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1. PART I: INTRODUCTION

The classification of codes over a given finite field is currently, if not for ever, out of reach.

In other words it is unknown how to describe the equivalence classes of such codes by a

system of complete invariants whose codomain can be easily described. However, there are

invariants, albeit not complete systems of such, whose codomains can be sometimes explic-

itly described: The weight enumerators of various kinds.

For codes over a prime field Fp, the Lee weight enumerators of linear codes over Fp are

known to be quite accessible, useful and interesting. This is partly due to the fact that they

are intimately connected to the theory of Hilbert modular forms over the totally real subfield

of the p-th cyclotomic field. Hirzebruch was the first to study this in connection with cusps

of the Hilbert modular surface associated with the quadratic field Q(
√

5) in 1985.

Our goal in this master thesis is to reprove two theorems that describe explicitly the ring

generated by the Lee weight enumerators of self-dual codes over F3 and F5, respectively.

Our proofs are purely algebraic and they are based on the theory of the Weil representations

of SL(2,Z) and follow ideas of Boylan and Skoruppa explained in [BS16]. We explain in

detail the methods and ideas used in [BS16] for deducing the structure of the ring generated

by the Lee weight enumerators of self-dual codes over F3, and apply these methods to give a

new proof for the explicit description of the Lee weight enumerators of self-dual codes over

F5.

This master thesis has six parts and nine subsections. First part is the introduction.

Second part is the general notion which includes three subsections. In the first three subsec-

tions we prepare for the proofs of the cited theorems; in subsections one to three, some of the

basics of the theory of linear codes over a prime field are included. In particular it is focused

on the lee weight enumerators associated to a linear code. Other key notions mentioned are

hamming weight, weight enumerator, complete weight enumerator, parity extension of code,

the dual code, and self-dual codes.

Third part is the material and methods which includes three subsections. In [3.1.], we in-

troduce five specific self-dual codes over F3 and F5 needed in two main theorems in section

four. These are :
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• Any maximal isotropic subgroup in the finite quadratic module (F4
3,(x

2
1 + x2

2 + x2
3 +

x2
4)/3), e.g., the tetra code t4,

• The parity extension of the ternary Golay code G3,11,

• Any maximal isotropic subgroup of the finite quadratic module (F2
5,(x

2
1,x

2
2)/5), e.g.,

the code C2,

• The code F6,

• The code e10.

The Lee weight enumerator of these codes are computed. It is shown that the Lee weight

enumerators of the first three codes and of the last three codes are algebraically independent,

respectively. So they generate rings R3 and R5 which are isomorphic to the ring of complex

polynomials in two and three variables, respectively. The main theorems to be proved in

this project can be stated in the form that the subrings of C[x0,x1] and C[x0,x1,x2] generated

by the Lee weight enumerators of self-dual codes over F3 and F5 coincide with R3 and R5,

respectively.

Subsection 3.3.2. introduces the Weil representations associated to the finite quadratic mod-

ules Fp(a) := (Fp,
ax2

p ) (a ∈ F+
p ) for odd prime p. For a given p, this Weil representations

define a SL(2,Fp) module structure on the space of linear forms of the polynomial ring

C[{xa}a∈Fp]. The Weil representation is naturally extended to the whole polynomial ring

C[{xa}a∈Fp], which becomes thus a graded SL(2,Fp)-module. The map l : x0 7→ x0 and

xi 7→ xp−i (1 ≤ i ≤ p) intertwines with the action of SL(2,Fp), and hence the +1 and −1

eigenspaces of the involution l are invariant under SL(2,Fp). The +1-eigenspace equals the

space of all polynomials in the basic polynomials y0 = x0, and yi = xi + xp−i (1≤ i≤ p−1
2 ),

which are obviously algebraically independent. Hence, SL(2,Zp) acts on the polynomial

ring in the p+1
2 variables C[y0, · · · ,y p−1

2
].

In [3.4.] an important theorem is proven that a code over Fp (where p is odd prime) is

a self-dual code if and only if its Lee weight enumerator is invariant under the action of

SL(2,Fp) on the polynomial ring C[y0, · · · ,y p−1
2
] described in section three. This theorem

can be viewed as a conceptual generalization of the classical Mac Williams’ identity. As a

consequence the subring Lp of C[y0, · · · ,y p−1
2
] generated by the Lee weight enumerators of

self-dual codes over Fp is contained in the ring Ip := C[y0, · · · ,y p−1
2
]SL(2,Fp) of invariants for



3

the Weil representations.

Subsection 3.5. consists of results. In [3.5.] the Molien series of the SL(2,Fp)-module

C[y0, · · · ,y p−1
2
] is calculated. For this one needs, for any g in SL(2,Fp) an explicit formula

for χ(g) = tr(g,C[y0, · · · ,y p−1
2
]1), i.e., an explicit formula for the restriction of the Weil rep-

resentations onto the space of linear forms.

Finally, in section four the proofs of the main theorems are given. Since Rp ⊆ Lp ⊆ Ip (the

first inclusion being obvious, the second one following from the result in section five) it suf-

fices to prove for p = 3,5 that dim(Rp)d = dim(Ip)d for all d ≥ 0, where (R)d denotes the

subspace of the homogeneous polynomials in the ring R. This follows easily from the fact

that R2 and R3 are polynomial rings as shown in Subsection 3.1. and the explicit formulas

for the Molien series obtained in Subsection 3.5.

In part five, we give the concluding remarks.

In part six, we review the study. We examine all parts, their contents and what can be done

in future studies.
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2. PART II: GENERAL NOTION

2.1. BASIC NOTIONS OF CODING THEORY

2.1.1. Finite Fields F25 and F49

Definition 2..1. If a field F has finite number of the elements, then it is called a finite field.

Theorem 2..2 ([Ser77, p. 3, Thm. 1]). The characteristic of a finite field F is a prime number

p 6= 0; if r = [F,Fp], the number of elements of F is q = pr. All finite fields with q = pr

elements are isomorphic to Fq.

Remark 2..3. If n > 1, the finite field Fpn is isomorphic to Fp[x]/(g(x)), where g(x) ∈ Fp[X ]

is an irreducible monic polynomial. Let θ = x+(g(x)). Then {θ 0,θ 1, · · · ,θ n−1} is a basis

of Fpn as vector space over Fp.

Example 2..4 (Examples of F25 and F49). 1. Firstly, we must find g(x)∈ F5[X ], where g(x) is

an irreducible monic polynomial of degree 2. We can choose that g(x) = x2− x+2. Setting

α = x+(g(x)), we have F25 = F5⊕F5 ·α . Moreover F∗25 = 〈α〉. Table Table 2.1: expresses

the powers αn in the F5 - basis 1,α .

2. Similarly, first we must find h(x) ∈ F7[X ], where h(x) is an irreducible monic polynomial

of degree 2. We can choose h(x) = x2− x + 3. Setting θ = x + (h(x)), we have F49 =

F7⊕F7 ·θ . Moreover F∗49 = 〈θ〉. Table Table 2.2: expresses the powers θ n in the F7 - basis

1,θ .

2.1.2. Basic Notions of a Code over a Finite Field

Definition 2..5. Let C be any code of length n over a finite field Fq. Then C is called linear

code if and only if C is a subspace of Fn
q.

Remark 2..6. Every linear combination of codewords is also codewords in the linear code C.

Example 2..7. If C ⊂ F4
5, the the following code is

C = {0000,1020,2040,3010,4030}.
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Table 2.1: Finite Field F25

Power of α Polynomials in F25

0 0
α0 1
α1 α

α2 α +3
α3 4α +3
α4 2α +2
α5 4α +1
α6 2
α7 2α +1
α8 3α +1
α10 4α +4
α11 3α +2
α12 4
α13 4α

α14 4α +2
α15 α +2
α16 3α +3
α17 α +4
α18 3
α19 3α

α20 3α +4
α21 2α +4
α22 α +1
α23 2α +3

Let v1 = 1020, w1 = 2040, v2 = 3010, w2 = 4030. Then we have,

v1 +w1 = 3010 ∈C

v1 + v2 = 4030 ∈C

v1 +w2 = 0000 ∈C

w1 + v2 = 0000 ∈C

w1 +w2 = 1020 ∈C

v2 +w2 = 2040 ∈C.

Moreover, F5 · c =C. In fact, C = {a ·1020 : a ∈ F5}. Hence, C is a subspace of F4
5 so it is a

linear code of length 4 over F5.
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Table 2.2: Finite Field F49

Power of β Polynomials in F49

0 0
θ 0 1
θ 1 θ

θ 2 θ +4
θ 3 5θ +4
θ 4 2θ +6
θ 5 θ +1
θ 6 2θ +4
θ 7 6θ +1
θ 8 3
θ 9 3θ

θ 10 3θ +5
θ 11 θ +5
θ 12 6θ +4
θ 13 3θ +3
θ 14 6θ +5
θ 15 4θ +3
θ 16 2
θ 17 2θ

θ 18 2θ +1
θ 19 3θ +1
θ 20 4θ +5
θ 21 2θ +2
θ 22 4θ +1
θ 23 5θ +2

Power of θ Polynomials in F49

θ 24 6
θ 25 6θ

θ 26 6θ +3
θ 27 2θ +3
θ 28 5θ +1
θ 29 6θ +6
θ 30 5θ +3
θ 31 θ +6
θ 32 4
θ 33 4θ

θ 34 4θ +2
θ 35 6θ +2
θ 36 θ +3
θ 37 4θ +4
θ 38 θ +2
θ 39 3θ +4
θ 40 5
θ 41 5θ

θ 42 5θ +6
θ 43 4θ +6
θ 44 3θ +2
θ 45 5θ +5
θ 46 3θ +6
θ 47 2θ +5

’

Definition 2..8. An information rate of C is shown that r(C) and it is defined by

r(C) :=
logq(|C|)
logq(|Fn

q|)
=

logq(|C|)
n

.

Definition 2..9. If the information rate of the linear code C be k
n . Then C is called a code of

type2 [n,k]q-code (k = dimC).

Example 2..10. The information rate of the linear code C from the previous example is

R(C) = 1
4 . Because, |C| = 5, then log5(|C|) = log5 5 = 1; |F4

5| = 54, then log5 54 = 4 hence

R(C) = 1
5 . Thus, the linear code C of type is [4,1]5-linear code.
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2.1.3. Hemming Weight of a Codeword

Every distinct codeword in C should have different places, so the Hamming distance is very

important for measuring in how many places the distinct words differ.

