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ABSTRACT

This study, purpose to give fuzzy weakly continuity, fuzzy almost continuity, fuzzy
quasi continuity, fuzzy somewhat continuity, fuzzy rarely continuity, fuzzy D-continuity

and weakly forms of them with the relations, are four chapters.

In the first chapter are given introductory information about fuzzy sets and fuzzy
topological spaces. Also some definitions and theorems ‘and their references, in this area
are given. The second, the third and the forth chapters offer the original studies of this

thesis.

In the second chapter which takes from three sections, fuzzy waekly and fuzzy
weakly* continuities are defined and compared with fuzzy weakly** continuity. Alsoit is
shown some examples that they are independent to each other. In the second section, fuzzy
almost cotinuity is defined in the sense of Stallings and studied the relations with the other
fuzzy almost continuities. Also, some characterizations of the fuzzy almost continuity in
the sense of Singal are given. In the last section, fuzzy quasi and fuzzy somewhat

continuity are compared with weakly forms of them.

In the third chapter, some basic properties of fuzzy rarely continuity of functions
are studied. Then, fuzzy rarely* continuity is defined and compared with some continuities
and their weakly forms. The strongly and weakly forms of fuzzy 0-continuity of functions
are defined. Also fuzzy strongly ©*-continuity is defined. Then, some comparisons are

done.

In the last chapter takes from two sections. In the first section, fuzzy D-continuity
and fuzzy D*-continuity of functions are defined and equivalent conditions are given. Then
several properties and requirements are studied. In the second section, some properties
which are preserved under the fuzzy D-continuity of functions are studied. This section is
finished with the definitions of fuzzy D-Hausdorff space and fuzzy D-regular space and

some properties of them.



OZET

Bu ¢ahismada, fuzzy topolojik uzaylar igin fuzzy weakly siireklilik ve onun baz
varyasyonlari, fuzzy almost siireklilik, fuzzy quasi siireklilik fuzzy somewhat, fuzzy rarely
siireklilik ile fuzzy D-siireklilik ve bunlar arasindaki iligkileri vermeyi amagladik.

Birinci boliimde 6n bilgiler ile bu alanda yapilan galismalardan bazi onemli tamun ve
teoremler ve bunlara iliskin kaynaklar verildi. Ikinci, iigiincii ve dérdiincii boliimlerde tezin

Ozgiin galigmalan sunuldu.

Ug kesimden olusan ikinci béliimde, fuzzy weakly siireklilik ve fuzzy weakly*
siireklilik tamimlanarak, birbirleriyle ve fuzzy weakly** siireklilik ile kargilastirilds
Birbirlerinden bagmsiz olduklari émmeklerle gosterildi. Ikinci kesimde, Stallings anlamda
fuzzy almost siireklilik tanimlandi ve Singal ve Husain anlamda almost siirekliliklerle ilgili
baz1 teoremler verildi ve baz1 sonuglar elde edildi. Son kesimde de, fuzzy quasi siireklilik
tanimu verildi ve zayif bigimleri ile kargilagtiridi.

Ugiincii boliimde, fuzzy rarely siirekli fonksiyonlarn bazi temel zellikleri galigilda,
Daha sonra fuzzy rarely* siireklilik tammlanarak diger baz siirekli fonksiyonlar ve bunlarm
zayf bigimleriyle kargilagtirmalar yapildi. Ters Omekler verildi. Fuzzy 6-siirekli
fonksiyonlarin kuvvetli ve zayif bigimleri tamimlanarak kargdagtirmalar yapildi. Ayrica fuzzy
strongly 0*-siireklilik tanim1 verildi ve ¢esitli kargilagtirmalar yapilds.

Son boliim iki kesimden olustu. Birinci kesimde, fuzzy D-siirekli ve fuzzy D*-
siirekli fonksiyon tanimlarn verildi. Denk tanimlar bir karekterizasyonla sunuldu. Daha sonra
bir takim oOzellikleri ile baz gerektirmeler cahgldi Ikinci kesimde, fuzzy D-siirekli
fonksiyonlar altinda korunan bazi 6zellikler incelendi. Fuzzy D-Hausdorff uzay ve fuzzy D-
regiiler uzay tamimlan verilerek diger bazi ayirma aksiyomlan ile karsilagtirmalar yapilarak

béliim sonlandirildi.
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CHAPTER 1
BASIC CONCEPTS
1.1.INTRODUCTION
The fundamental concept of a fuzzy set was first introduced by Zadeh in 1965

[11]. Since then, work has been done by many authors, in several directions, which has resulted in

the formation of a new mathematical field called “Fuzzy Mathematics”.
Because the concept of fuzzy sets corresponds to the physical situation in which

there is no precisely defined criterion for membership, fuzzy sets are having useful and
increasing applications in various fields including probability theory, information theory and
pattern recognition. Thus the developments in abstract mathematics using the idea of fuzzy
sets posses sound footing. In accordance with this, fuzzy topological spaces, fuzzy
proximity spaces, fuzzy groups, fuzzy vector spaces, fuzzy topological groups and fuzzy

topological vector spaces were introduced by some mathematicians.

The theory of fuzzy topological spaces is a branch of such mathematics Chang in
[3]. was the first to introduce the notion of fuzzy topology. Several others contined the work
in this area. Some mathematicians consider that general point set topology can be regarded
as a special case of fuzzy topology, where all membership functions are just characteristic

funtions. Therefore, one would expect weaker results in the case of fuzzy topology.

Also some authors was devoted to the fuzzy topological spaces with specific
attention to the weaker forms of fuzzy continuity. Weaker forms of continuity in topology
have been considered by many workers using the concepts of semi open, regular open, pre
open and alpha open sets. Same way, weaker forms of fuzzy continuity in fuzzy topology
have been considered by many workers using the concepts of fuzzy semi open, fuzzy

regular open, fuzzy pre open and fuzzy alpha open sets.

In this thesis, using a Q-neigborhood and neigborhood of a fuzzy point, we
introduced several weaker forms of fuzzy continuity and studied relations between them.
For example, fuzzy weakly* continuity, fuzzy rarely* continuity and fuzzy D continuity of
a function



In this section, the definition of fuzzy set, some other basic concepts and general
properties of fuzzy sets are given under the light of the fundamental information

Definition 1.1.1. Let X be a set. A fuzzy set in X is an element in [0,1T%, i.e., a function
from X into [0,1].[11].

We will denote fuzzy sets with o,3,9, ............ as Latin letters. The symbol 0 will be
used to denote an empty fuzzy set (0(x) =0 for all x in X). For 1, we have by definition 1
(x)=1forall x in X. |

We will denote a(x) the image of x with a fuzzy set o in X. Contain, union and

intersection of fuzzy sets are denoted by “<”, “V” and “A“ respectirely.
Definition 1.1.2. The complement of o denoted by o’ is defined by the formula
d'(x) = l-a(x) for xeX. [11].
Definition 1.1.3. Let o and B be two fuzzy sets in X. Then, we have the following
properties for fuzzy sets a and B.
a<p < a(x)<B(x)forall x €X,
a=j & a(x)=p(x)forallx €X,
p=avp<e px)=max {a(x),f(x) } forallx e X
d=arBe §(x)=min {a(x),B(x)} forallx e X
a=foax)=1-Bx)forallx e X
More generally, for a family of fuzzy sets,
u = { u;}iel }, and the intersection B=Ay; the union vy; = o, are defined by
o (x)=Sup {l (x)},x € X,
and

B(x)=Inf{p(x)}, x € X. 3]



Definition 1.1.4. A fuzzy set in X is called a fuzzy point iff it takes the value 0 for all yeX
except one, say, xeX. If its value at x is a (0 < a < 1) we denote this fuzzy point by xq,

where the point x is called its support.

We can write the fuzzy point xg, with

o, y=Xx
xoc(y): 0 yix

and we can denote the support of x, with supp x, = x [5].

Definition 1.1.5. Let x,, xp be two fuzzy points in X. If supp x, # Suppy xg, then it is

called that x, and xp fuzzy points are different. [5].

Definition 1.1.6. The fuzzy point xq is said to be contained in a fuzzy set B, or belong to
B, denoted by x,eB, iff o < B (x). Evidently, every fuzzy set o can be expressed as the

union of all the fuzzy points which belong to a. [5].

Definition 1.1.7. Two fuzzy sets o, B in X are said to be intersected iff there exists a point

x € X such that (aa) (x) # 0. For such a case, we say that o and p intesect at x. [5].

Theorem 1.1.8. Let o and B be two fuzzy sets, in X and let x5 be a fuzzy point. Then we

have the following.

a)x,€ a AP x, eaandx;ep
b)xse avPe>xse aorx; e

Proof : [1].
Proposition 1.1.9. Let u={y; : iel } be a family of fuzzy sets. For fuzzy point x, inX,
Xq € V Y, iff there is a ig e I at least such that x € pjo. {5}

Definition 1.1.10. A fuzzy point X, is said to be quasi-coincident with B, denoted by x_ qf,
iff a> p'(x), or a+B(x) > 1. [S].



Definition 1.1.11. o is said to be quasi-coincident with B, denoted by agp, iff there exists a
point xeX such that o (x) > B'(x), or au(x)+B(x)>1. If this is true, we also say that o and B
are quasi-coincident (with each other) at x. It is clear that if o and B are quasi-concident at

x, both o (x) and B (x) are not zero and hence o and B intersect at x. [5].

Proposition 1.1.12. Let u = {u; : iel} be a family of fuzzy sets in X. And let x,, be a fuzzy

point. X4q Vv Wi, iff there exists at least i,el such that x, q i, [5].
1.2. Fuzzy Topological Spaces

Definition 2.2.1. A fuzzy topology is a family t of fuzzy sets in X which satifies the

following conditions:

(@0, 1, e,
() If a, Bert, then anPer,
(c) If u; et for each, iel thenv;y; € t

T is called a fuzzy topology for X, and the pair (X, 1) is a fuzzy topological space,
(shortly fit.s.) Every member of t is called an open fuzzy set. A fuzzy set is closed fuzzy

set iff its complement is open.

As in general topolgy, the indiscrete fuzzy topology contains only 0 and 1, while
the discrete fuzzy topology contains all fuzzy sets. A fuzzy topology 1 is said to be coaser

than a fuzzy topology ', if and only if t<t’. [5].

Definition 1.2.2. Let (X,7) be a fit.s. and o & I*. Closure of a is denoted o or cl (), and

given by.
o = A{ B: B is a fuzzy closed setand a < 3 }
The interior of « is denoted by int o or a® and given by.
o’ =v { B: Bis fuzzy opensetand p <a } [4].

Theorem 1.2.3. Let a be a fuzzy set in a f.t.s. (X, t). Then o is open and it is the largest

open set contained in o. The fuzzy set o is open iff o0 = a®



Proof : {3]..

Remark 1.2.4. We have the following properties for a,  fuzzy setsina f.t.s. (X, 1),
a)l°=1, 0°=0
b)a°<a
c)a®”’=a’
d) (@ A B)° =a® A B°
e)va’; <(va;)° forevery iel.

Proof : [4] and [5].

Remark 1.2.5. We have the following porperties for a,p fuzzy sets in (X, 1) ft..s.
at=1, 0=0
b)ya < a
c)
d)(@vpP)= av B

= o

o3|

e)AQ < (AT;) forevery 1€l

Proof : [4] and [5].
Theorem 1.2.6. Let (X, t) beafits.and p e I*. Then we have the following;
a) (1) = (W)

b) (i) = (1)°
Proof: [4].

Definition 1.2.7. A fuzzy set o ina fit.s. (X, 1) is called a neighborhood of fuzzy point x;
iff there exists a B e T such that x; € B < a. A neighborhood a of x; is said to be open iff

o. is fuzzy open. The family consisting of all the neighborhoods of x;is called the system

of neighborhoods of x,. [15].

We will denote the family of all the neighborhoods of x, with N (x5) and the family

of all the fuzzy open neighborhood of x; with  U(xy).



Definition 1.2.8. A fuzzy set o in a fit.s.,, (X, 1) is called Q-neighborhood of x; iff there
exists a B € T such that x, q B < o.. The family consisting of all the Q-neighborhoods of x;
is called the system of Q-neighborhoods of x;. [5].

We will denote the family consisting of all the Q-neighborhoods of x, with Ny(x5)

and the family consisting of all the open Q-neighborhoods of x, with Ug(x5)

Theorem 1.2.9. Let o,p be two fuzzy sets in X. Then o < B iff « and B’ are not quasi-

coincident. Particularly, x, € o iff X, is not quasi-coincident with a'. [5].

Theorem 1.2.10. Let N o be the family of Q-neighborhoods (resp, neighborhoods) of a

fuzzy point x,in a f.t.s. (X, ). Then we have the followings:
(1) If p € N(xs) (nel(xy), then X, is quasi-coincident with (resp. belong to) p.
@) Ifa, B e No(xa) (o, B € N(xp)), then anP € No(Xa), (anBe N(x3))
(3) If o € Np(xp) (o€ N(xp)) and a0 < B, then € No(xa) (Bel(xa)

(4) If & e N o(x,) (ael(x;), then there exists a fuzzy set B such that f<o and for
every fuzzy point x; which is quasi - coincident with (belong to) B.p € N o(x,) (BeN(x)
[5]. *

Theorem 1.2.11. Let p be a fuzzy set in a f.t.s. (X, ). Then p is fuzzy open if and only if

for each fuzzy point x, which is quasi-coincident with p, u € N(Xo)
(n is fuzzy open < [(V Xg, X, Q1) = 1 € No(X)D)- [5]-
Proposifion 1.2.12. Let x,, be a fuzzy point in (X, t). Then, p € Ng(xy) = 1° € Ug(xe). [5]-

Theorem 1.2.13. A fuzzy point x, € & iff each Q-neighborhood of x, is quasi-coincident

with a.. [5].

