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ABSTRACT

FUZZY SET VALUED INTERVAL SOFT SETS

Mohammed Abbood Hussein AL-FURAIJI

Master of Science in Mathematics

Advisor: Assoc. Prof. Dr. Faruk KARAASLAN

January 2023

This thesis consists of seven sections. In section 1, a detailed literature review and the

motivation of the thesis are presented. A few fundamental definitions and procedures

for soft sets and fuzzy sets are introduced in Section 2. In Section 3, the definition of set-

valued intervals is given and their operations are presented. In Section 4, the definition and

operations of set-valued interval soft sets in light of the literature review are explained. In

Section 5, the concept of fuzzy set-valued intervals is described, and their operations are

explained with examples. In Section 6, fuzzy set-valued interval soft sets are discussed,

along with their operations, and the properties of the operations are further investigated

with examples. In Section 7, information about the thesis’s overall framework is provided

and the thesis’s findings are discussed.

2023, 41 pages

Keywords: Fuzzy set, Soft set, fuzzy set-valued interval, Fuzzy set-valued interval soft

sets, Set operations
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ÖZET

BULANIK KÜME DEĞERLİ ARALIK ESNEK KÜMELER

Mohammed Abbood Hussein AL-FURAIJI

Matematik, Yüksek Lisans

Danışman: Doç. Dr. Faruk KARAASLAN

Ocak 2023

Bu tez yedi bölümden oluşmaktadır. Bölüm 1’de ayrıntılı bir literatür taraması ve tezin

motivasyonu sunulmaktadır. Bölüm 2’de bulanık kümeler ve yumuşak kümeler için bazı

temel tanımlar ve işlemler tanıtılmaktadır. Bölüm 3’te küme değerli aralıkların tanımı

verilmiş ve işlemleri sunulmuştur. Bölüm 4’te literatür taraması ışığında küme değerli

aralıklı esnek kümelerin tanımı ve işlemleri açıklanmıştır. Bölüm 5’te bulanık küme

değerli aralıklar kavramı anlatılmış ve işlemleri örneklerle açıklanmıştır. Bölüm 6’da,

bulanık küme değerli aralıklı esnek kümeler kavramı ve bunların işlemleri ele alınmakta

ve işlemlerin özellikleri incelenerek örnekler verilmektedir. Bölüm 7’de tezin genel

çerçevesi hakkında bilgi verilmiş ve tezin bulguları tartışılmıştır.

2023, 41 sayfa

Anahtar Kelimeler: Bulanık küme, Esnek küme, Bulanık küme değerli aralık, Bulanık

küme değerli aralık esnek küme, Küme işlemleri
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1. INTRODUCTION

Molodtsov (1999) suggested "soft set theory" as a universal technique for handling

uncertain problems as an alternative approximation to fuzzy sets defined by Zadeh

(1965). In 2002, Maji et al. (2002) used rough mathematics and the theory of soft set to

solve a decision-making problem. Maji et al. (2003) defined the operations on soft sets

found in set theory, including union, intersection, and complement. They then

demonstrated a few of the suggested operations’ qualities. Chen et al. (2005) gave a

procedure connected to the soft set parameterizations reduction utilized to address a

decision-making issue. In 2007, the first study on soft algebra started with the soft group

structure defined by Aktaş and Çağman (2007). Ali et al. (2009) draw attention to

various flaws in (Maji et al. 2003) and defined some novel operations such as extended

of union and intersection, restricted of union and intersection of two soft sets. Çağman

and Enginoğlu (2010) developed a decision-making approach known as the uni-int

decision-making method under a soft environment and redefined the set theoretical

operations of soft sets as more effective in decision-making challenges. Sezgin and

Atagun (2011) applied De Morgan’s law to some soft set operations. Additionally, they

looked at a few characteristics of the businesses that were done by Ali et al. (2009) and

defined the restricted difference and restricted symmetric difference operations between

two soft sets.

The fuzzy soft sets notion was explained by Maji et al. (2001a). Roy and Maji (2007)

developed a new decision making for object identification from imprecise multi-observer

information. The concepts of interval-valued fuzzy soft sets and interval-valued fuzzy

sets with soft sets were blended by Yang et al. (2009). Chetia and Das (2010)

demonstrated the potential of interval-valued fuzzy soft sets for medical diagnosis. For

other studies related to "interval-valued fuzzy soft sets" and "fuzzy soft sets", see (Basu

et al. 2012, Çağman et al. 2011, Çağman and Enginoğlu 2012, Kalaichelvi et al.

2012, Kong et al. 2011, Li and Xie 2015, Liu et al. 2017, Ma and Sulaiman 2011,

Neog and Sut 2011, Peng and Garg 2018, Rehman et al. 2013, Sooraj and Tripath

2018, Sulaiman and Mohammed 2012, Tripathy et al. 2016, Xue et al. 2017, Zhang

2013, Zhou et al. 2012).
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Yao (1993) established the idea of interval sets and its operations. He also examined

fundamental properties of interval set algebra and discussed the relationship between

interval set, rough set (Pawlak et al. 1995) and fuzzy sets (Zadeh 1965). For other

works related to interval sets, see (Yao and Li 1996, Yao and Wong 1997, Yao and

Wang 1997, Yao 2009). Zhang and Fu (2012) introduced the concept of interval soft

set. Then, the interval soft sets tabular form was explained by Zhang (2014), the

innovative interval choice value notions were made clear, and two methods were

employed to apply the theory of interval soft sets to a decision-making problem.

Additionally, he constructed several lattice structures and explained certain interval soft

set procedures. In the area of interval soft set theory, he also established the concept of

"soft equality." The lattice-valued interval soft sets were introduced by Zhang and Wang

(2014) which include several soft set extensions like soft sets and interval soft sets

(Zhang and Fu 2012), f-soft sets (Maji et al. 2001a), L-fuzzy soft sets (Li et al. 2012),

interval-valued f-soft sets (Yang et al. 2009), vague soft sets (Xu et al. 2010),

intuitionistic f-soft sets (Maji et al. 2001b), interval-valued intuitionistic f-soft sets

(Jiang et al. 2010), rough soft sets (Pawlak et al. 1995) etc. He also detailed how

interval soft sets functioned and, using the defined procedures, he was able to determine

some of the lattice structure of interval soft sets. (Yaylali et al. 2021) employed tabular

representation of the soft interval set, a decision-making algorithm was built.

An interval is an important tool to represent the possible values of a variable. In a closed

real interval set, boundaries are any real numbers such that its lower bound is less than or

equal upper bound. Set valued intervals have set valued boundaries. Namely, lower and

upper bound of a set valued interval are the classical sets. For the modelings of some

problems classical set and logic are not sufficient. With this point-wise, in this thesis we

define the concept of fuzzy set-valued intervals and their operations. Then, as we

combine the ideas of soft set and fuzzy set-valued interval, we introduce the notion of

fuzzy set-valued interval soft set.

Following is how the rest of the thesis is structured: Some basic definitions and procedures

for fuzzy sets and soft sets are presented in Section 2. Section 3 gives related concepts to

set-valued intervals and operations of them. In Section 4, "set-valued interval soft sets"

are explained in light of the study in the literature. In Section 5, the notion of the fuzzy set-

2



valued intervals is defined and their operations are introduced by supporting them with

examples. The idea of fuzzy set-valued interval soft sets and associated operations are

covered in section 6. Also, the properties of the operations are investigated and examples

are given. In Section 7, information general frame of the thesis is given and the results of

the thesis are discussed.
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2. PRELIMINARIES

In this section, the notions of fuzzy set and soft sets are recalled and some of their

properties are given. Throughout this paper ℘, E and P(℘) denote initial universe, set of

parameters and power set of ℘, respectively.

2.1 Fuzzy Sets

Definition 2.1. (Zadeh 1965) Let S be a non-empty universal set. A fuzzy set (FS) Ψ

on S is described by a membership function as follows:

µΨ : S → [0,1]

An FS can be expressed as a group of pairs as follows:

Ψ = {(S,µΨ(S)) : s ∈ S },

where µΨ(S) indicates the level of the element’s membership s ∈ X to FS Ψ.

Example 2.2. A student studies in a high school. For his level in English language, he

takes a course to improve it for two months. During the course, he takes 5 English tests.

His level changes from weak to high. Test results can be expressed as a fuzzy set as

follows.

Ψ = {(test1,0.5),(test2,0.6),(test3,0.7),(test4,0.8),(test5,0.9)},

Definition 2.3. Operations on Fuzzy Sets (Zadeh 1965)

Given ℘ to be universe of discourse, Ξ and ℵ are two fuzzy sets with membership

function µΞ(s) and µℵ(s) then,

Union: The union of two fuzzy sets Ξ and ℵ on ℘ is a new fuzzy set Ξ∪ℵ also on ℘

which membership function defined as follows:

µΞ∪ℵ(s) = max(µΞ(s),µℵ(s))

4



Intersection: The intersection of two fuzzy sets Ξ and ℵ on ℘ is a new fuzzy set Ξ∩ℵ

also on ℘ which membership functions defined as follow:

µΞ∩ℵ(s) = min(µΞ(s),µℵ(s))

Complement: Complement of a fuzzy set Ξ is Ξc which membership function defined as

follow:

µΞc(s) = 1−µΞ(s)

Equality: Two fuzzy sets Ξ and ℵ are said to be equal i.e, Ξ = ℵ if and only if

µΞ(s) = µℵ(s) which means their membership values must be equal.

Product of two fuzzy sets:The product of two fuzzy sets Ξ and ℵ is a new fuzzy set Ξℵ

with membership function:

µΞℵ(s) = µΞ(s).µℵ(s)

Product of Fuzzy Sets with a Crisp Number

µn.Ξ(s) = n.µΞ(s)

Power of a Fuzzy Set:The fuzzy set’s alpha power of Ξ is a new fuzzy set Ξα whose

membership function is:

µΞα (s) = [µΞ(s)]α

that is, individual memberships power of α .

Difference of Fuzzy Sets:

The difference of two FSs Ξ and ℵ is a new FS Ξ−ℵ which is defined as

Ξ−ℵ = Ξ∩ℵ
c
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Disjunctive Sum of Ξ and ℵ: It is a new FS defined as follows:

Ξ⊕ℵ = (Ξc ∩ℵ)∪ (Ξ∩ℵ
c)

Proposition 2.4. Let Ξ and ℵ two fuzzy sets over ℘. Then,

1. (Ξ∪ℵ)c = Ξc ∩ℵc

2. (Ξ∩ℵ)c = Ξc ∪ℵc

2.2 Soft Sets

Definition 2.5. (Molodtsov 1999) Let ℘ be an initial universe and E be a set of

parameters, Ξ ⊆ E and P(℘) be a power set of universal set. A pair (L,Ξ) is called a soft

set over ℘, where L is a mapping given by L : Ξ → P(℘).

Çağman and Enginoğlu (2010) redefined the concept of soft sets and its set operation

which is more effective for decision-making problems. Therefore, we use definitions and

operations given by Çağman and Enginoğlu (2010) in our thesis.

