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ABSTRACT

EXTREMAL PROBLEMS AND BERGMAN
PROJECTIONS

Rasimcan Ozbek
M.S. in Mathematics
Advisor: Hakki Turgay Kaptanoglu
July 2017

Studying extremal problems on Bergman spaces is rather new and techniques used
are usually specific to the problem to be solved. However, a 2014 paper by T.
Ferguson developed a systematic method using Bergman projections for solving

extremal problems on Bergman spaces AP on the unit disc with 1 < p < oc.

We extended this method to weighted Bergman spaces A? and in some special
cases, to extremal problems defined by linear functionals of evaluations at points
in the disc other than the origin. We computed the kernels of several such func-
tionals. We also computed the Bergman projections of some functions related to
these kernels. Using these projections, we solved a few extremal problems explic-
itly. Our results have the potential to be extended to the case p = 1 and to more

general spaces.

We also gave a proof of the existence of the solutions to the extremal problems
on the Bergman spaces A}, defined by functionals with kernels that extend to the

closed disc continuously.

Keywords: Extremal problems, weighted Bergman spaces, Bergman projections.
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OZET

EKSTREMAL PROBLEMLER VE BERGMAN
iZDUSUMLERI

Rasimcan Ozbek
Matematik, Yiiksek Lisans
Tez Danmigmani: Hakk: Turgay Kaptanoglu
Temmuz 2017

Bergman uzaylar: iizerinde ekstremal problemleri galigmak oldukga yenidir ve
kullanilan teknikler genellikle ¢oziilecek probleme 6zeldir. Bununla birlikte, T.
Ferguson'un 2014 makalesi, Bergman izdiigtimleri kullanarak, 1 < p < oo icin
birim dairedeki AP Bergman uzaylarinda ekstremal problemleri ¢ozmek icin sis-

tematik bir yontem geligtirmistir.

Biz bu yontemi AP agirhkli Bergman uzaylarina ve bazi 6zel durumlarda,
dairenin 0 diginda noktalarindaki degerleme fonksiyoneli ile tanimlanan ekstre-
mal problemlere geniglettik.  Bu tiirden bir ¢ok fonksiyonelin c¢ekirdegini
hesapladik. Bu ¢ekirdeklerle baglantili bazi fonksiyonlarin Bergman izdiigiimlerini
de hesapladik. Bu izdigiimleri kullanarak birkac ekstremal problemi acgik olarak
¢ozdiik. Sonuglarimizin p = 1 durumuna ve daha genel uzaylara genisletilebilme

potansiyeli vardir.

Ayrica, Al Bergman uzaylan tizerinde, ¢ekirdegi kapali daireye siirekli olarak
genigleyen fonksiyonellerle tanimlanan ekstremal problemlerin c¢oziimlerinin

varliginin bir ispatimi verdik.

Anahtar sozcikler: Ekstremal problemler, agirlikli Bergman uzaylari, Bergman

izdiigimleri.
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Chapter 1

Introduction

Extremal problems in complex analysis have been studied for a long time, and
the first result in this field can be considered as the Schwarz lemma. After
some initial work on best approximation problems on general Banach spaces, the
research shifted to linear problems on specific spaces such as the Hardy spaces.
Problems on these spaces are usually better understood, because functions in
these spaces have nice properties such as they have boundary values and they
can be factored using Blaschke products.

More recently, extremal problems have been considered also on Bergman
spaces. Problems on these spaces are usually harder to solve, but far more impor-
tant from one point of view. The best methods to investigate invariant subspaces
and zero sets of Bergman spaces pass through solving extremal problems; see

many chapters in [5].

In this thesis, we deal with linear extremal problems on weighted Bergman
spaces. So bounded linear functionals, their representations, and thus duality
will play important roles. Hence reflexive spaces are easier to deal with, and
many sources consider only them as we will also do. The problems we consider
will be one of two equivalent types: Either find a function with minimum norm
among those functions on which a bounded linear functional is constant, or find
a function on which a bounded linear functional is a maximum among those

functions with constant norm.



There are no general methods for solving extremal problems on Bergman
spaces, and few problems have explicit solutions. However, on Bergman spaces
there are the Bergman projections that are very explicit with very useful proper-
ties. The paper [4] uses this idea to treat extremal problems on Bergman spaces
systematically. In this method, representing given bounded linear functionals
with explicit kernels, and then computing Bergman projections of functions be-

come important tools.

We let C be the complex plane, and for z = z + iy = re?? € C, let |2| =r =
V2?2 + y2. We define the open unit disc in C by

D={zecC:|z| <1}

Its boundary 0D is the unit circle given by |z| = 1. Let D(z,r) be the open disc

of radius r centered at z. We denote the normalized area measure on D by
1 1
du(z) = —dedy = —rdrdf
T ™
in rectangular and polar coordinates, respectively. For a > —1, we define
dpa(2) = (a +1)(1 = [2[*)" du(2);

These measures are finite and all have mass 1. For 0 < p < oo, we let L? be the
Lebesgue space corresponding to p,. For p = oo, the space of essentially bounded

measurable functions with respect to any u,, is the same and we denote it by L.

Definition 1.0.1. For 0 < p < oo and a > —1, the weighted Bergman space A?

consists of all analytic functions f on D for which

nmﬁ:(éwmwmfm

is finite.

Note that || f|| sz is a true norm if 1 < p < oo and has the properties
(¢) || fllaz = 0if and only if f =0,
(i) llefllaz = lelllfllag for c € C,
(i) 1F +9llag < I fll + lglay (briangle inequality).
For 0 < p < 1, the triangle inequality is replaced by the inequality
(it 115+l < 1% + ol



For 1 < p < oo, the dual space of A? can be identified with A%, where 1/p +
1/q = 1. Each bounded linear functional ® € (A?)* has a unique representation

o(1) = [ fgdue  fe A
D
for some g € A%, where the overbar denotes complex conjugation.

For 1 < p < 00, @ > —1, and a given bounded linear functional & € (AP)*, we

investigate the following extremal problems.
(1) Find F' € AP with || F|| 42 = 1 such that

O(F) = sup{ ®(G) : [|G]laz =1, ®(G) >0} = |[@].
(2) Find f € A? with ®(f) = 1 such that

I fllaz = inf{|[g|lar : g € AL, ®(g) =1}.

We call F' an extremal function if F' solves the problem (1) for the functional .
Also, these two problems are related to each other. If F' solves problem (1), then
F/®(F') solves problem (2); and if f solves problem (2), then f/||f]|4» solves
problem (1).

In this thesis, we extend the method of [4] to weighted Bergman spaces, and
also to extremal problems defined by linear functionals of evaluations at points
different from the origin in a few instances. In Chapter 2, we review Bergman
spaces and Bergman projections, and also the Bloch space that is the dual of Al.
In Chapter 3, we study the basics and general properties of extremal problems.
In Chapter 4, we compute the kernels of various bounded linear functionals and
Bergman projections of certain functions related to them. In Chapter 5, we solve
a few extremal problems. In Chapter 6, we summarize our work and indicate

some new problems for future work.



