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ABSTRACT

MULTI-PERIOD INVENTORY MODELS WITH PRICE
PROTECTION

Nurdan Ahat
M.S. in Industrial Engineering
Supervisor: Assist. Prof. Dr. Osman Alp , Assist. Prof. Dr. Alper Sen
July, 2007

In an environment with declining sales prices, retailers (or any reseller) often
face the risk of buying high and selling low. In order to limit their channel
partners’ exposure to such risks and increase the availability of their products
in the marketplace, suppliers often offer price protection. With price protection,
a retailer is reimbursed with a percentage of the procurement cost declines, for
the inventory that the retailer ordered within a given price protection age limit.
We study the optimal inventory policy of the retailer under such price protection
terms in a multi—period finite horizon setting with stochastic demand. We propose
three different models for the treatment of unsatisfied demand. For the case of
full backlogging, we show that the order—up—to type policies are optimal. In a
numerical study, we study the behavior of the retailer and investigate the impact
of price protection terms on the operational performance of the retailer and the

supplier under a variety of settings.

Keywords: Inventory models, price protection, supply chain management, high—
tech industry.
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OZET

FIYAT KORUMASI ALTINDA COK DONEMLI
ENVANTER MODELLERI

Nurdan Ahat
Endiistri Miithendisligi, Yiiksek Lisans
Tez Yoneticisi: Yrd. Dog. Dr. Osman Alp, Yrd. Do¢ Dr. Alper Sen
Temmuz, 2007

Satig fiyatlarimin giderek diigtiigii bir ortamda, parakendeciler (veya herhangi bir
satic1) bir iirtinii yiiksek fiyatla alip daha diigiik fiyatla satma riskiyle yiiz yiizedir.
Tedarikgiler, perakendecilerin bu tiir risklere maruz kalmasini engellemek ve
tiriinlerin pazardaki hazir bulunabilirligini arttirmak amaciyla, perakendecilere
fiyvat koruma stratejilerini sunmaktadir. Fiyat koruma stratejileri sayesinde, per-
akendecinin stogunda bulunan, belirli bir zaman araliginda ismarlanan envanterin
fivatinda gozlenen diigiiglerin belirli bir ytlizdesi perakendeciye tedarik¢i tarafindan
iade edilir. Bu tezde, tedarik¢inin perakendeciye belirlenen terimlerle fiyat ko-
ruma stratejisi uyguladigi, cok donemli ve sonlu ufuklu bir ortamda rassal talep al-
tinda perakendecinin en iyi envanter kontol politikasinin belirlenmesi problemiyle
ilgilenilmektedir. Zamaninda karsilanamayan talebi farkli sekilde ele alan {ig
model onerilmektedir. Zamaninda kargilanamayan talebin tamaminin daha sonra
kargilandigi durumlarda seviye esash politikalarin optimal oldugu gosterilmistir.
Sayisal ¢aligmalar ile, cesitli ortamlarda perakendecinin davranigi incelenmis fiyat
koruma politikas1 kogullarinin perakendecinin ve tedarik¢inin operasyonel perfor-

manslarina etkisi aragtirilmigtir.

Anahtar sézciikler: Envanter sistemleri, fiyat korumasi, tedarik zinciri yonetimi,

yiksek teknoloji endiistrisi.
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Chapter 1

Introduction

The high-tech products are characterized by their short life cycles and high de-
mand variability. The suppliers of these products usually use direct and indirect
channels to serve the customers. In the direct channel, the demand is satisfied
by the supplier by means of catalogs, mail or internet sales, while in the indirect
channel, the demand is satisfied through the distributors, retailers, partners, and

etc.

In order to survive in the high-tech market, the supplier needs to offer new
products to the market. This reduces the appeal and necessitates reductions in
the price of the older products in both direct and indirect channels. Sometimes,
suppliers also offer price reductions on older products prior to introduction of new
products in order to clear the channel of older inventory. Frequent and significant
price declines creates the risk of buying high and selling low for the participants of
the indirect channel. Therefore, the indirect channel has less incentive for buying
the products at the beginning of their life cycle; this leads to reduced availability
of new products in the market. In order to limit the indirect channel’s exposure
to the risk of buying high and selling low and increase the availability of the
product in the market, the manufacturers often offer return or price protection

policies.

With price protection, if the supplier reduces the list price of an item, he
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reimburses the channel participants the difference between what they have paid
and the current price for all inventories they have ordered but not yet sold. In
some cases, the supplier may impose an age limit on inventories that the channel
partners can claim reimbursements, i.e. the protection is valid for only those items
that are ordered within a certain period of time. Also, he may impose a limit on
the magnitude of the price protection credit, i.e. only a certain percentage of the

price change is credited.

Price protection enables the retailer to maintain its profit margin regardless
of the price offered by the supplier and reduces the cost of carrying inventory
for the retailer. While more price protection is always better for the retailer, the
supplier needs to trade off between increased availability of its products in the
market and the “cost” of price protection. Price protection can be costly for the
supplier in two ways. First type of costs are concrete: with every price decline
the manufacturer reimburses the difference between the paid price and current
price for the inventory held but not sold in the indirect channel. The second
type of costs can be caused by excessive amount of inventory that is carried by
the indirect channel due to price protection. This may result in supplier having
difficulty in introducing new products to the market as its pipeline is full of older
inventory. In addition, price protection limits the supplier’s control in tactical
pricing. This may be true not only in indirect channel but also in direct channel,
as the industry evidence shows that the retail prices in traditional channels are
usually same as the prices in supplier’s direct channel (See [7] for a few examples).
When considering a price drop, the supplier needs to take into account the amount
of channel inventory for which needed to be reimbursed under the price protection
policy (this is in addition to demand elasticity, competition, amount of component
inventory and all other factors that impact a pricing decision). Payments to
the channel due to price protection may potentially erase all the benefits that
the manufacturer is seeking from a price drop. If not managed properly, price

protection costs may add up to significant levels.

Many companies in the high-tech industry adopted price protection policies
for their indirect channel. Examples include Hewlett Packard, Apple, Compaq,

IBM, Seagate, and Maxtor which offer various price protection and return terms in
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their contracts to ensure availability of their products in the market ([2], [15], [16],
[11], [13]). Hewlett Packard (HP) developed a metric called inventory-driven costs
which identifies price protection costs to be one of the major hidden components
of cost of holding inventory [2]. Many companies have frequent adjustments to
their price protection policies in an effort to strike a balance between keeping
their indirect customers happy (hence, the availability of their products in retail)
and reducing their price protection costs. Various articles report changes to price
protection policies by major companies. Compaq set an age limit of 15 days on
price protection [16]. HP announced a reduction in price protection for personal
computers [1]. Apple first had set an age limit of 30 days on price protection, but
then had to reinstate the full protection after pressure from its indirect customers
[15].

In order for the supplier to evaluate any price protection policy alternative,
the supplier needs to have a good understanding of how the indirect channel
reacts to price changes in the existence of a price protection mechanism. Pre-
requisite to this is understanding channel behavior under fixed prices and a given
price protection mechanism. In this thesis, we study the inventory problem of
an indirect channel partner (e.g. a retailer) who faces decreasing prices and is
offered a price protection policy in a multi—period setting. The retailer’s problem
is modeled under the assumption of standard backordering, modified backordering
(which allows the loyal customer to buy the item from the newer price), and lost
sales. Also, the cost of the price protection policy to the supplier is determined

assuming that the retailer is rational and operating with an optimal decision rule.
The organization of the thesis is as follows:

In Chapter 2, we provide a review of the literature in the price protection

mechanisms and supply chain coordination.

In Chapter 3, we model the ordering problem of the retailer for three different
assumptions for the case of shortages. The first of these is the Standard Backorder
Model (SBM), in which the retailer can satisfy the demand later. The customer
is charged with the price that is used when the customer first appears. The

retailer incurs a backorder cost for each item satisfied with a delay. The second
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application for the excess demand is the Modified Backorder Model (MBM), in
which the retailer satisfies the demand after a while, incurs a backorder cost for
each item backordered as in Standard Backorder Model. However this time the
owner of the backordered items is charged with the price that is effective when
the customer demand is satisfied. The third application for the excess demand
is the Lost Sales Model (LSM). In this model excess demand is completely lost.
The retailer incurs a shortage cost for each demand lost. The optimal decision
rule for the retailer when the supplier offers price protection is determined to be
order-up-to type policy for the SBM and MBM.

In Chapter 4, a numerical study with different problem parameters is con-
ducted under MBM and LSM. The optimal decision rule of the retailer is verified
to be order-up-to type policy for the MBM and it is observed that the optimal
ordering policy for the retailer is also order-up-to type in LSM. The cost paid for
the price protection policy by the supplier and the service levels of the retailer is
determined when the retailer behaves rationally and applies the optimal order-up-
to policy for ordering decisions. The simulation results indicate that the service
levels of the retailer increases by introducing price protection. The increment in
the service levels decreases as the age of the unsold inventory protected by the

supplier increases.

In Chapter 5, we summarize our results and contributions to the literature,

and suggest future research directions.



Chapter 2

Literature Survey

In this chapter we study the literature that is closely related to the problem
under concern. We begin with the seminal work of Clark and Scarf [3] who model
multi-period stochastic inventory problems with dynamic programming. In their
paper, a single installation multi-period inventory problem whose objective is
to minimize the cost over the horizon is modeled. A positive lead time for the
replenishment of the orders is assumed. The state vector at any period is defined
as the outstanding orders plus the inventory level of the retailer. A purchasing
decision is made at the retailer level after the orders that are placed lead time
periods ago are received and they also consider the holding and the shortage costs
of the retailer. They assume that the excess demand is backordered. The authors

discuss that the optimal decision rule for the retailer is order-up-to type.

In an other stream of research, there are articles which attempt to model the
price changes in the multi-period stochastic inventory environments. Gavirneni
[6] models the periodic review inventory problem where the product prices change
in a Markovian fashion from one period to the next. The product prices decline
from one period to the other where the decline structure is defined in a probability
transition matrix which is assumed to be regenerative and communicative. It is
assumed that there are no set up costs, capacity restrictions, nor lead times. The
unsatisfied demand is lost and a linear holding cost for extra inventory on hand

is incurred. Under all these assumptions, the author shows that the optimal

5
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ordering policy of the retailer is a base stock policy in a single period, finite
horizon or discounted infinite horizon problems. Also [4] models the single item,
periodic review inventory problem when the demand is stochastic but depends
on the the selling prices of the item. They characterize the structure of the
optimal pricing and inventory strategy and develop a value iteration method for
calculating the optimal strategies. In [5], they consider multiple retailers in the
same setting when the demand distribution at each retailer can vary. In the
paper, an approximate model for the problem is developed and combined pricing,

ordering and allocation strategies are provided.

Another paper that models the price decline of the product in a multi-period
environment is by Wang [14]. A single item, single location inventory system that
is reviewed periodically and that faces a stochastic demand is considered. The
demands of the successive periods are independent and identically distributed.
The acquisition cost of the item in the successive periods is modeled as decreasing
random variables. Therefore, the selling price of the item decreases in the unit
acquisition cost as well. Two pricing fashions are handled in the paper: The
retailer price is determined by adding a fixed percent mark-up or fixed amount
mark-up to the acquisition cost of the item. It is shown that the order-up-to type

policy is optimal for the backorder and the lost sales models.

Price protection problem is first introduced by Lee et al. [8]. They consider
a 2-period problem in which the supplier offers the retailer a protection policy.
They assume that the manufacturer has no capacity restrictions, the set-up cost is
negligible, and the excess demand is lost. They consider two cases for purchasing
action of the retailer: the retailer may have a single buying or two buying oppor-
tunity. In the single buying opportunity case, it is shown that a properly chosen
protection credit coordinates the channel and guarantees a win-win situation. It
is shown that the optimal order quantity of the retailer without protection policy
is strictly less than the optimal order quantity of the integrated channel with

price protection policy.

In the two buying opportunity case, it is shown that the order-up-to type

policy is optimal and the order-up-to level of the retailer stays the same with
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price protection or without price protection in the second period. However, the
optimal order quantity of the first period is larger when the supplier offers the
retailer a price protection policy. Since the order-up-to level does not change in
the second period and the demand is coming from the same distribution in both
cases, optimal order quantity in the second period is non-increasing. Therefore,
the overall impact of the price protection policy on the retailer’s situation is that
the total order quantity throughout the horizon increases or stays the same. If
the acquisition cost of the item is set in two periods, price protection does not
guarantee channel coordination. If the supplier is allowed to adjust the acquisition
cost and the protection rebate simultaneously, the assumption that the acquisition
cost has to be larger than the manufacturing cost is relaxed, and the acquisition
cost of the product is announced at the beginning of the first period, then the

channel coordination is restored.

Our model extends the problem that is described in a 2-period environment
by Lee et al. [8]. However, we do not examine the channel coordination nor the
supplier’s problem. We model the retailer’s problem in a multi-period environ-
ment and analyze the optimal decision rule in the existence of the price protection
policy. We also examine the effect of the protection policies to the performance

metrics of the players.

Taylor [12] explores the policy combinations that are channel coordinating
and implementable that increase the profit margins of the players in the supply
chain when compared with the decentralized case. Three channel policies which
are commonly adopted in declining price environments for channel coordination
are handled. These policies are: price protection (P), end of life returns (E)
and mid-life returns (M). The problem is modeled in a 2-period setting with two
parties where the demand observed in each period is independent. The stock out
and holding costs are negligible and all the exogenous variables are assumed to
be known by the players at the beginning of the first period. It is concluded
that under the declining price environments, EM achieves channel coordination
but does not guarantee a win-win outcome. In the use of PEM, both channel
coordination and win-win situation is attained. It is shown that if the retail

prices are constant over time, both channel coordination and a win-win situation
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is achieved by the implementation of EM.

Later, Lu et al. [10] adds rebate (R) policy to E and M which can be utilized
instead of P. In R, the supplier specifies a credit which is obtained by the retailer
for each unit sold after an acquisition cost decline. The effectiveness of these
policies, channel coordination, win-win situation conditions are explored. Lu et
al. [10] include the stock-out and holding costs to the model. Similar to the
environment of Lee et al. [8], the retailer may have a single buying opportunity
or a two buying opportunity. In the single buying opportunity, PEM or REM
guarantees a win-win outcome. The conditions under which ME coordinates the
channel are determined and discussed. In the two buying opportunity case, it
is shown that win-win policy may not exist, and that in the absence of stock-
out costs in the first period, PEM always leads to a win-win outcome. The
major contribution is that detailed procedures for determining the win-win policy
parameters under the assumption that the acquisition cost never exceeds the

retailer price are proposed.

Liu [9] explores the effects of the price protection policy on the channel per-
formance in a multi-period environment with deterministic demand structure. In
the paper, the age limit of the price protection policy is set to one and the supplier
offers full protection to the retailer. The demand is known to the retailer and
the supplier and it is decreasing in the selling price. The procurement lead time
is negligible and the supplier is ample. Also it is assumed that the market size
is non-increasing over time. The performance of the supply chain is compared
with the case where there is no protection and supplier uses price-only contract
in which the supplier announces the price and the retailer determines the order
quantity and selling price in order to satisfy the demand. The impact of the price
protection policy to the pricing decisions of the players in the supply chain is
studied in the paper. In our study, the effect of the price protection policy to the
ordering decision of the retailer and the supplier’s performance metrics are ex-
plored. Also the problem is modeled in a stochastic environment in decentralized

supply chain.



Chapter 3

Model

We consider an inventory control problem of a retailer under a single item, finite
planning horizon setting where the supplier with an ample capacity offers a price
protection policy to the retailer. The supplier can impose a limit on the price
protection credit in the sense that up to a certain portion of the inventory is
protected. The supplier sets a certain age limit for the unsold inventory at the
retailer to be reimbursed when a price decline decision is made by the supplier.
The credit and the age limits do not change throughout the horizon. We consider
three different models to treat the excess demand at the retailer: Standard Back-
order Model (SBM), Modified Backorder Model (MBM), and Lost Sales Model
(LSM). The set-up cost is assumed to be zero so that the retailer is not charged
any additional amount for placing an order to the supplier. The retailer may be
subject to a procurement lead time where the items ordered are received after a
period of lead time. The holding and shortage costs are incurred after observing
the demand and the acquisition cost is incurred at the beginning of the period. In
SBM and MBM any excess demand is backordered with a cost incurred per item
per period, whereas in LSM excess demand is lost with a cost incurred for each
unit lost. In SBM and MBM, the selling price charged to a backordered customer
is different. In SBM, at the time of the demand realization, the customers whose
demands are backordered pay the current selling price of the item but receive

their demand when the retailer’s stocks become available. Since the selling price
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of the item may drop in time in our problem environment, the price that has
already been charged to a backordered customer may be higher than the price
of the item at the time of the backorder clearance. The difference between the
selling prices can be interpreted as the reservation cost that is incurred by the
backordered customer for the motivation of the retailer to order more and keep
the item in his stocks. In MBM, the backordered customers pay the selling price
of the item that is effective when they receive their demand from the retailer.
In LSM, the excess demand is lost. The retailer incurs a shortage cost and the

potential profit from this customer is also lost.

The sequence of the events at any period at the retailer is as follows:

1. At the end of a period, the inventory level is reviewed and determined. If
the inventory level is less than zero, shortage costs are incurred. If the
inventory level is positive, then the excess inventory is carried to the next

period by incurring a holding cost.

2. At the beginning of the next period, if there is a reduction is the acquisition
costs and there exists protected inventory at the retailer then the supplier

reimburses the protected quantity.

3. An order is placed to by the retailer based on the current inventory position
(i.e. inventory level plus the orders placed but not received yet). The

acquisition costs are incurred.

4. The order which was placed lead time periods ago is received and the in-

ventory level is updated.

5. Demand is observed.

At the end of the planning horizon, if there is positive inventory left at the
retailer and in case a decline in the purchasing price, the unsold inventory under
protection is reimbursed by the supplier in all models. In SBM and MBM, the
excess demand at the last period of the horizon is satisfied by the retailer by

means of market clearance obligation of the retailer. However in LSM, it is lost.