Definition 1.2.14. A fuzzy point x, is called an adherence point of a fuzzy set a, if every

Q-neighborhood of x, is quasi-coincident with a. [5].

Corollary 1.2.15. & is the union of all the adherence points of a.. [5].



Proposition 1.2.16. Let (X, t) beafit.s.and 0= p € * :L =1 if and only if for each a.et,
aqu. [5].
Definition 1.2.17. Let p € ¥ and pb (or op) is defined to be the fuzzy boundary of p

which is the infimum of of all fuzzy closed sets o with the property o(x) = u(x) for all

xeX for which we have [ p A(1- )] (x)> 0. Clearly 8y is fuzzy closed and dp< . [6].
Definition 1.2.18. Let (X, 1) be a f.t.s. We define the following notions.

1) A fuzzy set p is said to be fuzzy boundary if and only if l_—ﬁ =1
ii) If & < p and p is fuzzy boundary then a is fuzzy boundary too.
iii) If p is fuzzy bouhdary then oy = ﬁ—u°.
iv) If p is a fuzzy set then =23 p v p. [6].

Proposition 1.2.19. Let (X, 1) be a f't.s. Then, we have the followings:
pe *is fuzzy boundary if and only if p°=0
ii) u e I* is fuzzy boundary if and only if p <8 u.

Proof: [6].

Proposition 1.2.20. W is fuzzy boundary if and only if n< 1——_;—: if and only if p sl——ﬁ
Proof: [6].

Theorem 1.2.21. Fuzzy boundary sets are stable under fuzzy continuous surjections .
Proof: [6].

Definition 1.2.22 A fuzzy point e is called a boundary point of a fuzzy set B iffe BA B
The union of all the boundary points of B is called a boundary of B, denoted by 0. It is

clear that 8B = B A (1-B°). [5].
1.3. Fuzzy Continuous Functions

Definition 1.3.1. Let X and Y be two f.t.s. and let f be a function from X to Y. Also let B
be a fuzzy set in Y. Then the inverse of B, written as (), is a fuzzy set in X which is

defined by



£1(B) (x) = BEX)) for all x in X.

Conversely, let o be a fuzzy set in X. The image of o, written as f(a), is fuzzy set
in Y which is defined by

Sup {a(z)}, if ! (y) is non empty
zef (y)

0 Other wise

forall y in Y, where £''(y) = {x | f(x) = y}. [11].

Note that: If x, is a fuzzy point in X, then f(x,) is a fuzzy point in Y. If supp x, = x, then
supp (f(x,))=f(x). If y,is a fuzzy point in Y. Then '(y,) doesn’t need a fuzzy point in X. If

f is one-to-one and y, is a fuzzy point in f(X), then f'(y,) is a fuzzy point in X. In this case,

If supp y,=y, supp £ (o) = £ (y)-

Theorem 1.3.2. Let f : X—Y be a function from X to Y then we have the following

properties:
1) fl(B')= { fl(B)}’ for any fuzzy set in Y.
Hf 1(OL’) 2{f l(oc)}' for any fuzzy set o in X.

3) BB = f](BI) < fl(Bz), where B, and B, are fuzzy setsin Y.
4) o <o, = f (o)) £ (a,), where a; and a, are fuzzy sets in X.
5) f(fl(B)) <B, for any fuzzy set Bin Y.

6) o< (), for any fuzzy set a in X.

7ifo; € I, f (v )=v f(a;) For each i€l

8)ifB; e 1", f(vB;)=v f'(B; ) For each iel

9) If f is one-to-one, for o e I*, £'(f(w)) = o

10) If f is surjection, for B e I', £ (f' (B)) =B

11) If fis one-to-one and surjection, fora € %, {fl)} =f (")
12) For o, 8 € 1%, £ (and) < fo) A £(5)

13) For each iel if, pel”, f‘(/\Bi )=A f'I(Bi ) For each iel



14) Let g be a function from Y to Z Then;
a) For el”, (go)" (B)=f'(g" (B))
b) For eI, (gof) (o) = g (f(ox))
where gof is the composition of g and f. [2], [4] and [7].

Proposition 1.3.3. Let f be a function from X to Y and X, be a fuzzy point in X. Then;
1) For Bel", if f(x,)qB, %, 4 £'(B)
2) For acel’, if fx, q 8, f (x) q £'(8) [7].

Definition 1.3.4. A function f from a fit.s. (X, 1) to a fit.s. (Y, ©°) is fuzzy continuous iff

the inverse of each 1'-open fuzzy set is T-open. (That is; if Bet’ then f I(B)e 7). [7]

Clearly if f is a fuzzy continuous function from X to Y and g is a fuzzy continuous
function from Y to Z, then the composition gof is a fuzzy continuous function from X to Z,
for (got)~1 B=f l(g'I(B)) for each fuzzy set B in Z, and using the fuzzy continuity of g and
f it follows that if B is open so is (gof)'l(B).

Definition 1.3.5. Let (X, 1) and (Y, 7°) be two f.t.s., f: X—>Y be a function and x, be a
fuzzy point in X. For each pu Q-neighborhood of f(x,). If there is a Q-neighborhood & of x,,
such that f(8) < . Then it is called that f is fuzzy continuous at x,, [7].

Definition 1.3.6 : Let D be anon - void set. Let “2*“ be a semi-order on D.The pair (D, 2)
is called a directed set, directed by “>* iff for every pair m, n €D, there exists a peD

such that p>m and p2n. [5].

Definition 1.3.7 : Let (D,>) be a directed set. Let X be an ordinary set and let g be the
collection of all the fuzzy points in X. The function S: D—y is called a fuzzy net in X. In
other words a fuzzy set is a pair (S, =) such that S is a function from D to g and "2 directs
the domain of S. For neD, S(n) is often denoted by S, and hence a net S is often denoted

by {S,mmeD}. [5].



Definition 1.3.8. Let S= {S,:neD} be a fuzzy net in X. S is said to be quasi-coincident

with o iff for each neD, S, is quasi-coincident with a.

S is said to be eventvally quasi-coincident with o iff there is an element m of D

such that if neD and n > m then S, is quasi-coincident with c.

S is said to be frequently quasi coincident with a iff for each m in D, there is an n
in D such that n > m and S, is quasi-coincident with «. S is said to be in a, iff for each

neD, S, ea. [5].

Definition 1.3.9. A net S in a f.t.s. (X, 7) is said to be converge to a fuzzy point x, in X

relative to t© iff S is eventually quasi - coincident with each Q - neighborhood of x. [5].

Theorem 1.3.10. In a ft.s. (X, 7), a fuzzy point x, e iff there is a fuzzy net S in p such

that S converges to x,. [5].

Theorem 1.3.11 : Let f: (X, 1) = (Y, t°) be a function; then followings are equivalent:
(1) fis fuzzy continuous

(2) For every t'-closed B, f‘(B) is T closed

(3) For each fuzzy openset fin Y l(B) is fuzzy open set in X.

(4) For each fuzzy point x, in X and each neighborhood B of f(x,), there exists a
neighbborhood p of x, such that f (p) <B. '

(5) For each fuzzy point x, in X and each Q - neigborhood B of f(x,). there exists a Q-
neighborhood p of x, such that f(p)<p

(6) For each fuzzy net S=4 S, :n e D I, if S converges to X, , then foS= y f(S,):n e Dt is

a fuzzy setin Y and converges to f(x,).
(7) For any fuzzy set o in X, f( a)< f(a)

(8) For any fuzzy set $inY, f! B) < f! ( —B) [7].



o
Definition 1.3.12. Let (X, 1) be a fit.s and u.eI),( If p=p,it is called that p is a fuzzy
regular open set (fr.0.) in X. If L=y, it is called that p is a fuzzy regular closed set
(fr.c). in X [4].

Theorem 1.3.13.

a) The closure of a fuzzy open set is a fuzzy regular closed set
b) The interior of a fuzzy closed set is a fuzzy regular open set.

But the inverse isn’t true. [4].

Definition 1.3.14. A f.t.s. X is called a fuzzy regular space if for each fuzzy point x,, in X,
O<a< 1, and if for every open fuzzy set p properly x, q p. there exists a fuzzy open set n

in X such thatx,qn < n<u 1.

Definition 1.3.15. A fit.s. X is called a fuzzy almost regular space if for each fr.o. set p

in X and for each fuzzy point x, properly x, q U, there exists a fuzzy open set B in X such

thatx, qp< B<plll

Definition 1.3.16. A fit.s. X called a fuzzy semi - regular space if for each fuzzy open set pt

in X and for every fuzzy point x, with x, q 1, there exists a fuzzy open set 3 in X such that

X, qQB = L_‘B’Su. [1].

It can be seen from above definitions that a fuzzy regular space is a fuzzy semi

regular and a fuzzy almost regular space. But the inverse isn’t true.

Theorem 1.3.17. Let (X, 1) be a f.t.s.Then, (X, 1) is a fuzzy almost regular space and a

fuzzy semi - regular space if and only if (X, 1) is a fuzzy regﬁlar space. [1].

Definition 1. 3.18. Let (X, 1) be a f.ts. if foreach p € 1, ;_1 e 1, then, it is called that

(X, 1) is a fuzzy extremally disconnected space. [1].

11



CHAPTER 2

WEAKLY AND ALMOST FORMS OF SOME CONTINUITIES

In this section, firstly, fuzzy weakly and fuzzy weakly* continuities are defined.
Then, some comparisons are given about these continuities. Finally, fuzzy quasi and fuzzy

somewhat continuities with weakly forms are studied and some comparisons are given

about them.

2.1. Fuzzy Weakly Continuity, Fuzzy Weakly* Continuity and Fuzzy Weakly**
Continuity

Using two neigborhoods of a fuzzy point, two different definitions are given. Also,
with the boundary of a fuzzy set a different fuzzy weakly continuity is obtained and they

are compared to each other.

Definition 2.1.1: A mapping f from a fuzzy topological space X to another fuzzy

topologiol space Y is called fuzzy weakly continuous (f.w.c.) if for each fuzzy open set p
inYf' (< ( wl°

Theorem 2.1.2: A function f:X—Y is f.w.c. if and only if for each fuzzy open set B with
f(x,) € P there exists a fuzzy open set u in X with x, e p such that f(u) < B

Proof: (=): Let f(x, ) € B and B is fuzzy open in Y. Then, since f is f.w.c. from the
definition 2.1.1. £ (B) < [F'(B)I°, fx) eB=x, e f  @B) > xe[f7( B)°=p
Thus f(u) < B

(<): Let B be a fuzzy open setin Y. Suppose that x, € f ! (B). Then we will show that
Xq € [f ! ( B ). %, € f B (B) = f(x,) € B by the hypothesis, there exists a fuzzy open set
i in X with x, € p such that f() < B. Hence f(x,) € f(w) and fix,) € P =%, e p<f7
(B)=x, e [f( B)I° Thus, £(B) <[F( B)I°

Definition 2.1.3: A mapping f:X—Y is called fuzzy weakly* continuous (f.w*.c.) if for

each fuzzy openset Bin Y, f 'l(ﬁﬁ) is closed in X.

12



Theorem 2.1.4: Let f: X—Y be a function.Then fis f.c. if fis f.w.c. and fis fw .c.
Proof: It is clear from the definition 2.1.1 and 2.1.3.

Definition 2.1.5: A mapping f: X—Y is called fuzzy weakly" continuous (f.w".c.) if for
each fuzzy open set Bin Y, with f(x,) q B there exists a fuzzy open set p in X with x, q p
such that f(u) < B.[4].

Proposition 2.1.6: If f: X—Y is f.c. then fis fw c.
Proof: [4].

Fuzzy weakly continuity and fuzzy weakly* continuity are independent shown by the
following examples.

Example 2.1.7: Let X={a,bt, =1 O,l,p} and Y={c,dt, 7'=10,1,p¢ where p(a)=p(b)=0.8
and B(c)=0.2 B(d)=0.6. Consider the mapping f}(X,1)—>(Y,t") defined by f(a)=c, f(b)=c.

Hence fis f.w.c. but not f.w*.c.
Proof: Clearly, f isn’t f.w*.c. Because, for fet’, 03 = BA(B®) =1 A(1-B) and

f'I(GB) =1-f 'I([}) =i, Thus f 'l(aB) isn’t fuzzy closed in X. f is f.w.c. Because for
e, B)<pand [f( B =1=F"@)<IE( B~

Example 2.1.8: Let X = {a, bt, T = <O.I,u b and let Y= {c,dt, o= 40,1,BI,BZ> where
Bi(d)=B, <c>=§, Ba(d)=p> (=2 and p(@)=p(b) =2. Then, we corsider £(X;) = (Y.t
defined by f(a)=f(b)=c. Then fis f.w*.c. but not f.w.c.

Proof : Clearly f is f.w*.c. Because, for B, B, € 7', B, = 0B, = (1-B;) A (1-B2) = 1-B, and
£7@B)=f£(8B,) = 1- £ '(By) = 1- u. Thus £ '(8B,) and £ '(8B,) are fuzzy closed in X.
But £'( By) =f£7(1-B;) = 1- £'(B;) = 1- pand [f( B)]°=0. Thus £ '(B;) £ [f7( B)I°

and fis not f.w.c.
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Corollary 2.1.9: Let f :X—Y be function . If fis fw.c. ( fw*.c) then fisn’t f.c. Butif fis

f.c. then f'is fw.c. (f.w*.c.)
Proof: Obvious.