Chapter 2

Bergman Spaces and Projections

2.1 Weighted Bergman Spaces

In this chapter we collect the necessary basic information on weighted Bergman
spaces. Firstly, note that in a weighted Bergman space, functions can not grow
too fast near the boundary.

Theorem 2.1.1. Suppose 0 < p < oo, and K is a compact subset of D. Then

for any function f € AP, we have

I <Clflla z€K,

for some positive constant C' = C (K, p, a).

Proof. There is an R € (0,1) such that K C D(0, R). By the subharmonicity of
|17,

1 27 )
]f(z)IPSQ—/ |f(z +re)|Pdo, z€K,0<r<1-R.
T Jo
For w € D(z, 558) we have |w — 2| < 58, so |w| — |2] < |w — z| < 15E, then
1+R

lw| < £ since |z] < R, and hence 1 — |w| > 158 > 0. Also |z] — [w| < |w — 2| <
8 5o —|w| < 158, and hence 1 — |w| < 3£ < oo. Thus 0 < C; < 1 — |w| <
(1—|w|)(1+|w]) = 1—|w[* < 2(1—|w|) < Cy < oo, that is, C5 < (1—|w|*)* < C4



since —1 < o < co. Hence

1

=N 1 [ st .
/ |f(2)|Prdr < —/ / |f(z + re)|Pr dr db.
0 21 Jy 0

Writing w = 2 + re®?,
f(2)" < - / |f(w)]” dp(w)
— (1= R)? Jp(z, 158

= e e MO o d

<C w) P dug(w) < C w) [P dpe,(w). O
<0 [ L P ) <C [ 15

72'

Corollary 2.1.2. For each z € D, the point evaluation ®(f) = f(z) is a bounded

linear functional on the weighted Bergman space AP (D).

Corollary 2.1.3. If K is a compact subset of D, f, and f are in AP and || f, —
fllaz = 0 as n — oo, then f, — f uniformly on K; that is, norm convergence

implies local uniform convergence.

Theorem 2.1.4. AP s complete, that is, every Cauchy sequence in AP converges
in norm to some function in AP.

Proof. Since LE is complete where A? C L? it is enough to show that A? is a
closed subspace. Let f,, € A2 and {f,} converge in norm to a function f € L2.
Then some subsequence { f,,, ()} converges to f(z) almost everywhere in . Note
that {f,} is a Cauchy sequence in norm, hence a locally uniform Cauchy sequence
by Corollary 2.1.3, so it converges locally uniformly to a function g that is analytic
in D. Hence, f(z) = ¢g(z) almost everywhere in D, and the space AP is closed and
complete. O

So AP is a Banach space for p > 1, and for p = 2, A2 is a Hilbert space with

/f 902 dpal2).

Now let p = 2. Since each point evaluation functional ®(f) = f(z) is bounded,

the inner product

the Riesz representation theorem for Hilbert spaces guarantees the existence of
a unique function k, , in A2 such that f(z) = (f, ka..)a for every f € A2. The

5



function K,(z,() = ka.(C) is called the reproducing kernel of A2. It has the

explicit formula

1

Ka(zaC) :Wv 27C€D7
and the reproducing property
16 = [ FORale O dia@), 2€D, fe Mz (LD

Taking f(() = K.(w, () for some w € D, we obtain

Ro(w,2) = / R, K (2, C) dita(C) = Kz, w).

Thus the kernel function has the symmetry property K,(z,() = K.((,2). So,
K,(z,() is analytic in z and conjugate analytic in {. Also,

Kolzi2) = [ 1Ka(e,OF dial) = Kl g 0. (212)

Next let P, denote the orthogonal projection of L? onto A? since A2 is a closed
subspace of the Hilbert space L2. We have P,f € A? for the function f € L2.

So

_ 1O
(1 _ ZZ)2+04
where the second equality holds because f — P,f is orthogonal to k,, € A2.

Puf(2) = (Pafka)e = (fs as)o = /D dp1a(C),

Thus, the weighted Bergman projection P, has the formula

P = [ TSm0, renz

The next result is well-known and can be found in [5, Proposition 1.3].
Theorem 2.1.5. Polynomials are dense in every AP.

Remark 2.1.6. Since dpu, is a finite measure, A2 C Al for 1 < p < oo; in
particular A2 C Al. But also A2 is dense in A} by Theorem 2.1.5. Then for each
z €D, (2.1.1) holds for all f € Al, and hence for all f € A2 with 1 < p < occ.

Next we will give necessary and sufficient conditions for the boundedness of
weighted Bergman projections. The next two technical results are taken from [5,
Theorems 1.7 and 1.9].



Lemma 2.1.7. Let s and t be real numbers satisfying 1 <t < s. Then there is a

constant C', depending only on s and t, such that

(1—|¢*)* t—s
/Dwdﬂ(o SCL—[e)7,  ze€D.

Theorem 2.1.8. Let the integral operators T and S be defined by

_ lwl2)b
116 = (1= ) [ s ) dutw

and
5720 = (- 1 [ S ) dutw.

where a, b, and c are real numbers. Then for 1 < p < oo, the following conditions
are equivalent:

(1) T is bounded on LP.

(17) S is bounded on LP.

(i13) —pa < c+1 < p(b+1).

Theorem 2.1.9. Let o, 8 > —1 and 1 < p < co. Then Pz is a bounded operator
from LY onto AP if and only if « + 1 < (8 + 1)p. Further, if f € AP, then
Psf=f.

Note that if 1 < p < oo, then we can take § = a and P, : L2 — AP is
bounded. However, when p = 1, we need to take 5 > a to obtain a bounded map
Ps: L — Al, because P, : L} — Al is not bounded.

The following result is [5, Proposition 1.11].

Corollary 2.1.10. Let a > —1, 1 < p < o0, and n be a positive integer. An
analytic function f on'D belongs to AP if and only if the function (1—|z|?)" (™) (z)
is i LP.

Definition 2.1.11. The dual space of a Banach space X is the space X* of all
bounded linear functionals ® : X — C. Each functional ® in the dual space has

the norm
@ = sup [®(x)],

[lzf|=1

under which X™ is itself a Banach space.



By the Riesz representation theorem, the dual space of L2 for 1 < p < oo and
—1 < a < o0 is isometrically isomorphic to L2, where 1/p+1/q = 1. So for every
® € (LP)*, there is a unique g € L% such that

—/fgdua, felr?.
D

The same representation holds also for the functionals on weighted Bergman
spaces. The following result is [5, Theorem 1.16].

Theorem 2.1.12. For 1 < p < oo, the dual space of AP can be identified with
A% where 1/p+ 1/q = 1. To each functional ® € (AP)*, there corresponds a
unique g € Al such that

=/f§dua, fe .
D

Definition 2.1.13. If X and Y are Banach spaces and T': X — Y is a bounded
linear transformation, the adjoint 7% : Y* — X* of T' is given by T*(V) = Vo T
for U € Y*.