Definition 2..11. Let t = {t1, · · · , tn} and r = {r1, · · · ,rn} be two words in Fn
q. The Hamming

distance is defined as the number of the different places between two words t,r, such that

h(t,r) := #{i : ti 6= ri}.

For instance, (cold) and (corn) are two distinct words. The Hamming distance between

(cold) and (corn) is

h(cold,corn) = 2.

Definition 2..12. Let C be a linear code. The minimal distance of C is defined as

d(C) := min{h(m,n)|m 6= n,m,n ∈C}.

Definition 2..13. An [n,k,d]-code is a code C of length n, where dimC = k and d(C) = d.

Definition 2..14. Let C be a linear code of length n and c = (c1,c2, · · · ,cn) be a codeword of

C. The Hamming weight of c, denoted by h(c), is the number of nonzero places in C. i.e.,

h(c) := #{i : ci 6= 0}.

Example 2..15. Let C = {0000,1001,1000,0001} be a linear code over F4
2. Then the Ham-

ming weights of the codewords in C :

h(1001) = 2,

h(1000) = 1,

h(0001) = 1.

Definition 2..16. Let C be a linear code of length n. A minimal distance d(C) is the smallest



8

of the Hamming weights of the nonzero codewords of C. i.e.,

d(C) := min{h(c,0) : c 6= 0,c ∈C}= min
c6=0,c∈C

h(c).

Example 2..17. Consider the binary linear code C = {0000,1000,0100,1100}. We have

h(1000) = 1,

h(0100) = 1,

h(1100) = 2.

Hence, d(C) = 1.

Definition 2..18. Let C be a [n,k,d]-code. An extended code is the parity extension code

denoted by C̄, of C is the code obtained by adding an extra parity bit to every codeword in

C. Therefore C̄ has codewords of length n+1. If C is binary and d is odd, then the extended

code C̄ is a [n+1,k,d +1]-code. (see [BS16, p. 13, Examples of Codes]).

Definition 2..19. If a linear code C of length n is invariant under (c0c1 · · ·cn−1) 7→ (cn−1c0 · · ·cn−2),

it is called a cyclic code.

Remark 2..20. There is a useful, more algebraic characterization of cyclic codes. For this we

identify Fn with the ring (for any field F)

Rn := F [X ]/(xn−1)

via the isomorphism of F-vector spaces

c0c1 · · ·cn−1� [c0 + c1x+ · · ·+ cn−1xn−1]xn−1,

where [ f ]xn−1 denotes the residue class f +(xn−1). Note, for n ≥ 2, Rn is not a field since

xn− 1 is not irreducible. In general, Rn is a ring. More important for us is that Rn is an

F [X ]-module via

( f , [g]xn−1)� ( f ·g)xn−1.(see[BS16, p. 39]).
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Theorem 2..21 ([LX04, p.141, Thm. 7.3.1]). Let xn−1 = g(x).h(x) in Fq[X ]. If

g(x) = g0 +g1x+ · · ·+gn−kxn−k,

h(x) = h0 +h1x+ · · ·+hkxk,

then an n× k generator matrix G for the code C with the generator polynomial g is defined

as

G :=



g(x)

xg(x)

x2g(x)

x3g(x)
...

xk−1g(x)


=



g0 0 . . . 0

g1 g0 . . . 0
...

... . . . ...

gn−k gn−k−1 . . . g0

0 gn−k . . . g1
...

... . . . ...

0 0 . . . gn−k


.

Corollary 2..22 ([LX04, p.144, Cor. 7.3.9]). An (n− k)×n control matrix (or parity-check

matrix) H for the code C with control polynomial h is defined as

H :=


0 . . . 0 0 hk . . . h0

0 . . . 0 hk . . . h0 0
... . . .

...
... . . .

...
...

hk . . . h0 0 0 . . . 0

 .

Example 2..23. The Golay code over F3 of length 11 is [11,6,5]3. The generator polynomial

is g = x5 +2x3 + x2 +2x+2, and the 6×11 generator matrix
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G =



2 0 0 0 0 0

2 2 0 0 0 0

1 2 2 0 0 0

2 1 2 2 0 0

0 2 1 2 2 0

1 0 2 1 2 2

0 1 0 2 1 2

0 0 1 0 2 1

0 0 0 1 0 2

0 0 0 0 1 0

0 0 0 0 0 1



.

x11−1 = (x5 +2x3 + x2 +2x+2).(x6 + x4 +2x3 +2x2 +2x+1),therefore the control poly-

nomial is h = x6 + x4 +2x3 +2x2 +2x+1, and the 5×11 control matrix

H =



0 0 0 0 1 0 1 2 2 2 1

0 0 0 1 0 1 2 2 2 1 0

0 0 1 0 1 2 2 2 1 0 0

0 1 0 1 2 2 2 1 0 0 0

1 0 1 2 2 2 1 0 0 0 0


.

2.2. WEIGHT ENUMERATORS

The weight enumerators give information about weight and distance of codes, they are poly-

nomials with the number of the weights as their coefficients.

Usual (Hamming) Weight enumerator:

Definition 2..24. Let C be a linear code of type [n,k,d]. A usual (or Hamming) weight
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enumerator of the code C, is denoted by wC(x), is the polynomial

wC(x) := ∑
c∈C

xh(c)

=
n

∑
j=0

B jx j ∈ Z[X ],
(2.1)

where j = h(c), and B j is the number of the weight j of codewords. This is the homogeneous

polynomial of degree equal to the length of the code.

Remark 2..25. The usual weight enumerator gives some information for especially the binary

codes.

Example 2..26. We compute the usual weight enumerator for the [7,4,3]2- Hamming code.

It has 24 = 16 codewords whose length 7 and minimum distance d = 3. i.e.,

0000000 1000110

0001101 1001011

0010111 1010001

0011010 1011100

0100011 1100101

0101110 1101000

0110100 1110010

0111001 1111111

Then we have

h(0000000) = 0,then B0 = 1,

h(1111111) = 7,then B1 = 1,

h(0001101) = h(0011010) = h(0100011) = h(0110100)

= h(1000110) = h(1010001) = h(1101000) = 3, then B2 = 7,

h(0010111) = h(0101110) = h(0111001) = h(1001011)

= h(1011100) = h(1100101) = h(1110010) = 4, then B3 = 7,

where B0,B1,B2,B3 denote the number of the same Hamming weight of the codewords in

the Hamming code.
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Thus,the usual weight enumerator of the Hamming code over F2 is that

wH = 1+7x3 +7x4 + x7.

Example 2..27. The binary extended Hamming code H̄ is defined as [8,4,4]2 - Hamming

code. Only the codewords of odd weight become codewords of increased weight in the

extended Hamming code, due to the addition of a parity bit. Therefore

wH̄ = 1+14x4 + x8.

Complete Weight Enumerator: The complete weight enumerator is more general weight

enumerator which gives more information about the linear code if the ground field has odd

characteristic.

Definition 2..28. Let C be a [n,k,d]-code over Fp. A complete weight enumerator of the

linear code C is defined as

cwC := ∑
ka1 ,ka2 ,··· ,kap>0

ka1+ka2+···+kap=n

A(ka1, · · · ,kaq)x
ka1
a1 . . .x

kap
ap ∈ Z[{xa}a∈Fp], (2.2)

where index of the a j is a fixed enumeration of Fp, and A(ka1, · · · ,kap) is the number of the

codewords in C which have ka j entries equal to a j. i.e.,

A(k0, · · · ,kp−1) :=Card{c∈C : c contains exactly k0−many 0′s, · · ·kp−1−many p−1′s}.

Note that

∑
a∈Fq

ka = n,

where ka are non-negative integers.

Remark 2..29. If x0 is replaced by 1 and all other xa are replaced by x, then the complete

weight enumerator equals to the usual (Hamming) weight enumerator wC.

Proposition 2..30. If Fp = F2, then the complete weight enumerator cwC implies that

cwC(x0,x1) = xn
0wC(x1/x0).
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Proof.

cwC(x0,x1) = ∑
k0,k1>0
k0+k1=n

A(k0,k1)x
k0
0 xk1

1

= ∑
k0,k1>0
k0+k1=n

A(k0,k1)x
n−k1
0 xk1

1

= xn
∑

k0,k1>0
k0+k1=n

A(ko,k1)(x1/x0)
k1

= xn.wC(x1/x0).

Example 2..31. The tetra code t4 over F3 of length 4 is form [4,2,3]3 - code, and the elements

of Tetra code

{0000,1110,0121,2220,0212,1201,2102,2011,1022},

and the generator matrix is

t4 =

 1 1 1 0

0 1 2 1

 .
The homogeneous usual weight enumerator :

h(1110) = h(0121) = h(2220) = h(0212)

= h(1201) = h(2102) = h(2102) = h(1022) = 3.

Thus,there are 8 codewords of weight 3, and one codeword of weight 0. Hence,the usual

weight enumerator of t4 is

wC(x0,x1,x1) = x4
0 +8x0x3

1. (2.3)

The complete weight enumerator of the tetra code is

cwC(x0,x1,x2) = x4
0 + x0x3

1 + x0x3
2 = x4

0 + x0(x1 + x2)
3,
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since the arithmetic in F3[X ], i.e., (x1 + x2)
3 = x3

1 + x3
2 mod 3.

Lee Weight Enumerator: The Lee weight enumerator is important for codes with more

than three variables. So that p > 2, where p is odd prime.

Definition 2..32. Suppose p = 2t + 1 (where t is the non-negative integer) is an odd prime

number. Let C be the linear code over Fp. Then the Lee weight enumerator is defined as

lwC(x0,x1, . . . ,xt) := ∑
c∈C

xl0(c)
0 · · ·xlt(c)

t ,

where l0(c) is the number of the 0’s in the codeword c, and l j(c),1≤ j ≤ t, is the number of

∓ j in the codeword c.

Example 2..33. Some codes over Fp :

• Let C1 be any linear code over F3. Then C1 is a polynomial in 2 variables, since

3 = 2t + 1 implies t = 1. If we replace x1 by x2, we can write the complete weight

enumerator. The Lee weight enumerator is the same with the usual weight enumerator

for the code C1. i.e.,lwC1(x0,x1) = wC1(x0,x1).

