COMPOUND POISSON DISORDER WITH
GENERAL PRIOR AND MISSPECIFIED
WIENER DISORDER PROBLEM

A THESIS SUBMITTED TO
THE GRADUATE SCHOOL OF ENGINEERING AND SCIENCE
OF BILKENT UNIVERSITY
IN PARTIAL FULFILLMENT OF THE REQUIREMENTS FOR
THE DEGREE OF
MASTER OF SCIENCE
IN

INDUSTRIAL ENGINEERING

By
Deniz Sahin
July 2024



Compound Poisson Disorder with General Prior and Misspecified
Wiener Disorder Problem

By Deniz Sahin

July 2024

We certify that we have read this thesis and that in our opinion it is fully adequate,

in scope and in quality, as a thesis for the degree of Master of Science.

Savag Dayanik(Advisor)

Semih Onur Sezer

Ozlem Cavus Iyigiin

Approved for the Graduate School of Engineering and Science:

Orhan Arikan
Director of the Graduate School

i



ABSTRACT

COMPOUND POISSON DISORDER WITH GENERAL
PRIOR AND MISSPECIFIED WIENER DISORDER
PROBLEM

Deniz Sahin
M.S. in Industrial Engineering
Advisor: Savag Dayanik
July 2024

For a system modeled with a compound Poisson or a Wiener process, let us
assume that the underlying model parameters change at an unknown and un-
observable time. For a compound Poisson process, these are arrival rate and
mark distribution while for a Wiener process, it is the drift parameter. Suppose
the decision maker knows the pre- and post-disorder process parameters, as well
as the prior density of the disorder time. In this case, finding a stopping rule
that optimizes a Bayesian penalty function is called the compound Poisson and
Wiener disorder problem, respectively. For the compound Poisson problem, we
consider a general prior distribution where the decision maker has more general
knowledge about the disorder time than exponential and uniform priors which
were addressed in the previous studies. For the Wiener problem, we revisit the
asset selling problem with an exponential prior, where the decision maker speci-
fies problem parameters incorrectly. In both cases, the original problems reduce
to optimal stopping problems. We use time discretization and successive approx-
imation methods for the first case and Markov chain approximation and Monte
Carlo simulations for the second case. We provide the quickest detection rules

and discuss various numerical examples.

Keywords: Compound Poisson disorder problem; Wiener disorder problem; quick-
est detection; optimal stopping; parameter misspecification.
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OZET

GENEL DAGILAN DUZENSIZLIK ZAMANLI BILESIK
POISSON VE YANLIS BELIRTILMIS WIENER
DUZENSIZLIK PROBLEMI

Deniz Sahin
Endiistri Miithendisligi, Yiiksek Lisans
Tez Danigmani: Savag Dayanik
Temmuz 2024

Bilegsik Poisson veya Wiener siirecleriyle modellenen bir sistem icin, model
parametrelerinin bilinmeyen ve gozlenemeyen bir zamanda degistigini varsayalim.
Bilesik Poisson siireci i¢in bunlar varig hizi ve igaret dagilimiyken, Wiener siireci
icin siiriiklenme parametresidir. Karar vericinin, diizensizlik oncesi ve sonrasi
siire¢ parameterlerini, ayni1 zamanda diizensizlik 6n dagilimini bildigini kabul
edelim. Bu durumda, bir Bayes ceza fonksiyonunu en iyileyen bir durma ku-
rali bulmaya sirasiyla bilesik Poisson ve Wiener diizensizlik problemi adi verilir.
Bilegik Poisson problemi icin, daha once calisilmig iistel ve diizenli 6n dagilimlar
yerine, karar verenin diizensizlik zamani hakkinda daha ¢ok genel bilgi sahibi
oldugu genel bir 6n dagilimi degerlendiriyoruz. Wiener problemi iginse karar
vericinin problem parametrelerini yanhs belirttigi, iistel on dagilimh varlik-satig
problemini yeniden inceliyoruz. Her iki durumda da orijinal problemler en iyi
durma problemlerine indirgenmektedir. Ilk durumda zaman ayriklagtirma ve
ardigik yakinsamalar, ikinci durumdaysa Markov zinciri yakinsamasi ve Monte
Carlo simiilasyonlar1 metodlarini kullaniyoruz. En hizli tespit kurallarini veriyor
ve cesitli sayisal ornekleri tartigiyoruz.

Anahtar sézcikler: Bilesik Poisson diizensizlik problemi; Wiener diizensizlik
problemi; en hizli tespit; en iyi durma; parametre yanlig belirtmesi.

v



Acknowledgement

First and foremost, I would like to express my deepest gratitude to my advisor,
Prof. Savag Dayanik, for his endless support and understanding. Besides guiding
me through quality research, I have learned a lot about teaching and being a

good mentor as well.

I would like to thank Assoc. Prof. Semih Onur Sezer for his guidance starting
from my undergraduate studies. It was my first course with him that motivated

me to pursue an academic career. I am forever grateful for his support.

I want to thank my family, Hayrettin Sahin, Giilcan Sahin, and Damla Sahin
Giiner, for their lifelong and unconditional support. I feel like the luckiest person

to have you.

Special thanks to Ecenur Oguz, Géksu Ece Okur, and Deniz Akkaya for their
unmatched company on this journey and for always being just a phone call away

for an amazing evening. Cheers!

I want to thank my friends, Elif Rana Yoner, Elif Sena Isik, Mustafa Colak,
Dogus Berk Kogak, Osman Kagan Yayla, Zeynep Goze Giirhan, Giilin Yurter, Ali
Eren Demir, Yunus Emre Cakir, Ali Ilhan Haliloglu, Irem Bahtiyar and Zehranaz
Donmez for being an incredible group of people. I feel truly fortunate to see each

of you every day.

A heartfelt thanks to Bercem Ceylan, Ece Ulutiirk, Ekin Giin, Melis Kocer,
Mervan Onen, Sila Oztiirk, Yilmazcem Ozardig, and Zeynep Hekimoglu for always
being there whenever I needed, even from another city or country. I feel so lucky

to be your friend.

Finally, I want to thank Onur Yaman and Derya Sahin for making my expe-
rience in the capital city a hundred times better. I will miss these three years a

lot.



Contents

I Compound Poisson Disorder Problem|

[3 Successive Approximations|

[3.1 Defining Successive Approximations|. . . . . . . . . .. ... ...

[3.2  Implementation of the Method|. . . . . . . . ... ... ... ...

i —ationl

4.1  Implementation of the Method|. . . . . . ... ... ... ... ..

vi

11

14

18

21

23

27

29



CONTENTS

[> Numerical Examples|

Il Misspecified Wiener Disorder Problem|

6 Model and Problem Description|

[7.1 The Dynamics of ® under Po| . . . .. ... ... ... ... ...

[7.2  Solution of the Original Problem| . . . . . . ... ... ... ...

[7.3  Solution Using Markov Chain Approximation| . . . ... ... ..

[8  Misspecification|

Vil

38

38

39

42

44

45

46

50

52

52

54

35

56

26

o7

60

62



CONTENTS viii

8.1 The Dynamics of ® under Pg| . . . . . ... ... ...... ... 62
8.2 On the Function H(¢, @) . . . . . . . .. o 63

[9 Solution of the Misspecified Problem| 65
[9.1 Markov Chain Approximation Method| . . . . . . . ... ... .. 66
9.2 Fuler's Methodl . . . . ... ... ..o o000 67
9.2.1 Method of Antithetic Variables . . . . . . ... ... ... 68

9.2.2  Method of Control Variables . . . . . ... ... ... ... 69

[9.3 A Sample Path Examplel . . . . . . ... .. ... 71
(10 Numerical Examples| 73
[10.1 First Scenario: Misspecification of the Post-Disorder Dritt| . . . . 74

[10.2 Second Scenario: Misspecification of the Pre- and Post-disorder |
| Driftsl . . . . o 7

{10.3 Third Scenario: Misspecification of the Mean Time to Disorder|. . 79

(11 Conclusionl 83

[A Detailed Calculations for the Compound Poisson Disorder Prob- |

[ Tem 90
[A.1 Calculation of the Bayes Riskl . . . . . ... ... ... ... ... 90
[A.2 Dynamicsof Qand C| . . . ... ... .. ... ... ... ... 91




CONTENTS ix

[A.4 Proot of Proposition[2] . . . .. ... ... ... ... ... ... 98
[A.5 Variational Inequalities| . . . . . . .. ... ... ... 102
B Detailed Calculat for the Wi i Ier Probleml 105
(B.1 The Dynamicsof Eand ®f . . . . ... ... ... ... ... ... 105
[B.2 Independence of ¢ and X under Po| . . . . . ... ... ... ... 106
[B.3  Derivation of the Objective Function| . . . . . ... ... ... .. 107
(B4 Proofof Lemmaldl. . . . .. ... ... o0 108




List of Figures

[2.1 A sample path of the process Q)| . . . . . . . ... ... ... ... 15
4.1 Sample path for the disorder problem with the stopping boundary, |

= O|. 4B . . A 0 Ay . WA . WA . 35
[4.2  Sample path for the disorder problem with the stopping boundary, |

a=1l. . . . 37
[>.1  Stopping boundaries for two different mixed uniform priors| . . . . 39
[5.2  Risk tfor the stochastic and the deterministic problems for three |

different oo values . . . . . .. ..o 41
[>.3  Stopping boundaries for two different Gamma priors|. . . . . . . . 42
[>.4  Stopping boundary for the phase-type priorf . . . . . .. .. ... 43
[5.5  Stopping boundary for the asymptotic prior|f . . . . . . . . . . .. 44
[>.6 Stopping boundaries for the exponential problem| . . . . .. . .. 45
[>.7  Density plots for the fraud problem| . . . . . .. .. ... ... .. 47
[>.8  Plots on the fraud problem|. . . . . . ... .. ... ... ... 48




LIST OF FIGURES

xi

[>.9 A sample path example of the fraud problem|. . . . . . . . .. .. 49
9.1 Sample path for the ® and ® processes| . . . . . . ... ... ... 72
[10.1 The eftect of the decision maker’s parameter for a fixed correct |
parameter| . . . . . ... L L 75

[10.2 The effect of the correct parameter when the decision maker’s pa- |

| rameter is fixed . . . .. ..o 75
[10.3 The effect of the correct and incorrect parameters for Scenario 1) . 75
[10.4 1% Tolerance regions for seven different user parameters| . . . . . 77
(10.5 The effect of the decision maker’s parameters when the correct |
parameters are p = —v = 0.0-0.220[. . . . . . . ... 78

[10.6 The effect of the correct parameters when the decision maker’s |
parameters are f = —v =0.0-0.220. . . . . . ... ... ... .. 78

[10.7 The eftect of the correct and incorrect parameters for Scenario 2| . 78
[10.8 0.5% Tolerance regions for five different user parameters) . . . . . 79
[10.9 The effect of the decision maker’s parameter for a fixed correct |

| parameter| . . . . ... . L. 80
[10.10The effect of the correct parameter when the decision maker’s pa- |

I rameter s fixed| . . . ... oo 80
{10.11The eftect of the correct and incorrect parameters for Scenario 3f . 80
[10.121% Tolerance regions for five different user parameters (a)| 81
[10.131% Tolerance regions for five different user parameters (b)| 81



LIST OF FIGURES

[10.141% Tolerance regions for five different user parameters|

xii



Chapter 1

Introduction

In real life, when the dynamics of a system undergo a change, it is quite important
and sometimes crucial to quickly detect the moment of disorder to avoid unwanted
consequences. Unfortunately, for many systems, it is not possible to observe or
know the disorder time beforehand. Thus, the best one can do is to observe
the system responses and try to find a disorder detection rule to alert the user.
Poisson and compound Poisson processes are useful for modeling discrete event
arrivals, possibly attached to some random marks. Wiener models, on the other
hand, are useful in financial models. There exists a vast literature about the

detection problems on these mathematical models.

Basevelle and Nikiforov [I], Poor and Hadijiliadis [2] and Tartakovsky, Niki-
forov and Baseville [3] have investigated various change detection problems using
different methods and algorithms. However, the Bayesian formulations of the
problem date back to Kolmogorov’s studies on the sufficiency of Bayesian statis-
tics and Shiryaev’s work on the Bayesian methods for solving detection problems

[4]. Bayesian methods aim to minimize a cost function
P{r <0} +aE(r —0)"
of detection rule 7 for random disorder time € and consists of the false alarm fre-

quency and the cost of expected delay, using prior information about the disorder

distribution. Here « denotes the unit cost of expected delay. Because of their
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convenience, geometric and exponential prior disorder distributions were used
widely for discrete and continuous time problems, respectively. The main idea
behind solving these problems is to find an optimal stopping rule by utilizing free
boundary problems. Peskir and Shiryaev [5] explained how to use Markovian and
martingale methods on the solution of these problems. Furthermore, Shiryaev [6]

presented extended results on Markovian methods for optimal stopping problems.

The disorder problem for a Poisson process is firstly studied by Galchuk and
Rozovskii [7], under certain assumptions regarding the Poisson arrival rates and
the disorder density parameter A of the zero-weighted exponential prior. In 1976,
Davis [8] relaxed these assumptions and solved the problem for a more general
scenario. Finally, Peskir and Shiryaev [9] solved the Poisson disorder problem
with the linear penalty completely without any of these assumptions. Bayraktar

et al. [10} 1] revisited the problem for different Bayesian risk functions

RW(n) =P{r < —c} 4+ aR(r —0)*, RP(n) =P{r <6} +aE(r — )%,

T

RO () =E@O — )" +aB(r — )T, RW(r) :=P{r <0} + cE[*0" 1],

T T

and considered randomness of the post-disorder arrival rate. Buonaguidi [12]
worked on the disorder of Lévy processes with completely monotone jumps.
Gapeev [13] worked on some special cases of Lévy processes and solved the
compound Poisson disorder problem assuming exponentially distributed marks.
Dayanik and Sezer [14] used the method of Gugerli [I5] and Davis[16], and solved
the compound Poisson disorder problem for general mark distribution completely,
using a piecewise-deterministic process and the method of successive approxima-
tions. Later, their methodology to solve compound Poisson disorder problem was
used for a fraud detection problem by Buonaguidi et al. [I7], which will be re-
visited later in this thesis. To relax the exponential prior assumption, Bayraktar
and Sezer [I8] considered a phase-type prior for the Poisson disorder problem,
which is the distribution of time until absorption in a Markov chain. Phase-type
priors have the property that any positive distribution can be approximated by
a phase-type distribution, see [19, 20]. On the other hand, uniform prior was
firstly used for Wiener disorder problems, see Zhitlukhin and Shiryaev [21], 22]
and Sokko [23]. For the compound Poisson case, the problem was revisited by

Uril et al. [24], using the same methodology with compound Poisson problem
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with exponential prior. The problem turns out to be a finite horizon problem

when the underlying prior is uniformly distributed.

Previous studies assumed continuous observation of the processes. Herberts
and Jensen [25] solved the Poisson disorder problem by considering different levels
of information availability, adopting various observation schemes such as sequen-
tial observation, ex post analysis, and a mixture of the two. Moreover, Brown
[26], 27] considered the case where the process is observed at discrete time points

and random time intervals, respectively.

When there is no realistic pre-existing statistical model for disorder, especially
for surveillance and inspection systems, non-Bayesian methods are used, see Poor
and Hadjiliadis [2]. Karoui, Loisel and Salhi [28] approached the problem using
Lorden’s minimax method, a popular robust optimization technique where the
worst-case value of the delay is considered. Later, Figueroa-Lépez and Olafsson
[29] worked on Lévy processes and used CUSUM (cumulative sum) procedure to

solve the problem for the Poisson process where the jump intensity changes.

As mentioned earlier, in Bayesian formulations, mostly exponential distribu-
tion is used as prior disorder density, since it is a convenient distribution having
memoryless property and frequently used in areas concerning reliability and wait-
ing times. Moreover, because of its memoryless property, exponential distribution
is essential for one-dimensional Markov sufficient statistic. On the other hand,
uniform distribution is a good alternative for modeling the disorder time in cases
where there is insufficient information about when the disorder occurs, or when
it is known that the disorder is equally likely to occur in each time interval.
Finally, it was mentioned that phase-type distributions are used for approximat-
ing other distributions. However, approximating any distribution can result in a
large Markov chain, and the curse of dimensionality prohibits the calculation of

the optimal detection rule.

When we have a better knowledge about the density of the disorder time and
it is neither of the cases mentioned above, these models do not work very well

and require better alternatives. For instance, we may have a knowledge that



no disorder will occur during a specific interval of time, or we may know that
the prior has a Gamma, Weibull or Lognormal density. Moreover, mixture of
uniform distributions might be useful for approximating more complex densities,
for instance. For this thesis, we will be dealing with a general zero-modified

density as the disorder distribution.

The compound Poisson process is denoted by

Ny
Xp=Xo+ Y Yi t20,
k=1
where N = {N,; : t > 0} denotes a Poisson process with arrival rate Ay > 0, and
the Y;’s are i.i.d. distributed R? random variables coming from distribution
independent of N. At an unknown and unobserved time 6, the parameters of the
compound Poisson process change from A to A\;, and from v to vy, respectively.

