
aun Un+1 (An + Bnunun+2) Un+1 (An + Bnunun+2)
Any, — A% + A, BLunuy,
5 = 3Q(n+ 1) + 2Q (0 + 2, Un o)
un+1 (An + Bnunun+2) Un+1 (An + Bnunun+2)
(0Q/ou,) Aptio —uZ .y (Ap + Buuntyio)
(6Q/aun+1> Unp+1 (An + Bnunun+2)2 UnUn+2
_ _Anun+1
B Up (An + Bnunun—i—Z)
0 Aptpio Ay,
= 7, Uy ) + n—+ 2, uy,
Qi1 w21 (A + Butntin o)’ ol ) w2, (A, + Buntn o) ol +2)
—2UpUp 42
L, uy,
+u731+1 (A'n + Bnunun—l-Z) Q (n " v +1)
UpUn+2

Q, (TL + ]-7 un-i-l)

u721+1 (ATL + Bnunun+2)

14



o  (09)0u,) O 24, Byu? ., Q ()
6”71 (8Q/aun+1) aU/n—&—l B un—l—l(An + Bnunun+2)3 o

Anun ’
- 2 QQ (n, un)

Up+1 (An + Bnunun+2)

Anun+2
+ Q n —+ 1, Unp+1
ugLJrl (An + Bnunun+2)2 ( i )

— A% + A, Buuntn o

Q (n+ 2, upi2)
unJrl (An + Bnunun+2)3 *

AZ
+ n
Unp+1 (An + Bnunun—l—Z)
Aiun+2

3@ (Tl + 27 un+2)

+ 5Q (1, up)

UpUp+1 (An + Bnunun+2)

—2Anun+2
Q (TL + ]-7 U, 1)
u%_H (An + Bnunun+2)2 *

Anun+2

QQ/n +1, un+1)

Unp+1 (An P Bnunun+2)

24, Bounu? 5 + A2up o Ao /
= +2 3@ (naun) - ’ QQ (TL, Un)
unun—i-l(An + Bnunun+2) Up+1 (An + Bnunun+2)
Anun+2 Anun+2

- 2@(n+1aun+1)+ 2Q1n+17un+1)

u121+1 (An o Bnunun+2)

AanUnUn+2

Unp+1 (An + Bnunun—l—Q)

n—+ 2,u,
Unp+1 (An + Bnunun+2)3Q ( +2)

MQ (n, tn) — (Ap 4 Botntni2) Q' (n,uy,)

Ayu +2 +un
non (An+Bnununiz) +1 + B,u <q2 + 2 +
Un+1 (1 1y BnUnUn+2)3 Un+1 Q@ (TL ) un-i-l) nen (n »Un 2>

+ (An + BnununJrZ) Q' (n +1, unJrl)

After simplification, the resulting equation yields

(An + Bnunun+2)

Up+1

(An + Bnunun+2)Q/<n +1, UnJrl) - Q(n + 1, un+1)

+BnunQ(n + 27 un+2) - (An + Bnunun—i—Q)Q/(na Un)

+(2Bptiny + é)Q(n, up) = 0. (3.5)

n
The symbol ’ denotes the derivative with regarding to the continuous variable. Differ-

entiation of Eq.(3.5) with respect to u, twice, keeping u,.» and wu,,; fixed, yields the

15



equation

Bnun+2

(Brunt2) Q" (n+ 1, tng1) — Q (n+ 1, uns1) + BaQ (0 + 2, upy2)

un—i—l

Ay,
— (Bntny2) Q' (n, un) — (An + Brntn,o) Q" (n, un) — u_gQ (1, Un)

n

A, ,
+ (2Bnun+2 + u_) Q (n, un)

n

=0
- (Bnun+2) Q” (n, un) — (Bnun+2) Q” (7, un) — (An + Brntno) Q" (nv un)
2An An ATL An !
#2220 () = 220 (00) = Q) + (2Butea + 22 @ (00,
=0
12 1" An 1" 2An /
_Bnunun+2Q (77'7 un) oy AnQ (n, un) + U_Q (TL, un) - wal Q (n7 Un)
24,
+ - Q(n, u,) =0. (3.6)

The characteristic in Eq.(3.6) does not depend on u,;2 and so Eq.(3.6) splits into the
following system by comparing exponents of u, 5 :

" ]' " 2 / 2
1:Q"n, uy) — —Q"(n, u,) + EQ (n, u,) — EQ(n, Up) =0 (3.7)

"

Ups2: Q (N, u,) =0 (3.8)

They find that the solution to Eq.(3.8) is:

Q(n, u,) = anu? + B, un, (3.9)

for some arbitrary functions «,, and f,, of n. Substituting Eq.(3.9) and its first, second
and third shifts in Eq.(3.4) and then replacing the expression of w3 given in Eq.(3.2)

in the resulting equation yields

UpU
2 n Wn42
Un+3Un 3 + Oy igUnts + —
u? 1 (Ap + BrtigUy o
Apiy,

2
— A2l + U
'U/n+1 (An + Bnunun+2>2 ( et ﬁn+2 n+2)

) (Oén+1ui+1 + 5n+1un+1)

An n
- nt2 2 (anui + Bnun)
Un+1 (An + Bnunun+2>

= 0
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2
UpUn+2 UpUp+2
Q43 ( A B ) + Bn+3 A B
Unp+1 ( n + nunun+2) Unp+1 ( n + nunun—l-Z)
2
Q1 U Uy 42Uy 1 ﬁn+1unun+2un+1
2 2
uZ 1 (Ap + Buuptnse)  u (Ap + Buuptnz)
+ +
2
an+2Anunun 2 ﬁn 2Anunun+2
_ + o +
2 2
Un+1 (An + BnununJrQ) Unp+1 (An + BnununJrZ)
2
i anAnunun+2 N BnAnunun—sQ
2 2
Unp+1 (An + Bnunun—l—Q) Unp+1 (An + Bnunun+2>

= 0

an+3uiui+2 + By 3UnUng1Up 2 (A, + Buuntyga) + an+1unui+1un+2 (An + Bpuntin o)
+Bn+1unun+1un+2 (An + Bnunun+2) - O4n+214nunun+lu721-|—2 - BnJrQAnununJrlunJrQ
_anAnuiun—‘rlun—i-Q - 6nAnunun+1un+2

= 0

2 2 2. 2
n+2un+1an+1 + Bnunun+2un+1 (/BnJrl + 6n+3)

Buuiu
—Aqu? —A 2 A 2
Uy Un4-2Upn4100p nUnUy 4 oUn100n 42 + nUnUn4-2Up 1 Onid

+uiu721+2an+3 - Anunun+lun+2 (ﬁn + 6n+2 - /6n+1 4 6n+3) = 0. (3'10)

Equating coefficients of all powers of shifts of u, to zero and simplifying the resulting

system, they get its reduced form
a, =0, (3.11)

B+ Bni2=0. (3.12)

The two solutions of the linear second-order difference equation Eq.(3.12) are now taken

by

B, =" and B, = 5",

where 3 = exp(im/2) and B = — exp(in/2) is the complex conjugate of 3. The charac-
teristics are

Q1<na un) = B"u, and Q2(na un) = ﬂnuna

and hence, the symmetry operators are given by

0
X1 = Uy =+ B" iy

B + 8" Uy

a Y

Un42

0

n Un+1

17



—n a —n—+1 a —n+2 a
Xy =0 Una—un + UnJrl—aun+1 + 0 Un+2—aun+2
Utilizing the canonical coordinate
du du 1
Sn:/—":/n—":—nlnun 3.13
and the relation Eq.(3.11), they derive the invariant function V, as:
]}n = Snﬁn + Sn+26n+2~ (314)
1 n 1 mn
= ﬁln |un| B" + gl In [t 2| 572
= In|u,| + In|u,o]
= In|uptniol
Note that

Xl(i)n) _ Bn + 6n+2 -0
and
X,(W)=5"+5"=0.