• Let C2 be any linear code over F5. Then the Lee weight enumerator of C2 is a poly-

nomial in 3 variables, since 5 = 2t + 1 implies t = 2. The Lee weight enumerator is

for C2 : l0(v) = p is the consisting o’s, l1(v) = r is consisting ±1’s and l2(v) = s is

consisting ±2’s in code C2 for v ∈C2. Then,

lwC2(x0,x1,x2) = ∑
v∈C2

xp
0xr

1xs
2,

and the usual weight enumerator,

wC2(x0,x1) = lwC2(x0,x1,x1).

• Let C3 be any linear code over F7. Then the Lee weight enumerator of C3 is a polyno-

mial in 4 variables, since 7 = 2t +1 implies t = 3. The Lee weight enumerator is for

C3 : l0(v) = a is the consisting 0’s, l1(v) = b is consisting ±1’s, l2(v) = c is consisting
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±2’s and l3(v) = d is consisting ±3’s in the code C3 for v ∈C3. Then,

lwC3(x0,x1,x2,x3) = ∑
v∈C3

xa
0xb

1xc
2xd

3 ,

and the usual weight enumerator of C3,

lwC3(x0,x1,x1,x1) = wC3(x0,x1).

2.3. DUAL AND SELF-DUAL CODES

In coding theory, one of the important constructions about codes is also the dual of a given

code.

Definition 2..34. Let W be a vector space over the field K, and let T be a subset of W . The

annihilator T 0 is the set of linear functional g on W such that g(γ) = 0, for all γ ∈ T .T 0 is a

subspace of the dual space W ∗ of W.

Theorem 2..35 ([HK71, p.101, Thm. 16]). Let V be a finite dimensional vector space over

the field F, W be a subspace of V , and W 0 be annihilator of W. Then

dimW +dimW 0 = dimV.

Proof. We follow [HK71, p. 101-102]. Let {α1, · · · ,αk} be a basis for k-dimensional vector

space W . Take vectors αk+1, · · · ,αn in n-dimensional vector space V such that {α1, · · · ,αn}

is a basis for V . Let { f1, · · · , fn} be a basis for the dual space V ∗.

The claim is that { fk+1, · · · , fn} is the basis for the annihilator W 0. Now, we know that

fi(α j) = δi j,

and δi j = 0, if i≥ k+1, and j ≤ k, since fi(α) = 0 for i≥ k+1 whenever α is a linear com-

bination of α1, · · · ,αk. The linear functionals fk+1, · · · , fn are linearly independent. Then

suppose f in V ∗, now

f =
n

∑
i=1

f (αi) fi = 0,
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for i≤ k. Thus f in W 0, and then

f =
n

∑
i=k+1

f (αi) fi = 0.

Hence, if V is n-dimensional vector space and W is k-dimensional subspace of V , then

dimW 0 = n− k.

Definition 2..36. Let F be a finite field. Let y, z ∈ Fn. An inner product (y|z) is defined as

the dot product y.z on the vector space Fn for a fixed basis. Therefore if y = (y1, · · · ,yn) and

z = (z1, · · · ,zn) with respect to the fixed basis then,

(y|z) := yz = y1z1 + · · ·+ ynzn.

Remark 2..37. Any inner product (y|z) is non-degenerate since, for a dot product with respect

to any basis y.z = 0 for all y ∈ Fn implies that z = 0.

Definition 2..38. Let C be any code (not necessarily linear code). Let F be a finite field. A

dual code of C, is denoted by C⊥, is defined by

C⊥ := {w ∈ Fn : w.v = 0 for all v ∈C}. (2.4)

Remark 2..39. Every dual code is also a linear code over the finite field F , as can bee seen

by 2.4. If dimc = k, then dimC⊥ = n− k.

Example 2..40. The Golay code over the finite field F3 is type [11,6]3-code. Then,the dual

Golay code G⊥ is type [11,5]3-code.

Proposition 2..41 ([BS16, p. 59]). Let C be a linear code of length n over Fq. Then

dimC+dimC⊥ = n.

Proof. Let {c1,c2, · · · ,ck} be a basis for the linear code C. Take some vectors ck+1, · · · ,cn in

Fn such that {c1, · · · ,ck,ck+1, · · · ,cn} is a basis for Fn. Let { fk+1, · · · , fn} be the dual basis

for C0, as defined in 2..35. Then from the definition 2..38

f =
n

∑
i=1

f (ci) fi = 0, f or f ∈C⊥.
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Similarly, for i≤ k, and f ∈C0.

f =
n

∑
j=k+1

f (c j) f j = 0.

Thus,the dual code C⊥ is a annihilator of C so it is the null space of the k×n generator matrix

of G, such that

u ∈C⊥,

x.G.v = 0, for v ∈ Fn and G is generator-matrix of C,

Gxt = 0.

Hence, dimC⊥ = n− k.

Definition 2..42. Let C be a linear code of length n. If the dual code of C is the same code

with C, i.e. C⊥ =C, then the dual code C⊥ is called self-dual code. If C⊥ ⊆C, then the dual

code C⊥ is called self-orthogonal code.

Definition 2..43. Let C be an [n,k]q-code. A generator matrix G of C is a k×n matrix, such

that all rows of G form a basis for C. If the generator matrix of the form (Ik|X), then a

generator matrix is called to be in standard form, where Ik the k× k identity matrix, and X is

a k×n− k matrix.

Definition 2..44. Let C be an [n,k]q-code. A control matrix H of C is a generator matrix for

the dual code C⊥. Then it is a (n− k)×n matrix.

Remark 2..45. In particular, given a k× n matrix G, then G is generator matrix of C if and

only if the rows of G are linearly independent and GHt = 0.(See e.g. [LX04, p. 53, Re-

mark 4.5.5])

Theorem 2..46. If G = [Ik|X ] is the generator matrix in standard form for the [n,k]-code C,

then H = [−X t |In−k] is the control matrix for C.
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3. PART III: MATERIAL AND METHODS

3.1. SPECIAL CODES OVER F3 AND F5

The five codes described in this section play a very significant role in the two main theorems.

3.1.1. The codes t4 and g12

The tetra code t4 is a [4,2,3]3-code, which is a maximal isotropic subgroup in the finite

quadratic module (F4
3,(x

2
1 + x2

2 + x2
3 + x2

4)/3)). Its generator matrix is 1 1 1 0

1 2 0 1

 (3.1)

That is a self-dual code as one sees from the generator matrix: The scalar product of each

row with itself is 0 and the scalar product of the first and second row is 0 too. The weight

enumerators of t4 are as follows [NRS06, p. 67] (In fact, [NRS06] gives only the usual and

the complete weight enumerators. For the Lee weight enumerator we use that lwt4(x0,x1) =

cwt4(x0,x1,x1) = x4
0 + x0(x1 + x1)

3.)

• The usual weigh enumerator: wt4(x0,x1) = x4
0 +8x0x3

1.

• The complete weight enumerator: cwt4(x0,x1,x2) = x4
0 + x0(x1 + x2)

3.

• The Lee weight enumerator:

lwt4(x0,x1) = x4
0 +8x0x3

1. (3.2)

Note that lwC1(x0,x1) = wC1(x0,x1).

The parity extension g12 of the ternary Golay code is a [12,6,6]3-code [Ebe02, p. 145]. The
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generator matrix of the extended Golay code is [Ebe02, p. 145]

1 0 0 0 0 0 0 1 1 1 1 1

0 1 0 0 0 0 1 0 1 2 2 1

0 0 1 0 0 0 1 1 0 1 2 2

0 0 0 1 0 0 1 2 1 0 1 2

0 0 0 0 1 0 1 2 2 1 0 1

0 0 0 0 0 1 1 1 2 2 1 0


. (3.3)

This code is a self-dual code [Ebe02, p. 145]. The weight enumerators of g12 are as fol-

lows [NRS06, p. 67]

• The usual weight enumerator:

wḡ(x0,x1) = x12
0 +264x6

0x6
1 +440x3

0x9
1 +24x12

1 .

• The complete weight enumerator:

cwḡ(x0,x1,x2)

= x12
0 + x12

1 + x12
2 +22(x6

0x6
1 + x6

0x6
2 + x6

1x6
2)+220(x6

0x3
1x3

2 + x3
0x6

1x3
2 + x3

0x3
1x6

2).

• The Lee weight enumerator:

lwḡ(x0,x1) = wḡ(x0,x1). (3.4)

3.1.2. The Codes c2, f6 and e10

The code c2 is a maximal isotropic subgroup in the finite quadratic module (F2
5,(x

2
1+x2

2)/5).

It is defined as

c2 = {00,12,24,31,43} ⊂ F2
5. (3.5)
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That is a self-dual code over F5 [MS77, ch.5.§6 p. 145]. Its generator matrix is

[
1 2

]
. (3.6)

That is from [LPS82, p. 182]. The weight enumerators of c2 are as follows [MS77, ch.5.§6

p. 145]

• The usual weight enumerator : wc2(x0,x1) = x2
0 +4x2

1,

• The complete weight enumerator :

cwc2(x0,x1,x2,x3,x4) = x2
0 + x1x2 + x4x2 + x1x3 + x4x3,

• The Lee weight enumerator:

lwc2(x0,x1,x2) = x2
0 +4x1x2. (3.7)

The code f6 is a [6,3,4]-code over F5. The code f6 is a self-dual code and its generator

matrix is
1 −1 2 2 0 0

0 0 1 −1 2 2

2 2 0 0 1 −1

 , (3.8)

(See e.g. [LPS82, p. 183]) The Lee weight enumerator of f6 is as follows [LPS82, p. 183]

lw f6(x0,x1,x2) = x6
0 +12x0(x5

1 + x5
2)+60x2

0x2
1x2

2 +40x3
1x3

2. (3.9)

The code e10 is a [10,4,4]-code in F10
5 . The code e10 is a self-dual code over F5. Its generator

matrix is
1 2 1 2 0 0 0 0 0 0

0 0 1 2 1 2 0 0 0 0

0 0 0 0 1 2 1 2 0 0

0 0 0 0 0 0 1 2 1 2

 . (3.10)
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(See e.g. [LPS82, p. 183]) The Lee weight enumerator of e10 is as follows [LPS82, p.187, Ta-

ble II](In fact, [LPS82] gives the Lee weight enumerator as α5−20α2β −4γ . So we calcu-

lated the Lee weight enumerator via that formula.)

lwe10(x0,x1,x2)

= x10 +36x5y5−4y10 +120x3y6z+360xy7z2 +480x4y3z3 +1260x2y4z4 +36x5z5

+360y5z5 +120x3yz6 +360xy2z7−4z10. (3.11)

3.1.3. Algebraic independence

For the main theorems that we shall prove in this thesis we need the following proposition.