Fuzzy weakly continuity and fuzzy weakly" continuity are independent concepts

shown by the following examples.

Example 2.1.10: Let X = {a, bt, T = {O.I,p t and let Y= {c,d}, T'= 40,1,(31,[32} where
B,(d)=B, (c)=%, B,(d)=B, (c)=% and p(a)=p(b) =%. Then, we corsider f:(X,7) = (Y,t').
defined by f(a)=f(b)=c. Then fis f.w'.c. but not f.w.c at the fuzzy point X;3.

Proof: For f(x ;5) q 1,1 et’ and xy5.q 1,1 et and f(1) < 1=1.Thusfis fw .c.atxs.
But for f(x ;3) €B;,X ;3 epand ()£ By = 1-B,. Hence fis not f.w.c. at x,3.

Example 2.1.11: Let X={a,bt, t={0,1,ut and Y={c,dt, v'={0,1,8¢ where p(a)=p(b)=0.8
and B(c) = P(d)=1/2. Consider the mapping f:(X,t)—>(Y,t’) defined by f(a)=c, f(b)=c.

Hence fis f.w.c. butnot f.w .c at the fuzzy point X;g2/200-

Proof: For f(x 102/200) q B, Xi02200 9 B and f(“.) i E = B Thus f is not f.W**.C. at X102/200-

But fis f.w.c. at X;gy200- Because for Xjgyngo- €1, 1 € T’ Xj21200- €M and f(p)< 1.

Fuzzy weakly* continuity and fuzzy weakly** continuity are independent concepts

shown by the following examples.

Example 2.1.12: Let X={a,b}, t=30,1,ut and Y={c,dt, 7'={0,1,3 ¢ where p(a)=p(b)=0.8
and B(c) =0.2, B (d)=0.6. Consider the mapping f:(X,7)—>(Y,t’) defined by f(a)=c, f(b)=c.

Hence fis f.w' .c. but not f.w .c at the fuzzy point x,,.

Proof: From the example 2.1.7, f is not fw'c. But for f(x;;) q B, X, q p and f{p)<

B=1. Thus fis fw' .c. at Xi2-
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Example 2.1.13: Let X = {a, b}, T = 40.1,p ¢ and let Y= ﬂc,dh 1= {O,I,Bl,ﬁﬂ where
Bi(d)=B, <c>=-;-, Ba(d)=P2 ()=2 and p(@)=p(b) =2. Then, we corsider £:(X,7) - (¥;v)
defined by f(a)=f(b)=c. Then fis fw'.c. but not fw .c. at the fuzzy point X591/300-

Proof: From the example 2.1.8, fis f.w'.c. But for f(X%201/300) 9 B1 X201/300 4 1 and o

Bl:: B1=' I"Bz. Thus fiS not f.W**.C .at X201/300¢

Now on we will concept that fuzzy weakly continuity is in the sense of f.w**.c.
2.2.Fuzzy Almost Continuity and Its Properties:

In today's math literature, there exist three kind of definitions of almost continuity.
These definitions are defined by Singal [12 ], Husain [13 ] and Stallings [14 ],

respectively.

They are investigated to the fuzzy continuity and relations between them  are

studied. Now,lets give the definitions of the fuzzy almost continuity.

Definition 2.2.1: A mapping f: X — Y from a fuzzy space X to another fuzzy space Y is
called a fuzzy almost continuous (f.a.c.) function in the sense of Singal if for each fuzzy
open sei B of Y with f(xy) q B there exists a fuzzy open set p in X with x, q p such that
fu)< B.

Definition 2.2.2: A mapping f: X — Y from a fuzzy space X to another fuzzy space Y is

called a fuzzy almost continuous (f.a.c.) function in the sense of Husain if for each fuzzy

openset BinY with f(x,) qB, f ~I(B) is a Q- neighborhood of x,,.

Definition 2.2.3: A mapping f: X — Y from a fuzzy space X to another fuzzy space Y is
called a fuzzy almost continuous (f.a.c.) function in the sense of Stallings if for each W set .
of XxY with G(f) ¢ W where G(f) is the graph of f, there exists a functiong : X > Y

such that G(g) <« W and g is fuzzy continuous.

It is obvious that fuzzy continuity implies fuzzy almost continuity in sense of

Singal and f.a.continuity in the sense of Husain and f.a.continuity in the sense of Stallings
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respectively. However the converse is not true. Also fuzzy almost continuities in sense of

Singal and Husain, are different as seen the following examples.

Example 2.2.4: Let X be a non empty set. Let © = {0,1,u} and ' ={0,1,8}, where for each
x in X, p (x)=2/3, and B(x)=1/2. Then, the identity mapping i=f:(X, T ) = (X,7' ) is f.a.c. in

the sense of Husain but not f.a.c. in the sense of Singal at the fuzzy point x,¢;,200-

(] .
Proof: For f(XIOI/ZOO) q B, Xi01200 9 KU and f(},l.) i B = [3. Thus f is not f.a.c. in the sense of

singal. But for f(X;911200) 9 B> £l (B)=1 and 1 is Q - nbd of X;4;/209- Thus f is f.a.c. in the

sense of Husain.

Example 2.2.5: Let X be a non empty set. Let t = {0,1,u} and v’ ={0,1,8}, where for each
x in X, p (x)=1/3, and B(x)=2/3. Then, the identity mapping i=f:(X, 1) = (X,t' ) is fa.c. in

the sense of Singal but not f.a.c. in the sense of Husain at the fuzzy point x;g;/200-

&
Proof: For f(X;911200) 4 B> Xi01200 9 1 and f(1) £ B =1=1. Thus f is fa.c. in the sense of

singal. But for f(X;91/200) 9 B> £l (B)=1- p and f_l(B) is Q - nbd of Xg;/299- Thus f'is not

f.a.c. in the sense of Husain at X;g;/90-
Theorem 2.2.6: Let f: X — Y be a mapping . Then the following are equivalent.
i) fis f.a.c. (Singal) at each fuzzy point x, in X, (0<a<l).

ii) For each fuzzy regular open set B with f(x, ) q B, there exists a fuzzy open set pu with

Xy q 1 such that f(p) < B.

iii) For each fuzzy net S={S,: n €D) in X which S converges to x, if B is fuzzy reguler
open Q - neighborhood of f(x,) then, {f(S,): n €D} is eventually quasi-coincident with .

Proof: (i) = (ii): Let B be a fuzzy reqular open set in Y with f(xy ) q B. Then, B is fuzzy

open. From (i), there exists a fuzzy open set p in X with x, q p such that f(n) < .
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(i) = (i): Let B be a fuzzy open set in Y with f(x ) q B. Then, B = P and P is fuzzy
regular open in Y. From (ii), there exists a fuzzy open set p in X with x, q p such that
o4

f(w)< PB.Thus fis fa.c. (Singal) at x,

(ii) = (iii): Let S = {Sp ; neD} be a fuzzy n'et converges to x, . Let B be a fuzzy regular
open set in Y and let B be Q-neighborhood of f(x,). Then, by the condition (ii), there
exists a fuzzy open set u with x, q p such that f{(u) < B. Then, {f(Sy): neD} is eventually
quasi-coincident with f(u). Since f p) < B, {f(Sp): neD}= f(S) is eventually quasi

coincident with J.

(iii) = (i): Suppose, if it is possible, { is not f.a.c. in the sense of singal at X, . Then, there
exists a fuzzy reguler open set B such that f(x,) q p and for every fuzzy open set p properly
quasi-coincident with x4 f(ﬂ) 4B.

Now, let i/ be the collection of all fuzzy open sets in X properly quasi-
coincident with x,. Then, for every p; in I, there exists a point xi in X such that
f(up) (f(xi)) b 4 B(f(xi)). Choose a positive real number «; such that f () (f(xi))>oci'>B f(xi)),
where o ' = 1-a;, Now, (I, ), where " 2 " is the inverse relation of " fuzzy set inclusion "
is a directed set as reflexivity and transitivity are obvious; and for every pj, uj € U,
Bi v Hj € Il. But HiVHj 2 By and pjvyy 2. Now let us write Sp; = xaii. Then S={Su;}y;
is a fuzzy net in X. We show that this fuzzy net converges to x,. Let § be a fuzzy open Q-
neighborhood of x,, . Then x, ¢ and consequently & € 1 . Let S, €S and Ss q & atxPin
X. Then for every pj > 8 in ! Spj quasi-coincident with 8 at xP. Thus the fuzzy net S is

eventually quasi-coincident with 8. Hence S converges to x,. But, for every yj
fSRED) + B (FxD) <o'j o= 1.
Thus no member of f(S) quasi-coincident with [, which is contradicts (iii).

Teorem 2.2.7: Let f: X — Y be a surjection mapping from a fuzzy topological space X to

fuzzy topological space Y. Then, followings are equivalent:

(i) fisfa.c. in the sense of Singal



(i) For each fuzzy regular openset BinY, f‘l( B) is a fuzzy open set in X
(iii) For each fuzzy regular closed set 11 in Y, f-1(n) is a fuzzy closed set in X

(iv) For every fuzzy regular open set B in Y with f(x,) g, there exist a fuzzy open set
with x, q p such that f(n) <

(v) Forevery fuzzy opensetinY, f'l( By=<i -1( _Bo )]°

(vi) For every fuzzy closed setninY, [£1¢ ?1-)]’ < 1)

(vii) For each fuzzy net S= {S,:n € D} such that S converges to x, , if B is fuzzy regular
open Q-neighborhood of x, then, f(S)={f(Sy):n €D} is eventually quasi-coincident with f.

Proof: (i) = (ii): Let B be a fuzzy regular open set in Y and let x, q f-1(B) . Then, f(xq) 9P
By condition (i), there exists a fuzzy open set p with x, q . Such that f(u) <.  Then
XgqH < f-1¢f(w)) < -1(B) .Then £-1(B) is fuzzy open in X.

(ii) = (iii): Let n be a fuzzy regular closed set in Y. Then 1-n is fuzzy regular open. From

(i1), f"l(l-n y=1-f-1(n) is fuzzy open in X. Then f'l(n ) is fuzzy closed in X.

(iii) = (iv): Let B be a fuzzy regular open set in Y with f(x,) q B . Then 1-B fuzzy reqular
closed. By the condition (iii), f-1(1-p)= l-f'l(B) is fuzzy closed set in X. Thus F1(p) is
fuzzy open and x4 q f-1(8). Let f'l(B )= . Then f (n )< B.

(iv) = (ii): Let B be a fuzzy reqular open set in Y with f(xq) q B. From (iv), there exists a
fuzzy open set p with xo, q pt such that f(u) < B. Thus, xg qpand p < =1 (f(B ) < F1(B).
So, f-1(B ) is fuzzy open set in X.

Q

(iv) = (v): Let Bbea fuzzy open setin Y. Then B is fuzzy reqular open and

L} o »
1B )< 1 B). From (iv) = (ii), F1( B) is fuzzy open. Thus F1(3 ) <[ £1( B)P°.
(v) =(vi): Let 1 be a fuzzy closed set in Y. Then, 1-1} is fuzzy open set in Y. From (v),

fFlan) < [FIT) 1°
= 1-flm) < [Fla- ) °
= 1-Flm)< [1-F1(R) 1° = 1-{FI(R)]
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= [FI( )] < Flm).
(vi) = (vii): Let a fuzzy net S=18, : neD¢t converges to x, and let B be a fuzzy open Q-
neighborhood of f (x, ). Then x, q f1(B) and from (vi),

[F1(1-p)) I < F1(1-p)

Then, [f1(1-B) ] < £1(1-B)

= 11 < 1-F1)

= 1)< [F1@)°

= f1(B ) is fuzzy open set in X. Also , f-1(B) is a Q-neighborhood of x, :

Since the net S= {S, ; n € D} converges to x, S is eventually quasi-coincident
with f1(B). Hence, the net f (S,) = f (S) is eventually quasi-coincident with f{ £-1(B ).
Then, f(F1(B)<Pp= f(S) is eventually quasi-coincident with P .

(vii) = (i): From theorem 2.2.6itis obvious.

Theorem 2.2.8: Letf: X — Y be a fa.c. (Singal) and let B be a fuzzy open set in Y.
Thenif x4 € F1(B), f(x, ) € B.

Proof: As P be a fuzzy open set in Y, P is a fuzzzy reqular closed set. By the theorem

2.2.7, -1 B) is fuzzy closed in X. Thus f1(B) = £-1(B). Hence we have,

( B) (fx) = F1( B) () = F1( B)x) = F1(B)(x). But x,& - 1(B), therefore

a< FlB)x) <( [3) (f(x)) and consequently f(x,) € E

Proposition 2.2.9: Letf: X — Y be a function if f is f.a.c. Then , for each fuzzy open
set B inY, 1(B) < £I( B).

Proof: By the tehorem 2.2.8, f (f‘_l(—ﬁ.)) <( B), for any fuzzy open set § in Y. Also since
£ 1)< £ 1(AFT(B)), we have FI(B) < £1( B).



Theorem 2.2.10: Letf: X — Y be a fuzzy open mapping from a fit.s. X onto a fit.s. Y.
Then for every fuzzy set P in Y, f-1( B)< 1B).