For the sake of simplicity, they use

Val = exp{=Va}, (3.15)
instead.
V|l = exp{—In|uyu,.2|}
1
= V,=t—
(unun+2)
One can show by using Eq.(3.3) and Eq.(3.15) that
+1 +1 nt1 (A, + Buu,u,
Vi = _ — _ j:u 11 (Ay + Brupty2)
un+1un+3 unJrl Un+1(An+Bnunun+2) un+1unun+2
ATL B’I’L nYn
- 4+ 4 Doltnllni2 o4 g
unun+2 unun+2

At this stage, obtaining the solution of Eq.(3.3) is straightforward. They first use
Eq.(3.13) to get

[un| = exp(3,,5,).

18



They then invoke Eq.(3.14) to obtain

n—1 n—1
n —n 1 n_k ~ ]_ —n ~
|un| - eXp(ﬁ 1 + /8 Co — 5]620/8 6 1Vk1 - § kZO/B /Bk2Vk2). (3.17)
1= 2=

Finally, invoking Eq.(3.15) leads to

n—1 n—1
n —-=n 1 n—kjl 1 —n k2
un| = exp(8"cy + 3 aty E B 1H|Vk1|+§ E B 8™ 1n [V, |)

k1=0 ko=0
. n—1
= exp(8"c1 + B 2+ Y Re(y(n, k))In|Vi|), (3.18)
k=0

where V, satisfies Eq.(3.16) with y(n, k) = B”Bk Observe that ¢; and ¢, satisfy
c1 4 o = Inug| and Bey — c2) = In |uy]. (3.19)

Note that the equation in Eq.(3.18) give rise to solutions of Eq.(3.3) in a unified manner.

Moreover, for the function vy(n, k) = 5"3’“, we have

7(071) — Bv 7(170) :/87 '7(”’ n) = 17 7(n+27 k) = _7(n7 k)7 (320>
'7(77'7 k+2> = _7<n7 k): 7(477'7 k) :7(07 k)7 7(”7 4k> :7/(”7 0)

Utilizing the expression of u, in Eq.(3.18) and Eq.(3.20), note that

4n4j—1

|Uan+j| = exp(H; + Z Re(v(j, k1)) In[V,[)
k1=0

where
H; = Bey + Bjcz
For j = 0, they have,

|ugn| = exp(Ho +In | Vo| = In [ Va| + ... + In|Vip_a| — In V4 —2|)

n—1

Vis
= exp(Ho) [[ I
s=0

V4s+2

. (3.21)

It can be shown that the absolute value function is not necessary by using the fact that

19



To find exp(Hy), set n = 0 in Eq.(3.21) and note that |ug| = exp(Hp). Thus

Nevertheless, from Eq.(3.16), using the plus sign they have

Vl =
V2:
vy =
vy =
Vs =
Ve =

(3.22)

AoV + By

AV + By = Ay (AW + Bo) + By

AoV + By = Ag (A1 (AgVo + Bo) + B1) + By

A3V3 + By = A3 (Ay (Ar (AoVo + By) + B1) + Bs) + Bs

AVi+ By = Ay (A3 (As (A1 (AgVo + Bo) + By) + B2) + Bs) + By

AsVs + Bs = A5 (A4 (A3 (A2 (A1 (AVo + Bo) + B1) + Ba) + Bs) + By) + Bs

HAkl +Z (B H Ar,),

ko=Il+1

where Vy = 1/(ugug). Hence, using Eq.(3.22), they obtain

Ugn = Uo H

_UOH

s=0

n—1

—w ]

s=0
Ugn+1 =

n—1
=[]

s=0

n—1

V4s
s—0 V4s+2

k1=0

4s5—1
(i

4s5—1 4s5—1
o3 (10 )

ko=Il+1

4s+1
Vo ( 114

k1=0

4s5—1
({1
k1=0

4s5+1 4s5+1
o3 (11 )

ko=Il+1

4s5—1 4s5—1
‘|‘U0U2Z (Bz 11 AkQ)

ko=I+1

4s+1
k1=0
For j =1, they get

n—1
V4s+1
w]l=

V4s+3

s=0

4s
W (H Ap,

k1=0

4s+1 4s+1
+U0U22 (Bl H Akz)

ko=I+1

5 (Bl 0 A,m)

4542
Vo < 114

k1=0

=0 ko=I+1
4542 4542
2| B 1] A
=0 ko=Il+1
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4s 4s 4s
o1 <HA1€1> +UOUQZ <Bl H Ak2>

o H k1=0 =0 ko=I+1
= 4s+2 4542 4542 :
s=0
HAkl + UgU2 E Bl H Ak2
k1=0 =0 ko=I+1
For j = 2, they have,
Visio
Ugn+2 = U2
s—0 V4s+4

4s+1 4541 4541
i) S

k1=0 =0 ko=Il+1

= U2 H 1543 4543 4543
s=0 VO <HAk1> —+ Z (Bl H Ak2>

k1=0 =0 ko=l+1

4s+1 4s+1 4s5+1
(T 3 (1T )
B k1=0 1=0 ko=l+1
= U2 H 1543 4513 45+3 ;
s=0 (HA]ﬂ) —+ UO’LLQZ (Bl H Ak2>
k1=0 =0 ko=Il+1
Finally, for j = 3, they have
u —u V4s+3
In+3 — W3
* S5—0 V4s+5
4542 4542 4542
k1=0 ko=Il+1
us H 45+4 45+4 4544
s= OVO<HAK1) —{—Z (Bl H Ak2>
k1=0 ko=I+1
4542 4542 4542
(T w3 (1 )
k1=0 ko=Il+1
us H 4s+4 4s+4 4544
5=0 (HA]“) —|—u0u22 (Bl H Akz)
k1=0 ko=Il+1

More compactly, they have that

4s+5—1 4s+j—1 4s+5—1
( H Ak1> + ugus Z (Bz H Akz)

o H k1=0 ko=Il+1
Udn+j = U; A5+ 4s+y+1 45tj+1 ’
s=0
H Akl + UgUsa E Bl H Akz
k1=0 =0 ko=I+1
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j =0,1,2,3. Hence, the solution to their equation Eq.(3.1) becomes

4s+j5—1 4s+j5—1 4s+j5—-1
H ag, | +x_oxo E by H A,
n—1
=0

_ H k1=0 ko=141
Tanyj-2 = Tj2 (4s+j+1 ) ds+j+1 [ dstjtl ’
I 2

A, + T 2o bl H ks
k=0 =0 ko=Il+1

where 7 = 0,1, 2, 3, provided that the denominators do not vanish. In the other sections,

they give special cases of solutions.

