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ABSTRACT

Leveraging the inherent data carrying capability of light-emitting diode (LED) based

illumination infrastructure, visible light communication (VLC) offers a promising ap-

proach for wireless data transmission. The recent advent of commercially available

white-light luminaires equipped with laser diodes (LDs) presents a unique opportu-

nity to realize high-performance coherent VLC systems. In contrast to conventional

VLC employing intensity modulation, coherent VLC harnesses the superior band-

width characteristics of lasers and advanced digital signal processing (DSP) tech-

niques to achieve significantly enhanced data rates. Coherent detection schemes rely

on a highly stable, monochromatic laser as a local oscillator (LO). However, practical

laser implementations exhibit inherent phase noise stemming from spontaneous emis-

sion and carrier density fluctuations. This work presents a comprehensive analysis of

the detrimental effects of phase noise on the performance of a coherent VLC system.

To counteract the detrimental effects of phase noise, we propose the utilization of a

phase-locked loop (PLL). By characterizing the statistical distribution of the residual

phase error after PLL operation, we derive an approximate closed-form expression

for the pairwise error probability (PEP). Subsequently, a union bound is established

to quantify the overall bit error rate (BER). The derived analytical framework is

validated through extensive simulations, confirming its accuracy and enabling the

quantification of phase noise’s effect on the system’s error rate performance.
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ÖZETÇE

Görünür ışık iletişimi (VLC), LED tabanlı aydınlatma altyapısının veri taşıma yete-

neğinden faydalanaran, kablosuz iletişim için gelecek vadeden bir yaklaşımdır. Lazer

diyot (LD) ile donatılmış beyaz ışık aydınlatmalarının ticari olarak piyasaya sürülmesi,

yüksek performanslı eş evreli VLC sistemlerinin geliştirilmesi için eşsiz bir fırsat

sunmaktadır. Geleneksel yoğunluk modülasyonu kullanan VLC’den farklı olarak,

eş evreli VLC, lazerlerin üstün bant genişliği özelliklerini ve gelişmiş dijital sinyal

işleme (DSP) tekniklerini kullanarak veri hızlarını önemli ölçüde artırır. Eş evreli

alıcı şemaları oldukça stabil davranan tek renkli bir lazere lokal osilatör (LO) olarak

ihtiyaç duyar. Ancak, lazerlerin gerçek uygulamalarında kendiliğinden emisyon ve

taşıyıcı yoğunluğu dalgalanmaları nedeniyle faz gürültüsü oluşur. Bu çalışma, faz

gürültüsünün tutarlı bir VLC sisteminin performansı üzerindeki olumsuz etkilerini

kapsamlı bir şekilde analiz eder. Faz gürültüsünün olumsuz etkilerini azaltmak için

bir faz kilitlemeli döngü (PLL) kullanılmasını öneriyoruz. PLL işleminden sonra kalan

faz hatasının istatistiksel dağılımını karakterize ederek, çiftsel hata olasılığı (PEP) için

yaklaşık bir kapalı form ifade türetiyoruz. Daha sonra, toplam bit hata oranını (BER)

hesaplamak için bir birleşim sınırı oluşturulur. Elde edilen analitik ifadeler, kapsamlı

simülasyonlarla onaylanarak doğruluk oranı teyit edilir ve faz gürültüsünün sistemin

hata oranı performansı üzerindeki etkisi incelenir.
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CHAPTER I

INTRODUCTION

1.1 Motivation

The advancements in digital technologies gave rise to higher data transmission rates

and wider bandwidths in order to compensate for higher number of users and data

intensive applications. Therefore, in the last few decades, there is an increasing de-

mand in radio frequency (RF) spectrum. According to [1], the spectrum is expected

to be fully congested around 2035. Several studies, investigating the limits of spec-

trum allocation, point out an emergent need for alternative technologies in realm of

5G and beyond systems. Considering this, Visible Light Communication (VLC) has

been found to be a promising technology for next generation wireless communication

systems [1, 2, 3]. In comparison to existing RF technologies, VLC is more advanta-

geous in terms of several aspects: (i) bandwidth, (ii) safety, (iii) privacy, (iv) efficiency

[4]. While RF spectrum ranges from 3 kHz to 300 GHz, visible light spectrum ranges

between 400-800 THz yielding 1,000 times wider bandwidth free of reservation charge

[5]. Since VLC does not suffer from interference and emits harmful radiations unlike

radio waves, it provides more secure and safer transmission [6]. Moreover, the exist-

ing lighting infrastructure allows for efficient implementation by combining low energy

and cheap illumination modules with communication [7]. In consequence of these ben-

efits, the need for high data rate communication, and dwindling RF spectrum makes

VLC more favorable for many applications as a complementary technology.

Visible Light Communication represents a cutting-edge technology that harnesses

the modulation of visible light wavelengths to enable high-speed wireless communi-

cation. This innovative approach capitalizes on existing illumination infrastructures,
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effectively transforming each light source into a potential transmitter. VLC’s promise

lies in its ability to offer rapid and widespread indoor wireless access, particularly in

densely populated environments, thereby positioning itself as a complementary solu-

tion alongside traditional radio frequency (RF) systems. Over the past decade, VLC

has garnered significant attention, fueling a surge in research endeavors aimed at un-

locking its vast potential. Comprehensive surveys [8] attest to the growing interest

and exploration within the field. While the predominant assumption in current litera-

ture is that VLC systems rely on light emitting diodes (LEDs) as transmitters due to

their ubiquitous deployment, LEDs do pose inherent limitations. Notably, their low-

pass frequency response restricts available electrical bandwidth to a few megahertz,

albeit this can be expanded to tens of megahertz through pre-equalization schemes

[9, 10]. However, the demands of emerging applications, such as extended reality,

mobile holography, and digital twins, necessitate data rates surpassing the capabili-

ties of conventional LED-based VLC systems. Requirements reaching up to 1 terabit

per second (Tbps) mandate bandwidths ranging from hundreds of megahertz to tens

of gigahertz, aligning with the performance benchmarks envisioned for 6G and be-

yond networks [11]. To bridge this gap, VLC must evolve, addressing the bandwidth

limitations imposed by traditional light sources. With the invention of laser-based

white lighting, a promising alternative poised to unlock VLC’s full potential. Early

examples of laser diode (LD)-powered white luminaires are already making strides

in automotive applications [12] and are anticipated to supplant LEDs in residential

and commercial settings [13]. LD-based white light sources boast significantly higher

electrical bandwidths, scaling up to several gigahertz, compared to their LED coun-

terparts. Initial experimental endeavors [14, 15, 16, 17, 18, 19, 20] have showcased

the feasibility of achieving data rates in the tens of gigabits per second (Gbps) range

with LD-based white light sources.