CHAPTER 3. MODEL 11

Before detailing the description of the model, we provide the notation that is

used throughout the thesis:

N = Number of periods,

a = Protection age limit of the price protection policy,

Q = Price protection credit, 0 < a < 1,

[ = Procurement lead time between the retailer and the supplier,
Wi = Random variable denoting the demand during the k* period,
F(wg) = The distribution function of the demand, Wy,

f(wg) = The probability distribution function of the demand, Wy,

Dy, = Average demand at the k™ period,

v = Discount factor,

by = Unit shortage cost in period k,

h = Unit holding cost in period k,

Ch = Unit acqusition cost of the item in period k,

Acy, = Ck — Ckg—1,

D = Unit selling price of the item in period &k,

Apy, = Pk — DPk-1,

Qk = Order placed by the retailer at the beginning of the k' period,
T = Inventory level at the beginning of the k" period after,

the replenishment
T = State of the system at the beginning of the k" period including the
starting inevntory level, x, and the orders placed in the past a periods,
Je(Zx) = Minimum cost incurred in periods k, k + 1,..., N in SBM, when
the system state is g,
Ri(Zr) = Maximum profit obtained in periods k, k + 1,..., N in MBM and

LSM, when the system state is Z.

At the beginning of period k, we assume that ¢;’s and p;’s are known by the

channel partners, pr > ¢, and a > [

In Sections 3.1, 3.2 and 3.3, we present Dynamic Programming (DP) models for
SBM, MBM and LSM respectively. Initially, we provide the common arguments
that are used in the models. In order to construct a DP model, we need to define

the state vector, Ty, that contains the state variables. The state variables of the



CHAPTER 3. MODEL 12

problem at any period are the orders that the retailer placed in the last a periods
and the on hand inventory at the beginning of the period. The state vector for

the price protection problem is the following:

Tk = < Tks Qk—ar Qk—a+1s -+ Qk—15 Qk—14+1---Gk—1 ) .

The next step is determining the evolution equation that is used to determine
the following state vector given the current state vector. The state vector Ty
at period k, evolves into the following state vector at period k + 1 at SBM and
MBM.

Tpt1 = ( Tk + Qk—1 — Wiy Qk—a+1s Qk—a+2s - Qk—1s Qk—i+1s - k-1, Gk > .

There is a small change in the evolution equation in the LSM which is discussed

in Section 3.3.

Let vy = Qu_i41 + ... + qu_1 be the outstanding orders at the k' period after
receiving the order placed [ periods ago. Thus, the total protected amount in

period k, ng, is given by:

Qe+ o+ @ +oe) fxy—qooa— . — @ — v >0
N = a(mk—f—vk) if Tk —Qk—q — oo — Q] — VU < 0
0 if xp +v, <0
Ifrr—qr_a—...— gy — v > 0, the retailer has still items unsold in his inventory

that are purchased a periods ago. The protected quantity is given by: a(qx_o +

<o + qx—; + vi) which is the maximum possible inventory under protection.

If xp —qgp_o— ... — qe_1 — v < 0, the retailer has already started to sell the items
that are purchased a periods ago and in this case the inventory under protection

is: a(zy + vg).

If xp, + v, <0, there are no unsold items in the retailer’s stocks or in the pipeline
and the retailer has already sold all the inventory to the customers and therefore

the inventory under protection is zero.
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Therefore, total number of the protected items in the k™ period is given by

e = amin{qy_q + ... + qu_1 + Vg, Tp + v}

3.1 Standard Backorder Model

In SBM, since the price charged to the backordered customers is always the
effective price at the time of demand realization. The ordering policy employed
does not have any impact on the total revenue generated from the customers.
Hence we can model this environment with a cost minimization objective. Let
Je(Zx) be the minimum cost incurred in period k& when the system state is Ty,
then

SBM-DP:

INti41(ENpi01) = alenpp min{gyiit1-a + - + Ny TNpip1 b

+ N1 max(—T 441, 0)

Je(Tp) = gli:%{cqu + L(xk + qr-1)
+alcy — cp_r) min{qe_q + ... + oy + Vr, Tk + Vi } T
+vEw, (Jes1(@ps1))} V k=N+1,..,N+1

Ju(Tr) = g@liz%{ck% + L(xy + qr—)
+aley — c_y) min{qe_q + ... + quy + vk, T + V)T
+7Ew, (Jrr1(Tri1))}
VE=1,2...,N, F,(0)=1Vk=1,...1

)
(

where L(y) = hi [} (y — wi)dF (wy,) + by fyoo(wk — y)dF (wg)

In the above formulation if £k — 1 < 0, ¢4—; = 0. The retailer stops ordering
at the N*" period but the retailer continues to observe demand in periods N +
1, N+2,....,N +1[. Hence, even though the end of the planning horizon is N,
the business transactions finish at the end of period (N +1). We assume that the
unit acquisition cost is the same throughout the periods N +1, N +2,.... N +
sothat cyy1 =c¢x VE=N+1,..., N+
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If the procurement lead time is zero and the protection age limit is one, the DP

is written as follows:

SBM-DP-1:

Ini1(Eny1) = aAceypimin(@yi, gn)" + ey max(—2n4, 0)
Ji(Tr) = zni;é{ck% + L(zk + qx) + aAcy min{xg, g }*
k=
+ ’}/EWk (Jk—|—1(c%k+1>)} Vk= 1,2,...,]\7.

In Theorem 1, for a = 1 and [ = 0 we show that SBM-DP-1 can be transformed
into another DP formulation, where the inventory level attained after ordering, yy,
is the only decision variable, the optimal of this variable is found by minimizing a
convex function which is independent of the state variables and hence an order-up-
to type policy is the optimal ordering policy of the retailer under the condition
that the total holding and backorder costs at any period is greater than the
protection credit paid by the supplier to the retailer (i.e. hy + by + aAckyq > 0).
According to the the order-up-to type policy, the retailer is supposed to increase
the inventory level to an optimal order-up-to point that is determined by the
minimum of a convex function, if the inventory level of the retailer is less than

the optimal-order-up-to point. Otherwise, the retailer does not order.

. yp — o L ag <y
4 = .
0 it x, > y;

Also, optimal order-up-to level in the last period is given by

o = F! ( by — e + YeN41 )
N hy + by +yalenig +yenyr )’

if total holding, backorder and selling price of the item is greater than the protec-
tion credit offered by the supplier in the last period (i.e. hy + by + yaAcyi1 +
yeng1 > 0).

Theorem 1 Fora=1,1=0, if hy + by + alAckyy >0V Ek=1,2,.... N -1, and
ka‘ =N hN + bN + ’}/OZACN_H + YCN+1 > 0, then,
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(i) SBM-DP-1 is equivalent to the following problem:

Ini1(Eny1) = alAceypimin(zni, gn)" + ey max(—an41, 0)
J(Tr) = ym>in {Gr(yr)} — yalcp1®(2r) + aAcy min(zg, 1)t — ey
kZ Lk
i=N—1
+ ( Z Y (e D+ Gz‘+1(y;<+1))> +yM ey Dy
ik

Vk=12 .. N

where

Ye—Yhi1
Golyn) = (co = veren)yn+ L) + 7 / Gror (g — we)dF (wy)
0

— VGt Y F (Y — Yisr) — 7 alcips / Dy — wy)dF (wy)
0
+ ’YOCACk+1CI><yk)V k= 1, 2, ceny N — 1.

GN(?JN) = (CN - ’YCN+1)?JN + L(?JN) + 7®(yN)(aACN+1 + CN+1) for k= N.

D(y) = [) F(t)dt, Gni1(yns1) =0, and

yp = argming, {Gi(yx)} VE=1,2,..., N.

(1) Ji(Zx) is convex in Ty and Gy (yx) is conver inyp Yk =1,2,...,N.

(731) Optimal ordering policy of the retailer is an order-up-to type policy that
states if the inventory level of the retailer is less than y;, the order quantity bring

the inventory level to yix, otherwise do not order. The following summarizes the

order-up-to type policy,

= Yr —xk i x <y
o if o > i

(1v) Optimal order-up-to level of the last period is:

y* _ Ffl ( bN + YCN+1 — CN )
N hy + by +yalenir +yeng )
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If the procurement lead time is zero and the protection age limit is 2, the DP can

be written as follows:

SBM-DP-2:
IN+1(ZN+1) = alAcenpymin(xyi, gy + QN—1)+ + ey max(—zn41,0)
Je(Zr) = gﬂi%{ck% + L(zg + @) + aAc, min{zy, ge—1 + qr—2}"
k-

+ YEw, (Jr1(@ra))} V E=1,2,.., N
In Theorem 2, We extend the results for Theorem 1 to a = 2 when [ = 0.
Theorem 2 Fora=2,1=0, if h + by + yalAcgy1 >0V E=1,2,...N—1,

and if k = N hy + by +yaAcyy1 + venyr > 0,
(1) SBM-DP-2 is equivalent to the following problem:

Ini1(@ng1) = alenyimin(Tnsg, gy + qy-1)" + enp1 max(—zn41,0)
In(Ty) = ym>in {Gn(yn)} —volen 1 ®(zy — qv-1) + yen1 Dy
NZTN

+ alAcy min(iUN, qn-1+ QN—2)+ — CNIN.

where

Gny(yn) = (env —vens1)yn + Lyn) + 7@ (yn)(@Acnir + cngr).

Ji(B) = min {Gylu)} —1ades /0 B (g — wy)dF ()
— yaAcg 1 (T — i)

+ aAcy min(xy, gr_2 + qr_1)" — Tk

i=N—1
+ ( Z Y (i Di + Gi+1(?/§+1))> +" Fen Dy
i=k

Vk=1,2..N—1.

Ye—Yfi1
Gelyr) = (cr = versa)e + L(u) +7 / Gronr (4 — wi)dF (wy)
0
- 7Gk+1(yZ+1)F(yk - ?JZH)

—ylalcgys / / D (yr — w1 — wi)dF (Wip1)dF (wy) + yaAck 1P ()
0 0
ifk=12.. N—2
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YN—1—YN
Gn-1(yn-1) = (env—1—ven)yn—1+ L(yn-1) + 7/ Gn(yn—1 — wn_1)dF(wn_1)
0
— "GN (YN)F(yn—1 — yy) +yalden®(yn-1) ifk =N —1.

d(y) = [ F(t)dt,
Grii(yn+1) =0, Yni1 =0,
yp = argming, {Gy(yx)} VE=1,2,...,N.

(13) Ji(Z) is convex in Ty and Gy(yx) is convex in yp Vk =1,2,...,N.

(13i) Optimal ordering policy of the retailer is an order-up-to type policy. That is,

= Ui —xk if x <y
F 0 if o > Yy

(1v) The order-up-to level of the last period is

o = P! ( by — e + YeN41 )
N hy + by +vaAcyi +venr )

In Theorems 1 and 2, we prove that the base stock policy is optimal. According
to the base stock policy, the retailer is supposed to increase the inventory level
to an optimal order-up-to point that is determined by the minimum of a convex
function, if the inventory level of the retailer is less than the optimal-order-up-to
point. Otherwise, the retailer does not order. Also, we observe that the order-
up-to levels of the models with single protection period and double protection
period are the same for the last period. This can be the consequence of allowing
backorders. In this case no demand is lost, some of them are satisfied on time
and some of them are satisfied with a little delay and a backorder cost. Thus
the market share remains the same for the retailer. In this setting increasing the
protection period does not affect the ordering amounts but the total costs. Also,
we observe the convexity conditions for the single and double period protection is
the same. In both cases, the convexity is preserved at any intermediate period if
the total holding and backorder costs of the retailer is higher than the protection
credit offered by the supplier. That is if the protection credit offered by the
supplier is higher than the total holding and backorder costs incurred by the
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retailer, then the retailer will simply prefer no action with the customers and
the model will not be valid. Also, for the last period in order to preserve the
convexity, total holding, backorder and discounted acquisition cost of the item for
the ending period (N + 1) should be grater or equal to the discounted protection
credit offered by the supplier for the ending period (N+1). Otherwise, the retailer

would choose no action with the customers and the model would be meaningless.

SBM is applicable for the products whose demand rate is high but manu-
facturing rate is low. Therefore, the customers who cannot find the product in
the market becomes willing to pay the reservation cost and wait for the product
to become available in the retailer’s stocks. Reservation cost can be considered
as the difference in the selling price of the product between the period that the
demand is observed and the period that it is satisfied. Since the acquisition cost
declines in time, reservation cost is non-negative. Modeling the environments
that includes the products like computer game consoles (e.g. Sony Play Station)
using SBM would be more meaningful. Since these products are manufactured
in limited quantity and the demand of the item depend on the popularity of the
product among the customers. Also, there is a decline in the acquisition cost of
the product, since the newer ones are prepared for the market. Therefore, the
customers are willing to pay the reservation cost for the product that they want

to have.

3.2 Modified Backorder Model

In MBM, the selling price charged to a customer whose demand is backordered
is the price that is effective at the time of the backorder clearance. The total
expected profit obtained in such environments depends on the operating policies
employed, since the selling price charged to a backordered customer may drop
in the mean time until the backorder is cleared. Hence, problem in this setting
should be modeled with a profit maximization objective. The following formula-

tion is valid for the profit to go function in the k™ period:
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MBM-DP:
Rniir1(@niip) = —alAceyyimin{gniisi—a + gy, Ensig1 )}
+ (pv+1 — evr) max(—zni41, 0)
Ri(zy) = Iquii%({—cqu + pr (max(0, min(0, zx + gr—1) — z1)
+ Ew, {min(zy + gz, Wk)+})
— L(zp + qu—1)
—afcg — ) MIn{qr_q + - + Quog—1 + Vg, Tp + U}
B (Resr (en))} Yh=N+1,.. N +1,
Ri(ax) = {If;g%({—cqu + pr. (max (0, min(0, zx, + qx—1) — 1)
+ Ew, {min(zy + gz, Wk)+})
— L(z + qr1)
—a(ex — cp—r) min{qe—a + .. + Qi1 + Vi, Tp + 0p} T
+ YEw, (Ri1(Tr41)) }
Vk=1,2,.. N,
where

L) = I / (4 — we)dF (wy) + by / " (wn — y)dF(u)
Fu(0)=1Vk=1,..,1L

Let Uy, be the money collected by the retailer at the end of the £** period provided
that the beginning net inventory level of the retailer is xj, the inventory delivered
to the retailer’s stocks at the beginning of the £** period is q;_;, and the order

placed by the retailer after the replenishment is gx. Then we have

Prqk—1 if v, +qr_y <Oandx, <0
Uk = —PrTE + EWk (min(wk + Qx—i, Wk)) if Tp + Qru—1 > Oand T <0
prEw, (min(zy, + qe—i, Wi)) if xp +qr_y > 0andz, >0

This is exactly obtained by the following expression

pr (max(0, min(0, x4 + qe—1) — 1) + Ew, {min(zy, + gy, Wi)"}) .
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For [ =0 and a = 1 we have,

MBM-DP-1:
Rni1(@nt1) = —alAcyyimin(zysr, gn)" + (Pvs1 — eng1) max(—zn41, 0)
Ri(z) = {In%({—cqu + py (max(0, min(0, xx + qx) — k)
k-

+ Ew,{min(zy + g, Wi)*})
— Lz + qp) — Ay min(zg, ge—1)" + vEw, (Ri1 (Trg1))
V k=12 .N

In Theorem 3, for a = 2 and [ = 0 we show that MBM-DP-1 can be transformed
into another DP formulation, where the inventory level attained after ordering, yy,
is the only decision variable, the optimal of this variable is found by maximizing a
concave function which is independent of the state variables and hence order-up-to
type policy is optimal ordering policy for the retailer under the condition that the
total holding, backorder and selling price of the item in the k’th period is higher
than the discounted total of the protection credit that will be delivered and the
selling price of the item in the next period (i.e. (—pr+ypPrir1—7@ACk11—hp—bg) <
0). According to the order-up-to type policy, the retailer is supposed to increase
the inventory level to an optimal order-up-to point if the inventory level of the
retailer is less than this point. Otherwise, the retailer does not order. More

formally, the following is valid for the order-up-to type policy:

. Ve — ok o <y
4k = :
0 it z, >y

Also, optimal order-up-to level in the last period is given by

yh = Pl < by +cn — PN — YeN+1 + YPN+1 )
N —pN — YAACN41 + VPN — Yon41 —hy — by )

if the total holding, backorder and selling price of the item is higher than the
discounted total of the protection credit that will be paid to the retailer at the

end of the horizon and the profit margin of the retailer that will be obtained from
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selling a single item to a customer (i.e. (—py+7yPn+1—YOACN 11 —VCN11 —hy —
by) <0).

Theorem 3 Fora = 1,1 = 0, if (—pr + Yprs1 — yaAckrs — hy — b)) < 0V
k=1,2,...,N—1, and if (—pn +7Pns1 — YaAcn 11 —Yeni1 —hy —by) < 0 then,
(1) assuming that yr = x+qx, and yi > 0, therefore max(0, min(0, zy +qx) — %) =
max(—xy, 0)

MBM-DP-1 is equivalent to the following problem:

Ry(in) = max {Gn(yn)}+valeni®(zn) +v(pnvi1 — eni1) Dy

YNZTN
+ py max(—zy,0) + cyry — aAcey min(zy, gv_1)"

where

Gn(yn) = yn(—cn +py +vent1 — VPN+1)
+ ®(yn)(—=pN — YaAcni1 +YPN+1 — Yen41) — L(yn),

Rp(@) = max{Gi(ye)} + Ak P (1)

+ prmax(—xy,0) — aAcy min(zg, gr_1)" — crr

i=N—1
+ ( Z 7i+l_k ((Pz‘+1 - Ci+1)5z‘ +G,~+1(y;‘+1))> +7N+l_kCN+1EN
i=k

V=12 .. N—1
where
Gr(ye) = (—ck +vehr1 + Pr)Yk + (—Pr + YDrr1 — YalAcri1)P(yi)

Y=Y
L)+ / Gross (9 — wi)AF (0) — 1Cisr (W) F (i — )
0

+ 7206A6k+2/ O (yp — wi)dF (wy).
0

D(y) = [ F(t)dt,
G =0, Yy =0, 2+ qe 20,
yp = argming, {Gr(yx)} Yk =1,2,...,N.