Definition 2.6. (Çağman and Enginoğlu 2010) Let ℘be a universal set, E be a parameter

set, Ξ ⊆ E. A soft set LΞ over ℘ is defined set of ordered pairs as follows:

LΞ = {(e, lΞ(e)) : e ∈ E, lΞ(e) ∈ P(℘)}

where lΞ : E → P(℘) such that lΞ(e) = /0 if e ∈ E \Ξ. Here, lΞ is called approximate

function of the soft set LΞ.

Note that if L(e) = /0, then the element (e, lΞ(e)) is not appeared in LD. D℘

E denotes the

set of all soft sets over ℘ and parameter set E.

Definition 2.7. (Çağman and Enginoğlu 2010) Let LΞ,Lℵ ∈ Ξ
℘

E , Ξ,ℵ ⊆ E. Then,

1. If lΞ(e) = /0 for all e ∈ E, it is said that LΞ is a null soft set, denoted by Φ.

2. If lΞ(e) =℘ for all e ∈ E. LΞ, it is said that LΞ is an absolute soft set, denoted by ℘̃.

3. LΞ is soft subset of Lℵ, denoted by LΞ⊆̃Lℵ if lΞ(e)⊆ lℵ(e) for all e ∈ E.

6



4. LΞ = Lℵ if LΞ⊆̃Lℵ and Lℵ⊆̃LΞ.

5. Soft union of LΞ and Lℵ, denoted by LΞ∪̃Lℵ, is a soft set over ℘ and defined by

LΞ∪̃Lℵ : E → P(℘) such that lΞ∪̃M(e) = lΞ(e)∪ lℵ(e) for all e ∈ E.

6. Soft intersection of LΞ and Lℵ, denoted by LΞ∩̃Lℵ, is a soft set over ℘ and defined by

LΞ∩̃Lℵ : E → P(℘) such that lΞ∩̃ℵ(e) = lΞ(e)∩ lℵ(e) for all e ∈ E.

7. Lc̃
A denotes the soft complement of LΞ and defined by Lc̃

Ξ
: E → P(℘) such that

l c̃(e)Ξ =℘\lΞ(e) for all e ∈ E.

7



3. SET VALUED INTERVALS

Set valued intervals and related operations are discussed in this section. Additionally,

some of their attributes are listed.

Definition 3.1. (Yao 1993) Let ℘ be a crisp set, P(℘) be the power set of ℘ and

Ξ,ℵ ⊆℘. Then, set valued interval (SVI.) � over ℘ is defined by:

�= [Ξ,ℵ]; such that Ξ ⊆ ℵ (3.1)

Note that, for Ξ,ℵ ⊆℘, expression (3.1) may be rewritten in more concise form as:

�= {Y ⊆℘ : Ξ ⊆ Y ⊆ ℵ}

Thus, � is a subset of P(℘). In particular, if Ξ = ℵ the set valued interval � reduces to the

classical set.

Ξ = [Ξ,Ξ]

which is called a set interval or a set singleton. For example φ = [φ ,φ ], ℘= [℘,℘]

Form now on, ℘ denotes the family of all set valued intervals.

Example 3.2. Let ℘= {ℓ1, ℓ2, ℓ3, ℓ4, ℓ5, ℓ6, ℓ7, ℓ8, ℓ9, ℓ10} be a non-empty set,

�= [{ℓ2, ℓ3, ℓ4},{ℓ2, ℓ3, ℓ4, ℓ7, ℓ8}] , since {ℓ2, ℓ3, ℓ4} ⊆ {ℓ2, ℓ3, ℓ4, ℓ7, ℓ8} ⊆℘ then, � is a

set valued interval over ℘.

Definition 3.3. An SV-interval �= [ΞL,ΞU ] over ℘ is said to be null-SV-interval denoted

by [Φ], if ΞL = φ and ΞU = φ .

Definition 3.4. An SVI �= [ΞL,ΞU ] over ℘ is said to be absolute-SVI denoted by [℘], if

ΞL =℘ and ΞU =℘.

Definition 3.5. (Yao 1993) Let � = [ΞL,ΞU ] and ℵ = [ℵL,ℵU ] are two SVIs over ℘.

Then, � = [ΞL,ΞU ] is an SV-subinterval of ℵ = [ℵL,ℵU ], denoted by � ⊑i ℵ if

8



ΞL ⊆ ℵL and ΞU ⊆ ℵU .

Example 3.6. Let ℘ = {ℓ1, ℓ2, ℓ3, ℓ4, ℓ5, ℓ6, ℓ7, ℓ8} and � = [{ℓ2, ℓ3},{ℓ2, ℓ3, ℓ4, ℓ7}] and

ℵ = [{ℓ2, ℓ3, ℓ4},{ℓ2, ℓ3, ℓ4, ℓ5, ℓ7}] be two SV-intervals. Since {ℓ2, ℓ3} ⊆ {ℓ2, ℓ3, ℓ4} and

{ℓ2,v3, ℓ4, ℓ7} ⊆ {ℓ2, ℓ3, ℓ4, ℓ5, ℓ7}, then

�⊑i ℵ

Definition 3.7. (Yao 1993) Let � = [ΞL,ΞU ] and ℵ = [ℵL,ℵU ] are two SVIs over ℘. if

�⊑i ℵ and ℵ ⊑i � then, �= ℵ.

Proposition 3.8. Let � = [ΞL,ΞU ] and ℵ = [ℵL,ℵU ] and Y = [YL,YU ] are three SVIs

over ℘. Then,

1. [Φ]⊑i �

2. �⊑i [℘]

3. �⊑i �

4. �⊑i ℵ and ℵ ⊑i Y⇒ �⊑i Y

Definition 3.9. Let � = [ΞL,ΞU ] be an SVI. Then, width of SVI �, indicated by ω(�) is

specified as:

ω(�) = |ΞU\ΞL|

Example 3.10. Let us consider SVI � in Example 3.2. Then,

ω(�) = |{ℓ7, ℓ8}|= 2

Definition 3.11. Let �= [ΞL,ΞU ] be an SV-interval. Then, image of SVI � denoted by �−

is defined as:

�− = [ΞL,ΞU ]
− = [℘\ΞU ,℘\ΞL]

Example 3.12. Let us consider SVI � in Example 3.2. Then,

�− = [{ℓ1, ℓ5, ℓ6, ℓ9, ℓ10},{ℓ1, ℓ5, ℓ6, ℓ7, ℓ8, ℓ9, ℓ10}]

9



Proposition 3.13. Let � and ℵ be two SV-intervals over ℘. Then,

1. (�−)− = �

2. [Φ]− = [℘]

3. [℘]− = [Φ]

4. �⊑i ℵ ⇒ ℵ− ⊑i �
−

Proof. The proof is obvious from the definition of image.

Definition 3.14. Let �= [ΞL,ΞU ] be an SVI. Then, magnitude of an SVI � denoted by |�|
is defined as:

|�|= 2|ΞU\ΞL|

Example 3.15. Let us consider SVI � in Example 3.2. Then,

|�|= 2|{ℓ7,ℓ8}| = 22 = 4

Definition 3.16. (Yao 1993) Let � = [ΞL,ΞU ] and ℵ = [ℵL,ℵU ] be two SV-intervals.

over ℘. Then, �⋓ℵ is the union of � and ℵ and defined as:

�⋓ℵ = [Y ⊆℘ : ΞL ∪ℵL ⊆ Y ⊆ DU ∪ℵU ]

Definition 3.17. (Yao 1993) Let � = [ΞL,ΞU ] and ℵ = [ℵL,ℵU ] be two SV-intervals.

over ℘. Then, �⋒ℵ is the intersection of � and ℵ and defined as:

�⋒ℵ = [Y ⊆℘ : ΞL ∩ℵL ⊆ Y ⊆ ΞU ∩ℵU ]

Example 3.18. Given two SVIs � = [{ℓ1, ℓ2},{ℓ1, ℓ2, ℓ3, ℓ5, ℓ6}], and

ℵ = [{ℓ2, ℓ3, ℓ4},{ℓ2, ℓ3, ℓ4, ℓ5, ℓ7}] over ℘= {ℓ1, ℓ2, ℓ3, ℓ4, ℓ5, ℓ6, ℓ7}. Then,

�⋓ℵ = [{ℓ1, ℓ2, ℓ3, ℓ4},℘]

= {{ℓ1, ℓ2, ℓ3, ℓ4},{ℓ1, ℓ2, ℓ3, ℓ4, ℓ5},{ℓ1, ℓ2, ℓ3, ℓ4, ℓ6},{ℓ1, ℓ2, ℓ3, ℓ4, ℓ7},

{ℓ1, ℓ2, ℓ3, ℓ4, ℓ5, ℓ6},{ℓ1, ℓ2, ℓ3, ℓ4, ℓ5, ℓ7},{ℓ1, ℓ2, ℓ3, ℓ4, ℓ6, ℓ7},℘}
and
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�⋒ℵ = [{ℓ2},{ℓ2, ℓ3, ℓ5}] = {{ℓ2},{ℓ2, ℓ3},{ℓ2, ℓ5},{ℓ2, ℓ3, ℓ5}}

The following proposition gives some properties of union and intersection operation of

SVIs.

Proposition 3.19. (Zhang 2014) Let � = [ΞL,ΞU ] and ℵ = [ℵL,ℵU ] and Y = [YL,YU ]

be three SV-intervals over℘. Then,

1. �⋒�= � and �⋓�= �

2. �⋒ℵ = ℵ⋒� and �⋓ℵ = ℵ⋓�

3. �⋒Φ = Φ and �⋒℘= �

4. �⋓Φ = � and �⋓℘=℘

5. �⋒ (ℵ⋒Y) = (�⋒ℵ)⋒Y) and �⋓ (ℵ⋓Y) = (�⋓ℵ)⋓Y)

6. �⋒ (ℵ⋓Y) = (�⋒ℵ)⋓ (�⋒Y) and �⋓ (ℵ⋒Y) = (�⋓ℵ)⋒ (�⋓Y)

Proof. 1. Since ΞL ∩ΞL = ΞL and ΞU ∩ΞU = ΞU then, �⋒�= �and since ΞL ∪ΞL = ΞL

and ΞU ∪ΞU = ΞU then, �⋓�= �.

2. Since ΞL ∩ΞL = ℵ_L ∩ΞL and ΞU ∩ BU = BU ∩ AU and ΞL ∪ℵL = ℵL ∪ΞL and

ΞU ∪ℵU = BU ∪AU then, �⋒ℵ = ℵ⋒� and �⋓ℵ = ℵ⋓�, respectively.

3. Since ΞL∩φ = φ and ΞU ∩φ = φ then, �⋒Φ=Φ. Since ΞL∩℘=ΞL and ΞU ∩℘=ΞU

then, �⋒℘= �.

4. Since ΞL∪φ =ΞL and ΞU ∪φ =ΞU then, �⋓Φ= �. Since ΞL∪℘=℘and ΞU ∪℘=℘

then, �⋓℘=℘.

5.