Proof: Let x ¢ f-1(B) be a fuzzy point in X. Then there exists a fuzzy open Q-nbd p of
x, such that p q f1(B ), which implies that f(u) < £ ( 1- £1(B )) = 1- f (F1(B )) = 1- B.
Since f is fuzzy open f (i) is also fuzzy open. Again x, q p implies that f(x,) q f(). Thus
f(n) is a Q-nbd of f(x,). Therefore we have f(x,) ¢ B, because p 5{ f ](B) = f(w) ;{ B,p=f
(1)) . So x, « f-1 ( B). This completes the proof. |

Corollary 2.2.11: Let f: X — Y be a fuzzy open function from a fit.s. X onto a f.t.s. Y.
Then for every fuzzy openset3 inY, 1 By = £1(B).

Proof: From the theorem 2.2.10. and the corollary 2.2.9, the proof is obvious.

Definition 2.2.12: A function f: X — Y is called fuzzy almost open iff for every fuzzy
reqular open set B of Y, 1 By < F1p).

Corollary 2.2.13: Let f: X — Y be fuzzy almost open function and f.a.c. (Singal). Then
for every fuzzy reqular open set B isin Y, then f‘l( [—3) = f'l(B )

Proof: It is obvious from the definition 2.2.12 an the corollary 2.2.9.

Theorem 2.2.14: Let f: X — Y be fuzzy continuous mappings with f{X) = Y and f is
fuzzy open and let g1 Y —» Z be a function. Then, the composition gof: X — Z is fa.c.

(Singal) if and only if g is f.a.c. (Singal).

Proof: (=) : Let B be a fuzzy reqular open set in Z. Then (gof)"](B) = f1(g-1(B)) is fuzzy
open in X. Since fis fuzzy open f ( f"l(g’l(B)) is fuzzy openin Y. Since f (X) =Y, f (g
I([3)) = g‘l(B) and g'] (B) is fuzzy open. Thus g is .f.a.c. (Singal)

(<): Let B be a fuzzy reqular open set in Z. Then, since g is f.a.c. (Singal) g 1(P) is fuzzy
open in Y. Also since fis f.c., t-1(g-1(B)) is fuzzy open in X. Thus (gof)-1(p)is fuzzy

open and so gofis f.a.c. (Singal).
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Theorem 2.2.15: If f: X—>Y be a fuzzy open function. If f is fuzzy open and f.w.c., then
fis f.a.c. (Singal).

Proof: Let 3 be a fuzzy open set in Y with f (xy ) q B . Since f is f.w.c., there exists a

fuzzy open set 1 in X with x, q p such that f(u ) < B. Also , since f is fuzzy open, f(u1 )
°

is fuzzy open. Thus, f(n) < B. ’

Corallary 2.2.16: A fuzzy open function fis f.a.c. (Singal) if and only if fis f.w.c.
Proof: It is clear.

Theorem 2.2.17 : Let f: X —» Y 1is fa.c. (Singal) and fuzzy almost open, then f is

f.a.c.(Husain).

Proof: Let B be a fuzzy open set in Y with f (xo ) q B . Then, since f is fuzzy almost
— s KO
continuous (Singal), f-1(8) < 1( p)and -1 B) is fuzzy open . Then,

tl(Bys FIE) s FICP).
We know that,

f(xo) aB = Xo qF'B), %0 qf'( B)<FI(B).

Hence f-1(B) isa Q- neighborhood of x, . Consequently f'is f.a.c. (Husain) at x,.

Theorem 2.2.18 : Let f: X — Y be a function as surjection, fuzzy open and f.a.c. (Husain)
. Then, fis f.a.c.(Singal) if and only if for every fuzzy open set § , fl( B) = f'l(B) .

Proof:(=):Necessity follows in view of Corollary 2.2.11.

(<):To prove sufficiency , let B be a fuzzy open setin Y with (x4 ) q B . Since fis fa.c.
(Husain), there exists a fuzzy open set p in X such thatx, quand p<f '(B). Since f is
fuzzy open, f’(B) <fl [—3). Thus f (u) < Band fisfw.c. at Xq, - From the theorem 2.2.14,

fis f.a.c. (Singal).
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2.3. Variants of Almost and Weakly of Some Fuzzy Continuities.

In recent years, the almost and weakly variants of the quasi and somewhat
continuities are defined by W. Balaz. He has also studied that in which case these

continuities imply each other.We have applied his work to fuzzy continuity.

Definition 2.3.1: A mapping f from a fuzzy topological space X to another fuzzy
topological space Y is called a fuzzy quasi continuous if for each fuzzy open set p and
for each open set 3 with x, q .u and f(x,) q B, there exists a fuzzy open set ¢ withx, q ©
and ¢ #0 such that f(n) <B ando <.

Definition 2.3.2: A mapping f from a fuzzy topological space X to another fuzzy
topological space Y is called a fuzzy somewhat continuous mapping if for each fuzzy open

set B in Y properly £ (B)=0, [ (B)1° =0, [2].

Definition 2.3.3: A mapping f from a fuzzy topological space to another fuzzy
topological space Y is called a fuzzy almost quasi continuous mapping if for each fuzzy
open set B with f(x,) q B and for each fuzzy open p with x, q p there exists a fuzzy

o . .

open set ¢ with x, qoand ¢ <, flo) < B.

Definition 2.3.4: A mapping f from a fuzzy topological space X to another fuzzy

topological space Y is called a fuzzy almost somewhat continuous mapping if for each

o
fuzzy open set B in Y properly £'(B) = 0, [f'( B)I°#0, [2].

Definition 2.3.5: A mapping f from a fuzzy topological space X to another fuzzy
topological space Y is called a fuzzy weakly quasi continuous mapping if for each fuzzy
open set B with f(x,) q B and for each fuzzy open p with x, q p there exists a fuzzy open

set o with x,.qoando <p, flo) < B.

Definition 2.3.6: A mapping f from a fuzzy topological space X to another fuzzy
topological space Y is called a fuzzy weakly somewhat continuous mapping if [f b ( BI°

# 0, for each fuzzy open set Bin Y properly £ (8) =0, [f " ( B)I° [2]-

22



It can be seen from the definitions that, almost variences of fuzzy continuties imply
weakly variences of fuzzy continuities. However, the inverse is not always true. The
results shown below, are related to be the same meaning of almost varience of continuities
with originals and weakly variences of continuities with almost variences of continuities.

Now on, the fuzzy almost continuity is in the sense of Singal.

Theorem 2.3.7: Let fX—Y be a function from a fuzzy topological space X to a fuzzy

semi-regular space Y. Then we obtain the followings:
i) f is a fuzzy continuous mapping iff f is fuzzy almost continuous.
ii) f is a fuzzy quasi continuous mapping iff f is a fuzzy almost quasi continuous mapping.

iil) f is a fuzzy somewhat continuous mapping iff f is fuzzy almost somewhat continuous

mapping.

Proof: (i) (=): It is obvious using the definitions.

(<=): Let B be a fuzzy open set in Y with f (x,) q B. Since Y is fuzzy semi-regular space,
K}

there exists a fuzzy open set & such that f (x,) q 8 £ & < B.Also, since f is fa.c., there

A
exists a fuzzy open Q-neighborhood p of x, such that f(n) < & < B. Hence f(u)< B.
(ii) (=): Obvious.

(<=): Let B be a fuzzy open Q-neighborhood of f(x,) in Y and let p be a fuzzy open set in
X with X, q p. Then, since Y is fuzzy semi-regular space there exists a fuzzy open set &
°
such that f(x,) ¢ 8 £ & < B. Since { is fuzzy almost quasi continuous, there exists a fuzzy
o

open set ¢ with X, q o such that ¢ < p and f (6) < 8. Thus, f(¢) <.
(iii) (=): Obvious.

(¢<): Let B be a fuzzy open Q-neighborhood of f(x,) and f ()= 0. Since Yisa fuzzy
o
semi- regular space, there exists a fuzzy open set § such that f (x,) ¢ 6 < & < B. Also,

since f is fuzzy almost somewhat continuous [f'( 8)]°# 0. Thus [’ (B)]’= 0.

Theorem 2.3. 8 : Let f : XY be a function from a fuzzy topological space X to a fuzzy

almost reagular space Y.Then we obtain the followings:
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(i) fis a fuzzy almost continuous iff f is fuzzy weakly continuous
(ii) f is fuzzy almost quasi continuous iff is fuzzy weakly quasi continuous

‘(i) f is fuzzy almost somewhat continuous iff f is fuzzy weakly somewhat

continuous
Proof: (i) (=): Obvious.

(i) (<): Let B be fuzzy open Q-neighborhood of f(x,). Since Y is fuzzy almost regular,
for fuzzy open set B with f{ x,) q B, there exists a fuzzy regular open set 8 such that f{x,) q
§< &< B. Since fis fuzzy weakly continuous,there exists a fuzzy open set 1 with X, q

L]

1 such that {n)< g Then f(n)< B
(ii) (=): Obvious.

(ii) (<=): Let B be fuzzy open Q-neighborhood of f{x.) and let p be a fuzzy open Q-nbd of
X« Then, since Y is ﬁxzzy almost regular space, there exists a fuzzy regular open set & such
that f(ix,) ¢6< &§< B Since f'is fuzzy weakly quasi contmuous there exists a fuzzy open
set 1 with x, q n such that n < & and fin)< s. Then,fin)< B

(iii) (=): Obvious.

(iii) (<): Let B be a fuzzy open Q-neighborhood of f(x,) and £ (B) # 0. Since Y is a
fuzzy almost regular space, there exists a fuzzy regular open set 8 such that f (x.) q 5 9o
<8< B Also, since fis fuzzy weakly somewhat continuous [f( 8)]°#0. Thus [£( B)] #0.

Now we arrive the following corollary.

Corollary 2.3.9. Let £X—Y be a function from a fuzzy topological space X to a fuzzy

regular space Y. Then we obtain the followings:

(i) f'is fuzzy continuous iff f is fuzzy weakly continuous

(ii) fis fuzzy quasi continuous iff f'is fuzzy weakly quasi continuous

(iiii) f is fuzzy somewhat continuous iff f is fuzzy weakly somewhat continuous

Proof:We know that a fuzzy regular space is a fuzzy almost regular space and a fuzzy semi-
regular space. So The proof follows from the theorems 2.3.7. and 2.3.8.
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If £X—Y is a function, then we have the followings requirements:

fc. = fa.c. (Singal )
fe. = fla.c. (Husain )
f.c. = f.a.c. (Stallings )
fc. = fw.c.

fc. = fw*.c.

fe. = fw**.c.

f.c. = f.somewhat c.
fec. = f. quasic.

fc. = f.a.somewhat c.
fc. = fa.quasic.

fe. = f'w. somewhat c.
fe. = fw.quasi c.
f.a.c.(Singal ) = fw**c.

fla.c.(Singal ) and fa. open = fa.c.(Husam )
fw**.c. and fuzzy open = fla.c.(Singal )

f a.somewhat c. = f.w.somewhat c.

f.a.quasi c. = fw.quasi c.
IfY is fuzzy semi-regular space

fisfec. & faa.c. (Singal )

fis f quasi c. & fis fa.quasi c.

f'is f.somewhat c. & fis fa.somewhat c.
IfY is a fuzzy almost regular space

fis fa.c. (Singal ) o fis fw*.c.

fis fa.quasi c. < fis fw.quasic.

fis f.a.somewhat c. < fis fw.somewhat c.
IfY is a fuzzy regular space

fisfe. o fisfw**.ec.

fis f.quasi c. & fis fw.quasi c.

f'is f.somewhat c. <> fis fw.somewhat c.
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CHAPTER 3
FUZZY RARELY CONTINUITY AND FUZZY STRONGLY
0- CONTINUITY

In this chapter, some properties of fuzzy rarely continuous and fuzzy strongly ©-
continuous functions are studied. Also fuzzy rarely* continuity and fuzzy strongly 0*-

continuity are defined and some relations with several continuities are given.
3.1. Fuzzy Rarely Continiuity And Fuzzz Rarely* Continiuity

Fuzzy rarely continuity is defined and weaker forms are studied by TAN [2]. In this
section some properties of fuzzy rarely continuity are given. Fuzzy rarely* continuity is

defined and weaker forms are studied and some comparisons are given.

Definition 3.1.1: If (X,t) be a fit.s. and p is a fuzzy set in X with p°=0, then it is called

that p is a fuzzy rare set in X.

Definition 3.1.2: Let f: X—Y be a function. If for each fuzzy open set B in Y with f(x,)q
B, there exists a fuzzy rare set Ry with ﬁﬁ qaB and there exists a fuzzy apen set p with x, q
u such that.f(i) <PvRg.Then it is called that f is fuzzy rarely continuous (f. rarely c.) ata
fuzzy point x, (Briefly: Ve Uq (f(x,)), (3 Rge IV, R%=0, R ¢ B) (3 neUq (x4) 3 (1)
<BVRy)) [2]. '

Example 3.1.3: Let X=[0, 1] and ae X be a constant element of X. Now we define a, B, o,

u fuzzy sets in X with for every xe X,

5/6,x=a 7/8, x=a
o(x) = B(x)=

0, x#a, 0, x#a

5/6,x=a 1/9, x=a
o(X) = u(x)=

0, x=a , 0, x#a
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If we take two topologies T and 1’ in X with T ={1, 0, a}, t’ = {1, 0, B, o}, the

identity function f=1I: (X, t) = (X, t') is fuzzy rarely continuous.

Proof: For Bet’, if we take Ry = p, then Ry =o,i'iB =1-B,Rp gB andBVR;, = B So for

each x, A > 1/6, x;qu and f (o) B V Ry = B. For ce’, if we take R, = p, we arrire that

for x, A>1/6, x,qoand f (o) So VR, =0. So fis fuzzy rarely continuous.

Corollary 3.1.4: Let f: X—Y be a function. If f is fuzzy continuous, then f is fuzzy rarely

continuous. But inverse isn’t true.[ 2 ].