In this study, we consider a coherent VLC system with an LD-based white light
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luminary and analyze its performance in the presence of phase noise. The laser phase

noise is characterized by Wiener process whereas the phase estimate error is modeled

with Gaussian process. We consider M -ary phase shift keying (M -PSK) and derive a

closed-form expression for the pairwise error probability (PEP). Building on the PEP,

we provide a union bound on the error probability. We further confirm the accuracy

of our derivations through extensive Monte Carlo simulations.

1.2 Thesis Outline

The rest of the thesis report is organized as follows: In Chapter 2, we present a

comprehensive literature review on the topic and the novelty of this study. In Chapter

3, we present our system model under consideration. In Subchapter 3.1, transceiver

architecture is mentioned. In Subchapter 3.2, we discuss the models of laser phase

noise and residual phase error after the phase recovery process. The details of phase

recovery process is explained in Subchapter 3.2.1. Next, the simulation parameters are

given with proper explanations in Subchapter 3.3. In Subchapter 3.4, we provide the

details of PEP derivation and present the union bound which is laying the groundwork

for this study. In Chapter 4, we present the numerical results and verify our analytical

findings with the simulation results. Finally, we conclude our work by summarizing

key insights in Chapter 5.

1.3 Notation

Re {·} and E {·} denote real part and expectation operations. j denotes
√
−1. N(·)

and CN(·) respectively stand for Gaussian distribution and complex Gaussian dis-

tribution. LN (·) denotes lognormal distribution. ∥·∥, (·)∗, (·)T and (·)H respectively

stand for the norm, conjugate, transpose and Hermitian transpose operations, respec-

tively. Bold letters are used for vector notation.
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CHAPTER II

LITERATURE REVIEW

2.1 Intensity Modulation and Direct Detection

In the current literature, VLC systems typically build upon intensity modulation

and direct detection (IM/DD), where the information is encoded in the intensity

of light source and then retrieved by a photodetector via envelope detection. This

modulation technique simplifies the transmitter design and is often implemented us-

ing straightforward modulation formats like On-Off Keying (OOK) or Pulse Position

Modulation (PPM) [21]. At the receiver, only the intensity of the received opti-

cal signal is detected, without extracting phase information. This approach simplifies

receiver design and reduces costs. IM/DD schemes are commonly used in optical com-

munication systems where simplicity, cost-effectiveness, and moderate to high data

rates over relatively short distances are priorities. However, they may be susceptible

to impairments such as dispersion, ambient light interference, and noise, which can

limit their performance, especially in long-haul or high-speed communication scenar-

ios [22]. Despite these limitations, IM/DD schemes remain popular for applications

such as short-range optical wireless communication, access networks, and point-to-

point links [23]. Such a choice is dictated by the non-coherent nature of LED sources.

LED-VLC concept is studied comprehensively and utilized in diverse fields such as

health monitoring, indoor navigation, home automation, intelligent transportation

[24, 25, 26, 27, 28]. In general, the utilization of IM/DD helps mitigating the occur-

rence of multipath fading, primarily due to the transmission wavelength and detector

area. Nevertheless, it inherently comes with limitations on maximum achievable data

rate and inadequate modulation schemes. These drawbacks preclude the LEDs from

4



Table 1: Comparison of IM/DD and coherent schemes
IM/DD Coherent

Modulation Types Intensity Amplitude and phase
Detection Method Direct Homodyne or heterodyne
Sensitivity to Carrier Phase No Yes
Sensitivity to Polarization No Yes

becoming an optimal implementation of VLC and promote the search of improved

light sources.

2.2 Coherent Detection

In coherent optical communication schemes, data is transmitted and received using

both the amplitude and phase of the optical carrier signal. This allows for more

complex modulation formats such as Quadrature Amplitude Modulation (QAM) or

Differential Phase Shift Keying (DPSK) to be employed, which can achieve higher

spectral efficiency and better tolerance to impairments. At the receiver, coherent

detection is used to recover both the amplitude and phase information of the re-

ceived optical signal, enabling advanced digital signal processing (DSP) techniques

to enhance performance. Coherent schemes are commonly used in long-haul optical

communication networks where high data rates and transmission distances are re-

quired. However, they are more complex and expensive compared to IM/DD schemes,

making them less suitable for applications where simplicity and cost-effectiveness are

prioritized. Coherent optical communication systems find applications in submarine

communication cables, data center interconnects, and high-speed telecommunications

networks. A general comparison of IM/DD vs coherent schemes are given in Table

1. The transceiver block diagrams of non-coherent and coherent schemes are given in

Fig. 1 and Fig. 2, respectively.

On the other hand, LDs are coherent light sources and allow the implementation

of coherent VLC systems. Coherent VLC systems can leverage the high bandwidth
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Figure 1: A general transceiver architecture for a non-coherent scheme

Figure 2: A general transceiver architecture for a coherent scheme

of lasers and advanced DSP to push the data rates in the order of Tbps. Coherent

techniques have already become the de-facto standard for 100G and beyond fiber

optic links [29] and also explored for free space optical links at infrared wavelengths

[30]. There are many experimental studies which demonstrate high speed transmis-

sion utilizing different modulation schemes at different distances using LDs in the

scale of gigabits [16, 17, 18, 19, 20, 31, 32, 33, 34, 35]. Most of them propose to

use single wavelength LDs enabling point-to-point communication [31, 33, 34, 35] for

application scenarios including free-space and underwater [34, 35]. However, despite

the exceptional luminance of high-power LDs, they pose significant risk for eye safety

restricting its real-life daily usage. On the other hand, the invention of white light

emission utilizing the combination of blue LD with yellow phosphor provides signifi-

cant advantages [36]. The diffusing effect of the phosphor material generates an eye

safe white light emission which provides flexibility for the applications of communi-

cation.