�⋒ (ℵ⋒ℵ) = [ΞL ∩ (ℵL ∩YL),ΞU ∩ (ℵU ∩YU)]

= [(ΞL ∩ℵL)∩YL,(DU ∩ℵU)∩YU ]

= [ΞL ∩ℵL,(ΞU ∩ℵU)]⋒ [YL,YU ]

= (�⋒ℵ)⋒Y

and
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�⋓ (ℵ⋓Y) = [ΞL ∪ (ℵL ∪YL),ΞU ∪ (ℵU ∪YU)]

= [(ΞL ∪ℵL)∪YL,(ΞU ∪ℵU)∪YU ]

= [ΞL ∪ℵL,(ΞU ∪ℵU)]⋓ [YL,YU ]

= (�⋓ℵ)⋓Y

6.

�⋒ (ℵ⋓Y) = [ΞL ∩ (ℵL ∪YL),ΞU ∩ (ℵU ∪YU)]

= [(ΞL ∩ℵL)∪ (ΞL ∩YL),(ΞU ∩ℵU)∪ (ΞU ∩YU)]

= [ΞL ∩ℵL,ΞU ∩ℵU ]⋓ [ΞL ∩YL,ΞU ∩YU ]

= (�⋒ℵ)⋓ (�⋒Y)

The proof of �⋓ (ℵ⋒Y) = (�⋓ℵ)⋒ (�⋓Y) can be easily obtained as similar in above.

Proposition 3.20. Let �= [ΞL,ΞU ] and ℵ = [ℵL,ℵU ] be two SV-intervals over ℘. Then,

1. (�⋓ℵ)− = �−⋒ℵ−

2. (�⋒ℵ)− = �−⋓ℵ−

Proof. Let �= [ΞL,ΞU ] and ℵ = [ℵL,ℵU ] be two SV-intervals over ℘.

1.

(�⋓ℵ)− = ([ΞL ∪ℵL,ΞU ∪ℵU ])
−

= [℘\ (ΞU ∪ℵU),℘\ (ΞL ∪ℵL)]

= [(ΞU ∪ℵU)
c,(ΞL ∪ℵL)

c]

= [Ξc
U ∩ℵ

c
U ,Ξ

c
L ∩ℵ

c
L]

= [Ξc
U ,Ξ

c
L]⋒ [ℵc

U ,ℵ
c
L]

= [℘\ΞU ,U\ΞL]⋒ [℘\ℵU ,℘\ℵL]

= [ΞL,ΞU ]
−⋒ [ℵL,ℵU ]

−

= �−⋒ℵ
−

12



2.

(�⋒ℵ)− = ([ΞL ∩ℵL,ΞU ∩ℵU ])
−

= [℘\ (ΞU ∩ℵU),℘\ (ΞL ∩ℵL)]

= [(ΞU ∩ℵU)
c,(ΞL ∩ℵL)

c]

= [Ξc
U ∪ℵ

c
U ,Ξ

c
L ∪ℵ

c
L]

= [Ξc
U ,Ξ

c
L]⋓ [ℵc

U ,ℵ
c
L]

= [℘\ΞU ,U\ΞL]⋓ [℘\ℵU ,℘\ℵL]

= [ΞL,ΞU ]
−⋓ [ℵL,ℵU ]

−

= �−⋓ℵ
−

Definition 3.21. (Yao 1993) Let �= [ΞL,ΞU ] and ℵ = [ℵL,ℵU ] be two SV-intervals over

℘. Then, � ≀ℵ denotes the difference of � and ℵ and defined as:

� ≀ℵ = [(ΞL\ℵU),(ΞU\ℵL)]

Example 3.22. Given two SVIs � = [{ℓ1, ℓ2},{ℓ1, ℓ2, ℓ3, ℓ5, ℓ6}] and

ℵ = [{ℓ2, ℓ3, ℓ4},{ℓ2, ℓ3, ℓ4, ℓ5, ℓ7}] over ℘= {ℓ1, ℓ2, ℓ3, ℓ4, ℓ5, ℓ6, ℓ7}. Then,

� ≀ℵ =[(ΞL\ℵU),(ΞU\ℵL)]

=[({ℓ1, ℓ2}\{ℓ2, ℓ3, ℓ4, ℓ5, ℓ7}),({ℓ1, ℓ2, ℓ3, ℓ5, ℓ6}\{ℓ2, ℓ3, ℓ4})]

=[{ℓ1},{ℓ1, ℓ5, ℓ6}]

Proposition 3.23. Let �= [ΞL,ΞU ] and ℵ = [ℵL,ℵU ] be two SV-intervals over ℘. Then,

� ≀ℵ = �⋒ℵ
−

Proof. Let �= [ΞL,ΞU ] and ℵ = [ℵL,ℵU ] be two SV-intervals over ℘

13



(� ≀ℵ) = ([ΞL \ℵU ,ΞU \ℵL])

= [℘∩ (ΞL \ℵU),℘∩ (ΞU \ℵL)]

= [℘∩ (ΞL ∩ℵ
c
U),℘∩ (ΞU ∩ℵ

c
L)]

= [ΞL ∩ (℘∩ℵ
c
U),ΞU ∩ (℘∩ℵ

c
L)]

= [ΞL ∩ (℘\ℵU),ΞU ∩ (℘\ℵL)]

= [ΞL,ΞU ]⋒ [(℘\ℵU),(℘\ℵL)]

= �⋒ℵ
−

Definition 3.24. Let � = [ΞL,ΞU ] and ℵ = [ℵL,ℵU ] be two SV-intervals over ℘. Then,

symmetric difference of � and ℵ , denoted by � △ ℵ is defined as:

� △ ℵ = [(ΞL\ℵU)∪ (ℵL\ΞU),(ΞU\ℵL)∪ (ℵU\ΞL)].

Example 3.25. Given two SV-intervals over ℘= {ℓ1, ℓ2, ℓ3, ℓ4, ℓ5, ℓ6, ℓ7},

�= [{ℓ1, ℓ2},{ℓ1, ℓ2, ℓ3, ℓ5, ℓ6}] , and ℵ = [{ℓ2, ℓ3, ℓ4},{ℓ2, ℓ3, ℓ4, ℓ5, ℓ7}]. Then,

� △ ℵ =[(ΞL\ℵU)∪ (ℵL\ΞU),(ΞU\ℵL)∪ (ℵU\ΞL)]

=[({ℓ1, ℓ2}\{ℓ2, ℓ3, ℓ4, ℓ5, ℓ7})∪ ({ℓ2, ℓ3, ℓ4}\{ℓ1, ℓ2, ℓ3, ℓ5, ℓ6}),

({ℓ1, ℓ2, ℓ3, ℓ5, ℓ6}\{ℓ2, ℓ3, ℓ4})∪ ({ℓ2, ℓ3, ℓ4, ℓ5, ℓ7}\{ℓ1, ℓ2})]

=[({ℓ1}∪{ℓ4}),({ℓ1, ℓ5, ℓ6}∪{ℓ1, ℓ3, ℓ4, ℓ5, ℓ6, ℓ7})]

=[{ℓ1, ℓ4},{ℓ1, ℓ3, ℓ4, ℓ5, ℓ6, ℓ7}]
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4. SET VALUED INTERVAL SOFT SETS

We define the idea of set valued interval soft set (SVISS) in this section. After that, we

discuss set valued interval soft set operations and look into how they relate to one

another.

Definition 4.1. (Zhang 2014) Let E be a parameter set, ℘ be an universal set, and Ξ ⊆ E,

℘ be set of SVIs over ℘. Then, set valued interval soft set (SVIS-set) denoted by (L,Ξ),

is defined by:

(L,Ξ) = {(e, l(e)) : l(e) ∈℘}

here l : Ξ →℘ is the e-approximation of SVIS-set (L,Ξ) and l(e) = [l1(e), l2(e)], such

that l1(e), l2(e) ∈ P(℘) and l1(e) ⊆ l2(e). From now on, we will use S[℘] instead of the

set of all SVIS-sets and approximation function of an SVIS-set will be denoted by

lowercase related to SVISS over ℘.

Example 4.2. Let ℘ = {ℓ1, ℓ2, ℓ3, ℓ4, ℓ5, ℓ6, ℓ7, ℓ8} be an universal set and

E = {e1,e2,e3,e4,e5} be a set of parameters. If,

l(e1) = [{ℓ1, ℓ3},{ℓ1, ℓ2, ℓ3, ℓ5}]

l(e2) = [{ℓ2, ℓ4},{ℓ1, ℓ2, ℓ3, ℓ4, ℓ6, ℓ8}]

l(e3) = [{ℓ5, ℓ6},{ℓ1, ℓ2, ℓ5, ℓ6, ℓ7}]

l(e4) = [{ℓ1, ℓ2, ℓ7, ℓ8},{ℓ1, ℓ2, ℓ3, ℓ5, ℓ7, ℓ8}]

l(e5) = [φ ,{ℓ1, ℓ4, ℓ5, ℓ6}]

then the SVISS L is written by

L ={(e1, [{ℓ1, ℓ3},{ℓ1, ℓ2, ℓ3, ℓ5}]),(ℓ2, [{ℓ2, ℓ4},{ℓ1, ℓ2, ℓ3, ℓ4, ℓ6, ℓ8}]),

(e3, [{ℓ5, ℓ6},{ℓ1, ℓ2, ℓ5, ℓ6, ℓ7}]),(e4, [{ℓ1, ℓ2, ℓ7, ℓ8},{ℓ1, ℓ2, ℓ3, ℓ5, ℓ7, ℓ8}])

(e5, [φ ,{ℓ1, ℓ4, ℓ5, ℓ6}])}

The tabular representation of the SVISS L is as follow:
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ℓ1 ℓ2 ℓ3 ℓ4 ℓ5 ℓ6 ℓ7 ℓ8
e1 [1,1] [0,1] [1,1] [0,0] [0,1] [0,0] [0,0] [0,0]
e2 [0,1] [1,1] [0,1] [1,1] [0,0] [0,1] [0,0] [0,1]
e3 [0,1] [0,1] [0,0] [0,0] [1,1] [1,1] [0,1] [0,0]
e4 [1,1] [1,1] [0,1] [0,0] [0,1] [0,0] [1,1] [1,1]
e5 [0,1] [0,0] [0,0] [0,1] [0,1] [0,1] [0,0] [0,0]

Here, uncertainty elements related to parameter e1 are ℓ2 and ℓ5.

Definition 4.3. Let L ∈ S[℘]. Then, element(s) of l2(e)\l1(e) is(are) called uncertainty

element(s) related to the parameter e ∈ E.

Example 4.4. Let us consider Example 4.2. Then, uncertainty elements related to

parameter e1 are ℓ2 and ℓ5.