(17) Ry(zy) is concave in Ty and qx—1 and Gy(yg) is concave inyp Yk =1,2,...,N.
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(1ii) Optimal ordering policy of the retailer is an order-up-to type policy,

. {yz—xk if X < yj
qx =

0 if T > y;

(1v) The optimal order-up-to level in the last period is:

* 1 bn + v — pN — YCN+1 + VPN
yn = F .
—pN — YOACN+1 + YPN+1 — YON+1 — hy — by
0]
For a = 2 and | = 0, we have the following formulation:
MBM-DP-2:
Rysi(Tng1) = —aAcypimin(zygr, gy +qy-1)"
+ (P41 — ey 1) max(—an1,0)
Ri(Tp) = ani%({_cqu + pr (max(0, min(0, zx + qx) — k)
k=

+Ew, {min(zy, + g, Wk)+})

— L(zk + qr) — aAcg min{zy, gr—1 + qr—2} ™"
+VEw, (Rie1(Zk11)) }
V k=12, .. N.

In Theorem 4, we extend the results of Theorem 3 to a = 2 case.

Theorem 4 For a = 2, | = 0, if (—yalAcky1 + YPks1 — P — hie — b)) < 0
VE=1,2,..,N=1, and ifk = N (—pny—yaAcni1+7(pn+1—Cns1)—hn—by) <0
then,

(1) assuming that y, = x + qx and yp > 0, max(0, min(0,xy + qx) — %) =
max(—xg,0) MBM-DP-2 is equivalent to the following problem:

Ry(Zy) = max {Gy(yn)} +valAey1P(xny — gy_1) + py max(—xy, 0)

YNZITN

+ enry — alAeymin(zy, gv_1 + qv_2) T+ Y(pn11 — cn1) Dy
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where
Gy(yn) = yn(—cn +pn —7(Pns1 — cns1))
+ ®(yn)(—pn — yalAenir +v(Py+1 — ent1)) — Lyw),
Ry_1(Zn-1) = max {Gny_1(yn-1)}
YN_1>TN_1
+ ’VzozAcNH/ ®(ry_1 — wy_1)dF(wy_1)
0
+ ")/OéACN(I)(.TN_l — QN—Q)
+ py—1max(—zn-1,0) — aAcy_ymin(zy_1,gn-2 + qn-3)"
+eyo1zn-1 +y(pN — CN>EN—1 + 2 (PN+1 — CN—H)EN +vGn(yy)
where
Gn-1(yn-1) = (—cn—1+7eN +DN-1)Un-1

+ (—yalen +ypn — py—1)P(yn-1)

YN-1—YN
— L(yn—1) + 7/ Gn(yn—1 — wn_1)dF(wn_1)
0
- ’YGN<?J7V)F(?/N—1 - y}k\f),

Ri(Tr) = max{Gr(ye)}

Yk 2Tk
+ ’72OZACk+2/ @(:Ek — wk)dF(wk)
0

+ yaAcp 1 P(2r — qr—1) + pr max(—wxy,0)

— aAcymin(xy, qr_2 + @r_1)" + Tk

i=N—-1
+ < Z ’YHI_k ((Pz‘+1 - Ci+1)Ez‘ + Gi+1(y;“+1))> + 7N+1_ch+1EN
i=k

where

Gr(yr) = (—ck +vcr1 + i)k + (—yaAckir + Yor41 — 2i) P (yk)
yk_yZ+1
L)+ [ Gralye - wdF ()
0

- 'YGk+1(y/t;+1)F(yk - ZJZ+1)

trades [ [ @(yk—wk—wkH)dF(wk)dF(wkH)}.
0 0
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O(y) = [y F(t)dt,

Gny1 =0, Yni1 =0,

yp = argming, {G(yx)} Vk=1,2,...,N.

(17) Ri(Zg) is concave in xy, qx—1 and qg_o and Gi(yx) is concave in y, Yk =
1,2,...,N.

(1ii) Optimal ordering policy of the retailer is a base stock policy.

(iv) The optimal order-up-to level at the last period is:

* -1 bN+CN—pN+7(PN+1 —CN+1>
—pn — YAyt + V(PN — evg1) — by — by

OJ

In Theorems 3 and 4, we prove that order-up-to type policy is optimal. Also, we
observe that the order-up-to levels of the models with single protection period and
double protection period is the same, similar to SBM. This can be the consequence
of allowing backorders. The same reasoning can be applied here. We observe that
the concavity of the profit to go function is preserved in an intermediate period
if the total of the holding, backorder costs and the selling price of the item is
higher than the discounted total of the protection credit that will be delivered
and the selling price of the item for the next period (i.e. (—yaAcki1 + YPrr1 —
pr — hi — b)) < 0). Also, at the end of the horizon, the concavity is preserved if
the total holding, backorder costs and selling price of the item is higher than the
discounted total of the protection credit that will be paid to the retailer at the end
of the horizon and the profit margin of the retailer that is obtained from selling a
single item to a customer (i.e. (—py —vaAcyi1 +7(Pyi1 — eni1) —hy —by) <
0). Otherwise, transactions between the retailer and the customers would be

meaningless.

MBM is applicable for the products whose demand and manufacturing rate is
high. The customers has a lot of choices to buy the product. Therefore, they are
not willing to pay the reservation cost i.e. to be charged with the former price
of the item. In these cases, using MBM for modeling the environment is more

adequate. Most of the computer products can be considered in this set.
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3.3 Lost Sales Model

Unlike the SBM and MBM, in LSM the unsatisfied demand is lost. The retailer

incurs a shortage cost and loses profit of each item that cannot be satisfied.

In LSM, there are some changes in the model construction and the evolution
equation. Similar to the MBM, we use a maximization objective. The state

vector is given by

T = (T, Qras Qe—atly s Qhots Qhitls s Qo) -

The evolved state vector for the (k4 1)% period is:

Tht1 = (maX(O,l’k + qr—1 — wk), Qk—a+15 Qk—a+2; -5 Qk—1y Qk—I1+15 -+, k-1, Qk>-

The reason for this change is the fact that the retailer’s net inventory level at the
beginning of any period cannot be less than zero due to lost sales. The profit to
go function of the retailer at the £ period when the system state is %, is given

by the following:

LSM-DP:
RN+Z+1(5Z'N+1) = —alAcyp min{QNHJrlfa + ...qn, 351\r+l+1}Jr
Ry(z) = g;i%i{—ck% + prEw, (min(max (0, z + qr—1), Wi))
— L(zp + quy) — alcr — cp_1) min{qr_q + .. + @y + Vg, T + 0}
+ VEWk<Rk+1(jk+1))} YV k=N + 1, ceey N + l,
Ry(z) = ani%i{_ck% + prEw, (min(max (0, z + qr—1), Wi))
k=
— L(zk + qr—y) — alcg — cp—1) min{qr—q + .. + qe—1 + Vg, T + v+
+vYEw, (Ri1(Ze11))t V E=1,2, ., N,
where

Ly) = I / (g — wi)dF () + by / " (wr — y)dF(wy).

Fu(0)=1Vk=1,..1

The following DP formulations are valid for the zero lead time where the protec-

tion age limits are determined as 1 and 2 by the supplier, respectively:
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LSM-DP-1:
Rni1(Zny1) = —alAceypimin(zyir,qn)t
Rk(fk) = anif)({—cqu + pkEWk (min(xk + qk, O))
k=
— L(zp + qr) — aAcy min(zg, qp_1)"
+ ’}/EWk (Rk+1(.i'k+1))} V l{ = 1, 2, ey ]\[7
LSM-DP-2:
Ryi1(Ent1) = —alAceypmin(zyyr, gy +qn-1)"
Ri(Zy)

I;l%{—cqu + prLw, (min(zy + gk, 0))

k=

— L(zy, + qr) — aAck min(zy, gr—1 + qe—2)"

+ ’}/EWk (Rk—f—l(jk—f—l))} V k = 1, 2, ceey N

In the following theorem, we characterize the ordering decision of the last period

fora=1,a=2and [ =0.

Theorem 5 For LSM-DP-1 and LSM-DP-2, optimal order-up-to level at the last
period is given by

' Fl ( PN —cn — by )
N pN — @Acni +hy +by )



Chapter 4

Numerical Study

The objective in our numerical study is to analyze the impact of the price protec-
tion policies on the optimal replenishment behavior of the retailer and different
performance metrics of the retailer and supplier. We select the following policy

parameters and the performance metrics for our analysis.

1. Order-up-to levels: This is the optimal decision rule for a rational profit

maximizer retailer.

2. Expected profit of the retailer: Under the assumption of the existence of

rational retailer, this parameter is the outcome of the transaction.

3. Expected cost for the protected items: This cost is incurred by the supplier

and it is the result of the protection policies.

4. Expected revenue of the supplier: The revenue that the supplier generates

from the retailer.

5. Supplier’s profit: The supplier earns revenue from the products that the
retailer is ordering from the supplier and reimburses the cost difference
of the protected inventory if there is an acquisition cost decline. Supplier’s
profit is the difference between the expected revenue of the supplier and the

expected cost for the protected inventory of the retailer. The operational,

27
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manufacturing, holding, backorder and opportunity costs of the supplier are

ignored while computing the supplier’s profit.
6. Type 1 service level: Probability of no stock out during the horizon.

7. Type 2 service level: Fraction of demand satisfied directly from the shelf.

In the first part of our study, we analyze the Modified Backorder Model (MBM)
and in the second part we analyze the Lost Sales Model (LSM). We verify that
the optimal ordering policy for the retailer in MBM is order-up-to as it is also
shown in Theorems 3 and 4. Also we observe numerically that order-up-to policy

is optimal in LSM for the retailer.

For both parts of the study, we are solving a 6-period problem with zero lead
time and an ample supplier that offers the protection age limit to the retailer as
one or two. We assume that the demand is stationary during the horizon. We
explore the performance metrics’ responses under two different distributions that
are Poisson and negative binomial (NBD). We study Poisson distribution under
different means and NBD under different parameters that lead to the same mean
but different variances. We assume that the discount factor is one throughout
the horizon. Furthermore, we consider the problem parameters listed in Table

4.1 and the cost decline structures are listed in Table 4.2.

Table 4.1: Problem Parameters

Parameter Type
Cost Decline (CD) Linear, Increasing, Decreasing
Price(P) ¢ + 15, ¢; + 30, 1.15¢;, 1.30¢;
Backorder Cost(B) 0.10¢1, 0.30¢y
Holding Cost 0.10¢;
Protection Age Limit(a) 0,1,2
Protection Credit Limit(c) 0.8, 1
Discount Factor (7) 1
Model MBM, LSM
Demand Poisson(A = 4), Poisson(\ = 5), Poisson(\ = 7)
NBD(2,0.4), NBD(3,0.6), NBD(4,0.8)
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Table 4.2: Cost Decline Structures
Cost Decline Acquisition Cost of Each Period

Type (CD) c1 | ca | c3|es| s | ocg| e
Linear Decline (LD) 100 | 90 | 80 | 70 | 60 | 50 | 45
Increasing Decline (ID) | 100 | 98 | 94 | 86 | 70 | 50 | 45
Decreasing Decline (DD) | 100 | 80 | 64 | 56 | 52 | 50 | 45

The order-up-to levels and the expected profit of the retailer are derived by
solving the dynamic programming formulation of the problem from the last period
to the first one. At the end of the horizon, if the net inventory level at the retailer
is greater than zero, the protection credit is calculated and paid to the retailer by
the supplier in both MBM and LSM. If the retailer is operating with the MBM,
the excess demand at the last period is assured to be satisfied by the retailer at
the end of the horizon. If the retailer is operating with LSM, the excess demand
at the last period is simply lost. The calculation of the expected profit of the
retailer, expected cost for the protected items, expected revenue of the supplier,
supplier’s profit, Type 1 and Type 2 service levels are done after determining
the optimal order-up-to levels and feeding them into the simulation program
that is coded in C. Each problem instance is run for 1500 replications. After
completing the replications, the average of the related costs are determined and
this process is repeated for all the problem instances we tabulated in Table 4.1.
We choose the simulation in order to calculate the performance metrics since it is
less complicated especially while computing the service levels. We double check
the expected profit of the retailer with the result we obtained in the dynamic

programming problem.

Price protection policy is costly from the supplier’s perspective since the sup-
plier promises the reimbursement of the unsold inventory in the retailer’s stocks
in case acquisition cost of the item declines. New component in the supplier’s
costs is the protection cost. Cost component reflects the cost of increasing the
availability of the product in the market (it is the cost of increasing flow rate of
the newer products in the supply channel). The protection cost for the supplier

obviously affects the supplier’s profit. It is intuitive that increasing protection
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age limit or the credit, «a, results higher protection costs and higher supplier’s
revenue, however we cannot say much about the supplier’s profit as we do not

consider ever cost component of the supplier here.

4.1 Modified Backorder Model

In all instances we observe that the profit of the retailer increases as the supplier
increases the protection age limit or the credit. Table 4.3 shows the expected
retailer profit when there is no price protection, and the percentage improve-
ments on the expected retailer profit under different price protection terms when
compared with the base case. We observe some instances where the retailer can
increase his profit by 214.74% after the supplier introduces a protection policy
to the chain. Therefore, the introduction of price protection policies make the

retailer’s position better in comparison to the base case.

The minimum profit is attained by the retailer at all cost decline structures
when the retailer is operating with higher backorder cost (0.30¢;) and small profit
margin (1.15¢;). Therefore, even a small increase in the retailer’s profit has a
significant effect as a percent increase. As a result, maximum percent increase in
the retailer’s profit is achieved when the supplier introduces protection policies

to the channel in these cases.



CHAPTER 4. NUMERICAL STUDY 31

Table 4.3: Percent Increase in Retailer Profit Under Different Price Protection
Policies (Poisson(A = 5))

Problem Retailer a=0.8 a=1
CD P B Profit | a=1| a=2| a=1| a=2
(a=0) | %inc | %inc | %inc | %inc
LD | ¢+15 | 0.10¢; 307.62 7.22 7.72 | 10.01 | 10.62
¢;+30 757.62 2.93 3.13 4.06 4.31
1.15¢; 182.72 | 14.48 | 15.30 | 19.17 | 20.25
1.30¢; 507.82 6.03 6.33 7.72 8.27
¢;+15 | 0.30¢; 175.01 | 32.34 | 34.68 | 41.21 | 45.71
¢;+30 625.01 9.05 9.71 | 11.53 | 12.79
1.15¢; 56.99 | 100.67 | 108.62 | 129.38 | 144.31
1.30¢; 389.51 14.78 16.18 19.27 21.58
ID | ¢;+15 | 0.10¢; 305.83 6.41 6.97 9.17 9.89
¢;+30 755.83 2.59 2.81 3.70 4.00
1.15¢; 217.10 10.86 11.68 14.78 15.80
1.30¢; 578.55 4.74 5.05 6.28 6.79
¢;+15 | 0.30¢; 17598 | 27.15 | 29.70 | 35.22 | 39.02
¢;+30 625.98 7.62 8.34 9.90 | 10.96
1.15¢; 92.64 | 53.82 | 58.69 | 69.83 | 77.93
1.30¢; 459.29 11.30 12.28 14.70 16.52
DD | ¢;+15 | 0.10¢; 313.74 6.89 7.15 9.42 9.93
¢i+30 763.74 2.82 2.93 3.86 4.08
1.15¢; 152.77 16.35 17.19 22.39 23.61
1.30¢; 442.98 6.39 6.68 8.62 9.16
¢;+15 | 0.30¢; 19145 | 27.09 | 29.24 | 35.73 | 38.94
¢;+30 641.45 8.08 8.72 | 10.66 | 11.62
1.15¢; 36.23 | 150.08 | 161.46 | 197.27 | 214.74
1.30¢; 331.12 | 17.14 | 1839 | 2248 | 24.60

Table 4.4 shows that the expected profit of the supplier when there is no price
protection, expected protection cost and percentage improvements on the sup-
plier’s profit under different price protection terms. The expected profit of the
supplier is calculated by taking the difference between the expected revenue of

the supplier and expected cost for the protected items.

Ezxpected Profit of the Supplier = Fxpected Revenue of the Supplier
— Eaxpected Cost for the Protected Items.
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We observe that the expected protection cost is non-decreasing in the protection
age limit and credit. However, we cannot observe such a monotonicity for the
supplier’s profit. Since it strictly depends on the problem parameters and order-
up-to levels. Also, in most of the cases the supplier is hurt from protection
policies. However, there are cases where win-win situation is observed. Therefore,
if price protection policies are managed well, both of the players in the supply

chain can be better off.
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It is obvious that the price protection policies increase the service levels of the
retailer since it motivates the retailer to order more thus leads to less backorders
or stock out occasions. In Table 4.5, we observe that both Type 1 and Type 2
service levels are non-decreasing in the protection age limit and credit. In all cost
decline structures, percent increase in the service levels are more significant if the

retailer is operating with a lower backorder cost.

In all instances, we observe that order-up-to policy is optimal and order-up-to
levels are non-decreasing in the protection age limit and credit offered by the
supplier. Also, for a given protection credit, a, we observe that the expected
profit of the retailer increases as the supplier increases the protection age limit.
In Table 4.6, the results are given for different cost decline structures. In DD we
observe a non-monotonicity in the order-up-to levels of the retailer, unlike the
other cost structures. In DD, the price is so high at the beginning of the horizon

and declines very rapidly. Therefore, the retailer tends to buy later in time.

Table 4.6: Retailer Profit and Order-up-to Levels Under Different Cost Decline
Structures (Poisson(\ = 5),b; = 0.10¢1, h; = 0.10¢;, p; = ¢; + 30)

Decline | Protection | Protection Order-up -to Levels Retailer
Type | Policy(a) | Credit(a) | S1 | S| S3 | Sa | S5 | Se Profit
LD 0 - 41 4| 4| 4| 4] 3 757.63
1 1 5| 5| 5| 5| 5| 3 788.38

2 1 5| 5| 5| 5| 5| 3 790.27

1 0.8 5| 5| 5| 5| 5| 3 779.80

2 0.8 5| 5| 5| 5| 5| 3 781.32

1D 0 - 51 4| 4| 4| 4] 3 755.83

1 1 5| 5| 5| 5| 5| 3 783.82

2 1 5| 5| 5| 5| 5| 3 786.04

1 0.8 5| 5| 5| 4| 5| 3 775.39

2 0.8 5| 5| 5| 5| 5| 3 777.09

DD 0 - 3| 4| 4| 5| 5] 3 763.74
1 1 5| 5| 5| 6| 5| 3 793.27

2 1 5| 5| 5| 6| 5| 3 794.87

1 0.8 4| 5] 5| 5| 5] 3 785.30

2 0.8 4| 51 5| 5| 5] 3 786.12

We now analyze a specific example in details, where we study the impact of the
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price protection policies to the order-up-to levels and service levels of the retailer
and the supplier’s protection cost, revenue and profit. In this example we choose
the demand distribution as Poisson with mean 5 and LD is assumed for cost
decline structure. The supplier is offering a full protection to the retailer (o = 1)
and the protection age limit is assumed to be 1 or 2. Selling price is determined
by adding a fixed mark-up (430) to the acquisition cost. The responses of the
performance metrics is explored first of all when the backorder cost is 10% of the
highest acquisition cost and then when the backorder cost is 30% of the highest

acquisition cost.