Proposition 3..1. The Lee weight enumerators of the codes t4 and g12 (defined in 3.1.1.) and

the Lee weight enumerators of the codes c2, f6 and e10 (defined in 3.1.2.) are algebraically

independent.

Proof. We use the following criterion: Given polynomials f1, . . . , fn in n variables x1, . . . ,xn

are algebraically independent if and only if det
(

∂ fi
∂x j

)
1≤i, j≤n

6= 0 (see [MS77, p. 610]).

We apply this to lwt4 and lwg12 . Let f1 := lwt4 and f2 := lwg12 . Now, we calculate the Jacobi

matrix J and then calculate the det(J) for these Lee weight enumerators.

J =

∂ f1
∂x0

∂ f1
∂x1

∂ f2
∂x0

∂ f2
∂x1

=

 4x3
0 +8x3

1 24x0x2
1

12x11
0 +1584x5

0x6
1 +1320x2

0x9
1 1584x6

0x5
1 +3960x3

0x8
1 +288x11

1

 ,

det(J) =−288x12
0 x2

1 +6336x9
0x5

1−9504x6
0x8

1 +1152x3
0x11

1 +2304x14
1 .

The determinant is nonzero and hence lwt4 and lwg12 are algebraically independent.

Next we apply the Jacobian criterion to the Lee weight enumerators f1 := lwc2 , f2 := lw f6

and f3 := lwe10 (which were given in the previous section). Let J be their Jacobi matrix. It

suffice to show that det(J(1,1,2)) 6= 0 (since this implies det(J) 6= 0). We have
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J(x0,x1,x2) =


∂ f1
∂x0

∂ f1
∂x1

∂ f1
∂x2

∂ f2
∂x0

∂ f2
∂x1

∂ f2
∂x2

∂ f3
∂x0

∂ f3
∂x1

∂ f3
∂x2

 ,

and hence

J(1,1,2) =


2 8 4

882 1500 1680

132910 261260 243160

 ,

so that

det(J(1,1,2)) =

2(364740000−438916800)−8(214467120−223288800)

+4(230431320−199365000) = 46485120 6= 0.

Thus, the Lee weight enumerators lwc2 , lw f6 and lwe10 are algebraically independent.

Corollary 3..2. Let R3 denote the subring of C[x0,x1] generated by lwt4 and lwg12 , and let R5

denote the subring of C[x0,x1,x2] generated by lwc2 , lw f6 and lwe10 . Then one has

dimR3 := ∑
n≥0

dim(R3)nxn =
1

(1− x4)(1− x12)
,

dimR5 := ∑
n≥0

dim(R5)nxn =
1

(1− x2)(1− x6)(1− x10)
.

Here (R3)n and (R5)n denote the subspaces of homogeneous polynomials of degree n, re-

spectively.

Proof. For any given positive integers a1, . . . ,ar, one has

Fa1,...,ar := ∑
n≥0

#{(x1, . . . ,xr) ∈ Z≥0 : a1x1 + · · ·+arxr = n}xn

= ∑
x1,...,xr≥0

xa1x1+···+arxr =
1

(1− xa1) · · ·(1− xar)
.
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From the preceding proposition we know that one can take as basis for (R3)n the polynomials

lwa
t4lwb

g12
where (a,b) runs through all pairs of non-negative integers such that 4a+12b = n.

Therefore dimR3 = F4,12, which proves the first identity.

Similarly, a basis for (R5)n is given by the polynomials lwa
c2

lwb
f6

lwc
e10

, where a,b,c are non-

negative integers such that 2a+6b+10c= n. It follows dimR5 =F2,6,10, which is the second

identity.

3.2. WEIL REPRESENTATIONS OF THE QUADRATIC MODULES FP

Definition 3..3. Let G be a group, and X is a set. A group (left) action on the set G is the

mapping ϕ : G×X 7→ X ,(h,y) 7→ hy, which holds the following two properties :

1. e is the identity : e(y) = y for y ∈ X ,

2. for every t1, t2 in G, (t1t2)(y) = t1(t2y).

Theorem 3..4 ([Con08]). Let G act on X. If x ∈ X, g ∈ G, and y = gx, then x = g−1y. If

x 6= x′, then g.x 6= g.x′.

Proof. We follow [Con08] If y = gx for g ∈ G and x ∈ X , then we get

g−1.y = g−1.(gx) = (g−1g).x = ex = x.

Now, we prove the second part of the theorem via contradiction: Suppose gx = gx′. Then we

get

g−1.(gx) = g−1.(gx′) =⇒ (g−1g).x = (g−1g).x′ =⇒ x = x′.

It shows that x 6= x′ =⇒ gx 6= gx′.

Definition 3..5. If for an action ϕ : G×X 7→ X , h ∈G, ∀y ∈ X hy = y implies that h = e then

the action is called faithful.

Definition 3..6. A group of matrices SL(2,R) is defined by

SL(2,R) := {

 a b

c d

 |ad−bc = 1;a,b,c,d ∈ R}.
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SL(2,R) acts on C̃= C∪{∞} in the following way :

If g =

 a b

c d

 in SL(2,R), and z ∈ C̃, then an action is defined by

g.z :=
az+b
cz+d

.

If z = x+ iy, and we put z in the formula gz, then we have that with some basic calculation :

Im(gz) =
Im(z)
|cz+d|2

.

This shows that H is constant under the action of SL(2,R). Note that the element

−I =

 −1 0

0 −1


of SL(2,R) acts trivially on H (see [Ser77, p. 77 ]).

Definition 3..7. A projective special linear group PSL(2,R) is defined by PSL(2,R) :=

SL(2,R)/{+I} which acts faithfully on H (see [Ser77, p. 77 ]).

Definition 3..8. The group G = SL(2,Z)/{±1} is called the modular group; it is image of

SL(2,Z) in PSL(2,R) (see [Ser77, p. 77]).

Proposition 3..9 ([FHhP03, p. 147]). The action of the modular group

G = SL(2,F) = {

 k l

m n

 |kn− lm = 1;k, l,m,n ∈ F}

on F×F is faithful action, where F is a finite field Fp.

Proof. Let h ∈ H and suppose h.t = t for all t ∈ F2. Choosing t =

 1

0

 and t =

 0

1


yields h. 1 0

0 1

=

 1 0

0 1

 ,

whence h = 1.
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Theorem 3..10 ([Con10]). The group H = SL(2,Z) is generated by the operators S and T

S =

 0 −1

1 0

 , T =

 1 1

0 1

 .

Remark 3..11. S2 =−I, and then S has 4 matrices such that

S = {

 1 0

0 1

 ,

 0 −1

1 0

 ,

 −1 0

0 −1

 ,

 0 1

−1 0

}.

T r =

 1 r

0 1

 ,where r ∈ Z.

ST =

 0 −1

1 1

 ,(ST )3 =−I, then (ST )6 = I.

Proof. We follow [Con10].

Pick any arbitrary element γ =

 k l

m n

 in SL(2,Z). Then it follows :

Sγ =

 −m −n

k l

 , T r
γ =

 k+ rm l + rn

m n

( f or r ∈ Z). (3.12)

Suppose m 6= 0. If |k| ≥ |m|, then m divides k. i.e., k = m.p+ s with 0 ≤ s < |m|. By the

equation 3.12, T−pγ has upper left entry k−mp = s, which is smaller in absolute value than

the lower left entry m in T−pγ . Then, applying S with multiplication of T−pγ on the left,

such that

ST−p
γ =

 −m −n

s l− pn

 .

Consequently, multiplication of γ on the left by enough copies of S and powers of T gives a

matrix in H with left lower entry 0. It has the form
(
±1 j
0 ±1

)
for some j ∈ Z. This matrix is

T j or T− j, so there is some h ∈ H such that hγ =±T r (r ∈ Z). Thus, we have γ = h−1T r in
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H, since T r ∈ H, S2 =−I. So, theorem is obvious.

Theorem 3..12 ([Con10]). The group G = SL(2,Fp) is generated by

S =

 0 −1

1 0

 ,T (a) =

 1 a

0 1

 ,a ∈ Fp. (3.13)

Proof. This follows from the preceding theorem and the fact that the natural reduction mod-

ulo p defines a homomorphism of groups SL(2,Z)→ SL(2,Fp).

Remark 3..13. Let U be a transpose matrix of the operator matrix T , i.e., U =

 1 0

1 1


and the operator matrix T =

 1 1

0 1

 generate to the operator S =

 0 −1

1 0

, such that

S = T−1UT−1.

Example 3..14. Let A =

 5 3

3 2

 in G = SL(2,F7).A is expressed by the linear oper-

ators S and T .

Since 5 = 3.2+(−1), then we have

T−2A =

 −1 −1

3 2

 .

Now, we want to switch the roles of −1 and 3. Then left multiplication of S

ST−2A =

 −3 −2

−1 −1

 .

Since −3 = (−1).(3)+0, and then

T−3ST−2A =

 0 1

−1 −1

 .

Thus, we have

ST−3ST−2A =

 1 1

0 1

 = T.
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Hence, A = T 2ST 3ST, where S−1 = S.

Definition 3..15. Let G be a group and G acts on a set X . For, θ ∈ X , its orbit is

Orbθ := {hθ |h ∈ G}, (3.14)

and its stabilizer is

Stabθ := {h ∈ G|h.θ = θ}. (3.15)

Theorem 3..16. Assume that G is finite group and X is the finite set. Then, for θ ∈ X

|G| := |Orbθ |.|Stabθ |.