3.2 THE CASE a, AND b, ARE 1-PERIODIC SEQUENCES

In this case, a,, = a and b,, = b where a, b € R. They split this depending on whether or

not a = 1.

3.2.1 The Case a # 1

The solution becomes

1 ; _qdsti
- a45+] + bl',gxo(l 4 )

. 1—a
e T N 1;[ ats T2 4 by_pxg () (3:29)
where j = 0,1, 2,3 and
a1 — a) + bx_gwo(1 — a®TIF2) £ 0V(s, j) € {0,1,2, ..., n—1} x{0,1,2,3}.

3.2.2 The Case a = —1

In this case, Eq.(3.23) reduces to

S (1) 4 baswe (G

2
$4n+'72:»’5‘72|| ) —(—1)7
J J " (_1)] 4 b$72x0(1 (2 1)])

=Tj-2.

o0

Note that remark in this case {z,}7° _,

is periodic with period 4.

3.2.3 The Case a=1

They obtain the following solution which, for b = +1, appears in [16] (see Theorems 1
and 3).

n—1

1+ bx_sxo(ds + 7)

x4n+j—2 - «Tj—2 Sr:J(:) ]_ + bl'_2$0(48 + ] + 2) '
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More explicitly, in terms of the initial values z_5, x_;, xy they have

n—1

H 1 + 4Sb$72XO
Tgp_g = T_ ,
4n—2 2 o 1+ (4s + 2)z_omob

1+ bx_ozo(ds + 1)
- 1H1—|—bx 2To(4s + 3)’

Tan—1 =

. — 1 + b$,2I0(4S + 2)
Fan = 20 H) 1+ br_omwo(4s + 4)

and

n—1

T_9xg H1+b:c 2xo(4s + 3)
1+ bx_oxo(4s +5)

Ton+1 =
z_1(a + br_sm) 0

3.3 THE CASE a, AND b, ARE 2-PERIODIC SEQUENCES

In this case, for j = 1,3 the solution becomes

n—1 |as+j—1] ;
_ (apa1) 2 ag + 2_220f(j, ao, bo)
Lan4j—2 = Lj-2 H [4s+5+1]
s—0 (@oa1) 2 ag+ x_owo f(j + 2, ao, bo)
where
4s+j—1 . 4s+j—1 .
, B |4s +j —1—1] [4s+j —1—1]
f(J ao, bo) =bo Y (aom) 5 +agby Y (aoas) 5
1=0,l even 1=0,l odd
For j = 0,2 they have
n—1 [4s+j—1] .
(agay) i ag + r_2209(J, ao, bo)

Tyn4j—2 = Tj-2 H [4s+7+1]
s—0 (@oa1)™ 2 ag + x_2x09(j + 2, a0, bo)

where
4s+j5—1 . 4s+j5—1 .
. 4s+7—1-1 4s+45—1-1
9(37 ap, bo) = a1 by H; (aoa1) L J 5 J + B l_;dd(aoaﬂ L J 5 J

As a result, in chapter three, we first gave an example to step by step details for explain

Lie symmetry analysis which we used along this thesis.

23






CHAPTER 4

SOLUTIONS OF THE EQUATION z,., = Latastat — WITH LIE

xn—1$n—3(an+bn5’3nxn—2xn—

SYMMETRY ANALYSIS

First of all, we say that the results of this chapter are cited from [45] which has been
accepted for publication.

In this chapter, we obtain exact solutions of the following rational difference equation

TnTpn—2Tn—1a

)
xn—lxn—i’)(an + bnxnmn—an—4)

Tpy1 =

where a,, and b, are random real sequences, by using the technique of Lie symmetry
analysis. Moreover, we discuss the periodic nature and behavior of solutions for some
special cases.

In [16], Ibrahim investigated the solutions and properties of the difference equation

LpTp—2
Tp—1(a+ brpz, o)

Tnt1 =

where initial values are nonnegative real numbers.
Elsayed and Ibrahim [38] obtained the solutions of the following difference equations of

order five

TnTp—2Tn—g

Tyt = n=01,2, ..

Tp1Tn_3(E1 £ 2,20 0Ty 4)’
where the initial conditions x_4,x_3, _9,x_; and z( are arbitrary real numbers.

Our aim in this chapter is to give the form of the solutions of the following difference
equation

TpnTpn—2Tp—1a

4.1
xnflxnf?)(an + bnmnl‘n72xn74) ( )

Tnt1 =

in closed form, where (a,)nen,, (bn)nen, are non-zero real sequences, via the technique of
Lie group analysis. In this work, we are motivated by the results of Elsayed and Ibrahim

38]
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For the sake of convenience, we instead investigate the Kovalevskaya form of Eq.(4.1):

UnUp+2Unt4
Upt5 = . 4.2
o un+1un+3(An + Bnunun+2un+4) ( )
4.1 REDUCTION AND SOLUTIONS
Consider difference equations of the form Eq.(4.2), i.e.,
Unys = Q _ UnpUp+2Un44 (4'3)

Up+1Un+3 (An + Bnunun+2un+4)

To get the symmetry algebra of equation Eq.(4.3), we apply the invariance criterion

Eq.(2.7) to Eq.(4.3) to get

un+2un+4An
n+5,Q)— n, U
Q< ) un+1un+3(An i Bnunun+2un+4)2 Q( )

Up4-2Un4Un
Qn+1,up41)
un+3u%+1(An . Bnunun+2un+4) -

un+4unAn
- Q(n + 2, unis)
un+1un+3<An it Bnunun+2un+4>2 'y

u +4U +2U
2 X - - Q(n + 37 un+3)
un+1un+3( n + Bnunun+2un+4)
un+2unAn

a n + 47 uTL - O 4'4
Un1Un+3(An + BntlpUni2tn14)? @ +4) (4.4)

+

+

By acting the partial differential operator

0 Ouns 8 9 (09/0u) O

L= =
ou, Oy Oupyz  Oup,  (0/Ouyi3) Oupys’

on Eq.(4.4), we have

A, ,
(2un+2un+4Bn + U_) Q - (An + Bnunun+2un+4)Q + (Bnunun+4)s(2)Q

n

An Bn n Wn mn !
— (An + Butintinstin ) S®Q + (A + Bpntni2tnia) S®Q + (Bpntin2) SWQ =o.
Un 43

(4.5)

The notation / stands for the derivative with respect to the continuous variable. Differ-
entiation of Eq.(4.5) with respect to u,, twice, while w19, U, 3 and wu, 4 are fixed, yields

the equation

2An 2An ! An /, 12 "
3 Q- 2 Q+—Q"-A4,Q - (Bnunun+2un+4)Q = 0. (4.6)

uy uzs Up,
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The equation above is solved by separation of variables in powers of shifts of u,,. Thus,

we have the system

1 Q) — Q) + @ () — Q) =0

n n
"

UptoUnia  Q (nyu,) =0

whose solution is as follows:

Q(n, up) = anu + B, un, (4.7)

or some arbitrary functions «,, and f3,, of n to be found. Substituting Eq.(4.7) and its
first, second and third shifts in Eq.(4.4), and thereafter, replacing the expression of u, 5

given in Eq.(4.3) in the obtained equation, it follows that

2,2 2 2 2
U Uy 9Us, 4 4 Opis — AUy U 1 Un g 2Un 1 3Un g4 + Ap Qi 1Un Uy, Un2Un 3Un 44