Moreover, the change time has a zero-modified prior distribution
P{0 =0} =,
PO > t) = (1 —w)/ £o(s) ds,
t

where fp(-) denotes the conditional disorder time density given that disorder

happens after 0. Our aim is to minimize the Bayesian risk function
R () =P{0 > 71} +aE[(T —0)T] 7€l0,1],a € Ry,

where 7 is a stopping time of the natural filtration F, of the process X. The first
term denotes the false alarm frequency and the second term denotes the cost of
expected delay, where a denotes the unit delay cost. A stopping time 7 is called
a Bayes optimal alarm time if it attains the minimum

V(r) = lg;erT(W) (1.1)

A further investigation on the Bayesian risk problem in results in an optimal
stopping problem of a two-dimensional Markov sufficient process one of which is
the deterministic clock process. Using the Markov property of this process and
the properties of the value function, the problem reduces into a free boundary

problem where the state space is separated into continuation and stopping regions,
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by a boundary curve. The properties of the boundary curve depend on the
prior density of the disorder time. Moreover, there are no restrictions on the
underlying density, in the context of its support, the problem can be an infinite
horizon problem (for example, when the disorder density is from the Gamma
family). For these cases, we will provide required conditions for the truncation
of the time axis and the optimality and convergence criteria for this updated
optimization problems. To calculate the value function, method of successive
approximations and time-discretization will be used, and the optimal stopping

rule will be explained in detail.

The Wiener disorder problem in a Bayesian framework was firstly formulated
by Shiryaev [4, 30]. Here, the drift of a Wiener process changes at unobservable
and unknown time #, which was assumed to have zero-modified exponential dis-
tribution. The purpose of the problem was to minimize a Bayesian risk function

consisting of a false alarm frequency and a cost of expected delay, of the form
R™(1) =P {1 <0} +aE" (1 —0)",

where 7 denotes the alarm time and « > 0. By means of a sufficient statistic,
the problem turned out to be a one dimensional free boundary problem, which
was explained in detail by Shiryaev [31]. Beibel [32] later revisited the Wiener
disorder problem considering the randomness of the post-disorder drift and an

exponential penalty for the delay in
R(7) = P{r < 0} + aE[e*"D" _1],

where & > 0 [33].

Gapeev and Peskir [34] and Peskir and Shiryaev [5] considered the finite hori-
zon version of the Wiener disorder problem. In this case, the problem turns
out to be two-dimensional, requiring non-linear integral equations to be solved.
Dayanik et al. [35] addressed the disorder problem where the local characteris-
tics of multi-dimensional independent compound Poisson and Wiener processes
change simultaneously. They solved sequential optimal stopping problems using
a jump operator. Sezer [36] considered the case where the drift change occurs due

to shocks arriving according to a Poisson process, with the drift changing at one
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of these arrivals. Dayanik [37] revisited the disorder problem where the system

is only observable at discrete time epochs.

Studies mentioned so far assumed that the disorder has mostly a zero-modified
exponential prior density. A more general problem was addressed by Zhitlukhin
and Shiryaev [21], a G-model where a general density for the disorder time was
considered. Sokko [23] gave the complete solution of the problem where a zero-
modified uniform prior density was adopted. This model fits well where there is
no prior information where the disorder will occur or it is equally likely to happen

at any time on a finite interval.

Because of its continuous characteristics, the Wiener process is often used in
finance, especially to model stock prices. Moreover, changes in the drift of a
stock price and detecting them quickly give rise to another formulation of the
disorder problem. Beibel and Lerche [38], Shiryaev and Novikov [39], Ekstrom
and Lindberg [40] considered the detection problem which aims to find an optimal
stopping time where the drift of a geometric Brownian motion S changes with

the dynamics

dS, pdt + odW,, fort <86,

Si vdt + odW,, fort >0

and aims to maximize its expected discounted price
E[eirTSTl{TQ)O}].

This formulation determines the optimal selling time for an investor holding
a stock. These formulations used zero-modified exponential prior and later,
Shiryaev and Zhitlukhin [41] visited the case where the disorder was distributed

with a zero-modified uniform prior density.

When stock prices are modeled using Brownian motion, detecting anomalies
and drastic changes can be framed as a change-point detection problem. Market
bubbles and crises exemplify these kinds of situations. Shiryaev, Zhitlukhin and
Ziemba [42] applied the model to Apple stock price bubble of 2009-2012 and

internet bubble crash of 2000-2002, using a uniform prior for the disorder. Later,
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they worked on the land and stock bubbles in Japan circa 1990 and 2003 [43], this
time using a discrete time model with geometric Gaussian random walk, where
the disorder has a discrete probability density with probabilities pyi, po, ..., pr.
Finally, Zhitlukhin and Ziemba [44] worked on certain crashes in the US and

China markets, using a discrete uniform density for the disorder time.

The drift after the disorder was assumed to be known, so far. However, this
is generally not the case for the real-life scenarios. Muravlev and Shiryaev [45]
considered the two-sided disorder problem where the drift after disorder is v; with
probability p; and v, with probability 1 — p;. Later, Ekstrom and Vaicenavicius
[46] assumed that the post-disorder drift is a random variable and investigated the
robustness of the problem by taking the misspecification of the process parameters

into account.

The papers on crashes and bubbles addressed retrospective problems using
data that had already been observed. Assuming that the drift before the dis-
order is already known from the data, a performance analysis was conducted
for various options for the post-disorder drift. With historical stock prices, the
optimal choice for the post-disorder was determined. For real-time financial mod-
els, misspecification of the problem parameters poses a problem for solving the
change-point detection. Blanchet and Scalliet et al. [47, 48] worked on the per-

formance of various trading strategies under parameter misspecification.

In this thesis, we deal with an asset selling problem where we consider a simple
market model with a risky and a risk free asset. It is assumed that the dynamics
of the stock change at an unknown and unobserved time 6, which has a zero-

weighted exponential prior density
P{§ =0} =7 and P{O>t}=(1—m)e M
Thus, the dynamics of the stock can be modeled as

dR ds,
—t —pdt and —L = [,ul{Kg} + Vl{ggt}]dt + odW;.
Rt St

Here, r denotes the risk free rate, u and v are drift parameters before and after

the disorder. W denotes the Wiener process, and o is the volatility parameter.
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The objective function of the problem, which concerns the maximization of
the present value of the stock sold at optimal time 7 using linear utility, can be

written as
sup E[l{T<OO}PT]7

where P, := e™"'S, is the present value of the stock price at time ¢, using risk-free

interest rate r.

In the second part of the thesis, firstly, we will provide solution methods to

this problem. While solving, we will introduce the odds-ratio process

o, o Ello=ol ]

E[1{p>4]F]
We will give an alternative representation of the objective function, and it turns
out to be an optimal stopping problem, with the process ®. Moreover, we will
see that there exists a ¢* that divides the state space into continuation and
stopping regions. For the solution of the original problem, we will use Markov

chain approximation method of Kushner and Dupuis [49].

Secondly, we will deal with the misspecification of the problem parameters.
The misspecified problem parameters are denoted 7, it and v. The decision
maker solves the problem with these parameters and finds an incorrect stopping
rule, thus, calculates an incorrect value function. We will present the dynamics
of the process @, which is the misspecified version of the process ®. It turns out
that both ® and ® are Itd processes, run by the same Wiener process. We will
use this characterization to calculate incorrectly calculated value function by the

help of Monte Carlo simulations.

This thesis is divided into two parts, Part I: Compound Poisson Disorder Prob-
lem (Chapters 2-5) and Part II: Misspecified Wiener Disorder Problem (Chapters
6-10).



Part 1

Compound Poisson Disorder
Problem



In Chapter 2, the compound Poisson disorder problem and the required mod-
elling elements will be explained and the value function for the optimal stopping
problem will be constructed. Moreover, the time-truncated version of the prob-
lem will be provided in this chapter, as well. In Chapters 3 and 4, successive
approximation and time-discretization methods, and their implementation will
be presented respectively, and the procedure to stop a system with disorder by
alarming the user will be explained. In Chapter 5, various numerical examples
with different prior densities will be discussed. Long proofs and some other math-

ematical results will be presented in Appendix [A]
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Chapter 2

Model and Problem Formulation

In this chapter, we will define our model and the auxiliary value function which
turns the detection problem into an optimal stopping problem. Moreover, we will
introduce the time truncated version of the value function for the densities with

infinite support.

Let (2, F,Py) be a probability space hosting a compound Poisson process X,

Ny
Xi=Xo+» %, t>0.
k=1
N is the standard Poisson process with parameter )\, and Y;’s are i.i.d. R%valued
random variables with distribution 14, independent of N. The jump times of this

Poisson process are denoted by
Wn = mf{t > Wn,1 . Xt 7é Xt,}, n > 1 (WO = O)

Let F denote the augmentation of this process’ natural filtration o(X,, s < t),
t > 0 with Py-null sets. (F = {Fi;t > 0}).

Suppose the dynamics of the compound Poisson process X change at some
unknown and unobserved time 6. In particular, Poisson arrival rate changes from

Ao to A1 and jump distribution changes from vy to v;. This change time has a

11



prior distribution with
Po{e = O} =T,

Po{0 € dt|0 > 0} = fo(t)dt Poff <t} =7+ (1—7) /Ot fo(s)ds,

Fy(t) = Po{6 < 1|0 > 0} = /Ot fo(s)ds.

Here, the disorder time 6 has a known conditional distribution with density

fo(t) and cumulative distribution function Fy(t).

We will denote the enlargement of F with o(6) with G = {G;;t > 0}. Thus,
gt = ]:'t V 0'(0)

Let 14 be absolutely continuous with 1. (Otherwise, the problem becomes
trivial.) A new probability measure P is defined on (€2, V>0Gs) by a change of

measure using the Radon-Nikodym derivative of P> with respect to P as

dP N
N =7, = lyepy + 1{t26}€_()‘1_>‘0)(t_0) H [Jh(yk)} t>0.
0lg, k=N, +1 70

Here Ny_ denotes the number of arrivals in the interval [0, §), whereas h(+) denotes

the Radon-Nikodym derivative of 14 with respect to 1 as

_ dn
_dVO

h(y) (v), y € R™

B(R%)

Moreover Z; can be written as
R
Zi = ljcoy + 1{t29}#, t>0
)

using the likelihood ratio process R = {R;,t > 0} defined as

N
A
= _(A —A )t _1
R, = e~ H[)\oh(Yk)] fort > 0.
k=1
Observe that under the measure P the change occurs at 6, while change never
occurs under the measure Py. Moreover, Z; = 1 Py-a.s. therefore Py and P

agree on Gy = o(¢). This means that ¢ has the same distribution under these
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probability measures. Thus, the properties of X and 6 remain the same within
two measures. Note that we are motivated to work with measure Py, since it is

simpler to make calculations under this measure.

We want to find a quickest detection rule for the unknown and unobserved
disorder time #. In other words, we want to find an F-stopping time 7 that

minimizes the Bayesian risk function defined as
R (m)=P{0 > 71} +aE[(r —0)] 7€[0,1],a e Ry, T € F,

where P{f > 7} represents the false alarm frequency and aE[(T — 0)"] represents
the cost of the expected delay. Note that o can also be considered as a penalty
for the delay. Therefore, it is a measure of decision maker’s tendency to wait for

new information.

If 7 attains the function

Vi(r) = Tlreljf__RT(ﬂ) € [0,1],

then it is a Bayes-optimal alarm time. The Bayes risk function and the corre-

sponding objective function can be written as
R.(m) =P{0 > 7} + aE[(T — 0)7]

:(1—7r)+a(1—7r)E0/0T<1

V(n) = TingTRT(W)

:(1—7r)+oz(1—7r)Eo/OT<1

=(1—-7)4+ a(l —mx) inf EO/OTRt[ T +/Otf9(U)Riudu]_lf9(t) dt.

1

1
WEO[Ztl{egt}U:t] - afe(t)>dt,

1

1
7TH“ZO[Ztl{egt}|]:t] - afe(ﬂ)dt

TEF 1—m (0%

The term R, [ﬁ + fg fg(u)Ridu} motivates us to define a new process.

13



2.1 A Markov Pair

Let us define the pair process (@, C') where

Ct =cCc+ t,
Q= R, [q+/ folCu) - du] = R [q—l—/ fole + )5 dul

0 U 0 U
with Qo = ¢ and Cy = ¢. The process C' can be regarded as the deterministic
clock process starting from an initial value c¢. With ¢ = 0 and ¢ = -, @
coincides with =Eo[Z119<}|Ft] = Ry [ﬁ £ fot fg(u)Riudu]. Therefore, with

this initial values, we can write the expectation in our Bayes risk, using (@, C)
as

]Eo/ Rt
0

For t,s > 0, it is clear that Cs,;, = Cs + ¢, and for ), we have

—+ [ o] Loy ae =, [ (- ic)a

s+t 1
Qs+t = Rstt|q +/ fe(Cu)R— du] (2.2)
= s+t s|q +/ f@ e du +/ f9 ]
s+t
s+t [Qs fe( ) /R du}
We can write R**’ as

Nstt

Rs+t _ H

a3 R Nﬁl[ (%))

Note that conditioned on Fj, S“ has the same same law as the unconditional
law of R;. Thus, if we define Rt S“ , We can write 1' as

Qsrt = Ry Qs +/S fe(Cu)é—_ du]

I
=

:Qs + /SH Fo(Cs + (u— s))ﬁL du}
) us (2.3)

I
=

Q.+ /Ot Fo €.t ) = du]

w

I
=

:q+ /Ot fg(c—l—w)ﬁL dw]

w q=Qs, c=Cs

14



Comparing this with (2.1]) we see that (@, C) is a time-homogeneous Markov pair.
Moreover, from the dynamics of (@, C'), we conclude that, between arrivals, @

follows deterministic curves. If we define

e~ (1=t [q + [y e fy(e o s) ds|,if Ao # A,

(g, c,t) = t
q+ [y folc+s) ds, if Ao = A1,

then for ¢ > 0 we have

Q ‘T(QWHCWNt_WZ)a 1fm/z§t<Wl+17
t —
‘T(QWH CWm VVH—I o Wl)i_(l)h(}/;-i-l)a itt= VVZ'-H?

0.0 25 50 75 100
Time

Figure 2.1: A sample path of the process ()

Figure illustrates a sample path for the process (). As it seen on the figure,
the process jumps at arrivals and follows deterministic curves between arrivals.
Intuitively, any arrival is a new piece of information, and the process is updated

instantly with this new information by the multiplicative term i—;h(Yi).

15



Next, we define

T 1
U(g,c) = iIeljfTEéq’c)/ 9(Qy, Cy) dt where g(q,c¢) :=q — afg(C), (q,c¢) € Ri,
T 0
(2.4)

and ]E(()q’c) denotes the expectation under the measure Py with )y = ¢,Cy = ¢
with probability one. In terms of the value function, our smallest Bayes risk can

be written as
-7+ a(l — ) U(——,0)
—rm+all—7 —
1—7'{" )

and if there is an optimal stopping time for the problem in ({2.4)), it also gives us

an optimal detection rule.

Remark 1. Because Q) depends on Qo = q linearly (see with a positive
multiplying term, it follows that the value function in 1S concave and non-
decreasing in q (for every fized c). Moreover, it is bounded above by 0 (immediate

stopping). Hence, the boundary
B(c) :==min{q: U(q,c) = 0}, c >0,

separates the state space into continuation and stopping regions defined respec-

tively as

C:={(q,¢): U(q,c) <0} and T :={(q,c):U(qc)=0}.

Above the boundary is the stopping region, and below is the continuation region.

Since we are working with general prior densities, one might ask if there is a
finite boundary for the unbounded densities. In other words, when there exists
Coo € Ry such that fy(ceo—) = 00 or fy(coot) = 00. The fact that there isn’t is

shown after Remark 2

Remark 2. For a deterministic time t € Ry, we have

quﬁ) Q] = q+ /Ot folc+ s)ds = q+ Fy(c+1t) — Fy(c). (2.5)

Moreover, @ is a non-negative submartingale.

16



Proof. Using the definition of @), the fact that R is martingale, Fubini’s theorem

and the tower property, we have
() (20 @o [ [ R,
0 U

t . R t
ZQ+/ fole + u)EG [R—t] du = q+/ folc+u) du
0 (0 0

=q+ Fy(c+1t) — Fy(o).

Note that Eéq’c) [Q:] < o0, and for the submartingale property of the process @,

for t,s € R, we write

Rt—i—s
Ry

e (g,¢) Rt+s
Fil du+ fo(Cu)Eq T
t U

t+s
qu,c) [Qt—&—s']:t] _ E(()q,C) |:th+5 + / f@(cu) du‘ft:|
0

! (g,¢) Rt+s
=qR; + / Jo(Cu)Eqy” o
0 U

1 - (g,0)
— du+ f@(Cu)EO ’
R, ¢

]:t} du

Rt—i—s
R,

¢
Zth+Rt/ fo(Cy)
0

oS

.7-}} du.

Since the last term is nonnegative, we are done. O]

Back to unbounded densities, observe that the deterministic optimization prob-

lem

teRL

t
inf Eéq’c)/ 9(Qs, Cy) ds
0

is a sub-problem of the original problem and using similar arguments with
Remark [1] it has its own boundary curve. Since deterministic stopping times are
subset of the stopping times of the original problem, deterministic problem takes
values greater than U(g, ¢) for (¢, ¢) € R2. A direct result is that the deterministic

boundary curve is bounded above by £.

Using Remark [2] and Fubini’s theorem, the deterministic optimization problem

can be written as

t t t
R _ (a0 21
tlerﬂlxi E; /0 9(Qs, Cs) ds = tler]ll%er {EO [/0 Qs ds] 04/0 Jo(c+u) du}

17



~ { [ @+ e s) = Bt ds = S (Fale+0) - Fe<c>]}
:1glw_%@wﬁém@+g@—ém@+w—m@@

and if fy is continuous at ¢, we can differentiate the expression with respect to ¢

and get

% [[q — Fy(o)]t + /Ot Fyo(c+s) d

S — —
(0%

LEy(et 1) - Fe<c>1]
:M—%@ﬂ+%@+w—éﬁ@+w

Observe that when ¢ = 0, the derivative is q—é fo(c). Therefore, when q—é folc) <
0, the function is strictly decreasing and the value function of the deterministic
problem for this (g, ¢) pair is strictly negative, in other words, below the stopping
region. Hence, the deterministic boundary curve is bounded below by i fo at

points of continuity of fjy.