Example 3..17. Let G= SL(2,Fp), and the group G acts on the set γ =Fp×Fp = {( x
y) |x,y∈

Fp}. Then |γ|= p2. Firstly, we should calculate |Orbγ | and |Stabγ |. Let h= {(m r
s t ) |mt−rs=

1,m,r,s, t ∈ Fp} ∈ G.m r

s t

x

y

=

mx+ ry

sx+ ty

 ∈ Orbγ ⊂ γ (3.16)

We know that mt− tr = 1 so the equation 3.16 shouldn’t be
(

0
0

)
. Thus, |Orbγ | = p2− 1 =

(p−1)(p+1). Now, we calculate the order of Stabγ so the equation 3.16 must be equal to γ

due to the definition 3..15. Then, we have

px+ ry = x

sx+ ty = y

 that implies ry = x(t−1) then t = 1,r = 0. (3.17)

Thus, Stabγ = {
(

1 0
s 1

)
|s ∈ Fp}. Thus, |Stabγ |= p. Hence, from the theorem 3..16, we have

|G|= p(p2−1) = (p−1)p(p+1). (3.18)

Example 3..18. Since the example 3..17

1. |SL(2,F3)|= 3.(3−1)(3+1)3.2.4 = 24

2. |SL(2,F5)|= 5.(5−1)(5+1) = 120

3. |SL(2,F7)|= 7.(7−1)(7+1) = 336
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3.3. REPRESENTATION OF GROUPS

Definition 3..19. Let G be a finite group, and let V be an n-dimensional finite vector space

over the complex field C. A representation of G is a homomorphism from G in to GL(V ).

i.e.

ρ : G 7→ GL(V ),ρ(g)(v) := ρgv (g ∈ G,v ∈V ).

Here, GL(V ) is the general linear group of V .

Definition 3..20. If the representation ρ(h) is unitary for each h ∈ G, then we call it an

unitary representation. i.e.,(ρ(h)w1,ρ(h)w2) = (w1,w2) for all w1,w2 ∈W , where W is a

finite dimensional complex Hilbert space with inner product (,). So, the group G acts on W

unitarily.

Definition 3..21. Let G be a finite group. A G-module is a vector space V together with an

operation from G×V to V of G on V such that for each g ∈ G, v ∈ V , the map v 7→ gv is

linear.

Remark 3..22. Let W be a G−module. A subspace U of W is called G-invariant subspace

of W or G-submodule, if hU ⊆U,h ∈ G.

Definition 3..23. The representation ρ : G 7→ GL(W ),ρ(h)w = hw or G-module W is called

irreducible if there is no proper non-zero G-invariant subspace of W .

Theorem 3..24 ([FW91, p. 6]). If W is a subrepresentation of a representation V of a finite

group G, then there is a complementary invariant subspace W ′ of V , so that V =W
⊕

W ′.

Proof. We follow [FW91, p. 6]. Let W be a G-submodule of V . Take a complement of W

and denote it by U . Then, V =W⊕U . Define the projection π0 : V 7→W, (w,u) 7→ u. Now,

define π : V 7→W by

π :=
1
|G| ∑g∈G

g(π0g−1).

Then, we have

π(v) =
1
|G| ∑g∈G

g(π0g−1(v)).
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We claim that π(v) is also projection, i.e., π2(v) = π(v). We can easily show that

π
2(v) = π(π(v)) = π(

1
|G| ∑g∈G

g(π0g−1)(v))which implies

π
2(v) =

1
|G|2 ∑

g∈G
∑

g∈G
g(π0(π0(g−1v)))

=
1
|G|

.|G|π(v) = π(v),

since cancellation rule. Thus π(v) is a projection, and then W = π(v). Now, we should show

that kerπ is a G− invariant subspace of V . Let a,b ∈ kerπ . Then,

π(a) = π(b) = 0,

since π is a projection and then π(a),π(b) in kerπ .

π(a+b) = π(a)+π(b) = 0+0 = 0,

due to the homomorphism rule and so π(a+b) ∈ kerπ . For g ∈G, π(gb) = π(0) = 0 (b ∈

kerπ) so π(gb) in kerπ . Thus, kerπ is a G-invariant subspace of V . Lastly, we must show

that kerπ ∩W = {0}: For any v ∈V , we have v = (1−π)(v)+π(v). Indeed,

π(1−π)(v) = (π−π
2)(v) = π(v)−π(v = 0),

then 1−π ∈ kerπ and π(v) ∈W.

If v ∈ kerπ ∩W , then π(v) = 0 and for some v′ ∈ V, v = π(v′). So, 0 = π(v) = π2(v) =

π(v′) = v. Thus, kerπ ∩W = {0}. Hence, V = kerπ ⊕W , that means the complement

U = kerπ of W . Therefore, W is a G - invariant submodule of V .

Definition 3..25. Let ρ1 : G 7→ GL(W1) and ρ2 : G 7→ GL(W2) be two representations of a

group G. A direct sum representation ρ : G 7→ GL(W1⊕W2) is defined as

ρ(k) := (ρ1⊕ρ2)(k) =

 ρ1(k) 0

0 ρ2(k)

 , for all k ∈ G. (3.19)
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3.3.1. Quadratic Form

Definition 3..26. Let V be a module. The map (x,y) 7→ x.y is a symetric bilinear form on V ,

called the scalar product associated with Q. One has Q(x) = x.x. This establishes a bijective

correspondence between quadratic forms and symetric bilinear forms.

Definition 3..27. Let (W,Q) be quadratic form over Fp. If θ .ω = 0,θ ,ω ∈W , then θ ,ω are

called orthogonal of W .

Definition 3..28. Let the polynomial ring R = C[{xa}a∈Fp], and let the finite group G =

SL(2,Fp) (for p odd prime). A finite quadratic module is a pair of Fn
p = (Fn

p,Q) consisting

of a G-module Fn
p, and non-degenerate quadratic form Q on Fn

p, i.e. where Q : Fn
p 7→Q/Z is

a map which satisfies the following properties :

• For all a ∈ R and x ∈ Fn
p one has Q(ax) := a2Q(x).

• The bilinear form corresponding to Q, is the map B : Fn
p × Fn

p 7→ Q/Z defined as

B(x,y) := Q(x+ y)−Q(x)−Q(y).

• B(x,Fn
p) = {0}, if and only if x = 0. Then B is called non-degenerate.

For all odd prime p.

Definition 3..29. Let Ui (1≤ i≤ m) be subspaces of the vector space W . If every pair of Ui

is orthogonal, then the orthogonal direct sum of Ui equals to W , i.e.

W =U1⊕̂ · · · ⊕̂Um.

Definition 3..30. An element x of a quadratic module (V,Q) is called isotropic if Q(x) = 0.

A subspace U of V is called isotropic if all its elements are isotropic. Such that

U isotropic↔U ⊂U0↔ Q|U = o

(see [Ser77]).
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Definition 3..31. An SL(2,Fp)-submodule U of Fn
p =(Fn

p,Q) is called isotropic if Q vanishes

on U , i.e., Q|U = 0.

Example 3..32. We have two examples:

• The self-dual tetra code t4 over F3 is a maximal isotropic subgroup in the finite quadratic

module F4
3 = (F4

3,(x
2
1 + x2

2 + x2
3 + x2

4)/3).

• The self-dual code c2 over F5 is a maximal isotropic subgroup in the finite quadratic

module F2
5 = (F2

5,(x
2
1 + x2

2)/5).

Definition 3..33. A quadratic module having a basis formed of two isotropic elements x,y

such that x.y 6= 0 is called hyperbolic plane (see [Ser73, p. 29]).

Example 3..34. If k.t = 1, the quadratic form is the matrix form such that

 0 1

1 0

 k

t

;

det(Q) =−1. So it is non degenerate.

Definition 3..35. A basis (e1, · · · ,em) of quadratic module (W,Q) is called orthogonal if its

elements are pairwise orthogonal,i.e. W = ke1⊕̂+ · · ·+ ⊕̂kem. The matrix of Q with respect

to this basis is a diagonal matrix :


k1 0 . . . 0

0 k2 . . . 0

. . . . . . . . . . . .

0 0 . . . km

 .

If x = ∑xiei, then we have the quadratic form Q(x) = k1x2
1 + · · ·+ kmx2

m.

3.3.2. Weil Representations of SL(2,Fp)

Fix an odd prime p 6= 2. For the following we fix a nontrivial character of the additive group

of the field Fp. One can take for χ for example the map

ep : a 7→ e2πix/p,
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where x is any preimage under the unique nontrivial ring homomorphism Z→ Fp. We shall

also need

σ(Fp) :=
1
√

p ∑
a∈Fp

χ

(
−a2

2

)
. (3.20)

The usual formulas for Gauss sums yield for χ = ep the following.

Proposition 3..36 ([Wei03, p. 1166]). For χ = ep, one has

σ(Fp) =
(−2

p

)
=

1 if p≡ 1 mod 4,

i if p≡ 3 mod 4.

Remark 3..37. The action of SL(2,Fp) on the space H of linear forms in C[{xa}a∈Fp]:

T xa := ψ(a)xa = χ(a2/2)xa,

Sxa :=
σ(Fp)√

(p)
∑

b∈Fp

χ(−ab)xb,

where ψ(a)2 = χ(a2) then ψ(a) = ψ(a2/2).

Theorem 3..38 ([BS16, p. 56]). For any odd prime p, the formulas

ρ(A)xu =


(c

p

)σ(Fp)√
p ∑v∈Fp χ(av2−2uv+du2

2c )xv if c 6= 0,(d
p

)
χ
(bd

2 u2) xdu if c = 0,
(A =

[
a b
c d

]
∈ SL(2,Fp))

define a representation ρ : SL(2,Fp)→ GL(C[H]). Here H denotes the space of homogen-

uous linear polynomials in C[{xa}a∈Fp].

Remark 3..39. The Weil representations ρ is naturally extended to the whole polynomial ring

R = C[{xa}a∈Fp], which becomes thus a graded SL(2,Fp)-module.

The map l : xa 7→ x−a, (a ∈ Fp) obviously intertwines with the action of SL(2,Fp) on H, and

hence the +1 and −1 eigenspaces H+ and H− of l are invariant under SL(2,Fp) and define

representations ρ± : SL(2,Fp)→ GL(H±).

We are interested in the representation ρ+. A basis for H+ is given by ya := 1
2(xa + x−a)
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(0≤ a≤ p−1
2 )1 ). From the last theorem we therefore obtain the following.

Theorem 3..40 ([BS16, p. 65, Thm. 14.2]). For any prime p 6= 2, the group SL(2,Fp) acts

on the space of linear forms in C[y0,y1, · · · ,y p−1
2
] via

ρ
+
([

a b
c d

])
yh =

 ( c
p)

σ(Fp)√
p ∑0≤ j≤ p−1

2
δ jχ(

a j2−2h j+dh2

2c )y j i f c 6= 0

(d
p)χ(

bd
2 h2)ydh i f c = 0

Here δ j = 2 for j 6= 0 and δ0 = 1.