2 2
_Anan+2unun+1un+2un+3un+4 + Anan+3unun+1un+2un+3un+4
23 2,2 2 2
— An O 4Un Up 1 1 U 2Un 13Uy g+ Qg1 Bpugug ots 4 g3y,
043 Butiy Uy oty +A4 (Brss = B+ 8
O3 Dn Uy Usp  oUs 1 g Uy 4 3Un ] nUnUn+1Un4+2Un43Un+4\Prys n n+1
2,2 2
_/6n+2 + 6n+3 - 6n+4) + Bnunun+2un+4un+lun+3(5n+5 + 6n+1 + ﬁn+3)

= 0. (4.8)

Equating coefficients of all powers of shifts of u, to zero and simplifying the resulting

system, we get its reduced form

Qp = Oa Bn + Bn+2 + 6n+4 =0 (49)

and its solutions are
o, =0 and B, = (=1)""c; + (=1)"F ca+ s+ "cu

for some arbitrary constants ¢;, i = 1,...,4 and where § = exp (7i/3). So, we get four

characteristics given by

Q1<n7 un) = (_1)nﬂnum QZ(n7 un) = (_1)n3”um Qg(ﬂ, un) = Bnum
Q4(7’L, un) = ﬁnun
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The four corresponding symmetry generators X, X5, X3 and X, are as follows:

4

X, = Z(_B)nJrjunJrjaunJrja
=0
4 —

Xy = Z(—ﬁ)n+jun+jaun+j7

J=0

X3 = Z(B)n+jun+jaun+ja
3=0
4

Xy = Z(ﬁ)n+]un+jaun+j'

j=0

Here, using )4, we introduce the canonical coordinate [35]

g / du,, du,, 1 In |
n= [ 37—~ = [ an. = Zn0|Un|.
Q4(naun) 6 Unp, /8

Using relation Eq.(4.9), we derive the function

‘771 = nﬁn + Sn+26n+2 + Sn+46n+4

and let

V.| = exp {—‘N/n} :

(4.10)

(4.11)

In other words, V,, = £1/(unupn2tni4a). One can show by using Eq.(4.3) and Eq.(4.11)

that

Vn+1 - Anvn + Bny

that is,
n—1 n—1 n—1
Vo=Vo[[ A+ B ] Aw.
k1=0 =0 I+1=0

Here, we first use Eq.(4.10) to have

|un| = exp(S,6").

Then, invoking Eq.(4.11) yields

n—1

[tn| = |Hn| exp

k=0
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where Vj, is given in Eq.(4.12) and note that the H,’s satisfy

1 1
Hy=wz9, Hi=x1, Hy=1x9, H3=1x3, Hy= , Hs= , Henyy = Hj.
T2 X173

We can simplify the solution Eq.(4.13) further by splitting it into six categories. We have

6n—1
2 — — 1
\ugn| = Hgp exp [g gzo <cos (6n 5 k)m cos (6n lg—{— M) In |V

= Hoexp(InVg—InVo+InVg—InVg+ ... + In Vg, ¢ — In Vi, _4)

n—1

=] |
k=0

Thus

Ve
Ver+2

n—1

Ver,
Ugy, = U, ; 4.14
f Olgvmwz (4.14)

It can be verified, using V;, = 1/(u,up12Uni4), that there is no need for absolute value
function in Eq.(4.14). Similarly, for any j = 0,...,5 we obtain the following:

n—1

Ubn+j = UjH

k=0

Vek+j
Vek+j+2

For j =0, we get

6k—1 6k—1 6k—1
n—l( I1 Akl) + uguguyg (Bl I1 Ak2)

=0 ko=Il+1

ZUOH Gkt 1 6kt 1 6kt 1
k0< H Akl) + UgU2Uy (Bl H Ak2)
= i

=0 ko=l+1

6k 6k 6k
— ( I1 Akl) + Uty (Bl 11 Akz)

— H k1=0 =0 ko=I+1
— " 6k+2 6k+2 6k+2
k=0 H Ak1 + UQgUaUy4 Z Bl H Ak2
k1=0 =0 ko=Il+1
For j = 2, we obtain
n—1
u . HV(ik+2
6n+2 — W2
v
g Y 6k+4
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6k+1 6k+1 6k+1
< H Akl) + UoUaUyg Z (Bl H AkQ)

1=0 ko—i+1
2H 6k+3 6k+3 6k+3
( H Ak1) + UoUaUyg Z (Bl H Akz)
k1=0 =0 ko=I[+1
For j = 3, we find
V(ik+3
Ugnrsg = U
6n+3 3HV6 ois
6k+2 6k+2 6k12
< H Ak1> + UoU2Uyg Z (Bl H AkQ)
1=0 ko—i+1
3H 6k+4 6k-+4 6k+4
( H Ak1) + UoU2aUyg Z (Bl H Ak2)
k1=0 1=0 ko=l+1
For j = 4, we have
n—lV
6k+4
Uen44 = Usg
" gvﬁk-&-ﬁ
6k+3 6k+3 6k+3
< H Akl) + UgU2Uy Z (Bl H AkQ)
1=0 ko=1+1
4H 6k+5 6k+5 6k+5
( H Akl) + UoU2Uyg Z (Bl H Ak2)
k1=0 1=0 ko=l+1

Finally, for j =5, we get

1 —u H ‘/6]6-"-5
6n+5 — W5
o Vert7

6k+4 6k+4 6k+4
_1< H Akl) + UgU2Uy Z (Bl H Ak2)
k1=0

_ H 1=0 ko=l+1
- 616 6k-+6 6k-+6
k=0 H Akl + UoU2aUyg Z Bl H Ak2
k1=0 1=0 ko=I+1

More compactly, we have the solutions of Eq.(4.3) as follows:

6k+j—1 6k+j—1 6k+j—1
1< H Ak1)+UOU2U4 Z (Bl H Ak2>

n
u —u H k1=0 =0 ko=I+1
6n+j — Ty 6k+j+1 6k+j+1 6k—+j+1
k=0 H Akl + UgUoly Z Bl H AkQ
k1=0 =0 ko=l+1

j =0,1,2,3,4,5. Therefore the solutions of Eq.(4.1) become

6k+j—1 6h+j—1 / 6k+j—1
noa| I aw | +2oazoze >0 |00 ] an,

k1=0 =0 ko=I[+1

R <3 <5.
Lon+j—4 x]_4H 6k-+j+1 6k+j+1 / 6k+j+1 0=Jj=<5
k=0 H Ak, | +T_4x_2x0 Z bl H Q.
k1=0 =0 ko=Il+1
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4.2 THE CASE a, AND b, ARE 1-PERIODIC SEQUENCES

In this case, a,, = a and b, = b where a, b € R. Then, equations in Eq.(4.15) simplify to

) 6k+j—1
ne1 @+ yx sweb () dl
=0 0

Ten4j—4 = l’j_4H Ghtyt1 s S j S 5. (416)
k=0 g6k +i+2 4 3 1 oxob ( 3 al)
1=0
Theorem 4.1 The difference equation
Y
Tntl = 2 : (417>

Tn-1Tp-3(a + bTpTn—9Tn—4)

has a periodic solution of period six if and only if v_sx_sxy = 1%“, a# 1.