Corollary 1. Since (B is bounded below by the deterministic boundary curve,
and the deterministic boundary curve is bounded below by éf@, for the original
problem, if there exists a continuity point co, € Ry of fo with fy(coo—) = 00 or

fo(coot) = 00, we have unbounded boundary at co. In other words, f(cs) = 00.

2.2 Truncation of C-Space

Since we are working with general prior densities, for the densities with un-
bounded support it is important to restrict ¢ values on a compact interval such
that the value function takes the value 0 outside of this interval. For a fixed C' €
R, define the deterministic stopping time 75 = inf{t > 0: C; > C} = (C —¢o)*,
where ¢ = Cy. 75 denotes the exit time of the clock process C from the compact
interval [0, C].

Using 75, truncated problem can be defined as

TEF

_ TATG
U(q,c) = inf/ 9(Qy, Cy) dt. (2.6)
0

18



Observe that truncated value function U@ satisfies the property that it is 0
outside of [0, C].

Lemma 1. For every (q,¢) € Rt x [0,0] , as C — oo, U9 (q,¢) converges to
U(q, c) uniformly. We have

0< U (g,e) = Ulg,e) < —[1 = Fy(C)].

Q|+

Proof. Observe that

r TATE T
B [ 0QuG) de=EP?| [T 5(QuC dt+ 1oy | 5(@uCo
el

For every € > 0, if we choose C' such that é[l — Fy(C)] < € and if we take the
infimum of the both sides, we get U(q,c) > U (c)(q, ¢) — €. Moreover, it is clear
that U(é)(q,c) > Ul(q,c), hence we have the inequality U(é)(q, c) > Ulg,c) >
U(q,c) —e. For e > 0, taking C' as

C.=inf{c>0: Fy(c) > 1 — ae}
gives the required inequality. O

Lemma 2. The function U© s locally (jointly) continuous. We have
0 S U(é)(quc) - U(é)<QIac) S (q2 - QI)C7 fOT q1 < g2,
AP ] ]
min{—C, —a}/ |fo(w) = folu = (c2 — e1))| du < U(g,c5) = U (g, 1)
0
_[© 1
<C [ 1fotu) = fotu = (e = )l du+ L [Fafen) = Faed), forer <
0

19



Proof. The proof is presented at Appendix [A.3] ]

Corollary 2. The continuity and the uniform convergence of U CtoU guarantees

that U s also continuous.

Using Remark [I] and Lemma [I] we can conclude that, solving the truncated
optimal stopping problem and stopping when () enters to the stopping region
will provide the optimal alarm time. Next two chapters will explain two different

methods for finding the function UC.
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Chapter 3
Successive Approximations

This method constructs the value function as a sequence of converging functions,
using the dynamic programming principle. The method was used widely to solve
disorder problems. See Dayanik and Sezer [14], Bayraktar and Sezer [I§], Lud-
kovski and Sezer [50], Urii et al. [24] and Buonaguidi et al. [12].

Let us define

( ) TAWR 1
= J 7,¢ - —
Un(Q7 C) - ;gg_.]EO |:/0 (Qs af9<Cs))d8]7 (Q7 C) S RJr X R+7 n e N7

N’
g(QS 705)

and the truncated version of it as,

©) (o[ [T 1 -
Ui (g, ) = inf B | /0 (@i = =fo(C)ds], (a.0) € Ry x[0,Cln €N

=i ES| / o (Qs—éfe(Cs))ds]

TE.F[O’C',

Lemma 3.

Fy(c) — Fy(C)

(0%

<U9q,¢)<0 forneN

Proof. Observe that, for the truncated problem, 0 is an upper bound for U;,,é)
when 7 = 0. On the other hand Q, > 0 for all s € R, and 7 < C — c a.s. We
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have

C—c C—c C
> / gfews)ds —— [ St as == [ L
_ —l[Fg(C’) — Ey(0) Fp(c) Fe(c)’

if we take the expectation and infimum of the both sides over 7 € Fj, ¢ we see

that w is a lower bound for U, (C). O

C . . . . .
Moreover, (Un ( )(q, ¢))n>1 is decreasing, because (W,),>1 is an a.s. increasing

sequence. Hence, lim,, oo USC )( ¢) exists everywhere.

Proposition 1. For every C € R, Ur(bc)(q, c) = U(é)(q, c) uniformly in (q,c) €
R x [0,C]. Moreover, for every ¢ € R, and c € [0,C] we have
1 _ _
__[1 - EO[FG(WR)H < U(C)(Q7 C) - U?'(LC)((:Z? C) <0
o

where Fy(c) = Po{0 < |6 > 0}.

Proof.

B[ [ 9@y
’ TAW, T
5[ o@u s + 1y | 6(@u G|
OT/\Wn " T
500 [ 0(Qu Cds] +BE 1wy [ 9(@u 0
0 Wn

Z U?'(LCY)((:L C) + E(()(LC) 1{1'>VVn} / g(QS7 Cs) dS}
L Wn N— —
Qs_éfQ(Cs)Z_ifG(Cs)

_ ol T 1
> U9 (g, c) + Ef)q’ ) 1{T>Wn}/ —afe(Cs)dS]
I W

h folc+ s)ds]

Wn

~ ol ee 1 o 1 c
> U{O(q,c) + E§™ / —= fg(Cs)ds] = U9(g,c) — ~E§" >[
Lw, « o

~ 1 ¢ oo _ 1 c
= U (g.0) - B | / fols)ds| = U g, ) = —E§1 = Fy(Wy +c)]
Whn+c «
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1

(0%

> UO(q, ) — ~Eo[l = Fy(W,)]] = U9 (g,) — ~[1 ~ Bol Fo(W;,)].

L R B (W)

«

£ /O 9(Qs, Co)ds| > UL (g, )

if we take infimum of the both sides over T € Fjg o we get

- 5 1
U (g, ¢) > Ui (g, ¢) = —[1 = Eo[Fy(Wo)]] - or equivalently

L1 - BB < U9 (g,0) - U9 (g0

_a < 5

Thus

n

U (g,¢) 2 U (q,¢) > U (g, c) - é[l = Eo[Fp(Wa)]] Vv eN.

Note that, as n — oo, W,, — oo a.s. and Fp(W,) — 1 a.s. By bounded conver-
gence theorem, Eq[Fy(WW,)] — 1 and the sequence (Uﬁc)(q,c))nzl converges to
U (q, ¢) uniformly in (¢,c) € Ry x [0,C]. And we got the inequality

1

«

1= Eo[Fp(W))] < U9(g,¢) — U (g,¢) < 0.

]

Thus, if we can construct the sequence of functions U,Sc) (q,c), we can find the
value function U (é)(q, c) itself. The next section explains the sequential approxi-

mation of the value function.

3.1 Defining Successive Approximations

Let us define operators

Q(QICS)
(©) _ | [ 1
(Ht U)(q, C) == E x(q7 c, 8) ——fg(C + 8) dS + 1{t2W1}U(QW17 CW1)
0 —_—— & \'Zf'/
Qs s
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tAW
= E(()Q»C) / Q(st C’S)dS + 1{752W1}"U(QW1, CWI) ,
0

for t € [0,C — ¢] and

(HO0)(g.c) = _inf (Hv)(g.0)
t€[0,C—(]

where v is a Borel function v : R, x [0,C] = R_ for C € Ry, (q,¢) € Ry x [0,C].
We can write (Ht(c)v)(q, c) as

¢

. . 1

(H,fc)v)(q, c) = E(()q’ ) / Ls<wny (Qs - Ef@(os))dS + Lzwy (@i, Owy)
0

& 1
_ E(e / oy (2(g,¢,5) — —fole +5) ) ds +
0

A
1{t2W1}U <ZL’((], ¢, Wl))\_(l)h(}/i)v ¢+ Wl)

1
1{5<W1} (17((]7 ¢, 8) - af@(c + S)) d8+

t
— / E(()(LC)
0

E(()qvc)

A
1{t2W1}U <‘/L‘(q’ ¢, Wl))\_(l)h(yl)7 c+ Wl)

- /Ot Po{s < W1}<x(q,c, s) — éfg(c—i— s))ds—i—

A
1{t2W1}U (x<QJ ¢, Wl)_1h<}/1)7 ¢+ Wl)

quﬂc) A
0

= /Ot o Nos (x(Q, c,s) — éfg(c + s)>d5+
/Ot Age 0?8 [/yey v(ﬂc(Q, c, s)i—;h(y), c+ s) yo(dy)] ds

= /Ot o~ Aos (g (x(Q, ¢, 8),c+ s) +Xo(Sv) (x(q, ¢, s),c+ s))ds,

Where S is the linear operator

Su)a.)= [ w(aTht).c)wdy

Y
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for the function w : R, x [0, C] — R_. Moreover, for an e optimal stopping time

(n—1) .
Te we can write

_ tAW, 1
U (g, c)= inf EL / (Qy — = f5(C))ds
0 N

7'6.7-'[0‘@] 6% 5
g(QS7Cs)
[ D A, N
< E(()qvc) /0 9(Qs, Cs)ds + 1{T§"71>>W1} /W 9(Qs, Cs)ds
1

i ’T'E(nil)/\W1
_ g9 / 0(Q4, C)ds+
0

(7'5(7171)/\anl)OQW1 +Wy
1{7'5("71)>W1} / g(Qsacs)dS
Wh

Tg(nil)/\W1

9(Qs, Cs)ds+

0

£

(T;n_l)Aanl)OQWl
1 T(n—1)>W1}/O g(Qs+W1705+W1)dS

— Eéq’c)

Ta(n_l)/\Wl
0O([0 T 0(@uCaast
0

(n_l)/\Wn—l

1{7'E<”*1>>W1} </0 Q(Qs, Cs)ds) O@W1

le)]

Ts(nil)/\W1
= E(()(LC) / g(QS7 Cs>d8+
0

(Ténil)/\Wn_l)

(QW17CW1)
1 7'5("71>>W1}E0 ( ;

9(Qs, C.)ds) ]

-~

<U'9 (Qw, Cw, ) +e

[ Ts(n71>/\W1 _
< E{ / 9(Qs Co)ds + 1 oy UL (Qus, Cov, ) e
0

B 7_8(71,71)

S E[()qvc) / 1{8<W1}g(x(qa C, 3)7 c+ 3)d5+

5 A
1 - ) U( )1(x(Q7c> Wl))\_lh(}/i);c+wl> +é

25



(n—1)
€

- / e %g(z(q, ¢, s),c+ s)ds+
0

(n—1)
Te _ A\
/ Aoe 0¢ / Uéf)l <x(q, c, s)—lh(y), c+ 5) vo(dy)
0 yey )‘0

— /OTE e Nos [g (:c(q, c,s),c+ s) (ST (x(q, c,s),c+ 3)} ds + e.

ds+ ¢

(n—1)

The fifth equality is due to strong Markov property. Observe that (Ht(é)v)(q, c)
and UT(LC)(q,c) are of the same form. Using this idea we will now define our

successive approximations. Assume that

Proposition 2. For every n € N, the functions v,(lc) and UT(F) coincide. For
every € > 0, let

reC =inf{s € 0,C]: HOv(g,¢) < HOv(q,0) + ¢}

n

forn € Ny,C € Ry, (¢q,c) € Ry x [0,C], and

55C = ré’c(q, c) N W

SE’C _ TZ/ZC((]? C), if Wy > 7"5/2’0((]7 C) neN
n+l — - _ ,
Wi+ SZ/ZC 0 Ow,, I Wi < 7’761/270(% C)'
Then,
s5¢

B[ aQuia] <o) te YneNCeR, Ve 20

Proof. The proof uses Davis [16] and Brémaud’s [51] characterization of F-
stopping times and is provided in Appendix [A.4] H

26



3.2 Implementation of the Method

Note that we can write (Ht(c)v)(q, c) as

_ t
(H ) (g, ) = / g (g, ¢, 5), ¢ + 5)ds +
0

J

=I(t,q,c)

t ) )\1
Aoe”"0* v(x(q,c, s)—h(y),c+ s) dvg | ds
0 yey )‘0

¢ A
=1I(t,q,c) +/ Age™ 0 / v<$(q, ¢, $)=h(y),c—+ s> dvg | ds
0 yey )‘0
t
=1I(t,q,c) +/ Aoe 0% (Sw) (x(q, ¢, s),c+ s) ds
0
=1I(t,q,c) + / )\oe’Aﬂsl{sgt}(Sv) <x(q, ¢, s),c+ $> ds,
0
where

I(t,q,c) = /Ot e~ Aos (x(q, ¢, s) — éfg(c + s))ds

/ aqt -
gU=eY (L _ ;> Jo e fo(c+u) du— 55 [T e fy (e ) d,

Al Al «

if Ao # A1,

oMot o o
g4 /\00)—1—()\—10—§>f56 Aot fy (e + u) du—%fotfg(c—i-u) du,

it Ao = A1.

Moreover we can write the integral term as

/ Ao 1 <py (S) (a:(q, ¢, s),c+ s) ds

=K :1{E§t}(SU> (x(q, o, E),c+ Eﬂ

—E :(Sv) (x(q, ¢, B),c+ E) ’E < t} P{E <t}

—E |(50) (g, ¢, Bo), e+ By ) | PLE <},

where F denotes an exponentially distributed random variable with rate A\g and

E; is the truncated exponentially distributed random variable with rate A\g. To
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use this method, we first create a rectangular grid on the (Q, C')-space. Since the
iterations start from 0, each grid point is assigned to voé (q,c) = 0, initially. Later,
the jump operator (H(v)(q,c) = infte[O’Cw_c](Ht(c)v)(q, c) is applied to each grid

point iteratively, until the convergence is reached, where

(H{"v)(g,¢) ZI(t,q,C)Jr/ Aoe ™" Luzny (S) (éﬂ(% 078)7C+8>d3-
0

The key point here is that ()-grid must be large enough to contain the whole
continuation region. The calculation of the function I(, g, ¢) is relatively simple,
for the integral term, different approximation methods are available. Urii et al.
[24] used this method with Chebyshev grid points and calculated required expec-
tations using Monte Carlo methods for a uniform prior. However, for complex
densities, this method requires large number of grid points and iterations for the
convergence, which reduces the performance. For this reason, we come up with
a relatively simpler and practical method to solve the problem, this method will

be explained in detail in Chapter 4.
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Chapter 4
Discretization

For this method, we will discretize the time space to solve a discrete sub-problem
of the original /truncated problem. To that end, let us define a grid on the interval
0,C] as Aéé) ={co,c1,...,cm}, M € N ¢ is a strictly increasing sequence with
co = 0 and ¢y = C. If we denote the distance between the consecutive grid
points as §; := ¢;11 — ¢; for 0 < i < M, we can define the mesh of this partition

c
as 5é ) = MaXo<j<M 51
If the clock process starts from ¢;, one can define a value function

(@) . ¢ ’ 1
U2 (g, ¢;) == inf E(()q’ )/ (Q: — af@(ct))dtu (4.1)
0

TG{O,Ci+1—Ci,...7é—Ci}

for g € Ry, ¢ € Aéé) where the optimal stopping time is selected from the
discrete set {0,¢iy1 — ¢;,...,C — ¢;}. In other words, the process is stopped
at one of the points in Aéc). The following lemma shows how to control the

discretization error.

Lemma 4. We have
=~ A () = _
0 < U (g, ¢;) — U (g,e;) <05 (q+ Fo(C) — Fyley)) (4.2)

forq e Ry and ¢; € Aéé).
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Proof. Since the optimal stopping time for the discretized problem is a sub-
optimal stopping time for the truncated problem, the first inequality is obvious.
For the second problem let us define an e-optimal stopping time for the truncated

problem as 7, for € > 0 we have
) Te 1 _ _
E[()q’cl) [/ (Q: — —fg(Ct))dt:| <U9q,c;)+€e for geR, ¢ e Aéc). (4.3)
0 o

Let us define another stopping time 7, as

M-1
— Z ]'{Cj_CiSTe<Cj+l_Ci}<Cj+1 - Ci) + 1{7—6:@—01-}(0 - Ci)'

j=i
Observe that 7. € [r., 7], and the distance between 7. and 7, is less than 5§C).

Using (4.3)), we can write

U9g,c;) > quyci) [/OT Q- éfG(Ct))dt:| —€ (4.4)
y Te 1 o Te 1

= R Uﬂ (Q: — af(,((]t))dt] — gl UT (Q: — af(,((]t))dt —€

> U (g, ;) - B [ / ’ Qtdt} —e.

The last inequality is due to the fact that 7. € {0,¢;1 — ¢y .. -, C— i}

Using Remark [2, we can write

5f ) | [" @) <5 o, [ a| <Epe

Te +(5£C’)
0. | dt]

By the arbitrariness of €, the second inequality holds. O

The next corollary states how to control the error caused by truncation and

discretization.
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Corollary 3. It follows from Lemmas[1] and [ that, for a given € > 0, if we set
C and Aéc) so that

LRy <o

«

3O (" L Fy(C
: (1 —— + 5yl ) +
then T(@A(gc))( ™ 0) is an e-optimal stopping time for the detection problem in

T
2.4).

Using similar arguments with the original and the truncated problem, we ob-
serve that for fixed ¢; € Aéc), qg—U (C’Aéc))(q, ¢;) is non-decreasing and concave.