In the presence of price protection, the retailer is encouraged to order more,
thus the order-up-to levels are non-decreasing and this is followed by less back-
order costs and more expected profit. Also, at each price decline the revenue
of the retailer is incremented by a certain amount depending on the number of
the protected items, protection credit and the decline in the acquisition cost.
When we analyze the expected profit of the retailer under different protection
age limits in Table 4.6, we see that the retailer profit increases very rapidly with
the introduction of the protection mechanism. Later on, the impact of increas-
ing the protection age limit decreases. Shifting from no protection policy to the
1-period protection policy increases the profit much more than shifting from 1-
period protection mechanism to the 2-period protection mechanism with the same

protection credits.
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Expected Protection Cost, Service Levels vs Protection Age
Limit
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Figure 4.1: Expected Protection Cost for Supplier, Type 1 and Type 2 Service
Levels of the Retailer vs Protection Age Limit (LD, Poisson(A = 5), a = 1,
bi = 0.1061, pi = G + 30)

In Figures 4.1 and 4.2, the impact of price protection policy on the retailer and
supplier performance are displayed for the specific example when the backorder
cost is 10% of the highest acquisition cost. Introducing a protection mechanism to
the system increases the service levels of the retailer and increases the protection
cost and expected revenue of the supplier. Since the order-up-to levels increase,
the retailer orders more and faces less stock out occasions and incurs less back-
orders. Thus the service levels of the retailer increase. Also, expected revenue
of the supplier increases after applying the protection mechanism to the system
since the retailer orders more. However, increasing the protection age limit from
1 to 2 does not change the expected revenue of the supplier, because order-up-to
levels do not change. As expected, as the age limit of the protection policy is
increased, expected protection cost increases. However, we cannot say anything
about the supplier’s expected profit, since it strictly depends on the problem pa-
rameters. In Figure 4.2, we see that the expected profit of the supplier increases
either the protection age limit is 1 or 2 when compared with the no protection
case. However the increment is not so significant, it increase by 0.375% in the
1-period protection policy and it increases by 0.344% in the 2-period protection
case when compared to the base case where there is no protection policy offered

by the supplier. The highest supplier profit is achieved when he introduces the
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Figure 4.2: Expected Profit and Revenue for Supplier, Type 1 and Type 2 Service
Levels vs Protection Age Limit(LD, Poisson(A = 5), a = 1, b; = 0.10¢y, p; =

age limit as 1. However, the highest service levels are attained when the supplier

offers the retailer 2-period protection policy.

If we set the b = 0.30¢; and analyze the performance metrics, we observe that

the service levels, protection cost and expected revenue of the supplier increase

as the age limit of the protection is increased.
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Expected Protection Cost, Service Levels vs Protection Age
Limit
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Figure 4.3: Expected Protection Cost for Supplier, Type 1 and Type 2 Service
Levels of the Retailer vs Protection Age Limit (LD, Poisson(A = 5), a = 1,
bi = 0.3061, pPi = G + 30)

In Figure 4.3, we observe that the increment in the protection cost when
shifting from no price protection to 1-period price protection is much more than
the increment when shifting from 1 to 2-period price protection policy. Also, the
increase in the service levels in shifting from no protection to 1-period protection
policy is much more than the increase in the service levels while shifting from
1 to 2-period protection policy. Although the protection cost increases as the
protection age limit is increased, the increment is not so significant when the age
limit is increased from 1 to 2 in comparison with the increment when the age
limit is increased from 0 to 1 by the supplier. In Figure 4.4, we observe that the
expected revenue of the supplier increases as the age limit is increased, similar
to the protection cost situation, the increment is much more when the supplier
increases the protection age limit from 0 to 1 than the case where he increases it
from 1 to 2. When we analyze the expected profit of the supplier, we see that the
maximum profit is attained when the supplier does not offer any protection policy
to the retailer. However, this case provides the worst customer service level. In

this situation, increasing the service levels of the retailer hurts the supplier very

badly.
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Supplier's Expected Revenue and Profit, Service Levels vs
Protection Age Limit
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Figure 4.4: Expected Revenue and Profit for Supplier, Type 1 and Type 2 Service
Levels vs Protection Age Limit (LD, Poisson(A = 5), a« = 1, b; = 0.30¢y, p; =
¢ + 30)

We finally investigate the impact of the protection credit and demand vari-
ability in MBM. First we examine the protection credit. As we increase the
protection credit, expected profit of the retailer increases. We observe in Figure
4.5, the expected profit of the retailer is higher if he operates with 2-period pro-
tection policy with the same protection credits. Also, in Figure 4.5 we observe
that the difference in the Retailer’s profit with 1 period protection and 2 period

protection increases as the protection credit is increased.

In order to see the effect of the variance to the price protection policy, we
use the NBD with the same mean and different variances. In Table 4.7, we do
not observe a monotonic relation between the variance and the % increase in the

retailer profit.

4.2 Lost Sales Model

Table 4.8 shows the expected retailer profit when there is no protection and the

percentage profit improvements under different price protection terms in LSM.
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Figure 4.5: Expected Profit of the Retailer vs Protection Credit (LD, Poisson(\ =
5), bz = 0.1061, pPi = G + 30)

Table 4.7: Retailer Profit Under Different Distributions (LD, b; = 0.10¢y, p; =

Distribution | Mean | Variance | Retailer | % Increase in Retailer Profit
Type Profit a=0.28 a=1

a=1|la=2|a=1|a=2

NBD(2, 0.4) 5 7.5 748.65 2.69 | 2.72 | 3.69 | 3.78

NBD(3, 0.6) 5 3.33 795.71 1.54 1.54 | 2.37 | 2.37

NBD(4, 0.8) 5 1.25 816.03 2.20 | 2.20 | 2.75 | 2.75

We observe that the retailer can increase his profit up to 6704.49% under cer-

tain problem parameters. Therefore, under price protection strategy the retailer

gets better in comparison with the base case where no protection policies are

implemented. The highest percent increase is observed in the same case with the

MBM. The same reasoning can also be applied here. Another observation is the

fact that the percent increase achieved in LSM is higher than the percent increase

achieved in MBM), since operating with LSM is more costly so the retailer gets

much better off when compared with the MBM by the tiniest improvements in

his profit.
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Table 4.8: Percent Increase in Retailer Profit Under Different Price Protection
Policies (Poisson(A = 5))

Problem Retailer a=0.8 a=1
CD P B Profit a=1 a=2 a=1 a=2
(a=0) Yoinc Yoinc Yoinc %inc
LD | ¢+15 | 0.10¢; | 201.31 24.66 26.57 31.82 34.49
c;+30 585.17 10.64 11.95 14.15 15.93
1.15¢; 114.36 37.30 40.67 49.69 53.90
1.30¢; 396.15 14.54 15.90 18.84 21.42
c+15 | 0.30¢; | 116.71 59.40 66.53 77.66 86.57
¢;+30 519.96 16.15 17.78 20.25 22.99
1.15¢; 21.29 299.95 | 339.04 | 398.20 | 447.07
1.30¢; 319.50 25.05 27.65 31.71 35.20
ID | ¢;+15 | 0.10¢; | 200.39 21.30 23.55 28.40 31.21
c;+30 579.81 9.80 11.09 13.01 15.11
1.15¢; 143.58 26.47 29.61 36.21 40.14
1.30¢; 160.86 11.18 12.52 14.40 16.81
c+15 | 0.30c; | 111.25 56.44 64.85 74.91 85.84
¢;+30 519.25 13.93 15.80 17.96 20.43
1.15¢; 49.51 118.05 135.59 157.40 181.46
1.30¢; 386.49 17.85 20.37 23.26 26.41
DD | ¢;+15 | 0.10¢; | 214.59 21.09 22.59 28.43 30.69
c;+30 600.69 10.26 11.09 13.44 14.83
1.15¢; 91.63 44.74 48.03 60.44 64.62
1.30¢; 343.28 16.12 17.21 21.14 23.43
c+15 | 0.30¢; | 132.91 50.87 54.79 66.48 73.22
c;+30 542.22 14.28 15.83 18.67 20.79
1.15¢; 1.37 4658.42 | 5017.41 | 6096.82 | 6704.49
1.30¢; 270.90 27.09 29.61 35.40 38.94

Table 4.9 shows the impact of price protection policies on the supplier’s per-

formance. The supplier’s performance behaves similar to the MBM. Expected

protection cost is non-decreasing in the protection age limit and credit. How-

ever, expected protection cost is higher since order-up-to levels in LSM is higher
than the MBM. Also, in LSM supplier is observed to be hurt from introducing

protection policies to the channel in several cases.
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Table 4.10 shows the changes in the service levels due to different price pro-
tection policies under LSM. The results are similar to those in MBM. However
in LSM, the retailer prefers to operate at higher service levels since the retailer
incurs the extra opportunity cost of losing the demand in the market in the base
case where no protection policy is implemented. Therefore, percent increase in
the service levels is not so significant after introducing the protection policy to
the channel when compared with the MBM.

In all of the instances we analyzed, we observe that the order-up-to policy
is optimal. We also observe that the order-up-to levels and the expected profit
of the retailer increase as the supplier increases the protection age limit. Table
4.11 shows the optimal order-up-to levels and corresponding expected retailer
profit for a specific parameter set. We see that the order-up-to levels increase
and the retailer earns more as the supplier offers more protection. Also, in DD
we observe a non-monotonicity in the order-up-to levels of the retailer, different
from the other decline structures. In DD, the price is so high at the beginning
of the horizon and declines vary rapidly. Therefore, the retailer is prone to buy

later in time.

In Table 4.11, we provide the order-up-to levels and the expected profit of
the retailer if he operates with LSM. Similar to the MBM case, in the presence
of the price protection policy the retailer is encouraged to order more, thus the
order-up-to levels are increased and this increase is followed by less shortage costs,
less demand loss and more expected profit. Also, as the protection age limit is
increased by the supplier, more reimbursement will be gathered by the retailer in
case a price decline in the acquisition cost. All these factors increase the expected
profit of the retailer in the presence of the price protection policy in the system.
When we analyze the expected profit of the retailer under different protection ages
and with different price decline structures in Table 4.11, we see that the retailer
profit increases very rapidly with the introduction of the protection mechanism.
Later on the impact of increasing the protection period decreases. Shifting from
no protection mechanism to the 1-period protection mechanism increases the
profit more than shifting from 1-period protection mechanism to the 2-period

protection mechanism with the same protection credits like MBM.
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Table 4.11: Retailer Profit and Order-up-to Levels Under Different Cost Decline
Structures (N = 6, Demand Poisson(A = 5), LT = 0,b; = 0.10¢y, h; = 0.10¢;,

pi = ¢; + 30)
Decline | Protection | Protection Order-Up-To Levels Retailer
Type | Age Limit(a) | Credit(a) | S1 | So | S3 | Ss | S5 | S¢ | Profit
LD 0 0 6| 6| 6| 6| 6| 4| 58517
1 1 Ty T 7T T 7| 5| 667.99
2 1 T T 7T 7| 7| 5| 67839
1 0.8 6| 7| 7| 7| 7| 4| 64744
2 0.8 T 7| 7| 7| 7| 4| 655.08
ID 0 0 71 6] 6| 6| 5| 4| 57981
1 1 Ty 7| 7| 7| 7| 5| 65523
2 1 T T 7T T 7| 5| 667.40
1 0.8 T 7] 6| 6] 6| 4| 636.64
2 0.8 TLT T T T| 4] 644.12
DD 0 0 5| 6| 6| 7| 7| 4| 600.69
1 1 6| 7| 7| 8| 7| 5| 68144
2 1 T 7] 7| 8| 7| 5| 689.78
1 0.8 6| 7| 7| 7| 7| 4| 66234
2 0.8 6| 7| 7| 7| 7| 4| 66727

If we compare the order-up-to levels with the MBM, under the same operating
parameters, we observe that although the order up to levels in the LSM is greater
than the MBM model, the profit of the retailer in the LSM is less than that in the
MBM model. This is because the market share of the retailer is preserved in the
MBM model and all the demand is satisfied on time or with a delay. However,
in the LSM, excess demand is lost and the retailer incurs shortage cost and loses

profit for each demand that cannot be satisfied.

Now, we return to the example in which we investigate the impact of the
price protection policy to the retailer’s and supplier’s performance. We consider
the same case with the MBM. Figure 4.6 shows that the protection cost and the
service levels of the retailer increase as the protection age limit is increased. Since
the order-up-to levels increase with the introduction of the protection mechanism
to the channel. However shifting from 1 to 2-period protection policy does not
increase the protection cost as much as shifting from no protection to 1-period

protection policy. Since the order-up-to levels do not change when the supplier
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Expected Protection Cost, Service Levels vs Protection Age
Limit
140 - 1
120 1 7095
100 |
80

60 -

Protection Cost
Service Levels

40 4 + 0.75

20 + 0.7

0.65
0 1 2

Protection Age Limit

‘-Protection Cost ——Type 1 Senvicel Level —— Type 2 Senvice Level ‘

Figure 4.6: Expected Protection Cost for Supplier, Type 1 and Type 2 Service
Levels of the Retailer vs Protection Age Limit (Linear Cost Decline, Demand
Poisson(A = 5), a =1, b; = 0.10¢y, h; = 0.10¢;, p; = ¢; + 30)

offers 2-period protection policy instead of 1-period protection policy to the re-
tailer. Also, the service levels increase as the supplier introduce a 1-period price
protection policy to the channel, however the increase in the service levels are

not so significant when he increase the protection age limit from 1 to 2.

In Figure 4.7, we observe that the expected revenue of the supplier increases
as he offers 1-period protection policy to the channel, but it does not change
if he increases the protection age limit from 1 to 2. This is because the order-
up-to levels are the same when the age limit is 1 or 2. With these problem
parameters, maximum profit is gathered by the supplier when the protection age
limit is 1. Introducing a price protection policy whose age limit is 1 increases
both the supplier’s profit margin and the retailer’s service levels. Therefore, both
players of the channel gets better when the protection policy with an age limit
1 is applied. However shifting from 1-period protection policy to the 2-period
protection policy decreases the supplier’s profit. That is because the order-up-to
levels do not change, the expected revenue of the supplier stays the same and the
protection cost increases, thus the supplier’s profit decreases. Similar observations

are made for Type 1 and 2 service levels.
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Supplier's Expected Revenue and Profit, Service Levels vs
Protection Age Limit
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Figure 4.7: Expected Revenue and Profit for Supplier, Type 1 and Type 2 Service
Levels of the Retailer vs Protection Age Limit (LD, Poisson(A = 5), a = 1,
bi = 0.1001, hZ = 0.1001', pi = C; + 30)

If we set the shortage cost to the 30% of the largest acquisition cost, we obtain
Figures 4.8 and 4.9 in which the protection cost, expected revenue of the supplier
and the service levels of the retailer can be observed. Similarly, the protection
cost and the service levels increase as the protection age limit is increased by
the supplier. Since the order-up-to levels increase, the retailer loses less demand
and incurs less shortage cost. Shifting from no protection policy to the 1-period
protection policy increases the Type 1 and Type 2 service levels by 5.98% and
2.13 % respectively and increasing the protection age limit from 1 to 2 increases

the the Type 1 and Type 2 service levels by 3.95% and 1.30% respectively.

In Figure 4.9, we observe that the expected revenue of the supplier increases
as the supplier increases the protection age limit, since the order-up-to levels
increase as the age limit is increased by the supplier. However, the highest profit
is achieved by the supplier when he does not offer any protection policy to the
channel. The least profit is obtained by the supplier when the supplier offers a
1-period protection policy to the channel. The expected profit of the supplier
decreases by 1.43%, Type 1 and Type 2 service levels increase by 5.98% and
2.13%, respectively, when the supplier increases the protection age limit from 0

to 1. Also, the expected profit of the supplier decreases by 0.38%, type 1 and
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Expected Protection Cost, Service Levels vs Protection Age
Limit
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Figure 4.8: Expected Protection Cost for Supplier, Type 1 and Type 2 Service
Levels of the Retailer vs Protection Age Limit (LD, Poisson(A = 5), a = 1,
bi = 0.3061, hz = O.lOCi, Di = C; + 30)

type 2 service levels increase by 10.17% and 3.51%, respectively, when the supplier
increases the protection age limit from 1 to 2. Therefore, in this case the supplier
loses 0.38% on profits in return for a 10.17% and 3.51 % increases in the service

levels of the retailer if he offers 2-period protection policy.



CHAPTER 4. NUMERICAL STUDY 50

Supplier's Expected Revenue and Profit, Service Levels vs
Protection Age Limit
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Figure 4.9: Expected Revenue and Profit for Supplier, Type 1 and Type 2 Service
Levels of the Retailer vs Protection Age Limit (LD,Poisson(A = 5), a = 1,
bi = 0.3061, hZ = O.lOCi, Di = G + 30)

Finally we explore the impact of the protection credit and the variance to
the retailer’s performance. As we increase the protection credit, expected profit
for the retailer increases similar to the MBM. In Figure 4.10, we observe that
the difference in the retailer’s profit with 1 and 2-period protection increases as
the protection credit is increased, since increasing the protection credit, «, has a
more significant effect on the expected profit of the retailer when the protection

age limit is 2.