Definition 4.5. Let L ∈ S[℘]. If l(e) = [Φ] for all e ∈ E. Then, L is called an empty

SVISS denoted by [Φ̄]:

Definition 4.6. Let L ∈ S[℘]. If l(e) = [℘] for all e ∈ E. Then, L is called a universal

SVISS denoted by [℘̄]:

Definition 4.7. (Zhang and Fu 2012) The extended intersection of two SVISS (L,Ξ) and

(M,ℵ) over a universe ℘ is the SVISS (N,Y ) = (L,Ξ)⊓e (M,ℵ), where Y = Ξ∪ℵ, and

for all e ∈ Y ,

n(e) =


l(e) i f e ∈ Ξ−ℵ,

m(e) i f e ∈ ℵ−Ξ,

l(e)⋒m(e) i f e ∈ Ξ∩ℵ

Example 4.8. Let ℘ = {ℓ1, ℓ2, ℓ3, ℓ4, ℓ5, ℓ6, ℓ7, ℓ8} be an initial universe and

E = {e1,e2,e3,e4,e5} be a set of parameters. Ξ,ℵ ⊆ E and Ξ = {e1,e2,e3} and

ℵ = {e3,e4,e5}. Now we can consider the following SVISS
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(L,Ξ) = {(e1, [{ℓ1, ℓ3},{ℓ1, ℓ2, ℓ3, ℓ5}]),(e2, [{ℓ2, ℓ4},{ℓ1, ℓ2, ℓ3, ℓ4, ℓ6, ℓ8}]),

(e3, [{ℓ5, ℓ6},{ℓ1, ℓ2, ℓ5, ℓ6, ℓ7}])}

and

(M,ℵ) = {(e3, [{ℓ1, ℓ5},{ℓ1, ℓ2, ℓ4, ℓ5}]),(e4, [{ℓ2, ℓ6},{ℓ1, ℓ2, ℓ3, ℓ4, ℓ6, ℓ8}]),

(e5, [{ℓ2, ℓ7},{ℓ1, ℓ2, ℓ5, ℓ6, ℓ7}])}.

Then,

(N,Y ) = (L,Ξ)⊓e (M,ℵ)

= {(e1, [{ℓ1, ℓ3},{ℓ1, ℓ2, ℓ3, ℓ5}]),(e2, [{ℓ2, ℓ4},{ℓ1, ℓ2, ℓ3, ℓ4, ℓ6, ℓ8}]),

(e3, [{ℓ5},{ℓ1, ℓ2, ℓ5}]),(e4, [{ℓ2, ℓ6},{ℓ1, ℓ2, ℓ3, ℓ4, ℓ6, ℓ8}]),

(e5, [{ℓ2, ℓ7},{ℓ1, ℓ2, ℓ5, ℓ6, ℓ7}])}.

Definition 4.9. (Zhang and Fu 2012) The extended union of two SVISSs (L,Ξ) and

(M,ℵ) over a universe ℘ is the SVISS (N,Y = Ξ∪ℵ) = (L,Ξ)⊔e (M,ℵ), for all e ∈ Y ,

n(e) =


l(e) i f e ∈ Ξ−ℵ,

m(e) i f e ∈ ℵ−Ξ,

l(e)⋓m(e) i f e ∈ Ξ∩ℵ

Example 4.10. Let ℘ = {ℓ1, ℓ2, ℓ3, ℓ4, ℓ5, ℓ6, ℓ7, ℓ8} be an initial universe,

E = {e1,e2,e3,e4,e5} be a set of parameters, D,ℵ ⊆ E and Ξ = {e1,e2,e3} and

ℵ = {e3,e4,e5}. Let us consider the following SVISSs

(L,Ξ) = {(e1, [{ℓ1, ℓ3},{ℓ1, ℓ2, ℓ3, ℓ5}]),(e2, [{ℓ2, ℓ4},{ℓ1, ℓ2, ℓ3, ℓ4, ℓ6, ℓ8}]),

(e3, [{ℓ5, ℓ6},{ℓ1, ℓ2, ℓ5, ℓ6, ℓ7}])}
and

(M,ℵ) = {(e3, [{ℓ1, ℓ5},{ℓ1, ℓ2, ℓ4, ℓ5}]),(e4, [{ℓ2, ℓ6},{ℓ1, ℓ2, ℓ3, ℓ4, ℓ6, ℓ8}]),

(e5, [{ℓ2, ℓ7},{ℓ1, ℓ2, ℓ5, ℓ6, ℓ7}])}

Then,

17



(N,Y ) = (L,Ξ)⊔e (M,ℵ) = {(e1, [{ℓ1, ℓ3},{ℓ1, ℓ2, ℓ3, ℓ5}]),(e2, [{ℓ2, ℓ4},

{ℓ1, ℓ2, ℓ3, ℓ4, ℓ6, ℓ8}]),(e3, [{ℓ1, ℓ5, ℓ6},{ℓ1, ℓ2, ℓ4, ℓ5, ℓ6, ℓ7}]),

(e4, [{ℓ2, ℓ6},{ℓ1, ℓ2, ℓ3, ℓ4, ℓ6, ℓ8}]),(e5, [{ℓ2, ℓ7},{ℓ1, ℓ2, ℓ5, ℓ6, ℓ7}])}

Theorem 4.11. (Zhang and Fu 2012) Let (L,Ξ), (M,ℵ) and (N,Y ) be a SVISSs over

the same universe ℘. Then,

1. (L,Ξ)⊓e (L,Ξ) = (L,Ξ);

2. (L,Ξ)⊓e (M,ℵ) = (M,ℵ)⊓e (L,Ξ);

3. ((L,Ξ)⊓e (M,ℵ)⊓e (N,Y ) = (L,Ξ)⊓e ((M,ℵ)⊓e (N,Y ));

4. (L,Ξ)⊔e (L,Ξ) = (L,Ξ);

5. (L,Ξ)⊔e (M,ℵ) = (M,ℵ)⊔e (L,Ξ);

6. ((L,Ξ)⊔e (M,ℵ)⊔e (N,Y ) = (L,Ξ)⊔e ((M,ℵ)⊔e (N,Y )).

Definition 4.12. (Zhang and Fu 2012) The "restricted intersection" of two SVISSs

(L,Ξ) and (M,ℵ) over a universe ℘ is the SVISS (N,Y ) = (L,Ξ)⊓r (M,ℵ), where

Y = Ξ∩ℵ and for all e ∈ Y , n(e) = l(e)⋒m(e).

Example 4.13. For the SVISSs over ℘ given in Example 4.8, we get:

(N,Y ) = (L,Ξ)⊓r (M,ℵ) = {(e3, [{ℓ5},{ℓ1, ℓ2, ℓ5}])}.

Definition 4.14. (Zhang and Fu 2012) The restricted union of two SVISSs (L,Ξ) and

(M,ℵ) over the universe ℘ is the SVISS (N,Y ) = (L,Ξ) ⊔r (M,ℵ), where

Y = Ξ∩ℵ ̸= φ and for all e ∈ Y , n(e) = l(e)⋓m(e).

Example 4.15. Let us consider the SVISSs given in Example 4.8. We get:

(N,Y ) = L,Ξ)⊔r (M,ℵ) = {(e3, [{ℓ1, ℓ5, ℓ6},{ℓ1, ℓ2, ℓ4, ℓ5, ℓ6, ℓ7}])}.
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Theorem 4.16. (Zhang and Fu 2012) Let (L,Ξ), (M,ℵ) and (N,Y ) be a SVISSs over

the same universe ℘. Then,

1. (L,Ξ)⊓r (L,Ξ) = (L,Ξ);

2. (L,Ξ)⊓r (M,ℵ) = (M,ℵ)⊓r (L,Ξ);

3. ((L,Ξ)⊓r (M,ℵ)⊓r (N,Y ) = (L,Ξ)⊓r ((M,ℵ)⊓r (N,Y ));

4. (L,Ξ)⊔r (L,Ξ) = (L,Ξ);

5. (L,Ξ)⊔r (M,ℵ) = (M,ℵ)⊔r (L,Ξ);

6. ((L,Ξ)⊔r (M,ℵ)⊔r (N,Y ) = (L,Ξ)⊔r ((M,ℵ)⊔r (N,Y )).

For SVISSs, operations ⊓r and ⊔r satisfy commutativity, associativity, idempotent and

absorption rules. Using these properties, the following results can be get

Theorem 4.17. (Zhang 2014) Let (L,Ξ), (M,ℵ) and (N,Y ) be three SVISSs over the

same universe ℘. Then,

1. ((L,Ξ)⊔e (M,ℵ))⊓r (L,Ξ) = (L,Ξ);

2. ((L,Ξ)⊓r (M,ℵ))⊔e (L,Ξ) = (L,Ξ).

Proof. 1. Suppose that (L,Ξ)⊔e (M,ℵ) = (N,Ξ∪ℵ) and ((L,Ξ)⊔e (M,ℵ))⊓r (L,Ξ) =

(O,(Ξ∪ℵ)∩Ξ) = (O,Ξ).

For all e ∈ (Ξ∪ℵ)∩Ξ, e ∈ Ξ, O(e) = N(e)⊓L(e) = (L(e)⊔M(e))⊓L(e) = L(e);

Thus, ((L,Ξ)⊔e (M,ℵ))⊓r (L,Ξ) = (L,Ξ).

2. Suppose that (L,Ξ)⊓r (M,ℵ) = (N,Ξ∩ℵ) and

((L,Ξ)⊓r (M,ℵ))⊔e (L,Ξ) = (O,(Ξ∩ℵ)∪Ξ) = (O,Ξ).

For all e ∈ (Ξ∩ℵ)∪Ξ, e ∈ Ξ, O(e) = N(e)⊔L(e) = (L(e)⊓M(e))⊔L(e) = L(e);

Therefore, ((L,Ξ)⊓r (M,ℵ))⊔e (L,Ξ) = (L,Ξ).
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Theorem 4.18. (Zhang 2014) Let (L,Ξ), (M,ℵ) and (N,Y ) be three SVISSs over the

same universe ℘. Then,

1. ((L,Ξ)⊔r (M,ℵ))⊓e (L,Ξ) = (L,Ξ);

2. ((L,Ξ)⊓e (M,ℵ))⊔r (L,Ξ) = (L,Ξ).

Proof. 1. Let (L,Ξ)⊔r (M,ℵ) = (N,Ξ∩ℵ) and

((L,Ξ) ⊔r (M,ℵ)) ⊓e (L,Ξ) = (O,(Ξ ∩ ℵ) ∪ Ξ) = (O,Ξ). For all e ∈ Ξ ∩ ℵ,

O(e) = N(e) ⊓ L(e) = (L(e) ⊔ M(e)) ⊓ L(e) = L(e); for all

e ∈ Ξ\ (Ξ∩ℵ),O(e) = N(e)⊓L(e) = (L(e)⊔M(e))⊓L(e) = L(e).

Therefore, ((L,Ξ)⊔r (M,ℵ))⊓e (L,Ξ) = (L,Ξ).

2. Suppose that (L,Ξ)⊓e (M,ℵ) = (N,Ξ∪ℵ) and

((L,Ξ)⊓e (M,ℵ))⊔r (L,Ξ) = (O,(Ξ∪ℵ)∩Ξ) = (O,Ξ). For all e ∈ (Ξ∪ℵ)∩Ξ, e ∈ Ξ,

O(e) = N(e)⊔L(e) = (L(e)⊓M(e))⊔L(e) = L(e).

Therefore, ((L,Ξ)⊓e (M,ℵ))⊔r (L,Ξ) = (L,Ξ).
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5. FUZZY SET VALUED INTERVAL SETS

In this section, we define concept of fuzzy set valued interval (FSVI) and their

operations.

