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ABSTRACT

FRACTIONAL DIFFERENTIAL EQUATIONS AND THEIR APPLICATIONS

Avkar, Tansel
M. S., Department of Mathematics and Computer Science

Supervisor: Assoc. Prof. Dr. Dumitru Baleanu

June 2004, 67 pages

The Laplace transform method for solving fractional differential equations is pre-

sented. The fractional diffusion and fractional Schrédinger equations together with

their properties are investigated. The Lagrangians linear in velocities are analyzed

using the fractional calculus, and the fractional Euler-Lagrange equations are derived.

Keywords: Fractional derivative, fractional integral, fractional diffusion equation, frac-

tional Schrodinger equation, fractional Euler-Lagrange equations.
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Y/

KESIRSEL DIFERANSIYEL DENKLEMLER VE UYGULAMALARI

Avkar, Tansel
Yiiksek Lisans, Matematik ve Bilgisayar Boliimi

Tez Yoneticisi: Dog. Dr. Dumitru Baleanu

Haziran 2004, 67 sayfa

Kesirsel diferansiyel denklemleri ¢ézmek icin Laplace doniigiim metodu sunulmak-
tadir. Kesirsel difiizyon ve kesirsel Schrodinger denklemleri 6zellikleri ile beraber
aragtirilmaktadir. Kesirsel kalkulus yardimiyla dogrusal hizh Lagrangianlar analiz

edilmekte ve kesirsel Euler-Lagrange denklemleri elde edilmektedir.

Anahtar Kelimeler: Kesirsel tiirev, kesirsel integral, kesirsel difiizyon denklemi, ke-

sirsel Schrédinger denklemi, kesirsel Euler-Lagrange denklemleri.
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CHAPTER I

INTRODUCTION

Fractional calculus is a branch of mathematics dealing with generalization of well-
known differentiation and integration operations to arbitrary real or complex orders.
The mathematical idea of fractional calculus, which goes back to the seventeenth
century, has been investigated by many mathematicians for years [1, 2, 3]. The topic
of fractional calculus has found applications in various fields of science, engineering

and finance [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11].

One of the problems encountered in this field is what kind of fractional derivatives
will be used instead of integer order derivative for a given problem [1, 2, 3, 13, 14].
Depending on the specified physical situation different authors have applied different

derivatives [6, 9].

The exterior calculus has been generalized by using fractional derivatives in the

definition of the standard exterior derivative [15, 16, 17].

For the past two decades, the fractional generalization of the standard diffusion
equation, which is gaining a great importance in economics, has been considered in

[19, 20, 21, 22).

Feynman and Hibbs used a Gaussian probability distribution in the space of all



possible paths, for a quantum mechanical particle, to derive the Schrédinger equation
[23]. Then, Laskin constructed space fractional quantum mechanics using Feynman’s
path integral approach, the difference being the use of Lévy distributions instead of

Gaussian distributions for the set of possible paths [24, 25, 26].

Nonconservative Lagrangian and Hamiltonian mechanics were investigated by Riewe
within fractional calculus [27, 28]. Besides, Lagrangian and Hamiltonian fractional
sequential mechanics, the models with symmetric fractional derivative were studied
in [29, 30]. Recently, an extension of the simplest fractional variational problem and
the fractional variational problem of Lagrange was obtained by Agrawal [31, 32]. A
natural and interesting generalization of Agrawal’s approach is to apply the fractional

calculus to the constrained systems [33, 34, 35, 36].

The plan of this thesis is as follows:

In chapter II, some commonly used approaches in fractional calculus and their
noteworthy properties are presented. A natural extension of the exterior derivative to

the fractional exterior derivative is considered.

In chapter III, the Laplace transform method is presented and Laplace transforma-
tion formulas are obtained. The fundamental solution of the time-fractional diffusion
equation for the Cauchy problem is derived. The time-fractional Schrédinger equation

is examined.

In chapter IV, as an original contribution, the concept of fractional calculus is
applied to the Lagrangians with linear velocities. The corresponding fractional Fuler-

Lagrange equations are analyzed, and their explicit solutions are obtained.



Chapter V is devoted to conclusions, and for the sake of convenience and complete-
ness, some essential notions of special functions in fractional calculus are presented in

Appendix A.



CHAPTER 11

FRACTIONAL DERIVATIVES AND INTEGRALS

Fractional derivatives and fractional integrals are the subjects of study in the field

of fractional calculus. Throughout this thesis, the symbols

DEF()  and  GDFUF() (1L.1)

where the order ‘e’ is a non-integer positive real or complex number, and ‘@’ and
‘¢’ are lower and upper limits, are used to denote the fractional-order derivative and
fractional-order integration of the function f(t), respectively. There are several defi-

nitions for the fractional derivatives and integrals.

II.1 Griinwald-Letnikov Fractional Derivatives

The notions of differentiation of integer order n and n-fold integration are usually
presented separately in standard calculus. Before getting the formulas correspond-
ing to the Griinwald-Letnikov fractional differentiation and integration, we need to

describe an approach to the unification of these two notions.

Consider a continuous function f(t). The first order derivative of the function f(t)

4



is defined by

&y IO =R (I1.2)

f't) =g = jim h

By the method of mathematical induction, one can obtain

dr 1 &
10 = G = 3 2D (jf)f(t ~rh), (1L.3)
where
n nl
(r) T n=nir (IL4)

is the binomial coefficient.

Now, consider the following expression generalizing the fractions in (II.2) and (I1.3)

1 n
£ = 35 21 (p) fle=rh), (1L5)
=0 ¥
where p is an arbitrary integer.
Clearly, for p < n we have
im P = (@ = TF
im 77() = 100 = 2L (6)
Denoting
p (p+7—1)!

we have

— b
( )=@W : (IL.8)



and replacing p in (II.5) by —p we obtain
n

R0 =mY) P Ft—rh) . (IL.9)

r=0 r

If n is fixed, then f,(;p ) (t) tends to the uninteresting limit 0 as A — 0. To have a

non-zero limit, take h = t=2 where a is a real constant and denote
lim f{P() = oD;Pf(E) - (IL.10)
nhjf——

By induction on p, we obtain

oD Pf(t) = ﬁ / (t — )P 1f(T)dT . (I1.11)

Now let us show that the formula (II.11) is a representation of a p-fold integral.

Differentiating both sides of (II.11) with respect to t, we have
¢

d g/ _
= (aD71®) = T ‘/t—'rp 2£(r)dr = oD;PH (D) (IL12)
and then integrating from a to t
t
JDIP(t) = / (D775 (1)) dt - (IL.13)
Similarly,
t
;P f / D—P“ dt etc., (I1.14)

and therefore

WDPf(E) = / dt / D7 f(r)) d

/ dt / dt / D"’*gf(t) dt
- /dt/dt.../f(t)dt. (I1.15)

a a a
N ———

p times

6



Therefore, we conclude that the derivative of an integer order n (IL.3) and the

p-fold integral (I1.11) are particular cases of the general expression

DI = Tmy WYY (f)f(t ~rh). (116)

nh=t—a r=0

which shows the derivative of order m if p = m and the m-fold integral if p = —m.

I1.1.1 Integrals of Arbitrary Order

Consider the negative values of p in (II.16) where p is real number. Replacing p
by —p, we have
"l P
DiPf(t) = lim AP > ft—rh). (11.17)
nh=t—a T=0| p
Let us consider the following theorem to prove the existence of the limit (II.17)

and to evaluate it.

Theorem 1 Let {Bx}tk=1,,. be a sequence of real numbers. Let {Qnk}nk=1.2,. be a

sequence of functions. If

Jim  B=1, (I1.18)
nh_)ngo ank =0 V&, (IL.19)
7
Jim k2—31 g =A, (11.20)
n
> lomel < K ¥n, (I1.21)
k=1
then
n
Jim kzl ankBr = A . (I1.22)



Proof: Let 8 = 1 — o}, where klim o, = 0. It follows from (I1.19) that for every
—00

fixed r we have

r—1
Jm Y onpfe=0, (11.23)
k=1
r—1
Jim > ok =0. (11.24)
k=1
Now, consider
n n
. by(I1.23) ..
Jgrgokzlan,kﬁk (%) Jim kZ: O, kBk
= =7

n n
D D DL
=d =

WIL24) . N
= D onk - Jizm ) anee
k=1 k=r
by(11.20) =
= A - X}E%o Z On kO - (11.25)
k=r
Now, let us estimate the following
n n
A - lim kzl anxbe| = |lm kz O kO
= =7

k(3
< ,}ggo; lotm il lok|
=7

n
* .
< ot jm Y lan
k=r
wl2d)  , ..
= o Jm ) land

I1.21
R ek, (11.26)

where o* = max |0y .
k>r

It follows from klim o, = 0 that for every arbitrarily small € > 0 there exists r
—00

such that o* < ¢/K . Therefore, we obtain
n
A - lim kz onxfi| <€, (11.27)
=1

8



which completes the proof of the theorem.

Now, our aim is to evaluate the limit (II.17) with the help of the theorem above.