[16, 17, 18, 19, 20] utilizes this technology and demonstrates remarkable results.

[16] and [17], achieving 2 Gbit/s and 5.2 Gbit/s respectively, showed the potential of

laser-based phosphor-converted white lighting systems for high data rate VLC without

the need for RGB lasers or an additional optical filter. [18] showed that 10 Gbit/s
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is achievable by employing a two-channel imaging system and gave a considerable

promise that LD based white lighting system contributes to VLC. Next, [19] showed

that using an LD based white light SMD source offers high design flexibility and

achieve extremely high data rates of over 20 Gbit/s by utilizing both OFDM and

WDM. In the most recent study [20], a novel configuration of LD based Li-Fi system

achieving a maximum of 26 Gbit/s over a free space distance of 3 m by a single SMD

is proposed. They showed the viability of scaling the data rate by integrating multiple

LDs at the transmitter without adding substantial complexity to the system.

However, comprehensive investigation of coherent VLC architectures particularly

in the presence of practical hardware imperfections has not been reported in the liter-

ature. A typical digital coherent optical receiver is composed of an optical front-end

followed by baseband processing. The optical front-end (also referred to as IQ coher-

ent receiver in the fiber optic literature) can be implemented either as a single-branch

or dual-branch (i.e., balanced) the latter of which provides superior suppression of

the DC component and a higher power efficiency. At the receiver front-end, a local

oscillator in the form of a monochromatic laser is used. In practice, lasers suffer from

random fluctuations in phase due to spontaneous emission and carrier density fluctua-

tions [37]. While the effect of phase noise was explored in coherent fiber optic systems

[38, 39, 40] and free space optical systems [41, 42], this was not yet investigated in

the context of VLC which provides the motivation of our study.
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CHAPTER III

SYSTEM MODEL

In this chapter, the overall system model will be introduced. First of all, transceiver

architecture is explained. The designed system will be analyzed further including the

phase noise factor. We also mention and discuss about how to compensate such phase

noise. Then, we model the phase recovery error. Furthermore, we give the simulation

parameters. Based on the derived system model, a closed form solution for error

probability will be investigated and a novel approximation method is proposed.

3.1 Transceiver Architecture

The block diagrams of transmitter and receiver architectures are respectively pre-

sented in Fig. 3 and Fig. 4. At the transmitter side (Fig. 3), the optical field

generated by the laser source can be expressed as
√
2Ac cos (2πfct+ θc(t)) where fc

is the operation frequency, Ac is the amplitude, θc(t) is the phase noise and
√
2 is

used to normalize the energy of the carrier signal. After the beam splitter which

introduces a 3 dB loss, the resulting signals are fed into an optical IQ modulator with

one Mach-Zender Modulator (MZM) in each branch. Let vI(t) and vQ(t) denote the

Figure 3: Block diagram of coherent VLC transmitter for M-PSK signal generation

8



Figure 4: a) Overall block diagram of coherent VLC receiver b) Sub-blocks of receiver
DSP block

9



modulating voltage signals applied to the in-phase and quadrature MZMs to generate

the desired M-PSK symbol x(t). In the following, we assume Ac =
√
2 to have unit

power M -PSK symbols. The baseband signal representations of the symbol on I and

Q branches can be written as

xI(t) = cos

[
π

Vπ

(
vI(t)−

Vbias

2

)]
(1)

xQ(t) = cos

[
π

Vπ

(
vQ(t)−

Vbias

2

)]
(2)

where Vbias is the bias voltage and Vπ is the reference voltage that generates a π radian

displacement in the phase. Hereby, we can set Vbias = Vπ in (1) and (2) to ensure

that the amplitude of xI(t) and xQ(t) varies between [−1, 1]. Any M-PSK signal can

be formed by adjusting the levels of vI(t) and vQ(t) with a 2π/M phase shift, where

M is the modulation order. Mathematically speaking, they are selected as

vI(t) = p(t)Vπ

(
cos−1 (cos (θm))

π
+

1

2

)
(3)

vQ(t) = p(t)Vπ

(
cos−1 (sin (θm))

π
+

1

2

)
(4)

where θm ∈ {2πm/M,m = 1, 2..M} and vI,Q(t) ∈ [−Vπ/2, Vπ/2]. p(t) is non-return-

to-zero rectangular pulse shape. The outputs of MZM branches are then combined

together to produce the output of the transmitter as

sout(t) =
√
2xI(t) cos (2πfct+ θc(t))−

√
2xQ(t) sin (2πfct+ θc(t)) (5)

This can be rewritten as

sout(t) =
√
2Re {s̃out(t)} (6)

where s̃out = x(t)e−j(2πfct+θc(t)) is the complex envelope of the transmitted signal

and x(t) = xI(t) − jxQ(t) = e−jθm(t) is the baseband M -PSK signal. Even tough

complex exponentials are not realistic to represent signals, we can utilize them for
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mathematical tractability. The real-valued implementation of the signal modeling is

explained in Appendix A.

The transmitted signal goes through the propagation channel. In a typical indoor

environment, the VLC channel is deterministic in nature and basically provides an at-

tenuation factor which will be ignored in this study for the simplicity of presentation.

The received signal takes the form of

r̃(t) = s̃out(t) + z(t) (7)

where z(t) is the additive thermal noise. It is modeled by Gaussian distribution

where real and imaginary parts are independently modeled as a zero mean normal

distribution. The variance of each quadrature part equals to the half of the complex

noise power, i.e., zRe, zIm ∼ N (0, N0/2).