Definition 5.1. Let ℘ be a crisp set, L(℘) be the collection of fuzzy set over ℘ and

Ξ̃L, Ξ̃U ∈ L(℘). Then, fuzzy set valued interval (FSVI) Ξ over ℘ is defined by:

Ξ = [Ξ̃L, Ξ̃U ]; Ξ̃L ⊆ Ξ̃U

and FSVIU the family of all fuzzy set valued intervals over ℘.

Thus, Ξ is a fuzzy subset of℘. In particular, if Ξ̃L = Ξ̃U the SVI Ξ reduces to the classical

FS

Ξ = [Ξ̃, Ξ̃]

which is called a FS-interval or a FS-singleton. For example φ = [φ ,φ ], ℘= [℘̃,℘̃], here

℘̃ and φ̃ are universal fuzzy set and empty fuzzy set over ℘.

Example 5.2. Let ℘ = {ℓ1, ℓ2, ℓ3, ℓ4, ℓ5, ℓ6, ℓ7, ℓ8} be a non-empty set,

Ξ = [{ℓ2/.4, ℓ3/.5},{ℓ2/.5, ℓ3/.6, ℓ4/.7, ℓ7/.8}], since {ℓ2/.4, ℓ3/.5} ⊆ {ℓ2/.5, ℓ3/.6,

ℓ4/.7, ℓ7/.8} ⊆℘̃ then, Ξ is a FSVI over ℘.

Definition 5.3. An FSV-interval Ξ = [Ξ̃L, Ξ̃U ] over ℘ is said to be null- FSVI denoted by

[Φ̃], if Ξ̃L = φ̃ and Ξ̃U = φ̃ .

Definition 5.4. An FSVI Ξ = [Ξ̃L, Ξ̃U ] over ℘ is said to be absolute-FSVI denoted by

[℘̃], if Ξ̃L =℘ and Ξ̃U =℘.

Definition 5.5. Let Ξ = [Ξ̃L, Ξ̃U ] and ℵ = [ℵ̃L,ℵ̃U ] are two FSVIs over ℘. If Ξ̃L ⊆ ℵ̃L

and Ξ̃U ⊆ ℵ̃U , it is said that Ξ = [Ξ̃L, Ξ̃U ] is an FSVSI of ℵ = [ℵ̃L,ℵ̃U ] and it is denoted

by Ξ ⊑i ℵ.

Example 5.6. Let ℘ = {ℓ1, ℓ2, ℓ3, ℓ4, ℓ5, ℓ6, ℓ7, ℓ8} and D = [{ℓ2/.4, ℓ3/.4},
{ℓ2/.5, ℓ3/.6, ℓ4/.7, ℓ7/.8}] and ℵ = [{ℓ3/.5, ℓ4/.7, ℓ5/.7},{ℓ2/.5, ℓ3/.6, ℓ4/.7, ℓ5/.9,
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ℓ7/.8}] are two FSVIs. Then, since {ℓ2/.4, ℓ3/.4} ⊆ {ℓ3/.5, ℓ4/.7, ℓ5/.7} and

{ℓ2/.5, ℓ3/.6, ℓ4/.7, ℓ7/.8} ⊆ {ℓ2/.5, ℓ3/.6, ℓ4/.7, ℓ5/.9, ℓ7/.8} then, D⊑i ℵ.

Definition 5.7. Let Ξ = [Ξ̃L, Ξ̃U ] and ℵ = [ℵ̃L,ℵ̃U ] are two FSVIs over ℘. if Ξ ⊑i ℵ and

ℵ ⊑i Ξ then, Ξ̃ = ℵ.

Proposition 5.8. Let Ξ = [Ξ̃L, Ξ̃U ] and ℵ = [ℵ̃L,ℵ̃U ] and Y = [ỸL,ỸU ] are three FSVIs

over ℘. Then,

1. [Φ̃]⊑i Ξ

2. Ξ ⊑i [℘̃]

3. Ξ ⊑i Ξ

4. Ξ ⊑i ℵ and ℵ ⊑i Y⇒ Ξ ⊑i Y

Definition 5.9. Let Ξ = [Ξ̃L, Ξ̃U ] be an FSVI. Then, width of FSV-interval ℓ, denoted by

ω(Ξ) is defined as:

ω(Ξ) = |Ξ̃U\Ξ̃L|= ∑
ℓ∈Ξ̃L

µ(ℓ)

Example 5.10. we will consider FSVI. Ξ in Example 5.6. Then,

ω(Ξ) = |{ℓ2/.5, ℓ3/.6, ℓ4/.7, ℓ7/.8}|= 2.6

Definition 5.11. Let Ξ = [Ξ̃L, Ξ̃U ] be FSVI. Then, image of FSVI Ξ denoted by Ξ− is

defined as:

Ξ
− = [Ξ̃L, Ξ̃U ]

− = [℘̃\Ξ̃U ,℘̃\Ξ̃L]

Example 5.12. Let us consider FSVI Ξ in Example 5.6. Then,

Ξ− = [{ℓ1/1, ℓ2/.5, ℓ3/.4, ℓ5/1, ℓ6/.1, ℓ7/.2, ℓ8/1},{ℓ1/1, ℓ2/.6, ℓ3/.6, ℓ4/1, ℓ5/1,

ℓ6/1, ℓ7/1, ℓ8/1}].

Proposition 5.13. Let Ξ and ℵ be two FSVIs over ℘. Then,

1. (Ξ−)− = Ξ

2. [Φ̃]− = [℘̃]

3. [℘̃]− = [Φ̃]
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4. Ξ ⊑i ℵ ⇒ ℵ− ⊑i Ξ−

Definition 5.14. Let Ξ = [Ξ̃L, Ξ̃U ] be an FSVI. Then, magnitude of FSVI Ξ denoted by

|Ξ| is defined by:

|Ξ|= 2|Ξ̃U\Ξ̃L|

Example 5.15. Let us consider SVI Ξ in Example 5.6. Then,

|Ξ|= 22.6 = 6.06

Definition 5.16. Let Ξ = [Ξ̃L, Ξ̃U ] and ℵ = [ℵ̃L,ℵ̃U ] be two FSVIs over ℘. Then, union

of Ξ and ℵ, indicated by Ξ⋓̃ℵ is specified as:

Ξ⋓̃ℵ = [Ξ̃L ∪ ℵ̃L, Ξ̃U ∪ ℵ̃U ]

Definition 5.17. Let Ξ = [Ξ̃L, Ξ̃U ] and Ξ = [ℵ̃L,ℵ̃U ] be two FSVIs over ℘. Then,

intersection of Ξ and ℵ, indicated by Ξ⋒̃Ξ is defined as:

Ξ⋒̃ℵ = [Ξ̃L ∩ ℵ̃L, Ξ̃U ∩ ℵ̃U ]

Example 5.18. Given two FSVIs over ℘= {ℓ1, ℓ2, ℓ3, ℓ4, ℓ5, ℓ6, ℓ7},

Ξ = [{ℓ1/.2, ℓ2/.3},{ℓ1/.2, ℓ2/.4, ℓ3/.5, ℓ5/.6, ℓ6/.7}] and

ℵ = [{ℓ2/.3, ℓ3/.4, ℓ4/.5},{ℓ2/.4, ℓ3/.6, ℓ4/.5, ℓ5/.4, ℓ7/.8}] then,

Ξ⋓̃ℵ =[{ℓ1/.2, ℓ2/.3, ℓ3/.4, ℓ4/.5},{ℓ1/.2, ℓ2/.4, ℓ3/.6, ℓ4/.5, ℓ5/.6, ℓ6/.7, ℓ7/.8}]

and

Ξ⋒̃ℵ = [{ℓ2/.3},{ℓ2/.4, ℓ3/.5, ℓ5/.4}]

Proposition 5.19. Let Ξ = [Ξ̃L, Ξ̃U ] and ℵ = [ℵ̃L,ℵ̃U ] and Y = [ỸL,ỸU ] be three FSVIs

over ℘. Then,

1. Ξ⋒̃Ξ = Ξ and Ξ⋓̃Ξ = Ξ

2. Ξ⋒̃ℵ = ℵ⋒̃Ξ and Ξ⋓̃ℵ = ℵ⋓̃Ξ

3. Ξ⋒̃[Φ̃] = [Φ̃] and Ξ⋒̃[℘̃] = Ξ

4. Ξ⋓̃[Φ̃] = Ξ and Ξ⋓̃[℘̃] = [℘̃]

5. Ξ⋒̃(ℵ⋒̃Y) = (Ξ⋒̃ℵ)⋒̃Y) and Ξ⋓̃(ℵ⋓Y) = (Ξ⋓̃ℵ)⋓̃Y)
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6. Ξ⋒̃(ℵ⋓̃Y) = (Ξ⋒̃ℵ)⋓̃(Ξ⋒̃Y) and Ξ⋓̃(ℵ⋒̃Y) = (Ξ⋓̃ℵ)⋒̃(Ξ⋓̃Y)

Proof. 1. Since Ξ̃L ∩ Ξ̃L = Ξ̃L and Ξ̃U ∩ Ξ̃U = Ξ̃U then, Ξ⋒̃Ξ = Ξ and since

Ξ̃L ∪ Ξ̃L = Ξ̃L and Ξ̃U ∪ Ξ̃U = Ξ̃U then, Ξ⋓̃Ξ = Ξ.

2. Since Ξ̃L ∩ ℵ̃L = ℵ̃L ∩ Ξ̃L and Ξ̃U ∩ ℵ̃U = ℵ̃U ∩ Ξ̃U and Ξ̃L ∪ ℵ̃L = ℵ̃L ∪ Ξ̃L and

Ξ̃U ∪ ℵ̃U = ℵ̃U ∪ Ξ̃U then, Ξ⋒̃ℵ = ℵ⋒̃Ξ and Ξ⋓̃ℵ = ℵ⋓̃Ξ, respectively.

3. Since Ξ̃L ∩ φ̃ = φ̃ and Ξ̃U ∩ φ̃ = φ̃ then, Ξ⋒̃[Φ̃] = [Φ̃]. Since Ξ̃L ∩ [℘̃] = Ξ̃L and

Ξ̃U ∩ [℘̃] = Ξ̃U then, Ξ⋒̃[℘̃] = Ξ.

4. Since Ξ̃L ∪ φ̃ = Ξ̃L and Ξ̃U ∪ [Φ̃] = Ξ̃U then, Ξ⋓̃[Φ̃] = Ξ. Since Ξ̃L ∪ [℘̃] = [℘̃] and

Ξ̃U ∪ [℘̃] = [℘̃] then, Ξ⋓ [℘̃] = [℘̃].

5.

Ξ⋒̃(ℵ⋒̃Y) =[Ξ̃L ∩ (ℵ̃L ∩ ỸL), Ξ̃U ∩ (ℵ̃U ∩ ỸU)]

=[(Ξ̃L ∩ ℵ̃L)∩ ỸL,(Ξ̃U ∩ ℵ̃U)∩ ỸU ]

=[Ξ̃L ∩ ℵ̃L,(Ξ̃U ∩ ℵ̃U)]⋒̃[ỸL,ỸU ]

=(Ξ⋒̃ℵ)⋒̃Y

and

Ξ⋓̃(ℵ⋓̃Y) =[Ξ̃L ∪ (ℵ̃L ∪ ỸL), Ξ̃U ∪ (ℵ̃U ∪ ỸU)]

=[(Ξ̃L ∪ ℵ̃L)∪ ỸL,(Ξ̃U ∪ ℵ̃U)∪ ỸU ]

=[Ξ̃L ∪ ℵ̃L, Ξ̃U ∪ ℵ̃U ]⋓̃[ỸL,ỸU ]

=(Ξ⋓̃ℵ)⋓̃Y
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6.