In Table 4.12, we observe the impact of the variance to the retailer’s profit
under different price protection terms. If the variance is increased the percent
increase in the retailer profit after implementing the price protection strategy
increases. For this case, we can conclude that the retailer benefits more from
the price protection policy when there is a higher variability in demand. Percent
increases in LSM, are more than the percent increases in the MBM. Therefore,
applying the price protection strategies in an LSM environment is more effective

from the retailer’s perspective.
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Figure 4.10: Expected Profit of the Retailer vs Protection Credit (LD,
Poisson(A = 5), b; = 0.30¢1, p; = ¢; + 30)

Table 4.12: Retailer Profit Under Different Distributions (LD, b; = 0.10¢, p; =

Distribution | Mean | Variance | Retailer | % Increase in Retailer Profit
Type Profit a=0.8 a=1

a=1 a=2 a=1 a=2

NBD(2, 0.4) 5 7.5 517.96 | 13.17 | 14.82 | 17.21 | 19.76

NBD(3, 0.6) 5 3.33 642.13 | 8.55 | 858 | 11.14 | 11.32

NBD(4, 0.8) 5 1.25 74225 | 454 | 454 | 6.14 | 6.14




Chapter 5

Conclusion

In this thesis, we consider a single item, multi period, finite horizon inventory
problem of a retailer who faces a stochastic demand and whose orders are fulfilled
by an ample supplier. The selling price and the manufacturing costs of the
product is decreasing in time, therefore the retailer is under risk of buying high
and selling low. In order to motivate the retailer to order more, the supplier offers
him a price protection policy whose age limit and credit are determined at the
beginning of the planning horizon. In the study, the retailer’s problem where the
supplier offers a price protection policy is modeled in three different ways based
on how the excess demand is treated. The first one is the Standard Backorder
Model (SBM), the second one is the Modified Backorder Model (MBM), and the
third one is the Lost Sales Model (LSM). It is proven that the base stock policy
is optimal for the retailer if he is operating with SBM or MBM. It is shown
that the order-up-to levels are non-decreasing and the retailer is better of as the
supplier offers more protection in MBM and LSM. Increasing the order-up-to
levels for the retailer results higher service levels in the retailer, the service levels
of the retailer is verified to be non-decreasing in the protection age limit and the

protection credit.

The impact of the price protection policy to the supplier is also explored.
It is shown numerically that the expected protection cost and expected revenue

are non-decreasing in the protection age limit and credit. However, we observe

52
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that the expected supplier’s profit does not show a monotonic behavior as the
protection credit or age limit increases. The relation strictly depends on the
problem parameters. Although there exists cases where the profit of the both
players increases with the price protection policy, in most of the cases the supplier

may be hurt from the price protection policy.

Our study is the first study that investigates the outcomes of the price protec-
tion policy to the retailer in a stochastic demand and multi period environment.
The analytical results that have been derived for the optimal ordering decision
of the retailer are obtained for SBM and MBM for an age limit of 1 or 2. The
impact of the price protection policy to the performance metrics of the supplier

is numerically studied.

Future research can extend the analysis in many ways. First of all, optimal
ordering policy of the retailer can be derived for a general protection age limit.
A second direction could be to incorporate set-up costs for ordering. Also, we
can study the circumstances under which price protection is pareto improving or
coordinates the channel in a more detailed way under a multi period setting. In
the model, prices could be the function of time and the protection age limit could
be dynamic. The assumption that states a > [ could be relaxed and the response

of the model can be explored.
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Appendix A

Proof of Theorems

Proof of Theorem 1: We need the following Lemmas in order to prove Theorem
1. Before stating the Lemmas, recall that the F'(w) is defined as the cdf of the
non-negative r.v. W which denotes the stochastic demand and E(W) = D and

D(y) = [ F(t)dt.

Lemma 1 [/tdF(t) = yF(y) — ®(y).

Proof:By integration by parts:

/ytdF(t) B u=-t du = dt
0 -\ v=F@1) dv=dF(@)

— tF() | - / " Fiyat
= yF(y) — @(y)

O

Lemma 2 fyoo(w —y)dF(w) = D —y + ®(y).

[ wnarw) = [T wdPw) -y - ) =D - [ wdpw) -y~ Pl

o6
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By using Lemma 1, we can write the above equation in the following way:
/ (w—y)dF(t) = D—(yF(y)—@(y) —y+yFy) =D —y+(y).
Yy

U
Lemma 3 Fory—x >0, [/ min(y —w,y — z)dF(w) = ®(y) — (x).

Proof:
[ winty == ajarw) = [ - odrw)+ [ wdrw)

— yF(y) ~oPle) ~ [ wdF(w

= () o) - ([ wirtw) - [ wirw)
By using Lemma 1,

/0 "min(y - w,y — 2)dF(w) = yF(y) - sF(@) — (yF(y) — Bly) — 2F(z) + D))

0
Lemma 4 [*(y — w)dF(w) =y — D.

Proof: . -
/ (y—w)dF(w):y—/ wdF(w) =y — D.
0 0
OJ
We prove by induction and begin with solving the problem from the last period

and proceeding backwards. The following state vectors are valid for the N** and

(N + 1)* periods:
= "
gN-1

4 TN +qy — Wy yn—1— Wno1
TN+l = = :
qn YN-1 — TN
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Also, cost-to-go function at the last period, Jy(Zy), is in the following form:

JN(QNJN) = qr]rvli>%{CNqN + L(.TN + qN) + ”)/OCACN+1EWN{HHH((]N, TN +4qN — WN)+}
+ yen1 Bwy {max(Wy — zx — qn, 0)} + aAcey{min(zy, qv_1)}" }

In terms of yy, Jy(Zn) can be written as,

Jn(Zy) = min {evyy + Lyn) + yalAens Ewy {min(yny — zn, yv — Wa)}*

YNZTN

+ ven o1 Ewy {max(Wy — yn, 0)}} + aAcey{min(zy, qy_1)} " — ey

Let

Gn(ynlzn) = envyn + Llyn) +valey Ew, {min(yy —on, yn — WN)}—E
)

+yent1 Bwy {max(Wy —yn, 0)} .
B

By using Lemma 3, we can write A as follows:
YN
A = [ minun = vy — w)dF(ox) = Bluy) — Ble).
0
By using Lemma 2, B can be written as:

B = /OO(U)N—yN)dF(wN):EN_yN‘l'(D(yN)

YN

After all these calculations the Gy (yy|zx) will be the following:

Gn(ynlzn) = enyn + Lyn) + valey 1 ((yn) — (zn))
+veni1(Dn — yn + @(yn))
= (e —yeny)yn + Lyn) + 7@ (yn)(@Aen i + enir) +vena Dy

—yaAcen 1P (zy).
Therefore,
In(@y) = min {Gy(yn)}+ Yent1 Dy —yoaleny 1 ®(zy)
+ aAcy{min(zy,qyv_1)}" — cyaN
where,

Gn(yn) = (env —venv)yn + Lyn) + 7@ (yn) (@Acnir + cngr).
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In order to conclude that Gy (yy) is convex in yy, we need to check the second

order condition.

oG F — by +F aAcnyr + e+
COyny aNy(NyN> = (en —yen+1) + (hw +0n8)F(yn) — by (yn)(@Benr + en),
oG 2 +
- Py 5\;;?) fyn)(hy + by + yaAcey i1 + yen)-

Therefore, if (hy+by +7vaAcyi1+ven11) > 0, Gy(yn) is convex in yy. Gy (yn)
attains the minimum value at ¥} which can be found by,

IGn(yn)

Dy = (exy —veny1) + (hn +bn) F(yn) — by +7F (yn ) (@Acy 1 +ceny1) = 0.
N

Then,

by +veng1 —on
hy + by +yalAcny1 + ven

Flyy) =
And optimal order-up-to level for the N period is:

ol = -l ( by +veni1 —en >
N hN + bN + ’}/OéACN_H + YCN+1 )

In order to show that Jx(Zy) is convex in Zy, we have to prove that it is convex
in zy and gy_;. For this purpose, we have to calculate the Hessian of Jy(Zx)

and check if it is positive-definite or not.

PJ(Ey)  _02J(@E)
~, T N 2 Tz _
H(JN(xN> = [ 823](1?72]\]) 8@%36(?27\])1 ]
Oqn_10z N Ogn_12
P JIn (2 0
a];;(VQN) = axN(_fVO‘ACNHF(xN)) = —yaAcyii f(zn) >0

PIn(Gy-1) _ PIn(Ey) _ OPInlEn) _
dgn_12 0rNOgN—1 Jqn-_10zN

In order to understand H((Jn(Zx)) is positive definite we have to find out if
ZH((Jn(Zn))z >0 forall z€ R2>0 2 = (ug up),

—yaAcyy1f(zy) O ] [ Uy ]

0 0

ZH((In(Zn))z = [ul uz][ U

= —yalceng f(an)ui >0
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since Acyyq1 < 0. Thus Jy(Zx) is convex in gy_1 and zy.

For the (N — 1)® period, the state vectors for the (N — 1) and the N

periods and the cost-to-go function can be written as follows:

~ TN-1
TN =
gN—-2
1 TN-1+(GN-1 — WN-1 YN-1 — WN-1
:EN = - 9
gN-1 YN-1 — TN-1

In_1(Zn—1) = min  {eyv_1yv—1 + L(yn-1) + vEwy_{In(ZN)}}

YN—12TN-1

+ aAcy_1{min(zn_1,qn-2)}" — cn_1ZN 1.

The cost-to-go function for the N period in terms of G (yy) is:

(

GN(yN—1 - WN—1)

—yalAey 1 ®(yn—1 — Wy-1)

+aAcy min(yy—1 — Wy_1,ynv-1 — Tn-1)

—en(yn—1 — Wn-1) + ven1 Dy ifyn 1 —=Wn120
and yn < ynv—1— Wiy

IN(TN) = Gn(yn) —yalAeny 1 ®(ynv-—1 — W)

+alAcy min(yy—1 — Wy_1,ynv-1 — Tn-1)

—cn(yn—1 — Wx_1) +yeni1 Dy it yv > yn-1 —Wn_1 >0

GN(yfv) - ’YOéACNH‘I)(yNA - WNA)
—cn(yn—1 — Wx_1) +ven1 Dy it yv_1 —Wn_1 <0

\

And we have
Ewy_{JIn(in)} = / In(ZN)dF (wn_1)
0
YN-1—YN
= / Gn(yn—1 —wn-1)dF (wn_1)
0

+f T Gal)dF(w)

N-1—Yn
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— ’YQACN+1/ O(yn—1 — wn_1)dF(wn_1)
yNE)I
+ OéACN/ min(yy_1 — wn-1,Yn—1 — Tn—1)dF (wy_1)
0

_ CN/ (yN_1 — wN—l)dF(wN_1) + 'YCN—HEN-
0

By the use of Lemmas 3 and 4:
YN-1—YN
Buy Ln@)} = [ Gulyses = wvo)dF ()
0

+f T Gl dF(wy )

N-1—Yn

— yaAcn 4 /OOO P(yn-—1 — wy_1)dF (wn_1)
+alcey (P(yn-1) — P(ry-1))
—en(yn—1 — Dy—1) + ven1 Dy
YN-1-YN
= /0 Gn(yn—1 — wn-1)dF(wy_1)
+Gn(yn) = Gu N Fyn-1 — yn)
— yaAcy 4y /OOO (I)<yN71 - wal)dF(wal)
+ aAcyP(yn—1) — aAenP(ry_1)
— CNYN-1 T enDy_1 + 70N+1EN-

The cost-to-go function for the (N — 1)% period is the following:

In_1(Enoy) = min  {(ey—1 —yen)yn—1 + L(yn-1)

YN—12TN—1
YN-1—YN
+ 7/ Gn(yn—1 — wn—1)dF(wn_1)
0
=GN (yn) F(yn—1 — yn)
+oo
- 72aAcN+1 / CD(?/N—1 - wN—l)dF(wN—l)
0
+ yaAcey®(yn_1)} — yaAen®(xy_1)
+venDno1 + 7 eny1 Dy +7Gn(yy)
+ aAcy_{min(zy_1,qn-2)} " — cn_12N -1

Hence

In1(@non) = min - {Gn-1(yn-1)}

YN—12TN-—1
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— yalAey®(zn_1) +venDyo1 +Yeni1 Dy +vGn (yx)

+ aAcey_{min(xn_1,qn-2)}" — cn_1ZN-1,

where

Gn-1(yn—1) = (env-1 —ven)yn—1+ L(yn-1)
YN-1—YN
+ ’Y/ Gn(yn—1 — wn_1)dF(wy_1)
0
— G (yn) F(yn—1 — yn)
- ’YQOéACNH / CD(yNA - wal)dF(wal)
0
+ ”)/OCACNq)(nyl).
Next we need to show that G_1(yny_1) is convex in yy_1 so need to check the

second order condition. Recall the Leibnitz Rule.
Leibnitz Rule

o [P

& of 96(z) da(z)

0z Ja f(w,z)dx:/a(z) 5,00+ f(B(2), ) =5 = — flal2), 2) —~

8GN—1(ZUN—1)

5 (ven —en-1) + (hy-1 +bv_1)F(yn—1) — bn_1
YN-1

+ G N (yn)f(yn-1 — yn)
YN-1—YNn ,
+ 7/ GN(yN—l - wN—l)f(wN—1)dwN_1
0
=GN (yn)f(yn—1 — yn)
- 7204ACN+1 / F(yN—l - wN—l)f(wN—l)dwN—l
0
+ ’}/CYACNF(yN_l)
= (ey—1—ven) + (hy—1 +by-1 +yalAen)F(yn-1) — by-1

YN-1YN
+ ’7/ Gn(yn—1 —wn_1) f(wn_1)dwn_q
0

- '72O~/ACN+1 / F(yN_1 - wN—1)f(wN—1)dwN—1
0

82GN71<QN71)
ay?\f—l

= (hy—1+ byt + yalcey) fyn-1)
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YN-1—YN ,
+ 7/ Gn(yn—1 — wn-1)f(wn_1)dwyn_4
0
+ Gy ) Flyn—1 — yy)
- 72aA0N+1/ flyv—1 —wn_1) fwn_1)dwy_
0

where, G’y and G’y are the first and second derivatives of Gy with respect to yy
respectively. Note that G'y(y%) = 0. Since Gy (yn) is convex wrt yn, G (yn) >
0. Therefore Gy (yn—1 —wn_1) is nonnegative. Also since f is a pdf, fooo flyn—1—
wy_1)f(wy_1)dwy_1 > 0. These all make

82GNA(Z/NA)

>0
ay12\771

and thus convex in yy_1 if (hy_1 + by_1 +yalcy) >0

In order to understand H(Jn_1(Zny-1)) is positive definite we have to find out if
ZH(Jy_1(Zn-1))z>0forall ze R?2 >0 2 = (uy u2)t

0 0
= —yalcyf(oy_1)ul >0

th((JN—l(fN—l))Z = [ Uy Us ] [ —yalcey f(zy-1) 0 ] [ Z; ]

Therefore, Jy_1(Zy_1) is convex in xy_; and gy_o since Acy < 0. Up to now,
we show that (i) and (4) hold for the N** and (N — 1)* periods. Also we show
that (iv) holds. Part (%ii) follows from the convexity of the G(.) functions. From
the induction hypothesis, assume that (i) and (4i) holds for periods k + 1, k +
2,..., N. For the k'™ and the (k + 1)** periods we have the following state vectors

x
il = g
k-1
i T+ qr — Wy yr — Wy
Lit1 = = .
qk Y — Tk

Cost-to-go function at the k¥ period is:

respectively:

Je(Tr) = min {cryr + Llye) + vEw { Jer1 (Tri1) }} + aAci{min(rg, ge1)}

Yk 2Tk
— CrTk.
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By inductive assumption,

Jiy1(Tpy1) = yk+rln>i£1k+l{Gk+1(yk+l)}_'YaAck—&-ch(xk-f—l)

+ aAcp{min(@ey1, g)} T — Cer1Zrm

i=N-1
+ ( Z YHF (i Di + Gi-l—l(y;-i—l))) +yV ey 1 Dy,
i=k+1

Expected cost-to-go function in the k*" period,

Ew AJk41(Trs1)} = / i1 (Zp1)dF (wy,)
0
Ye—Ypi1
= / Grr1(yr — wi)dF (wy,)
0

+ / G () AF (wr)
Y

"
k= Ykt1

- 7aA0k+2/ P (yp — wy)dF (wy)
0

Yk
+ aAcgiq min(yx — wy, yp — Tx)dF (wy)
0

— Ck1 /Ooo(yk — wy)dF (wy,)

i=N—-1
+ ( Z ’7i+1_k (Ci+15i + Gi+1(y§‘+1))> + ’YN_kCN—i—lEN-

i=k+1

From Lemmas 3 and 4 we can simplify the above equation in the following way:

Ye—Yhi1
Ewd Jks1(Tr1)} = / Gr1 (yr — wi)dF (wy)
0
+ Grq1 (yl:+1) - sz+1(yl:+1)F(yk - yZ—H)
— ’}/CEAC]C+2/ O (yp — wg)dF (wy)
0

+ aAcy 1 (P(yr) — P(a4)
i=N—-1

— Cp1(yr — D) + ( yF (Ci+1ﬁi + Gi+1(y;+1))>

i=k+1
N—k -
+7" ey Dy

Ye—Yhi1
= / Grs1(ye — wi)dF (wi) — G (Ui ) F (ke — Yiyr)
0

- ’VCYACkJrz/ Q(yr — wi)dF (wi) + aAck1P(yr) — oYk
0



APPENDIX A. PROOF OF THEOREMS 65

— aAck 1P (k) + chi1 Dk + Grp1 (Vi)

i=N-—1
+ ( > v (D + G,-+1(y;*+1))) + N "Fen Dy

i=k+1

Cost-to-go function at the k' period in terms of Gy, is the following:

Je(ZTr) = ym>in {Gr(ye)} — yalcp 1 ®(xr) + aAcp{min(zy, gr1)} — cuap
kZTk
i=N—1
+ ( Y (G Di + Gi+l(?ﬁ+1))> +N " ey 1Dy
i=k
where

Ye—Yfi1
Gr(ye) = (ck —vCr1)ye + Lyk) + 7/ Gry1(yp — wi)dF (wy—2)
0

- ’YGkJrl(?/Z;H)F(Z/k - Z/Z+1) - ’YQC“ACIHZ/ D (yp — wi)dF (wy)
0

+ yaAck1P(yk).