In practice, if X and Y are A? or LP. in view of Theorem 2.1.12, the adjoint
of T is found from the identity (T'z,y)q = (2, T*Y)q.-

The next result is contained in [6, Theorem 5.4].

Theorem 2.1.14. For1 < p < oo and 1/p+1/q = 1, the adjoint of the projection
P, : L1 — A% is the inclusion map i : AL — LP.

Proof. We need to show that (f, P.g)a = (i(f),g)a for all f € AP and g € AL.
For such f, g, we have

[ Pegdin = [ £6) [ 2 o) ()
= / g(w) %dua(@ dpta(w)
~ [ gt duatw) = [ it dn,

by the Fubini theorem and Theorem 2.1.9. To justify the use of the Fubini

theorem, we write

[ [ E bl dutwidnate) = [ G )




By taking a = 0 and b = ¢ = a in Theorem 2.1.8, we see that for g € L2, we have
H e Li. Then

[ < ([ 16 du: ) ([ G )

= [l fllag [[H][zg < oo O

To extend the last two results to Al, we need to introduce the Bloch space.

2.2 The Bloch Space

Definition 2.2.1. The Bloch space B consists of all analytic functions f on D
for which the Bloch “norm”

171l = sup(1 = |=f3)1(2)

is finite.

The Bloch space with the true norm || f]| = || f||z + | f(0)| is a Banach space.
The result below shows that every bounded analytic function is in the Bloch
space, but although the function f(z) = log(1l — 2) is not bounded, it is in the
Bloch space. Bloch functions belong to every weighted Bergman space AP for
0 <p<ooand —1 < a < oo by Corollary 2.1.10. However, the converse is not
true; for example, the function g(z) = (log(1 — 2))? is not a member of the Bloch

space, while it is in A2 for every p < oo

We let H*> denote the space of bounded holomorphic functions on D normed
with || flle = sup | f(2)].
zeD

Proposition 2.2.2. The space H*® is contained in B and || ||z < || flleo for every
feH>.

Proof. Let f be analytic in D with ||f||oc < 1. Then by the Schwarz-Pick lemma,
Q=PI <1-1f(s)P <1,  zeD.

It follows that H>* C B with || f|lz < || f]]- O

9



The weighted Bergman projection is a useful tool also on the Bloch space and
identifies it as the dual of any Al. For o > —1, let’s use the notation

1 , 24+«
I —
sr o/ (B and Lf(z) =

Daf(z) = f(2) + (1= 12[*)Daf(2).

The next result is taken from [2, Theorem 2 and Corollary 13].

Theorem 2.2.3. For any o > —1, the map P, : L™ — B is bounded. Moreover,
if f € B, then P,1,f(z) = f(2).

The following result is contained in [6, Remark 7.3].

Theorem 2.2.4. For any a > —1, the dual of AL can be identified with B. For
every ® € (AL)*, there is a unique g € B such that

~ [ 1Tgdun,  fea
D

There are other ways to represent the duality (Al)* = B, but this suits our
needs better.

Theorem 2.2.5. The adjoint of the projection P, : L — B under the pairing
in Theorem 2.2.4 is the inclusion map i : AL, — L.

Proof. Let f € Al and g € L*™; so P,g € B. We show (f, [,P.g)e = (i(f),9)a-
By differentiation under the integral sign, Fubini theorem and Theorem 2.1.9, we

obtain
[ TP, =10 [ 501D [ T ) du )
- / e [ %dua(w) Qb (2)

o %duamz) dpta(0)
~ [ @ wduate) = [ it7) g

To justify the use of the Fubini theorem, we consider

1= [1se [ 1= va: )] da(w)dpi i (2)



Now g € L* and we handle the inner integral using Lemma 2.1.7 with s = 3+ «
and t =2+ . Then

1
7= [ 15 = dtan() < ClflLa, <o

11



Chapter 3

Extremal Problems

3.1 Introduction

In this chapter, we will investigate the existence and uniqueness of the solutions
in the weighted Bergman spaces A? of the two problems (1) and (2) of Chapter
1. We will give necessary and sufficient conditions for the existence of solutions
separately for 1 < p < oo and p = 1, and also prove their uniqueness, which
requires an extra slight condition on the kernels when p = 1 that is satisfied for

all our kernels.

Let’s remark that solving extremal problems on Hilbert spaces can be trivial
as the following argument adapted from [3, p. 9] shows. Consider the reproducing
property (2.1.1) of the Bergman kernel K,(z,¢) on f € A?. Applying the Cauchy-
Schwarz inequality to the reproducing property and using (2.1.2) yield |f(z)] <
mﬂfﬂﬁ for f € AZ%. For a given a € D, if f(a) = 1, then || f|laz >
1/v/Kao(z,2). Equality occurs for fy(2) = Ku(2,a)/Ka(a,a) € A2. Defining the
linear functional ® : A2 — C by ®(f) = f(a), the extremal problem of finding
f € A% with ®(f) = 1 and of minimal norm is solved by fy. As a result, we will
ignore the Hilbert spaces A2 in this thesis and concentrate on the case p # 2,
although our methods are valid for p = 2 too.

Theorem 3.1.1. The problems (1) and (2) given in Chapter 1 are equivalent.

12



F
Proof. Given (1), let f = 3(F) and g = % Then, ®(f) = ®(g) = 1. Taking
norms of two sides, we get
|| H HGHAQ — 1
@) @G
and
_Fly 1 1 1

1/ 1]z

— o) e lleE)] sup|g| ,, -1 [|2(G)]|

= inf ——— = inf r
16l =1 JR(G)]] — al)=1 19l 4z

So if F' solves problem (1), then

solves problem (2).

D(F)
. - f N _ _
Given (2), let F¥ = ——— and G = ———. Then ||[F|4 = ||G|l4 = 1.
1 f1] az 9]l a2
) 1

Applying the functional ® to both sides, we get ®(G) = l |(|g) = o > (0 and

gl a? gl A?
(f) 1 1 .
O(F) = = - = SUPg(g)=1 T = SUP|q| ., 1 P(G). Also if

B = e = oo ol — " P01 gl — 2Pt =1 (G
f solves problem (2), then 7 solves problem (1). O

AL
1 .

If f solves problem (2), then || f|l4 = m by the equivalence of the two

problems.

Before dealing with the extremal problems on weighted Bergman spaces, we
have to make sure that they have solutions in these spaces. We need some notions

of convexity for it.

Definition 3.1.2. A subset E of a vector space X is said to be convex if for

every pair of points x,y € F, the line segment
{te+(1—-t)y : 0<t<1}
joining them lies in F.

Definition 3.1.3. A Banach space X is strictly convex if for each x,y € X with
|z|| = lyll = 1 and @ # y, it is true that ||3(z +y)| < 1. That is, if the midpoint
of the segment joining two distinct points on the unit sphere lies strictly inside
the sphere.