To do this, write

DiPft) = lim hPY " P f(t—rh)

= lm Y P hrhyr1f(t = rh)

. 1 s = F(p) p p—1
nh=t—aq =0 T
1 n
—t —_— ]_im r an , II.28
) A 2 O (I128)
where
I(p) | P
ﬂ']‘ = m ) (11.29)
T
t— t—a\P, [/  t-
ny = ( n“) (’r n“) f(t—r n“) . (11.30)
Note that
lm op,=0 Vr. (I1.31)
n—0oc
Moreover
rll’rgo Br=1, (11.32)

Lo L K (t—a t—a\P 1 t—a
oS = B3 (50 (50) 1 (-r00)
n
= Rrh)P~ Y F(t —
Jimy > e 7

i
= [e-rriindr=A. (IL.33)

9



Applying Theorem 1, we conclude that

t
DIPIO = g5 [ = TP e (134

where I'(e) denotes the Gamma function (see A.1-4).

I1.1.2 Derivatives of Arbitrary Order

Now, our aim is to evaluate the following limit

DEfH) = lm fP(t), (11.35)
an::‘,o—a
where
f,(f’) (t)=h"? T;)(—l)r (f) flt—rh). (11.36)

To evaluate (I1.35), first we should transform (I1.36) as follows

00 = w3y (P sy ey (22])se=mm

r=0 4 r=1

e, (p;l)f(t—m)

=0

n—1 p— 1
+hP Y (1) ( ] )f(t — (r+1)h)

r=0

=(4Wﬁ;ﬂwww

n—1
+hP Y (-1 (p - 1) [F(t=rh) = (¢ = (r -+ D)

r=0

— n—1 —_—
= (-1)" (p o 1) h7Pf(a) +h7P r;)(—w (p . 1) Af(t—rh)
= (-1 (p " 1) h7Pf(a) + (1" (Z B ?) h™PAf(a+h)
R nf(—l)f (p - 2) AZf(t — rh)

r=0

10



>t (p st

—p p—m-—1\ ..
+h }: ( 1) ( . )A et —rh) . (11.37)

r=0

Evaluation of the limit of the k-th term in the first sum in (IL.37) gives

nk(P—k=1\ 5.k _ f®(a)(t — a) Pt
}Lli% (-1) ( e b >h PA*f(a+ kh) = TpthtD) (I1.38)

nh=t—a

On the other hand, applying Theorem 1, the limit of the second sum in (I1.37) is

evaluated as

n—m-~—1
: - p—m—1 +1
}Llircl) h™P E (——1)’"( , )Am f(t—rh)
nh=t—a r=0
i

- FSawTD / (t — 7)™ Fm D (rdr (11.39)

Using (11.38) and (I1.39), we conclude that

2 (@)t - )P A
DPF(t) = f t — 7 YmP im0 g
a tf() l;) I‘(——p-l—k'—i—l) +F(_p+m+1)a( T) f (T)T
(11.40)
under the assumption that the derivatives f®)(t), k =1,2,...,m+1 are continuous

in [a,t] and that m is an integer satisfying m > p—1 . The smallest possible value for

m is determined by m<p<m+1.

I11.1.83 Fractional Derivative of Power Function

Consider the power function

f@y=(¢t-a)", (IL.41)

11



where v is a real number.

First, we will consider the negative values of p. To do this, in (I1.34), replace p by

—p and apply new formula to the above function. Then, we have

t

WJDP(t —a)” = T"(‘}ﬁ / (t— )P (7 — a)¥dr . (IL.42)

a

For the convergence of the integral, we need to suppose that v > —1. Then, making

the substitution 7 = a + £(¢ — a) in (I1.42), we obtain

1
DEE -0 = (- - g
0
1 .
= ﬁ_—p—)B(—p,Hl)(t—a) P
_ P+l o e
= T prnt Y (I1.43)

where p <0, v > —1 and B denotes the Beta function (see A.5-6).

For the positive values of p, assume that 0 < m < p < m + 1. In this case, we
will apply the formula (I1.40) to the function f(t) defined by (II.41). Again, for the

convergence of the integral in (I1.40), we need to suppose that v > m. Then, we have

t
1 d™ (1 — a)”
—_ o\ = __.\m-p
DYt =) = F Ty / (- = ar (IL44)
PR

Noting that

FmD () =y =1)..... (v - m) (7 — a1 = T +I1‘)(E/T__$u_m_1 . (1145)

and making the substitution 7 = a + £(t — @), we obtain

I'(v+1)
T(v-m)I(-p+m+1) J
Fv+1)

= o T PP m A Ly = m)(E - a)

Fv+1) -
OB (t—a)’?. (11.46)

DYt —a) = (t — 7)™ P(r — a)* ™ ldr

12



From (I1.43) and (II.46), we conclude that

T(v+1)

Pt gV — — N 7
P = )

(t—a)”?, (11.47)

where (p <0, ¥v>—-1)or 0 <m<p<m+1, v>m)

I1.1.4 Composition with Integer-order Derivatives

Let us rewrite (I1.40) by writing s instead of m

t
f(") )t = a) Pt / =p plo4D)
g d
Z (—p+k+1) TT p+s+1 frindr .

(I1.48)

Evaluating the derivative of integer order n of the fractional derivative of real order p

in the form (I1.48) under the assumption s > m +n — 1, we obtain

" o f®(a)(t — a) Ptk
a WD) = kz_% T(-p—n+k+1)
_ pyspn pleD)
+I‘(;/o n-l—s—l—l)/( LA A Ly

= DI f() . (I1.49)

Since s > m -+ n - 1 is arbitrary, we can take s = m + n — 1. Thus, we have

mEnt ) (a) (¢ — )P

dtn = GDI() = Z T(p-n+k+1)
i
= JDIFR) . (I1.50)

On the other hand, using (I1.48) we obtain

_ (@) - a)
(dtn (t)) = 2 I(-p+k+1)

k=0

e p+s+1)/ AL D

13



Substituting s = m — 1, we have
m—1 f(n+lc)(a) (t— a)—p+k

(dtnf(t)) - kz% T(-p+k+1)
F(m . / (t = P (e . (IL52)

Comparing (11.50) and (I1.52), we conclude that

dar _ f(k) (t — a)~P~Hk
B DL (0) = oDF (S0 + z g sy

It follows from (I1.53) that the operations 4= and oD} are commutative only if

f(k)(a):(), k=0,1,..-7'n_1-

I1.1.5 Composition with Fractional Derivatives

In this section, we will consider the fractional derivative of order ¢ of a fractional

derivative of order p. As the first case, suppose p < 0.

Let us take g < 0. Then, applying the formula (11.34) following one another to

any given function f(t), one can easily obtain that

a,Dg (anf(t)) = an_l—q.f(t) . (11.54)

Now, consider the case 0 < m < ¢ < n + 1. Taking into account that ¢ =

(n+1)+(¢g—n—1), where ¢ —n—1 < 0, and using the formulas (I1.49) and (I1.54)

we obtain

+1
DIGDRIW) = S {uDrm (uDPF()}
ﬁi {,,,Df-l'q_n_lf(t)}

din+l

I

= JDPYUF(L) . (IL.55)

14



From (I1.54) and (I1.55), we conclude that if p < 0, then for any real ¢

aDg (aD?f(t)) = an+qf(t) . (I1.56)

As the second case, suppose p > 0. Besides, assume that 0 <m < p < m+ 1. Let

us rewrite the formula (I1.40)

O
D(-p+k+ 1)

1
I(—p+m+ 1)

DLW = 3

(t — )P M) (2Ydr (IL.57)

+

First, take g < 0. Note that the functions (¢t —a)P** have non-integrable singularities
for k =0,1,...,m— 1. Therefore, the derivative of real order g of ,D? f(t) exists only

if

f®@)=0, k=0,1,...,m—1. (I1.58)

The integral in the right hand side of (I1.57) is equal to o DP~™ ! fm+1)(t). There-

fore, under the conditions (I1.58), we can rewrite (IL.57) as follows

£ a)(t — o) >
T(—p+m-+1)

JDPf(t) = + DY gy (IL.59)

It follows from (II1.59) that

£ (@)t — @) Pmem

DI (DPFE) =
sz = LAt i
¢
f(m+1)(7.
e q+m+1 / Gl (1L60)
Taking into account (I1.57) and (I1.58), we obtain
oDf (DY f(1) = o DY () - (I1.61)

15



Now, let us consider the case 0 < n < ¢ < n+ 1. Assume that f(t) satisfies the
conditions (I1.58) and take into account that ¢ —n — 1 < 0. Now, one can use the
formula (II.61) as seen below

dn+1 "
oDf DPF®) = 2oy (DI GDEF() )
dn+1 aene1
Y Sl

= JDET(E) . (1L62)

Therefore, we conclude that if p < 0, then (I1.61) holds for arbitrary real g, and
also that if 0 < m < p < m + 1, then (I1.61) holds for arbitrary real ¢, under the

assumption that the function f(t) satisfies the conditions given in (IL.58).

I1.2 Riemann-Liouville Fractional Derivatives

Among several approaches, one that has been often used in the literature on frac-
tional calculus is the one known as the Riemann-Liouville fractional integration. This
approach can be interpreted as a generalization of Cauchy’s repeated integration for-

mula. For that reason, let us start with the derivation of Cauchy formula.