Proof. From Theorem 3..38 we have for A =
[

a b
c d

]
with c 6= 0

ρ
+(A)yh = ρ(A)1

2(xh + x−h) = ρ(A)1
2(xh)+ρ(A)1

2(x−h)

=

(
c
p

)
σ(Fp)√

p ∑
v∈Fp

1
2

χ(
av2−2hv+dh2

2c
)xv

+

(
c
p

)
σ(Fp)√

p ∑
v∈Fp

1
2

χ(
av2 +2vh+dh2

2c
)xv

= (
c
p
)
σ(Fp)√

p ∑
v∈Fp

∑
Fp

(χ(
av2−2hv+dh2

2c
)+χ(

av2 +2vh+dh2

2c
))(xh + x−h),

since homomorphism. Thus we have for c 6= 0

ρ
+(A)yh = (

c
p
)
σ(Fp)√

p

p−1
2

∑
j=0

δ jχ(
a j2−2h j+dh2

2c
)x j, for δ0 = 1,δ j = 2( j 6= o).

If c = 0, the formula

ρ
+(A)yh = ρ(A)

1
2
(xh + x−h) = ρ(A)

1
2

xh +ρ(A)
1
2

x−h

=
1
2
(
d
p
)χ(

bd
2c

h2)xdh +
1
2
(
d
p
)χ(

bd
2c

h2)x−dh

= (
d
p
)χ(

bd
2c

h2)(xdh + x−dh),

since homomorphism. Thus we have

ρ
+(A)yh = (

d
p
)χ(

bd
2c

h2)ydh.

1 For convenience we sometimes identify elements of Fp with their preimages 0 ≤ j < p under the nontrivial homomor-
phism Z→ Fp. It should be always clear form the context whether a is an integer or an element of Fp.
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As before we continue the action of SL(2,Fp) on the linear forms in the ya to the polynomial

ring in the variables ya by

(A, f ) 7→ f (A.y0, · · · ,A.y p−1
2
),

where we used A.ya for ρ+(A)ya.

3.3.3. Invariant Theory

Definition 3..41. An invariant of G is a polynomial f (x), which is unchanged by every linear

transformation in G . In other word, the polynomial f (x) is invariant of G if

Aαo f (x) := f (Aα .x) = f (x) for α = 1,2, · · · ,g.

Definition 3..42 ([BS16, p. 67]). Let G be a finite group acting on the space of linear forms

in the ring R =C[x1, · · · ,xn] of polynomials in n variables with complex coefficients F . This

action on R by setting (g ·F)(x1,x2, · · · ,xn) = F(gx1, · · · ,gxn). If g ·F = F for all g ∈ G.

Then the subring RG of the polynomials F is called invariant under G, it is denoted RG, is

defined as

RG := ∑
d≥0

RG
d ,

where Rd is the space of homogeneous polynomials of degree d.

Remark 3..43. An action of GFp,ψ on H by setting for A in GFp,ψ and a polynomial f defines

that

(A. f )({xa}) := f (A.xa}). (3.21)
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3.4. SELF-DUAL CODES AND WEIL REPRESENTATIONS

3.4.1. Mac Williams’ Identity

Mac Williams’ identity theorem is playing important role in Coding theory, which implies

that a weight enumerator of the dual code C⊥ is determined by the given weight enumerator

of the code C. It was discovered by Jessie C. Macwilliams, and it expresses the usual weight

enumerator of a dual code in terms of the enumerator of the given code.

Theorem 3..44 ([BS16, p. 55, Thm. 12.1]). For any linear code C over Fp of length n, one

has

SlwC :=
σ(Fp)

n|C|√
pn lwC⊥. (3.22)

Proof. One has

SlwC = lwC({Sxu : u ∈ Fp})

= lwC({
σ(Fp)√

p ∑
v∈Fp

χ(−uv)xv}u∈Fp)

= (
σ(Fp)√

p
)n

∑
c∈C

∑
w∈Fp

χ(−c.w)xw1xw2 · · ·xwn

If χ(−c.w) = χ(0) = 1, then we have

SlwC = (
σ(Fp)√

p
)n

∑
c∈C

1 ∑
w=w1···wn∈Fp

xw1 · · ·xwn

= (
σ(Fp)√

p
)n|C|lwC⊥

by the definition of the Lee weight enumerator. Since the dual code C⊥ is the subspace of

the words w = w1w2 · · ·wn in Fn
p such that c ·w = ∑

n
i=1 ciwi = o for c ∈C.

Remark 3..45. The previous theorem is given for the complete weight enumerator in [BS16,

p. 55, Thm. 12.1].

Theorem 3..46 ((Mac Williams’Identity)[BS16, p. 55, Thm. 12.2]). For any code of length

n over a finite field Fp, one has

wC⊥ := |C|−1wC(
1− x

1+(p−1)x
)(1+(p−1)x)n. (3.23)
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Proof. We follow [BS16, p. 55].

Set x0 = 1 and xb = x (b ∈ Fq), then the sum

∑
b∈Fq

χ(−ab)xb =

 1− x, i f a 6= 0,

1+(p−1)x, i f a = 0

Since the Proposition ??. The homogeneous Hamming (usual) weight enumerator is that

wC(xo,x1) = ∑
c∈C

xn−h(c)
0 xh(c)

1 .

If x0 replace by 1+(p−1)x, and x1 replace by 1−x then the usual weight enumerate formula

is that

wC(x) = ∑
c∈C

(1+(p−1)x)n−h(c)(1− x)h(c).

Now, if we put it in the equation Slwc 3.22, then we have

Slwc(x0//1,xb//x(b ∈ F p−1
2
)) =

σ(F)n
√

pn ∑
c∈C

(1+(1− p)x)n−h(c)(1− x)h(c).

From the theorem 3..44 therefore

σ(F)n
√

pn |C|.lwC⊥ =
σ(F)n
√

pn lwC(1+(p−1)x,1− x)

which implies lwC⊥ = |C|
−1lwC(1+(p−1)x,1− x),

where lwC is a homogeneous Lee weight enumerator. Hence, for the usual weight enumera-

tor wC Mac Williams’ theorem

wC⊥ = |C|
−1wC(

1− x
1+(p−1)x

)(1+(p−1)x)n,

due to the Proposition 2..30.

Example 3..47. If Fp = F2, then wC⊥ is

wC⊥(x0,x1) =
1
√

p
WC(x0 +(1− p)x1,x0− x1). (3.24)
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Since |C|.|C⊥| = |Fn
p| = qn from the proposition 2..41 and from the Definition 2..42 |C| =

|C⊥|, thus we have pn/2.pn/2 = pn, that means |C|−1 = 1/pn/2.

Remark 3..48. Let w(x0,x1) be a weight enumerator of the self-dual code C⊥ over Fp, such

that

w(x0,x1) =
1
√

p
w(x0 +(p−1)x1,x0− x1). (3.25)

The problem is to find all polynomials w(x0,x1). We solves that kind of problems via invari-

ant theory, which means w(x0,x1) is unchanged, or invariant under the linear transformation

T : replace

x0

x1

 by C

x0

x1

 , (3.26)

where

C =
1
√

p

1 p−1

1 −1

 , C2 = I.

So, w(x,y) must be invariant under the group G consisting of the two matrices I,and A,

which means that the order of the group G is 2. i.e. |G|= 2.

From the Equation 3.25, the weight enumerator of the self-dual code of C is :

wC⊥(x0,x1) = wC(
x0 + x1√

2
,
x0− x1√

2
)

=
1√
2

wC((x0,x1)

 1 1

1 −1

), for Fq = F2.

Example 3..49. For binary Golay code and Hamming code, we find the weight enumerators

of their dual codes.

1. For [23,11,7]2-Golay code:

wG⊥23
= 2−12wG23(

1− x
1+ x

)(1+ x)23

= 253x16 +1288x12 +506x8 +1.
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2. For [7,4,3]2-Hamming code: First the weight enumerator of Hamming code:

wH7 = 1+7x3 +7x4 + x7, and for the self-dual of the Hemming code

wH⊥7
= 2−4wH7(

1− x
1+ x

)(1+ x)7 = 7x4 +1.

Theorem 3..50 ( [BS16, p. 64, Thm. 14.1]). For a linear code C of length n over the field Fp

the following statements are equivalent :

1. The code C is self-dual,

2. The Lee weight enumerator lwC satisfies g.lwC = lwC for all g ∈ GFp,ψ .

Remark 3..51. The subring of polynomials in R := C[{xa}a∈Fp ] generated by the complete

weight enumerators of self-dual codes is therefore equal to the subring R{SL(2,Fp)} of the

polynomials invariant under SL(2,Fp).

Proof of Theorem 3..50. We follow the proof in [BS16, p. 64]. If C is self dual code, i.e.

C =C⊥. Then theorem 3..44 implies

SlwC =
σ(Fp)

n.|C|√
pn lwC⊥. (3.27)

But dimC = dimC⊥ = n/2 as follows from Proposition 2..41 and hence |C| = pn/2. More-

over,

σ(Fp)
n =

1√
|Fp|

n ∑
w=w1,··· ,wn∈Fn

p

n

∏
i=1

ψ(wi)
−1

=
1√
pn ∑

w=w1,··· ,wn∈C⊥/C

n

∏
i=1

χ(−wi)

If n is even and Fn
p contains a self-dual code then we have

σ(Fp)
n =

1√
pn |C

⊥|= 1√
pn pn/2 = 1,

since c · c = 0 for c in self-dual code C⊥. Hence,

SlwC =
1 · |C|√

pn lwC = lwC,
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since C is self-dual or doubly even code.