13



Definition 3.1.4. A Banach space X is uniformly convex if for each ¢ > 0 there
is a 6 > 0 such that [|z| = |ly|| =1 and [|3(z + y)|| > 1 — & imply |lz —y| <e.

An equivalent requirement for uniform convexity is that for any pair of se-
quences {z,} and {y,} in X such that ||z,|| = [ly.|| = 1 and ||z, + ya| — 2
as n — 00, it is necessarily true that |z, — y,|| — 0. Every uniformly convex
space is strictly convex, but not conversely. The following theorems show the

importance of strict and uniform convexity.

Theorem 3.1.5. In a convex subset of a strictly convexr Banach space there is at

most one element of minimal norm.

Theorem 3.1.6. Each closed convex subset of a uniformly convexr Banach space

contains a unique element of minimal norm.

Every Hilbert space is uniformly convex. The space L? is known to be uni-
formly convex for 1 < p < oo, but not for p =1 or p = co. Every subspace of a
uniformly convex space is uniformly convex, so the weighted Bergman space A?
with 1 < p < oo is uniformly convex. On the other hand, A} is not uniformly

convex, but it is strictly convex.

For a functional ® on a vector space X, we use the term null space, denoted
null ® to mean the subspace of all x € X such that ®(z) = 0.

Lemma 3.1.7. Let V be a vector space over C and ®,®q,..., Py be linear func-

tionals on V. If ﬂ;vzl null ®; C null ®, then there are constants c¢; € C such that

N
P(v) = > ¢;®;(v) for every v in V.
=1

Proof. Without loss of generality, [, 4 null @ + ﬂ]kvzl null®, for 1 < j < N.
So, for 1 < 7 < N, there is a y; in ﬂk# null ®;, but not in ﬂszl null®,. So

Q) (y;) = 0 for k # j, but ®;(y;) # 0. Let v; = @Zé]y) Hence ®;(v;) = 1 and
i\Yj

N
Py (v;) =0 for k # j. Put ¢; = ®(v;). fveV, lety=v—> &;(v)v;. Then
=1

O (y) = Pr(v) — Zjvzl ®;(v)Pi(v;) =0 for 1 <k < N. By hypothesis, ®(y) =0

J=1

N
too. Thus 0 = ®(v) — 3 ®,(v)®(v;) = ®(v) — SN, ¢;®,(v) for v € V. That is,
=1
. j
O(v) = > ¢;®,(v) for every v € V. O
=1

14



Notation 3.1.8. If X is a closed subspace of a normed space Y and f € Y, we
write f L X if ||f| < [[f +h| for all h € X.

Lemma 3.1.9. Let 1 < p < co. Suppose & € (AR)*, and let f € AP such that
O(f) =1. Then f solves problem (2) if and only if f L null ®.

Proof. (=): It h € null®, then ®(f + h) = ®(f) + ®(h) = &(f) = 1. Put
g =f+h; then [[f[laz < llgllaz = [/ + hllaz-

(<): If g € AP satisfies ®(g) = 1, let h = g — f; so h € null®. Then
£z < 11f + hllag = lgllag Thus £ solves problem (2) 0

Definition 3.1.10. Let 1 < p < oo and a & € (AP)* be given. There is a g € AL
(p > 1)oragée B (p=1) uniquely such that the integral representation in
Theorem 2.1.12 or in Theorem 2.2.4 hold. We denote this g by ks and call it the
kernel of ®.

The expression kernel of & comes from the case p = 2 and ®(f) = f(a) for
some a € D. In such a case, kg(2) = K,(a, 2), the reproducing kernel of A%, as
discussed in Chapter 2.

Notation 3.1.11. For a function f on D and z € D, we put sgn f(z) = |§EZ§| if
z
f(z) # 0, and otherwise we set sgn f(z) = 0.
. _ /()]
For f(z) # 0, we have two other forms for sgn f(z): sgn f(z) = ok
z

and sgn f(z) = €%®), where f(z) = |f(2)|e’® with 0(z) € [-m, 7). Clearly
s f(2)] = 1 for (=) £ 0.

3.2 The Case 1 <p < 0

The proof of the following result is adapted from [10, Proposition 1].

Proposition 3.2.1. For 1 < p < oo, each of the problems (1),(2) has a unique
solution, and the two solutions are constant multiples of each other.
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Proof. Let
K={feAl : d(f)=1}.

Note that ® is linear, hence K is a convex set, and K is closed by the continuity
of ®. We mentioned in Section 3.1 that AP is uniformly convex for 1 < p < oo.
It follows from Theorem 3.1.6 that K has a unique element of minimum norm.
Thus, there is a unique extremal function for problem (2). Let f denote that

is the

extremal function. Then, by the proof of Theorem 3.1.1, F' = 7
A%

unique extremal function for problem (1). ]

Our next result is based on [7, Theorem 4.2.1].

Theorem 3.2.2. Suppose that X is a closed subspace of LP for1 < p < oo, and
feLlr. Then f L X if and only zf/ |fIP~ (sgn f)hdpe = 0 for every h € X.
D

Proof. («): Without loss of generality, assume || f||z» = 1. Let g = | f[P~'sgn f.
Then g € L2 and ||g||z2 = ||f|lzz = 1. Then for each h € X, we have

£l =1 = / Fgdyia = / (f + B)gdpa < If +Bllz N9y = IF + hll.s.
D D

(=): Let f L X. By the Hahn-Banach theorem, there is an M : L? — C
with | M| = [|f|;» such that M f =1 and Mh =0 for all h € X. By the Riesz

representation theorem, there is a ¢ € L2 such that M f = / fgdu, =1, where
D

1301 = lglus, = 1714 and Mh = [ hgdua =0. Then | Fgdien = 7z gl
D D

Now the conditions for equality in Holder inequality yield that sgn f = sgn ¢ and
c|f|P = |g|? a.e. for some constant c¢. Hence g = c|f|P~'sgn f for some constant
c. Since M h = 0, we obtain the desired result. n

The next two results also depend on their unweighted versions in [10, Theorem
2 and Corollary 3].

Theorem 3.2.3. Let 1 <p<ooand 1/p+1/q=1. For & € (A2)* and f € AP

with ®(f) = 1, the following statements are equivalent:

16



(1) f is the extremal function for ® and problem (2).
(é4)

1P s Fyndien o

D
for all h € AP with ®(h) = 0.
(1)
AP sn Toh di = 1120
D
for all h € AP
(iv)
p—1
ho — Pa(lfl Sgnf).

11

Proof. (i) < (ii): By Lemma 3.1.9, (i) is equivalent to that f L null®. This
condition is equivalent to (i) by Theorem 3.2.2 with X = null ®.

(17) < (7i7): Onme direction is obvious. For the other, let f € AP satisfy (ii).
For arbitrary h € AP, the function ¢ = h — ®(h)f € AP satisfies ®(g) = 0.
Substituting ¢ in (i7) in place of h, we obtain (ii7).