Suppose that f(7) is continuous and integrable in every finite interval (a,t). Note
that the function f(t) may have an integrable singularity of order » < 1 at the point

T =a, le.,
71‘11)1‘11(7 —a)" f(t) = const( 0). (I1.63)
Then, we obtain that the integral

t
FED@) = / F(r)dr (IL.64)

16



exists and has a finite value; it is equal to zero when ¢ — a . Therefore, one can

consider the two fold integral

i L t 11
10 = [an [ 1= / [ #rydran
a a a
t ot ¢
= //f(T Ydmdr = /(t —7)f(r)dr . (I1.65)
a T
Integration of (I1.65) gives us
t
F90) =5 [@- P, (1L.66)
a
and using the method of mathematical induction we obtain the Cauchy Formula
¢
FEE) = s [ =) (o (167)
[(n)
a

11.2.1 Integrals of Arbitrary Order

In the Cauchy formula (I1.67), replacing n with a non-integer positive number p,

the formula for the Riemann-Liouville fractional integration is obtained as follows

¢
DT f(%) =f(1?/t— W lf(rdr, p>0,t>a. (I1.68)

By the method of integration by parts, one can obtain the following expression

under the assumption that f(¢) has continuous derivatives for ¢ > 0

li D77 (8) = £(2) - (1L69)

If f(t) is continuous for ¢ > a, then integration of arbitrary real order defined by

(I1.68) has the following important property
D;? (,DUF(t) = aD; 7 () - (11.70)

17



11.2.2 Derivatives of Arbitrary Order

For the Riemann-Liouville fractional derivatives, the formula (II.68) can still be

used if it is combined with the following additional step

k
DY) = S (D75, >0, (aw7)

where k is a positive integer and chosen so that k—p > 0. Thus, the Riemann-Liouville
fractional integration can be applied for Dy (e—p) f(t). Then, di:k— is the ordinary k-th

order differential operator. Therefore, we may write

kb p>0,t>a
DE) = () [ - @)
@ k-1<p<k

The formula (I1.72) is also called as the left Riemann-Liouville fractional derivative.

Additionally, the right Riemann-Liouville fractional derivative is defined as

k b
DPS(t) = ﬁ (—%) t/ (r— FP-Lf(r)dr, p>0,t<b. (IL73)

If p is any integer, the relations to the usual ones are as follows
d\? d\?
I 'p == —_ Dp =\—-—— . .

Now, we will consider some properties of the Riemann-Liouville fractional deriva-
tives. The most important property of the Riemann-Liouville fractional derivative is

given by
oD (DPF(1) = f(t), p>0,t>a, (IL.75)

which means that the Riemann-Liouville fractional differentiation operator is a left

inverse to the Riemann-Liouville fractional integration operator of the same order.
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The property (I1.75) is a particular case of a more general property
oDF (aD79f(1)) = D} £ (2) (IL.76)

under the assumptions that f(t) is continuous, and that if p > ¢ > 0, then ;DY 9f(¢)

exists.

As with usual integer-order differentiation and integration, fractional differentia-

tion and integration do not commute.

If the fractional derivative (D} f(t), (k-1 < p < k) of the function f(t) is

integrable, then

k 8
_ —j (t—a)p?
JD; P (DY = - DY - .
.7 (DEF(R) = £(2) J_z_jl D710, 1o (IL77)
The property (I11.77) is also a particular case of a more general property
k . —a)Pi
D (DIfV) = DI S0) - Y. (DI S0, s . @)

j=1

where 0 <k —-1<¢g<k.

11.2.3 Fractional Derivative of Power Function

Similarly to the Griinwald-Letnikov approach, one can conclude that the Riemann-

Liouville fractional derivative of the power function (t — a)¥ is given by the formula

T(v+1)

DYt —a)) = o —
il )

(t—a)’?, (I1.79)

which is the same as the relationship (I1.47). In this case, the only restriction is
v> -1
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1I.2.4 Composition with Integer-order Derivatives

From the formula (I1.72), one can easily obtain

pr L (.DEA(E) = DI ALE) - (11.80)

On the other hand, using (I1.77) and (I1.79) we have
i - n
D (gm1®) = DET (D)

t
= an‘.H-n ((n i D! /(t - T)n_lf(n) (T)dT)

WL pypen ( ) — ’S F9(a)(t — a)f )

= (i +1)

_1 3 e .
by(I1.79) o 2 fW(a)(t — a) P
= DY F() — Y .
at 5
= N(-p—n+j+1)

(I1.81)

which is the same as the relationship (II.53).

It follows from (II.81) that the operations gt_,; and ,DY are commutative only if

f9a) =0, j=0,1,....,n—1.

I1.2.5 Composition with Fractional Derivatives

Let m—1<p<mandn—1<q<n. It follows from the relationships (IL.71),

(IL78) and (I1.80) that

DY ((DIf(t) = JDIHf(2) zn: [ DI £(t) ]t_ F(t(l‘_“# : (11.82)
=1 a p—1J)
Let us interchange p and ¢ (and of course m and n) in (IL.82):
q( PP ptq S p—i (t—a) 27
oDf (DFF(t) =D f(t) = 3 [DF D), 7 v R
j=1
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If the relationships (I1.82) and (11.83) are compared, then one can conclude that

Riemann-Liouville fractional derivative operators ;D% and ;Dj commute only if

[aD{’"jf(t)] =0, j=1,...,m (IL.84)

t=a

and

[aDg"jf(t)]tza =0, j=1...,n. (I1.85)

I1.3 Caputo’s Fractional Derivatives

We now observe that an alternative definition of the fractional derivative, originally

introduced by Caputo in [12], is

1 / FO(7)dr
n—p)J) (E-mpHin’

CpPft) = T (n—1<p<n). (11.86)

Now, assume that 0 < n— 1 < p < n and that the function f(¢) has n + 1

continuous bounded derivatives in every finite interval [a,t]. Then, we have

i C P T ™) (@) (t—a)"—P b o(n+1) 7d

t
— () + / FED(P)gr = 7o) (1) | (IL87)

Therefore, we conclude that for p — n the Caputo derivative becomes usual n—th

order derivative of the function f(¢) under the above assumptions.

The main advantage of Caputo’s approach is that the initial conditions for frac-
tional differential equations with Caputo derivatives take on the same form as for

integer-order differential equations.
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To see the difference in the form of the initial conditions which must accompany
fractional differential equations in terms of the Riemann-Liouville and Caputo deriva-
tives, one should write the corresponding Laplace transform formulas (see section

IIL.1.1).

Another difference between the Riemann-Liouville definition and the Caputo def-
inition is that the Caputo derivative of a constant is 0, whereas in the cases of a
finite value of the lower terminal ‘a’ the Riemann-Liouville fractional derivative of a

constant C is not 0. Please, see the relationship (I1.89).

I1.4 Properties of Fractional Derivatives

Similarly to their integer-order counterparts, fractional operators are linear oper-

ators. That is,

DP (AF(8) + ng(t) = X DP(8) + p DPg(t) , (IL.88)

where DP denotes any notation of the fractional operator. Proof of the property

(I1.88) follows directly from the corresponding definition.

One of the distinctions between conventional and fractional derivatives is that of
the nonlocal property of the fractional derivatives. As can be seen from (IL1.72), this
means that not only do fractional derivatives of a function evaluated at a point ‘¢’
depend on the point ‘4’ and its neighboring points, but also, they do depend on values
of the function between ‘¢’ and the lower limit point ‘a’. However, this is not the case

for the conventional derivative.
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Another interesting property of fractional derivatives can be observed when one
evaluates the p-th order Riemann-Liouville fractional derivative of a constant function
f(t) = C. According to (11.79), p-th order derivative of f(t) = C (with the lower limit

a = 0) can be obtained as

-P
CT() 4p _ _Ct t>0. (IL.89)

DYC = ,
Y T T -p) I(1-p)

The Leibniz rule for the fractional differentiation is given by

DP(e(t)f (1)) = i (i) e®)(t) JDPF 1) (11.90)

k=0

where (t) and f(t) along with all its derivatives are continuous in [a, t] .

Remember that the well known rule for the differentiation of an integral depending

on a parameter is given by

i

t
d __ [OF(t,7)
- 0/ P(t,r)dr = 0/ =+ F(t,t) (IL.91)

The relationship (I1.91) has the following analogue for fractional-order differenti-
ation

t t
D / K(t,m)dr = / DK (t,)dr + lim  DE K (2, 7) (IL.92)
T
0 0

I1.5 The Fractional Differential Forms

Fractionalized exterior calculus is considered by allowing the partial derivatives in
the exterior derivative to assume fractional orders. First of all, let us give a brief review

of exterior calculus. It is by no means complete, but is sufficient for the purposes of

23



this section. A clear introduction to the field, with emphasis on applications, is given

in [15].

I11.5.1 The Standard Exterior Calculus

A differential k-form is a tensor of tensor rank ‘%’ which is antisymmetric under
exchange of any pair of indices. The number of algebraically independent compo-
nents in E” (n-dimensional Euclidean Space) is given by the binomial coefficient (7).

In particular, a one-form ‘a’, two-form ‘4’ and k-form ‘w’ are the quantities of the

following type
n
a = Zaidmi , (I1.93)
i=1
n
B = Y bydziAdz; , (11.94)
ij=1
= Z wrdzy, A ... Adzg, (I1.95)
=k

where the {z;} are the cartesian coordinates of E™ and I ranges over all increasing

subsets of k elements from {1,...,n} with the constraint that

dz; ANdz; = —dx; Adz; . (H.96)

The functions a;, b;j, etc. may be real or complex depending on the application.

If o and B are differential forms of degrees p and ¢, respectively, then

aAf=(-1)PFAa. (IL.97)

Note that the result is zero if p + ¢ > n. The exterior product is not (in general)

commutative, but it is associative, distributive and anti-symmetric. Now, denote the
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vector space of k-forms over P € E™ by F(k, k,n). We need the apparently redundant

‘k’ in the above notation for the fractional form case.