Ξ⋒̃(ℵ⋓̃Y) =[Ξ̃L ∩ (ℵ̃L ∪ ỸL), Ξ̃U ∩ (ℵ̃U ∪ ỸU)]

=[(Ξ̃L ∩ ℵ̃L)∪ (Ξ̃L ∩ ỸL),(Ξ̃U ∩ ℵ̃U)∪ (ℵ̃U ∩ ỸU)]

=[Ξ̃L ∩ ℵ̃L, Ξ̃U ∩ ℵ̃U ]⋓̃[Ξ̃L ∩ ỸL, Ξ̃U ∩ ỸU ]

=(Ξ⋒̃ℵ)⋓̃(Ξ⋒̃Y)

The proof of Ξ⋓̃(ℵ⋒̃Y) = (Ξ⋓̃ℵ)⋒̃(Ξ⋓̃Y) can be easily obtained as similar in above.

Proposition 5.20. Let Ξ = [Ξ̃L, Ξ̃U ] and ℵ = [ℵ̃L,ℵ̃U ] be two FSVIs over ℘. Then,

1. (Ξ⋓̃ℵ)− = Ξ−⋒̃ℵ−

2. (Ξ⋒̃ℵ)− = Ξ−⋓̃ℵ−

Proof. 1.

(Ξ⋓̃ℵ)− =([Ξ̃L ∪ ℵ̃L, Ξ̃U ∪ ℵ̃U ])
−

=[℘̃\ (Ξ̃U ∪ ℵ̃U),℘̃\ (Ξ̃L ∪ ℵ̃L)]

=[(Ξ̃U ∪ ℵ̃U)
c,(Ξ̃L ∪ ℵ̃L)

c]

=[Ξ̃c
U ∩ ℵ̃

c
U , Ξ̃

c
L ∩ ℵ̃

c
L]

=[Ξ̃c
U , Ξ̃

c
L]⋒̃[B̃

c
U ,ℵ̃

c
L]

=[℘̃\Ξ̃U ,℘̃\Ξ̃L]⋒̃[℘̃\ℵ̃U ,℘̃\ℵ̃L]

=[Ξ̃L, Ξ̃U ]
−⋒̃[ℵ̃L,ℵ̃U ]

−

=Ξ
−⋒̃ℵ

−
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2.

(Ξ⋒̃ℵ)− =([Ξ̃L ∩ ℵ̃L, Ξ̃U ∩ ℵ̃U ])
−

=[℘̃\ (Ξ̃U ∩ ℵ̃U),℘̃\ (Ξ̃L ∩ ℵ̃L)]

=[(Ξ̃U ∩ ℵ̃U)
c,(Ξ̃L ∩ ℵ̃L)

c]

=[Ξ̃c
U ∪ ℵ̃

c
U , Ξ̃

c
L ∪ ℵ̃

c
L]

=[Ξ̃c
U , Ξ̃

c
L]⋓̃[ℵ̃

c
U ,ℵ̃

c
L]

=[℘̃\Ξ̃U ,℘̃\Ξ̃L]⋓̃[℘̃\ℵ̃U ,℘̃\ℵ̃L]

=[Ξ̃L, Ξ̃U ]
−⋓̃[ℵ̃L,ℵ̃U ]

−

=Ξ
−⋓̃ℵ

−

Definition 5.21. Let Ξ = [Ξ̃L, Ξ̃U ] and ℵ = [ℵ̃L,ℵ̃U ] be two FSVIs over ℘. Then,

difference of Ξ and ℵ , indicated by Ξ ≀ℵ is specified as:

Ξ ≀ℵ = [(Ξ̃L\ℵ̃U),(Ξ̃U\ℵ̃L)]

Example 5.22. Let us consider two FSVIs on ℘= {ℓ1, ℓ2, ℓ3, ℓ4, ℓ5, ℓ6, ℓ7} given as:

Ξ = [{ℓ1/.2, ℓ4/.3, ℓ5/.6},{ℓ1/.7, ℓ2/.4, ℓ4/.7, ℓ5/.8, ℓ6/.2}] and

ℵ = [{ℓ2/.4, ℓ5/.6, ℓ7/.3},{ℓ1/.3, ℓ2/.5, ℓ4/.8, ℓ5/.9, ℓ7/.4}].
Then, Ξ ≀ℵ = [{ℓ1/.2, ℓ4/.2, ℓ5/.1},{ℓ1/.7, ℓ2/.4, ℓ4/.7, ℓ5/.4, ℓ6/.2}]

Proposition 5.23. Let Ξ = [Ξ̃L, Ξ̃U ] and ℵ = [ℵ̃L,ℵ̃U ] be two FSVIs over ℘. Then,

Ξ ≀ℵ = Ξ⋒̃ℵ
−
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Proof.

(Ξ ≀ℵ) = ([Ξ̃L \ ℵ̃U , Ξ̃U \ℵL])

= [℘∩ (Ξ̃L \ ℵ̃U),℘∩ (Ξ̃U \ ℵ̃L)]

= [℘̃∩ (Ξ̃L ∩ ℵ̃
c
U),℘̃∩ (Ξ̃U ∩ ℵ̃

c
L)]

= [Ξ̃L ∩ (℘̃∩ ℵ̃
c
U), Ξ̃U ∩ (℘̃∩ ℵ̃

c
L)]

= [Ξ̃L ∩ (℘̃\ ℵ̃U), Ξ̃U ∩ (℘̃\ ℵ̃L)]

= [Ξ̃L, Ξ̃U ]⋒̃[(℘̃\ ℵ̃U),(℘̃\ ℵ̃L)]

= Ξ⋒̃ℵ
−

Definition 5.24. Let Ξ = [Ξ̃L, Ξ̃U ] and ℵ = [ℵ̃L,ℵ̃U ] be two FSVIs over ℘. Then,

symmetric difference of Ξ and ℵ , indicated by Ξ △ ℵ is specified as:

Ξ △ ℵ = [(Ξ̃L\ℵ̃U)∪ (ℵ̃L\Ξ̃U),(Ξ̃U\ℵ̃L)∪ (ℵ̃U\Ξ̃L)]

Example 5.25. Let us consider FSVIs Ξ and ℵ given in Example 5.22. Then,

Ξ △ ℵ = [{ℓ1/.2, ℓ2/.4, ℓ4/.2, ℓ5/.2, ℓ7/.2},{ℓ1/.7, ℓ2/.4, ℓ4/.7, ℓ5/.4, ℓ6/.2, ℓ7/.4}]
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6. FUZZY SET VALUED INTERVAL SOFT SETS

We present the concept of fuzzy set valued interval soft set (FSVIS-set) in this section.

After that, we describe the operations of FSVISS and look into how they relate to one

another.

Definition 6.1. Let E be a parameter set,℘be an initial universe and L [℘] be set of FSVI

over ℘. Then, fuzzy set valued interval soft set (FSVIS-set) denoted by (l̃,D) is defined

by

(l̃,Ξ) = {(e, l̃(e)) : l̃(e) ∈ L [℘]}

here l̃(e) = [l̃1(e), l̃2(e)], such that l̃1(e), l̃2(e) ∈ L (℘) and l̃1(e) ⊆ l̃2(e). From now on,

we will use L S[℘] instead of the set of all FSVISSs over ℘.

Definition 6.2. Let l̃ ∈ L S[℘]. Then, element(s) of l̃2(e)\l̃1(e) is(are) called uncertainty

element(s) related to the parameter e ∈ E.

Example 6.3. Let ℘ = {ℓ1, ℓ2, ℓ3, ℓ4, ℓ5, ℓ6, ℓ7, ℓ8} be an initial universe and

E = {e1,e2,e3,e4,e5} be a set of parameters. If,

l̃(e1) = [{ℓ1/.5, ℓ3/.4},{ℓ1/.6, ℓ2/.2, ℓ3/.5, ℓ5/.7}]

l̃(e2) = [{ℓ2/.1, ℓ4/.6},{ℓ1/.9, ℓ2/.3, ℓ3/.5, ℓ4/.7, ℓ6/.2, ℓ8/.3}]

l̃(e3) = [{ℓ5/.4, ℓ6/.7},{ℓ1/.2, ℓ2/.4, ℓ5/.8, ℓ6/.9, ℓ7/.3}]

l̃(e4) = [{ℓ1/.3, ℓ2/.4, ℓ7/.5, ℓ8/.6},{ℓ1/.4, ℓ2/.6, ℓ3/.2, ℓ5/.4, ℓ7/.6, ℓ8/.9}]

l̃(e5) = [φ̃ ,{ℓ1/.1, ℓ4/.7, ℓ5/.5, ℓ6/.4}]
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then the FSVISS is written by

l̃ ={(e1, [{ℓ1/.5, ℓ3/.4},{ℓ1/.6, ℓ2/.2, ℓ3/.5, ℓ5/.7}]),

(e2, [{ℓ2/.1, ℓ4/.6},{ℓ1/.9, ℓ2/.3, ℓ3/.5, ℓ4/.7, ℓ6/.2, ℓ8/.3}]),

(e3, [{ℓ5/.4, ℓ6/.7},{ℓ1/.2, ℓ2/.4, ℓ5/.8, ℓ6/.9, ℓ7/.3}]),

(e4, [{ℓ1/.3, ℓ2/.4, ℓ7/.5, ℓ8/.6},{ℓ1/.4, ℓ2/.6, ℓ3/.2, ℓ5/.4, ℓ7/.6, ℓ8/.9}])

(e5, [φ̃ ,{ℓ1/.1, ℓ4/.7, ℓ5/.5, ℓ6/.4}])}

The tabler represents the FSVISS l̃ is as follow:

ℓ1 ℓ2 ℓ3 ℓ4 ℓ5 ℓ6 ℓ7 ℓ8
e1 [.5,.6] [0,.2] [.4,.5] [0,0] [0,.7] [0,0] [0,0] [0,0]
e2 [0,.9] [.1,.3] [0,.5] [.6,.7] [0,0] [0,.2] [0,0] [0,.3]
e3 [0,.2] [0,.4] [0,0] [0,0] [.4,.8] [.7,.9] [0,.3] [0,0]
e4 [.3,.4] [.4,.6] [0,.2] [0,0] [0,.4] [0,0] [.5,.7] [.6,.9]
e5 [0,.1] [0,0] [0,0] [0,.7] [0,.5] [0,.4] [0,0] [0,0]

Definition 6.4. Let l̃ ∈ L S[℘]. If l̃(e) = [Φ̃] for all e ∈ E. Then, l̃ is called an empty

FSVISS, denoted by [̃Φ̃].