At the receiver side (Fig. 2), the optical front-end architecture mixes the received

signal r(t) = Re {r̃(t)} with the optical local oscillator (LO) signal given in the real

form by cLO(t) =
√
2Re

{
ALOe

−j(2πfLOt+θLO(t))
}
where ALO is the amplitude, fLO is

the frequency, and θLO(t) is the phase noise of the laser. For the mixing process, we

use a 2x4 90-degree coupler which takes the form

T =
1

2



1 1

1 ejπ

1 ejπ/2

1 ej3π/2


(8)

The output of the coupler is given by

cout,1(t)

cout,2(t)

cout,3(t)

cout,4(t)


= T

 r̃ (t)

c̃LO (t)

 =



(r̃(t) + c̃LO(t)) /2

(r̃(t) + ejπ c̃LO(t)) /2(
r̃(t) + ejπ/2c̃LO(t)

)
/2(

r̃(t) + ej3π/2c̃LO(t)
)
/2


(9)

11



Each of the four coupler outputs is applied to a separate photodetector. The resulting

photocurrents are given by

yi(t) = R|cout,i(t)|2, i = 1, 2, 3, 4 (10)

where R is photodetector responsivity. The output current on I branch is obtained

as

yI(t) =y1(t)− y2(t)

=R|0.5r̃(t) + 0.5c̃LO(t)|2 −R
∣∣0.5r̃(t) + 0.5ejπ c̃LO(t)

∣∣2
=Re {Rr̃(t)c̃∗LO(t)} (11)

where we have used |a+ b|2 = |a|2 + |b|2 + 2Re {ab∗}. Similarly, the output current

on Q branch is obtained as

yQ(t) =y3(t)− y4(t)

=R
∣∣0.5r̃(t) + 0.5ejπ/2c̃LO(t)

∣∣2 −R
∣∣0.5r̃(t) + 0.5ej3π/2c̃LO(t)

∣∣2
=Re

{
Rr̃(t)c̃∗LO(t)e

−jπ/2
}

(12)

Replacing r(t) and cLO(t) in (11) and (12), we obtain noisy baseband signal compo-

nents as in (13) and (14).

yI(t) = Re
{
RALOe

−j(2π(fc−fLO)t+θc(t)+θm(t)−θLO(t)) + z(t)RALOe
j(2πfLOt+θLO(t))

}
(13)

yQ(t) = Re
{
RALOe

−j(2π(fc−fLO)t+θc(t)+θm(t)−θLO(t)+π/2) + z(t)RALOe
j(2πfLOt+θLO(t)−π/2)

}
(14)

Note that only the lower frequency (i.e., fLO − fc) component of the downconverted

signal is present at the output of the photodetector because the higher frequency

component (i.e., fLO + fc) is eliminated by the photodetector’s frequency response.

Please see Appendix A to refer non-complex representation of downconversion oper-

ation. It is proved that complex representation is optimal since it already does the

filtering operation.
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Combining the resulting signals in two branches and further assuming perfect

frequency synchronization, i.e., fLO = fc. Frequency synchronization is performed

using timing or non-timing aided methods in practice. The operations can be done

in two steps as coarse and fine synchronization to provide a fast convergence and

reduced locking time even in the presence of large frequency offset values [43], [44].

Then, we obtain

y(t) = yI(t) + jyQ(t)

= RALOe
−j(θm(t)+θn(t)) +RALOz

′(t) (15)

where θn(t) = θc(t)− θLO(t) is the overall phase noise and z′(t) = z(t)ej(2πfLOt+θLO(t)).

Let N and Ts, respectively, denote the number of transmitted symbols and the

sample period. For baseband processing, the output electrical signal is downsampled

by L to obtain the symbol at the kth index y(kTM) k = 1, 2, ..N where TM stands

for single symbol period and is equal to LTs. The downsampled signal is then passed

through a phase recovery unit to recover the phase mismatch. Let θ̂n(kTM) denote

the estimate of the phase noise. After phase recovery, the signal takes the form of

ŷ(kTM) = y(kTM)ejθ̂n(kTM )

= RALOe
−j(θm(kTM )+θerr(kTM )) +RALOz

′′(kTM) (16)

where θerr(kTM) = θn(kTM) − θ̂n(kTM) is the residual phase noise and z′′(kTM) =

z′(kTM)ejθ̂n(kTM ) is the effective complex noise term. Due to the symmetry of complex

Gaussian distribution, phase rotation does not change the distribution of noise, there-

fore we have z, z′, z′′ ∼ CN(0, N0). The received signal vector can be then written

as

ŷ = RALO

(
e−j(θm+θerr) + z′′

)
(17)

where θm = [θm (TM) , θm (2TM) ...θm (NTM)]T, z′′ = [z′′ (TM) , z′′ (2TM) ...z′′ (NTM)]T,

and θerr = [θerr (TM) , θerr (2TM) ...θerr (NTM)]T.
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Figure 5: Block diagram of linearized phase equivalent PLL

Let X = [x1, x2...xN ]
T denote the baseband transmitted signal vector where xk =

e−jθm(kTM ), k = 1, 2, ..N . The decision is made based on the maximum likelihood

(ML) metric that takes the form of

X̂ = argmin
x1,x2...xM

∥ŷ −X∥2 = argmax
x1,x2...xM

(
Re
{
ŷHX

})
(18)

where X̂ = [x̂1, x̂2...x̂N ]
T is the retrieved signal vector.