The exterior derivative of a function f is the one-form
n 8 f
= E ——dz; . 11.98
df =1 axz dm?' ( )

Thinking of a function as a zero-form, the exterior derivative extends linearly to all

differential forms using the formulas

dla+p) = da+dg, (I1.99)
dlany) = daAy+(-1)Pandy, (I1.100)
d(da) = 0 (Poincaré Lemma) , (I1.101)

where « and 8 are p-forms, and v is a g-form. Note also that d maps k-forms into
k + 1-forms. If do = 0, then « is called a closed form. If a = dB, then « is called an
exact form, so any exact form is also closed. An example of a closed form which is
not exact is d@ on the circle. Since 6 is a function defined up to a constant multiple of
2w, df is a well defined one-form, but there is no function for which it is the exterior

derivative.

11.5.2 The Fractional Form Spaces

If the partial derivatives in (I1.98) are replaced by fractional order partial deriva-

tives, fractional exterior derivative of a function f is obtained as

dif = Z - ))u R - (11.102)

z=1

where ‘4’ denotes the order of the fractional exterior derivative, and a;’s are the

components of the initial point of the derivative. As an example, in 2-dimension, the
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fractional exterior derivative of order u of zP, with the initial point zero, is obtained

as follows

Cp+1) dz? + cal

dtaP = gP~# dy* .
Llp—-p+1) yrI'(1 - p)

(I.103)

We know that, by the analogy with standard exterior calculus, vector spaces can be
constructed using the dz . So, denote vector space at P € E™ by F(u, m,n) where ‘i’
denotes the sum of the fractional differential orders of the basis elements, ‘m’ denotes
the number of coordinate differentials appearing in the basis elements and ‘n’ is the
number of coordinates. The set {dz!,dzk,...,dzl} is a basis set for F(u,1,n) and

an arbitrary element of F(u,1,n) may be written as
n
=Y ozt . (11.104)
i=1

If u is fixed, then the resulting vector space is an n-dimensional vector space. Note
that different values of y yield different vector spaces, and that one forms from the
conventional exterior calculus are recovered if i = 1. Now suppose that the basis
elements are made up of two coordinate differentials, F'(u,2,n). In this case, the

basis set is defined as

{dacg’l A da:}’2

,je{l,...,n}, 01,0220, 01+02=p,} . (I1.105)
An arbitrary element of F'(u,2,n) can be expressed as

I
n
o= Z / (az'j (pi, = pa)dafs A dm;.‘”“*‘) dui (11.106)
0

4,j=1

while any element of F(u,3,n) would be expressed as a sum of the form

n ©“
> / / (cvign (i i = g s — s = pig )t A daffo A de““"““") dpjdps;.
i 0 0
(IL.107)
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As can be seen above, with each step up on the middle index of F(u, m,n) another

integral and summation is included [16]. A basis for this vector space would be

im goe e

{dmglill A de‘zl A...Adglim

i Oipj = ,U,} . (11.108)

For m > 1, the vector space F(u, m,n) is clearly uncountably infinite dimensional for

any value of p.

Let ¢ € F(u,m,n) and ¥ € F(o,k,n) be defined at the point P € E™. Then,

antisymmetry property (I1.97) is still recovered as follows
pAY=(-1)"pAp € F(u+o,k+m,n). (I1.109)

But, in this case, the result need not be zero if k¥ + m > n. Equation (I1.99) is
also maintained due to the linearity of the fractional derivative. But, because of
(I1.90), equation (II.100) is not maintained. Note also that d* maps F(o,k,n) into

Flo+p,k+1,n).

Using the analogy with the standard exterior calculus, the definitions of being
closed and exact may be extended to the fractional differential forms. o € F(o,k,n)
is called as u-closed if d*a = 0, and p-ezact if there exists 8 € F(o — u, k— 1,n) such

that a = d#g.

To examine the notion of exactness (integrability conditions) in the fractional form

case, the kernel is needed for the fractional derivative operator. Thus, we need to solve

O f
58 =0 (11.110)

where the initial point of the derivative is taken to be the origin. To solve equation
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(I11.110), the formula (I1.72) should be written in terms of partial derivatives

otf(z) 1 (

0
B(z-a)) T(k—p) \Oz

k T
6_> /(:B — ) E i (DYdr , 1> 0, z>a. (IL111)
a
Let n be an integer such that n — 1 < p < n. Then, using (I1.77) we have
n—1
F=@)F™Y em(@)™, (I1.112)
m=>0

where ¢;,’s are functions. The kernel for the operator d* is similarly constructed as

follows

123
gxfj dzf! =0 (I1.113)
(2

.
=1
7 H=m m~—1
= f = (]:[xz) ( > Ckl,..kn(ﬂ?l)kl...(mn)k"), (I1.114)
i=1

k1 yeeeskin=0
where Ck, .k, are constants and ‘m’ is the integer which fulfills m —1 < p < m. Now,

we will derive the fractional integrability conditions. Let @ € F'(, 1,n) such that

i

n
a=)Y odzt (IL.115)
=1

Our aim is to solve the equation d*f = « for the function f. If such an f exists,

then using (I1.112) it may be written as
m~—1
f=8"0a) + @)™ Y ewlw)* (11.116)
k=0

where the operator 9; * denotes fractional integration of the order u. Since 6;-‘ f=qj,

where 6;‘ denotes %, then we have
i

0:
m—1
8“;’ (3{“(0&,;) + (z)*™™ Z ck(xz)k) =0y . (I1.117)
k=0
Equation (I1.117) may be written as
m—1 s — O (37#((1.))
14 Nk _ J 7 3 1
k; (aj ck) (z:)F = O . (I1.118)
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As can be seen above, the left hand side of (11.118) is a polynomial of order m — 1.

Thus, the only condition for it to be solved for ¢ is that

o (aj ~% (8#(0“))) —0. (IL119)

8.’1):"’ (.’Bi)l"_m
The above equation is called as integrability condition for fractional differential forms

of type F(u,1,n). Note that the standard integrability conditions from exterior cal-

culus are recovered if y =m = 1.

Now, we will examine what it takes to be closed for fractional forms. Consider the

fractional exterior derivative of order o of p-form o given by (I1.115),
n
da=>"d° (udat’) . (I1.120)
i=1
Using the formula (I1.90), one can easily obtain
Ll o ook ok
da= ;J;dm;’ A Ig) (k) (Wo&) (é}?dwi‘) . (I1.121)

It is clear that

6k
——(dz¥) =0, Vk>1. 11.122
5z (0ot) > (1L.122)
This yields that
n n 60—
Fa=3"% (a_ﬂai) dog Adzt . (11.123)
i=1j= J

Therefore, under the assumption that o # u or ¢ # j, we concluded d°a = 0 if
and only if

80’

57 = 0, (I1.124)

ie. o; € Ker(97). Note that if o =y =1 in (I1.123) then the usual result



is recovered.

Now, we will consider the coordinate transformations for the fractional differen-
tials. Let {z;} and {y;} be two coordinate systems. And, assume that there exists
a one to one map between them. We will take {z;} and {y;} to be cartesian and

curvilinear coordinates, respectively. Assume that {z;} can be written in terms of the

{yi}, i.e.
i = 2;(y) - (I1.126)

Taking the exterior derivative of both sides of (II.126), one can easily obtain

Z Ous - (I.127)

The above equation can be generalized for the fractional case. In the two coordinate

systems the fractional exterior derivative takes the following forms

d+ i —au dz* (11.128)
= b .

= @(zi—a))*
and

dy? 11.129
;(6@—6) Y (11.129)

where the components a;’s and b;’s represent the same initial point, but in different

coordinate systems.

Consider the following function

u—m
1 n
= —_—— PR’ — 22
Ok T(p+1) g(“’z as) (T — ar)* . (I1.130)
ik

The above function was chosen so that it is in the kernel of W for ¢ # k, and

fori=%k

O oy,

ey =1 (IL.131)
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Applying (11.128) and (I1.129) to oy and taking (II.131) into account, we obtain the

following coordinate transformation rule

p—m

1 & o n
dzj, = T; — a; T — ag)” | dy®. (11132
%= T ) 2 Bl 13( )| (e an)” ) dyl (I0132)

To illustrate our approach, let us consider the coordinate transformation for two

dimensional cartesian coordinates to polar coordinates with a; = b; = 0. Let
z1=rcos(f), zp=rsin(d). (I1.133)

Using the formula (I1.132) and remembering the equation (II1.79), we obtain

1 oH o
T = 0 b (b Mg " pem
e T Y ) [d T (e ™at) +do - (=4 xl)} ., (I1.134)
1 Gt o
b = ——— |drt— (a{ "zl i Z ( ppm b
dah Tat D) [d - (24~ ak) +do (%w( xz)] . (I1135)
1 cos# (§) OF —m I cos* ()
1= # — (r2H u,2u—m 9 [ COSTV)
o I'(p+1) [dr sin™~# () or+ (T ) g oo+ (sinm_“ (9)) ]
(I1.136)
1 sin (6) O [ o, _m O [ sin®(6)
L A 2 {2u—-m L, 2u—m _sin® (0)
“ Te+D) [dT cos™~# (9) ork (r ) b a0k (cosm—ﬂ (9))] )

(I1.137)

p L O TOuomtl)

dml gin™m— b (9) F(,LL + 1)1-\(“ gy 1)"' dr

r2-m Gk cost (6)
— I
oy ~
dzt st (0)  T@p-m+1l)

cos™H () T'(p+ L)I'(p—m+1)

r2H—m G sin® (6)
il "
TR (cosm—u(e))‘w . (11.139)

The standard transformation equations
dzy = cos(f)dr —rsin(0)df (I1.140)
dzg = sin(8)dr + rcos (6)do (I1.141)
are recovered if y =m = 1.
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CHAPTER III

THE FRACTIONAL DIFFERENTIAL EQUATIONS

A fractional differential equation is an equation which contains fractional deriva-
tives. Differential equations of that type appear in certain applied problems and in

theoretical researches. To begin with, let us consider the Laplace transform method.