Definition 6.5. Let l̃ ∈ S[℘]. If l̃(e) = [℘̃] for all e ∈ E. Then, l̃ is called an universal

FSVISS, denoted by [̃℘̃].

Definition 6.6. The extended intersection of two FSVISSs (l̃,Ξ) and (m̃,ℵ) over an

universe ℘ is the FSVIS-set denoted by (ñ,Y ) = (l̃,Ξ)⊓̃e(m̃,ℵ), where Y = Ξ ∪ ℵ,

(Ξ,ℵ ⊆ E) and for all e ∈ Y ,

ñ(e) =


l̃(e) i f e ∈ Ξ−ℵ,

m̃(e) i f e ∈ ℵ−Ξ,

l̃(e)⋒̃m̃(e) i f e ∈ Ξ∩ℵ

Example 6.7. Let ℘ = {ℓ1, ℓ2, ℓ3, ℓ4, ℓ5, ℓ6, ℓ7, ℓ8} be an initial universe and

E = {e1,e2,e3,e4,e5} be a set of parameters. Ξ,ℵ ⊆ E and Ξ = {e1,e2,e3} and

ℵ = {e3,e4,e5}. Let us consider the following FSVIS-sets.
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(l̃,Ξ)) = {(e1, [{ℓ1/.5, ℓ3/.4},{ℓ1/.6, ℓ2/.2, ℓ3/.5, ℓ5/.7}]),(e2,

[{ℓ2/.1, ℓ4/.6},{ℓ1/.9, ℓ2/.3, ℓ3/.5, ℓ4/.7, ℓ6/.2, ℓ8/.3}]),(e3,

[{ℓ5/.4, ℓ6/.7},{ℓ1/.2, ℓ2/.5, ℓ5/.8, ℓ6/.9, ℓ7/.3}])}

and

(m̃,ℵ)) = {(e3, [{ℓ1/.1, ℓ5/.4},{ℓ1/.2, ℓ2/.5, ℓ4/.6, ℓ5/.8}]),(e4, [{ℓ2/.8, ℓ6/.7},

{ℓ1/.2, ℓ2/.9, ℓ3/.5, ℓ4/.5, ℓ6/.8, ℓ8/.7}]),(e5, [{ℓ2/.2, ℓ7/.3},

{ℓ1/.4, ℓ2/.3, ℓ5/.4, ℓ6/.6, ℓ7/.4}])}.

Then,

(ñ,Y ) = (l̃,Ξ)⊓̃e(m̃,ℵ)

= {(e1, [{ℓ1/.5, ℓ3/.4},{ℓ1/.6, ℓ2/.2, ℓ3/.5, ℓ5/.7}]),(e2, [{ℓ2/.1, ℓ4/.6},

{ℓ1/.9, ℓ2/.3, ℓ3/.5, ℓ4/.7, ℓ6/.2, ℓ8/.3}]),(e3, [{ℓ5/.4},

{ℓ1/.2, ℓ2/.5, ℓ5/.8}]),(e4, [{ℓ2/.8, ℓ6/.7},

{ℓ1/.2, ℓ2/.9, ℓ3/.5, ℓ4/.5, ℓ6/.8, ℓ8/.7}]),

(e5, [{ℓ2/.2, ℓ7/.3},{ℓ1/.4, ℓ2/.3, ℓ5/.4, ℓ6/.6, ℓ7/.4}])}.

Definition 6.8. The extended union of two FSVIS-sets (l̃,Ξ) and (m̃,ℵ) over a universe

℘ is the FSVIS-set denoted by (ñ,Y ) = (l̃,Ξ)⊔̃e(m̃,ℵ), where Y = Ξ∪ℵ, and for all

e ∈ Y (Ξ,ℵ ⊆ E),

ñ(e) =


l̃(e) i f e ∈ Ξ−ℵ,

m̃(e) i f e ∈ ℵ−Ξ,

l̃(e)⋓̃m̃(e) i f e ∈ Ξ∩ℵ.

Example 6.9. Let ℘ = {ℓ1, ℓ2, ℓ3, ℓ4, ℓ5, ℓ6, ℓ7, ℓ8} be an initial universe and

E = {e1,e2,e3,e4,e5} be a set of parameters. Ξ,ℵ ⊆ E and Ξ = {e1,e2,e3} and

ℵ = {e3,e4,e5}. Let us consider the following FSVIS-sets
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(l̃,Ξ) = {(e1, [{ℓ1/.5, ℓ3/.4},{ℓ1/.6, ℓ2/.2, ℓ3/.5, ℓ5/.7}]),(e2,

[{ℓ2/.1, ℓ4/.6},{ℓ1/.9, ℓ2/.3, ℓ3/.5, ℓ4/.7, ℓ6/.2, ℓ8/.3}]),

(e3, [{ℓ5/.4, ℓ6/.7},{ℓ1/.2, ℓ2/.5, ℓ5/.8, ℓ6/.9, ℓ7/.3}])}
and

(m̃,ℵ) = {(e3, [{ℓ1/.1, ℓ5/.4},{ℓ1/.2, ℓ2/.5, ℓ4/.6, ℓ5/.8}]),(e4, [{ℓ2/.8, ℓ6/.7},

{ℓ1/.2, ℓ2/.9, ℓ3/.5, ℓ4/.5, ℓ6/.8, ℓ8/.7}]),(e5, [{ℓ2/.2, ℓ7/.3},

{ℓ1/.4, ℓ2/.3, ℓ5/.4, ℓ6/.6, ℓ7/.4}])}.
Then,

(ñ,Y ) = ((l̃,Ξ)⊔̃e(m̃,ℵ))

= {(e1, [{ℓ1/.5, ℓ3/.4},{ℓ1/.6, ℓ2/.2, ℓ3/.5, ℓ5/.7}]),(e2, [{ℓ2/.1, ℓ4/.6},

{ℓ1/.9, ℓ2/.3, ℓ3/.5, ℓ4/.7, ℓ6/.2, ℓ8/.3}]),(e3, [{ℓ1/.1, ℓ5/.4, ℓ6/.7},

{ℓ1/.2, ℓ2/.5, ℓ4/.6, ℓ5/.8, ℓ6/.9, ℓ7/.3}]),(e4, [{ℓ2/.8, ℓ6/.7},

{ℓ1/.2, ℓ2/.9, ℓ3/.5, ℓ4/.5, ℓ6/.8, ℓ8/.7}]),(e5, [{ℓ2/.2, ℓ7/.3},

{ℓ1/.4, ℓ2/.3, ℓ5/.4, ℓ6/.6, ℓ7/.4}])}.

Theorem 6.10. Let (l̃,Ξ),(m̃,ℵ) and (ñ,Y ) be three FSVIS-sets over the same universe

℘. Then,

1. (l̃,Ξ)⊓̃e(l̃,Ξ) = (l̃,Ξ);

2. (l̃,Ξ)⊓̃e(m̃,ℵ) = (m̃,ℵ)⊓̃e(l̃,Ξ);

3. ((l̃,Ξ)⊓̃e(m̃,ℵ))⊓̃e(ñ,Y ) = (l̃,Ξ)⊓̃e((m̃,ℵ)⊓̃e(ñ,Y ));

4. (l̃,Ξ)⊔̃e(l̃,Ξ) = (l̃,Ξ);

5. (l̃,Ξ)⊔̃e(m̃,ℵ) = (m̃,ℵ)⊔̃e(l̃,Ξ);

6. ((l̃,Ξ)⊔̃e(m̃,ℵ))⊔̃e(ñ,Y ) = (l̃,Ξ)⊔̃e((m̃,ℵ)⊔̃e(ñ,Y ).

Definition 6.11. The restricted intersection of two FSVIS-sets (l̃,Ξ) and (m̃,ℵ) over a

universe ℘ is the FSVIS-set denoted by (ñ,Y ) = (l̃,Ξ)⊓̃r(m̃,ℵ), where

Y = Ξ∩ℵ(Ξ,ℵ ⊆ E) and for all e ∈ Y , ñ(e) = l̃(e)⋒̃m̃(e).

Example 6.12. Let ℘ = {ℓ1, ℓ2, ℓ3, ℓ4, ℓ5, ℓ6, ℓ7, ℓ8} be an initial universe and

E = {e1,e2,e3,e4,e5} be a set of parameters. Ξ,ℵ ⊆ E and Ξ = {e1,e2,e3} and

31



ℵ = {e3,e4,e5}. Let us consider the following FSVIS-sets

(l̃,Ξ) = {(e1, [{ℓ1/.5, ℓ3/.4},{ℓ1/.6, ℓ2/.2, ℓ3/.5, ℓ5/.7}]),(e2,

[{ℓ2/.1, ℓ4/.6},{ℓ1/.9, ℓ2/.3, ℓ3/.5, ℓ4/.7, ℓ6/.2, ℓ8/.3}]),

(e3, [{ℓ5/.4, ℓ6/.7},{ℓ1/.2, ℓ2/.5, ℓ5/.8, ℓ6/.9, ℓ7/.3}])}

and

(m̃,ℵ) = {(e3, [{ℓ1/.1, ℓ5/.4},{ℓ1/.2, ℓ2/.5, ℓ4/.6, ℓ5/.8}]),(e4, [{ℓ2/.8, ℓ6/.7},

{ℓ1/.2, ℓ2/.9, ℓ3/.5, ℓ4/.5, ℓ6/.8, ℓ8/.7}]),(e5, [{ℓ2/.2, ℓ7/.3},

{ℓ1/.4, ℓ2/.3, ℓ5/.4, ℓ6/.6, ℓ7/.4}])}.

Then,

(ñ,Y ) = (l̃,Ξ)⊓̃r(m̃,ℵ)

= {(e3, [{ℓ5/.4},{ℓ1/.2, ℓ2/.5, ℓ5/.8}])}.

Definition 6.13. The restricted union of two FSVISSs (l̃,Ξ) and (m̃,ℵ) over a universe

℘ is an FSVISS denoted by (ñ,Y ) = (l̃,Ξ)⊔̃r(m̃,ℵ), where Y = Ξ∩ℵ ̸= φ and ∀ e ∈ Y ,

n(e) = l̃(e)⋓̃m̃(e).

Example 6.14. Let ℘ = {ℓ1, ℓ2, ℓ3, ℓ4, ℓ5, ℓ6, ℓ7, ℓ8} be an initial universe and

E = {e1,e2,e3,e4,e5} be a set of parameters. Ξ,ℵ ⊆ E and Ξ = {e1,e2,e3} and

ℵ = {e3,e4,e5}. Let us consider the following,

(l̃,Ξ) = {(e1, [{ℓ1/.5, ℓ3/.4},{ℓ1/.6, ℓ2/.2, ℓ3/.5, ℓ5/.7}]),(e2,

[{ℓ2/.1, ℓ4/.6},{ℓ1/.9, ℓ2/.3, ℓ3/.5, ℓ4/.7, ℓ6/.2, ℓ8/.3}]),

(e3, [{ℓ5/.4, ℓ6/.7},{ℓ1/.2, ℓ2/.5, ℓ5/.8, ℓ6/.9, ℓ7/.3}])}
and
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(m̃,ℵ) = {(e3, [{ℓ1/.1, ℓ5/.4},{ℓ1/.2, ℓ2/.5, ℓ4/.6, ℓ5/.8}]),(e4, [{ℓ2/.8, ℓ6/.7},

{ℓ1/.2, ℓ2/.9, ℓ3/.5, ℓ4/.5, ℓ6/.8, ℓ8/.7}]),(e5, [{ℓ2/.2, ℓ7/.3},

{ℓ1/.4, ℓ2/.3, ℓ5/.4, ℓ6/.6, ℓ7/.4}])}.
Then,

(ñ,Y ) = (l̃,Ξ)⊔̃r(m̃,ℵ)

= {(e3, [{ℓ1/.1, ℓ5/.4, ℓ6/.7},{ℓ1/.2, ℓ2/.5, ℓ4/.6, ℓ5/.8, ℓ6/.9, ℓ7/.3}])}.