The convexity of the G (y) in yj is shown similar to the (N —1)* period. Finally

we have,

SH(E)z = | wow | [‘WACSMW 8] [”

= — ’yOzACka(i’fk)U? >0,

since Acgy1 < 0. Thus Ji(Zg) is convex in xy and gx—; and order-up-to policy is
optimal for the retailer.
O

Proof of Theorem 2: Similarly, we prove by induction. The state vectors for
the N** and (N + 1)* periods and the cost-to-go function of the N** period are
the following:

TN
~t
Ty = qN-2
gN-1
TN +4gn — WN YN — WN
~t -
TNyl = gN-1 = gN-1 )

Y YN — TN
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In(ZN) = ;]TVI%{CNQN + Ly(zy + qn) + aAcy{min(zy, qy_2 + qgy_1)"}
+ yaAcn 1 Bwy {min(zy + gy — Wi, qv-1 + qn)*}
-+ ’yCNHEWN{maX(WN — XN —gN, O)}}
= min {eyyn + Ln(yn)
YNZ>TN
+ yaAcy 1 Ewy {min(yy — Wy, qv-1 +ynv —2n5) "}
+ yen1 Ewy {max(Wy — yn, 0)}} + aAcey{min(zy, gv—1 + qv—2)}"
— CNITN.

Let I = Ew,{min(yy — Wx,qnv-1 + yn — a2n)"} and I = Ey,{max(Wy —
yn,0)}}. Then,

YN

P [ e =P+ [ = wwdP)

N—4N-1

= (yv +av-1—2an)F(zy —qn-1) + ynv (F(yn) — F(xy — gn-1))
—/ ’lUNdF<U}N>

N—gN-1

= yvF(zn —aqn-1) + (gv-1 —2n)F(zn — gn-1)
+ynF(yn) —ynF(zn — gn-1)

([ a0 - [T wvar)).

By using Lemma 1, I will be obtained as: I = ®(yn) — ®(xy — gv_1)
By using Lemma 4, I will be obtained as: II = Dy — yn + ®(yn)

Therefore, cost-to-go function in the N* period is:

Jn(Zn) = min {envyn + L(yy) + aAcey{min(zn, gv-1+ qn-2)"}

YNZ>TN
+yalen1(P(yn) — P(zn — gn-1))
+ ’YCN-H(ﬁN —yv + P(yn))} — enan
=  min {(exy —vens1)yn + L(yn) + 7@ (yn)(@Aeni1 +enia) )
NZTN

—yaAcny1P(eny —gy-1) + Yen41Dy

+ aAcy{min(zy, gn_1 + QN—2)+ — CNIN.

Cost-to-go function in terms of Gy (yy) is the following:

In(@n) = min {Gny(yn)} — yalAey 1 ®(zn — qv-1) + 70N+15N

YNZTN

+ aAcymin(zy, qv-1 + qv—2)" — eyay
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where,

Gn(yn) = (env —vengs)yn + Lyn) + 7@ (yn)(aAeny1 + eng).

We check the second order condition for convexity.

0G
TN — e = qewan) + (b + b)Fluw) — by
+vF (yn)(@Acey i + enga),
oG 2
P08 ) + -+ 708w + i),
N

If (hN + bN + ’701ACN+1 + ’VCN-H) Z 0, f(yN)(hN + bN + ’YO&ACN_H + ’}/CN_H) Z 0.
Therefore Gy (yy) is convex in yy. And, order-up-to level for the N** can be
found by,

OGN (yn)

Ee =(cy —veny1) + (h+0)F(yn) — b+ Fyn)(aAcyyg + eny1) =0,

by — cn +YCn41
hn + by +yaAcyig + e

y* — F—l ( bN —CN +’VCN+1 )
N hy +bn +yalAcen i +ven i

In order to show the convexity of Jy(Zy), we need to show that the Hessian

Matrix of Jy is positive definite. The Hessian Matrix:

82JN(:I~SN) BQJN(.iN) BQJN(J?N)

Oz N2 OrNOgN 1 Oz NOgN 2

~ o\ | 82unGEN)  8%Jn(EN) 2Jn(EN)
H(JN(xN>) - OqN 10T N dgn_1? OqN 109N —2
82JN(53N) BQJN(.iN) BQJN(J?N)

Oqn_20xN  OqN_20qN_1 dgn_2?

2 ~, 2 ~,
0 JN(.’L'N)) . 0 JN(LL'N)

= = —yalAc TN — qN—
Dz N2 Aqn 12 v NS (@N — gn-1),

P JIn(ZnN)) B P JIn(Zn))

0rNOgN—1 B Jgn-_10z N
In(Ey))  PIn(Tn))  PIn(@n))  PIn(Ey))  OPIn(En))
OrNOgN—2 B Oqn-10qN—2 - Oqn_20x N B Oqn—_20qN_1 - 8C]N—22

= WQACNHf(IN - QN—l),

= 0.

—VOZACNHf@N - QN—1) VCYACNHf(iUN - CIN—l) 0
Hy = HUN@N))) = ’YCYACNHf(l”N - QN—l) _'YQACN—i-lf(xN - QN—l) 0
0 0 0
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Assume uy > 0,u3 > 0,u3 > 0 and z = (u; us u3)t. The Hessian is:
Z'Hyz = —yaleniif(on — qu-1)(ur — ug)® > 0,
since Acyyq > 0. Therefore Jy(Zx) is convex in zn, gy—2 and gy_;.

If we continue to solve the problem for the (N — 1) period we obtain the
following state vectors for the (N — 1)** and N and cost-to-go function for the
(N — 1)% period:

TN-1
523\771 - gN-3
gN—2
TN-1+gnN-1— WN-1 YN-1 — WN-1
555\1 - gN-2 = gN—-2
gN-1 YN-1 — TN-1
Ivo1(@no1) = min {eyoayvo1 + Llyv-1) + vBwy_ {JIn(TN)}}

YN-12TN-1

+ aAcy_ymin(zy_1,gn_3 + gn_2)" — cn_1ZN_1.
The expected cost-to-go function in the (N — 1) is the following:
Buy Un(@w)} = [ In(o)dFwy-)
0
YN—-1—YN
= / Gn(yn—1 — wn_1)dF(wn_1)
0
s [T GadF )
YN—1—YN
- vozAcNH/ P(ry-1 — wy-1)dF (wn-1)
yN£)1
+ OéACN/ min(yy_1 — Wn-1,Yn-1 — Tn-1 + qn—2)dF (wn_1)
0
— CN/ (ynv_1wn_1)dF (wn_1) +vens1Dy.
0

By using Lemmas 3 and 4 and after a few arrangements:

YN-1—YN
Bwy  {n(in)} = / Gl 1 — w1 )AF (wy 1)
0

+ Gn(yn)(1 = Flyn—1 — yn))
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— yalAcn i1 / O(xy_1 —wy_1)dF(wn_1)
0

+ alAen(P(yn—1) — P(xy_1 — qn—2)) — cNYN-1 + enDy_y
+ ’YCN-HEN

YN-1—YN
= /0 GN(ZINA - wN71>dF(wN71)
— Gn(yn)F(yn-1 — yn)
+ aAey®(yn-1) — enyn—
—yaleyi /OOO (I)(JSN—l - wN—l)dF(wN—l)
+Gn(yn) — alen®(en 1 — gy—2) + ven1 Dy + en Dy 1.

After a few adjustments we have the following cost-to-go function for the (N —1)%

period:

In1(Eno1) = yN}:ani?Nfl{GNiﬂyNil)}
— Y alcy /0 N P(ry-1 —wy-1)dF(wy_1)
— yaAeny®(zy-1 — qy—2) + @Acy_1 min(zn_1, gn-3 + gn-2)"
+9Gn(yn) + 7V en1 Dy +venDyo1 — eno1zn—

where,

Gn-1(yn-1) = (en-1—7ven)yn—1+ L(yn-1)
YN-1—YN
+ 7/ GN(yN—l — wN—1)dF(wN—1)
0
=GN (Y ) F(yv—1 — yn) + valen@(yn—1).

Check the second order condition for convexity:

8GNA(?/NA)

P = (en—1 —ven) + (hv—1 +bn—1)F(yn—1) — bn—1
YN-1

YN-1—YNn ,
+ 7/ Gn(yn—1 —wn-1) fwy_1)dwn_4
0

+G N (yn)f(yn—1 — yn) — VG (Yn) fynv—1 — yn)
+ ’)/OéACNF<yN,1)

= (eny—1 —ven) + (hy—1 +by_1 + yalAeny)F(yn—1) — bv-1

YN-1—Yn ,
+ ’Y/ Gn(yn—1 —wn-1) f(wn—1)dwn_y
0
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82GN71<9N71)
8912V—1

(hy—1+by_1 +yalcn) f(yn-1)

YN-1—YN y
+ 7/ Gyn(ynv-1 —wn-1)f(wn-1)dwy_,
0
+ Gy () flun—1 — v
= (hny_1+by_1+valAcn)f(ynv—1)
YN-17UN
+ 7/ GN(yN—l - wN—l)f(wN—l)dwN—ly
0

where, Gy and G’y are the first and the second derivatives of Gy (yy) function

wrt yn respectively.

Note that since Gy is convex Gy(yn_1 — wn_1) > 0 and Gy(yy) = 0 due
to optimality. Additionally, as long as hx_1 + by_1 + yalAcy > 0 and hy +
by + yalAcni1 + vener = 0 Gy_1(yn—1) is convex. To prove the convexity of

Jn_1(Zn_1), we check the Hessian of Jy_1(Zn_1)-

P In_1(Tn_ oo
v > ) _ _’YQCVACN+1/ flana—wna)dF(wy1)—yalAeny f(rny-1—qn-2),
OrN_1 0
O?JIn_1(Tn_1)
= vaA 1 —qn_
e enf(en—1 — qn-2),
O*In_1(Tn_1) _ PIn_1(Tn_1) _ D JIn_1(Tn_1) _ O*In_1(Tn_1) _
8$N—18QN—3 6)C]N—?ﬁIN—l 36_11\7—32 8QN—3aQN—2
PJIn_1(Zn_1) _0
OqN—_20qN—3 ’
O In_1(Tn_1)
= vaA 1 —qNn_
Dan 20T yalAen f(xn_1 — qn-2),
P In_1(TN_
w = —yalAcn f(xn-1 — qn-2).
Assume u; > 0, us > 0, u3 > 0 and z = (w3 up Ug)t. Let K =

Y alAcn i1 fooo flen_1 —wy_1)dF(wy_q) and A = yaAcy f(rn_1 — qn_2). Note
that K <0 and A <0 since Acyy1 <0 and Acy <0 and f(.) > 0.

ZtHN—lz = [Ul Usg U3] 0 0 O U9
A 0 —A Uus
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Uy
= [ u(—K —A)+usA 0 (ug —u3)A Us
us
= (u (=K —A) +ugA)us + (u1 A — uzA)us
= —Kul — A(u; —u3)®* >0

Therefore Hessian Matrix of Jy_1 is positive definite. Thus Jy_1(Zy_1) is convex

in rn_1, gv—3 and gy_s.

If we extend the argument for the (N — 2)"? period, we have the following state
vectors for the (N — 2)" and (N — 1) periods:

TN-2
~t
InN_o = qN—4
gN-3
TN—2+ qN—2 — WN_2 YN—2 — WN_2
~t . _
InN_1 = gN-3 = qN-3
qN—2 YN-—2 — TN-2

Cost-to-go function for the (N — 2)"? is the following:

IN_2(Ty_2) = yN_ngnN_Q{CN—QyN—Q + L(yn—2) + YEwy _{In-1(Zn-1)}}
+ aAcy_smin(ry_o,qnv-a + qn-3)T — cy_2xN 2.

Assuming y%_; > 0 expected cost-to-go function in the (N — 2)"? period can be

written as follows by using Lemmas 3 and 4:
Ew, ,(IJno1) = / IN_1(Zn_1)dF(wn_2)
0

YN—2—YNn_1
= / GN71(?JN72 - waz)dF(waz)
0
+ Graa(yy_1) — Guor(yn_ ) Fyv—2 — yn_1)
- 7204ACN+1/ / O(yn—2 — wN_1 — WN_2)dF(wn_1)dF(wn_2)
o Jo

— ’YO(ACN/ (I)(IEN_Q — wN_g)dF(wN_Q)
0
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YN -2
+ alAcn_g / min(yy—2 — Wn—2,qn—3 + yn—2 — Tn_2)
0
+ YGn(yy) + en-1DN_2 — cN_1Yn—_2 + ’YZCNHEN +yen Dy
YN—2—YNn_1
= / GN71(?/N72 - waz)dF(waz)
0
+ Gyaa(yy_1) — Guor(yn_ ) Fyv—2 — yn_1)
— 7204ACN+1/ / O(yn—2 — wN_1 — WN_2)dF(wn_1)dF(wn_2)
o Jo

- ’}/CYACN/O O(xy_o— wy_2)dF(wy_2)

— alAcey 1 P(ry_2 — gn-3) + alAcen_1P(yn_2)

+ Groalyy-1) +79Gn ()

+ cv-1Dy_o +yenDyo1 + v en1 Dy — en—1yn—2.

After all these calculations and arranging the terms, cost-to-go function for the

(N — 2)™ period in terms of G_5 becomes

IN_2(Ty_2) = yNEQﬂZi?N%{GN—ﬂyN—Q)} + aAcy_smin(Ty_9,qn-a + qn-3) "
—yalAen—1®(xn-2 — gn-3)
— Yalcy /000 O(xy_o —wy_2)dF(wn_s)
+9GN-1(yv-1) + VG y)

+yen_1Dn_o +¥*enDy_1 + Y en1 Dy — cn_2Tn o

where

Gn_2(yn—2) = (cn—2—ven—1)Yn—2+ L(yn—2)
YN—2—YN_1
+ 7/ Gn-1(yn—2 — wn_2)dF (wn_2)
0
—YGn-1(Yn-1)F(yn—2 — yn_1)
— ’)/304ACN+1 / / @(yN_Q — WN=-1 — wN_g)dF(wN_l)dF(wN_g)
o Jo

+ yaAen_1P(yn—2).

The convexity of Gn_2(yy_2) in yn_2 and Jy_2(Ty_2) In Tx_2, gn_3, gv_2 can

be shown easily by using the same reasoning with the (N — 1) period. Now

assume that (i) and (4i) hold for periods k + 1, k + 2, ..., N, the following state



APPENDIX A. PROOF OF THEOREMS 73

vectors for the k' and (k +1)* periods and cost-to-go function of the k™ period

can be written as:

Tk
~t
Ty = qx—2
qr—1
Tk + Qe — W Yk — Wk
~1 . —_
Tpy1 = qk—1 = qk—1 )
qk Yk — Tk
Jp(Z) = yrggk{ckyk + L(yi) + YEw, { Jkt1(Zrt1) }} + aAcy min(xg, ¢e—1 + qu—2)
— Cr T

Cost-to-go function in the (k + 1) period can be written as follows by the in-

ductive hypothesis,

Jor1(Tra1) = yk+12ﬂ>i£1k+l{Gk+1(yk+1)}

- VQCYACH?,/ D (1 — W1 )AF (Whg1) — Crg1 T4
0

— YACy 2P (Tps1 — @) + @ACkp MIn(Tpi1, Geo1 + )T

i=N-—1
+ ( Z o (Ci+15i + Gi+1(y§k+1))) + N ey Dy

i=k+1

By using Lemmas 3 and 4 and adjusting the terms, we have,

B} = [ Dua@)dF )

Ye—Yks1
= / Grs1(yr — wi)dF (wy) + Grya (Yr,q)
0
- Gk+1(y2+1>F<yk - ZJZH)
~radensa [ [ B~ v~ w)dF(w)dF ()
o Jo

— 7@Ack+2/ O (), — wy)dF (wy,)
0

Yk

+ aAckq1 min(y, — W, qe—1 + Y& — T)
0

— Ch1Yk + Crr1 Dy

i=N-1
+ < Z o (Ci+15¢ + G¢+1(yf+1))) +4N*eni1Dy

1=k+1
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Ye~Ykp1
_ /0 Gt (v — wi)dF (wy)
— Gk+1(yZ+1>F<yk - yZH)
— Poleys /0 ) /0 Dy — wipr — wn)dF (w)dF ()
— YaAcCkio /OOO P (g — wy)dF (wy)
— A1 P(x) — qr1) + AACk1 P (k)

— Ch1Yk + 1Dy

i=N—-1
+ ( Z ’yi_k (Ci“'lﬁi + Gi+1(y:+1))> + 'YN_kCN_HEN

i=k+1

Therefore, cost-to-go function in the k™ period is:

Je(T) = yggrﬂlk{Gk(yk)} —nyaAckJrg/o O (x), — wy)dF (wy,)

— YAy 1 P(xg — qr—1) + aAcg min(2g, gr—2 + gr_1)"

=N
+ (Z Y (e Di + G¢+1(yf+1))) + N ey Dy — crp
i=k

where,
Gr(yr) = min{(ck — very1)yr + L(yr)
Yk >Tk

Ye—Yfi1
+ 7/ Grr1(Ye — wi)dF (wi) — YGrg1 Yo 1) F (W — Yrir)
0

— 'ySaAck+3/ / O(yp — w1 — Wi )dF (wga1)dF (wy)
o Jo
+ yaAcr 1 ®(yr) }-

For convexity, check the second order condition.