II1.1 The Laplace Transform Method for Solving Fractional Differ-

ential Equations

Recall some basic concepts of the theory of Laplace transformation.

The function F(s) of the complex variable s defined by

Fls) = L{f(t) 5} = [ e f(t)at (1)
0

is called the Laplace transform of the function f(t).

A function f(t) is said to be of exponential order if there exist three constants «,

T > 0 and M > 0 such that

e fW <M, Vt>T. (I11.2)

We claim that every bounded function is of exponential order. To see this, let f
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be bounded in [0,00]. Then, 3M > 0 s.t. |f(t)] < M Vt € [0,00]. Thus, choosing

a = 0 implies f is of exponential order.

Hence, we conclude that f(t) must be of exponential order for the existence of

integral in (III.1).

Convolution product of the functions f(t) and g(t) is defined by

F() ¥ g(t) = / F(t—T)g(r)dr . (ITL3)
0

Let f(t) and g(t) be of exponential order such that they are identically zero for

t < 0. Then,
L{f(t) * 9(); 8} = F(s) C(s) . (11L.4)
Finally, note that the following very useful and well known formula
n—1 n—1
LU} = s"F(s) - 3 s" -1 (0) = s F(s) - 3 sFfnFD(0) ,  (IIL5)
k=0 k=0

where f(™(t) denotes n-th order derivative, can be obtained from the definition (III.1)

by integrating by parts.

II1.1.1 Laplace Transformation Formulas for the Fractional Derivatives

First, let us consider the RL fractional integral (’i.e. D f(t), p> 0). Assume

a = 0. Then, we have

i
= -——L — P lf(r = ﬂ *
- % 0/ (¢ =7V f(r)dr = g = 50) (ITL6)

Noting the following rule for the Laplace transform of the function P!

oD P f(t)

G(s) = L{P"1;s} =T'(p) s77, (I1L.7)
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and also using (I11.4), we obtain

L{cD;Pf(t)} = s F(s) . (LIL8)

Now, we will try to evaluate that the Laplace transform of the RL fractional
derivative, in other words that L{oD%f(t)} where p > 0.

First, write ¢D?£(t) = ¢ (¢) where
g(t) = D7 £(2) e p) / AP lf(r)dr, n—1<p<n. (L9
By (II1.8), we have
G(s) = L{g(t); s} = s~ P) F(s) . (I11.10)
And, we also obtain from (III.5) that
L{cD?f (1)} Z skgn=F=1)(g (IIL.11)

Now, let us evaluate the following

g+ () = oD; P £(t) = oDF (1) (HL.12)

Finally, substituting (1I1.10) and (I1I1.12) into (III.11) we conclude that

n—1

L{oD}f(t)} = SPF(s) = 3 s* [pD} " f(t)]t_o ,n—1<p<n. (IL13)
k=0 .

To obtain the formula for the Laplace transform of the Caputo’s fractional deriva-
tive, one should first write that §D}f(t) = ¢D; (n—p )h(t) where h(t) = f(t)

and 7n— 1< p<n. Then, from the formula (II1.8), we have

L{Drf()} = s~ P H(s) . (IIL.14)
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Thus, taking into account the formula (II1.5), the Laplace transform formula for the
Caputo fractional derivative may be written as
n—1

L{§DYf(6)} = PF(s) = Y- s*F1F9(0) (I11.15)

k=0

where n—1<p<n.

In [13], Gorenflo and Mainardi have pointed out the utility of the Caputo fractional
derivative in the treatment of differential equations of fractional order for physical
applications. In fact, in physical problems, the initial conditions are usually expressed
in terms of a given number of bounded values assumed by the field variables and its
derivatives of integer order, despite the fact that the governing evolution equation

may be a fractional differential equation.

II1.1.2 Examples

Now, we will consider some examples of the solution of ordinary linear fractional

differential equations.

Example 1. Solve the fractional differential equation given by
D2 -
oDy f(t)+a f(t)=0, t>0, (I11.16)
with the initial condition

LD 21| _ =cC. (IL.17)

t=0

Solution: We apply the formula for the Laplace transform of the Riemann-
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Liouville fractional derivative, that is
L{OD;{/2 f(t)} +aF(s)=0. (I11.18)

Then, using the formula (II1.13) we obtain

sM2F(s) - [oD; /2 f(t)]tzo +a F(s)=0. (IIL.19)
= (s*?2 +a)F(s)=C, (I11.20)
N F(s) = mi—a . (II1.21)

Now, application of the formula (A.17) yields
f@) =C V2 Eys(-avt), (IIL.22)

where E denotes the two-parameter Mittag-Leffler function (see A.7-19).

Example 2. Solve the following problem for the function f(t).

oD f(t)+oD{f(t) =h(t), 0<g<Q<1, (I11.23)

[oDF ' £(8) +DP (1) _ =C. (I11.24)

Solution: Applying the Laplace transform formula (III.13) for the RL fractional

derivative, we obtain

F(s)= C;g—fvg) . (II1.25)
The equation above may be written as
s~
F(s)=(C+ H(s))sQT_g_l . (I11.26)
Then, by using the formula (A.16) and taking into account that
L™YH(s) G(s)} = h(t) x g(t) , (I11.27)
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one can obtain the result

t
£ =C () + / h(t —7) g(r) dr , (IT1.28)
0
where
g(t) =191 Eg_,o(—t979) . (I11.29)

Although the initial value problems with initial conditions, which are described in
examples 1 and 2, can be successfully solved, their solutions are practically useless,
because there is no known physical meaning for such types of initial conditions. In
other words, the Laplace transform of the Riemann-Liouville fractional derivative

allows utilization of initial conditions of the type
D2 * i) =C, (I11.30)

where £k = 0,...,n— 1, which can cause problems with their physical interpretations.

On the contrary, the Laplace transform of the Caputo derivative allows utilization
of initial values of classical integer-order derivatives with known physical interpreta-
tions. Now, let us consider the following initial value problem for a non-homogenous

differential equation, which contains a Caputo fractional derivative of order p > 0.

Example 3. Solve the following initial value problem
OCfo(t)"*_f(t):h(t) y >0 f(j)(O):cj , J=0,...,m—1, (11131)

where n is a positive integer uniquely determined by n— 1 <p < n.

Solution: Application of the Laplace transform formula (III1.15) for the Caputo
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fractional derivative yields

n—1 —F—1

sP—I H(s)

F(s)=z%c,-sp+1 S
J=

- (I11.32)

Using the formula (A.16), one can conclude that

—1 sP~t P
L7 2 £ = Bua (1), (LIL33)

and taking into account (IIL.8), that

N .
L~ { } = oDy ! (Ep1(—1t")) , (I11.34)

where oD, J denotes the j-th fold repeated integration.

On the other hand, again by using the formula (A.16), we have

L1 { 7 i : } =P By ,(—1P) . (I11.35)

Finally, considering also the relationship (II1.27), we obtain the result

n—1 t
F@&) =" ¢j oDy (Bpa(—17)) + / Wt —7) 7P Epy(—7P) dr . (IIL36)
3=0

0

In particular, the formula (II1.36) encompasses the solutions of the problems, frac-

tional relazation and fractional oscillation, for 0 < p < 1 and 1 < p < 2, respectively.

III.2 The Fractional Diffusion Equation

When a linear one-dimensional diffusion equation is fractionalized, we can replace
either the time derivative or the space derivative by a suitable fractional order deriva-
tive. In this section, first, we recall the basic results for the standard diffusion equation

concerning the fundamental solution of the Cauchy problem, and then we examine
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the time-fractional diffusion equation by replacing the time derivative in usual case

by Caputo fractional derivative.

I11.2.1 The Standard Diffusion Equation

By the standard diffusion equation, we mean

0 o2
-a—tu(ib’,t) =c w

u(z,t), (II1.37)
where u = u(z, t) denotes the concentration of the diffusing material, ‘c’ is the diffusion

coefficient which is positive and whose magnitude helps determine the speed at which

the diffusion takes place, and, ‘¢’ and ‘z’ are the time and space variables, respectively.