Theorem 6.15. Let (l̃,Ξ), (m̃,ℵ) and (ñ,Y ) be three FSVISSs over the same universe ℘.

Then,

1. (l̃,Ξ)⊓̃r(l̃,Ξ) = (l̃,Ξ);

2. (l̃,Ξ)⊓̃r(m̃,ℵ) = (m̃,ℵ)⊓̃r(l̃,Ξ);

3. ((l̃,Ξ)⊓̃r(m̃,ℵ))⊓̃r(ñ,Y ) = (l̃,Ξ)⊓̃r((m̃,ℵ)⊓̃r(ñ,Y ));

4. (l̃,Ξ)⊔̃r(l̃,Ξ) = (l̃,Ξ);

5. (l̃,Ξ)⊔̃r(m̃,ℵ) = (m̃,ℵ)⊔̃r(l̃,Ξ);

6. ((l̃,Ξ)⊔̃r(m̃,ℵ))⊔̃r(ñ,Y ) = (l̃,Ξ)⊔̃r((m̃,ℵ)⊔̃r(ñ,Y ).

FSVISS operations ⊓̃r and ⊔̃e satisfy commutativity, associativity, idempotent and

absorption. Using these properties, we can get following results.

Theorem 6.16. Let (l̃,Ξ), (m̃,ℵ) and (ñ,Y ) be three FSVISSs over the same universe ℘.

Then,

1. ((l̃,Ξ)⊔̃e(m̃,ℵ))⊓̃r(l̃,Ξ) = (l̃,Ξ);

2. ((l̃,Ξ)⊓̃r(m̃,ℵ))⊔̃e(l̃,Ξ) = (l̃,Ξ)

Proof. 1. Suppose that (l̃,Ξ)⊔̃e(m̃,ℵ)) = (ñ,Ξ∪ℵ) and

((l̃,Ξ)⊔̃e(m̃,ℵ)))⊓̃r(l̃,Ξ) = (õ,(Ξ∪ℵ)∩Ξ) = (õ,Ξ). For all e ∈ (Ξ∪ℵ)∩Ξ, e ∈ Ξ.

Then, õ(e) = ñ(e)⋒̃l̃(e) = (l̃(e)⋓̃m̃(e))⋒̃l̃(e) = l̃(e). Therefore,

((l̃,Ξ)⊔̃e(m̃,ℵ)))⊓̃r(l̃,Ξ) = (l̃,Ξ).

2. Suppose that (l̃,Ξ)⊓̃r(m̃,ℵ)) = (ñ,Ξ∩ℵ) and
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((l̃,Ξ)⊓̃r(m̃,ℵ)))⊔̃e(l̃,Ξ) = (õ,(Ξ∩ℵ)∪Ξ) = (õ,Ξ). For all e ∈ (Ξ∩ℵ)∪Ξ, e ∈ Ξ.

Then, õ(e) = ñ(e)⋓̃l̃(e) = (l̃(e)⋒̃m̃(e))⋓̃l̃(e) = l̃(e).

Therefore, ((l̃,Ξ)⊓̃r(m̃,ℵ))⊔̃e(l̃,Ξ) = (l̃,Ξ).

Theorem 6.17. Let (l̃,Ξ), (m̃,ℵ)) and (ñ,Y ) be three FSVISSs over the same universe

℘. Then,

1. ((l̃,Ξ)⊔̃r(m̃,ℵ))⊓̃e(l̃,Ξ) = (l̃,Ξ);

2. ((l̃,Ξ)⊓̃e(m̃,ℵ))⊔̃r(l̃,Ξ) = (l̃,Ξ).

Proof. Let (l̃,Ξ), (m̃,ℵ) and (ñ,Y ) be three FSVISSs over the same universe ℘.

1. Let (l̃,Ξ)⊔̃r(m̃,ℵ) = (ñ,Y ) and

((l̃,Ξ)⊔̃r(m̃,ℵ))⊓̃e(l̃,Ξ) = (õ,(Ξ∪ℵ)∩Ξ) = (õ,Ξ)∀e ∈ D

(a) if e ∈ ℵ, then õ(e) = ñ(e)⋒̃l̃(e) = (l̃(e)⋓̃m̃(e))⋒̃l̃(e) = l̃(e);

(b) if e ∈ Ξ\ℵ, then õ(e) = ñ(e)⋒̃l̃(e) = l̃(e)⋒̃l(e) = l̃(e);

Therefore, ((l̃,Ξ)⊔̃r(m̃,ℵ))⊓̃e(l̃,Ξ) = (l̃,Ξ).

2. Suppose that (l̃,Ξ)⊓̃e(m̃,ℵ) = (ñ,Ξ∩ℵ) and

((l̃,Ξ)⊓e (m̃,ℵ))⊔̃r(l̃,Ξ) = (õ,(Ξ∩ℵ)∪Ξ) = (õ,Ξ). For all e ∈ Ξ

(a) if e ∈ ℵ, then õ(e) = ñ(e)⊔ l̃(e) = (l̃(e)⊓ m̃(e))⊔ l̃(e) = l̃(e);

(b) if e ∈ Ξ\ℵ, then õ(e) = l̃(e);

Therefore, ((l̃,Ξ)⊓̃e(m̃,ℵ))⊔̃r(l̃,Ξ) = (l̃,Ξ).

Definition 6.18. Let (l̃,Ξ) be an FSVISS over℘. Then, image of (l̃,Ξ) denoted by (l̃,Ξ)∼

is an FSVISS defined as follows:

(l̃,Ξ)∼ = {(e, [℘̃\ l̃U(e),℘̃\ l̃L(e)]) : e ∈ Ξ}

Theorem 6.19. Let (l̃,Ξ) and (m̃,ℵ) be two FSVISSs over the same universe ℘. Then,

1. ((l̃,Ξ)⊔̃r(m̃,ℵ))∼ = (l̃,Ξ)−⊓̃e(m̃,ℵ)∼;

2. ((l̃,Ξ)⊓̃e(m̃,ℵ))∼ = (l̃,Ξ)∼⊔̃r(m̃,ℵ)∼;
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Proof. Let us consider FSVISSs;

(l̃,Ξ) =
{
(e, [l̃L(e), l̃U(e)]) : e ∈ D, l̃L(e), l̃U(e) ∈ L (℘)}

and

(m̃,ℵ) =
{
(e, [m̃L(e), m̃U(e)]) : e ∈ ℵ, m̃L(e), m̃U(e) ∈ L (℘)}.

1. Assume that (l̃,Ξ)⊔̃r(m̃,ℵ) = (ñ,Y ) here

ñ(e) = l̃(e)⋓̃m̃(e) = [l̃L(e)∪ m̃L(e), l̃U(e)∪ m̃U(e)]

for all e ∈ Y = Ξ∩ℵ ̸= /0.
ñ−(e) = [℘\ (l̃U(e)∪ m̃U(e)),℘\ (l̃L(e)∪ m̃L(e))]

= [℘̃∩ (l̃U(e)∪ m̃U(e))c,℘̃∩ (l̃L(e)∪ m̃L(e))c]

= [℘̃∩ (l̃c
U(e)∩ m̃c

U(e)),℘̃∩ (l̃c
L(e)∩ m̃c

L(e))]

= [(℘̃∩ l̃c
U(e))∩ (℘̃∩ m̃c

U(e)),(℘̃∩ l̃c
L(e))∩ (℘̃∩ m̃c

L(e))]

= [(℘̃\ l̃U(e))∩ (℘̃\ m̃U(e)),(℘̃\ l̃L(e))∩ (℘̃\ m̃L(e))]

= [(℘̃\ l̃U(e)),(℘̃\ l̃L(e))]⋒̃[(℘̃\ m̃U(e)),(℘̃\ m̃L(e))]

= [l̃L(e), l̃U(e)]−⋒̃[m̃L(e), m̃U(e)]−

= l̃−(e)⋒̃m̃−(e).
Thus, ((l̃,Ξ)⊔̃r(m̃,ℵ))∼ = (l̃,Ξ)∼⊓̃e(m̃,ℵ)∼.

2. Assume that (l̃,Ξ)⊓e (m̃,ℵ) = (õ,Y ) here

ñ(e) = l̃(e)⋒̃m̃(e) = [l̃L(e)∩ m̃L(e), l̃U(e)∩ m̃U(e)]

for all e ∈ Y = Ξ∩ℵ ̸= /0.
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õ−(e) = [℘̃\ (l̃U(e)∩ m̃U(e)),℘̃\ (l̃L(e)∩ m̃L(e))]

= [℘̃∩ (l̃U(e)∩ m̃U(e))c,℘̃∩ (l̃L(e)∩ m̃L(e))c]

= [℘̃∩ (l̃c
U(e)∪ m̃c

U(e)),℘̃∩ (l̃c
L(e)∪ m̃c

L(e))]

= [(℘̃∩ l̃c
U(e))∪ (℘̃∩ m̃c

U(e)),(℘̃∩ l̃c
L(e))∪ (℘̃∩ m̃c

L(e))]

= [(℘̃\ l̃U(e))∪ (℘̃\ m̃U(e)),(℘̃\ l̃L(e))∪ (℘̃\ m̃L(e))]

= [(℘̃\ l̃U(e)),(℘̃\ l̃L(e))]⋓̃[(℘̃\ m̃U(e)),(℘̃\ m̃L(e))]

= [l̃L(e), l̃U(e)]−⋓̃[m̃L(e), m̃U(e)]−

= l̃−(e)⋓̃m̃−(e).

Hence, ((l̃,Ξ)⊓̃e(m̃,ℵ))∼ = (l̃,Ξ)∼⊔̃r(m̃,ℵ)∼.
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7. CONCLUSION

In this thesis, a novel concept called as fuzzy set-valued interval soft sets and

set-theoretical operations between two fuzzy sets valued interval soft set are defined.

Then, some of their properties are obtained. A fuzzy set valued interval soft set is an

important tool for the representation of the information in environments including

uncertainty. Because, in a fuzzy set valued interval soft set, both parameterized family of

a set and fuzzy set valued intervals are used. This allows us to represent the information

involving uncertainty more effective. Also, in the light of definitions and results, some

generalization of the proposed concepts such as intuitionistic fuzzy set valued interval

and intuitionistic fuzzy set valued interval soft sets can be studied by researchers.
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