(i1i) < (iv): By part (i7i) and Theorem 2.1.14,
p—1 F p—1 s .
() :/i(h)\f! (ignf) duaz/hPa(|f| (ignf))duaz/hkcpdﬂa.
D 11z D 1f1Faz D
Note that ks € A2 as noted in the proof of Theorem 3.2.2. The converse is just

the above in reverse order. O]

Corollary 3.2.4. Let 1 <p <oo and 1/p+1/q=1. For ® € (A?)" and F € AP
with ||F|| 4z = 1, the following statements are equivalent:
(1) F is the extremal function for ® and problem (1).
(é4)
/ |F|P~(sgn F)h dpe = 0,
D
for all h € AP such that ®(h) = 0.
(i41)
[P e o, =
D O(F)
for all h € AP.
(iv)
kg = ®(F)P,(|F|"~'sgn F).

17



Proof. This is obtained from the above theorem using the equivalence of the
problems (1) and (2). O

Then last two results in this section are the weighted versions of [4, Theorems
2.2 and 2.4].

Theorem 3.2.5. Let 1 < p < oo and 1/p+1/qg=1. Let F € AP with |[F| 4» = 1.
Then F is the extremal function for problem (1) for the functional U with kernel

ky = P,(|F|P~tsgn F) € AL

If F is the extremal function for problem (1) for some functional ® € (AP)* with

kernel ke € AL, then

ks
P, (|F|P sgn F) = —.
|2l

Proof. The functional ¥ € (AP)* has the form

V() = [ AFP emnF)dpe,  fe A
D
Then by Holder inequality

A< ANz IIFP as = WAl IE IR = 151 e

So ||W] < 1. We also have W(F) = || F||;z = 1, which implies that ¥ has norm
exactly 1, and since W(F') = ||¥]| = 1, F is the extremal function for W. The rest
follows from the equivalence of (i) and (iv) in Corollary 3.2.4 since ®(F) = |||
for an extremal F' in problem (1). O

Theorem 3.2.6. Let 1 < p < 0o and 1, P, ..., Py € (AL)* be linearly inde-
pendent. For F' € AP we have

)

[E0az = mt{ [ fllag = @2(f) = Po(F), ..., O (f) = On(F) }

if and only if P,(|F|P"'sgnF) is a linear combination of the kernels of
Dy,..., Dy

18



Proof. First suppose P,(|F[P~!sgn F') is a linear combination of kg, , . . ., kg, . Let
h € A%, be such that ®¢,(h) =0 for 1 < j < N. Then by Theorem 2.1.14 twice,

Pl = [ FIFP ssn Fasa = [ FPAFP sgnF)

= / (F + h)Pa(|FIP~" sgn F) dpe = / (F + h)|FP~(sgn F) dug
D D
< |F + Bl lIFP g = | F + hllag | FI

Hence ||F|| a2 < |[F 4+ h|[4». Let f = F' + h so that ®;(f) = ®;(F). Thus F is

extremal.

Next suppose [Fllap = f{ £z : ®:(f) = ®u(F),..., o (f) = On(F) }.
Let 0 # h € A? be such that ®;(h) = --- = ®y(h) = 0. Since there are only
finitely many functionals ®;, such a function h exists. Then || F|| 42 < [|[F'+ h| 4z
by the extremality of F'. By Theorem 3.2.2 using X = ﬂ;vzl null ®;, we have
Jp |FIP~(sgn F)h dpe = 0, which gives [ Po(|F[P~"sgn F)hdye = 0 by Theorem
2.1.14. Now define U(f) = [, fP.(|F|P"'sgn F)du, for f € A?. By Lemma
3.1.7, we obtain ¥ = Zjvzl ¢;®; for some constants ¢;. Thus, P,(|F|P~'sgn F),

which is the kernel of W, is a linear combination of kg, , ..., ko,. O

3.3 The Case p=1

Let’s restate the extremal problems for p = 1:
(1*) Find F' € Al with |[|[F||a1 = 1 such that

O(F) =sup{ ®(G) : [|Gllay =1, D(G) >0} =2
(2*) Find f € Al with ®(f) =1 such that
1 fllay = inf{llgllaz : g € A, (9) =1},

We also write ®(g) = [, g(2)ka(2) dua(z).

Notation 3.3.1. We denote by C(D) the Banach space of all complex-valued
continuous functions on D normed with || - ||o, and by M (D) the Banach space
of all regular complex Borel measures on D normed by ||v|| = |v|(D), where |v] is

total variation of v. By the Riesz representation theorem, we have M (D) = C(D)*
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isometrically, that is, for every bounded linear functional ¥ on C(D), there is a

unique v € M (D) such that U(f) = / fdv for every f € C(D), and ||v|| = || f|oo-
D

Remark 3.3.2. We consider A}, C L} ¢ M(D) C C(D)* by way of the isometry
g — gdu, and extending g(2)(1 — |2|?)* to D by setting it to be 0 on dD. So
Al and A! can be thought of subspaces in a dual space, and we can talk about

weak™ convergence in them.

We need the following two results which are special cases of [8, Theorem 8.2
and Corollary 2] since 0D is smooth.

Lemma 3.3.3. Let f, € A' and u € M (D), and suppose that f, dp — d\ weak*.
Then there exists an f € A such that d\ = f dpu.

Lemma 3.3.4. Let f,, f € A'. Then f, — [ weak* in A* if and only if {||f.||}
is bounded and f,(z) — f(z) for all z € D.

Our uniqueness result for p = 1 is adapted from [1].

Theorem 3.3.5. If ks € C(D), then problem (2*) has a unique solution.

Proof. Let {g,} C A} be such that ®(g,) = 1 and lim ||g,[|az = inf{||g|la: :
n—oo

g € AL, ®(g) = 1}. By Remark 3.3.2, {g, du,} is a bounded sequence in the

dual of C(D). Since C(D) is separable, by the Banach-Alaoglu theorem, there is

a subsequence {g,, } such that g,  du, converges weak™ to d\ € M (D). That is,
lim / hgn,, it = / hd\ for all h € C(D). By Lemma 3.3.3, there is an ]76 Al
D

m— 00 D

such that d\ = fdu. Write dA(z) = %Hf(z)(l — |21?) " dpa(z) = f(2) dua(z)

with f € AL. In particular,

im [ kegn,, due = lim ®(g,, ) =1=O(f) = / ke [ dpe.
m—r0o0

By Lemma 3.3.4, (1 + @)gn,,,(2)(1 — |2]*)* — f(z) and hence g,, (z) — f(2)
for all z € D. By the Fatou lemma, ||f||a1 < TrlLl—I)I;l)o |gnm |l a2, and this implies
| fllar = inf{|lgllar : g € AL, ®(g9) = 1}. Thus (2*) has a solution. By the
strict convexity of Al and Theorem 3.1.5, this solution is unique. Equivalently,

(1*) has a unique solution on AL. O
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Our next result is based on [7, Theorem 4.2.2].