Hence, we have the (discrete) boundary curve
= A©) ~ A©) 5
BOAN () = min{g: UCA (g e) =0}, ;e AL,

. . A A0 . . .
at and above which the function UCAL") is zero, and below, the function is
negative. It follows from standard arguments of the finite horizon discrete-time

. . . A A©) :
optimal stopping theory for Markov processes that the function U (C.AL) satisfies

the dynamic programming recursions

. d; ¢
©) _ e ‘ 1 4 A
U©A (g, ¢;) = min {0, ES )[/ (Qi— Efe((]t))dt + U8 )(Qéwci“)”
0
(4.5)

fori € {0,1,..., M —1}, with U(O’AE*C))(q, C) = 0, and the stopping time at which
the process enters to the stopping region T(C’AQC))(q, ¢;) = min{t € A((?C) cQy >
oAy )} is an optimal stopping time for U e,

Recall that, in Remark [1| we have shown that, for the original problem with
unbounded densities, we have unbounded boundary curves. We will now inves-
tigate if that is the case for the discretized problem. For our calculations, using

Fubini’s theorem and the expectation in (2.5, we have
b 1
E{) [/ (Q: — afg(Ct))dt} =qd+I(c,0)  where
0

5 1 (4.6)
I(c,6) = /0 [Fo(e 1) — Fu(@)] di ——[Fyle+ ) ~ Fo(e)].
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Observe that for cy;_1, we have

= min {07 qOp—1 + I(car—1, 5M71)}-

The first equality is due to U(67A26>)(~, C) =0. When I(cpr_1,6p-1) > 0, we need
immediate stopping for any ¢ value, thus B(C’AE?C))(CM_l) = 0, in that case. When

I(cpr—1,00-1) < 0, we have 5(C’A§))(CM—1) = -

FIV I(enr—1,0m-1)-

Note that we have I(c,6) > —=[Fy(c + 0) — Fy(c)] for ¢ > 0 and 6 > 0. Thus,

for I(cpr—1,0p-1) < 0, we can write

A AO) 1 Fy(epr—1 + Op—1) — Foplep—
O ey 4) = ——T(eyy, buay) < 2 o) = Fole) -y )
5M—1 " CV(SM—I
v Fo(C) — Fy(ear—1)
045M—1 .

For other points in Aéc), recall that the function U(CAE) is concave in q.

Hence, by Jensen’s inequality we can write
B [UCA(Qa i) < U BV 1Qs), ci1)
= U(C’Aéé))(q + Fy(civ1) — Fo(ci), civ1),
and using
UCA (4. ) = min {07 00 + I(ci, 8;) + B [U@,Ag@)(QMQH)”

< min {07 q0; + I(ci, 6;) + U(C’A(EC))@ + Fy(cip1) — Folcs), Ci+1>}'

When I(c¢;,d;) + U(aAéC))(q + Fy(civ1) — Fy(ci), civr) > 0, we need immediate
stopping for any ¢ value, thus B(C’A?))(Ci) = 0, in that case. When I(c¢;, ;) +
U(O’AEC))(Q + Fy(civ1) — Fo(ci), cipr) < 0, using the fact that U(C’AéC))(-, Cit1) =
——97—90i+1 an c,0) > —=|Fyp(c+0)— Fy(c)| for ¢ > 0 an > 0, we

LFy(C)— F, d I(c,8) > —L[Fy(c+06) — Fy(c)] for ¢ > 0 and 6 > 0

can write
Iy, 8) + UCA g + Fy(evn) = Fole),cin)| (48)
Fy(C) = Fy(e)

Oé(;i

IN
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Corollary 4. Recall from Remark[1] that for the original problem, the boundary
that separates stopping and the continuation region can be unbounded, for certain
densities. In the time-discretization method with finite number of points 0 = ¢y <
c1 < ... <cy = C, the boundary B(C’A(é‘é)) over the grid points is always finite
(and therefore uniformly bounded from above); see , and the boundary at

the terminal point cpr = C' is clearly zero.

4.1 Implementation of the Method

Recall that we are expecting the dynamic programming recursions

o 8 _
0 (g.c) = min {0, B[ [ (Qu - 2 folC)dt + U Qs )]}
0

fori€{0,1,...,M — 1}, with U(C’Aé@)(q, C) = 0, to be satisfied. To implement
the method, we start by deciding a 0 value for the time-discretization of the
C-space. ¢ denotes the mesh of the grid A? = {co,c1, ..., car} with ¢g = 0 and
cyr = C. We then put a grid on the Q-space, as well. The key point here is that,
the maximum value for this grid should be large enough that it includes the whole
continuation region. In other words, U (C’Aéé))(q, ¢;) must be 0 for some ¢ on this
grid. For any ¢ value larger than this, the function will be also 0. For the first

iteration, since we have U (C"A(c*C))(q, C') = 0, the first inequality to be satisfied is

UCA) (¢, epr_1) = min {0, mper| / ) (@ — éfe((?t))dt} }
0
= min {O, q0 + I(CM_l,(S)}.
For the ongoing iterations we need the expectation
R [U(C*A(aé)) (Qs, Ci-i—l)] ‘

This term can be approximated when ¢ is small using infinitesimal probabilities

of the Poisson process as
ci 509 7,AL)
IE[()q7 ) |:U(C7AC )(Q(Si; Ci+1):| ~ (1 - )\06) : U(C’Ac )<x<Q7 Ci,y 5)7 Ci+1>+
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o A A0 A
Aod - Eéq’ o [U(C’AE ’(A—lh(Yl)x(q, ¢iy0), Cit1)
0

~ AO)
= (1 - >\05) ’ U(C7A6 )(:C(q7 Ci, 5)7 Ci+1)+

g [ UCA S (y)i(a,1.0), i) ().
R 0
Observe that for the calculation of U (C’A((fé))(., ¢;) values, we require
U (O7Aéé))(., ¢iv1) values, which we have already calculated. For this purpose, we
use interpolation on the ()-grid of the U (C’Aéé))(., ¢iv1) values. On the other hand,
for the integral with respect to the vy measure, we use standard approximation
methods for the integration. As a final remark, since we don’t have a monotone
boundary for every prior density, we should check at each step that Q-grid con-
tains the whole continuation region. For each ¢; value, the smallest ¢ value that
satisfies U (C’Aéé))(q ,¢;) = 0 is chosen as the boundary for that ¢; value. The next

section explains how to use this boundary to raise an alarm for a sample path.

4.2 Alarm Rule

For this example, the prior density

3

fo(z) = 3 Lio, 1102,y (%)

was used. Other problem parameters are \g = 40, A\; = 50, a = 5, vy = N (0, 1)
and v; = N(0.2,1).
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0.0-
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1.0-

0.5-

0.0-

0.25 030 035 0.40
Time

Figure 4.1: Sample path for the disorder problem with the stopping boundary,

a=25

Figure depicts the sample path of the process @y (red) and the boundary
curve (black). The disorder time is § = 0.25, is shown in pink. The boundary
curve separates the space into the continuation and the stopping region. Below
this curve, the value function is less than zero, and above this curve, it is zero.
Thus, when the process () passes above this curve, we should raise an alarm and

stop the system. Observe that, the boundary changes over time. This means
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that, our threshold, in other words willingness to stop the process changes, as
12
373
new information coming on this interval. This specific disorder density will be

well. In this case, we tend to continue on the interval [z, %], since there is no
discussed in detail later. After the disorder, the arrival frequency and the mean of
the marks increase in this problem, resulting ) to grow rapidly and excessively.
For this sample path, the user stops the system at the first arrival after the

disorder.

For the second example, a value is taken to be 1, instead of 5, for the same
sample path. This means that we are penalizing an expected delay with a cost
that is five times lower. One intuitive result is that we expect the system to be

stopped later than the first case.
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7.5-

025 030 035 0.40
Time

Figure 4.2: Sample path for the disorder problem with the stopping boundary,

a=1

This is indeed observed: in the first case, the system is stopped at the first
arrival after the disorder, while in the second case, it is stopped at the sixth
arrival after the disorder. The reason is, waiting for more information is not as
costly as the first case. In the next chapter, we will investigate different prior

densities and their various properties.
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Chapter 5

Numerical Examples

In this chapter, to investigate boundary behavior of different prior densities, we
will provide results for six numeric examples. The first example is a mixed uniform
prior where the decision maker knows that no disorder will occur within certain
sub-intervals. For the second example, to explore the relationship between the
variance of the disorder time and the Bayesian risk, Gamma prior is visited.
The third and the fourth problem deals with a phase-type and an asymptotic
prior, respectively. For the fifth problem, a mixed uniform approximation for the
exponential prior is considered. Lastly, a credit card fraud detection problem is
visited, this problem is motivated by the work of Buonaguidi et al. [I7]. For the

solution of these problems, time discretization method was adopted.

5.1 Mixed Uniform Problem

On a time interval, when the decision maker has a belief that the disorder will
certainly not happen on some sub-intervals, but can happen on anywhere else
with equal probability, they can use a mixed uniform prior for the disorder. The

purely uniform case was studied by Urii et al. [24]. For this problem, disorder
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densities

3 3

foa@) = 5 1lpyuzy(@)  and  foa(r) = 7 1o uz g o5 (2)-

were used. Other parameters are \g = 5,\; = 1, = 0.2,y = N(0,1) and
vy = N(027 1)

20

c c

Figure 5.1: Stopping boundaries for two different mixed uniform priors

On the support of the density, the boundary curves show a monotone decreas-
ing behavior, this result is indeed expected from the previous studies. However,
where the probability is zero, the opposite behavior is observed. The intuition
here is that, during these intervals, decision maker does not receive any addi-
tional information since they know that disorder will not happen here. On the
other hand, we observed that the Bayesian risk for the second problem is higher.
This is again intuitive as the detection becomes more risky when the number of

intervals with zero probability increase.

5.2 Gamma Problem

This problem was motivated by the question of whether the detection risk is
monotonically related to the variance of the disorder time. We worked on fifty
different Gamma priors with constant mean 1 and changing variance. The shape

parameter a and the rate parameter § were taken as the same value (denoted by
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k) on the interval 0.1, 0.2, . . . | 5. In this case, the density becomes

e if x € [0, 00),

folw) ="

0, otherwise.

Observe that the mean of the disorder time is E[#] = 1 for each of these cases,
while the variance is equal to Var(d) = £. The problem was revisited with three
different o values 0.2, 1 and 5. Resulting x vs. Bayes risk plots are shown for
each problem below for stochastic and deterministic problems. By determinis-
tic problem, we mean that the stopping times are selected from JFy-measurable
deterministic times. Naturally, the risk is higher than the stochastic optimiza-
tion problem. For all of the Gamma problems, parameters \g = 5, \; = 1,
vy = N(0,1), 1 = N(0.2,1) and C was chosen for each problem such that
P{0 > C} <107
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Deterministic
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K

(c)a=5

Figure 5.2: Risk for the stochastic and the deterministic problems for three dif-

ferent o values

Intuitively, one would expect the detection to be less risky when the variance
decreases, as k increases, in other words. However, we do not observe a monotone
relationship between variance and risk in this case. For k values less than 1, de-
tection is less risky due to the asymptotic behavior of the gamma density around
0 for these k values. As k increases, the shape of the density changes, making
detection more risky. However, for higher values of k, the density concentrates
around the mean, leading to a decrease in risk. Moreover, the difference between
the risks of deterministic and stochastic optimization problems decreases as «
increases. This is also intuitive, as the cost of expected delay increases, waiting

for new information becomes more costly for the decision maker.
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* k=3

C

Figure 5.3: Stopping boundaries for two different Gamma priors

Finally, Figure [5.3] depicts the stopping boundaries for the Gamma problem
with two different « values. Shapes of these curves are coherent with their density

plots.

5.3 Phase-Type Problem

Phase-type densities for the compound Poisson disorder problem were studied by
Bayraktar and Sezer [I§]. A phase-type density represents the distribution of time
spent in a Markov chain, before absorption. They are useful for approximating
other densities but suffer from the high dimensionality problem. We revisited the
problem using our time discretization method. Figure displays the stopping
boundary for the problem, which has a similar shape with the gamma problem

above.

The generator matrix 4 was used (shown below) for this problem. Moreover,

initial state probabilities are @ = [0.25,0.55,0.1, 0.1, 0], and problem parameters
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are =0, =2, A\ =1, 59 =N(0,1), ; = N(0.2,1), « = 1 and C' = 20.

(1 06 025 0.1 0.05]
0.15 -2 1 0.5 0.35
A=1035 1 -2 0.15 0.5
0.1 1 1 -3 0.9
i 0 0 0 0 0 |
If we denote
-1 0.6 025 0.1 0.05
0.15 -2 1 0.5 0.35
S = and s = ,
0.35 1 -2 0.15 0.5
0.1 1 1 -3 0.9
then
fo(z) =7 - exp(xS) - s,
Fy(x) =1—7-exp(xzS) -1, z€]0,00)

0.3-

Figure 5.4: Stopping boundary for the phase-type prior
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5.4 An Asymptotic Problem

For this problem, the density

ﬁ, if z € [0,1],
Jolw) = § 7=, ifze[1,2],
0, otherwise,

was used. Observe that f(0+) = f(14) = co. The stopping boundary for this
problem is unbounded, however, as mentioned in Corollary Using the time

discretization method, we can find such upper bound for our discrete boundary.

S I

0.0 05 1.0 15 20
c

Figure 5.5: Stopping boundary for the asymptotic prior

Due to the asymptotic behavior of the density at points 0 and 1, the boundary

curve tends to halt the process at these points.
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5.5 Mixed Uniform Distribution for Approxi-

mation

For this problem, exponential density

e ®, ifx €[0,00),
Jo(z) =

0, otherwise.

was visited using two different methods. Firstly, exponential density itself, and

secondly, a mixed uniform approximation of the density.

The problem parameters are 7 = 0, \g = 0.1, \y = 0.2, vy = N(0,1), v, =
N(0.2,1), « = 1 and C = 20. For the mixed uniform prior, the interval [0, 20]
is divided into 500 sub-intervals {[so, $1], ..., [Sa99, S500]} With equal lengths, 0.04.
e ® dr for j = 1,..,500. At each interval [s;_q,s;], the

Sj

Moreover, p; = [

Sj—1

density takes the value p;/(s; — sj-1).

.
o o
:
:
050 H
° H
000 k

Figure 5.6: Stopping boundaries for the exponential problem

Figure displays the stopping boundaries for both cases which look quite
similar, as expected. Moreover, the results were satisfying with Uppproz(0,0) =
—0.3089 and U(0,0) = —0.3088, hence V,ppr0:(0) = 0.6911 and V(0) = 0.6912.
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5.6 Fraud Problem

For this case, Buonaguidi et al.’s study [I7] was revisited. For the fraud time,
instead of an exponential prior, we worked on a special density where we consider
two functions

1 fort e (0,1), 288(t — 3) fort e (33,1),

hl (t) - hg(t) — 12
0 elsewhere, 0 elsewhere,

and for a given parameter § € (0, 1),

h(t) = Bha(t) + (1 — B)ha(t).

Here, a year is assumed to have a length one. Function h, gives a weighted average
of the functions hy; and hy, where hy denotes the increasing fraud activity at the
end of the year, last month, in particular. Increasing shopping pattern due to

New Year’s Eve or Christmas was motivated this idea.

Additionally, let us assume that there is a fraud activity with probability
p € (0,1) on a given year. If there is no fraud activity that year, it will be in the
following year independently with probability p again. In other words, the first
year where there will be a fraud activity is a geometrically distributed random
variable with parameter p. For its corresponding continuous version, where we
aim to detect the disorder on a continuous interval, considering the function h, if
we denote the number of years elapsed before t, as I; := [t], we obtain the prior

density

folt) = (L=p)" ph(t —[t]), t=0,

for the time of fraud activity. For illustration, density plots for some (3, p) pairs

are given below.
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1)
1)

(a) 8 =0.1 and p = 0.05 (b) 5=0.9 and p = 0.05

HMHH“"“l“““lllln .....
) ;

x

(¢c) f=0.1and p=0.1 (d) =09 and p=0.1

Figure 5.7: Density plots for the fraud problem

For this problem, parameters were obtained from [I7], instead of a daily setup,
we have worked on an annual setup. Ay = 492.75 (365 - 1.35), Ay = 1098.65
(365 - 3.01), vy = N(2.5,1.5), 1 = N(4.1,3.12). Additionally, for an alter-
native setup, we allowed Poisson arrivals to also have independent Bernoulli(p)
distributed marks where py = 0.1 and p; = 0.9. In this context, normally dis-
tributed marks can correspond to logarithm of spending amounts, while Bernoulli
marks can depict several features, such as whether the spending is online, whether
it is within a geographic region, etc. C' was chosen for each problem such that
P{0 > C} < 5-107% « was assumed to be 0.2. For fixed 8 = 0.5, p values of
0.6,0.7,0.8,0.9,0.95,0.99 were investigated.
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Figure 5.8: Plots on the fraud problem

Figure shows how the Bayes risk changes with § and p. Observe that,
for this problem, as p decreases, the truncated problem’s C' value increases. An
increasing time interval increases the Bayesian risk, which the plot also confirms.
Figure depicts the proportional change of risk with decreasing §. As it is
expected, the risk converges as § decreases, and the convergence is independent
of the p value. One key observation is that, during discretization, we consider
that with a probability of (1— A¢d), no jump will occur, and with a probability of
A0, a jump will occur over an interval of length 9. However, we do not consider
scenarios where two or more jumps occur. Since we have a quite high A\; value
in our problem, ¢ should be selected carefully for the numerical methods. Figure
displays the effect of 0 on the proportional difference between problems

with and without Bernoulli marks. This plot also supports the argument about
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the choice of §, as after the fourth J value, a monotone increasing and then
stabilizing behavior is observed. Figure indicates that the difference between
two problems increases, as p increases.This result is also intuitive because as the

time interval of the problem decreases, the value of the information increases.
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Figure 5.9: A sample path example of the fraud problem

Figure depicts a sample path for the Fraud problem. The pink dashed line
indicates the disorder time 6. Here, § = 0.5, p = 0.7, po = 0.1 and p; = 0.9.
Observe that the system rings an alarm at the third arrival after the disorder.
Especially the drastic change in A and Bernoulli parameter p after the disorder

amplifies the post-disorder behavior of the process Q.
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Part 11

Misspecified Wiener Disorder
Problem

20



In Chapter 6, the Wiener misspecification problem and the required model-
ing elements will be explained, and the value function for the optimal stopping
problem will be constructed. In Chapter 7, the original problem with the true
parameters will be discussed, and a solution method for the calculation of the
value function will be presented. In Chapter 8, the misspecified problem will be
investigated in detail, and in Chapter 9, the solution method for this problem
using simulations will be discussed. Finally, in Chapter 10, a numerical example
dealing with a real-life scenario will be presented. Long proofs and some other

mathematical results will be presented in Appendix [B]
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Chapter 6
Model and Problem Description

In this chapter, we construct the mathematical model for our asset selling prob-
lem, express the value function for the corresponding optimal stopping problem,
and later introduce the misspecified problem with incorrect parameters. Note
that, for the second part of the thesis, each notation will be defined separately

from the first part. Do not assume any notation in the context of the first study.