Proof. Here, x_,x_s19 = I’T“ and then Eq.(4.16) simplifies to

' 6htj—1
ne1 @ 4+ (1 —a) < X al>

=0 .
Tentj—a 2%—41_[ Sk Tl ,0<7<5
k=0 gBk+i42 1 (1 — q) ( $ al)
=0
n1 g8kt 4 (1 - q) <171a,62+j)
0<7<5

Lj—4 St i 1 abktit2 )
k=0Q°"TITE (1 - a) I
=Tj—4,

fori=0,...5. =

Theorem 4.2 Let {x,} be a well-definied solution to the sequence

TpTp—2Ln—14

Tpy1 =
xn—lxn—ii(]- + bxn$n—2xn—4)

with b # 0. Then

lim z,, = 0.

n—oo

Proof. Using Eq.(4.16), with a = 1, we have

n—1

" - H 1+ 6/€+] bl’ 4T 92X
6n+j—4 =Lj—4 1+ (6k + j + 2)bx_4x_o10

. H 2bx_ 4L _2X0
T 6]17"—]"—2)1).73 4T 92X
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Clearly, 1+ (6k + j + 2)bx_4x_2x9 — 00 as k — oo. Therefore, we can always find a

sufficiently large ng € N such that for all £ > ng, we have

1+ (6]{7 +] + 2)bx_4x_2$0 >~ (6]{? + ] + 2)(737_41‘_2%'0.

So
n—1 9
Ten+j—a4 = xj_4F(n0) H (1 - m)
k=ngp+1

n—1 9

= $]’,4F<no) H exXp [ln (1 — m)]
k=no+1
Note that
ng 9
T(no)=J](1- —").
(o) H( 6k+j+2)

k=0

Now, using the fact that In(1 + x) = x + O(2?) for small z, we obtain

n—1
9 1
Tonj-a = j-al(no) [ exp {_m O (m)}

k=no+1
n—1
1
k=no+1 k=no+1

7=0,...,5, and hence x,, > coasn —00. m

Next, we deal with the cases a = £1 and b = £1.

4.2.1 The Case a=1 and b = £1.

We can verify our results from [38] (see Theorems 1 and 6) that

n—1

- — H 1+b 6]€+])SL’ 4T 22
6n+j—4 = Lj—4 1+b (6k + J + 2)x_42 210

Clearly, in terms of the initial values x_4,x_3,7_9, x_1, xg, we have

n—1

i . H 1+ 6bkx_s2_o10
e k=0 1+ (6k + 2)br_4z 270

H ]_ + 6k‘ + biL‘ 4T 9T
Ten—3 = T—
6n=3 3 1 + 6]{? + 3 bx_ 4T _ 25(30

Y14 (6 + 2)ba gz
x2H +(6+)§U4$2(E0

tor2 = LT 6k + d)ba_gr o’
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n—1
_ 1+ (6K + 3)be_sz_amo
Lon—1 = T2 H 1+ (6k + 5)bx_sx_s10’

H1—|— (6k + 4)bx_4x_ox0
1+ (6k + 6)bx_sz_sxg

and

n—1
T_4T_220 H 1+ (6/4? + 5)bl’_4l’_21}0

Ten+1 = 2 17_3(1 + br_sT_s70) o 1+ (6k + 7)bx_42_s1

4.2.2 The Case a=—-1and b= +1

In this case, the solution becomes

n-1 (—1)7 + br_4x_s70 (ﬁ)
(

Tontj—a4 = $j74H

k=0 (=1)7 + bx_4x_oxq

where j =0,1,2,3,4,5.
Therefore, in this case it is easy to see that the solutions are periodic with period six.
It is clear that, here, the extra condition x_4x_sxg = l;ba in the above theorem is not
needed. We can check our results with the ones which is obtained in [38] (see Theorems
3 and 8).
Finally, we obtained four symmetry generators of shifted equation and used one of these
generators to obtain exact solutions with Lie symmetry analysis to difference equations
of the form

TpTp—2Tn—4

In—lxn—?)(an + bnxnxn—Zl'n—4)

Tp41 =

where (a,)neng, (bn)nen, are non-zero real sequences and this was the extension to the
work done by Elsayed E M and Ibrahim T F [38]. However, the method we used is

completely different from the above mentioned study.
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CHAPTER 5

THE EXACT SOLUTIONS OF SOME HIGHER ORDER DIFFERENCE
EQUATIONS VIA LIE SYMMETRY ANALYSIS

In [26], Folly-Gbetoula and Nyirenda studied the solutions and properties of the difference

equation

Tp—7Tp—2
$n74(an + bnxn77$n72)

Tp41 =
where a,, and b,, are arbitrary sequences of real numbers and initial values are x_7, r_g,
., z_1 and xo. Mnguni et al. [43] investigated

Tn—4
ap + bn$nxn—1xn—2xn—3xn—4

Tnt1 =

where (a,) and (b,) are arbitrary sequences of real numbers.

Elsayed [24], obtained the solutions of the following difference equations of order six

Tp—5
n = 9 51
I (5.1)

and Folly-Gbetoula and Nyirenda [25] perform a Lie symmetry analysis, derive formulas
for solutions of Eq.(5.1) .

Elsayed [42], found the solution of the following difference equations of order ten

Tp—9
i1 = . 5.2
It Y g st 5:2)

In this chapter we give solutions of the following difference equations with the invariant

of their group of transformations:

Tn—9
= 5.3
o+t Gp, + bnmn—4xn—9 ( )

for some arbitrary sequences of real numbers (a,,) and (b,) .
The solution to our difference equation provides a generalization of the solution of Elsayed

[42] to equation Eq.(5.2) in a more general setting.
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Without loss of generality, we instead study the difference equation

Unp,
{10 An + Bnun+5un ( )
Imposing the symmetry condition Eq.(2.7) to the equation above, we obtain
B, u? A,
n+ 10, u, + L n—+ 5, Upys) — n,u,) =0
Q( —HO) (An + Bnunun+5)2 Q( +5) (An + Bnunun+5)2 Q( )
(5.5)

The characteristic () takes different arguments, and solving for it becomes diffucult. So

we first eliminate u,,19 by implicit differentiability with respect to w,. This yields

A / A /
- Q n+ 57 Unp - . Q n, Up
(An + Bnunun+5)2 ( +5) (An + Bnunun+5)2 ( )
24,
+ s Un
Up, (An + Bnunun+5)2 Q(n 4 )

= 0

and after simplification, we get

Q0+ 5, tnss) = @ (1, 10) + Q1) =0,

where ' denotes the derivative with respect to the continuous variable. We now elimi-
nate u,.5 by differentiating the above equation with respect to u, and get the following

equation:

Q" (1,1) ~ Q' (m, 1) + Q) =0, (56)

n n

Thus, the solution of Eq.(5.6) is

Q = iy + B,ul (5.7)

where «,, and 3,, are functions of n. We substitute Eq.(5.7) in Eq.(5.5) and with simpli-

fication, we are led to
2 2 2 2,2 2
W10 AnUn+n 110 Brtty Un 5+ B4 10U+ 0nts Brtin tn 5+ 8, 5 Baug s s — o Apun— 8, Aguy, = 0

To solve for «,, and f3,,, we use the method of seperation by powers of shifs of u,, and we

obtain the following reduced system:

ap + apys = 0, (5.8)
8, = 0.
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The solution of Eq.(5.8) are (—1)" ,exp (£nn/5) , exp (£3nm/5) . Let 6; = exp (n7/5) and