Theorem 3.3.6. Suppose that X is a closed subspace of L, and f € L. Then

o’

f L X if and only z'f/(sgnf)hdua =0 for every h € X.
D

Proof. (<=): Without loss of generality, assume || f||,1 = 1. Let g = sgn f. Then
g € L* and || f||z = ||f|[zy = 1. Then for each h € X we have

I, =1 = [ Fadna= [ (74 B gdma < IF + bligllghe = 17 + Bz
D D

(=): Let f L X, by the Hahn-Banach theorem, there is an M : L! — C
with |[M]| = 1 such that M f = || f|l;. and Mh = 0 for h € X. By the Riesz

representation theorem, there is a ¢ € L* such that M f = /fg dpre = || fllL1
D

where |M|| = ||g|jz~ = 1 and Mh :/

D

hgdita = 0. Then |1, = [ 1flda =
D

/ fgdue. Thus fg > 0and |f| = fg a.e., which gives g = sgn f. Finally Mh = 0
D _
yields [ (sgn f)hdpa = 0. O

Theorem 3.3.7. For ® € (AL)* and f € Al with ®(f) = 1, the following are
equivalent:
(1) f solves problem (2*).

(i)
/(sgn fhdps =0
D
for all h € Al with ®(h) = 0.
(441)
[ sz P = 111y

for all h € AL.
(iv)

ko = P, g_f)
? (HfHAé

Proof. This is just a repetition of the proof of Theorem 3.2.3, except that in the
last part we use Theorem 2.2.5 instead. O
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Corollary 3.3.8. For ® € (A})* and F' € A}, with |[F||a =1, the following are
equivalent:
(1) F solves problem (1%).

(i)
/(sgnF)hdua =0
D
for all h € AL with ®(h) = 0.
(i)

’ _ 2
/ﬂ)(sgn FYhdpe, = 1]

for all h € AL.
(iv)
ko = || Py(sen F).

Proof. This is obtained from the above theorem using the equivalenec of the
problems (1*) and (2%). O
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Chapter 4

Kernels of Functionals on 4%

We will now give some important results on the connection between the weighted
Bergman projections and extremal problems. Here, we also do some calculations
of weighted Bergman projections which will be helpful for the solutions of ex-
tremal problems. We follow the techniques developed in [4] where the case o = 0
is taken care of. Throughout this chapter, when we use A2, we will always have
l<p<ooand a > —1.

4.1 Some General Results

['(a+0b)
I'(a)
gamma function, and a > 0, b > 0. In particular, if b = k is a positive integer,
then (a)y = a(a+1)---(a+k—1), which is a shifted factorial, and (1), = k!l. We

Notation 4.1.1. The Pochhammer symbol is (a), = , where I' is the

1 o0
also take (a)o = 1. In this notation, i=or = kZ:O %zk for a > 0 and |2| < 1.

Proposition 4.1.2. Let m,n >0, and o > —1. Then

(I+m+n),zm"
2+a+m—n),

P,(2"z") =

for m >mn, and it is otherwise 0.
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Proof. For m,n > 0 and o > —1,

Py (zmzm) = /D wm(zl“_(lzz;)ﬂ (1 + ) du(w)
— /D (1~ wp)e 3 Lk +k0!‘)’““zkwk dp(w)

= Gt [ (1~ uP) dutw)

(m—n)'

1
_((+ el mon 2 // ™1 — )% dhr dr
m —
1
0

(m—n)!
 I'@4+a+m—-—n) . TA+m)I(1+a)
_F(l—i-oz)F(l—Hn—n)Z I'2+a+m)
(I 4+m—n)pzm"

- 24+ a+m—n),

for m > n since the integral is nonzero only for m = n+k. So, also P,(z™z") =0
for n > m. O

The following result is [4, Theorem 3.2].

Theorem 4.1.3. Let 1 < q1,q2 < 0o. Let p; and py be the conjugate exponents
of ¢ and qs. Let

5 B a1 g
and suppose that 1 < q < co. Let p be the conjugate exponent of q. Suppose that
ky € AL and that g € A%. Define the functional ¥ by V(f) = /fkq, dpe for

D
f € Aer. Then P,(kg) is the kernel of the functional ® € (AP)* defined by
o(f) =¥(fg), [feAL

1 1 1
=—+

Proof. We have ®(f) = U(fg) = /f (2) dua(z). Note that f € AP,

g € A2 and k\y € Aq1 Also, from the conjugate exponents 2 —|— =1
L41l=1 + —1weget;+ql+q2 1 +(+

p1 @ ) " q2

So, fg € Al and 1 < p,q,p1,p2 < co. Then by Theorem 2.1.14,

= / f gk dpa Z/i(f)gkw dpie = / f Pa(ghw) dpa.
D D D
Hence, the kernel of ® is ke = P,(gky). O

1_ 1,1

' g qa @ q2’

—land 141
p1

p q2

\./'-3
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4.2 Evaluations at the Origin

Proposition 4.2.1. The kernel for the functional ® : f + f™(0) in (AR)* is
ko(2) = (a+ 2),2"

Proof. Since f € AP let f = 1, 2", Then
/Df( 2)Z" dp(z —/ chz (a4 1)(1 = |2]*)*2" du(2)
—ZCka+1/ (1 — 222" du(z)
a+1 Z ck/ Bt (] _ p2)e gy /27r (k=) gg
0

n!

! (@ +1)nsa
00l f0)

(@4+2), nl (@+2), (a+2),

:CTL

Thus f™(0) = [3 f(2)[(e + 2),2"] dpa(z), so ks (z) = (a + 2),2". Note that for
the unwelghted 81tuat10n, we have the kernel ke = (n + 1)12". ]

Corollary 4.2.2. If g € A2, then

P = i 2 () e

Proof. By Theorems 4.1.3 and 4.2.1, P,(2"g(2)) is the kernel for the functional
taking f € AP to

(f9)™(0) B 1 " 5 -
(@+2), (a+2), Z (])f (0)g'"(0).

j=0

But by the linearity of the problem and Proposition 4.2.1 again, this kernel is also

1 " /n _
equal to ———— ) (a+2);g=9(0)2’. Equating the two expressions, we
a0 750 52 () 2,070 Baaing b
obtain the desired result. O
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Corollary 4.2.3. Let f be a polynomial of degree at most N and g € A2. Then,
P.(fg) is a polynomial of degree at most N.