G (y)
Oy

= (e — Yery1) + (hie + b)) F(yr) — b — YGr1 Wiyt S (Uk — Yisr)

yk_y2+1 ,
+ ’Y/ Groy1 (e — wi)dF (wy,)
0
+ VG k1 (Y1) f (Y — Yrtr)

- 7304A0k+3/ / F(Z/k — Wg41 — wk)dF<wk+1)dF(wk)
0 0
+ yaAck 1 F(yk)
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= (¢ — YCpy1 — br) + (hg + b + yaAcgy1) F(yr)

Ye~Yhy1
+y / Gl (i — wi)dF (1)
0

- VBQACH?,/ / F(yr — Wi — wi)dF (Wi )dF (wy),
o Jo

32GN72(Z/N72)
8912\772

(hi + b, + yaAcr) f(yr)

yk_y]t+1 ”
+ 7/ G (Ye — wi) f (wy)dwy,
0
+ G;c+1(yZ+1)f(yk — Yis1)
et [ [ Hn = v~ w)dF ) dE )
0 0

Note that since Gy is convex Gy, (yr — wy) > 0 and also Gy, (y;,,) = 0 due
to optimality. Additionally, as long as h; + b; + vaAc;yy > 0Vi =k, ... N — 1
and hy + by + yaAcen i1 + yenyr > 0, Gi(yy) is convex in yg.
The Hessian of Ji(Zx) is:
02 Ji (7 >
% = —7204A0k+2/ [ (@ — wi)dF (wy,) — yalAcp f(or — qr_1)
0
0T (Ty)
Oz 0q)—1
PJe(Tr)  PJe(Tr)  Pe(Tr)  PJe(@e) 0 Ji(T)

= 7aA0k+1f($k - Qk—l)

— — — — -0
0qi—20xy  0210q)—2 0qi—2° 0Qk—20qK—1  O0Qi—10q)—2
02 Jy.(Tx)
——" = ~vaA — Qi—
Bae 01 YaAcgirf (T — qr-1)
%I (%
ﬁa? = —yaAck1 f(Tr — qr—1)
Assume u; > 0, uy > 0, ug > 0 and 2z = (w3 uy ug)and let K =

YV Ao fooo f(xp —wg)dF(wy) and A = yaAckir f(zr — qr—1)-

ZHyz = [ul U9 u3} 0 0 0 Us
A 0 —-A us

= [ w(-K - At uwd 0 (w—u)d | | u

= (u1(—K — A) + ugA)u; + (11 A — uzA)usz = —Ku? — Auy — U3)2 >0
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Thus Ji(Zx) is convex in xy, qr_o and gx_;1. Therefore, order-up-to policy is
optimal for the retailer.

O

Proof of Theorem 3: We need additional Lemmas in order to prove Theorem
3.

Lemma 5 E,{min(y, W)} =y — ®(y).

Proof:

Bufmintr.w)} = [ wiF(u)+ / " ydF(w)

Lemma 6 [ max(w —y,0)dF(w) = D — ®(y)

Proof:
/OOO max(w — y,0)dF(w) = /Oo(w —y,0)dF(w)
y
= [ warw) —yr) =D - [Cwdr) - yrw
By using Lemma 1, the following can be written,

/OOO max(w —y,0)dF(w) = D—yF(y)+®(y) —yF(y) =D+ (y).

The state and the evolution equation of the problem is the same as the SBM,
therefore they are not written again and again for each period. We similarly

prove by induction. The profit-to-go function in the N*" period is:

RN(fN) = g\lg)é{—cN(]N +pN maX(—xN, 0) + pNE’WN{min($N + an, WN)+}
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— L(zy + qn) — aAcey min(ay, gv_1)t

— yaAcy 11 Ewy {min(qn, zx + gy — Wa) '}
+ 7 (Pv+1 — enar) Ewy {max(Wy — oy — g, 0)}}.

In terms of yy,

Ry(Zy) = max {—cyyn + pyvmax(—zy, 0) + py Ew, {min(yy, Wx)}

YNZITN
— L(yny) — aAcy min(zy, gv_1)"
— yaAcn 1 Bwy {min(yy — 2n,yn — Wx)"}

+v(pny1 — evi1) Bwy {max(Wy — yn, 0)}} + eyan.

By using Lemmas 5 and Lemma 3,

Gy(ynlzn) = —enyn +pn(yy — @(yn)) — Llyn) — yalAen a1 (@(yn) — @(an))
+v(pv+1 — en+1)(Dn — yn + @(yn))-

After a few adjustments,

Gn(ynlzn) = yn(—cn +py +vens1 — YPN+1)
+ ‘I’@N)(—pN —yalAcn 1+ YPN+1 — VCN+1)
— L(yn) + vaAcen 1 ®(zn) + ¥ (pvs1 — en41) Dy

The profit-to-go function at the N** period can be written as,

Ry(Tn) =  max {Gn(yn)} +valen 1 P(an)

— aAcymin(zy, gv-1)" + py max(—zy,0) + Y(pni1 — cny1) Dy

+ CNTN

where,

Gn(yn) = yn(—cn +py +7veni1 — YPN+1)
+ ®(yn)(—pN — yaAeni1 + PN+ — Yen+1) — Lyw).

For concavity, check the second order condition.

OGN (yn)

9 = (—cv+py+yeN+1 — YPN11)
YN

+ F(Z/N)(—PN — YaAcn41 + VPN — ’VCNH)
— F(yn)(hn + by) — by,



APPENDIX A. PROOF OF THEOREMS 78

OGN (yn)?

Py fyn)(=pn — yaAcenia + ypv+1 — vent) — fyn)(hx + )

= (—pn —yoaAcni1 + PN+ — YN+ — by — by) f(yn)-

If (—py —vaAcni1 +Pni1 — Yens1 — by —by) <0, Gy (yn) is concave in yy.
Optimal order-up-to level for the N** period can be found by,

oG
% = (—cn +pN+yCNs1 — YDN11)
YN
+ F(yn)(—pn — yaAceny1 + YPN+1 — Yen41 — hy —by) — by =0
. by + N — PN — YCN+1 + YPN+1
F(Z/N) =

—pn — YaAcni +YPN+1 — YeN+1 — b — by
Yt = -l ( by +cn — PN — YeN4+1 + VPN )
N —pn — YaAcyi1 + VP41 — Yen41 — by — by

The Hessian of Ry (Zy) is:

Ox N2 OrNOqN 1
9?Ry(in) O?Rn(in)
OgN—10x N Ogn—_12

Hy = Hy(Rn(Zn)) =

BQRN(:TSN) BQRN(:)?N) ]

?Ry(in)
orn? ory
O?Ry(Zn)  0*Ry(in)  *Ry(in)

0rNOgN—1 B Oqn-_10zN B aQJZV—l

(aAcyi1F(zy)) = yaleys f(zy) <0

=0
ZHyz>0forall z€ R2 >0 2= (ug uy).

yalAceni1f(xy) O U
0 0

= ’yaAcNHf(xN)u% <0,

ZtHNZ — |: ’L[,l ’U,Q i|

U2

since Acyyq < 0. Thus Ry(Zy) is concave in gy_1 and zy.
For the (N — 1)* period the following profit-to-go function can be written:

Ry _1(Zn-1) = yN—I?>a£{N—1 {—en-1gn-1 + pn—1 max(—zyN_1,0)

+ pn—1Ewy_ {min(zy_1 + qn_1, Wn-1)"}

—L(zy_1+qn-1) — aAcy_ymin(xy_1,qy_2)"

+7Ewy_, (Rn(Zn))} -
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By using Lemma 5,

Ry_1(Zn-1) = max {—cn_1yn—1 +pn-1(yn—1 — P(yn-1)) — L(yn—1)

YN-12TN-1
+YEwy_, (Rv-1(Zn)) }
+ py—1max(—zn-1,0) — aAcy_ymin(zy_1,gn-2)"

+ CN-1TN-1-

Expected profit-to-go function in the (N — 1) period is,
By \(Rn(ix)) = [ Ru(@n)dF(ux-)
0

YN—1—YNn
= / GN(Z/NA - wal)dF(wal)
0
+Gn(yn)(1 = Fyn—1 — yn))
+ vocAcNH/ P(yn—1 — wy-1)dF (wy—1)
0

YN—-1
- OéACN/ min(yzv_1 — WN-1,YN—-1 — fEN—l)dF(wN—1)
0

"—pN/ max(wN,l — YN, O)dF(’wal)
0

+ CN/ (yv—1 — wn_1)dF(wn_1) + Y(PN+1 — cn41) Dy
0

YN-1"VN
= /0 Gn(yn—1 — wy-1)dF (wy-1)
+ Gn(yn) (1 = Fyn-1 — yn))
+ yalAceng /OOO S(yy_1 — wy_1)dF(wn_1)
— alAen(P(yn-1) — ®(zn-1)) + pn(Dy—1 + P(yn—1))
+en(yn-1 = Dn-1) +v(px+1 — ev41) Dy
YN-1—Y§
= /0 Gn(yn—1 — wy-1)dF (wy-1)
— Gy () F(yn—1 —yn)
+yaAcy 4 /000 P(yn—1 —wy_1)dF (wy_1)
— (aAcy — pn)P(yn—1) + enyn—1
+ aAen®(zn_1) + (pv — en)Dn-1 + Gn(yn)
+7(pv41 — ent1) Dy
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Then the profit-to-go function at the (N — 1)% period can be written as,

Ry_1(Zn—1) = gy X {Gnaa(ynv-1)} +yaAen®(zn—1)

—aAcey_ymin(zn_1,qn_2)" + py_1max(—zy_1,0) — ey 1 TNy

+7Gn(yn) + 72(19N+1 - CN+1)EN +v(pn — CN)EN_l.

where

Groi(yn—1) = (—cen—1+ven +pv-1)yv—1 + @(yn—1)(—pn-1 + 7PN — Y0 Acy)
— L(yn-1) +7 /Ole_yN Gn(yn—1 —wn-1)dF(wn_1)
— G (yn) F(yv-1 = yn)
+ Y aAcy 41 /000 O(yn_1 — wy_1)dF(wn_1).

For concavity, check the second order condition.

aGN—l(yN—1)

ay = (—en-1+7veny +pnv-1) + (=pn-1 + vy — yalAen)F(yn—1)
N—1

— (hy-—1 +bn-1)F(yn—1) + by-a
YN-17YN
+ ’Y/ Gy(yn—1 —wn-1) fwn-1)dwy_1
0
+ G (Yn) fynv—1 — yn) = YGn (Yn) f(yn—1 — )
+ vzaAcNH/ Fyy-1 —wy-1)dF(wy_1)
0
= —cy—1 +yen + py—1 + (=py—1 + 7N — yalen) F(yn—-1)
— (hy-1 +bn-1)F(yn—1) + bn—a

YN-17YN
+ ’Y/ Gn(yn—1 —wn-_1) f(wy—1)dwy_1
0

+ ’YQOéACN_H / F(yN—l — wN_l)dF(wN_l),
0

a2GN—1(CUN—1)
89?\[—1

= (—pn-1+ 7PN —yalAeny — hyo1 —by-1) f(yv-1)

YN-1—YN
+ ’Y/ G"N(yn—1 —wn_1)f(wn_1)dwy_1
0
+ G N (yn) flynv-1 — yx)
+ Yaleni / flyn—1 —wy—1)dF (wn-1).
0
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Since G is concave Gy (yn_1 — wy_1) < 0 and Gy(yy) = 0 due to optimality,

therefore if (—py_1 +vpn —yaAcy —hy_1 —bn_1) <0, Gy_1(yn_1) is concave.

Also the Hessian of Ry_1(Zxn_1) is:

82RN_1(£N_1) . 0

2 (vaAcnF(zy-1)) = yalAcey f(ry-1) <0,

0rn_1 Orn_1

PRy_1(Tn_1) _ OP*Ry_1(Tn_1) _ OP*Ry_1(Tn_1)
5$N—1aCIN—2 aCIN—ZaTN—l a(IN—z2
2 H(Ry_1(Fn_1))z>0forall z€ R2 >0 2 = (ug us)".

yalAcey f(ry-1) 0O ] [ Uy ]

=0,

ZH((Ry-1(Zn-1))z = [ul UQ} 0 0

= ~yalcy f(zn-_1)ui <0,

Uz

since Acy < 0. Thus Ry_1(Zx_1) is concave in gy_2 and xy_;.

Assume that (i) and (7) holds for periods k + 1, k 4+ 2,..., N, the following
profit-to-go function in the k™ period can be written,

Ri(Zx) = max {—cpqr + pr max(—xy,0) + ppLw, {min(zy + g, W)t}

Yk 2Tk

—L(zk + qi) — aAcymin(zy, gr-1)" + YEw, (Ris1(Zr41)) } -
Profit-to-go function in the (k + 1) period is the following by inductive hypoth-

esis:

Riy1(Zr1) = max {Gri1(yre1)} + v alcpio®(wp41)

Yk+12Thk+1

: +
— aAck41 mlﬂ(iﬁkﬂ, Qk) + Dk41 maX(—ﬂckJrh 0) = Ck1Tk+1

i=N-—1
+ ( Z Y ((Pit1 — 1) Di + Gz+1(yf+1))> + N ey Dy.
i=k+1

By using Lemmas 3 and 4, the expected profit-to-go function in the k* can be

written,

B (Fua(@) = [ Bualaea)dF(u)
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By using Lemma 5,

Ye—Yf11
/ Gry1(yr — wi)dF (wy)
0
+ Gk+1(yZ+1)<1 — F(ye — ?JZH))
+ ’YOéACk-i-Q/ D (yr, — wi)dF (wy,)
0

Yk
— aAcky1 min(yk — Wk, Yk — wk)dF(wk)
0

+ pk+1/ max(wy — Yk, 0)dF (wy)
0

+ oot / (v — wi)dF (wy)
0

i=N—1
+ ( Z 7 ((piy1 — cip1) Di + Gi+1(y:+1))>

i=k+1
+ N CN+1DN

Yk — yk+1
| Gt~ wiar ()
0
+ Gk+1(yZ+1)<1 — F(yr — yZ+1)>
+ yaAckso / (yp — wi)dF (wy)
0

— aAcky1(P(y) — () + pry1 Dy, + P19 (yn—1)

+ Ch1Yk — Chr1Dg

i=N-—1
+ ( Z v ((piJrl — ci1)Di + Gi+1<y:+l))>

i=k+1
+ ’Y CN+1DN

Yk — yk+1
/ Gk+1(yk - wk)dF<wk) - Gk+1(y;’;+1)F(yk - yZH)
0

+ fmAckH/ O (yp — wy)dF (wy)
0
— (@Acpir — pra1)P(yn—1)
+ Crg1yn + &Ackﬂ@(ﬂﬂ ) + (Prs1 — ch1) Dy,

+ Gry1(Yrs1) + ( Z oi k ((Pi1 — cin1) D +Gi+1<y:+1))>

i=k+1
N—k -
+9" ey Dy

Ri(Ty) = max {=cxyr + pr(yr — (yx)) — Llyr) + vEw, (Re(Trt1)) }

Y 2T
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+ pr max(—y,0) — aAc, min(xy, gr_1)" + cpT.
After a few arrangements,
Ri(z) = JHBX{G’“(%)} + vyaAcg 1 P(xy) + pr max(—xy, 0)
kZTk
— aAc, min(zy, qp1) "

i=N—1
— Ty + ( Z ’YHl_k ((pi+1 - Ci+1)ﬁi + Gi+1(y:+1))>

i—k
N+1—k -
+ cn1 Dy

Vk=1,2.,N-1

where

Gr(yr) = (—cr +YChy1 + Pe)Yk + (=D + YPkr1 — YOACH11)P(Yi)
Ye—Yhi1

—L@M+v/ G (v — wp)dF ()

0

G W) 0~ i) + 7 adenss | @ = wdF ()
0

For concavity, check the second order condition.

2
%y(zyk) = (=pe + 1Pt — YACgi1) f(yr) — (he + bi) f (yr)
K

Ye—Yf11 .
+ V/ G" k1 (Y — wi) f(wi)dwy,
0

+ ’YG,k-i-l(ylt;-s-l)f(yk - ?/Z_H) + 7204ACI<:+2/ f(yr — wi)dF (wy,)
0

Since Gjy1 is assumed to be concave Gy (yx — wi) < 0 and Gy, (yjy,) = 0
due to optimality, therefore if (—pg + Ypri1 — YAk — by — by) < 0, Gr(yg) is

concave.

The Hessian of Ry (%) when z € R2 > 0 2 = (uy us)',

yalAcgyrf(zg) 0 U1
0 0

= yaAcu f(xzp)u? < 0.

Y Hyz = [ul ug]

Uz

Thus Rk(Zx) is concave in gx_; and zj and order-up-to policy is optimal for

the retailer in MBM when the protection age limit is announced as one by the
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supplier, therefore (7ii) is shown.

O

Proof of Theorem 4 We prove by induction.
Profit-to-go function at the N** period is:

Ry(Zy) = glv%{—CNC]N + py max(—xzy,0) + py Ew, {min(zy + qv, Wy )"}
— L(zy + qn) — aAcy min(zy, gy-1 + qn—2)"
— yaAcyi1 Bwy {min(gy + gn-1, 28 + gy — Wa)*}
+v(pns1 — evi1) BEwy {max(Wy — oy — qn, 0)}}.

By using Lemmas 3, 5 and 6 profit-to-go function can be written in terms of yy

as,

Ry(Zy) = yjnvlzach{—chN + py max(—zy,0) + py Ew, {min(yn, Wx)}
— L(yn) — aAcy min(zn, gv—1 + qn—2)"
— yaAcy i1 Ewy {min(yy — (zn — qnv-1),yn — Wn) "}
+v(pn+1 — eng1) BEwy {max(Wy — yn, 0)}} + enaow
= yglg;cN{—chN + py max(—zx,0) + py(yv — P(yn))
— L(yn) — aAcey min(zy, gy-1 + qn—2)™
—yaley1(P(yn) — P(zn — qn-1))
+v(Pn+1 — en41)(Dy — yn + ®(yn))} + enan.

Profit-to-go function at the N** period is:

Ry(Zy) = max {Gn(yn)} +valeyn®(zy — gn-1)

YNZTN

— aAcymin(zy, gv-1 + qn-2)"

—f-p]\[ max(—xN, 0) + ey + ’}/(pN_H — CN+1>DN

where

Gn(yn) = yn(—cy +p8v —Y(ON+1 — Cn1))
+ @(yn)(—pn — yaAcen i + (P41 — envg1)) — L(yw)-

For concavity, check the second order condition,

oG
w = (—en+py — (PN — eng) +
YN
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(=pn — yaAcen g1+ (Pn1 — engr)) F(yn)
— F(yn)(hn + by) — by

0*G
aé\;_(yN) = f(yn)(—pn — vaAcnir +7(Pn41 — eni1) — Ay — by).
N
If —py —yalAenia +7(prv1 — evia) — hy — by <0, Gy (yn) is concave in yy.