Theorem 3.1.5: If f: (X, ©)—(Y, t') is fuzzy continuous and g: (Y, ©") = (Z, 1”) is fuzzy

rarely c, then the function gofis f. rarely ¢. [ 2 ].

Definition 3.1.6: A function f: X—Y is said to be fuzzy weakly continuous at the fuzzy
point x, if for each fuzzy openset Bin Y with f(x,) q B there exists a fuzzy open set p in
X with x, q p such that f (p) < B

Fuzzy weakly continuous function and fuzzy rarely continuous function are

indeperdent to each other as seen the following examples.

Example 3.1.7: Let fi(X, 1)—>(X,1’) be a function as defined f (a) = a, f(b)=b f(c) =c¢
where X=4ab,ct,t=10,1,0f and ' =1 0,1,B> , witha(@a)=a (b)=a (c)=2/3 and B
(@) =P (b) =P (c)= 1/3. Then fis f.w.c but f is not f.rarely continuous at a,g,/09

Proof : For f (ayp5000) 4 Bs  @20212009 @ and f (o) < _[5 Thus, fis f.w.c. at aygy0¢. But, for
every f.rare set Ry (o) ;(Rﬂ VB Because If IO{B = 0 then. Ry (a)< 1/3, R (b) < 1/3 or Ry
(¢) < 1/3 .Suppose Ry (a)< 1/3 , so f(a) () > (Rp v B)(a). Thus fis not £ rarely c. at ay4/00

Example 3.1.8. Let f: (X,t)— (X,t") be a function as defined f(a)=a f(b)=b, f(c)=c where
2
X= {a, b, c} v=10, 1, a}, U= {0, I, ﬁ., B,} and a(a) = a(b) = 5, a(e) = 2, B(a) =

1
Bi(b) = 3: Bi(c) = and B,(a) = B,(b) = 3 , B,(c) = = . Then f is f. rarely c. at m and

but fis not f w.c. at—l—Qz"

200
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€102 €102 €102

Proof: For f( 200) q By, 200 ¢ and fla) < B,=1-B, .Thus, f is not fw.c. at 500"
€102, o . 2 1
However, for f{( 200 )aB,, if we take Rg(a) = Rpy(b) = 7 and Rgi(c) = 100" Then RBl =0

and Rm;{ Bi. Finally, fa) <Ry v By with 0 qoc Also for f( 200 )qu, if we take Rpy(a)

20
9 = €102 .
= Rp,(b) = Ryy(c) = 0, then Rp,=0 and Rp,4B, and for %4560 f(0)<Rg,. V By. Thus,fis f.

€102
200°

rarely c. at —

Fuzzy almost continuous function and fuzzy rarely continuous function are

independent to each other as seen the following examples.
Example 3.1.9. Let f:(X,1)—> (X,1') be a function as defined f(a) = a,f(b) = b, f{c) = ¢

where X={a,b,c}, v={0,1,a}, 1'={0,1,,8,} and a(a) = a(b) = %, a(c) = ’21‘, Bi(a) = By(b)

\ 1 3 1

=7 Bic)== and B,(a) = By(b) = and Bz(c) = —. Then fis f. rarely c. but f is not f.a.c.
(in the sense of Singal) at the fuzzy point 5 0(3)
Proof: For f( 21(;)(3) ) aBs. 21(;)(3) q a and f(a) 4 [31—1 B,=B; Thus, fis not f.a.c. at this point.

Hovewer, for f( 2‘8(3)) qB,, if we choose Rg(a)= Ry (b)=3/4, R (c)= 1/100, then RBI 0,

c
Rp,;{ B, and for a q LS , f{w) <Ry, v By For f( )q B,, if we choose RBZ =0, then, for
200° 200

€103
200°

oq flo) <Ry V By Thus fis . rarely c. at this point.
Example.3.1.10: Let f:(X,t)—> (X,t‘) be a function as defined f(a) = a, f(b) = b, flcy=c

where X={a,b,c}, =={0,1,a}, v'={0,1,8,,B,} with a(a) = a(b) = a(c) = —;—, Bi(a) = By(b) =

1
Bi(c) = -1- and B,(a) = Py(b) = B,(c) = = Then fis f.a.c. but fis not f. rarely c. at 3 00
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Proof: For f( 300 ) q By, forevery fuzzy rare set Rp; , (o) <Rp v B; with Rm ;{B, ,
because, if RB‘ =0, Ry (8) < 173, R (b) < 1/3 or Ry (¢) < 1/3. Suppose Ry (a) < 1/3

arm aso?
300F £(3007 9B1>3009%

then, f(o) (@) > (Rp; v By )(2) . Thus fis not f rarely c. at

o
and f(a) < B, and for f( 32(;)3 )q B, fla) < B,.Thus, fis fa.c. at this point.

Theorem 3.1.11: If f: X—Y is frarely c. and AcX, then f|,: A—>Y is frarely c.

Proof: Let x,, be a fuzzy point in A and let B be a fuzzy open set in Y with f(x,) gB. Then
since fis f. rarely c., there is a fuzzy open set pu in X with x, qu and there is a fuzzy rare set
Rgin Y such that ﬁ-ﬁ g B and f (1) < Rgv B. We know that x, q p < a+pt (x)> 1, 50 pp=
K| 4 is a fuzzy open set in A such that x, q pA . Since pja <, f(ja) <f(p)<Rgvp.So

f| A is frarely c. at x,
Lemma 3.1.12: Ifg; X — Y is f.c. and one - to - one, then g preserves fuzzy rare sets.

Proof : Suppose R is a fuzzy rare set such that g( R ) is not fuzzy rare set in Y.Then there
exists a fuzzy point y, in g( R ) such that y, € [g (R)]°. That is; there is a fuzzy open set
in Y such that y,q B and B < g (R ) Now we consider the fuzzy point x, in X such that f
(xq) = Yo and let pu be any fuzzy open set with x,q p. Since R is fuzzy rare set in X, the
fuzzy set u must contain at least one fuzzy point z,, in X such that z,. ¢ R. Thus g (z,) ¢ g
( R ) so that g(n) < B which shows that g is not fuzzy continupﬁs at x,. We conclude that if

R is fuzzy rare set in X, then g(R) is fuzzy rare setin Y.

Theorem 3.1.13: If f: XY is f. rarely c. and g: Y—>Z is f.c., one-to-one, onto Z. Then
gof:X — Z is f. rarely c.

Proof: Let x,, be a fuzzy point in X and let B be any fuzzy open set in Z with (gof) (x,)qB.
Since g is f.c., g (B) is fuzzy open in Y where g"'(za)=f(xa). Also, since { is f. rarely c.,
there exists a fuzzy rare set R and a fuzzy open set p with x,q p such that Eﬂﬂ/ g'l(B) and
() < Ryvg'(B) Thus, g(f(1) < g(Ryv g'(B)) = (eoD(k) < eRp)ve(e” (B)) < gRp)vH. By
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lemma 3.1.12., g(R;) is a fuzzy rare set and in Z and since f{—ﬁ q g'l(B), then g(ﬁl;) AB.

Hence, gof is f. rarely c. at x,.

Theorem 3.1.14: Let f: X—Y be a fuzzy open surjection and 1-1 function and let g: Y—>Z

be a function such that gof: X—Z is f. rarely c. Then g is f. rarely c.

Proof: Let f(x,)=y, and let ¢ be a fuzzy open set with (gof)(x,)=z,, z, q ©. Then there
exists a fuzzy rare set R, and there is a fuzzy open set p with x,qu such that R; go and
(gof)(1) < Ryvo. But since fis fuzzy open, f(j) is fuzzy open set in Y with y,q f(u) having
the property (gof)(1) < Ryvo. Consequently g is f. rarely c. at y,,.

Now lets define fuzzy rarely* continuity of a function using the neighborhood of

a fuzzy point.

Definition 3.1.15: Let f: X—Y be a function and let let B be a fuzzy open set in Y with
f(x,) €B. Then if there exists a fuzzy open set p with x,ep in X and there exists a fuzzy
rare set Ry such that f(p) < Rgv B and 'ﬁ'ﬁ A B = 0. Then it is called that f is fuzzy rarely*

continuous ( f. rarely* c.) at x,,.

Fuzzy rarely contimity and fuzzy rarely* continuity are independent to each other as seen

the following examples.

Example 3.1.16: Let f:( X=[0,1], t©)—>(X, 1') be a function as defined f(x)=x for all xeX
and t={0,1,a}, 7'={0,1,,,B,} where

5/6,x=a 778, x= 4/5, x=a . ..
a(x) = Bi(x)= 4a Bz( X)= with a is a contast point in
X#a

0, x#a 0, 0,
X. Then fis f. rarely c. but fisn’t f. rarely* c. at 608
Proof: For, f (—- I06) Bl, qa and if we choose Rp; Ry, (%)= {O =a,thenRg1 =0
600 600 1, a
Ry= 1- . < _So fis £, rarely c. at 296 Byt for f ,
and Ry= 1-B,  B,. Thus f{a) < Ryyv By. So fis f. rarely c. a 600 for (600)532
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a106
600

eo and for every fuzzy rare set Ry, f(a) f_ Rg, Vv B,. Because, if ROB2 = (), suppose

2106
600"

Rpy(a)< 4/5, then f(a) <Rg, v B, Hence, fis not f. rarely* c. at

Example 3.1.17: Let f: (X, 1)—>(X, t') be a function as defined f(x)=x for all xeX and
={0,1,a} t'={0,1,8} where a(x)=1/2, B(x)=2/3 for all xeX. Then f is f. rarely* c. at x,

but fis not f. rarely c. at this point.

Proof: For f(x,,)eB, xip€a, and for Rg= 0, ﬁﬁ A B = 0. So fla)< RgvP. Thus f is
frarely*c. at x,;, But for f{x;,)qPB, X191, if R°3=0 then Rp(x)<1/3. Thus £{(1) £Ry v B. So

fis not £. rarely c. at x;,.
Corollary 3.1.18: Let f: X—Y be a function. If fis f.c., then fis f. rarely* c.
Proof: Obvious.

The inverse isn’t true as seen the following example.

Example 3.1.19: Let £:(X,1)—>(X,t") be a function as defined f(x)=x for all xeX and
=40,1,at, 7 =10,1,p  where X={a,b,cf and a(a)=2/3, a (b)= 4/5, a(c)=0, B(a)=0, B(b)=1,
B(c)=0 Then fis frarely* c. but fis not f.c. at by.

Proof : For f(b,4) q B, by q o but f ()£ B, so f is not f.c. at by, Also for f(by4) € B,
by € a and if we choose Ry with Ry (a)=2/3=R; (c) and Ry (b)=0. Then 1°13=O and EFI’ﬁ
ﬁﬁ AP=0.Thus we arrive that f(a) <Ry vp. So fis f. rarely* c. at by,

Finally, If we can use the definition of f. rarely* c. functions, we see that it satisfies
all the thorems that are proved for f. rarely c. Now, lets define the weakly froms of

f.rarely continous and fuzzy rarely* continuous of functions.

Definition 3.1.20: Let f: (X,1)—(Y,t") be a function. If for each fuzzy open set B in Y with

f(x)q B (f(x,) € P), there exists a fuzzy rare set Ry with ﬁﬁ qaB( ﬁﬁ A B =0) and there
©

exists a fuzzy open set p with x, q p (xqep) such that f(u) < BvRg. Then, it is called that f

is fuzzy rarely almost continuous (fuzzy almost rarely* continuous) at x,.[2].
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Corollary 3.1.21: If f: X—>Y isa f. rarely c. Then fis f. a. rarely c. The converse isn’t
true [2].

Corollary 3.1.22: If f: X—Y is f. a.c. (Singal). Then fis fa.rarely c.

Proof: Let x,q B and P be a fuzzy open set in Y. Since fis f.a.c. there is a fuzzy open set p
2 —
with x,q p such that f(i) < B. If we choose R =0, then Ry 7{ B and f(n) < B v Rg. Thus, fis

fuzzy almost rarely continuous at x,,

Corollary 3.1.23: If f: X—Y is f. rarely* c.. Then fis f. a. rarely* c. The converse is not

true,
Proof: It is clear from the definitions 3.1.15 and 3.1.20.

Definition 3.1.24: Let f:(X,t)—(Y,t’) be a function If for each fuzzy open set B in Y with
f(x.)q B (f(xo)e B), there exists a fuzzy rare set Ry with —ﬁﬁ ﬁ B (-li'ﬁ A P=0) and there exists
a fuzzy apen set u with x, q 1 (X, € p) such that f(p) < Bv Rg. Then It is called that f is

fuzzy weakly rarely continuous ( fuzzy weakly rarely* continuous) at x,, [2].
The proofs of the following corollaries are clear from the their definitions.

Corollary 3.1.25: If f: XY is f. rarely c. Then f is f.w.rarely c.The converse isn’t
true[2].

Corollary 3.1.26: If f: X—Y is f.a.rarely.c.Then fis f.w. rarely c. [2].
Corollary 3.1.27: If f: X—Y is f. rarely* ¢.Then fis f.w.rarely* c.
Proof: Obvious.

Corollary 3.1.28: If f: XY is f.a. rarely* c.Then fis f.w.rarely* c.
Proof: Obvious.

Corollary 3.1.29: If f: X—Y is f.w**.c. Then,f is f.w.rarely c.
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Proof: Let B be a fuzzy open set in Y with f{x,)q B. Since f is fw**.c., there is a fuzzy
open set 1 with X, q [ such that f{ p) < B . If we choose a fuzzy rare set Rg as Rg= 0, then
RogfB and f(p)< PBv Ry . Thus fis fw.rarely c. at x,.