Immediately from the definition of lwC one finds that the application of T multiplies each

term in

lwC = ∑
c=c1···cn∈C

xc1 · · ·xcn ∈ C[y0,y1, · · · ,y p−1
2
],

where y0 = x0, and yi = xi+xp−i (1≤ i≤ p−1
2 ), by ψ(c1) · · ·ψ(cn). From this it follows that

T lwC =
n

∏
i=1

ψ(ci) · lwC =
n

∏
i=1

χ(ci.ci/2)lwC,

which implies T lwC = lwC, where for all c = c1c2 · · ·cn in C, c.c = 0 since C = C⊥ and so

ψ(c) = χ(c.c/2) = χ(0) = 1. But ψ(c1)ψ(c2) · · ·(cn) = χ(c · c/2) for p 6= 2. For p = 2 we

have

ψ(c1)ψ(c2) · · ·ψ(cn) = χ(c1.c1/2) · · ·χ(cn.cn/2) = ik,

where k = h(c) which reduces again to 1 if C is doubly even. Since χ(0) = 1, and χ(1) =

e
π·i
2 = cos π

2 + isin π

2 = i. If the code C is doubly even code for p = 2, then ik = 1 if and

only if 4|h(c). Thus, T cwC = cwc for doubly-even code C and self-dual code C are both.

Vice versa, T lwC = lwC implies c.c = 0 for all codewords c and p = 2, even more 4|h(c).

It follows by a standard argument that C ⊆ C⊥. But lwC = SlwC = σ(Fp)n|C|√
pn lwC⊥ implies

|C| = σ(Fp)
n|C|√

pn |C⊥| (as follows on setting all variables in the preceding identity equal to 1),

and hence dimC⊥ = dimC = n/2, which implies C =C⊥ by the Proposition 2..41.

Corollary 3..52. The length of a self-dual code over Fp is even. If p≡−1 mod 4 the length

is divisible by 4.

Proof. If C is a self-dual code of length n, then dimC = dimC⊥. But by Proposition 2..41

one has n = dimC+dimC⊥. It follows that n is even.

Let w denote the Lee weight enumerator of C. By the preceding theorem and the equa-

tion (3.27) we have σ(Fp)
n = 1. But for p ≡ −1 mod 4 and χ = ep we have σ(Fp) = ±i

(see Proposition 3..36). It follows 1 = (±i)n, whence 4 | n.
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3.5. MOLIEN SERIES

3.5.1. Molien’s theorem

The theorem of the Molien series is the important to find the number of the linearly inde-

pendent homogeneous invariants of the self-dual codes. We want to describe RSL(2,Fp) by

generators and relations via Molien series.

Definition 3..53. The Molien series M associated to the G−module ring R = C[x1, · · · ,xn]

is defined as

M := dimR = ∑
d≥0

dimRdtn,

where Rd is the space of homogeneous polynomials of degree d.

Remark 3..54. The representation ρ : G×F 7→ GL(R) is defined by ρ(g).F = gF , for all

g ∈ G (F is a set of polynomial functions).

Theorem 3..55 ([BS16, p. 67]). One has

M = dimR =
∞

∑
d=0

Rdtd

be the generating function for this sequence, then

M = dimR =
1
|G| ∑g∈G

1
det(I−ρ(g)t)

,

where ρ(g) in GL(R1) defined by ρ(g)F = g ·F.

Proof. We follow the proof in [BS16, p.67, Thm 14.4.] Let G be a finite group acting on

a finite dimensional vector space V ∼= Cn via ρ : G 7→ GL(V ). Let x1, · · · ,xn be basis in

the dual space V ∗ of V . Then the polynomial functions on V are the polynomial ring R =

C[V ] = C[x1, · · · ,xn]. Now G acts on R via ρ : G 7→ GL(Rd), where Rd is the space of the

homogeneous polynomials of degree d. Let ρd(g) denote the element of GL(Rd) defined by

ρ(g)Fg ·F . Let Pd denote the projection of R onto Rd defined by

Pd :=
1
|G| ∑g∈G

ρd(g).
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The endomorphism Pd of Rd has image in RG
d and equals to the identity on Rd . Hence the

dimension of the subspace RG
d is that

dimRG
d =

1
|G| ∑g∈G

tr(ρd(g)).

The claimed identity follows now from

∑
d≤0

tr(ρd(g))td =
1

det(1−ρ(g)t)
,

which is valid for every g in G.

Example 3..56. Consider the matrix group

S =


 1 0

0 1

 ,

 −1 0

0 1

 ,

 1 0

0 −1

 ,

 −1 0

0 −1

⊂ GL(2,C).

So |S|= 4. The Molien’s series is calculated as :

det(I−S1t) = det(

 1− t 0

0 1− t

) = (1− t)2,

det(I−S2t) = (

 1+ t 0

0 1− t

) = 1− t2,

det(I−S3t) = det(

 1− t 0

0 1+ t

) = 1− t2,

det(I−S4t) = det(

 1+ t 0

0 1+ t

) = (1+ t)2.

Thus, we have

M =
1
4
(

1
(1− t)2 +

1
(1− t2)

+
1

(1− t2)
+

1
(1+ t)2 )

=
1
4
(

4
(1− t2)(1− t2)

) =
1

(1− t2)2 = 1+2t2 +3t4 + ...

Hence, there are two independent invariants of degree 2. Now, we calculate the ρ( f ), where
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f ∈ C[x,y] :

ρ( f ) =
1
4
{ f (x,y)+ f (−x,y)+ f (x,−y)+ f (−x,−y)}.Then, we have

ρ(x2) =
1
4
{x2 + x2 + x2 + x2}= x2,

ρ(y2) =
1
4
{y2 + y2 + y2 + y2}= y2.

Thus, α = x2,β = y2 in C[x,y] and they are algebraically independent. Hence, CS =C[α,β ].

3.5.2. The Molien series of the Weil representations for p = 3,5

Theorem 3..40 describes an action of SL(2,Fp) on the space of linear homogeneous poly-

nomial in Sp := C[x0,x1, . . .x p−1
2
], which extends naturally to an action on the whole poly-

nomial ring Sp. We know that every Lee weight enumerator of a self-dual code is contained

in the ring of SL(2,Fp)-invariants in Sp. Moreover, by Corollary 3..52 any such Lee weight

enumerator is homogeneous of even degree. In other words it is an invariant under the ac-

tion of µ2 = {±1} on Sp given by (s, f (x)) 7→ f (−x) (where we use x = x0,x1, . . .x p−1
2

). If

p≡−1 mod 4 then the degree of any given Lee weight enumerator of a self-dual code is even

more divisible by 4. Accordingly, any such Lee weight enumerator is invariant under the ac-

tion of µ4 = {±1,±i} defined as before. Therefore we are interested in the invariants in Sp

with respect to the action of Gp := SL(2,Fp)×µ2 if p≡+1 mod 4,and Gp := SL(2,Fp)×µ4

if p≡−1 mod 4.

For the following theorem recall that dimSGp
p denotes the subring of polynomials F in Rp

which satisfy g ·F = F for all g ∈ Gp, and that we use dimSGp
p = ∑n≥0 dim(Sp)nxn.

Theorem 3..57. One has

dimC[x0,x1]
SL(2,F3)×µ4 =

1
(1− x4)(1− x12)

dimC[x0,x1,x2]
SL(2,F5)×µ2 =

1
(1− x2)(1− x6)(1− x10)
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Proof. We consider the case p = 3. From Proposition 3..40 we have for A =
[

a b
c d

]
, c 6= 0,

(ρ+(A)x0,ρ
+(A)x1) = (x0,x1)(

c
3
)
σ(F3)√

3

[
1 2χ( a

2c )

χ( d
2c ) 2χ( a+d−2

2c )

]
= (x0,x1)(

c
3
)

i√
3

[
1 2χ( a

2c )

χ( d
2c ) 2χ( a+d−2

2c )

]
,

where σ(F3) =
1√
3 ∑a∈F3 χ(−a2/2) = i. The invariants in S3 with respect to the action G3 :=

SL(2,F3)×µ4 defined on the space of linear forms S1 by (g,F) = ρ+(g)F with ρ+ denoting

the unique extension of
[

0 −1
1 0

]
7→ S and

[
1 1
0 1
]
7→ T . Moreover, if we take A = S =

[
0 −1
1 0

]
for

the case c 6= 0, then (ρ+(A)x0,ρ
+(A)x1) implies that :

α :=
i√
3

[
1 2
1 −1

]
.

It follows

det(I−ρ
+(A)x) = det(

[
1−( c

3 )
i√
3

x −( c
3 )

i√
3

2χ( a
2c )x

−( c
3 )

i√
3

χ( d
2c )x 1−( c

3 )
i√
3

2χ( a+d−c
2c )x

]
)

= (1− (
c
3
)

i√
3

x)(1− (
c
3
)

i√
3

2χ(
a+d−2

2c
x)+

2
3

χ(
d
2c

)χ(
a
2c

)x2.

Now, we compute (ρ+(A)x0,ρ
+(A)x1) for c = 0.

(ρ+(A)x0,ρ
+(A)x1) = (x0,x1)

[
( d

3 )χ(0) 0
0 ( d

3 )χ(
bd
2 12)

]
.

If we take A = T =
[

1 1
0 1
]

for case c = 0, then (ρ+(A)x0,ρ
+(A)x1 implies that :

β :=
[

1 0
0 ζ

]
,

where ζ = e
2πi
3 . It follows

det(I−ρ
+(A)x) = det(1−

[
( d

3 )x 0
0 ( d

3 )χ(
bd
2 )

]
)

= (1− (
d
3
)x)(1− (

d
3
)χ(

bd
2
)x),

where a,b,c,d in F3. Thus we have

G3 = SL(2,F3)×µ4 := 〈 i√
3

[
1 2
1 −1

]
,
[

1 0
0 ζ

]
〉, |G3|= 24.
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Now, we find dimC[x0,x1]
SL(2,F3)×µ4 via the Molien series formula. i.e.,

dimC[x0,x1]
SL(2,F3)×µ4 =

1
24 ∑

A∈SL(2,F3)

1
det(I−ρ+(A)x)

.

Thus from the Molien series we have

M = dimC[x0,x1]
SL(2,F3)×µ4 =

1
(1− x4)(1− x12)

.

Now, we consider the case p = 5, which is used the similar way with case p = 3. From the

Proposition 3..40 we have for A =
[

a b
c d

]
,c 6= 0. Before, we shall compute the σ(F5). From

the Equation 3.20 we have

σ(F5) =
1√
5 ∑

a∈F5

χ(
−a2

2
)

=
1√
5
(1+2ζ

2 +2ζ
4),where ζ = e2πi/5.