6.1 Model

On a probability space (2, F, P) hosting a Wiener process W and an independent
non-negative random variable #, we consider a simple market model with a risk-
free asset and a risky asset whose market values R and S respectively evolve with

the dynamics

dR dS
—t —pdt and — = [,ul{Kg} + Z/l{ggt}]dt + odWy,
Rt St

with 0 > 0, r € R, and v < r < u. Here, 6 denotes the random unknown and
unobservable time where the drift of the underlying model changes from p to v.
0 has the prior density

P{O=0}=7 P{>t}=(1—me ™ (6.1)
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with A > 0 and 7 € [0,1).

If we define the process X as
Xpi=put+ (v —p)t—0)" + oW,

we can write

With Ry = 1, we have R, = €, and starting from some level Sy, using Ito’s

lemma, the value of the risky asset can be written as
L,
Sy = Spexp{X; — 57 ty, t>0,
and its discounted value is

1
P, =e S, = Syexp{X; —rt — 502t}.

We consider the problem of finding the optimal stopping time to sell a risky asset

with the objective of maximizing the expected earning (or linear utility)

sup E[1¢r <o} Pr]. (6.2)

Let us assume that a probability measure P, is locally related with the prob-
ability measure P with

dP

&
- — g ]_ —|— —]_ R t > O,
AP | Fivo () (<6} (o<t} -

L
' £

in terms of the process

& = e(%)xﬁé(ytf ot >0.

Observe that this new probability measure has the property that change never
occurs (or occurs at time oo), and X and 6 are independent stochastic compo-
nents. Hence, under this measure, X is a Brownian motion with drift x4, and 6
has the same zero-modified exponential distribution given in .
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6.2 Problem with Correct Parameters

The problem with correct parameters aims to find an a.s. finite stopping time that
maximizes the expected discounted stock price. In this section, we will reformu-
late the original problem with an optimal stopping problem, using a Markovian

process.

Let us now introduce the odds-ratio process

o Y { m /t o L }
®, = = =e + [ e M— dul,
: E[1{9>t}’]’—t] 5 l—m 0 &u

with the dynamics

]_ _
A®, = \(1 + ®,)dt + B, —(dX, — pdt) where =L
g g

If we also define a new probability measure P such that
dPg
AP

using Ito’s rule, Fubini’s theorem and independence of 6 and X under Pg, as

1
= X, — ut — =o’t}, t>0,
Fivel®) exp {X; — p 2‘7 } =

shown in Appendix, for 7 < oo, we have
E[P.] = Sy [1 —(1—m)(r—v)Eqg /OT e [P, — k| du} .
So if we define
V(¢) = inf E / T (@, — k] dt, (6.3)
T 0

where ¢ = @, then

S Ell oy P = 50 | 1= (L= m)r =)V (7). (6.4

l1—m7m

Observe that in our case, g = .

Remark 3. Observe that ¢ — V(¢), is an increasing concave function of ¢,
which 1s bounded above by 0. Hence, there exists ¢* > 0 such that the problem is

separated into a continuation region
C={p>0:0<¢" and V(¢) <0},
and a stopping region
S={p>0:90>¢" and V(¢p)=0}.
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6.3 Problem with Incorrect Parameters

Let 7, A, it and 7 denote the choices by a decision maker for the parameters m, A,
1 and v respectively. Assume that at least one of their choices is incorrect. In this
case, the decision maker will solve an another optimization problem using these
parameters, thus processes. Throughout, the tilde symbol ~ will be also used for
the expressions calculated by the decision maker using incorrect parameters. For
instance B = % Moreover, processes & and ¢ used by the decision maker while

solving the problem turn into

~ t
~ o—p D2 ~ T~ ~ 1
gt = G(TQH)Xt_% 02“ )t and (I)t _ eAté-t [1 7 1 +/ /\e—)\u~_ du:| 7
0

u

= B& (= 1) gy Bfté(dXt — pdt)

g

and

- - <1
d®, = N1+ &,)dt + 8P, —(dX, — fadt)
o

_ (x i {x +pU m} ci>t> 4+ 3, (X, — )

As it will be explained in details in Chapter 4, the decision maker finds ¢* by
solving the problem with the incorrect parameters, and uses the corresponding

*

stopping time 7* in calculations, while they think they found the optimal one

that minimizes (6.3)). Hence, what they get is

~ %

H(b,§) =} / e D, — k] dt. (6.5)
0
Thus in 1) they will use H (%, 1%=), instead of V(%).

1-7

Next two chapters will explain the solution method for the problem with both

correct and incorrect parameters.
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Chapter 7

Problem with Correct

Parameters

In this chapter, we will provide the solution of the original problem with correct
parameters. To achieve this, we need to understand the behavior of the pro-
cess ® under the probability measure Pg, which turns out to be an Ité process.

Subsequently, two solution methods will be presented.

7.1 The Dynamics of ¢ under P

Observe that, under P, the change never occurs. Moreover, we have
dPg

1
= X, — ut — =t t>0.
AP | Fovo(9) exp {X; — 20 b -

Note that, since the change never occurs we can write X; — ut — %0225 as
1 t 1 t
Xt—ut——azt:/ adW§°°>——/ o? ds.
2 0 2 Jo

where W () is the Wiener process under the measure Ps,. By Girsanov’s theorem,

we have

t
W@ e _ / o ds.
0
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AW 9 = aw > — adt.
We had stated that

1
d®; = N1+ ®;)dt + P~ (dX; — pdt)

o
and under P, %(Xt — pt) is a standard Brownian motion. Now,

1
d®, = A(1 4 ®,)dt + S, { (dX; — pdt) — adt] + Bdodt

o
AP, = [\ + (A + 0 B8)®,) di + S, B(dxt — pdt) — adt] .

Using our previous result we know that under Pg, Z; = [%(Xt — ut) — Ut] is a
standard Brownian motion. So under this new measure, ® is an [t6 process with

dynamics

7.2 Solution of the Original Problem

Remember that our value function was
V(p) = ianE/T e (D, — k) dt,
T 0
where the underlying process has the dynamics
d®, = [N+ (A + oB8),] dt + P,dZ;.
Now let us consider a general case where
dd, = ((Dy)dt + pP,dZ,

for some constant § and some linear function ¢(¢) = ¢y + ¢1¢ with ¢y > 0. The
other constants k and = are positive and ¢ denotes the starting point of the
process ®. [E is the expectation with respect to the some probability measure

under which Z is a Wiener process.
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Lemma 5. For 0 < a < b, a continuous function f,; solving
1
7 fab(9) + (&) fo(¢) + §ﬁ202fé',b(¢) +¢—k=0 for ¢€(ab) (71)
and fop =0 for ¢ ¢ (a,b), we have
a =K " - (I)t —k dt?
skt =B [ M@~ b

where T,y 1S the first exit time of ® from the interval (a,b). Moreover, if we define

fo :=limg~p fup(@) and extend it at the origin as f,(0) = f,(0+), we have

fo(0) = E/OTb e (D, — k) dt,

where T, is the first exit time of ® from the interval [0,b).

Proof. The proof is given in the Appendix [B.4 ]

Lemma 6. With the choice of b for which fi(b—) =0, f;, satisfies the variational

mequalities

fo(9) <0

122// / ’ ¢€[O’b)
55 o1y (9) + U(D) f3(P) — v fo(d) + (¢ — k) =0

fo(¢) =0

L o2 m / ! qu[b,OO)
LG (6) + L) 10) — 1) + (6~ k) > 0

Moreover, this b is the unique value which satisfies

[t~ =0 i

where 1 is the strictly increasing solution of the homogeneous differential equation

m and
f\ 52
e ¢
sa (@) = <%> :
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Proof. The proof is given in the Appendix [B.5] ]

Proposition 3. If f : R, — R satisfies the inequalities

f(9) <0

L o0 pn / ’ ¢E[O’OO)
B0 (0) + LD f(P) =1 f(9) + (& — k) 2 0

then f minorizes the value function

T

infE/ e "D, — k| dt.
0

Proof. Using It0’s rule and above inequalities, for any stopping time T'
T 1 /
F0) == [ e | Ja @)+ @) (@)~ 15(®0)]| dr+E [ (@)
0
4 1 1 !
<-B [ e et @) + dw) s (@) - f(@) dr
0

T
<E / e @, — k] dt.
0

O
Corollary 5. With the choice of b as given abowve,
Ty T
E/ e D, — k] dt = infE/ e D, — k) dt =V (9).
0 T 0
Proof. This is a direct result of Lemma [6] and Proposition [3] O

Hence, one needs to solve the Equation ([7.2)) and find such b, then use it as the
exit boundary for the process ® for the calculation of the expectations. However,
finding the function 1 is not an easy task for every differential equation. Dayanik

et al. [35] used a sequential approximation method for the calculation of .
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7.3 Solution Using Markov Chain Approxima-

tion

To solve the original problem, we use the method of Kushner and Dupuis [49] for
the Markov chain approximation of the process ®. To approximate the process

®, use the fact that we want to find the expectation
V. (¢) = inf B¢ { / ' e (D, — k) dt} .
T 0
When v = 0,
LBEVI() + (V) + (6~ k) = 0

should be satisfied for ¢ € [0, ¢*), which we can approximate by
Va'(¢ +h) + Vi (¢ — h) — 2Vi(9) Va'(¢ +h) — Vi (9)

1
552¢2 12 +0%(¢) i
h h
for a small h > 0. If we arrange the terms, we get
18%¢% + Wit () 3870 + hi™ ()
h _ 2 h h 2 h —h
WO = e el T e e 0
h2
— k).
Fe i Y
If we define
152§h2 +h€i(€h)
hieh ¢h ) — 2
PN = e e
h2
A h(¢h —
P e e

we can approximate the corresponding process ¢ with the Markov chain Eﬁn

starting from &" € {0, h,2h, ...} and uses the above transition probabilities and

holding times. Observe that holding times are deterministic for each state.

If we define an auxiliary value function as

Nh—1 o
Ve =S | Y (@, - me
Nh — n 5
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we expect the dynamic programming equation

Vh(eh) = min{o, (€ —k)- 1_%7&(5)+ (7.3)

eI (R, € 4 mVI(ER + )+ p(E" €0 — mVA(EN — )]}

to be satisfied. Now, for a Borel function w : Ry — [—k/v,0] we define the

operator

1 — e_’yAth (Eh)

(" w)(€") = min{0, (¢" ~ k) - 5 A (7.4)
e—WAth(ﬁh) [ph(fh,fh + h)w(fh + h) +ph(§h,§h . h)w(ﬁh . h)} }
Lemma 7. Let

’U()EO

Vn = H, 1.

as n — 00, v, converges to V" uniformly over any compact interval.

Proof. Observe that in the norm sup§h§g| - |, the operator H" is a contraction
mapping over any finite interval. For bounded Borel functions w,v : R, —
[—k/~,0] we have

sup [H"w — H"v| < {ma{{ e"yAth(gh)} sup |w — v|
gh<g ¢h<¢ gh<g
where {maxéhége”mh(fh)} < 1. Moreover, from 1} it is clear that H"V" =

V", Using Banach’s fixed-point theorem, we obtain the result. O]

Therefore, to find the function V", one should select A > 0 such that
p""(h,2h) >> p"(h,0). Once h is selected, the =" space should be divided into
an equally spaced grid of length h, where the function value will be initiated

to 0 at each grid point. Then, the operator H" will be applied to each point
—h

—max

iteratively, until a convergence is reached. If is selected large enough, the

grid should contain the entire continuation region. Otherwise, one should select a
h

max*

larger = The smallest grid point which takes the value 0 after the convergence

will be assigned as ¢*, and will be used for calculations later.
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Chapter 8
Misspecification

In this chapter, we will provide the dynamics of process ® under the measure
Pg, which turns out to be an Ito process, as well. This property of ® and P pair
characterizes them as a 2-dimensional [t6 process, run by a 1-dimensional Wiener

process.

8.1 The Dynamics of ® under Pg

Note that
0%, - (x+ {MB(“‘“)

g

. .1 .
] (I>t> dt + P, {—(dXt — pdt) — (Tdt:| + BPiodt
o
~ v = — [ ~ ~- [1
_ ()\ n [)\ + 5 [0 n MH @t) dt + 3%, [—(dXt — pdt) — adt} .
o o
Moreover, we had stated that, under Py, Z; = [%(Xt — pt) — crt} is a standard

Brownian motion. Hence, under Pg, ®, is an Ito process with the dynamics
dd, = (f\ + [X + 8 [a + @H &)t) dt + 30, Z,.
So the decision maker solves another optimal stopping problem with the incorrect
parameters
= f and QNS = g

r—u 1—7
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using the process ® and finds an gz~5* The first time ®; exits from the interval
[0,) is a stopping time denoted as 7* = inf{t > 0 : &, > ¢*}. Observe that
this is the stopping time the decision maker uses for the calculation of the value
function with the correct parameters. This miscalculated function is denoted by
H($,¢) and defined as

H(¢,¢) :==E} /0 e [D, — k] dt.

Here, the intuition is that the true process ® with the true parameters run si-
multaneously with the incorrect process ®, the decision maker stops the system
when @ passes gg*, however the true integrand (using the process ®) is accumu-
lated until this time and the incorrectly calculated expected earnings using this

value become

~ %

So |1 (1 —m)(r — V)ELT /0 e (@, — K] dt}

l—7n'1—7

— S, -1—(1—7T)(r—1/)H( T )}

<sli-n —ﬂ)(r—y)V(liﬁ)]

*

— So :1—(1—7r)(r—1/)Eé;” /0 et (B, — K] dt}

The inequality is an immediate result of the fact that 7* is a sub-optimal stopping

time for the original problem.

8.2 On the Function H(¢, ¢)

Processes ® and ® use the same Wiener process under the measure Pg. Hence,

their dynamics under this measure can be written as

d
dt + BJ dZ,

,

t

O A+ (A +08)P,
[ ] i+[i+3[a+@”&>t

where Z is the standard Brownian motion under Py whereas 3 and B are equal
to = and ’7—;’2, respectively. Observe that H (¢, gg) =0for ¢ € Ry, ¢ > ¢*, by
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definition. For a function f : R3 — R with the boundary condition f(., qg*) =0,

using Ito’s formula we can write

E e f(®@, 8-) - £(6,0)] =

~% ~ %

E _/0 _76_7tf((bt7(i)t) dt] +E {/0 e—Wtf¢(<I>t,<:T?t)a(<I>t) dt} +

~% ~ %

r T o - 1 T _ ~
E /0 ~e 7[5y, Dp)a(Dy) dt} +5E VO e F35(Ds, Dy )0 (D) dt] +

%E { /0 " f35(Pe, 4)0%(D:) dt} +E [ /0 ) e f (D), B )b(D)D(D,) dt] .

Here

a(@) =X+ A+ 0aB)p, a(d) =+ [LLB[JJF@H&

b(9) = B¢, b(9) = P9,

fo f¢3 and [y, f¢3¢~>’ f¢>¢3 denote the first and the second order partial derivatives
of f, respectively. Using these results we can conclude that to find our function
H(¢, ¢), we should solve

1 -

—11(9,0)+a(9) fo(6, 6) + 50(9) fop (6, &)+

1

0(9) f3(6,0) + 56 (D) f35(: 0) + D(O)b(0) f55(6. ) + & — ks = 0.

However, this equation does not yield a general closed-form solution and re-
quires advanced methods to solve. To address this issue, we have used Monte

Carlo simulations to calculate expectations, which will be explained in detail in

the next chapter.
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Chapter 9

Solution of the Misspecified
Problem

In this chapter, two methods to find the function H (¢, (13) will be provided. Both
of these methods will use Monte Carlo simulations to find the corresponding
expectation. Observe that, the calculation of the function H (¢, gg) is a two-stage

process.

1. Finding ¢* by solving the original problem with the incorrect parameters

2. Calculating Eg fo%* e 7 [®, — k] dt by using the corresponding stoping time

jadt 3

T .