Corollary 3.1.30: If £ X—>Y is f.w.c.Then f'is f.w.rarely* c.

Proof: Let 3 be a fuzzy open set in Y with f{x,)e. Since fis fw.c., there is a fuzzy open
set p with x, €p such that f{ B < B . If we choose a fuzzy rare set Rs as Rg= 0, then
f{ﬁ/\ﬁ=0 and f{p)< Bv Rg . Thus fis f.w.rarely* c. at x,,

3.2. Fuzzy Strongly 0 - Continuous Functions

In this section fuzzy strongly 0- continuity and fuzzy strongly 0*- continuity of

functions are defined and some comparisons are given.

Definition 3.2.1: Let £ X — Y be a function. If for each fuzzy open set § in Y with f (x,)
qP, exists a fuzzy open set 11 in X such that x, qu and f{ ) < B. Then it is called that f is
fuzzy strongly 0-continuous (Brietly, f. st . 0. c) at the fuzzy point. x,.

If fis £ st. O.c., then fis f.c. But inverse isn’t true in general as seen the following

example.

Example 3.2.2: Let £ (X, t) (X, 1) be the identity function with T = {0,1, o} and
1’ =140,1, B} be two topologies on X = {a, bt where o (a) = o (b)= 1/3 and f (a) = B (b) =
1003/3000. Then f'is f.c. but fisn’t f. st. 0.c. at the fuzzy point a 20033000

Proof: Let a 20033000 be a ﬁlzzy pOiIlt in X. Then for f(a 2003/3000) q B, a 200373000 O and f

( &) i B. Thus fis not £f. st. 0.c. at a 30035000. But, since fla) < B, fis fic. at a 20033000.

Definition 3.2.3: Let f: X—>Y be a function. . If for each fuzzy open set § in Y with
e

f (xa) qB, there exists a fuzzy open set 1 with x, q [ such that f{ w)<B. Then, it is called

that f'is fuzzy almost strongly 0-continuous (f.a.st. 6.c.) at the fuzzy point X,
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Let f: X—>Y be a functxon and let p and P be two fuzzy open sets with x, q p and
f (x) gB- Then, since p < u< 1, £ () < f( u)< f( W). So, if fis f:st. O.c.,then f.isf. a.
st. O.c. and f. is f.c. That is,

f.st.0.c. > f ast. 0.c. = fic.

Theorem 3.2.4: Let f: X— Y be a function from a fuzzy almost regular space X to a fuzzy

topological space Y. Then f .is f. st. 8.c. if and only if fis f. a. st. O.c.
Proof: (=): [8]

(<) : Suppose that f is f. a. st. 6.c. and (X, 1?) is fuzzy almost regular space. Let x, be a
fuzzy point in X and let B be a fuzzy point in Y with f (x,) q B. Then, since f is f a.st. :).c. ,
there exists a fuzzy open set p in X with x, q p such that f ( ﬁ) < B. We know that pisa
fuzzy regular open set in X. So since, X is fuzzy almost regular space, there is a fuzzy open

set o such that x, q o < o< u Thus f( c)<f( p)<Band fisst. 0 .c. atx,

Theorem 3.2.5: Let f: X— Y be a function from a fuzzy semi-regular space X to a fuzzy

topological space Y. Then f'is f. a. st. O.c. if and only if fis f.c.
Proof: (=) : It is clear.

(<=): Let B be a fuzzy open set in Y with f(x,) g B. Since fis f.c., there exists a fuzzy open
set p in X with x,, q p such that f (i) < B. Also smce X is fuzzy semi-regular space, there is
a fuzzy open set ¢ in X such that x, qo and o < o <p.Hence f( 0')< f(u <B.

Thus fis f. a. st. 8.c. at x,.

Corollary 3.2.6 : Let f: XY be a function from a fuzzy regular space X to a fuzzy
topological space Y. Then fis f.st. O.c. if and only if fis f.c.

Proof: Since a fuzzy regular space is fuzzy almost regular space and fuzzy semi- regular

space, the proof is clear.
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Corollary 3.2.7 : Let f: X—Y be a function from a fuzzy regular space X to a fuzzy
topological regular space X to a fuzzy regular space Y. Then, fis f. st. 0.c. if and only if f

is fw**.c.
Proof: (=>) : A f. st. O.c. function is f.c. and a f.c. function is fw**.c.

(<) : Suppose fis f.w**.c. Then from [8] theorem 2.1.14., since Y is fuzzy regular space,

fis. f.c. Also, since X is fuzzy regular space, from the corolllary 3.2.6 fis f. st. O.c.
Corollary 3.2.8 : Let f: X—Y be a function if fis f. st. 0.c., then fis f. rarely c.
Proof: Since fis f.st. 0.c. = f.c., then fis f. rarely. c._

Corollary 3.2.9 : Let f: XY be a function from a fuzzy regular space X to a fuzzy

regular space Y. Then fis. f.w**.c. if and only, if fis fa.st. O.c.

Proof: If X in fuzzy regular space, then f is fa.st. 8.c. < fis f.c. Also since Y is fuzzy

regular space, fis f.c. & f.w**.c.

Corolory 3.2.10: Let f: X—Y be a function from a fuzzy semi regular space X to a fuzzy

semi regular space Y. fis. f.a.c. (Singal), if and only if, fis fst. O.c.

Proof: Since X is a fuzzy semi-regular space, f is f.st. O.c. <> f.c. and also since Y is a

fuzzy semi regular space, fis f.c. <> fis f.a.c. Thus fis fa.c. & fisf. st. O.c.

Definition 3.2.11: Let f: XY be a function. . If for each fuzzy open set f in Y with f (x,)
eP , there exists a fuzzy open set p in X with x, € p such that f ( ) < B. Then, it is
called that f is fuzzy strongly 6* continuous (Briefly f.st. 6*. c.) at the fuzzy point x,,.

If fisf. st. 0*.c, then fis f.c. But invesse isn’t true in general as seen the following

example.

Example 3.2.12: Let f (X, t) = (X, 1') be the identity function. Also let T = {0,1, ot and
7' =140,1, Bt be two topologies on X={a,bt where o (a) = a (b) = 1/3 and P(a) = B(b) =
11/30. Then fis f.c. but fis not f. st. 0%c. at a;.

35



Proof: : Let B be a fuzzy open set in Y with f(a ;3) €. Then a;;; ea and f (o) < . So fis
fc.ata;; But a=1-oand f( a)gp. Thus fis not f. st. 0%.c. at a; 5.

Fuzzy strongly 0- continuity and Fuzzy strogly 6* continuity are independent to

each other as seen the following examples.

Example 3.2.13: Let f (X, 1) - (X, ') be the identity function with X =1{abt and T =
10,1, at, v =40,1, B}, o (@) = & (b) = 12/30 and B(a) = P(b) = 2/3. Then fis f. st. H*.c. at

a;1130- But fis not f.st. 0.c. at this point.

Proof: : Let B be a fuzzy open set in Y with f (a ;;30) q B- Then a;;30q 1 and f ( T) £ B.
Thus fis not f. st. 6.c. at a,;;35. But for f(ai39) € B, @130 € @ and £( o) =f(l-a) < P.

Sofisf. st. 0*.c. at a ;30

Example 3.2.14: Let f (X, t) — (X, ') be the identity function with X = {a,bt and T =
10,1, at, T = 10,1, Bt where o (a) = o (b) = 1/3 and B(a) = P(b) = 11/30. Then f is f. st.

O.c. at a ; but fis not f.st. 0*.c. at this point.
Proof: : It is clear from the example 3.2.12.

Definition 3.2.15: Let f: X—Y be a function. if for each fuzzy open set § in Y with f (x,)
°
€f, there exists a fuzzy open set | with x, € p such that £( p) < p. Then, it is called that

fis fuzzy almost strongly 6*. continuous at the fuzzy point x, (Briefly f.a.st. 0*.c.).

If f: X—»Y be a function and p and B are two fuzzy open sets 1n Xandin Y
respectively with x, € p and f (x,) €B . Then, since p < p < u, £ () < K p.) < f( w. So,
if fis f.st. O*.c., then fis f. a st. O0*c. and fis f.c. That is,

f.st. 0*%c. = fa. st. 0*.c. = f.c.
Theorem 3.2.16: If fis fis fist. 6*.c., then fis f. rarely*. c. and f. rarely. c.

Proof: : Since if fis f.c., then fis f. rarely*.c. and frarely.c. and since if f is fist. 0*.c.,

then f.is f.c. Thus, the proofis clear.

Corollary 3.2.17 . If f: X—>Y isfisf. a. st. 0*.c., then fis f.c.
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Proof: : Let B be a fuzzy open set in Y with f(x, ) € B then, there is a fuzzy open set p
° -
with x, € p such that f ( p) <. Since p < p, f(u) <B. Thus fis. fc.

Corollary 3.2.18 : If f: XY isf. a. st. 0*.c., then fis f. a.c. (Singal), f.w.c., fw*.c. and

f. w¥*c.
Proof: : From the corollary 3.2.17., the proof is clear.
Corollary 3.2.19: If f: X—Y is f. a. st. 0*.c. Then fis f. a.rarely*.c. and f is f w. rarely*.c.

Proof: : From corollary 3.1.23, the proofis clear.
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Let f: (X, 1) = (X, t’) be a function. Then we have the followings requirements:

fis. f.c. = fisf rarely.c.
fis. f.c. = fis f. rarely* . c.
fis f. rarely .c. = fisf. a. rarely.c.

fis fla.c. (Singal) = fisf a. rarely.c.
fis f. rarely* .c. = fisf a. rarely *. c.
fis f. rarely .c. = fis f. w. rarely. c.
fisf. a. rarely .c. = fisf w. rarely. c.
fis f. rarely* .c. = fis f. w. rarely*.c.

fisf. a. rarely* .c. = fisf. w. rarely*.c.

fis f. w** c. = fis f. w. rarely .c.

fisf w.c. = fis f. w. rarely* .c.

fisf. st. 0 .c. = fi; f.c.

fisf. st. O .c. = fis fast. O.c.

fisf. a.st. 0 .c. = fis f..c.

fisf st. 6 .c. = fis f. rarely. c.

fis f. st. 6* .c. = fisf.c.

fis f.st. O*.c. = fis fa.st. O*.c.

fisf. ast. 6% .c. = fisf. c.

fis f. st. 0*.c. = fis f.rarely*. c.

fis f. st. 0*.c. = fis frarely. c.

fisf. st. B*.c. = fa.c. (Singal)

fisf. a. st. 6*.c. = fis f. w. c. and f.w*.c. and f.w**.c.
fis f. a. st. 0*.c. = fis f.rarely* c.,fa.rarely*.c..f.w. rarely. c.,fow. rarely*.c.

If X is fuzzy almost regular space.

fisf, st. O.c. < fisf. a. st. O.c.
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If X is fuzzy semi regular space
fisf. a. st. B.c. o fisf.c
If Y is fuzzy regular Space;
fisf. we. o fisfc.
If X is fuzzy regular space;
fis fist. O.c. < fisf.
If Y is fuzzy semi regular space;
fis f. a.c. (Singal) < f.is .f.c.
If X is fuzzy regular space and Y is fuzzy regular space;
Fisf. st. O.c. < fisf. we.
fisf w.c. & fisf ast. O.c.
If X is fuzzy semi regular space and Y is fuzzy semi regular space

fis f. a.c. (Singal) <> fis £ st. O.c.
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CHAPTER 4

FUZZY D-CONTINUITY, FUZZY D-REGULAR SPACES AND FUZZY D-
HAUSDORFF SPACES

In this Chapter, fuzzy D- continuous function fuzzy D*- continuous function are
defined. Also weakly and alimost forms of these continuities are studied and some relations
are given betwen them. Also, basic properties of fuzzy D- continuous functions are
summarized; and sufficient conditions on domain and/or range implying fuzzy continuity
of fuzzy D- continuous functions are given. Fuzzy D- regular space and fuzzy D-

Hausdorff space are defined and some topological propeties are proved.
4.1 Fuzzy D-Continuous Functions:

In this section, fuzzy D-conitnuity and fuzzy D*- continuity of functions are
defined and basic properties of fuzzy D- continuous functions are summarized; and
sufficient conditions on domain and/or range implying fuzzy continuity of fuzzy D-

continuous functions are given.

Definition 4.1.1: A fuzzy set in X is a fuzzy Gg_ set iff it is a countable intersection of

fuzzy open sets.

Definition 4.1. 2: A fuzzy set in X in as fuzzy F,-set iff it is a countable union of fuzzy

closed sets.
The complement of a fuzzy Gg_ set is a fuzzy F_ set and vice versa.

Lemma 4.1. 3: A fuzzy F-set can be written as the union of an increasing sequence o; <
o, < ... of fuzzy closed sets (Hence, a fuzzy Gg_set can be written as a decreasing

intersection) .

Proof: It is clear from the definitions 4.1.1. and 4.1.2.
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Definition 4.1.4: A function f:X — Y is said to be fuzzy D- continuous (f.D.c.) if for each
fuzzy open F,_ set B in Y with {(x,) qP there is a fuzzy open set |t with x, qu such that f(u)

<B.

Theorem 4.1. 5: Let f: X — Y be a function, If f is fuzzy continuous then fis f.D.c.

Proof: Since each fuzzy open F,_ set is fuzzy open, the proof is clear.