0 = exp (3n7r /5) . The implication is that we have five non trivial generators

n+s
Xl = § 0 n+s ;
Unp,

+s

. 5
X2 = 291 Unts >

aun—l—s

XS = Zeg+sun+sia

s=0 aun+s
9
—n+s 8
X4 = E 92 Un+s
s=0 aun+s
: )

X5 = ) (1) gy

s=0

aun—i—s

5.1 REDUCTION

We use the known choice of canonical coordinate [9],

dun
Q(n,uy)
Using X; (we could have chosen X, X3, X4 or X5), we have

Sp = /L = inln|un|.
Q1 (n,u,) 07
Using Eq.(5.8), it can be shown that
X1 (078045 +07s,) =0
and so
Vi = 075, + 07 505
is an invariant of X;. We introduce
i = e {74},
i.e., V, = £1/u,u, 5. For the rest of the work, we use V,, = 1/u,u,15. One can show that
Vais = AV + By, (5.9)

and it can be verified that the closed form solution of Eq.(5.9) is

n—1 n—1 n—1
Vi =V (HA5k1+j) - (Bw 11 A5k2+j> L j=0,1,2,34 (5.10)

k1=0 =0 ko=I1+1
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5.2 EXACT SOLUTIONS OF EQUATION (5.3)

Working backward to express the result in terms of the original variable u,,, we get

n—1
07 ¢t 4 0, ¢ 4 05cs 4+ Oycq 4+ (—1)"c5 + %Z(—l)”*ko In |V, |
ko =0
n—1 n—1
[t = exp Y 010 I |Viy |+ £ 6,67 I |V,
k1=0 kea=0
n—1 n—1
1D 036, Vi |+ 18505 In |V,
k3=0 lea=0

n—1 n—1 n—1

1 2 2

— exp (Hn + 2 (CD R m Vi [+ 23 Re [yi(m k)] In [V, | + 2> Re[75(n, k2)]In |Vk2|)
ko=0 k1=0 ko=0

(5.11)
where H, = 07c; + 0, ¢y + 0%cs + Oycq + (—1)"cs and v,(n, k) = 076", s = 1,2.
Note that the functions 7, (n, k) = 0"0°"% s = 1,2 satisfy the following properties:

s7s )

Vs(n+5,k) = 7,(n,k+5)=—7,(n,k),7,(n+10,k) = 7,(n, k + 10) = 7,(n, k), (5.12)

vs(10n, k) = 7,(0,k),v,(n,10k) = v,(n,0),s =0, 1.

We recall that 6; = exp(nn/5) and 0y = exp(3n7/5).
From the expression of u,, given in Eq.(5.11) and from the above properties Eq.(5.12), it

is clear that

|U10n+j| = exp (Hj + gw%l((_l)j_k +2Re[y,(4, k) + v2(J, k)]) In Vk> , where 0 < j <9.
w (5.13)
For j = 0, we have that
luron] = exp(Ho+ In|Vo| — In|V5|+ ... + In [Vign_10] + In|Vign_5|) (5.14)
n—1
= ew(i)]] ol

By setting n =0 in Eq.(5.14), we get exp (Hp) = ug and so

n—1

Uton = UOH
s=0

LGOS
Vios+s
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Using 1/ (uptnys), it can be shown that there is no need of absolute values. More

generally, for any 7 = 0,1, ..., 9 we obtain the following;:

n—1

B Vios+j
Uton+j = Uj v |
5—0 10s+j5+5
Using Eq.(5.10), where n := 2s and j = 0 for Vs, and n := 2s+1 and j = 0 for Vg5 we
have
2s—1 2s—1 2s—1
Vis = Vol [[4sm | + g By [] Ask,
k1=0 ko=Il+1
2s—1 23 1 2s—1
= Vo| J] 4sw. + § Bs [[ As,
k1=0 l 0 ko=I1+1
2s—1 2s—1 2s—1
= HA5k1 +U0U5§ By H Aspy
UgUs i
1=0 1=0  ko=l+1
and
Viosts = (HA5k1) + E <B5l H A5k2>
k:z 1+1
= HAM § :Bf,l H Asp,
Vo
ko=Il+1
= HA5k1 +U0U5§ Bs H Asp, | -
UpUs
k1=0 =0 ko=I[+1
Thus
2s—1 2s—1 2s—1
. HA5k1 +ugus Y By [ Asks
1=0 k:2 I+1
Uron = UOH
s=0
HA5k1 +U0U5E B H A5k2
k1=0 =0 ko=Il+1
which implies that
2s—1 2s—1 2s—1
Ha5k1 +a_i0r-5Y by [ asks
k1=0 =0 ko=I+1
L10n—10 = L— 10H 28 28 .
Ha5k1 +a_107-5» by || asks
k1=0 1=0  kyp=I+1
For j = 1, we have that
2s—1 2s—1 2s—1
Ha5k1+1+$ 9T 45 bsi+1 H A5ky+1
k1=0 1=0 k=141
Tiono = T- 9H T ~
Ha5k1+1+$—9$—4§ bsi41 H A5ky+1
k1=0 =0 ko=I+1
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For j = 2, we get that

2s—1 2s—1 2s—1

Ha5k1+2+l’ 8T 3E bsi42 H A5ky+-2

o — 0 Hkl— =0 ko=I+1
10n—8 — 8 2s 2s

H a5k, +2 + 8T _3 E bsi4-2 H A5ky4-2

k1=0 =0 ko=I+1

For j = 3, we obtain that

2s—1 2s—1 2s—1

Ha5k1+3+$ 72 bsiys || dskors

o — 0 Hkl— =0 ko=I+1
10n—7 — 7 2s 2

" T askirs + v—rw2) bsies [ askars

k1=0 =0 ko=I+1

For j = 4, we have that

2s—1 2s—1 2s—1

Ha5k1+4+x 67— 15 bsi4a H A5ky+4

o — 0 Hkl— =0 ko=I+1
10n—6 — 6 2s 2s

H A5y +4 + T_6T_1 g bsi44 H A5ky+4

k1=0 =0 ko=I1+1

For j =5, we find that

2s 2s 2s—1

Ha5k1 + T 57 105 bs; H A5k,

H k1=0 =0 ko=I+1

Tion-5 = T-5] | 577 2541 2s+1
Ha5k1 + T 5T _10 E bs, H A5k,

k1=0 =0 ko=I+1

For j = 6, we get that
2s 2s
Ha5k1+1+$ 9T — 45 bsi41 H A5k, 11
H k1=0 =0 ko=Il+1
Tion—4 = T-a] | 5775 2541 2541
Ha5k1+1 + X _9r_4 g bsi41 H A5ky+1

k1=0 =0 ko=I+1

For j = 7, we obtain that

2s 2s 2s

Ha5k1+2+$ 8T 3E bsi42 H A5ky4-2

H k1=0 =0 ko=I+1

Tin-3 = T3] | 577 2541 2511
Ha5k1+2 + T 8T _3 E bsi42 H A5ky+2

k1=0 =0 ko=I+1
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For j = 8, we have that