For the first part, the solution method mentioned in Chapter 3 was used, the
user enters the incorrect parameters to the algorithm and finds ¢* value. For the
second part, Monte Carlo simulations were used. Since H (¢, (5) is an expectation,

the realized values of the random variable

=k

/T e "D, — k] dt (9.1)

were calculated for a large number of sample paths and their mean was used for

approximating H (¢, gg) Two methods were adopted for the simulations: Markov
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chain approximation, and Euler’s method. Moreover, to decrease the variance
of the simulations for the Euler’s method, antithetic and control variables were

used.

Recall that, the dynamics of the processes ® and P are

) A+ (A +0p)® o
1A I Uﬁ()_f) N+ 7% az,.
P, A+[A+ﬁ[a+%ﬂq>t

t

Therefore, at each step, the same Wiener sample path should be used for the
calculation of . Once we have the value of gz~5*, each simulation is stopped
when the process @ passes this threshold value, in other words, at the realized
value of the random variable 7*. During the simulation, the integral is calculated
using the process ® as a cumulative sum, and which gives the required result.

Next two sections describe two different method of simulations used in this study.

9.1 Markov Chain Approximation Method

Let us define a new process ¥ as ¥, := Blog ®, — Blog ®,. Using Itd’s formula,

we can write its dynamics with ® as
AB [1+¢%t] -8 [1+5%t] — B [%BJH%“

als
A+ [X+B[a+@”ét

P,

or without using ®, as

S R LY R el IO VY PR (] g
N, = " dt+ | -~
} At Ao+ 2] t

The process WV is a first order process satisfying
AU, = a(d,, ®,) dt,

where

a(q)ta(i)t):)\/é|:1+i:| _5\/@{1+%} — 88 [ﬁ_ﬁ_‘_’u_'a].



Hence, we can write the approximation
Wiyar ~ U+ a(®y, &) At,
or equivalently,
Blog Dyin; — Blog Bring ~ flog @, — Blog D, + a(dy, i)t)At.

Re-arranging the terms we obtain

~ - \B/B a(®y,Py)
Qpne = Dy (cbt—f—At/(I)t) e 7 At

Hence, we can use the Markov chain approximation described in the Section

for the process @, and find the value of the process ® accordingly, for the calcula-

h ~
t+ALh (ZR)

is calculated, and the corresponding approximation of the process ®, which is

tions. In other words, at time ¢, the approximation of étJrAt, which is =

=", is obtained. Observe that the At value in the formula was replaced with
At"(Z]) value of the Markov chain approximation. Each process was assumed to

be constant over this period of time, thus
t+Ath(é?) 1 ho=h
/ e [By — k] ds~ (2P — k)—e V(1 — e AT ED),
t Y

and

= Nh—1

T 1 ~
/ e D, — k| ds ~ Z (E?n _ k)_e—vtn(l _ e—’yAth(:?n)).
0 v

n=0

Where N" denotes the stopping time defined as N := inf{n € N: =2 > ¢*}.

9.2 Euler’s Method

To use this method, we use the fact that for a fixed small At > 0 and Z ~ N(0,1)

we can approximate the change in processes ®; and ®; as

)\‘i‘O’ﬁ ®t

A ( 5P,
At A+ B o+ 2B

P

VALZ. (9.2)

H 5, At +



Here A®; and A®, denotes Dyny — Py and ét+m — @, respectively. The idea is
that Wi, ay — Wi ~ N (0, At), for a Wiener process W.

To run the simulation, we initiate the processes ® and ® with ¢ and é values.
At each step, At amount of time is passed and the processes are updated using
for their new values at time ¢ + At. Observe that the key point here is that
two processes are updated using the same Z, as they are running with respect to
the same Wiener Process. The calculation of the required function is the same

with the Markov chain method. The simulation is stopped when the process ®

passes ¢*, and the cumulative sum of the integrand gives the result.

We used two methods to reduce the variance of the Euler simulations: an-
tithetic and control variables. Next two subsections explain the application of
these methods.

9.2.1 Method of Antithetic Variables

Observe that for the Euler’s method, we use standard normal variable Z at each
step of the simulation. Because of its symmetric density, we have P{Z € dz} =
P{—Z € dz}. Hence, at each step of the simulation, we can use both Z and —Z

to simulate our processes. More precisely,

(1] A+ (\+oB)d! [ 3! ]
NP I B(f) | A+ % Jaiz
;| A+ [A+ﬁ [o—+ e H D, 5O |
[ 2] [ A+ (\+ oB)D2 | [ 32 ]
Al ~]. . ( B()f) _ A= ”?f VALZ.
07| A+[A+B[a+%“@f Elin

Here @', ®' and ®2, &2 denote the processes generated simultaneously by Z
and —Z, respectively. When both ! and P? reach to <;3*, we stop calculating
the integrals using ®' and ®? respectively. At the end of the simulation, these
results’ average is calculated and counted as a single simulation result. The
reason is that these results are not independent of each other. However, each

simulation’s averaged result is independent of the other simulations’ results.
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9.2.2 Method of Control Variables

For this method, we will use an alternative unbiased estimator for our simulations.

Recall that we are trying to find the expectation

~ %

ES / e D, — k| dt.
0

If we denote the random variable inside of the expectation with X, on our simula-
tions, we use the sample mean X, which is an unbiased estimator to approximate
our random variable X. Now suppose that we have a random variable Y, with a

known mean py. In this case for a € R and n € N
1 n
- > X+ oY — py)] (9.3)
i=1

is also an unbiased estimator for our simulations. Since each simulation is inde-

pendent, we know that the variance of this estimator is

1 1 < 1
Var (E ZXi +a(Y; — uy)> = Z Var (X; + a(Y; — py)) = EVar(Xi + aY;)

i=1 i=1

1
= E [Og{ + CY2O')2/ -+ an'X,Y} .
Where 0% and 0% are the variance of X and Y, respectively. oxy denotes the
covariance of these random variables. We want to minimize our simulation error
by choosing « accordingly. Using standard optimization arguments, we know

that the o value that minimizes this expression is

* S'a%
o= ——.
Oy

If we use this value, our resulting variance becomes

2
% Oxy Oxy

Var(X; + a*V;) = 0% — — = 0% (1— 5 2) =ox(1—pxy)- (9.4)
0x0y

Where pxy denotes the correlation of X and Y. Note that 0 is an alternative
for a, so we are guaranteed to decrease our simulation error using this method.

Secondly, we should select a Y, that is highly correlated with our random variable
X (see (9.4)).
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We need to come up with an estimate of a* to use in our simulations. To that
end, before our main simulations, we run a preliminary simulation and estimate
o with
S (X - X)(Y - V)

> (Y= Y)?

When we use this value on our simulations, we can estimate the error of our esti-

Ak

mator with \%, where S is the sample standard deviation of our main simulations

with &*.
Finding a control variable

To implement this method, we need to come up with a random variable Y,
which has a known mean and can be calculated during our simulations. Recall

that the dynamics of the process ® are
d®, = (N +(D,) dt + P, dZ,,

where £ :== X\ + f3 [0 + @] (and we assume ¢ # 0 for the moment). One can
verify that the function

=

=

Il

—_

+
> ey

=

solves the equation
~If@)+ G+ I9)F(B) + 555 (5) = 0.

Then for 0 < a < ¢ < ¢*, if we denote 7, = inf{t > 0 : &, < a}, using [td’s

lemma we have
E 672(%“”*)]0(&’%&/\%*) - f(&)] =0.

So we have a random variable Y = ¢~ {(FaA™) f(®07+) with the known mean
wy = f (é) Moreover, note that the realizations of Y can be calculated easily
during our simulations. This Y is useful when ¢ < 0. If £ > 0, we can find a
simpler Y using dominated convergence theorem and the entry-not-exit property

of the origin, we can let a ~\, 0 and rewrite

ii{I(l)E [6_2(%“A%*)f((i)%a/\%*) - f(ﬂg)] =E b{g e (D5, 5) — 1(9)
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—E |77 f(@5) ~ £(8)| =E [T (8") - £(9)] = 0.

So when £ > 0, we can use Y = e‘g%*f(gzz*) with the known mean uy = f(¢).

On the other hand, when ¢ = 0, the dynamics of the process ® become
Using [t0’s lemma, we can write

E[®7, 0z — @] = AE[7, A 7).

Again, using dominated convergence theorem, if we let a \, 0, we can write

}II{%E[(I)%/\%* — ¢ = E[}}{% Prpee — Ol = E[@7 — ¢] = 9" — ¢
= Mim E[7, A 7] = AE[lim 7, A 7] = AE[#*].
a\0 a0
_&-d

Hence, when ¢ = 0, we can use Y = 7* with the known mean Py = =5

For numerical examples, both of these methods were used. Because each sim-

ulation is independent, sample paths were created in parallels. Since it is a

simpler algorithm, Fuler method worked faster than the Markov chain method.

Moreover, both antithetic variables and control variables reduced the variance

significantly. However, antithetic variables performed slightly better than the

control variables. Finally, we also tried implementing both antithetic and control

variable methods together, but this did not improve the performance more than

antithetics themselves.

9.3 A Sample Path Example

In this section, we will explain how the system is stopped by the decision maker

for a sample path. The problem parameters are u = 0.6, v = —0.5, i1 = 0.7,

p=-02,A=XA=09,7=7=0,r=0.47 and o = 0.2.
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Figure 9.1: Sample path for the ® and ® processes

Figure illustrates the realized processes ® (blue) and ® (orange) for a
sample path of X. The disorder happens at § = 0.4618. The decision maker
solves the optimal stopping problem with their incorrect parameters and find 45*
as 2.42 which is depicted with the orange dashed line. While the solution with
the correct parameters yields ¢* as 0.634, depicted with the blue dashed line. The
decision maker stops the process when ® passes &*, therefore in this case delays

to stop the system.

In the next chapter, we will provide a real-life example of the problem from the
literature and do a sensitivity analysis on the misspecification of various problem

parameters.
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Chapter 10

Numerical Examples

In this chapter, we will provide numerical results for the misspecification prob-
lem, using Shiryaev et al.’s [42] study on Apple stock price bubble of 2009-2012.
This paper deals with the problem of when to sell a stock in the presence of a
bubble. Specifically, starting from March 2009, it was assumed that the drift
of the underlying Brownian motion that models the stock price will change be-
fore December, 2012. For this problem, authors adopted a uniform prior as the
disorder density. Moreover, eight different entering dates were considered, each
trading day was assumed to have a length of At = 0.01. Each entering date was
assumed to be the initial point of the disorder density (¢ = 0) and the distance
from the last day of 2012 was denoted by 7', thus the disorder was distributed
Unif ~ [0, 7. For the problem parameters, the drift before the disorder was de-
termined by using historical stock prices. For the post-disorder drift, a scenario
analysis was conducted. If the pre-disorder drift is u, cases where post-disorder

rate is v = —0.5u, —p, —2u, —3p is investigated.

This paper motivated us to ask what happens if a decision maker uses incorrect
parameters for solving the disorder problem, turning it into a parameter misspec-
ification problem. We investigated three different scenarios: first, where the post-
disorder drift () was misspecified; second, where both the pre- and post-disorder

drifts (4 and v) were misspecified; and lastly, where the density parameter of the
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underlying prior (A) was misspecified. The entry date of December 31, 2009, was
chosen, making 7" = 7.53. A was chosen such that P{0 < 7.53} > 0.999. For the
risk-free rate r, the three-year treasury bond return rate was considered. Finally,
for the initial stock price Sy, pre-disorder rate u, and volatility o, the parameters

specified in the paper were used.

10.1 First Scenario: Misspecification of the

Post-Disorder Drift

For the first scenario, the misspecification of the post-disorder rate
was of interest. We investigated seven different cases where v =
—0.5, —=0.75p, —p, — 1.5, =2, —2.5u, —3p. For each case, 7 was allowed to take
these values, as well. Since the pre-disorder rate can be obtained from historical
data, measuring the effect of choosing an incorrect post-disorder rate becomes
valuable in this context. Observe that when v = 7, the problem turns into
the original detection problem. Other parameters are: S;=%$210.73, A = 0.92,
pw=10.452, 1 =0, 0 = 0.186.
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Figure 10.1: The effect of the decision maker’s parameter for a fixed correct

parameter
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Figure 10.2: The effect of the correct parameter when the decision maker’s pa-

rameter is fixed

Figure 10.3: The effect of the correct and incorrect parameters for Scenario 1

The two plots in Figure depict the effect of the difference between correct
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and incorrect parameters. More precisely, the x-axes denote

U — U . . vV—1U
and Relative Differencey = ——,
1%

Relative Difference; =

respectively. And y-axes denote how much the discounted prices calculated by
incorrect parameters deviate from the discounted prices calculated by correct

parameters. More precisely,

Relative Deviance (%)

| i-a-ne-nEed] - Si-a-ne-vvel|
B Soll—(L=m)(r =)V (9)] T

_|famne-n #ed -vel|
- L= (1 —m)(r—v)V(9) a

As it is expected, when the distance between correct and incorrect parameters
increases, the deviance from the true discounted price increases, as well. One
key observation here is that, choosing a pessimistic post-disorder rate, then the
true post-disorder rate, costs more than the case of choosing an optimistic post-
disorder rate. For example, v = —0.5u, v = —3pu case is worse than v = —3,
v = —0.5p case. The intuition is that the decision maker expects a sharp change
when 7 = —3u, however that doesn’t happen, thus the stopping delays. However,
when 7 = —0.5u, the decision maker is ready to stop the process even for a slight

change, which is happening because v = —3u.

76



w

N

1% Tolerance Ranges

1 2 3
User Parameters

Figure 10.4: 1% Tolerance regions for seven different user parameters

Figure depicts the 1% tolerance regions for the seven different cases men-
tioned above. Tolerance here means that when user specifies its parameter for
the model (), what is the range of true parameters (v) such that the deviation

from the true discounted price does not exceeds 1%.

10.2 Second Scenario: Misspecification of the

Pre- and Post-disorder Drifts

For the second scenario, the decision maker believes that the magnitude of the pre-
and post-disorder rates is the same, i.e. = —v. It was assumed that indeed this
is the case, however, the decision maker is not certain about this magnitude. In
this case, a natural question arises: whether misspecification of both parameters
affects the deviation from the correct objective value more than misspecification
of these parameters individually. To investigate this, three different options were
considered across two cases. Firstly, keeping i and v fixed, variations were made

in only /i, only 7, and both i and 7. Secondly, with fixed fi and 7, variations were
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made in p, v, and both pand v. = —v =0.5-0.226 and g = 7 = 0.5-0.226 were

used as base cases. Other parameters were the same with the previous example.

.
o
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v

Relative Deviance (%)

o
@
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o

2 3 4
Relative Difference

o-
-

Figure 10.5: The effect of the decision maker’s parameters when the correct

parameters are = —v = 0.5 -0.226
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v

Relative Deviance (%)
>
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Figure 10.6: The effect of the correct parameters when the decision maker’s

parameters are g = —v = 0.5 -0.226

Figure 10.7: The effect of the correct and incorrect parameters for Scenario 2
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Figure displays the results for these cases. Even v and v behaves mono-
tonically, that is not the case for u and fi. A possible answer for this interesting
result is that, the decision maker solve the optimization problem with parameter
5 = r4+XA—Ji to obtain ¢* and the true problem is solved by v = r+ A — u. So for
both cases, a high value of y and & turns the problem into a trivial problem where
it is never optimal to stop or it is optimal to stop immediately. Parameter v or
does not have such relation with other problem parameters. Finally, Figure [10.8

displays the 0.5% tolerance interval for the case where y = —v and i = —0. [i
and v were changed to 5% and £10% from 0.5 - 0.226.

0.50-

0.5% Tolerance Ranges

0.25-

0.450 0475 0.500 0525 0.550
User Parameters

Figure 10.8: 0.5% Tolerance regions for five different user parameters

10.3 Third Scenario: Misspecification of the

Mean Time to Disorder

For the last scenario, we considered the misspecification of A. Here, A denotes
the decision maker’s belief about where they expect the disorder to most likely
occur. In our problems we have used A = 0.92 as the base case. A and \ were
changed to £5% and £10% from 0.92. As it is seen in Figure [10.11] a monotone
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deviance behavior was observed for fixed \ and \.
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Figure 10.9: The effect of the decision maker’s parameter for a fixed correct

parameter
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Figure 10.10: The effect of the correct parameter when the decision maker’s

parameter is fixed

Figure 10.11: The effect of the correct and incorrect parameters for Scenario 3
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Figure 10.12: 1% Tolerance regions for five different user parameters (a)
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Figure 10.13: 1% Tolerance regions for five different user parameters (b)

Figure 10.14: 1% Tolerance regions for five different user parameters

The first plot in Figure [10.14] displays the 1% tolerance interval for A param-
eter. The second plot pictures a similar result in the perspective of the mean
of the disorder time, which is 1/A. Tolerance ranges for these five parameters

approximately have the same length, so decision maker can expect a consistent
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tolerance interval for their choice of A on the proximity of these values.
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Chapter 11

Conclusion

For this thesis, we revisited compound Poisson and misspecified Wiener disor-
der problems, where the decision maker aims to detect the change in process

parameters as quickly as possible.

For the compound Poisson problem, we relaxed the previous assumptions on
the prior distribution of the disorder time. Previously, Dayanik and Sezer [14] fo-
cused on an exponential prior, whereas Urii et al. [24] focused on a uniform prior.
In our problem, a general prior was considered. To solve the problem, successive
approximations and time discretization were used where time discretization of-
fered a faster and a more efficient solution. However, there is a strong assumption
that the pre- and post-disorder parameters are known. For future studies, this as-
sumption may also be relaxed by allowing for the randomness of these parameters
or considering interval estimations for them. Moreover, like the Wiener disorder
problem, a misspecifaction analysis can be hold for the compound Poisson case,

as well.