Example 4.1. 6: Let X be a non-empty set and 1 be the indiscrete fuzzy topology (that is
1={0,1} on X). Let ' = {0,1,8,} where B,(x) = ;l;, n € IN and o (x)=11/30. Then the

identity mapping f: (X,1) = (X, ') is [.D.c. but f'is not f.c. at X,y;39

Proof: For B; € t" with f (%2130 )9 B3 X21309 @ and f () < B3 so is f is not f.c. at x,30,
But, if we show the family of fuzzy open F,-sets with A4 in (X,t’) then we arrive that
A={1,B,}. Thus, for {(x;1;30) q 1, Xa139 1 and F (1) < 1 and for f (X313 )9 B3 . X21309

and f (o) < B,so I'is £.D.c. at X54/39

Theorem 4.1.7: 1 et f: X— Y be a functions. Then the following statements are equivalent.
‘(a) fis f.D.c.

(b) If B is a fuzzy open F,_ set in Y, then ' (B) is a fuzzy open set in X.

(¢) Ifoisa fuzzy closed Gy setin Y, then 1! (g) is fuzzy closed in X.
Proof: (a) = (b) : I f P is a luzzy open F__set in Y, then for each fuzzy point x, in X

S

with x,q "(B) . I'(x,) g B. From (a), there is a fuzzy open set p in X with x_q p such that
fin) <P Thus x,q pand p < f'(B) so f- (B) is fuzzy Q-nbd of x,. By the definition
1.2.12. in chapter 1,f~ (B) is fuzzy open set in X.

(b) = (a): Let } be a fuzzy open I - set in 'Y with. (%,) gB. From (b), £ ' (B) is a fuzzy
opensetin Y with x,q f~ ([3) Thus, with £ (B)=p , f(p) = B.

(b) = (c): Let ¢ be a fuzzy closed G;_set in Y, then 1- o is a fuzzy open F,_ set and so

from (b), f ! (-o)=1- (o) is fuzzy open. Thus f 5 (o) is fuzzy closed in X.
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(¢) = (b): Let B be a fuzzy open F,_ set . Then 1- B is fuzzy closed Gsset and so
£71(1-B) =1-f '(B) is fuzzy closed. Thus £ ' (B) is fuzzy open set in X.

Proposition 4.1. 8: Let f: X— Y be a function. If f is f.D.c., then for each fuzzy point x,,
in X and each fuzzy net {S, : neD} which converges to x,, the fuzzy net {f(S,): ne D} is

eventually quasi-coincident with each fuzzy open F_ set B with f(x,) gp3.

Proof: By the theorem 4.1.7, fis fD.c. < if B is a fuzzy open F, - setin Y, then I(B) isa
fuzzy open set in X. Now, let {S,: neD} be a fuzzy net in X which converges to x, and let
B be a fuzzy open F, -set in Y with f(x,) q B. Then I([.’)) is a fuzzy open set with x,q I(B).
Thus {S,: neD} is eventually quasi-coincident with f "(B). Hence, {f(S,): neD} is

eventually quasi-coincident with p.

Definition 4.1. 9: Let f: > be any function. Then the function g: X—>XxY, defined by
g(x) = (x, f(x)) is called the graph function with respect to f.

Theorem 4.1.10: Let f: X— Y be a function such that the graph function is f.D.c. Then fis
f.D.c.

Proof: Let x, be a fuzzy point in X and let B be a fuzzy open F -set with f(x,) qB. Since
1-B is a fuzzy closed Gg - set,so I x (1-B)=(1 x 1) -pil (B) is a fuzzy closed Gg- set. Thus
pgl (B) is a fuzzy open F, - set of (1 x 1). Since g is f.D.c., there is a fuzzy open set p with

X q Mt such that g(p) < pgl (B). It follows that p, (g (1)) = f (1) < B, and so fis f.D.c.

Theorem 4.1. 11: Let f: X— Y be any function. If fis f.D.c., then for Ac X, fj5: A > Y is
fD.c.

Proof: Let 3 be a fuzzy open F-set in Y with f(x,) qB. Since fis f.D.c., there exists a
fuzzy open set p with x,, qu such that f(i) < B. We know that if pis fuzzy open set in X,
then p,=p, is fuzzy open in A and p, < p.Thus f(py) <f(p) <P andso f,isf.D.c.

Theorem 4.1.12: If f: X—>Y is f.c. and g: Y—>Z is £.D.c., then gofiis f.D.c.
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Proof: Let ¢ be a fuzzy closed G; - set in Z. Then g'(o) is fuzzy closed in Y and since f is
f.c.,(go ) ! (o) = £ (g ! (o)) is fuzzy closed in X. Thus gofis f.D.c.

Theorem 4.1.13: Let f: X—>Y be either a fuzzy open or fuzzy closed surjection and let
g: Y—Z be any function such that gofis f.D.c. Then g isf.D.c.

Proof: Suppose f is fuzzy open (respectively, fuzzy closed), and let B be a fuzzy open F, -
set in Z (respectively,p be a fuzzy closed Gg-set). Since gof is f.D.c.,(gof )'I(B)= f l(g'l ($)))
is fuzzy open (respectively, fuzzy closed) and since f is surjection and fuzzy open
f(f 'l(g'[(B))) = g‘I(B) is fuzzy open (respectively, fuzzy closed) and consequently. g is
fD.c.

Definition 4.1.14: Let (X,7) be a fuzzy topological space. Let R be an equivalence relation

on X. Let X/R be the quotient set, and let P: X — X/R be the projection (quotient map).
Let U be the family of fuzzy sets in X defined by,0 ={ B | p"(B) €1}.Then v is obviously a
fuzzy topology for X/R, called the quotient fuzzy topology and (X/R, V) is called the

quotient fuzzy space of (X,t) (relative to the quotient map). Here P is f.c.

Theorem 4.1.15: Let f: X— Y be a quotient map. Then a function g: Y— Z is f.D.c. if and
only if gofis f.D.c.

Proof:( = ): It is immediate from the theorem 4.1.12.

(< ): Let B. be a fuzzy open F, - set in Z. Then, (go f)" By=f l(g "([3)) is fuzzy open in

X. Since f is a quotient map g"'(B) is fuzzy open in Y and so g is f.D.c.

Theorem 4.1.16: For each ae |, let f, : X,— Y, be a function, and let {: IIX,—IIY, be a
function defined by f (x, )= (f, (x)) for each fuzzy point (x,) in IIX,. If f is £D.c., then
each £ is f.D.c.

Proof: Let o, be a fuzzy closed Gg - set in Y; . Then o; x 1, (a #i ) is a fuzzy closed G
- set in ITY,.. Since fis f.D.c., by the theorem 4.1.7, f'(o; x (ITly ) = £'(0; ) x (I11, ) is
fuzzy closed in ITX, where a #i. Consequently, fi'l(ci ) is fuzzy closed in X; and so f; is

f.D.c.
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Theorem 4.1. 17: Let f: X—>I1X, be a function into a fuzzy product space. If f is fD.c.,
then for each P,:ITX, — X,, P,of is f.D.c.

Proof:Let o; be a fuzzy closed Gg-set in Y;. Then , (Pjof )'l(ci )l l(P;"(cri ) = f
l(csilem) where o # i. Since fis f.D.c. and since o; x Il is a fuzzy closed G -set, f
(o xT11,)

is fuzzy closed in X . Thus by the theorem 4.1. 7, P, of is f.D.c.

Definition 4.1.18: A function f: X—Y is said to be fuzzy almost D-continuous (f.a.D.c.) if
for each fuzzy open F,set B with f(x,)q B, there exists a fuzzy open set p, with x,q p

such that f(p) < B.

Theorem 4.1.19: Let £: X—Y be a function. If fis f.D.c., then f'is f.a.D.c.

Proof: For a fuzzy open set B, since f§ < E, the proof is clear.

Theorem 4.1.20: Let f: X—Y be a function. Then the following statements are equivalent.
(a) fisf.a.D.c.

(b) For each fuzzy regular open F set B in Y, f : (B) is fuzzy open in X.

(c) For each fuzy regular closed Gg-setBin Y, f : (B) is fuzzy closed in X.

(d) For each fuzzy regular open F set Bin Y w&th f(x,)q B, there is a fuzzy open set p with
X,.q M such that f(p) <.

(e) For every fuzzy open F setBin Y, ! B=[f l( B)]°.

(f) For every fuzy closed Gs-setBinY, [ f"( 6 )< f! B).

Proof: (a)=>(b): If B is a fuzzy regular open Fyset in Y, then for each fuzzy point x, in X
with x,q ' (B), f(x,)q B. From (a), there is a fuzzy open set p with X,q p such that ()
< [_3 Since B = B, f(1) < B. Thus x,q pand p < f! (B). So f! (B) is Q-nbd of x, and f! B

is fuzzy open in X.
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(b) =(c): Let B be a fuzy regular closed G; - set in Y, then 1- P is a fuzzy regular open
Fyset inY.Sof 'a- B)=1-f' (B) is fuzzy open in X from (b). Thus { L (B) is fuzzy closed
in X.

(c) =(d): Let 3 be a fuzzy regular open Fg.set in Y with f{(x,)q B. From (c), 1- B is fuzzy
regular closed G; - set in Y and f'(1- B=1-f ! (B) is fuzzy closed in X. Thus l(B) is
fuzzy open in X and x,q f! (B). Let p =" (B), then f(u) < B.

°
(d) =(e): Let B be a fuzzy open F set in Y. Then f is fuzzy regular open Fset and
L L 2
' B)<£'( B). From (d)=>(b), {'( PB) is fuzzy open. Thus f' (B)< [ £'( B)I°.

(d) =(b): Let B be a fuzzy regular open F,set in Y and let x,q f : (B)- Then f(x,)q P and
from (d), there is a fuzzy open set p such that x,q p and f(u) < B.Thus x,q p and
p< f! (B). So 1! (B) is fuzzy open set in X.

(e) =(f): Let B be a fuzzy closed G; - set in Y. Then 1- B is a fuzzy open F set inY.
From (¢), £'(1- B)=1- £ B)< [ £'(T-B)Ie=[1- ' B)1°=[1- £'(B)]. Thus(e' F)Z £'9).

(H) =(a): Let B be a fuzzy open Fset in Y with f(x,)q B. Then, 1- f is fuzzy closed Gj -
set in Y. From (f), [ £'(1- BJl< 1- ' (B)

S [0 B 1- £ @) = 1- £ (P 1-£' (B)

=1 [F (B < 1- £ (B) = £ (B) [ ' P Let p= [ £'( PP Then x,q p and
f(w)< B.

Thus fis f.a.D.c. at x,

Proposition 4.1.21: Let f: X—Y be a function. If f is f.a.D.c.,then for each fuzzy point x,,

in X and for each fuzzy net S={S;neD} which converges to x, the fuzzy net
f(S)={f( S,):neD} is eventually quasi-coincident with each fuzzy regular open Fset

with f( x,)q B.

Proof: Let S={S:neD} be a fuzzy net in X which converges to x, and let B be a fuzzy
regular open F.set in Y with f( x,)q B. Then, { l([3) is a fuzzy open set in X with x,q f I(B),
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from the theorem 4.1.20. Thus since S is converges to x,_S is eventually quasi-coincident

with 1([3). Hence f(S)={f( S,):neD} is eventually quasi-coincident with p.

Theorem 4.1.22: Let f: XY be a f.c. mapping and if g: Y—> Z is f.a.D.c., then gof is
f.a.D.c.

Proof: Let B be a fuzzy regular closed G - set in Z. Then, by the theorem 4.1.20., g"(B)
is fuzzy closed in Y. Since fis f.c., f " (B))= (gof) 'l(B) is fuzzy closed in X. Thus, gof is
f.a.D.c.

Corollary 4.1.23: If f: X—>Y is f.c. Then fis f.a.D.c.

Proof: fis f.c. = fis f.D.c. =>fis flaD.c.

Theorem 4.1.24: If f: X—Y is f.a.c. (Singal). Then fis f.a.D.c.

Proof: Since a fuzzy regular open F__set is a fuzzy regular open set, the proof is clear.

Definiton 4.1.25: A function f: X—Y is said to be fuzzy weakly D-continuous ( fw.D.c.)
iff for each fuzzy open F,set B with f( x,)q B, there exists a fuzzy open set p with x,q p
such that f(w< P.

Theorem 4.1.26: If f: X—Y is f.D.c. (Singal). Then fis f.w.D.c.
Proof: For a fuzzy set J3, since B< B, the proof is clear.
Crollary 4.1.27: If f: X—Y is f.c. Then fis f.w.D.c.

Proof: fis f.c.. = fis f.D.c. =fis fw.D.c.

Crollary 4.1.28: If f: X—>Y is f.a.D.c. Then fi; f.w.D.c.

Proof: For a fuzzy set f, since < [—;, the proof is clear.
Corollary 4.1.29: If f: X—Y is f.a.c.(Singal). Then fis f.w.D.c.
Proof: fis fa.c.. = fis fa.D.c. =fis fw.D.c.

Theorem 4.1.30: If f: X—Y is f.w**.c. Then fis f.w.D.c.

Proof: Since a fuzzy regular open F,set is a fuzzy open set, the proof is clear.
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Definiton 4.1.31: A function f: X—Y is said to be fuzzy D*-continuous ( f.D*.c.) if for
each fuzzy open F,.set B with f( x,)e B, there exists a fuzzy open set p with x € p such
that f(p)<p.

Theorem 4.1.32: If f: XY is f.c. Then fis fD*.c.

Proof: Since a fuzzy open F_ set is a fuzzy opén set, the proof is clear.