3.2 Modeling of Phase Noise

The phases of transmitter and receiver oscillators manifest independent random rota-

tions and distort the constellation inevitably. Laser phase noise is typically modeled

as continuous Wiener random process [45] such that phase difference between two

samples collected τ seconds apart is described by Gaussian distribution with zero

mean and variance σ2 = 2π∆v |τ | where ∆v denotes the laser linewidth. In our case,

the received signal has an overall phase noise of θn(t) = θc(t) − θLO(t) manifesting

a combined Wiener process. The variance of the resulting phase is therefore found

by σn
2 = 2π (∆vc +∆vLO) |τ | where ∆vc and ∆v

LO
are linewidths of transmitter and

14



Figure 6: Phase noise for different values: The figures in the first row present input
and output phase of the PLL with respect to symbol timing. The figures in the second
row present the histograms of residual phase error.

receiver carriers, respectively [45]. In practical implementation, these phase rotations

are compensated by utilizing phase recovery algorithms in receiver DSP chain. The

statistical distribution of the residual phase depends on the phase recovery method.

In the following, we assume the use of a data-aided phase locked loop (PLL) for phase

recovery purposes.

3.2.1 Phase Locked Loop Design

A PLL is used to synchronize a periodic waveform with a reference periodic waveform.

It tracks the phase and frequency of an incoming sinusoid. It is composed of 3 main

components: Phase error detector (PED), loop filter and voltage controlled oscillator

(VCO).

As illustrated in Fig. 5, the PLL receives the downsampled photodetector current

signal as input and updates the phase of the current symbol based on the detected

phase error in the previous symbol. The phase error is filtered by a loop filter to

15



produce a control voltage that adjusts the phase of the VCO. The input-output rela-

tionship of a PED is a nonlinear function that typically follows an S shape. However,

for sufficiently small θerr, this can be approximated as a linear function. Accordingly,

the PED output is given by kpθerr where kp is the PED gain. To achieve a zero steady-

state phase error and fine tracking process, a proportional-plus-integrator loop filter

with the parameters of k1 and k2 is used. Output phase of the VCO is calculated

by integrating the loop filter output with a gain factor of ko. Overall, the PLL is

designed to adjust the control voltage such that it produces a phase estimate that

drives the phase error to zero.

θerr (t) > 0 → θn (t) > θ̂n (t) (19)

θerr (t) < 0 → θn (t) < θ̂n (t) (20)

If the condition in (19) is hold, these are the actions carried out by VCO:

• The phase of VCO output lags the PLL input and must be increased.

• The positive phase error produces a positive control voltage.

• The positive control voltage increases the phase of the VCO output.

If the condition in (20) is hold, these are the actions carried out by VCO:

• The phase of VCO output is ahead of the PLL input and must be decreased.

• The negative phase error produces a negative control voltage.

• The negative control voltage decreases the phase of the VCO output.

In the PLL design, normalized loop bandwidth (Bn) and damping factor (ζ) should

be chosen considering the trade off between fast lock time and reduced tracking error.

The damping factor controls the level of oscillatory behaviour in the phase acquisition

process [46]. There are 3 levels classified for ζ:
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• Underdamped (ζ < 1): The loop response exhibits damped oscillations in the

form of overshoots and undershoots.

• Overdamped (ζ > 1): The loop response is the sum of decaying exponentials

and oscillatory behaviour disappears.

• Critically damped (ζ = 1): The loop response is somewhere between damped

oscillations and decaying exponentials.

Then, the filter parameters are set as [47]

k1 =
1

kokp

4ζwn

1 + 2ζwn + w2
n

(21)

k2 =
1

kokp

4w2
n

1 + 2ζwn + w2
n

(22)

where wn is the normalized natural frequency and can be calculated by

wn =
Bn

ζ + 1/4ζ
(23)

3.3 Simulation Parameters

In the following, we present numerical results to demonstrate the statistical behavior

of PLL output. We consider an operation wavelength of 1550 nm which corresponds

to fc = fLO ≈ 1.9× 1014 Hz. We assume the transmission of N = 106 QPSK symbols

(i.e., M = 4) with L = 16 samples per symbol. Unless mentioned otherwise, we

assume combined linewidth of the lasers to be ∆v = 1 MHz. The PLL has PED gain

of kp = 1/2, VCO gain of ko = 1, and damping factor of ζ = 1 which corresponds to

critically damped behavior. We assume that the received signal-to-noise ratio (SNR)

per bit is equal to 10 dB.

In Fig. 6, we present the output phase of PLL along with the input phase and

residual phase for different values of normalized loop bandwidth, i.e., Bn = 10−5,

Bn = 6 × 10−4, and Bn = 5 × 10−3. It is observed that the distribution of residual
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phase error can be well approximated with a Gaussian distribution when PLL is

assumed to be in locked position. Mathematically speaking, it is given by

f(θerr) =
1

σerr

√
2π

e

(
− θerr

2

2σerr2

)
(24)

It is observed from Fig. 6 that the distribution parameters depend on the value of

normalized loop bandwidth. While the mean is approximately zero for all cases, the

variance values are found as 6.82×10−4, 6.10×10−5, and 6.28×10−4, respectively for

Bn = 10−5, Bn = 6× 10−4, and Bn = 5× 10−3. Selecting a large Bn results in fastest

tracking response but leads to increased noise sensitivity and error margin (Fig. 6.c).

For small Bn, on the other hand, phase estimate is robust to noise due to delayed

response which also results in more error margin (Fig. 6.a). When Bn is set properly,

the random walk of the input phase is tracked perfectly with a negligible time delay

(Fig. 6.b).

3.4 Derivation of PEP

Let P
(
X → X̂

)
denote the PEP when X̂ is erroneously decoded instead of the

originally transmitted codeword vector of X. The conditional PEP, i.e., conditioned

on the phase estimate error θerr, can be written as

P
(
X → X̂

∣∣∣θerr

)
= P

(
Re
{
ŷHX̂

}
> Re

{
ŷHX

} ∣∣∣θerr

)
(25)

By substituting (17) in (25), we have

P
(
X → X̂

∣∣∣θerr

)
= P

(
Re

{
RALOe

j(θm+θerr)
T
(
X̂−X

)
+RALO(z

′′)
H
(
X̂−X

)}
> 0

∣∣∣∣θerr

)
(26)

Rearranging the terms, we can rewrite (26) as

P
(
X → X̂

∣∣∣θerr

)
= P

(
v > Re

{
ej(θm+θerr)

T
(
X− X̂

)} ∣∣∣θerr

)
(27)
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where v = Re
{
(z′′)H

(
X̂−X

)}
. It can be shown that this variable follows Gaussian

distribution with zero mean. Its variance can be calculated as

E
{
v2
}
=

N0

2
∥x̂− x∥2 = N0 (1− cos(θ∆)) (28)

where θ∆ = θm − θ̂m is the phase difference between the transmitted symbol and

incorrect decision. Also, the second equality follows from ∥x̂− x∥2 = ∥x̂∥2 + ∥x∥2 −

2Re {x̂∗x} = 2 (1− cos(θ∆)).