One of the basic problem for the equation (II1.37) is the Cauchy problem, which
concerns the space-time domain —oo < z < +oo, t > 0. Letting g(z) be a sufficiently

well-behaved function, this problem is formulated as

u(z,0") = g(z) , —co <z < +o0; u(Foo,t)=0,t>0. (II1.38)

Now, we will derive some classical results for the Cauchy problem. It is well-known
that this initial value problem can be easily solved by the Fourier transform and its
fundamental solution can be found in terms of Green function. Remember that the

Fourier transform of a continuous and absolutely integrable function f(z) is defined

by
+o0
Flw) = F{f(@);w} = / U f(z)de, weR. (II1.39)
—00
For the inverse Fourier transform, we have the following relationship
+oo
£(@) = F{Fw); 2} = % / e Flw)duw . (I11.40)
-0
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o~

The above transformation rule may be denoted by f(z) + f(w). Application of the
method of Fourier transformation to the equation (II1.37) with the conditions (II1.38)

yields
d 2\ ~ oy
7 +wc | a(w,t) =0, a(w,07)=7gw), (II1.41)

and the transformed solution %(w,t) turns out to be
B(w, t) = Glw)e ¢ . (I11.42)
Denoting
Gz, t) + Gh(w,t) = e~ | (IT1.43)

where d refers to standard diffusion equation, one can express the solution, obtained

by inversion of (I11.42), in terms of

o0
u(z, 1) = / e(r,t)g(z — 7)dr (II1.44)
-0
where
G¢ ! 2 11145
) = —ix .
c(z,1) T © ( )

It is well-known that the function G%(z, ) is called as Green function for the Cauchy
problem, since it corresponds to g(z) = §(z). G%(z,t) is an even and normalized

function in the variable , in other words
Gz, t) = GH(zl,1) (IIL.46)
and
+0oo
/ Gz, t)dz =1 . (I11.47)
—00
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Note that the relationship

el 6) = M%) (1L.48)
where ¢ = |z|/(+/ct) is the similarity variable and

Y

digy — L -
M) = e (I11.49)
Also, note that M?(€) satisfies the condition
oo
/ MYE)dE=1. (ITL50)
0

The interpretation (I11.45) of the Green function is very easy to obtain in probability

since

32
Gi{a,t) = po(;0) = = ;2_%6—%2 o= 2ct, (I1L51)

where pg(z;0) denotes the Gauss probability density function, whose moment of the
second order, the variance, is 02. The associated cumulative distribution function is

defined by

Pa(z;0) = /z pa(r;o)dr = % [1 +erf (%)] , (I11.52)

-0
where erf(z) denotes the error function defined by (A.11). Moreover, the moments of
even order of the Gauss probability density function turn out to be

+oc

/ pe(z;0)dz = o™ (2n — DI, (I11.53)
—00
and, thus
+00
/ Gz, ) de = (2" (n— 1), n=12,... . (ITL54)
-
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II1.2.2 The Time-Fractional Diffusion Equation

‘We will use the following interpretation for the time-fractional diffusion equation

2

¢ 2 32U 1) (LIL55)

where g Dp denotes the Caputo fractional derivative of order p with 0 < p < 2. Let

us recall the definition of the Caputo fractional derivative

t

/ 7 p+1n, (n—1<p<n) (IIL.56)
0

§DPf(t) =

I‘(n D)
with the lower limit a = 0. According to the above formula, we should distinguish

the cases 0 < p < 1 and 1 < p < 2. Let us consider the function ®,(t) defined by

tv—1

if t>0
By(t) = T . u>0. (ITL57)

0 if t<0

Using the formula (II1.3), we obtain
9 / o2
<I>1_p(t)*—u = /t—r dr = 08_331;’ 0<p<l1, (III.58)
0
0%y 1 1-p O%u 0%u

(I)z_p(t)*w = m!(t—’l’) *67_—2(17' 62,1<p<2(III59)

The Cauchy problem for the integro-differential equations (II1.58) and (II1.59) is for-

mulated as in (111.38)
u(z,0M) = g(z) , ~co <z < +o00; u(Foo,t)=0,t>0. (I11.60)

The time-fractional diffusion equation (II1.55) with the conditions (IIL.60) is equivalent

to the following integro-differential equation
t
u(z,t) = / D d‘T 0<p<2. (I11.61)
0

Such integro-differential equations were investigated in [18, 19, 20, 21].
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I11.2.3 The Cauchy Problem for the Time-Fractional Diffusion Equation

In equation (111.55), replacing the order p by 2u where 0 < u < 1, we obtain

62
§ D u(z,t) = ¢ 5zu(s,t) . (IIL62)

Application of the method of Fourier transformation with respect to spatial variable

‘z’ to the equation (II1.62) with the conditions (III.60) yields

§ D a(w, t) + we A(w,t) = 0, (IIL63)

(w,0%) = gw) , (111.64)

where ‘w’ is the Fourier transform parameter. Applying the Laplace transform formula
(ITI.15) to the equation (II1.63) with respect to time ¢ and using the initial condition

(I11.64), we obtain

. 82;1,—1
U(w, S) =] ————szu T wzc

g(w) . (I11.65)
The inverse Laplace transform of (II1.65) using (A.16) gives
G(w,t) = §lw)Bop (—w?ct?™) , (I11.66)
and consequently for the Green function we have
Ge(z,t) = Ge(|z],t) + Go(w, t) = Bgy1(—w?et®) (I1L.67)
Using the formula (A.12), we have

Geo(w,t) = Bgy1(—wiet™) = [Ey 1 (+iwve t) + By 1 (—iwy/e t4)] /2 . (I1L68)

If u # 1/2, then the inversion of the Fourier transform in (III.68) can not be obtained

by using a standard table of Fourier transform pairs. Such an inversion can be obtained
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by using the Laplace transform pair (A.24) with r = |z| and s = +iw. Specifically,
we obtain from (II1.68) and (A.24) that

Gulo) = Gullsl, ) = g (zin) (11.69)

where M (&; 1) is a special function, defined by (A.21), and

€= lzl/(Ve t*) (I11.70)

is the similarity variable. The solution of the Cauchy problem for the time-fractional

diffusion equation can be expressed in terms of a space convolution
00
u(z,t) = / Ge(T,t)g9(x — T)dT . (II1.71)
—o0
We also note the relationship
[e1Ge(lal, ) = SM (1), (L72)

which generalizes the identity (II1.48) to the time-fractional diffusion equation. From

(A.25), we have

/ M p)dé=1, (I11.73)
0

and, thus M (¢; w) is the normalized auziliary function for the time-fractional diffusion

equation. Using (II1.70), (II1.72) and (A.22), we obtain

1

B ~
Gelz,t) ~ A(t)]2] = exp [-BB)|zITF| , |zl - +oo, (IIL74)

where @(t) and b(t) are certain functions of time. Moreover, the exponential decay in z
provided by (II1.74) shows that all the absolute moments of positive order of G¢(z,t)
are finite. Particularly, taking into account the identity (II1.72) and the relationship

(A.25), for moments of even order, we obtain the formula

+o0
/ G (x, t)dr =

—00

I'(2n+1)

2yn =0,1,2,... I1I.
P(Zun’]‘l) (Ct ) ? n 07 727 3 ( 75)

which yields a generalization for the formula (II1.54).
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II1.3 The Fractional Schrédinger Equation

The Schrédinger equation has the mathematical appearance of a diffusion equa-
tion and can be derived by considering probability distributions. In this section, the
Schrodinger equation and its properties will be considered with the first order time

derivative changed to a Caputo fractional derivative.

I11.3.1 The Time-Fractional Schrédinger Equation

To fractionalize the time derivative of the Schrédinger equation, it is necessary to

preserve the units of the wave function. The Plank units are given in [37] as

Lp=\/@7 Tp:\/@a MP=V%7 Ep = Mpc® (I11.76)

where Ly, Tp, M, and E, denote Plank length, time, mass and energy, respectively.
The standard Schrédinger equation in one space and one time dimension is defined in

[38] as
. K2,

The equation above may be written in terms of Plank units

L2 M, 1%
. — _Zp™p a2
iT,0u) = 5 Oz + Epz/l . (II1.78)

Denoting N, = m/M, as the number of Plank masses in m and Ny = V/E, as the
number of Plank energies in V, we obtain

L2
iTpBi) = —ﬂ-vp—aﬁzp + Ny, (I11.79)
m
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where the operators T,0; and Lf,@g are dimensionless. To fractionalize the time deriva-

tive, we have two possibilities, i.e.

L2
(T § DY = —52-00w + Ny, (IIL.80)
m
or
L2
i(T) § Dfv = — 53 -00% + vy (IIL81)
m

Due to the simpler physical behavior of (IIL.80) and the role of ‘i’ in a Wick rotation,
equation (II1.80) is more convenient for a time fractional Schrédinger equation. Now,

for 0 < u < 1, we will note the following identity for Caputo fractional derivatives

C Pk
d [323{0]
Cpl-u (Cpu - _ t=0
§Di (§Dt1®) = GO - S (111.82)
Letting
Ny
a = T_Iél' s (III.83)
and
L2
_ P
the equation (II1.80) may be written in the following form
Cppy = —Bazy 4 2y (I11.85)
0 t i/" T 7:“ M .
Using the identity (II1.82), the equation (IIL.85) turns out to be
C i
__Boa(opt-u @ (Cnl-p [0 Dy 1l)(t)]t=0
at".b - —i—“a,,, (0 Dt 'Qb) + 'L—“ (0 Dt 11)) + W . (111'86)

For a possible interpretation for the non-local object OCDtl T4 in the equation (II1.86),
recall the interpretation of the first order time derivative in standard quantum me-

chanics [38],

E
5= (IT1.87)



where FE is the energy operator. Then,

+00
/ W*(t, ) SDIP((t, 2))de (ITL.88)

can be interpreted as being proportional to the weighted time average of the energy
of the wave function. Hereafter, we will use the notation % instead of OCD,% THp