It follows

(ρ+(A)x0,ρ
+(A)x1,ρ

+(A)x2) =

((
c
5
)
σ(F5)√

5
(x0 +2χ(

a
2c

x1 +2χ(
2a
c
)x2),

(
c
5
)
σ(F5)√

5
(χ(

d
2c

)x0 +2χ(
a+d−2

2c
)x1 +2χ(

4a+d−4
2c

)x2),

(
c
5
)
σ(F5)√

5
(χ(

d
c
)x0 +2χ(

a+4d−4
2c

)x1 +2χ(
4a+4d−8

2c
)x2)).

Now, we compute the (ρ+(A)x0,ρ
+(A)x1,ρ

+(A)x2) for case c = 0 from Proposition 3..40.

(ρ+(A)x0,ρ
+(A)x1,ρ

+(A)x2) = ((
d
5
)χ(0)x0,

(
d
5
)χ(

bd
2
)(x1),

(
d
5
)χ(2bd)(x2),

where a,b,c,d in F5 (ad− bd = 1). The invariants in S5 with respect to the action G5 :=

SL(2,F5)×µ2 defined on the space of linear forms S1 by (g,F) = ρ+(g)F with ρ+ denoting

the unique extension of
[

0 −1
1 0

]
7→ S and

[
1 1
0 1
]
7→ T . Moreover, if we take A = S =

[
0 −1
1 0

]
for
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the case c 6= 0, then (ρ+(A)x0,ρ
+(A)x1,ρ

+(A)x2 implies that :

α
′ :=

1
5


1 2 2

1 ζ +ζ 4 ζ 2 +ζ 3

1 ζ 2 +ζ 3 ζ +ζ 4

 .

Now, if we take A = T =
[

1 1
0 1
]

for case c = 0, then (ρ+(A)x0,ρ
+(A)x1,ρ

+(A)x2) implies

that :

β
′ :=


1 0 0

0 ζ 0

0 0 ζ 4

 ,

where ζ = e
2πi
5 . Hence, we have

G5 = SL(2,F5)×µ2 = 〈α ′,β ′〉

= 〈1
5


1 2 2

1 ζ +ζ 4 ζ 2 +ζ 3

1 ζ 2 +ζ 3 ζ +ζ 4

 ,


1 0 0

0 ζ 0

0 0 ζ 4

〉, |G5|= 120,

where ζ = e
2πi
5 . It follows (for the case c 6= 0)

det(1−ρ
+(A)x) = det(I− (

c
5
)
σ(F5)√

5


1x 2χ( a

2c)x 2χ(2a
c )x

χ( d
2c)x 2χ(a+d−2

2c )x 2χ(4a−d−4
2c )x

χ(d
c )x 2χ(a+4d−4

2c )x 2χ(4a+4d−8
2c )x

),
and the case for c = 0

det(1−ρ
+(A)x) = det(I− (

d
5
)


1x 0 0

0 χ(bd
2 )x 0

0 0 χ(2bd)x

)

Now, we find dimC[x0,x1,x2]
SL(2,F5)×µ2 via the Molien series formula. i.e.,
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dimC[x0,x1,x2]
SL(2,F5)×µ2 =

1
120 ∑

A∈SL(2,F5)

1
det(I−ρ+(A)x)

=
1

(1− x2)(1− x6)(1− x10)
.
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4. PART IV: RESULTS

4.1. THE MAIN THEOREMS

In this last but not least section we state and prove the main theorems of this thesis. As

explained in the introduction the two theorems of this section are well-known, however, we

give here a new proof based purely on invariant theory following ideas of [BS16].

Theorem 4..1 (Broué, Enguehard [BS16, p. 65, Thm. 14.3]). Every Lee weight enumerator

of a ternary self-dual code can be written as a polynomial in the Lee weight enumerators of

the two codes t4 and g12 described in Section 3.1.1.. Such a writing can be done in only one

way.

Remark 4..2. Note that the Lee weight enumerators of codes over F3 are identical with the

standard weight enumerators. So the prefix “Lee” can be omitted in the above theorem.

We keep using it only for showing the consistency with the case of self-dual codes over F5

described below.

Proof of Theorem 4..1. Let A be the subring of R = C[x0,x1] generated by the Lee weight

enumerators of t4 and g12, let B be the subring of R generated by the Lee weight enumerators

of the self-dual codes over F3, and, finally, let C be the subring of all polynomials in R that are

invariant under the action of the group G := SL(2,F3)× µ4 as introduced in Section 3.5.2..

We have

A⊆ B⊆C.

Indeed, the first identity is obvious, whereas the second one follows from (the remark after)

Theorem 3..50 and the fact that the length of a self-dual code over F3 is divisible by 4

(see Corollary 3..52). We need to show that A = C. This implies A = B, that is that every

Lee weight enumerator of a self-dual code C over F3 is a polynomial in the Lee weight

enumerators of t4 and g12. Since the Lee weight enumerators of the latter two codes are

algebraically independent by Corollary 3..2 the representation of a Lee weight enumerator

of a self-dual code over F3 as polynomial in lwt4 and lwg12 is unique.
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To show that A =C it suffices to show for any non-negative integer n, that dimAn = dimCn

since we have already A ⊆ C, whence An ⊆ Cn. In other words we have to show that

∑n≥0 Anxn = ∑n≥0Cnxn. But the left hand side was computed in Corollary 3..2, and the

right hand side in Theorem 3..57 which shows that we indeed have the equality. This proves

the theorem.

Theorem 4..3 (Gleason and Pierce; Sloane [Ebe02, p. 165, Cor. 5.5]). Every Lee weight

enumerator of a self-dual code over F5 can be written as a polynomial in the Klein invariants

A,B,C.

A proof of this theorem, using Hilbert modular forms and results of Klein on the symmetry

group of the icosahedron, can also be found in [Ebe02, §5.6].

Theorem 4..4. Every Lee weight enumerator of a self-dual code over F5 can be written

as a polynomial in the weight enumerators of the three codes c2, f6 and e10 introduced in

Section 3.1.2.. Such a writing can be done in only one way.

Proof of Theorem 4..4. The proof follows the same strategy as the proof of the preceding

theorem. For the reader who does wish to read it again, we repeat it here, with p = 5. Let A

be the subring of R =C[x0,x1,x2] generated by the Lee weight enumerators of c2, f6 and e10,

let B be the subring of R generated by the Lee weight enumerators of the self-dual codes

over F5, and, finally, let C be the subring of all polynomials in R that are invariant under the

action of the group G := SL(2,F5)×µ2 as introduced in Section 3.5.2.. We have

A⊆ B⊆C.

Indeed, the first identity is obvious, whereas the second one follows from (the remark after)

Theorem 3..50 and the fact that the length of a self-dual code over F5 is even (see Corol-

lary 3..52). We need to show that A = C. This implies A = B, that is that every Lee weight

enumerator of a self-dual code C over F5 is a polynomial in the Lee weight enumerators

of c2, f6 and e10. Since the Lee weight enumerators of the latter three codes are algebraically

independent by Corollary 3..2 the representation of a Lee weight enumerator of a self-dual

code over F5 as polynomial in lwc2 , lw f6 and lwe10 is unique.

To show that A =C it suffices to show for any non-negative integer n, that dimAn = dimCn

since we have already A ⊆ C, whence An ⊆ Cn. In other words we have to show that
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∑n≥0 Anxn = ∑n≥0Cnxn. But the left hand side was computed in Corollary 3..2, and the

right hand side in Theorem 3..57 which shows that we indeed have the equality. This proves

the theorem.
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5. PART V: DISCUSSION

In this thesis, we studied on the self-dual codes over the prime fields F3 and F5, and the

structure theorems for their Lee weight enumerators and also associated the Lee weight enu-

merators of those self-dual codes with the Weil representations of SL(2,Z).

The weight enumerators give us significant knowledge about Hamming weight, Hamming

distance of the linear codes over the prime field Fp. There are three weight enumerators in

this area : Usual weight enumerator, complete weight enumerator and Lee weight enumera-

tor. The Lee weight enumerator is much more useful for the linear codes over Fp (for p 6= 2)

which are polynomial in the complex polynomial ring C[y0, · · · ,y p−1
2
].

Earlier work about these structure theorems for the Lee weight enumerators of the self-

dual codes over F3 and F5 was proven via geometrical methods. Instead of the Lee weight

enumerators of the three codes over F5 one can also take the so-called Klein invariants,

two of which are, however not weight enumerators of codes. These are interesting because

of their connection to the icosahedron (see e.g. [Ebe02, §5.6]). In the literature the Klein

invariants are, in fact, used instead of the above Lee weight enumerators.

We proved these two structure theorems for the Lee weight enumerators of the self-dual

codes over F3 and F5 via purely algebraic methods. For this, first we explained two self-

dual codes over F3 and three self dual codes over F5 in [3.1.]. Then, we showed that the

Lee weight enumerators of these self dual codes are algebraically independent so they gen-

erate rings R3 and R5 which are isomorphic to the complex polynomials rings C[x0,x1] and

C[x0,x1,x2], respectively in [3.1.3.]. After that, we associated the Weil representations with

the finite quadratic modules Fp, p 6= 2, this Weil representations defined a SL(2,Fp)-module

structure on the space of linear forms of the complex polynomial ring C[{xa}a∈Fp] in [3.3.2.],

and then we proved that a code over Fp is a self-dual code if and only if its Lee weight enu-

merator is invariant under the action SL(2,Fp) on the complex polynomial ring C[y0, ·,y p−1
2
]

in Theorem 3..50 in [3.3.2.]. Then we calculated the Molien series of the Weil representa-

tions for p = 3,5 in [5]. Finally, we found that dimC[x0,x1]
SL(2,F3)×µ4 = 1

(1−x4)(1−x12)
and

dimC[x0,x1,x2]
SL(2,F5)×µ2 = 1

(1−x2)(1−x6)(1−x10)
via Molien series in Theorem 3..57.
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The interesting results constitute the two main theorems in [4.1.].
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6. PART VI: CONCLUSION AND RECOMMENDATIONS

In this thesis we reproved two structure theorems that describe explicitly the ring generated

by the Lee weight enumerators of self-dual codes over F3 and F5. Our approach of the proofs

were purely algebraic based on the theory of Weil representations of SL(2,Fp) and follows

ideas of Boylan and Skoruppa explained in [BS16].

For future work, one can use the methods in this thesis to reprove structure theorem which

describes explicitly the Lee weight enumerators of self-dual codes over F7.
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