For the Wiener problem, we worked on an asset-selling problem, where the un-
derlying stock was modeled by a geometric Brownian motion. A misspecification
analysis was conducted for this problem, where we allowed the decision maker to

enter certain problem parameters incorrectly. In this case, it was observed that
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the process used to solve the original problem also becomes an It6 process under
our auxiliary probability measure. For the solution of the original problem, we
used Markov chain approximation and a jump operator, and for the incorrect
problem, we used Monte Carlo simulations. It was assumed that the drift param-
eter is constant before the disorder and stays constant after it changes with the
disorder. However, stocks usually behave unpredictable and it is generally not
possible to model them with fixed values for a long period of time. For future
studies, a staged formulation of the problem can be considered where the decision

maker updates these parameters.
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Appendix A

Detailed Calculations for the
Compound Poisson Disorder
Problem

A.1 Calculation of the Bayes Risk

The false alarm frequency is

P{0 > 7} = E[l{p>r}] = Eo[Zrno1(657)]
= EO[ZT1{9>T}] = IEJ)0{0 > T}

~Eof(1-m) [ folt)it) = Bo(1 - m(1 - / ' folt)an)
- (1-)E /0 o)t

and the expected delay is
El(7 — 0)*] = E[Lira0) /97 at|~E UOOO Lip<iy Lirss) dt]
_ /0 T ElLpen Liron] dt = /O " EolZil gy Lo Jdt
= /0 ) Eo[Eo[Zi1{o<ty 1{rsey | F]] dt = /0 ) Eo[1{r>0Eo[Zil{o<sy | Fi]ldt
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R, [ / Lo Eo[Zid e | dt} B, { / EoZ41 gty | Fi] dt
0 0

o1
(1= mE | EolZid e |
o 1—m
In this case, the Bayesian risk becomes
R.(m) =P{0 > 7} + aE[(T — 0)7]

=1-7—(1-mEg /T fo(t)dt+

T 1
a(l — W)EO/ ] Eo[Z:1 (o< | F2)dt
0 - ﬂ-

=(1—-m)+a(l —m)E, /OT(I i WEO[Ztl{egt}U:t] - éfﬂt))dt

A.2 Dynamics of () and C

Recall that,

t
1
Qt:Rt[q+/f9(C’u)— du} and Cy =c+t,

; R

(7

where ¢ = Qg, ¢ = C.
Fort =W;

dQI™ = Q; — Qs

—th+/fe g du] — R q+/fe ]

:Rt_: q—|—/f9 —du Rt q—l—/fe
:Rt:q+/ folC) - du [T2(v) - 1]
— Q[ h0) - 1]

FOI' WZ S t < Wi+1
t 1 ¢ 1
AQ: = (AR) g + /0 fo(C) - du) + Rud|q + /0 ol Co) g du]
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—( = Xo)Rudt g + fe D du] + R[5

I, 7l

= —(A1 — A)Qudt + fe(Ct)dt
= [fe(ct) - ()\1 - )\O)Qt]dt
Hence
[fo(Cr) — (A1 — Ao)@¢Jdt, ift € (Wi, Wipq),
dQy =
Qi [Rh(Yin) = 1], ift= Wi,
and
dCy = dt.

When W; <t < Wi+1

O (AR o)

Qi+ (= 20)Q: = fy(C)
A(QueM ) = Ny ()

if we integrate on [W;, ],

)\1 Ao)u .
Qte(/h—)\o)t o QWie()\l_)\O)W {fW o) f&( )du if )\0 # >\1

fWZ' fO u if )\0 =\
and
0, — Q,e” M1 2)E=Wa) o e=(i=Ao)t ftfvz eM=20u £y (O )du, if Ao # A,
;=
Qw, + [y, fo(Cu)du, if Ao = Ay,

or equivalently

N G Quw, + fy " e gy (G, 4wy, Ao A A,
t:

W +f f0 CW +U>d if /\0 )\1.
When t = W; 4

4= Qu-[h(Yin) — 1]
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Qw,., = Qw,,,_ [)\—; (YQH)}
(Ah(Y ) [emCrm W10 (Qu, 4 ¥4 (a0 fy Oy, 4w |,
it N £ A,
Qwiyy =

MYt [QW + [T fy(Cw, —i—u)du}
kif Ao = M.

A.3 Proof of Lemma [2

Proof. For q; < g and fixed ¢, let 7. denote an e-optimal rule starting from (¢, ¢),

which is also feasible rule starting from (g, c). We have
_ . Te 1 Te
U an,e) SB[ @it = Ba [ (€0 at
B ["Quat = SBoc [ (@) at < U a0+

Thus we have

U(é)(QQ,C)_U(C)(ql, tI2 C)/ Q, dt — E(qlc / Q, dt

Te 1 1
:EO/O Rt(qg—i—/o R—ufg(c—i—u) du) dt—Eo/ Rt(ql—i—/ R—fg(c—l—u) du) dt

0 0 U

Te Te C
= IE30/ Ri(q2 — qu) dt = (q2 — Q1)E0/ Ry dt < (g2 — Q1)Eo/ R, dt
0 0 0

C
— (- a) /0 Eo[RJ] dt = (a3 — a1)C.

Where we have used Fubini’s theorem and the martingale property of R; in
the last two equations. Moreover for a fixed ¢, U©) (g, c) is non-decreasing with

respect to increasing . Thus we can write,

0< U(é)(qQ,c) — U(é)(fh,c) < (g2 —q)C,
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by the arbitrariness of €.
For ¢; < ¢y and fixed q, let 7. < C — ¢; denote an e-optimal rule starting from

(q,c1), then 7. A (C — ¢y) is also a feasible rule starting from (g, c;). We have

_ Te/\(c 62) 1
U (g, c5) < B / (@~ —folC))it
0
c1 Te 1 ~
Eéq’ )/ (Q: — afa(ct))dt < U(C)(Q7cl) + €
0

Let us try to bound the difference ]EqC2 0 __CQ)(Qt — lfg(C’t))dt —
q e1) Jo( 1 fo(Cy))dt. Observe that for a deterministic time ¢,

E9(Q)] = EgulR(q + /t—fe< )ds)

—Q+/f9 dS—é]+/fec+s

Using the linearity of integral,

TeN(C—c2)
B [ Q= (@ —BE [T(@i— h(Co

Te
0

TeN(C—c2) 2
= B /0 Q, dt — B / Q. dt—
0

Te/\(cch)l Te 1
Eo., / Lec) dt + By, / Laicn dt
0 o 0o &

Using the fact that 7. A (C' —¢;) < 7., non-negativity and the martingale property
of the process R,

TeN(C—c2) Te
Ey- / Q, dt — B / Q, dt
0 0

. [/OTSA(CCQ) A (q . /Ot Riuf(?(@ ) du) dt} _

]EO[/OTERt<q+/OtRLUf9(cl+u) du) dt}

TeN(C—c2) Te
:q<Eo/ R, dt—EO/ R, dt>+
0 0

TeN(C—c2) t 1
E/ R/—fc+ududt
ol | | foter + u) du di]

Te t 1
_EO[/ Rt/ R—f9(01+u) du dt}
0 0 1t
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- Te t 1 Te t 1
gEO/ R/p—jﬁa+Mduﬁ}Ed/ &/p—ﬁﬂq+wduﬁ
-J0 0 Ru 0 0 Ru
_ Te t 1
:EO/ R/—[f9<02+u) fo(co +u)] du dt}
LJo 0 R
- Te tl
g]EO/ R/—|f(cl—|—u) fng—l—u]dudt}
“Jo o Ru
C—c

| foler +u) — folcs 4+ u)| du dt

E C—cy
sc/" foler + 0) — folea + u)] du
0

[fo(u) = folu = (1 = ¢2))| du

1C
<C [ 1w = ol = (e = ca))|

Moreover using the fact that ¢; < ¢a,

TE/\(Cch) 1 Te 1
- EO,CQ / _fe(Ct) dt + EO,cl / —fg(ct) dt
0 8% 0 8%

1 7‘6/\(0—02) 1 Te
= ——]EOQ/ fo(Cy) dt + —Eo, / fo(Cy) dt
o 0 o 0

= ——Eo | Fyp((7e + c2) A C) — Fylca) — Fy(re + 1) + Fy(er)

1

= —EO
0%

1

TeAN(C—c2) Te
= ——]EO / f@(CQ + t) dt — / fg(Cl + t) dt
Q 0 0

(Tete2)NC Tetc1
:mmo/ ﬁ@ﬁ—/ £(1) dt

Tg/\(C—CQ) 1 Te
= ——EO/ folco +1t) dt + —Eo/ folcr +1t) dt
a 0 o 0

2 C1

F@(Cg) — F@(Cl) + Fg(Te + Cl) — F@((Te + CQ) A C)]

< —[Fy(ea) — Fp(er)].

(67

For ¢; < ¢, and fixed q, let 7. < C' — ¢y denote an e-optimal rule starting from

(g, c2), then 7 is also a feasible rule starting from (g, c¢;). We have

Eﬁﬂ/ 9(Qi, Cr) dt <UD (g,c2) + ¢,
0
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U9 (g, er) SEéq’“)/ 9(Qs, Cy) dt
0

hence

E(()%CQ)/O (Qt7 Ct) dt - qu /0 g(Qt7 Ct) dt S U(é) (qa C2) - U(é) <q7 Cl) + €.

Let us try to find a lower bound for the term on the left.

50 [ g@ucy a-wge) [ g0 a
0 0
C T~6 1 T~6
= E@) / Q: dt — —Eq, / fo(Ch) di
0 « 0

o Te 1 Te
E{) / Qq dt + —Eq,, / fa(Cy) dt
0 «Q 0
Firstly,

ch)/ Qy di — B / 0, di
/ t1q + /f962+u)R—du]dt—E0/0~th+/f901+u)];u du | dt
/ / [fo(co +u) — foler +u)] du dt

/ /R—tfg e+ 1) — fyler +w)]* du di—

/ / [folco +u) — foler + )] dudt

| \/

/ / %f@ (c2+u) = foler +u)]” dudt
> —Eo/ / [folca +u) = foer +u)]” dudt
_ _/DC /0 folea +u) — foler +w)]” du dt

C—co
>=C [ lhlea +0) = foler+ )] du

Where the last equality is because of the Fubini’s theorem and martingale prop-

erty of R. Secondly,

1 Te 1 Te
1., / (C) dt — 1Ry, / £(Cy) dt
a 0 Q 0
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- éEO [/O foler +1) = folea + 1) dt]
- 5[ [ “{faler+0) = folea+ )" de] B / “Ulen +1) = ffes + 0]
> _lEO |:/07:€[f9(61 +1t) = folca+1)]” dt}

(67

(0%

> _1g, [/0062[f9(01 1) = folea +0)] ]

C—co
—— [ U+ = fea o)

(67

Note that

«

_ C/OC_CQWCZ L) — foler +w)]” du— l/OC_CQ[fg(cl ) — foles +w)] du
> min{~C, ) [/OC_CZ[fQ(CQ ) — faler + u)]” dut
/0 O oler ) — folea+ ) ]
— min{—C, —é}/oé_cz Fales ) — foler +u)| du
~min{-C=2} [ o) — fota— (s = )

zmin{—é,—é}/o olw) — folu— (ca — e1))] dus.

Combining these two inequalities, by the arbitrariness of ¢ we get
min{~C, o | e(w) = folu = (c2 —c1))| du < U9 (q,c5) = U9(g, 1)

<C [ |fo(u) = folu = (c1 — ¢2))| du+ é[Fe(Cz) — Fy(er)], for ey < cy.

Observe that,
hm/ | fo(t) — fo(t —0)| dt =0,

hence expressions foc |fo(u) — fo(u — (c2 — ¢1))| du and foc |fo(u) — fo(u — (1 —
c2))| du goes to 0, as ¢; — co.
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A.4 Proof of Proposition

Proof. We will use a characterization of F-stopping times by Davis [16] and
Brémaud [51].

Lemma 8. For every F-stopping time T and every n € Ny, there is an Fy,
measurable random variable R, : @ — [0,00] such that T AWy = (W, + R,) A
W1 Po-a.s. on the event {7 > W, }.

Firstly we will show that
TATEAW, _
E{&) [/ 9(Qq, C’t)dt] > 0 (q,¢) for every n € Ny. (A1)
0
If we can show
TATEAWR TATEAW L k41
ES| / 9(Qu, C)dt| > B | / 9(Qu, C)dt+
0 0
1 (e C A2
{TATczVankH}Uk—l( Wi kg1 Wn7k+1) ( . )
for k € N, we are done. Observe that when k = n + 1, (A.1]) holds.

We will use induction on k to prove (A.2). When k = 1, equality holds as
v(()c) = 0. If we denote the inequality in 1} as p, we will show that pxyq also
holds.

We rewrite (A.2) as

TATEANTEAW, TATEAW, i
ES | / 9(Qu, C)at| > B | / (@i, it
0 0

(2.0 TAW, k41
+ qu, |:1{T/\T@2Wn_k} /
ank

9(Qs, Ct)dt]

7c C_’
+ E(()q ) |:1{T/\TCZWn—k}]'{T/\TC*ZW'nkarl}vl(C*)l (QW"—k+1’ CW”‘I““)] - (A3)

We will work on each term on the right hand side of the inequality separately.
Using Lemma , we know that on the event 7 > W,,_;, there exists Fy, _, mea-

surable random variable R, such that 7 AW, 11 = (W, + Ryk) A Wh_k11
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Py-a.s. Observe that we can write W, 11 = (Wy 00y, )+ W, where 6 is the
shift operator. Moreover, using strong Markov property of the process (@, C)

E(()q7c) |:]‘{T/\TC’2Wn7k} /

TATEAW L k41

9(Qu, Co)it]

ank
@o [ (W +Rp o )ANT6 AWy 11
= EO ’ 1{7'/\7'6'2Wn—k} /VV g(Qt7 Ct)dt]
- n—k

( c) o Rn_k/\(T@—Wn_k)/\Wlogwnik
= qu, _1{7/\Tc>Wnk}/O g(Qt+Wn—k’ Ct+Wn—k)dt:|

_ E(()q’c) E(()q’C) |:1{7'/\7'C_'ZWn—k}

Rn,k/\(Tc«—Wn,k)/\Wloewn_k
/ 9(Qt, Ct) o QWn,kdt‘FWn,k]
0

T_Rnk]

r=Rn_k,d=Qw,,_,.¢=Cw, _, ]

— quvc)

1{T/\T@2Wn_k}

(0.0) rAN(Ta—Wn—k)AW1
£ [{ /0 9(Qu, C)dt fob,

an_k}

. T/\7A'C’«/\W1
=B |t 0B [ alQu o)

Here, the updated stopping time 74 is equal to (C'— ¢é)*.

For the next expression, observe that on the event 7 > W,,_, using Lemma
and shift operator, we have the equivalence 7 > W,,_;11 & R, > Wio0w, _,.

Using strong Markov property, we write
,C C
E(()q ) |:1{T/\TC‘ZWn7k} 1{T/\TC’ZWn7k+1}/U}EI—)1 (Qanlvkl Y CWn7k+1 )]

. Eg],c) Eéq’c) |:1{T/\T6«2Wn—k}

C
1{Rn7kA(é*Wn7k)2W109Wn_k } {Ul(c—)l (QW1 ) CWI ) }OGWH%

fWM]]

T:Rnk]

— Eéq’c)

]-{T/\TCZWn_k}

’ c
Ef)q ° [{1{M(cfwnfk>zwl}”1(~c—)1<@W1’ CWJ}O@W”*’“

fWH}

99



,C Ayé C
:E(()q ) 1{7’/\7’@2Wn7k}E(()q ) 1{TA‘f@ZW1}UI(cf)1(QW17C’W1)}

r=Rn_k,4=Qw,,_,.¢=Cw, _,
If we combine three expressions and rewrite (A.2)), we have
(@0) TATENATEAW, (@) TATEAW i
B[ (@i Cotr] 2 37| [ o(@Q.. Co)t
0 0

(6.6 rATe AW
+ 1{7_/\TC’ZWn—k}]EOq7C) [/ 9(Q:, Cy)dt+
0

G
Lnsasmn) Vs s (Qwn s CWJ]

TRnkquQWnk:éCWnk]
Observe that, by the definition of the operators (Ht(é)w(é)) and (H©w©), and

. . g c
successive approximations Ur(L ), we have

(G0) rATaAWL ©)
Ey" [/ 9(Qr, Cy)dt + Lz >y 01 (Qwr s C’Wl)}
0

r=Rn_k,d=Qw,,_,.¢c=Cw, _,

= (H Ulc 1>(QWn k’Oank) > (H(C Vg 1)(QWn k7 >_Uk (QWn k’ - )

So we can write
TATEANTEAW,
Ey [ / 9(Qs, Ct)dt] >
0

(0.0 TATEAW_
E{ [/ 9(Qu CAL+ 1 mrrgzw, g0t (Qu, o O, )],
0

This inequality is indeed pyy1, induction is completed. (A.2) holds, thus (A.1]
holds. If we take the infimum of both sides, we get U,(lc) > Ur(LC), n € Np.

To show the reverse inequality UT(LC) < Ugé), we will use the characterization of
the stopping times SZ’C. Observe that Sf;’é < W, Py a.s. for n € Ng. Thus, we

can write

_ Sy AT e AW S,
U a.c) < B0 0@ Coat] =B [ g(Qu o]
0 0

Hence, if we can show the inequality

SZC/\TC
00 s oal< Pl e e (ad
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we are done.

We will use induction on n. When n = 1, we have

Sf’c/\ré rf)’é(q,c)/\Wl AT&
B[ oQncna] =29 | o(@Q. Co)]
C
v$) (g, 0).