The optimal order-up-to level in the last period can be found by,

oG
—a]\?;(yN) = (—env +pv —Y(pN41 — en1))

N

+ F(yn)(—=pn — yaAcnir + Y (PN+1 — eng1) — hy —by) — by =0,
) = by +cnv — v +7(PN+1 — ent1)
N —pn — yaAcnt1 +y(py41 — eng1) — by — b
P ( by +cn — oy + Y(PN+1 — Cn1) ) ‘
N —pn — yaAceyi1 + Y1 — eng1) — hy — by

The Hessian of Ry (Zy),

82RN(55N) 82RN(IEN) 82RN("EN)
FRuey)  OhGy) O
H(RN(:EN» = 8qN],v169]cVN 8q1]v\l1]2v 3611\7711\,3!1117\12
82RN(53N) BQRN(EN) 82RN(-'EN)
Oqn—20xN  OgqN_20qN—1 Ogn—22
O’Ry (T
W = yaAceni f(Tn — gn-1),
?*Ry (T
W(QNN)I) = —yaAcy 1 f(ry — qy-1),
Ry (%
anN—l(ag)N) = —yalAcy f(an — gn-1),
O’Ry (%
aqz—@ = yaleng f(ry — av-1),
FRy(@y)) _ FRy(En)) _ PRu(Ey)) _ PRy(@y)) _ PRy(En) _
3$N3QN—2 aQN—laQN—Q aQN—Qaﬂl?N aQN—ZaQN—l aQN—22 ’

7&A0N+1f($N - CJN—l) _VOZACNHJC@N - QN—l) 0
Hy = H(RN@N))) = —’YOéACNHf(iUN - QN—1) ’YCYACNHf(l”N - QN—l) 0
0 0 0
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2= (uy uy us),

ZtHNZ = '705ACN+1f(xN - QN—1)(U1(U1 - U2) - Uz(U1 - Uz))
2
<

= vyalcyyif(zy — gv-1)(ur —uz)” <0,

since Acyyq < 0. Thus Ry(Zy) is concave in 2y, qy_2 and gn_1.

For the (N —1)% period the following profit-to-go function will be written provided

that the system state is Zn_1,

Ry_1(Zn_1) = yN—I?>a£{N—1 {—cen_1gn—1 + pyo1 max(—2xy_1,0)

+ pn_1Ewy_ {min(zn_; +qn_1, Wn_1)*}
— L(zy_1+qn_1) — aAcy_ymin(zy_1,qy_2 + qn_3)"

+vEw,_, (Rn(Zn)) }

By using Lemmas 3, 5 and 6 and after a few arrangements,

Ry_1(Zn-1) = max {—cno1yn—1 +ov-1(ynv—1 — P(yn-1))

YN—1ZTN -1
—L(yn-1) + vEwy_, (Rn(Zn))}
+ pn_1max(—zn_1,0) — aAcy_y min(zy_1,qn_2 + qn_3)"

+ CN-1TN-1-

Expected profit-to-go at the (N — 1)* period is the following:
By (Rn(@x)) = [ Ru(@w)dF(wy-)
0

YN-1—YN
= /o GN(qu - wal)dF(wal)
+ G (yn)(1 _Of(nyl )
+yaAcn /o P(yny—1 —wn-1 —Yn-1 + Tn1)dF (wn-_1)
+v(pv41 — ens1)Dy

YN—-1
— OKACN/ min(yy—1 — Wy-1,Yn—1 — Tn—1 + gn—2)dF(wn_1)
0
+pN/ max(wy_1 — yn,0)dF (wy_1)
0

+ CN/ (yn—1 — wy—1)dF (wn_1)
0
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YN-1-UN
= /0 Gn(yn-1 — wn—1)dF (wy-1) + GNn(yN)
— Gn(yn)F(yn-1 — )
+yalen /0 " B(ans — w1 )dF (wy 1)
— aAen(P(yn—1) — P(zn_1 — qnv—2)) + Pn(Dy-1 + P(yn-1))
+en(yn—1 — Dy-1) +v(pv+1 — eni1) Dy
YN-1—YN
= /0 Gn(yn-1 — wn—1)dF(wy-1)
— Gn(yn) Fyv-1 — )
+ (—alcey + pn)P(yn-1) + enyn—1
+yalen /0 " B(ans — w1 )dF (wy 1)
+ aAen®(zy-1 — qn-2) + (pv — en) D1
+ (v — en1) Dy + Gr(yyy)

Then the profit-to-go function at the (N — 1)% period is,

Ry_1(Zn-1) = max  {Gy-1(yn-1)}

YN-1ZTN1

+ ’YQQACN—H /OOO Q(ry_1 —wn_1)dF(wn_1)
+yaAen®(ry_1 — qn-a) +¥(py — cn)Dn1

+72(pva1 — en41) D +7Gu(yn)

+ pv—1 max(—xy_1,0) — aAcy_ymin(zy_1, qv—2 + qnv-3)"

+ CN_1ZN-1

where,

Gno1(yv—1) = (—en_1+7ven +pv_1)Unv—1
+ (—yalen +ypn — pr—1)P(yn—1)
YN-1—YN
— L(yn-1) + ’Y/ Gn(yn—1 — wn-1)dF(wy_1)
0
—YGN(YN)F(yn—1 — yn)-

For concavity, check the second order condition.

8GN71(yN71)

oy = (—cy_1 +veny +pn_1) + (—yalAey + vpy — py-1) F(ynv—1)
N-1
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— (hn-1 +bn-1)F(yn—1) + by—1
YN-17YN
+ 7/ Gn(yn—1 —wn_1) f(wn_1)dwn_y
0
+YGN (YN fyn-1 — yx) = YGN(Yn) fYn-1 — yx)
= (—en—1+7en +py-1)
+ (—yaAcy +vpy — pN—1 — hn—1 — bn_1) F(yn—1)

YN-1—YN ,
+by_1 + 7/ Gy(yn-1—wn_1)f(wy_1)dwy_1,
0

aQGNA(yNA)

902 = (—yalAcey +9pn —pn-1—h —b) f(yn—1)
Yn-1

YN-1—YN .
+ ’Y/ Gn(yn—1 —wn_1) f(wn_1)dwn_y
0
+ Gy (yr) Flun—1 — Ui).

Since Gy is concave, Gy (yn_1 — wy_1) < 0 and Gy(yy) = 0 due to optimality,
therefore if (—yaAcy +vpy —pn-1—hn_1 —by_1) <0, Gy_1(yn_1) is concave.

The Hessian of Ry_1(Zn_1):

a2-RN—1(£N—1)

—7204ACN+1/ flen—1—wy_1)dF(wy_1)+yaAcey f(en-—1—qn-2),
0

@$1\7—12
OP?Ry_1(Tn_1)
= — A -1 — —
8ZUN—136]N—2 gle’ CNf($N 1 — 4N 2),
823N-1(1N—1) _ 8QRN—1(-’J~EN—1) _ 3QRN—1(»%N—1) _ 3231\/—1@1\1—1) _
0rNn_10qN_3 Oqn—_30TN_1 8@1\1—32 Oqn—30qn_2
PRy_1(Zn_1) _ 0
Oqn—20qN—3 7
OPRy_1(Tn_1)
= — A —1 — —
Dqn 20N 1 gle’ CNf(iUN 1 —4gn 2),
PRy_1(Tn—
g 1<$§7 ) = yalAcy f(zn-1 — qn-2),
gN—2

2= (uy uy ug)' and let K = y2aAcyyy J° flan—1 —wn—1)dF(wy-1) < 0 and
A=ralcnf(ry-1—gqn-2) <0.

ZtHN_lz = Up Us Ug} 0 0 0 U9
—A 0 A us
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U
- [ ul(K + A) - U3A 0 (—Ul + Ug)A U9
Uus
= (u1 (K —|— A) — u3A)u1 —|— (—UlA + U3A)U3
= KU% =+ A(Ul — U3)2 S 0
Thus Ry_1(Zy_1) is concave in zx_1, gv_3 and gy _o.
For the (N — 2)™ period, the profit-to-go function is,
Ry_2(Zn_2) = max {—cy_ayn—2 + Pn-2(yn—2 — P(yn—2))

YN—22TN -2

—L(yn—2) + Ewy_,(Ry-1(Zn-1)) }
+ py_omax(—zn—2,0) — aAcy_smin(zy_2, gn-a + qn-3) "

+ CN_2ZN 2.

Expected profit-to-go function in the (N — 2)"¢ period is,
EWN,Q(RN—l) = / RN—1(fN—1)dF(IUN—2)
0

YN—2—YN_1
= / GN—I(ZJN—2 - waz)dF(’waz)
0
+ Gno1(yy-) (X = Fyn—2 — yn-1))
+Y?aAcy i / / Q(yn_2 — wN_2 — wn_1)dF (wy_2)dF (wyn_1)
o Jo

#1080y [ Blvs — wy-s = (v-r = on-a)dF(wy2)
+7(pn — en)Dno1 + 7 (Px1 — exi1)) Dy +7Gn (yy)
+pn-1(Dn-2 + P(yn—2))
— oAy (P(yn—2) — P(zn—2 — qn—3)) + cN-1YN—1 — cN—1Dn—2
YN-2"YN_1
= /o Gn_1(yn—2 — wy_2)dF(wyn_s)
— Gn-1(Yn-) F(yn—2 — yn-1)
+12aley s /0 ) /O " By s — ws — w1 )AF (wy 1) A (wn )
+ (pv-1 — @Acn—1)P(yn—2) + cN—1YN-2
+ yalAcy /000 O(xy_o —wy_2)dF(wyn_s)
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+alAey 1 P(ry_2 — gn-3)

+ (pv—1 — en—1)Dn—2 +v(py — en)Dn—y
+7%(pns1 — en1) Dy

+ Gn-1(yn—1) + G (Y )-

After a few arrangements,

Ry 2(Ty-2) = max {Gn-a(yn-2)}

YN-22TN -2

+~v2alcy /000 O(xy_o —wy_2)dF(wy_o)

+yaAcen 1 P(xn_2 — qn—3) — aAcy_omin(zy_2, qn_4a + (]N—3>+
+ py—2max(—zn—2,0) + cN-2TN -2

+v(pv-1 — en—1)Dn—2 + ¥’ (pv — en) Dy

+7°(pns1 — en1) Dy

+9GN-1(yy-1) + 7' Gn(yy)

where,

Gn_2(yn—2) = (—cn—2+vCn-1+DN-2)UN—2

+ (—yaAcn_1 + ypN-1 — Pn—2)P(Yn—2)

YN—2—YNn_1
— L(yn—2) + ”Y/ Gr-1(yn—2 — wn—2)dF(wn_2)
0
—YGN-1(Yn_1)F(Yn-2 — yn_1)
+7laleniq / / P(yn_2 — Wn—2 — Wn_1)dF(wy_1)dF(wn_2).
o Jo

The concavity of the Gy _o(yny_2) and Ry o(Zny_2) in yy_o and in
TN_2, qN_3, qn_4 respectively can be shown similar to the (N — 1) case. As-

sume (7) and (iz) hold for periods k + 1, k + 2, ..., N., then profit-to-go function

for the k*" period can be written as,

Rk(fik) = max {_Cka + Dk max(—:ck, O) —l—pkEWk{min(:ck + qk, Wk)+}

Yk 2Tk
—L(zp + qr) — aAciymin(zg, gr—2 + @u—1) " + YEw, (Ris1(Tr41)) } -
And by inductive hypothesis the profit-to-go function for the (k + 1) period is,

Ri4q (-i'k+1) = ykglfgiﬂ {GkJrl (yk+1>}
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+ VzaAckJrg,/ O (21 — wer1)dF (wri1)
0
+ YaAck2P(Tps1 — qr)

+ pry1 max(—xp11, 0) — @Acky min(Teyr, g1 + @)

i=N-—1
+ Crp1%p41 + ( Z v F ((pit1 — civ1)Ds + Gi+1(y:+1)))

i=k+1
N—k B
+7" Feng1 Dy

By the use of Lemmas 3, 5 and 6 and after a few arrangements,

Ri(7x) = max {—cpyr + pr(yr — @(ur)) — L(yr) + vEw, (Res1(Try1)) }

Y > Tk
+ prp max(—xy,0) — aAcy min(zy, gp_2 + qu_1)" + cpTs.

Expected profit-to-go function in the &** period is,

Bwi(Ri) = [ Run(@)dFw)
0

yk,y]:+1
_ / G (g — we)dF (wy)
0
+ Gk+1(yZ+1)(1 — F(y, — yZH))
+12alcers / / (s — wr — west)dF (w)dF (wyss)
0 0

+ 7aA0k+2/ D(yp — wi — (Yp — 1) )dF (wy)
0

1

+ ( i yik ((le — cip1)Di + Gi—l—l(y:—i-l)))

i=k+1

+ " *en 1Dy + prr (D + (yr))
— A1 (P(Yn—2) — P(zk — Gr—1)) + k1Yt — Cri1 D
Y =Yoot
— / Gk-i-l (yk — wk)dF(wk)
0
— Grp1 (Y1) F Uk — Yitn)
+ Y aAck s / / O (y, — wi — wir1)dF (wg)dF (wy41)
o Jo
+ (Prt1 — @ACky1)P(Y) + Chr1Un
+ yaAcy o / (2 — wy)dF (wy,)
0
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+ Ak 1Pk — qo-1) + G (Vyn)

+ (Pr+1 — Cry1)Die

i=N—1
+ ( Z 7 ((pi+1 — cip1)Di + Gi“(y;rl)))

i=k+1

+ ¥ F*en 1Dy

Therefore,

Re() = max{Gilu))

Yk 2Tk
+ ’YQOéACk+2 / (I)(Ztk — wk)dF(wk)
0

+ ’YOéACk_HCI)(Ik — qk_l)

1=N-—1
+ ( Z Y ((pisr — i) D + G¢+1(y§+1))>

i=k
N+1—-k )
+ ent1Dn

+ pr. max(—x, 0) — aAcy min(xy, gr_2 + qr—1)" + crTk

where

Gr(yr) = (—cx +7Cria +pk):gk + (=yaAckr1 + YPres1 — Pk) P (Yk)
1)+ [ Gt~ wdF(w)
—VGr1 (W) F (e — Yig)
+ 7 alckys /0"0 /OOO Dy — wi — Wi1)dF (W) dF (wp41).-

For concavity check the second order condition.

G (yr)
Oy,

= (—cx + vk + i) + (—yAckir + YPes1 — 2k) F (k)

Yk 7y}:+1 ,

— (P + bk) F'(yx) + bi + ’7/ Grop1 (e — wi) f(wy)dwy,

0

+ VG4 Wi ) S U — Vi) = VG W) S (Y — Yigr)

+ Valcyys / / F(yr — wy — wgp1)dF (wy)dF (wy,)
o Jo

= (—ck +vcks1 + e+ bi) + (—y@lckir + YPrrr — pr — hie — be) F(y)
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Y~ Ykr1
+y / Gl (v — wi) f (wi )
0

+Palens / / Flye — wp — wsn)dF () dF (wes),
0 0

0?°G
% = (—yaAcki1 + YPr1 — Pk — hie — bx) f (yr)
e
Y=Y 11 .
o [ Gt = w0 flwn)du
0
+ VG;CH(?JZH)JC(% — Y1)
r%adens [ [ flon = wn = we)dP () dF ().
o Jo
Since Gy1 is concave G, (yx — wy) < 0 and G, (y;,,) = 0 due to optimality,
therefore if (—yaAcki1 + Yprs1 — e — h — b) < 0, G (yx) is concave in yy.
The Hessian of Ry (Zy) is,
O?Ry(7 >
8+(2k) = 72aA0k+2/ flre — wi)dF(wg) + yalAcgir f (e — qe—1),
k 0
O Ry, (Ty)
02, 0qr—1
asz(i’k) o 82Rk(fk) o asz(i’k) 82Rk(jk) 82Rk(:ik)

= —fyOzAC]H_lf(-Tk - Qk—l)>

— e = = - O,
axkan—Q 3Qk—2axk an—22 8%—23%—1 an—1an—2

0? Ry (74,)

R — _vaA — G

Bgk_102s ies Ck+1f($k qk 1)7

O? Ry, ()

m = 7&A6k+1f($k - Qk—l)u

2z = (uy ug ug) and let K = y2aAciis Jo° flar — wp)dF(w,) < 0 and A =
Yoy f(xr — qe—1) < 0.

thN_lz = |: UuUr U U3 } 0 0 0 U2
—A 0 A us

Uy

= [ Ul(K + A) — U3A 0 (—U1 + Ug)A U9

Usg

= (u(K+A) —usAuy + (—u A +usA)us = Ku? + A(u; — uz)® < 0.
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Thus Ry(Z) is concave in zy, qr_2 and gx_1. Therefore, (ii7) of Theorem 4 is
proven. The optimal ordering policy of the retailer is a base stock policy.

O

Proof of Theorem 5 We begin by solving the problem from the last period and
proceeding backwards for the case where the supplier offers a single protection

age limit to the retailer. Profit-to-go function at the N** period is,
Ry(In) = ;Higé{—CNQN + pn Ewy min(zy + gy, Wi) — L(zy + qn)
NZ
— aAcymin(zy, qy_1)" — yaAcn 1 Ewy {min(qy, zn + gy — Wa)} .

By using Lemma 3 and Lemma 4 the following can be obtained,

Ry(Ty) = min {—cyyny +pn(ynv — P(yn)) — Lyn)

YN>TN

—aAmin(zy,qv_1)" — yaleyi (P(yn) — P(zn)) + envan}-
The profit-to-go function in terms of Gy (yn) is,

Ry(Zy) = min {Gn(yn)} — aAmin(zy, gv_1)T +valAen 1P (zy) + ey

YNZTN

Gn(yn) = yn(—en +pn) — P(yn)(pv — yalAenia) — L(yn).

For concavity, check the second order condition.

2
%ﬁym —f(yn)(py — yalAcenia) — (hy +bn) f(yn)
N
= flyn)(yaAcni1 —pn —hy —by) <0.

If yaAceny1 — py — hy — by < 0, Gy(yy) is concave in yy. Since all of the
components of the concavity condition equation is greater or equal to zero, the
condition is assured to be less than or equal to zero. Thus Gy (yx) is concave
and attains the maximum at,

i = F_1< PN —cn — by )
N py —alcnir +hy +by )

The Hessian of Ry (Zy) is,

Z'H(Ry(Tn))z = [ Uy U }

yaAen f(zn) 0 ] [ uy

) . ] = yalcen 1 f (wn)uf <0

U2
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since Acyy1 < 0. Thus Ry(Zy) is concave in gy_1 and xy. Therefore, in the last

period order-up-to level of the retailer is shown to be:

i = F_l( PN —cn — by )
N pN — alAcyyr + hy + by

2-period protection case can be derived similarly.