Therefore, the probability density function (PDF) of is given by

f(v) =
1√

2πN0 (1− cos(θ∆))
e

(
−v2

2N0(1−cos(θ∆))

)
(29)

Replacing X = [x1, x2...xN ]
T and X̂ = [x̂1, x̂2...x̂N ]

T in (24), we obtain

P
(
X → X̂

∣∣∣ θerr) = P
(
v > Re

{
ejθerr − ej(θerr+θ∆)

} ∣∣ θerr) (30)

We write the conditional PEP as

P
(
X → X̂

∣∣∣ θerr) = P (v > [cos(θerr)− cos (θerr + θ∆)] | θerr) (31)

It can be re-written in terms of another function to simplify the rest of the analysis

P
(
X → X̂

∣∣∣ θerr) = Q

(
[cos (θerr)− cos (θerr + θ∆)]√

N0 (1− cos (θ∆))

)
(32)

where Q (·) is the Gaussian-Q function and general form in (33) is valid

P (X > x) = Q

(
x− µ

σ

)
(33)

As a sanity check, we will consider the case of no phase error. If we replace θerr = 0

in (31), the PEP reduces to the well-known expression for M -PSK [48]

P
(
X → X̂

∣∣∣ θerr = 0
)
= Q

√1− cos (θ∆)

N0

 = Q

(√
d2

2N0

)
(34)
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where d is the minimum distance between the symbols x and x̂.

To find the unconditional PEP, we need to take expectation of (31) over θerr. This

yields

Eθerr

{
P
(
X → X̂

∣∣∣ θerr)}=

∞∫
−∞

Q

(
[cos (θerr)− cos (θerr + θ∆)]√

N0 (1− cos (θ∆))

)
f(θerr)dθerr (35)

which unfortunately does not yield a closed-form solution. In the following, we provide

an approximate solution.

We first rewrite (31) as

P
(
X → X̂

∣∣∣ θerr) = Q

(
g(θerr)

a

)
(36)

where we define g(θerr) = cos (θerr)− cos (θerr + θ∆) and a =
√

N0 (1− cos (θ∆)). An

improved version of Chernoff bound [49] is applied on (36) to approximate the Q

function as

P
(
X → X̂

∣∣∣ θerr) ≈ 1

12
e

−g2(θerr)

2a2 +
1

4
e

−2g2(θerr)

3a2 (37)

We can now take the expectation of (37) over θerr as

Eθerr

{
P
(
X → X̂

∣∣∣ θerr)} ≈ 1

12
Eθerr

{
e

−g2(θerr)

2a2

}
+

1

4
Eθerr

{
e

−2g2(θerr)

3a2

}
(38)

These expectations are unfortunately still intractable. However, it is possible to show

that the exponent terms can be approximately modeled by Gaussian distribution for

the practical values under consideration. As a result, each exponential term can be

approximated as a log-normal distribution. If U = eµ+σZ ∼ LN (µ, σ2) where Z is a

standard random variable, the expectation of U can be calculated as E {U} = eµ+σ2/2

[50]. By using this property, we can calculate the expectations in (38) as

Eθerr

{
P
(
X → X̂

∣∣∣ θerr)} ≈ 1

12
exp

(
−1

2a2
Eθerr

{
g2(θerr)

}
+

var {g2(θerr)}
8a4

)
+

1

4
exp

(
−2

3a2
Eθerr

{
g2(θerr)

}
+

2var {g2(θerr)}
9a4

)
(39)
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The mean of the related θerr terms are calculated as follows

Eθerr

{
g2 (θerr)

}
= b2 cos(2θ∆)− b1 cos(θ∆) + b0 (40)

The variance of the related θerr terms are calculated as follows

varθerr
{
g2 (θerr)

}
= Eθerr

{
g4 (θerr)

}
− Eθerr

2
{
g2 (θerr)

}
= c4 cos(4θ∆)− c3 cos(3θ∆) + c2 cos(2θ∆)− c1 cos(θ∆) + c0 (41)

Replacing (40) and (41) in (39), the final form of the unconditional PEP can be

written as

P
(
X → X̂

)
≈ 1

12
exp

{
1

8a4
((
c− 4a2b

)
f
)}

+
1

4
exp

{
2

9a4
((
c− 3a2b

)
f
)}

(42)

where f = [f0, f1, f2, f3, f4]
T, c = [c0, c1, c2, c3, c4], and b = [b0, b1, b2, 0, 0].

c =



0.125e−8σ2
err − 0.875e−4σ2

err + 0.75

0.5e−8σ2
err − 1.5e−4σ2

err + 1

0.75e−8σ2
err − e−4σ2

err + 0.25

0.5e−8σ2
err − 0.5e−4σ2

err

0.125e−8σ2
err − 0.125e−4σ2

err



T

(43)

b =



0.5e−2σ2
err + 1

e−2σ2
err + 1

0.5e−2σ2
err

0

0



T

(44)
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f =



1

− cos (θ∆)

cos (2θ∆)

− cos (3θ∆)

cos (4θ∆)


(45)

The union bound on symbol error rate (SER) can be expressed as [51]

P (e) <
1

M

∑
x

∑
x̂ ̸=x

1

12
exp

{
1

8a4
((
c− 4a2b

)
f
)}

+
1

4
exp

{
2

9a4
((
c− 3a2b

)
f
)}
(46)
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CHAPTER IV

NUMERICAL RESULTS

In this chapter, we investigate the accuracy of the derived PEP and present our

numerical results for the error rate performance comparing analytical derivations

with Monte Carlo simulations. We assume transmission of 4-PSK and 8-PSK signals.