Example 4.1.33: Let X be a non-empty set and 1 be the indiscrete fuzzy topology (that is
t={0,1}) on X. Let ©' = {0,1,B,} where B, (x) = %, n € IN and a (x)=11/30. Then the
identity mapping f: (X,1) > (X, 1) is f.D*.c. but fis not f.c. at X,

Proof: fis not f.c. from the example 4.1.6. For {(X5130)€ 1, X5130€ 1 and f{ 1)< 1. Thus fis

*
f.D .C. at X21/30.

Definition 4.1.34: A function f: X—Y is said to be fuzzy almost D*-continuous (f.a.D*.c.)
if for each fuzzy open F_set B with f( x,)e B, there exists a fuzzy open set p with x,e p
o

such that f(p)< [_3

Theorem 4.1.35: Let £:X — Y is a function.If f is f.D*.c., then fis f.a.D*.c.
Proof: For a fuzzy set f3, since B< B?, the proof is clear.

Corollary 4.1.36: If f: X—Y is f.c. Then fis f.a.D*.c.

Proof: fis f.c. . = fis f.D*.c. =fis f.a.D*.c.

Definition 4.1.37: A function f: X—Y is said to be fuzzy weakly D*-continuous
(f.w.D*.c.) if for each fuzzy open F,set B with f( x,)e P, there exists a fuzzy open set p

with x € p such that f(p)< P.
Theorem 4.1.38: If f: X—Y is f.D*c. Then fis fw.D*.c.
Proof: For a fuzzy set 3, since B< B, the proof is clear.

Corollary 4.1.39: If f: XY is f.c. Then fis f.w.D*.c.
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Proof: fis f.c. . = fis f.D*.c. =fis fw.D*.c.

Corollary 4.1.40: If f: X—>Y is f.a.D*.c. Then fis fw.D*.c.
o

Proof: For a fuzzy set B, since B< B, the proof is clear.

Theorem 4.1.41: If f: X—>Y is f.w.c. Then fis f.w.D*.c.

Proof: Since a fuzzy open F,.set is a fuzzy open set, the proof is clear.

4.2. Fuzz y D-Regular Space And Fuzzy D- Hausdorff Space

In this section, fuzzy D- Hausdorff space and fuzzy D- regular space are defined

and some comparisons are given with other speration axioms in fuzzy topological space.

Definition 4.2.1: Two fuzzy sets B, and B, in a f.t.s. (X,1) are said to be Q- seperated iff
there exist fuzzy closed sets p; (i=1,2) such that p; 2 B; (i=1,2) and B, A =B A, =0.1t
is obvious that 3, and B, are Q- seperated iff [_32 AB = B 1 A B2=0.]5].

Definition 4.2.2: A fuzzy set B in a fit.s. (X,7) is called fuzzy disconnected iff there exist
two non-zero fuzzy sets A and B in the subspace D, (i.e; supp f=D,) such that A and B Q-

seperated and B = AvB. A fuzzy set is called fuzzy connected iff it is not disconnected. [5].
Theorem4.2.3: Two fuzzy sets o and P are Q- seperated iff AAB, = O,
& AgvBo= &Aa ’ EonBf 530

Proof: [5].

Proposition 4.2.4: Two fuzzy sets o and B are Q- seperated iff &, .5, and B AguB, AT
Q- separated.

Proof: [5].

Theorem 4.2.5: A f.D.c. image of a fuzzy connected space is fuzzy connected.
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Proof: Let f: X—Y be a f.D.c. surjection from a fuzzy connected space X onto a fuzzy
topological space Y. Suppose Y is not fuzzy connected. Then from the definition 4.2.2.,

there are non-zero fuzzy sets a and f such that o and f§ are Q- seperated and 1 =a v p.

By the proposition 4.2.4., o and E are Q-separated. Thus 1= oTvE and c;/\ﬁ =0.
Hence both o and B are fuzzy clopen sets in Y. This means théy are fuzzy closed Gg -
sets in Y. Since f is f.D.c., by the theorem 4.1.7., both { ! ((;) and £ (B ) are fuzzy
closed sets in X. Then, 1=~ (a )v ' (B ) and £ ((;) Af?! (E )="0. Thus £ ((;.) and
£ (B )are Q- seperated and (X,t) is a fuzzy disconnected space. This is a contradiction

to hypothesis.

Definition 4.2.6: A function f: X—is said to be fuzzy connected if (o) is fuzzy connected

for every fuzzy connected set a in X.
Corollary 4.2.7: Every f.D.c. function is a fuzzy connected function.
Proof: This follows from the theorem 4.1.11. and the theorem 4.2.5.

Definition 4.2.8: A fit.s. (X, 1) is called fuzzy T, iff for each xeX and each Ae[0, 1]
there exists a § et such that B (x) =1 - A and B (y) =1 for y=x. [5].

Proposition 4.2.9: A. f.t.s. (X, 1) is fuzzy T, iff every fuzzy point is a fuzzy closed set in
X. [10].

Definition 4.2.10: A f.t.s. (X, 1) is called fuzzy T, (fuzzy Hausdoff) iff for any two fuzzy
points e and d satisfying suppe # suppd there exist Q- neighborhoods B and a of e and d,

respectively, such that B A a = 0. [5].

Theorem 4.2.11: Let f: X—Y be a one-to-one and f.D.c. function such that each singleton

inY is a fuzzy G; - set : if Y is fuzzy T, then so X.

Proof : Since f is f.D.c. and injective for a fuzzy point x, in X, f(x,) is a fuzzy point in Y
and since Y is fuzzy T, and {f(x,)} is a fuzzy G; - set in Y, then 4xa> is fuzzy closed in X.
So X is a fuzzy T, space.
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Theorem 4.2.12: Let f: X— Y be a f.D.c. and fuzzy closed function from a fuzzy normal
space X onto a fuzzy topological space Y such that each singleton in Y is a fuzzy Gg- set. If

either of the spaces X and Y is fuzzy T, then Y is fuzzy Hausdorff.

Proof: Case I: The space Y is fuzzy T,. Let e and d two fuzzy points in Y satisfying suppe
# suppd. .Then {e} and {d} are fuzzy closed Gs- set in Y, and so by the theorem 4.1.7.
£ (e) and f ! (d) are fuzzy closed sets in X. By the fuzzy normality of X, there are
disjoint fuzzy open sets p1,and , such that f '(e)q p, and f d)q pyand A py=0. Since
f is fuzzy closed, the sets B, = 1- f(1- u,) and B, = 1- f(1- p,) are fuzzy open in Y. Also
eqB; and dqP, and B, . B, =0, since f(i;) < B, and f (1) < P,. Thus Y is fuzzy Hausdorff.

Case II: The space X is fuzzy T,. Let x,, be a fuzzy point in X . Since the singleton {x,} is
fuzzy closed, {f(x,)} is a fuzzy closed set in Y. So Y is fuzzy T, and the proof is complete

in view of case I.

Definition 4.2.13: We call a space fuzzy D- Hausdorff if each pair of distinct fuzzy points

is quasi-coincident with disjoint fuzzy open F, - sets.

Definition 4.2.14: A subspace A of a f.t.s X is said to be f.D.c. retract of X if there is a

f.D.c. surjection r:X—A such that r,, is the identity map of A.

Theorem 4.2.15: Let f : X— Y be a f .D.c. injection into a fuzzy D- Hausdorff space Y.
Then X is fuzzy Hausdorff.

Proof: Let x, and yl be two fuzzy points satisfying supp X, # supp y,. Then f(x) = f(y).
Since Y is fuzzy D- Hausdorf, there are disjoint fuzzy open F,, - sets B, and B, with  Bq
f(x,) and B,q f(y, ) , respectively. By the theorem 4.1.7., f 1B, and £ '(B,) are disjoint
fuzzy open sets with x,q f "(B,) andy, qf "(Bz) , respectively. Thus X is fuzzy Hausdorff.

Let (X, 1) be a fit.s. and let B denote the collection of all fuzzy open F - sets in
(X, 1). Since the intersection of two fuzzy open F, - sets is a fuzzy open F; - sets , the
collection B is a base for a fuzzy topology T on X. Clearly T 1. Moreover, if each

singleton in X is a fuzzy Gs- set, then (X, 1) is fuzzy T, whenever (X, ©) is.
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Definition 4.2.16: A f.t.s. (X,1) is called fuzzy D- regular if for each fuzzy point x, in X

and each fuzzy open set p with x, qu there is a fuzzy open F,, - set u* such that x,qu" < p.
Corollary 4.2.17: A f.t.s (X, 1) is fuzzy D- regular if and only if ©=1*.

Proof : (=): Let (X, 1) be a fuzzy D- regular space and let fet. If Be1*, there is a fuzzy
point x,, in X such that for every fuzzy open F, - set p* in X with xaqp*, p*;ﬁ B. But since

. . 13 3 . *
X is fuzzy D- regular, this is contradiction. Thus et andt=1 .

(<) : Let =t  and let X, be a fuzzy point in X. Suppose
i be a fuzzy open set in X with x,qu. Since T = T, pet and x,qu < p . Thus X is a fuzzy

D- regular space.

Theorem 4.2.18: Let (X, 1) be a f.t.s. Then the following statements are equivalent.
(a) (Y, ') is fuzzy D-regular.

(b) Every f.D.c. function from a f.t.s. (X, 1) into a f.t.s. Y is f.c.

(c) The identitiy mapping I from (Y, t'*) onto (Y, 1) is f.c.

Proof: (a) = (b): Let f(x,) q B and 3 be a fuzzy open set in Y. Since Y is fuzzy D- regular,
there is a fuzzy open F -set p* such that x,q B* < B. By the theorem 4.1.7. f 'I(B*) is
fuzzy open and x,qf ' (") and f(f™' (B*)) < B. Thus fis f.c.

(b) = (c): Let f=1: (Y,r’*) — (Y, 7') be the identity mapping. Let f(x,)qp and B be a
fuzzy open F,, - set in (Y, ). Then x,qf ' (B) and £ '(B) e v'". So f(f™' (B)) < B . Thus fis
f.D.c. From (b), fis f.c.

(¢) = (a): Let x, be a fuzzy point and B be a fuzzy open set in (Y, t') with x, qf. Since
=I: (Y, T ) = (Y, 1") is f.c., there is a fuzzy open F, - set pin (Y, 1:’*) such that x,qu and
f(p) <B.Thusx,qp <P and (Y, ') is fuzzy D- regular.

Theorem 4.2.19: The product of any family {X,: o € D} of fuzzy D- regular spaces is
fuzzy D-regular.
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Proof: To show that X=I1X, is fuzzy D-regular, in view of the theorem 4.1.15., it is
sufficient to show that every f.D.c. function f: Y—>X is f.c. Thus, it suffices to show that P,

of is f.c., for each a, where P, denotes the projection onto the a. - co - ordinate space.

Let o be a fuzzy closed Gj - set in X;. Then p&l (ox [1la) is a fuzzy closed G;- set in X.
iza
Since (P, of) ! (o)=1 : (Po['l (o)) is fuzzy closed in Y, P of is f.D.c. In view of fuzzy D-

regularity of X, (aeD), P, of is f.c. and the proof of the theorem is complete.
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Let £:(X, t) = (Y, t’) be a function. Then we have the followings:

fisf.c. = fisf.D.c.
fisf.c. = fis f.D*.c.
fisfc. = fisfa.D.c.
fisfe. = fis fa.D*.c.
fisfc. = fisfw.D.c.
fis f.c. = fis fw.D*.c.
fisfa.c. = fisfaD.c.
fis fa.c. = fisfw.D.c.
fisfD.c. = fisfa.D.c.
fisfD.c. = fisfw.D.c.
fis fD*.c. = fis fa.D*.c.
fis f.D*.c. = fis fw.D*.c.
fisfa.D.c. = fisfw.D.c.
fis f.a.D*.c. = fis fw.D*.c.
fis fw**.c. = fis fw.D.c.
fis fw.c. = fis fw.D*.c.

If (Y, ©') is fuzzy D-regular space;

fisf.D.c. = fisf.c.
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CHAPTER 5

CONSLISION

In fuzzy topological spaces, weak and strong forms of fuzzy continuity have been
studied by some outhers since 1965 (Zadeh). In this thesis, we have defined two different
forms of fuzzy weakly continuity (Definition 2.1.1. and definition 2.1.3, Chapter 2) and
proved that they are independett: each other. Some theorems and corollaries are obtained
using fuzzy almost continuity (In the sense of Singal and Husain). Later, fuzzy almost
continuity in the sense of stallings is defined and seen that fuzzy continuity implies fuzzy
almost continuity (stallings). Also, weakly and almost forms of fuzzy quasi continuity are
defined and compared fuzzy weakly, fuzzy almost and fuzzy continuities. Then, it is seen
that if (Y,t') is fuzzy semi-regular space, fuzzy almost quasi continuity and fuzzy quasi
continuity are same and if (Y,t') is fuzzy almost regular space, fuzzy almost quasi
continuity and fuzzy weakly quasi continuity are same and if (Y,t") is fuzzy regular space,
fuzzy quasi continuity and fuzzy weakly quasi continuity are same.

In the third chapter, same properties of fuzzy rarely contmuity studied. Fuzzy
rarely® continuity and fuzzy strongly 6* - continuity of a function are defined and some
relations between them are investigated.

In the forth chapter, D-continuity, D-Housdorff space and D-regular space concepts
which are given by Kohli [9] are defined in fuzzy topology. Later, some characterizations of
fuzzy D-continuity is given by the theorem 4.1.7. and fuzzy D*-continuity is defined and
some comparizons are given.

My works will be continue about fuzzy separation axioms and several fuzzy

continuities according to the developments in general topology.
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