- Ha5k1+3+$ 7T— 22 bsi+3 H A5ky+3

- Hkl— ko=Il+1
Tion-2 = T-2] | 5779 25+1 25+1
s=0
Ha5k1+3+9€ 7T 25 bsi+3 H A5ky+3
k1=0 ko=Il+1

For j =9, we find that

- H@5k1+4+33 67— 12 bsi44 H A5y-+4

- Hkl— ko=Il+1
Tion-1 = T-1] | 579 2s+1 2s+1
s=0
Ha5k1+4+3§ 67— 12 bsi44 H A5)y-+4
k1=0 ko=Il+1

5.3 THE CASE a; AND b; ARE 1-PERIODIC

5.3.1 The Case ay # 1

In this case, we have the solution defined by the following equations

25

n—1
S+ 2 102 5o L
T1on—10 = $710| | 25119
2s+1 1—ay
s=00 + T_10T- 550ﬁ

2s

2s 1
ag + .T_gm_gboﬁ
T1on—8 = T— H 2ot 1 1— a23+1 )

s—0ay” "+ T_gT_3by

lao

_a2s

2s 1-ag
10n—6 — L& —
n 2541 1 25+1 )

s=00y T T_6T— 1b0ﬁ

n—1 2s+1 1—aZstt

Lion—4 = T— 4| | 2912
s
s=0 Qg + .fC74§L’,gbO

+ T 4T 950W

1_a2s+2 )

1—ag

_ 1 a25+1

n 1a35+1+x 2 _7bo———
T1on—2 = T— 2| | .
n 25+2 1_ags+2 9

s=0 Qg + 56‘72.%',7[)0

1—ag

5.3.2 The Case qg = —1 and by =1

s b 1—0%5
+ T 9T 4bo7— -

Tion—9 = T—9 | | 251
2s+1 1—agy
s=0 Qg + T _gx_ 4()0

n—1

ag

s b 1—(1,%s
+ X _7x_9 01 a0y

Tion—7 = 3?771_[
2s+1

b 1— a2s+1
s=00y  + T_70_2bp———
2s+1

n—1,2s+1 —a
Qg + {L'_5fL'_1[)b0W
Tion—5 = T—5 | | 2512

2542 1
s=00Qq + T 57 10b0—1 w0

n—1 23+1 1—qZ2st!

+ T _3x_ 8b0—1 a0
Tion-3 = T— 3H 2542 1_a25+2

s=0 Qg +$73I,8b0 1—ag

n—1a23+1 1 a25+1

. o H 0 +r_17_ 6b0—1 a0
10n—1 — 1
" 2542 1—q3"t?

s=00y Tt »’Ufleﬁbo—l_ao

In this case, we obtain the following solution which appears in [42] (see Theorem 4)

n
Tign—1 = To1(—1+2_12_6)", T1op—2 = T_

n
Tion—3 = T_3(—1 4+ 71_37_g)", Tion—4 = 7

2(-1 + $_2$_7)n

(=142 42_9)"



T1on—5 = T_5(—1 +2_57_10)"", Zion-6 = T_6(—1+2_g2_1)""
Tion-7 =T _7(=1+ 2 72_5)"", Tiogng =1 g(~1+z g0 3) "
T1on—9 = T_o(—1+ 297 _4)", Tign-10 = T_10(—1 + T_107_5)"

where v _1x g # 1,0 00 7 # 1, x 30 g # 1, x_4x 9 # 1, x_50_19 # 1.

5.3.3 The Case aqp = —1 and by = —

In this case, one obtains the solution defined by the following equations and appears in

[42] (see Theorem 9)

Tion-1=2_1(—1 = 2176)", Tion2 =T 2(—1 -2 07 7)",
Z1ion—-3 = x—s(—l - «75—333—8)n7 Tion—4 = I—4(—1 - 1’—4$—9)n7
Tion—5 = T_5(—1 — 2_50_10)" ", T1on—6 = T—6(—1 —2_6T_1)" ",
Tion-7 =T 7(—1 —2_72_5)"", Tion-s8 =T _s(—1—2_g7_3)7",

T1on—9 = T_g(—1 —2_gx_4)"", Zion—10 = T_10(—1 — z_107_5)"

where T_1T_¢ # —17I_2I_7 7£ —]., T_3T_8 % —1,.7,'_4.73_9 # —1, T_5T_10 # —1.

5.3.4 The Case qp =1 and by =1

In this case, we have the solution defined by the following equations and appears in [42]

(see Theorem 1)

n—1 n—1

B 1+ (2s+ 1) z_17_¢ 1+ (2s+1)z_ozr 7

Flon—1 = & 1H1+ 2542 ZL'_1[L’_67 Tlon-2 =& 2H1+ 25+ 2 .17_255'_77
=0 =0

i—[ll + (2s+ 1)z 32 5 . _ ﬁl + (2s+1)z_g4x_o
3 Al (2s+2)x 32 g’ 1on—4 4 el (2s+2)x_4x_g’

Tion—-3 = T

n—1

ﬁl + (28 + ].) T_5T_10 " — H 1+ 281'_61’_1
0 1+ (28 + 2) ZIJ_5Z)’J_107 ton=4 4 =0 1+ (28 + ].) [E_GI_17

T1on—5 = T—5

n—1

. . H 14 2sx_7x_9 - . H 14 2sx_gr_3
10n—7 = T—7 1+ 25+ Do sy’ 10n—8 = T_g 1+ (25 + 1) 7 s75’

n—1

- . H 1+ 2sx_gr_4y - . H 1+ 2sx_q07_5
10n—9 9 1—|—23—|— V% _oT 2’ 10n—10 = ZT—10 1+23+1x10x5

42



where jo_1x_¢ # 1,jx_ox 7 # 1,jx_30_g # 1, jx_4x_g # 1,jox_sx_19 # 1 for all j =
1,2,....2n.

Finally, we get five symmetries of the difference equations Eq.(5.3) . As a result, solutions
to the equations were obtained with Lie symmetry analysis and the solutions found were

compared with [42].
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CHAPTER 6

THE EXACT SOLUTIONS OF =z, = % USING LIE

AnTp—2+bnTn—

SYMMETRY ANALYSIS

In [4], Folly-Gbetoula et al. investigated the solutions and properties of the difference
equation

TnTn-3
ApTn + bnxn—él

Tp4+1 =

for some arbitrary sequences of real numbers {a,} and {b,} .
Elsayed and Khaliq [55] obtained the solution of the following difference equations of
order four

ATpTn—2
Tpy1 =
bx,_ o+ cx,_3

where the initial conditions x_3 x_5, z_1, 1o are arbitrary positive real numbers and a, b, c
are positive constants.

In this chapter, we derive solutions of the following difference equations via the invariant
of their group of transformations:

TpLp—2

Tnt1 =

6.1
AnTp—2 + bnxnf?; ( )

for some arbitrary sequences of real numbers {a,} and {b,}.
For the sake of notation and definitions used in this work, we shall consider the Ko-

valevskaya form of Eq.(6.1), that is

Up4-3Un+1
nUn+1 + Bnun

Un+4 = A (62)

where A, and B, are random real sequences.
6.1 SYMMETRIES

Consider the difference equation Eq.(6.2). Assume that the Lie point transformations are

of the form Eq.(2.8) and let the corresponding symmetry generator of the characteristic
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Q be

X =Q(n, un)

0 +SDQ (n, uy) 5 0 + .. 4+ S9Q (n,uy,) 0 (6.3)

8un Un+1 aunJrS

The symmetry generator X satisfies the linearized symmetry condition Eq.(2.7), i.e.,

Un,
SDQ (n,u,) — ™ +1:r1 VT SOQ (n, uy) (6.4)
B, uyuy,
-~ 2 SWQ (n,u,)

(Anun+1 + Bnun)
Bn n n
SIS (n, )
(Anun+l + Bnun)
= 0.