By the construction of stopping times r;?;é, definition of the operators (Ht(c)w(é))

and (H (é)w(é)) and successive approximations vﬁlé), we have

(HE2 ot Mg ) < (HOu)g.0) +e = {7 (g.0) +e

Hence,

55¢
Eéq,c) [/0 (Qt,Ct)dt < Ul )(q, >+ .

Now assume that (| - holds for Ve > 0 and n € N. We will prove that it also

holds for n + 1. Observe that Sn+1 = 7‘2/2 C(q, )l{W /20 + (Wi + Se/2C
( )/\TC/\W1, and

C
(
ewl)l{wlgri/z’é(q,c Thus we have S a1 A TG A Wl — T-Z/2 e

using strong Markov property we can write

SZfl ATG
B0 [ g o]
0

(00 S50 ATE AW S5 ATe
= E" [/o 9(Q0 Cdt + Lygec s /W 9@ Ct)dt]
1

5/2 C(q, YATEAWL

_ R [ 9(Q,, Ct)dt} +

Si/?,@

0
ofw, AN(1e—Wh)

]E(()%C) 1 ]E(q c) [/

{1/ (@0)nre=wi) 0

9(Qtrwr, Ct+W1)dt’}—W1]]

TZ/Q’C (g,e)ANTa AW

= B¢ [ 9(Qr, Ct)dt} +

S»,EL/Q’COOWl/\(Téfwl)

0

£ 9(Qs, Ct)dt}oewl

) (a,0)
g2 gonmezmny o H 0

7'151,/210

Fn| ]

(g;c)NTa AW

_ R [ 9(Q,, Ct)dt} v
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(g,¢) _ (4,8)
E, l{ri/Q’C(q,c)/\T@zwl}]Eo [/0 g(Qt, Ct)dt]

G=Qw ,¢=Cw, ]
Observe that using our inductive argument on (A.4)), we can state that
56/2,5

/\7A'C~

< ,07(1@)<QW17 CWI) + 8/2

E{- [ /0 9(Qx, Ct)dt]

q:le 7é:CW1

Hence by the construction of stopping times rfL’C, definition of the operators

(Ht(c)w(é)) and (H©w©) and successive approximations @

(4,¢) SZflATC’
Eq"° [/ Q(Quct)dt]
0

TZ/Q’C (g,c)A\Ta AW

< B0 /0 o(Qr, C)dt+

1 ri/2’é(Q,C)/\TcZW1} (vSLC)(QW” CWI) + 6/2) }

, we have

© (QW1 ) CWI) +€/2

Q7C)/\TC‘ ZWI }vn

rn/ é(q,c)/\T(j/\Wl
<E{| / 9(Qi, C)dt + 1 e
0 n

ey )@ 0) +e/2 < (H O (g,0) + e =02 (g.0) +e.

o [ [ (©)
EO’ |:/ g(Qth)dt]S Un+1<q,C)+€, \V/€>O,nEN,
0

and the induction is proved, hence U,(Lé) < v,(lé). We proved that UT(LC') = v,gé). O
A.5 Variational Inequalities
Remember that

V(m) = (1= ) +a(l - ) inf E{ [/0 Qu— ol Coyit

N J/

U(g,¢)

where

. c T ].
U(q,¢) = inf E® >[/ Q) — —fg(Ct)dt}, §=Qo€R, c=CheR,,
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Ua.) = wf B[ [ a(@ucoar]

If we have not stopped before t, we can write

U(Q¢, Cy) = minimum cost stop action
t+dt

= min{0> E(()q’c) [/t 9(Qs, Cs)ds + U(Qtrar;, Ceyar)

)

Here, assuming U is continuously differentiable
t4-dt ) )
U(Qt+dt7 Ct+dt) & U(Qta Ct) + / [a_qU(Q& CS)dQS + a_CU(QS’ Cs)dcs}
t

) 0
~ U(Qy, Cy) + G_qU(Qt’ Cy)dQ; + &U(Qn Cy)dC.

If ¢t is a jump point

4 0 A
U@ Cesa) ~ U(Qe: ) + 5o U(@uc, Coo) [ @ (rh(Y) = 1) | N (),
if ¢ is a continuity point
0
U(Qtrat, Coyar) = U(Qr, Cy) + O_qU(Qt’ Cy) |:f0(0t) — (A — /\O)Qt] dt
0
+ a—CU(Qt, Cy)dt
=U(Q, Cy) + %U(Qt, Ch) |:f9(0t) - (A = )\O)Qti|

0
+%U@Mmkt
Thus variational inequalities become
U(Qt7 Ct) S 0

U(Qy, Cy) < EW9

9(Qu, C)dt +U(Qu, C) + {(%U(Qt, C)[£olC) = (1 = )@

ft] |

+ 2y a)}dt + 5 U(Qu ) Qe (h(v) — 1) [N e

0 <

{Q(Qn Cy) + (%U(Qu Cy) [fG(Ct) — (A1 — )\O)Qt}
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(Qt,ca}dw O (@ o[ (Rn(v) - 1) | V()

0
"9
0
{ (Q:, Cy) + 9 —U(Q:, Cy) [f&(ct) — (M — )\O)Qt]
0
T 9
9

/yey Qi ( o h(y) — 1> )\oVo(dy)] dt.

If we divide both sides by dt and let dt | 0

0 < 9(Qu ) + -U(@u G [C) = (= M)

0 0
+ 5 Q)+ 5 U@ Coan- [

yeY

(Sa0) = 1) doo(ay).

Finally, the variational inequality needs to be satisfied by value function U(Qy, C;)
is

0= min{ —U(Q:,Cy), 9(Qy, Cy) + %U(Qt, Cy) [fe(ct) — (A1 — )\O)Qt}

0 0 A1
+ 8_0U<Qt’ Cy) + a—qU(Qt—, Ci—)Qu— /yey()\_oh(y) - 1) )\oVo(dW}-
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Appendix B

Detailed Calculations for the

Wiener Disorder Problem

B.1 The Dynamics of £ and ¢

We have

2 2

g = ATy 5

)

Using [t0’s lemma, we have

2
TR e o

_ (” - “) §%(dXt ~ pdt) = 55%(% _ ).

g

And for the process ® defined as
_ E[1{o<sy|F] _ Eoo[Li1ig<sy| Fi
E[lgo>iy| 7] Eool[Lil{psiy| ]
&+ (1—7) [TENe dy t 1
= ! ( ) 0 &u = 6/\t€t il —|—/ )\ei/\u_ du y
(1 —m)e M -7 Jp &u

again using Ito’s lemma, we have

Py

t 1 1
+/ e M — du} + M e N —dt
0 3 &

u

A®, = (deMe,) [1 - =

105



¢ 1
= (\eM&dt + eMdg,) { + / Ae—Mf— du} + Adt
0 u

1—m

t 1
+/ e M — du} + Adt
0 §

u

= ()\e”ftdtjte”ﬁftl(dXt — udt)) { T
o 1—m

1
= \Odt + B—P(dX; — pdt) + \dt
ag

1

B.2 Independence of § and X under P

Note that # and X are independent under a measure P if and only if

Es[f1(0) f2(X0)] = E[f1(0)|Ep[f2(X:)]

for t > 0 and for every choice of functions f; : Ry — R, and f : R — R,. We
know that 6 and X are independent under the measure P,,. Using [t0’s rule, we

have

Eqlf1(0) f2(X1)] = Bao[f1(0) fo(X;)e Xt 13771
= oo f1(0)| oo [ fo(Xp)e ™ 7127
= Eoo[f1(0)[Eq[f2(X3)]
= Eq[f1(0)Eq[f2(X3)]

for t > 0 and for every choice of functions f; : Ry — R, and f, : R — Ry,
where the fourth equality is because of the previous equality. Thus, § and X are

independent under the measure Pg.
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B.3 Derivation of the Objective Function

For t > 0 and a stopping time 7, we have

1

¢
E[Prr] = So [1 - / I [1{T>u} [,ul{u<9} +vljp<uy — 7’} €X“_m_5a2u} du}

So

So

Wherey—r—l—/\ pand k= £=

o
|

-1 + (1 —-mEqg /TM em ATy — ) 4 (v — 1), du
-1 +(1—m)(v—r)Eq
-1 —(1—-m)(r—v)Eqg

-1 —(1—-m)(r—v)Eqg

&u —ru—1o2u
1 + |:1{7->u} [(:u - r)l{u<6} + (V — T)l{egu}f_g eX“ 2 2 du

1+ / EQ |:1{T>u} |:([J = T)l{u<9} + (l/ - 7“)1{9<u}§—:}} eln—

1+ / Eq
(v—r) (W{u +(1—m) /0 e s Z >] ] plu—r)u du]

t
1+/EQ
0

Lirsu) !(,u —r)(1— 7r)e_’\“—|—

Lirsuy [(M —r)(1 = m)e M+

U du}

(v = )1 = meu (7= + /0 Ae—xsg ds)” ey du]

1B [ (=)= me =1 e v e

TAE

o= (rFA—pu {u + q)u] du
vV —T ]

o~ (rA=p)u [q)u _ BT 7“} du

r—v

TN

TN

Nﬁc\

0, - 1] dul

pn—r

\3
T

_1 +/0 EQ [1{7->u} [(M - 7“)(1 - 7T>€_’\U + (V — 7‘)(1 — W)e—kuq)u” lu—r)u du:|

"

Under the condition {7 < oo}, using monotone convergence theorem, as t —

o0, we have

E[P,] = S, {1 — (1 —7)(r — v)Eqg /O e~ [, — K] du} .
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B.4 Proof of Lemma 5

Proof. Let us first find the f,; itself. We are dealing with the differential equation

SPRL(0) + HO1a0) ~fos8) + (6= K) =0 for 6 € (@), (B.1)

Equivalently,
20 2 2(k —
0+ 250 110(0) — @) = 25 foroe @), (B2

and f,p = 0 for ¢ ¢ (a,b). Let us denote the derivative of the scale function as

2

N
Se(@) = (271> :

There are two solutions ¥ (¢) and ¢(¢) for the homogeneous second order dif-
ferential equation in (B.1]) (where ¢ is increasing and ¢ is decreasing) we know
that

20

p(p) = ¢(¢)/¢ REOE dx

B * sg(x) .

Observe that the Wronskian of ¥ (¢) and ¢(¢) is s¢(¢). Particular solution is
p(0) = v1(d)Y (@) + vo(d)p(p) where

n(9) = / —I0A) dt and vy(¢) = / g()vl) dt where g(t) = 2k~ 1)

S@(Zf) S@(t) 62t2 ’
Hence
_ 2¢(t) 2(t)
p(¢) - w((b) 521528(1)@) (t o k) dt — 90<¢> 62t28¢<t) (t - k) dt.
And general solution is
_ " 20(t) B b2,
fuale) = 000) | Gt Tt =k = ot0) [ o by des
Crip(¢) + Cap(0)
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where 01, Cy € R.

We want this function to be 0, outside of (a,b). Therefore, if we plug a and b
into the function. We get

Cu(a) + Caplo) = ~0(@) [ 2oty deov ol) [ (e

If we solve these equations, we find C'; and C5 as

h p(b) o [ 2e) B
= 20 - ita >[¢( )| Tt 0

b 20(t)
o | k)dt]

o Pts

_ () oy e
== {1” Tt

o(a) / 5%28;@)( b) dt]

And our function becomes

Fus@) =00 [ 222D kyar— o) [ =229k ary

o B2t2s5(t) o B*1?sa(l)
10 ¢ 28t = ) ¢ )
() [ 5 ¢<><¢(a)£<b)_w§b;15(a§ 20T A s6) — v )e(6)).

We are asked to prove that

fas(®) =E /0 et oy — k] dt,

where 7, is the first exit time of ® from the interval (a,b). One quick observation

is that when ¢ € [0,7,3), : € (a,b), therefore the equation in (B.2)) holds and

¢ —k=— (%52‘D?fé/,b(q’t) + €(¢)fé,b(‘1’t) - ’Yfa,b(q)t)) for t € [0, 74p).

Using Ito’s rule we obtain that, for 7,

Ele™7 fop(®Pr, ) = fap(P)]
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Ta,b 1
= [ SRR + @) (00 2 fas(@)] 0
0
Ta,b
__E / e (@, — K] dt.
0

Moreover, ®, , = a or b, hence fo4(®5,,) = 0. Thus, we get

funtd) = [ e @i k] at

Finally, to prove

fo(p) = E/OTb eV [®, — K] dt,

where 7, is the first exit time of ® from the interval [0,b), we use the fact that

{0} is an entry-not-exit boundary, we have 7,, /7, as a \( 0. Observe that
Ta,b Ta,b
/ e " [®, — K] dt’ < / |@_’Yt [®; — k]| dt
0 0

Ta,b
:/ e D, — k| dt
0

Ta,b
g/ @, — k| dt
0

g/ @, — k| dt
0
< max{k, |b— k|}m

Furthermore, we know that E[n] < co. Hence, by dominated convergence theo-

rem we have

Ta,b Tb
lim E / e d, — k] dt =E / e @, — k] dt.
EANVUR I 0

B.5 Proof of Lemma

Proof. We will take the limit of f,;(¢) as a 0.
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" 2p(t) (t— k) dt — p(¢) " _2(1) (t — k) dt+

s Pt2s4(1) 521523@()
¥(a) fab Bﬁtfs(t)(t)( a) J, ; 5221;5 — k) dt
b —(b li 2 2(t .
[p(0)¥() =D (b)e(¢)] lim (p(aw(b) - w(b)w(a)
For convenience, it is assumed that ¢(b) = ¢(b) = 1. Moreover, we have 0 <

»(0+) < 00, p(0+) = 0o and lim¢_,0+%(£)) = 0. Using L’Héspital’s rule we get

| 20 " 2
i foo0) = 0(0) [ Gf st =k di = () | e ) e

W(a) [} (= ) dt - Pa) [} s (e — k) dt
R EER -

To get f;(¢), let us differentiate the function with respect to ¢

b b
B =) [ 200) (k) dt — o/ (9) / 2000 4y ars

o B2t2ss(t) B*ts0(1)
V'(a) [, e (t = k) dt = a) [ g (t — k) dt
, o 1i ® ®
[ (¢) 90(¢)]al\ﬂé 2(a) — o' (a)
o " 20(t) b 29(t)
- (¢)/¢> 521525@(75)( £) di = ¢19) o PPt%s @(t)( b
;u) b_200 k)dt_ 0[P 2Ot — k) dt
[@/)/(cb)—@/(ﬁb)]}li\o ()fa@t o () &(a)) w((a)jf B2t254(t)

i 2RO 2
=000) | Gyt R a0 [ b des

_¥(a) fb 2¢(t)t (t _ k‘) dt

/ . : se(a) Ja B2t2sq(t)
[W'(¢) — ¢(¢)] lim Bl
sq(a

P 20() o [T 2
B oL Ea A O N v (GOR

() -9 [ st =) db

We were asked to find b value such that f;(b—) = 0. If we plug b— to the previous

=¢'(¢)

function, we require

/(02 = 0] [ o= ) de =
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However, as 1) is strictly increasing and ¢ is strictly decreasing, the first term is
strictly positive. Thus, the b value that we want satisfies
b
2(t)
———(t—k)dt=0
where b > k and with this choice of b, f,(¢) becomes
b b
2¢(t) / 2(t)
= ———(t— k) dt — ————(t — k) dt.
1o =v00) [ e =R = e(0) [ )
To show that such b exists, we can show that the limit of the derivative of this

integrand goes to oo as t — 0o0. So we are looking for

E_ 24,
lim -2 ¢ k) = i YOEZR) -5
t—o00 t23¢, (t) t—o00 t27ﬁ—21
. t—k _2
:tlg?ow(t) _20 =
" s

If 2 — 26%1 < 1 then the limit is co. Otherwise we can use L’Hospital’s rule and

get
i 2O 08 + 0
t—o0 125 (1) tooo  Sg(t)(t — o)
Y@ (k) by
e sa() (t— f) e sa(D)(t — o)
On the RHS, we know that the first limit goes to infinity, as limg_ i((‘i)) = 00,
and the second limit is non negative.
We also want to show that
fo(@) <0
122// / ’ ¢E[07b>
87071 (9) + U9) fy(0) = 1fold) + (¢ — k) =0
fo(@) =0
, ¢ €[boo)

LG 1(0) +UO () = 1(6) + (6~ k) > 0

By the way we constructed f; function, the equalities are obvious. For the first
inequality, let us observe that

b
o) =) | 2O

b
(t — k) dt — (o) /(W, Bzthf—s(?(t)(t — k) dt.
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For ¢ € [k,b) fi(¢) > 0 and we know that f,(b) = 0. Hence fy(¢) < 0 for
¢ € [k, D).

For ¢ € [0, k), using the alternative representation of f;,(¢) which we have shown

in [5| and the Markov property of the process ®;, we can write

_ + E? [/b e [D, — k] dt]

Tk

Tob— Tk
+ E? [6_77’“ / e " Dy, — K] dt}
0
Tb
+E? [e"] E* [ / e [P, — k] dt}
0

_e | / Y et [, — K] dt| + B [e7] fu(K).
LJ O

mwzﬁfﬁmeﬂ@—Mdt

0
— E* / e (@, — k] dt
LJO

— E* / e B, — k] dt
LJ O

We have already shown that f,(¢) < 0 for ¢ € [k,b). Moreover &; — k < 0 for
t € [0, 7). This proves that f,(¢) < 0 for ¢ € [0,b).

The second inequality is again obvious as f,(¢) = 0 for ¢ € [b,00) and also we
know that b > k. Hence,

SPRID) + HOO) —10) + (6 —K) = 6=k >0, 6 € [b,00)
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