Thus, the equation (II1.86) can be written as

-~ a-~ |§D@)
Opp = _Z%ag,(/} 4 Z%w + b]ﬁiu—rn};ﬁ) . (III.89)

The probability current equation for a free particle can be constructed as follows

P = 9p* | (I11.90)
O, P = By + o™, (I11.91)
8, [§Dkw=] _\ |
3tP = (~Z—u(‘9§¢ + tl—!lo]_"('ul) t=0 'l/)
B o [§Div(t3)],_
+4p (— (_i)“ag + TR =0 ] | (I11.92)

The last equation may be written in the following form

Gl (_z)ll' i (_z)y
* C’D# T C Dbap 3
il ak )]ZTE:;Z)[ODM Ga gy

If p — 0, then right hand side of (II1.93) would be zero. The probability current

equation can be defined as

B

i

B8
(—i)»

J =2 (8,9) v* + zp(am%) . (I11.94)

The right hand side of equation (III.93) can be viewed as a source in the probability

current equation. The non-zero source term in (I11.93) confirms that probability will
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not be preserved for solutions of the time fractional Schrodinger equation. Then,

denoting
S(a,t) = D o.50.u" + (_iwaz%aw
N [§ Dy, w)]ZTE :; z/; )[(?Dm*(t, 7)) | o
we obtain
BP + 0,0 =5 . (IIL.96)

Integrating (II1.96) over all space and letting the wave function and its first derivative

g0 t0 zero at spatial infinity yields

+oo +0o
8, / e = / Sds . (ITL97)
—00 — 0

I111.3.2 Free Particle and Potential Well Solution

The time fractional Schrodinger equation for a free particle is given by

2
LP

24 . (I11.98)

Application of the method of Fourier transformation with F[i(z,t)] = ¥(w,t) yields

2
oy Cprg — L)y 111.99
v/, 0+t
oN,,

Taking into account the formulas (A.16) and (A.18), the solution of (II1.99) can be

found by Laplace transform as follows

C i, (pr)z
FDRY = S (II1.100)
U =ToE, 1 (AM(—5)Ht") , (II1.101)
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U= % (e—i*”“t — p®, (A(=0)¥, t)) , (1I1.102)
where
. (pr)2
A= ANTE (I11.103)

In equation (II1.102), the first term is oscillatory, and the second one is decay in the

time variable. Inverting the Fourier transformation, we obtain

+o0
W(z,t) = F[T(w,8)] = % / em%" (¥ - p@, (A(—i)¥, 1)) duw. (ITL.104)

This result may be separated into two part, a Schrodinger like piece divided by u, and

a decay term that goes to zero as time goes to infinity. Then, we have

W(z,t) = (@, ) + Yalz,t) | (II1.105)
where
1 F°
Yolo,) = 5 — / g =N gy, (IIL.106)
'u—oo
and
17
Yalz,t) =~ / 95T 4®, (A(—i)*, ) duw . (ITL.107)

Note that if u goes to one, ¥4(z,t) goes to zero and vs(z,t) becomes the standard

Schrodinger term. Choose Uy so that the initial probability is one, i.e.

+oo
[ 40w (@ 0ds =1 (111 108)

Now, let us consider what happens to the total probability as time goes to infinity, in

other words evaluate the following limit
+o0
tlim / ¥(z, t)Y* (z, t)dz . (IT1.109)
—00
—00
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~ lm +°°F‘1{Eg (e — b -1,0) |

t—»oo_oo 7
1 {%9 (e_»\l/#t — ud, ()\(—i)“,t))} dz
9 +o0
— M—Ztlirgo o (7" - ud, (A=), 1))
—00

(2o (e — p, (M=0),0))) " dw

= 2 i / Ty e N Oy Xy

+o0
= — hm Ty U5 dw

—00

/%%m

(I11.110)

(IIL.111)

(I11.112)

(IT1.113)

(I11.114)

(I1.115)

(II1.116)

Therefore, we concluded that, since u is less than one, the total probability in-

creases as time goes to infinity.
Now, let us consider a particle in a potential well,

0 if O<z<a
V(iL’)': 3

oo if elsewhere
) L2
(ZTP)“ OCD#UJ = - 2]\;;' 6:%1/) ’

$(0,6)=0,  1(a,t)=0.

(ITL.117)

(I11.118)

(I11.119)

The above problem can be solved by separation of variables. So, letting 1 = A(¢t)B(z),

we have

(iT,) §oia _ If 8B _
P A 2N,, B
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First, solve the spatial component

2Np,

L3

B"+k

B=0. (IT1.121)

Using the boundary conditions, we have

By, = ¢y sin ("%m) L n=12..., (I11.122)
nwly\? 1

= _— =1,2,.... .

Kn ( P ) SN, n=1,2, (I11.123)
For the time equation, we have
C it Kn

Dif'A=——A. .

o D (T, )F (I11.124)

The solution of equation (II1.124) with A(0) = 1 can be found by the method of

Laplace transform as

An = Eu(O(—i)"t%) (ITT.125)
_ %(e—ﬂi’“t—u@ﬂ ()\n(—z‘)“,t)>  n=12,..., (IL12)
where
Kn
M=t =19 (IIL.127)
Tp

We also note that

, 1
lim [An ()] = o (IT1.128)

As the normalized spatial eigenfunctions, we have

¥n(,0) = \/gsin (?) . n=1,2..., (II1.129)
a
/ (@, 0)n(z,0)dz =1, n=1,2,... . (ITL.130)
0
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As a result, we obtain the solution

Y(z,t) = i Yn(z,1) (II1.131)
n=1

where

n(z, 8) = \/g sin (ﬂ)% (e-“i’ “C_ pu®, (=), t)) . (Li132)

The energy spectrum for the potential well can be computed as follows

Bo(t) = / V" ih B do (ITL.133)
0

2

AL/ b .
a2 (eMn L py ()‘nz#,t))

a
B (e—i*i’ s, (/\n(—i)“,t)) [sin? ("—;ﬁf) do . (II1.134)
0

Taking into account that

/sin2 (ﬂ) dz=2, n=12,..., (I11.135)
a 2
0
we obtain
Bu) = 5 (M = 2, (v )) 00 (6 — 4, Q00,0 . (130

Letting time ¢ go to infinity in (III.136), we obtain the same energy spectrum

hic/ ¥ _ h(nwLp)*/*
p2l,  p?Ty(2a2Ny, )6’

lim En(t) = (I11.137)

which was found for the standard Schrédinger equation except for the factor of 1/u2.

Now, suppose that 1 < u < 2. Consider the problem for a free particle

2
(iTp)* § Dy = —%aﬁp ; (I11.138)
where
$(z0) =to, K@) _ =vi. (IT1.139)
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Denote the Fourier transform as

U(w,t) = Flp(z,t)], (I11.140)
Uy = F(t), (I11.141)
U, = F(y). (I11.142)

In Fourier space, the solution for (II1.138) and (II1.139) can be written in terms of

e—ixl/ut —i\V/ bt
U =7, ( P + @, (/\(—i)“,t)) + Wy (W - P, (A(—z‘)“,t)) (111.143)

where

(Lpw)*

A= ONIE

(IT1.144)
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CHAPTER IV

APPLICATION

This chapter has three objectives. The first is to present the formulation of the
Euler-Lagrange equations for fractional variational problems. The second objective
is to describe the basis of the procedure at the construction of the fractional gener-
alization of a Lagrangian with linear velocity. The third objective is to illustrate our

approach.

IV.1 The Fractional Euler Lagrange Equations for Lagrangians with

Linear Velocities

Let J[g%,...,q"] be a functional of the form
b
fL (t.",...,0%aDFe, .., DEG", DS, .., DY) dt (IV.1)
a

defined on the set of functions ¢*(t), 4 = 1,...,n which have continuous left RL
fractional derivative of order o and right RL fractional derivative of order g in [a, ]
and satisfy the boundary conditions ¢f(a) = ¢’ and ¢*(b) = ¢f. In [31], a necessary
condition for J[g',...,q"] to have an extremum for given functions ¢'(t), i=1,...,n
was found as Euler-Lagrange equations

8L L s OL

— +.D 4+ D) —— =0, i=1,....,n. V.2
oF a taf,ngj J ( )

a_—————-
t47p 6aD?Q‘7
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Let us consider the following Lagrangian
L=g(¢)d@ -V (), (IV.3)
where a; (¢*) and V (¢f) are functions of their arguments.

The first step is to construct the corresponding fractional generalization of (IV.3).
The fractional Lagrangian is not unique. In other words, there are several possibilities
to replace the time derivative with fractional derivatives. The requirement is to obtain
the same Lagrangian expression if the order ‘a’ is 1. Having in mind the above
considerations, for 0 < a < 1, we propose two fractional Lagrangians. The first one

is as follows
L' = a; (qi) D -V (qi) . (IV.4)
Using (IV.2) and (IV.4), the corresponding Euler-Lagrange equations emerge as

oL’

o -+ Dfax (') =0, (IV.5)
or, explicitly,
095 (1) rya i _ OV (2) _
6(]"; aDt g - aq +tDb Qg ( ) =0. (IV6)

The second Lagrangian is given by
L' =-0;(¢)Dgd -V (¢) . (IV.7)

Using (IV.2) and (IV.7), the corresponding Euler-Lagrange equations become

da; (¢* . OV (q
a(;q(g)thqur 6(Ic)+“Dt e (d) =0. (IV.8)
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IV.2 Examples

Example 1. Consider the following Lagrangian
L=¢'¢-¢¢' - (¢ — ), (Iv.9)

which is a gauge invariant. We propose the corresponding fractional Lagrangian [39)]

as
I = (.Dfq') ¢ - (DFe) a' — (¢ — )’ - (1v.10)

Using (IV.6), the Euler-Lagrange equations corresponding to (IV.10) have the form

oL’
— = A1
8(]3 0 9 (IV )
oL’ ar’
4. D = V.12
8(]1 -+ t7p 8 (aDtaql) 0 ) ( Vv )
ar’ oL
— +:Df——— . .
o TP peE) ~ ° (v:13)
After calculations, the above system becomes
¢'=¢", -D{’ - +Df*=0, Df¢'+¢-:Dfg=0. (V.14
The solution of (IV.14) is given by
¢ = q, (IV.15)
¢ = (—D¢+:DP) g (IV.16)

The classical solutions are recovered if o — 1.