In order to solve for @), we firstly eliminate the first term in the equation above, by

applying the operator

0 Ouns 0

L =
ou,, Ou, Oupis

on Eq.(6.4), that is, we differentiate the functional equation Eq.(6.4) implicitly with
respect to u, by assuming wu,.3 as a function of u,; u,+; and u,,4. This yields the

following (after simplification):

Anun—i-l + Bnun

Q (TL + 37 un+3) - An@ (n + 17 unJrl)
Up+3
-B,Q (n> un) + (Antny1 + Bruy) Q/ (n> un)

- (Anun—l—l + Bnun) Q, (n + 37 un+3)

We differentiate the above equation with respect to u,, twice, keeping u,, 3 constant, and

obtain the following equation:
BnQ” (n, un) + (Anun+1 + Bnun) Q”I (n> Un) =0

whose solution is
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for some functions « and (5 to be found. We now substitute Eq.(6.5) in Eq.(6.4) and get

the overdetermined equation

s (Antl Unys + BupUn 3tni1) + By (Antingr + Byuy,)?
— Qi3 (AnUi+1Un+3 + Bnununﬂumg)

—Bis (Anu721+1 + Bnunun+1) — Qg1 (Ung1 Bptintny3)

—Bri1 (Brntngs) + i (BptnUny1tng3) + B, (Bpling1Uny3)

=0

which separation by monomials gives

Qppd — Qpig — Qpy1 +a, = 0,
Qpta — Qpyg = 0,

5n+4 - An5n+3 = 0,

Brya = 0,

5n+4 - 2An/8n+3 = 0,

Boyr = 0,

B, = 0.

We obtain the following reduced system:
Qpi1 — ap =0, B, =0.

We use the known choice of canonical coordinate Eq.(2.6),

duy, 1

OplUn Qnp

and let
70| = exp [@n S — Qi1 Sni1] -

We obtain one (new) independent variable (also an invariant) as follows

U,
= 6.6
Un+1 ( )
and
Tniz = Ap + Burp. (6.7)
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The general form of Eq.(6.7) after iterations is
n—1 n—1 n—1

T3p = T0 (H B3k1> + <A3l B3k2>
k1=0 1=0 ko=1+1

or simply
n—1
<A3z 1T Bsk2>-

n—1 n—
Uo
Tan = (H33k1> +
It can be verified that the closed form solutions of Eq.(6.7) is

k1=0 1=0
n—1 n—1 n—1
T3n+i = T (H B3k1+i) + Z (A31+i H B3k2+i) (6.8)

k1=0

—_

i=0,1,2.
Invoking Eq.(6.6), we have

Up = <ﬁ i) Ug (6.9)

r
k1=0 k1
and
3n—1
1
Usp = H —r Ug-
ki=0 M1

More generally, for any j = 0, 1, 2 we obtain the following;:

3n—1 1
Usn+j = (H ) U

/r" .
k=0 F1+]

from Eq.(6.9) for j = 0, we have that

n—1
1
= o <—) , (6.10)

w0 \T3sT3s+173s+2

—

for j = 1, we obtain that

(?m 1)
U3n41 = H— U,

T
f1=0' k1

Usp41 = Ulﬁ < ! ) : (6.11)

w0 \T3s+1735+2735+3

for j = 2, we get that

3n+1
1
Ugnt2 = H— Ug,

,
ki=0 k1

Usnya = u2ﬁ < ! ) . (6.12)

w0 \73s+2735+3735+4
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6.2 SOLUTIONS OF EQUATION (6.1)

Substituting Eq.(6.8) in Eq.(6.10) yields:

n—1

wl]

s=0

1

T35

1

T3s+1

1

T3s+2

U3n

(

) (=) (52)

n—1
uo] |
s=0

( 11 Bsw.
k1=0

s—1
>+
=0

1
& s—1 s—1 s—1
1 HB3k1+1 + Az H Bsjyt1
| k1=0 =0 ko=I+1 ]
1
X s—1 s—1 s—1
ro (] Bskise | + Asiva [ Bskoro
k1=0 =0 ko=Il+1

Substituting Eq.(6.8) in Eq.(6.11) gives

n—1
1 1 1
U3p, = U
e lg (7”3s+1> <7"3s+2) <7“3(s+1)>
n—1
1
- U1H s—1 s—1
=0 (HB3k1+1> + <A3l+1 H sz2+1>
k1=0 =0 ko=Il+1
1
X s—1 s—1

s—1
T2 (HB3k1+2> +
k1=0

=0

<A3z+2 H Bsjy 12

)

ko=I1+1

1

)
1=0

To ( H By,
i k1=0

<A3z

IT B

ko=I1+1

)
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Substituting Eq.(6.8) in Eq.(6.12) gives

n—1

U3n+42

U2

1
g (7“35+2

) () (

)
T'3(s+1)+1

1
1

(k:l 0

H33k1+2> £y

=0

s—1

To <HB3k1> +
!

1

=0

(o)

ko=Il+1

<A3z+2 H Bsjy 12

ko=I+1

Note that rg = X

For A=B=1,

(W) (s

) )

Uzp = H
=0
-1
_ H U2 us
5 \%o + Suq Uy + Susg U + Sus
n—1 1
B u1u2u3u0811) [ug + suq] [uy + sug) [ug + sug]’
n—1
1 1 1
Ysnt1 = UIH (7’1 + s) (7“2 + 3> <r0 + s+ 1>

s=0

Uus

U

n—1
Uz
U
1g (ul + 3u2> (
—1

n+1nn

U + Sus3

) (=

1

s+1)

o)

uy " uyug
s=0

20

[uy + sus) [us + sus| [ug + (s + 1) ug]’

)




n—1
1 1 1
Yant2 = u281_[ (7’2—1—3) (T0+S+1) (7’1+s+1)

=0

n—1
us (751 (5)
= u
Qg (ug + su3> <uo +(s+1) ul) (ul + (s + 1)u2)
n—1

1
[ug + sus) [ug + (s + 1) ug] [ug + (s + 1) ug]

n, n+1l, n
= UplUy Uj

s=0

It follows that (after shifting back three times) the formulas for solutions of Eq.(6.1) are

given by
$71—51x711338
T3n—2 = 7 ,
(w_s+ (i +1)x_g) (r_g +ix_y) (v_1 +ixo)
=0
" " Tl
L3n—1 = 3 ,
(xs+ (@ +1D)zg)(@o+ (i +1)z_y) (21 +ixo)
=0
P LA s $n+1
Tgn = — —2X_1%g

(xs+ @+ o) (@o+(@+1)az_y)(x_1+ (I + 1))

Il
o

Finally, in this chapter, we studied fourth order recurrence equation and obtained their
respective solutions of the difference equation and this was the extension to the work
done by Elsayed E M and Khaliq A [55]. However, the method we used is completely
different from [55] .
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