For 4-PSK, based on (3) and (4), the MZM modulating voltages are found as vI,Q ∈

{−Vπ/4, Vπ/4} (See Fig. 7). Similarly, the MZM parameters are found as vI,Q ∈

{−Vπ/2,−Vπ/4, 0, Vπ/4, Vπ/2} for 8-PSK.

Figure 7: a) The relationship between MZM modulating voltages and symbol ampli-
tudes b) Corresponding constellation diagram for PSK.

To illustrate the effect of phase noise and phase noise error on the constellation,

received QPSK symbols are scattered on top of the transmitted symbols. As an ex-

ample of ∆v = 100 MHz and assuming a perfect channel, the constellation diagrams,

before and after phase compansation methods are given in Fig. 8. Also, estimated

and original phase noise values are tracked in terms of symbol timing.
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Figure 8: Constellation diagrams for uncompensated and compensated phase noise
with ∆v = 100 MHz, without channel noise.

Figure 9: Phase noise and estimate in terms of symbol timing with ∆v = 100 MHz,
without channel noise.
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Figure 10: Constellation diagrams for uncompensated and compensated phase noise
with ∆v = 1 MHz, without channel noise.

Figure 11: Phase noise and estimate in terms of symbol timing with ∆v = 1 MHz,
without channel noise.
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Figure 12: Constellation diagrams for uncompensated and compensated phase noise
with ∆v = 100 MHz and SNR=20 dB.

Figure 13: Phase noise and estimate in terms of symbol timing with ∆v = 100 MHz
and SNR=20 dB.
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Figure 14: Constellation diagrams for uncompensated and compensated phase noise
with ∆v = 1 MHz and SNR=20 dB.

Figure 15: Phase noise and estimate in terms of symbol timing with ∆v = 1 MHz
and SNR=20 dB.
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As seen in Fig. 9, the designed PLL is successfully locked and tracking the phase

noise. Another example is given with ∆v = 1 MHz. In Fig. 10, the constellations are

present while Fig. 11 represents how well phase noise tracked. On top of the existing

simulation parameters, an AWGN channel effect is included with SNR of 20 dB. The

constellations and phase noise graphs are given in Fig. 12 and Fig. 13 for ∆v = 100

MHz. Also repeated for ∆v = 1 MHz as in Fig. 14 and Fig. 15.

These plots enable us to analyze the PLL performance related to the phase noise

error. The first observation regarding to the linewidth of the laser can be done by

comparing Fig. 8 and Fig. 10. While the pure phase noise with ∆v = 100 MHz affects

the symbol locations significantly and yields more error, ∆v = 1 causes less rotations.

On the other hand, Fig. 9 and Fig. 11 cannot be differentiated visibly. The same

discussion can be done through comparing Fig. 12 and Fig. 14. In the noisy cases,

there are some random distortions around the symbols. Nevertheless, the linewidth

difference is not easily distinguishable on the compensated constellation plots due to

AWGN noise.
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Figure 16: PEP for M = 4 and M = 8 at two different laser linewidths: ∆v = 1
MHz and ∆v = 100 MHz.
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Figure 17: Symbol error rate performance for 8-PSK with laser linewidth of ∆v = 100
MHz.
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In Fig. 16, we plot PEP curves based on the derived approximate expression in

(42). We consider laser linewidths of ∆v = 1 MHz and ∆v = 100 MHz. Based on the

discussions in Section III, we choose Bn = 6× 10−4 since it is an optimal value that

can lock in both linewidths. To verify the accuracy of the derived expression, we also

numerically evaluate the exact expression in (35) and present it as a benchmark. Our

results demonstrate that there is a good match between the exact and approximate

expressions for both modulation orders and the difference is less than 0.55 dB. To

demonstrate the effect of phase noise, we further include (34) as another benchmark

where only AWGN is assumed. It is observed that the degradation due to phase noise

is negligibly small for a laser linewidth of ∆v = 1 MHz. It becomes more pronounced

for the laser linewidth of ∆v = 100 MHz.

In Fig. 17, we present the union bound on the SER in (46) along with the Monte

Carlo simulation results. For the calculation of the union bound, we consider both

the exact PEP in (35) and derived PEP in (42). It is observed that the union bound

based on the exact PEP converges to simulation results when the SNR is sufficiently

high. On the other hand, the union bound based on the approximate PEP provides

a tight upper bound. For instance, to achieve a targeted SER of 10−5, SNR of 13.4

dB is required without any phase error. In the presence of residual phase noise, this

increases to 15 dB indicating its degrading effect.
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CHAPTER V

CONCLUSION

In conclusion, we have investigated the impact of laser phase noise on error perfor-

mance for M-PSK modulation in coherent VLC. First, we demonstrated that the

Gaussian assumption of phase error is valid for various PLL bandwidth values. Then,

based on the statistical distribution of the residual phase, we derived a closed-form

PEP expression using the log-normal approximation. The results are presented for

numerically and approximately calculated PEP expressions. This was finally used

to obtain a union bound on the SER which is shown to provide a tight bound on

the performance. Overall, the analytical findings are compared with the benchmark

within the SNR range of 0 to 15 dB. Through simulations, we validated the accu-

racy of the derived expression and quantified the impact of phase noise. Our results

demonstrated that even the residual phase noise can bring degradations up to 1.6 dB

for modulation sizes under consideration.
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APPENDIX A

REAL-VALUED SIGNAL MODEL

In this appendix, we present the system modeling in non-complex domain. The goal

is to prove that both the real and complex representations yield equivalent solutions.