Proof. Although this result is obvious from Corollary 4.2.2, we give a direct com-

putational proof that also yields the exact coefficients. Since f is analytic and

polynomial of degree at most N, we can write it as f(z Z ay 2™, Then

Pu(fg) = / Zam e+ D= ¢ do Q)

=Y [ s 10— G o)

m=0 D

am | C"CMa+1)(1 = [¢)*(1 = C2) " da(C)

P@ﬂz WE
518 S

3
Il
=)

a+2”/<m<na+1)< — CPYCt do(0)

i
o
o
o

[e%¢) 1 2T
1 1 ;
o Z (a —I— k1 k/ Tm+n+k+1(1 . 7,2)«1 dr—/ e0(m=—n—Fk) 19
0 T Jo

0

WE

3
]
(en)

WE

k
a ( + 1)m—n+1 L,m—n /1 2T2m+1<1 _ 7,,2)01 dr
" (m—n)! 0

3
i
=)

WE

Dm—n !
ammzmn/ ™1 — )% dx
0

(m —mn)!

3
I
o

(@4 D)mnt1 Lm—n m!
(m —n)! (a+ 1)ms1

WE

am

3
Il
=)

(m—n+1),
(m—n+2+a),

AL O]

WE

am

3
I

Theorem 4.2.4. The function P,(|F|P~ sgn F) is a polynomial of degree at most
N if and only if

1FlLaz, = inf{ [ fllaz = £(0) = F(0),.... f(0) = F™(0) }.

It is a polynomial of degree exaxtly N if and only if N is the smallest integer such
that the above conditions hold.
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Proof. This result is immediate from Theorem 3.2.6 once we notice that the
kernels of evaluations at 0 are monomials by Proposition 4.2.1. [

Now let’s note the identity
FP _
|F|P L sgn F = _|F| = pr/2 (4.2.1)

for an analytic £ on . We will apply P, to this function when F?/2 is a poly-

nomial.

Using Theorem 4.2.4, identity (4.2.1), and Corollary 4.2.3, we obtain the fol-

lowing result.

Theorem 4.2.5. Suppose that F € AP and F?/? is a polynomial of degree N. If
p < 2, suppose also FP/>~1 € AP1 for some p; > 1. Then

|Flaz = inf{ || fllaz : £(0) = F(0),..., f™(0) = F™(0) }.

4.3 Evaluations at a € D

Proposition 4.3.1. Fora € D and n =0,1,2,..., the kernel for the functional

[ f®(a) is
(@ + 2),2"

(1 _ az)2+a+n '

Proof. We know f(a / K,(a,z)f(z)du,(z) Differentiating n times with re-

spect to a, we obtain

O"Kyla,z)  2+a)2+a+1)-- (2+a+n—1)n_ (v +2),

=N

oam - (1 _ az)Z—i—a-ﬁ-n (1 _ @2)2-&-04-&-71
(o +2), .
So, f(™ f 2 . dita(2) and hence the kernel for the functional
az aTn
2)n2" :
S f s f0 (a) is k:q)(z) = (1(aj— )§+Z+ = 0,1,2,.... For the unweighted
—az)sraeTn
1)lz"
situation, a = 0, and the kernel is u, n=20,1,2,.... O
(1 _ a2>n+2
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Corollary 4.3.2. If g € A2 and a € D, then

) = e 33 () b e

=0
Proof. By Theorems 4.1.3 and 4.3.1, Pa(
the functional taking f € A? to

(f9)™(@) 1 (”) £9(a)g™(a).

(a+2), (a+2), = \J

#g(z)) is the kernel for

But by the linearity of the problem and Proposition 4.3.1 again, this kernel is

also equal to bV i " (a+2); g("*j)(a)L. Equating the two
(a+2), = \J 4 (1 — az)?totn

expressions, we obtain the desired result. O

Proposition 4.3.3. For each a € D with a # 0, there are numbers cy, ..., c,

with ¢, # 0 such that the function

1
(1 _ (—12>2+a+n

is the kernel for the functional f s cof(a) +cif'(a) + -+ cof™(a).

n

1 2
PT‘OOf. By [4, Theorem 35], we have m = E Cj(sz)%"j. We mul-
j=0
1
tiply both sides by ————. O
(1—az)

Corollary 4.3.4. Let a € D, f be a product of and a polynomial of

(1 —az)*te

= ,and g € A2. Then P,(fg) has the same
z

degree at most N in the variable 7

form as f.
Proof. The proof is immediate from Corollary 4.3.2. O

The following special case will be sufficient for solving some practical extremal

problems. The difference of this from Corollary 4.3.4 is that we switch variables

from 27 to z—ia , but only for N=0o0or N =1.
1—az 1—az

28



Corollary 4.3.5. Let a € D, f be a product of and a polynomial of

(1 _ a2)2+a

degree at most 1 in the variable 1Z —_a ,and g € AP Then P,(fg) has the same
—az

form as f.

Proof. By Proposition 4.3.3, the extra term ﬁ is a linear combination
1 z .

of —(1 ~ ) and —(1 —az)e Hence f is a product of m and a

polynomial of degree at most 1 in the variable —. By Corollary 4.3.4, P,(fg)
—az

has this last form too. Finally, P,(fg) can also be written as a product of

1 _
———— and a polynomial of degree at most 1 in the variable : _a by
(1 —az)*te 1—az
comparing the coefficients. O
1
Theorem 4.3.6. Suppose a € D, F € AP, and F?/? is a product of W

and a polynomial of degree at most N in the variable 1 If p < 2, suppose

—az
also FP/2=1 € AP for some p; > 1. Then

1F |4z = it { |fllaz : f(a) = Fla),...,f™(a) = F(a) }.

Proof. This result is obtained exactly the same way as Theorem 4.2.5, and it
reduces to it when a = 0. [
1
(1 —az)>te

—a
—. If p < 2, suppose
z

Corollary 4.3.7. Suppose a € D, F € A?, and FP/? is a product of

(%4

z
and a polynomial of degree at most 1 in the variable 1

also that FP/?~' € APt for some p, > 1. Then

1F L4 = it { |fllaz : f(a) = F(a),...,f™(a) = F¥(a) }.

Proof. We use Corollary 4.3.5 instead. m
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Chapter 5

Solutions of Extremal Problems

In this chapter, we solve specific extremal problems whose conditions are stated
at some arbitrary 0 # a € D as opposed to a = 0 which is usually the case in
the literature. We also solve the problems in weighted Bergman spaces AP with
arbitrary a > —1. Yet we have to impose the condition that p > 1. It turns out
that our standard weights have little effect on the form of the solution, but an

a # 0 have a large effect.

5.1 Series Expansions at a € D

We are interested in the expansion of an analytic function f on the unit disc D

in the form

1 C2 o CN N
f(Z)—m CO+C1U)+5'IU ++ﬁw + - 5
for a fixed a € D, where
zZ—a
w =
1—az

in this chapter. Note that w = 0 if and only if z = a. The ¢; are uniquely

determined by the derivatives of f at a as




In particular, ¢g = f(a)(1 — |a|*)**®. If @ = 0, then this expansion is the same as

the Taylor expansion of f. Let’s call this expansion a non-Taylor expansion.