Example 2. Let us consider the second Lagrangian, which is given by
L=¢¢+¢¢ - V(. ¢, q", (Iv.17)

where V(¢?,¢%,¢*) = 3 [(¢*)? — 2¢%¢®]. We observe that (IV.17) corresponds to a

second class constrained system in Dirac’s classification [33, 34, 35].
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We propose the fractional generalization of (IV.17) to be as follows [39]
}
' = - [(:D§e")e* + (D§e)e* + V(@ ¢, ")) - (Iv.18)
»

Using (IV.8), the Euler-Lagrange equations of (IV.18) are given by

2% =0, (IV.19)
DFg +¢° =0, (IV .20)
JDfgt+¢*=0, (IV.21)
DB —¢*=0. (IV.22)

From (IV.19), the solution for ¢2 is given by
P (t) = Ci(t —a)>t . (IV.23)

Substituting (IV.23) into (IV.21), we obtain
Dt = —Ci(t —a)*! (IV.24)

having the solution as

¢

C1 /(t _ 7_)oz—l (7— - a)o‘_ld'r . (IV25)

*(t) = Calt —a)* ™" — (o) J

Using (IV.22) and (IV.25), the solution of ¢® has the form
P = G- ok / (r = )oY (r — a)*ldr
C1 a—1 a—1 a—1
Ty (7‘ —t) (7’ —n)* Hn—-a)* dndr . (IV.26)
ol /
Finally, the equation (IV.20) together with (IV.26) give the solution for ¢' as follows
b

ql(t) = C4(b — t — I‘L/ t)a—l (b _ T)a_ldT
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b b
B (I‘(Cof))2 [ == [ =)0 - 0 anar
t T
b b 7.
i (l‘gzl))3 [0 [ =0t [(r =0 (0 — @) andrdo
t p J

(IV.27)

where C1,Cy, Cs and Cy are arbitrary constants. Letting ¢« — 1, — 0,5 — 1, and

also redefining the constants in (IV.23), (IV.25), (IV.26) and (IV.27) as

Cy Cy  Cy

Cy=C,, Cop=Cs, 03=c;+—2-—og, C’4=01+C;——2—+—6— , (IV.28)
the standard solutions
Cit®  Cat> )
¢ = —‘é— - %t +Cot+C (IV.29)
¢ = Cp, (IV.30)
3 C; 2 7 !
¢ = SH-Cit+C, (Iv.31)
@ = —Cyt+Cj (IV.32)

are recovered.
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CHAPTER V

CONCLUSION

Griinwald-Letnikov, Riemann-Liouville and Caputo fractional derivatives together
with their noteworthy properties were presented. A brief review of exterior calculus
was given to fix notation and to provide a convenient reference. Fractional form spaces
were defined based on the fractional exterior derivative. For the new vector spaces,
basis sets were given and the notions of closed and exact forms were examined. The

coordinate transformation rules were also computed.

The Laplace transform method was presented and Laplace transformation formu-
las for Riemann-Liouville and Caputo fractional derivatives were derived. To illustrate
the approach, three examples were investigated in details. The difference in the form
of the initial conditions which must accompany fractional differential equations in

terms of the Riemann-Liouville and Caputo derivatives was given.

The basic results for the standard diffusion equation concerning the fundamental
solution of the Cauchy problem were presented. In particular, we provided the deriva-
tion of the solution by the Fourier transform and its interpretation in terms of Gauss
probability density function. The fundamental solution of the time-fractional diffusion
equation for the Cauchy problem was shown to provide probability density function

evolving in time which are related to certain stable distributions. This property is a
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noteworthy generalization of what happens in the case of the standard diffusion equa-
tion and can be relevant in treating financial and economical problems where stable

probability distributions are known to play a key role.

The time-fractional Schrédinger equation was examined. It was solved for a free
particle and for a potential well. Probability and the resulting energy levels were found
to increase over time to a limiting value depending on the order of the fractional time

derivative.

The Lagrangians with linear velocities were investigated using left and right Rie-
mann Liouville fractional derivatives. The corresponding fractional Lagrangians were
proposed and the fractional Euler-Lagrange equations were obtained. Although the
fractional Lagrangians contain only left or right derivatives, both derivatives are in-
volved in Euler-Lagrange equations and both played an important role in finding the
solutions. The exact solutions of the fractional Euler-Lagrange equations were ob-
tained for two examples corresponding to first and second-class constrained systems.
A “gauge invariance” was reported for the first example. The recovery of the usual

results was also discussed.
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APPENDIX A

SPECIAL FUNCTIONS IN FRACTIONAL CALCULUS

Hereafter, a review of definitions and some noteworthy properties of the Gamma,
Beta, Mittag-Leffler and Wright functions is given. They play very important role in

the theory of fractional calculus.

A.1 Gamma Function

Euler’s Gamma function I'(2) is defined by
oC
m@:/aﬁ*%u Re(z) > 0. (A1)
0
The integral in (A.1) converges absolutely and uniformly in any strip of the kind

{z:0 < a < Re(z) < A < oo} and hence it is an analytic function in {z : Re(z) > 0}.

Using the technique of integration by parts, it follows from (A.1) that

T(z+1) =2I'(2) , VzeC st. Re(z)>0. (A.2)

Note also that the application of the method of mathematical induction yields

Tn+l)=n!, n=012..., (A.3)
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and limit representation of the Gamma function is given by

D(z) = lim —— 1;"” i B >0 (A4)

A.2 Beta Function

The beta function is defined by

1
Ba,b) = / #1(1—#)*1dt,  Re(a) >0, Re(b)>0. (A.5)
0

A noteworthy property of the Beta function is based on the following formula

By =0 e "

A.3 Mittag-Leffler Function

The two-parameter Mittag-Leffler function, named after the great Swedish math-

ematician, is defined by the following series, valid in the whole complex plane,

Zr(aerﬁ) a>0,8>0. (A7)

Some elementary functions can be easily derived from the formula (A.7) as follows

st o0 2m
BEy1(+2%) = Z F(2m+ ) Z % = cosh (2} , (A.8)
m= m=0 )
B(—?) = 32 S ()T ”m " o8 (2) (A.9)
21 T Tem+1) = ’ '
and that
E%,l(iz) = [1+erf(+2)] = ezzerfc($z) , (A.10)
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where

z
erf(z) := %/e"tzdt , erfe(z):=1—-erf(z), z€C.
0

(A.11)

One of the most important property of the Mittag-Leffler function is the following

one, called as duplication formula

2E0,5(2%) = Es g(2) + Bz 5(-2) -

The Mittag-Leffler function has also the following property

oo
/e—t A1 B, g(2t¥)dt = 1 i pE a>0
0

and we obtain from (A.13) that the Laplace transform of the function

1ok EE) (21

where
k d*
ESHw) = g Fap(y)
is given by
T —st tak+,3—1 E(k) + ta)dt— k! s>~ R ( > 1/a)
J ¢ o,6(Fa NCED e (Re(s) > a]/*) .

The particular case of (A.16) for o = 8 =1 is that

/e“"t (%)%(ia\/—)dt (Re(s) > a?) .
0

k!
e

(A.12)

(A.13)

(A.14)

(A.15)

(A.16)

(A.17)

Additionally, the “Euler identity” for the Mittag-Leffler function is given by

ixl/eg
Eo1(Ni%t®) = &

— Bq(N%,1) ,
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where

e~ Ttraldr
r2e — 9¢ cos (am)re + (2

¢ sin (amr)

(¢, t) = (A.19)

A.4 Wright Function

The Wright function, named after the British mathematician, is defined by the

following series, valid in the whole complex plane,

Wa’g(Z) = gom y a>-1, >0. (A.20)

Using the Wright function, Mainardi’s function M (2; u) is defined by
Mzp) =W_p1-u(-2), 0<pu<l. (A.21)

When the argument z is real and positive, i.e. z =1 > 0, the existence of the Laplace

transform of M (r; ) is ensured by the asymptotic behavior [22]

1

A
M (r; p) ~ a(p)r =+ exp [—b(u)rﬁ] , T +oo, (A.22)
where

a(u) = b() = -1—;—“ . (A.23)

1
m(1—p)’

It should be noted that we have the following Laplace transform pair
M(r;p)+Eui1(-s), 0<p<l. (A.24)

Note also that the above relationship allows us to compute the moments of any real

order 6 of M(r;p) in the positive real axis as follows

00

/ ° M (r; p)dr =
0

T(+1)
iy 20 (4.25)
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