First of all, we recall the modulated M -PSK signal as follows

sout(t) =
√
2Re {s̃out(t)} (47)

where s̃out = x(t)e−j(2πfct+θc(t)) is the complex envelope of the transmitted signal and

x(t) = xI(t) − jxQ(t) = e−jθm(t) is the baseband modulated signal. After this point,

we utilize the real-valued representations of the signals. Accordingly, the real-valued

modulated signal takes the following form

sout(t) =
√
2xI(t) cos (2πfct+ θc(t))−

√
2xQ(t) sin (2πfct+ θc(t)) (48)

Next, the signal goes through the AWGN channel

r(t) = sout(t) + n(t) (49)

where n(t) is a Gaussian random process. Followingly, when we substitute sout in

(48) into (49)

r(t) =
√
2 cos (θm(t)) cos (2πfct+ θc(t))−

√
2 sin (θm(t)) sin (2πfct+ θc(t)) + n(t)

(50)

After that, we need to apply the optical mixer in real domain. To accomplish that the

output of the local oscillator is exposed to 0◦, 180◦, 90◦, 270◦ phase shifts, respectively.

cout,1(t)

cout,2(t)

cout,3(t)

cout,4(t)


=

1

2



r(t) +
√
2ALO cos (2πfLOt+ θLO(t))

r(t)−
√
2ALO cos (2πfLOt+ θLO(t))

r(t) +
√
2ALO sin (2πfLOt+ θLO(t))

r(t)−
√
2ALO sin (2πfLOt+ θLO(t))


(51)
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After the received signal is summed with the respective optical oscillator signals, the

photodetector outputs are calculated based on the following operation

yk(t) = R|cout,k(t)|2, k = 1, 2, 3, 4 (52)

The outputs on each branch of the balanced coupler is calculated as

y1(t) =
R

4

[
r2(t) + 2A2

LOcos
2(2πfLOt+ θLO) + 2

√
2ALOr(t) cos(2πfLOt+ θLO)

]
(53)

y2(t) =
R

4

[
r2(t) + 2A2

LOcos
2(2πfLOt+ θLO)− 2

√
2ALOr(t) cos(2πfLOt+ θLO)

]
(54)

y3(t) =
R

4

[
r2(t) + 2A2

LOsin
2(2πfLOt+ θLO) + 2

√
2ALOr(t) sin(2πfLOt+ θLO)

]
(55)

y4(t) =
R

4

[
r2(t) + 2A2

LOsin
2(2πfLOt+ θLO)− 2

√
2ALOr(t) sin(2πfLOt+ θLO)

]
(56)

Finally, the outputs on I and Q branches are written by a simple substraction oper-

ation as in (57) and in (58)

yI(t) = y1(t)− y2(t)

= R
√
2r(t)ALO cos (2πfLOt+ θLO(t)) (57)

yQ(t) = y3(t)− y4(t)

= R
√
2r(t)ALO sin (2πfLOt+ θLO(t)) (58)
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After substituing r(t) in (47), the output signals are re-written, then re-arranged as

in (56) and (57)

yI(t) = R
√
2ALO cos (2πfLOt+ θLO(t))


√
2 cos (θm(t)) cos (2πfct+ θc(t))

−
√
2 sin (θm(t)) sin (2πfct+ θc(t))

+n(t)


= R

√
2ALO cos (2πfLOt+ θLO(t))

[√
2 cos (2πfct+ θc(t) + θm(t)) + n(t)

]
=

√
2RALO cos (2πfLOt+ θLO(t))n(t)

+ 2RALO cos (2πfLOt+ θLO(t)) cos (2πfct+ θc(t) + θm(t))

=
√
2RALO cos (2πfLOt+ θLO(t))n(t)

+RALO cos (2πfLOt+ 2πfct+ θc(t) + θm(t) + θLO(t))

+RALO cos (2πfLOt− 2πfct+ θLO(t)− θc(t)− θm(t)) (59)

yQ(t) = R
√
2ALO sin (2πfLOt+ θLO(t))


√
2 cos (θm(t)) cos (2πfct+ θc(t))

−
√
2 sin (θm(t)) sin (2πfct+ θc(t))

+n(t)


= R

√
2ALO sin (2πfLOt+ θLO(t))

[√
2 cos (2πfct+ θc(t) + θm(t)) + n(t)

]
=

√
2RALO sin (2πfLOt+ θLO(t))n(t)

+ 2RALO sin (2πfLOt+ θLO(t)) cos (2πfct+ θc(t) + θm(t))

=
√
2RALO sin (2πfLOt+ θLO(t))n(t)

+RALO sin (2πfLOt+ 2πfct+ θc(t) + θm(t) + θLO(t))

+RALO sin (2πfLOt− 2πfct+ θLO(t)− θc(t)− θm(t)) (60)

If the frequencies of the local oscillators at transmitter and receiver are equal, fLO =

fc, the output current signals vary accordingly. Thus, (56) and (57) are modified as
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follows

yI(t) =
√
2RALO cos (2πfLOt+ θLO(t))n(t)

+RALO cos (4πfLOt+ θc(t) + θm(t) + θLO(t))

+RALO cos (θLO(t)− θc(t)− θm(t)) (61)

yQ(t) =
√
2RALO sin (2πfLOt+ θLO(t))n(t)

+RALO sin (4πfLOt+ θc(t) + θm(t) + θLO(t))

+RALO sin (θLO(t)− θc(t)− θm(t)) (62)

As seen, a double frequency term, 4fLO, and intermediate frequency (IF) term ap-

pear similar to RF case. However, they were not present in the complex domain

implementation at any step (see Equation (13), (14) and after).

In contrast to this conventional mathematical transmission, operations are dif-

ferent in the coherent detection. An optical front-end acts as an optical mixer and

combines the electrical fields of the local laser and the incoming signals. The en-

velope of the resulting signal can beat with each other to form sum and difference

of the frequencies. Then, this combined signal is received by a photodetector (PD).

However, PD has a limited operational frequency band which allows only the lower

frequency term to pass through. Therefore, PD filters out the high frequencies (dou-

ble frequency terms) and this is already implemented in the complex notation since

we are left with the IF only [52].
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