Lemma 5.1.1. Suppose a € D, ¢y, ...,cy € C, ¢y # 0,

1 CN
f(2) :m{co-l—ﬁw-l—'”-kmw]v];
and p € R. Let g(z) = fP(2) for some fized branch of the pth power function in

some neighborhood of a, and let the coefficients in the non-Taylor expansion of g
be by, k=0,1,.... Let

b
G(z) = bo + byw + -+ = ﬂ

1
u—mwa[ N

and F = GY?. Then the first N + 1 coefficients in the non-Taylor expansion of
Farecy,...,cy.

Proof. We follow the proof of [4, Lemma 4.1]. Let U be a neighborhood of a such
that there are ro > 0 and 0y € R such that

f(U)C{rew:7“>7"0and90—g<9<90~|—g}.

Then the pth power function can be defined analytically in f(U), and g(z) makes
sense for z € U. Also V = f(U)? does not contain 0 and is included in a
simply connected domain, and hence the 1/p-th power function can be defined
analytically in V' such that it is the inverse of the pth power function in f(U),
that is, g'/?(2) = f(z) for z € U. Note that the kth coefficient in the non-Taylor
expansion of a function is determined by its kth derivative. Then ¢ and G and
hence ¢*/? and G/P agree up to order N in the non-Taylor expansion. Thus up
to order N in the non-Taylor expansion, F = GY/P = ¢'/P = f in U. [

We will use this lemma with p/2 in place of p.

Theorem 5.1.2. Leta € D and N =0 or N = 1. Let also dy,...,dy € C with
dy # 0. Suppose F € A?, F®)(a) =dy, k=0,...,N, and

1F |4z = inf{ | flaz : fla) =do,..., fN(a) = dn }.
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Let cg,...,cy be the coefficients in the non-Taylor expansion of F, and let

bo,...,by be related to co,...,cn as in Lemma 5.1.1 using p/2 in place of p.
Define
G(Z)—m b()‘i‘bIUJ"__"ﬁw .

Suppose also that G'~2/P € APY for some py > 1 and G has no zeros in D. Then
F =GP,

Proof. First, G*? is defined in D since G has no zeros there. By Lemma 5.1.1,
the first N non-Taylor coefficients of G*/? are ¢y, ..., cn, and hence its first N
derivatives at a are dy,...,dy. We also have to show that G?/? is the solution

to the extremal problem. But P,(|G*?[|P/G?/?) = P,(GG'~?/?) is a product of
1

(1 _ dZ)QJra
too by Corollary 4.3.5. Then by Corollary 4.3.7, we see that F' = G*/7. O]

and a polynomial of degree at most 1 in the variable w since G is

5.2 Specific Extremal Problems

Example 5.2.1. Given a € D and N = 0, we find F' € AP with minimal || F|| 4»

b 2/p
such that F(a) = 1. By Theorem 5.1.2, dy = 1 and F(z) = m ,
where by must be selected to have F(a) = 1. So by = (1 — |a|*)*™ and the

extremal function is

1— |a|2 (2+a)2/p
Fz) = ( 1—az ) '

This is exactly the same solution under the equivalence of problems (1) and (2)
obtained in [9] by another method.

Example 5.2.2. We solve the following extremal problem: Given a € D and
N =1, find F' € A? with minimal ||F||4» such that F(a) = 1 and F'(a) = d;.
By Theorem 5.1.2, F must have the form
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We determine by and b; such that F' satisfies the given conditions at a. So
bo = (1 — |a|*)*™® as in Example 5.2.1. Also

ro = (g (i)
.{( by 1—!a|2+(b0+blz—a)((2+a)a}’

1 —az)*t> 1—az l—az)(1—az)*te

and so using the above value of by,

2 1

"(a) = 5W(bl + (1 - [aP)* (2 + a)a) = di.

Solving for by, we obtain

by = (1 — |a?)*H {gdl(l —la]®) = (2 + oz)d]

Substituting the values of by and b, the extremal function is

Flz) = (1—_|a’2)(2+a)2/p(1 + {gdl(l —la?) = 2+ a)a} zoa )2/1,. (5.2.1)

1—az 1—az

We also have to make sure that F' is never 0 to apply Theorem 5.1.2. This is
satisfied when the modulus of the quantity in square brackets in Fis < 1. For
example, if a = 1/2, p = 4, and a = 1, then d; must satisfy |d; — 1] < 2/3.
Picking also d; = 5/3, we see that

F(z) = <§>3/2g.

When a = 0, the extremal function F' in (5.2.1) reduces to the function given
in [4, Example 4.3] no matter what @ > —1 is. So the extremal function with

data at O is the same in all AP.
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Chapter 6

Discussion and Directions for
Future Work

In [4], Ferguson described a structured approach to solving extremal problems
in Bergman spaces on the unit disc. He used the idea that for 1 < p < oo the
dual of AP is A? for representing bounded linear functionals on AP by so-called
kernels in A?, because many extremal problems deal with finding a function in
AP with minimal norm among those functions in AP that fix the values of some
linear functionals on AP. Then the existence of the Bergman projection P on A?
from L? is used to determine the form of the extremal function. The evaluation
of Bergman projections of certain functions then allows one to actually compute
the extremal functions.

Bergman projections is a good method that exist in very general situations. So
the method of Ferguson has the potential to be extended to more general spaces.
In this thesis we reworked the method in weighted Bergman spaces A? on which
the weighted Bergman projections P, act from weighted Lebesgue spaces L2. We
computed the kernels of some standard bounded linear functionals on AP and
solved a few simple extremal problems that involve evaluation of functions and
their derivatives at 0 first. In this case, it so happens that the extremal functions
are the same both in the unweighted and weighted Bergman spaces as indicated
in Example 5.2.2. This is possibly due to the fact that the standard weights
(1 —|2[*)* we use are all the same and equal to 1 when z = 0.
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We also worked in adapting the method to solving extremal problems whose
conditions are stated at a point a # 0 in the disc. This turned out to be a bigger
challenge, because the kernels for evaluations at a are considerably more compli-
cated and cannot be handled by simple polynomials, as the results of Chapter
4 show. As a result, we had limited success here and handled only evaluations
of functions and their first derivatives. To handle higher derivatives, we need
stronger and general results on decomposing certain functions in terms kernels
of evaluations of these higher derivatives, and also we need to compute Bergman
projections of more complicated functions. Both requirements involve compli-
cated calculations, and we did not have time for them. So we are content with
the modest examples in Chapter 5, which already have complicated extremal

functions.

All of the above are for 1 < p < co. However, weighted Bergman projections
exist also on A} as shown in Chapter 2, and using them we can identify the dual
Al as the Bloch space B. However, the pairing of the dual is further complicated.
To use these ideas in extremal problems on Al we need to work out all of Chapters
3 and 4 for the new forms of the kernels of linear functionals. Doing this goes
beyond the scope of this thesis.

Moreover, there are the Besov spaces B? that extend the weighted Bergman
spaces for a < —1, and Bergman projections exist on them too. This is even a

longer and more complicated project than handling p = 1 in Bergman spaces.
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