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July 2024



Compound Poisson Disorder with General Prior and Misspecified

Wiener Disorder Problem

By Deniz Şahin

July 2024

We certify that we have read this thesis and that in our opinion it is fully adequate,

in scope and in quality, as a thesis for the degree of Master of Science.
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ABSTRACT

COMPOUND POISSON DISORDER WITH GENERAL
PRIOR AND MISSPECIFIED WIENER DISORDER

PROBLEM

Deniz Şahin

M.S. in Industrial Engineering

Advisor: Savaş Dayanık

July 2024

For a system modeled with a compound Poisson or a Wiener process, let us

assume that the underlying model parameters change at an unknown and un-

observable time. For a compound Poisson process, these are arrival rate and

mark distribution while for a Wiener process, it is the drift parameter. Suppose

the decision maker knows the pre- and post-disorder process parameters, as well

as the prior density of the disorder time. In this case, finding a stopping rule

that optimizes a Bayesian penalty function is called the compound Poisson and

Wiener disorder problem, respectively. For the compound Poisson problem, we

consider a general prior distribution where the decision maker has more general

knowledge about the disorder time than exponential and uniform priors which

were addressed in the previous studies. For the Wiener problem, we revisit the

asset selling problem with an exponential prior, where the decision maker speci-

fies problem parameters incorrectly. In both cases, the original problems reduce

to optimal stopping problems. We use time discretization and successive approx-

imation methods for the first case and Markov chain approximation and Monte

Carlo simulations for the second case. We provide the quickest detection rules

and discuss various numerical examples.

Keywords: Compound Poisson disorder problem; Wiener disorder problem; quick-

est detection; optimal stopping; parameter misspecification.
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ÖZET

GENEL DAĞILAN DÜZENSİZLİK ZAMANLI BİLEŞİK
POISSON VE YANLIŞ BELİRTİLMİŞ WIENER

DÜZENSİZLİK PROBLEMİ

Deniz Şahin

Endüstri Mühendisliği, Yüksek Lisans

Tez Danışmanı: Savaş Dayanık

Temmuz 2024

Bileşik Poisson veya Wiener süreçleriyle modellenen bir sistem için, model

parametrelerinin bilinmeyen ve gözlenemeyen bir zamanda değiştiğini varsayalım.

Bileşik Poisson süreci için bunlar varış hızı ve işaret dağılımıyken, Wiener süreci

için sürüklenme parametresidir. Karar vericinin, düzensizlik öncesi ve sonrası

süreç parameterlerini, aynı zamanda düzensizlik ön dağılımını bildiğini kabul

edelim. Bu durumda, bir Bayes ceza fonksiyonunu en iyileyen bir durma ku-

ralı bulmaya sırasıyla bileşik Poisson ve Wiener düzensizlik problemi adı verilir.

Bileşik Poisson problemi için, daha önce çalışılmış üstel ve düzenli ön dağılımlar

yerine, karar verenin düzensizlik zamanı hakkında daha çok genel bilgi sahibi

olduğu genel bir ön dağılımı değerlendiriyoruz. Wiener problemi içinse karar

vericinin problem parametrelerini yanlış belirttiği, üstel ön dağılımlı varlık-satış

problemini yeniden inceliyoruz. Her iki durumda da orijinal problemler en iyi

durma problemlerine indirgenmektedir. İlk durumda zaman ayrıklaştırma ve

ardışık yakınsamalar, ikinci durumdaysa Markov zinciri yakınsaması ve Monte

Carlo simülasyonları metodlarını kullanıyoruz. En hızlı tespit kurallarını veriyor

ve çeşitli sayısal örnekleri tartışıyoruz.

Anahtar sözcükler : Bileşik Poisson düzensizlik problemi; Wiener düzensizlik

problemi; en hızlı tespit; en iyi durma; parametre yanlış belirtmesi.

iv



Acknowledgement

First and foremost, I would like to express my deepest gratitude to my advisor,
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Chapter 1

Introduction

In real life, when the dynamics of a system undergo a change, it is quite important

and sometimes crucial to quickly detect the moment of disorder to avoid unwanted

consequences. Unfortunately, for many systems, it is not possible to observe or

know the disorder time beforehand. Thus, the best one can do is to observe

the system responses and try to find a disorder detection rule to alert the user.

Poisson and compound Poisson processes are useful for modeling discrete event

arrivals, possibly attached to some random marks. Wiener models, on the other

hand, are useful in financial models. There exists a vast literature about the

detection problems on these mathematical models.

Basevelle and Nikiforov [1], Poor and Hadijiliadis [2] and Tartakovsky, Niki-

forov and Baseville [3] have investigated various change detection problems using

different methods and algorithms. However, the Bayesian formulations of the

problem date back to Kolmogorov’s studies on the sufficiency of Bayesian statis-

tics and Shiryaev’s work on the Bayesian methods for solving detection problems

[4]. Bayesian methods aim to minimize a cost function

P{τ < θ}+ αE(τ − θ)+

of detection rule τ for random disorder time θ and consists of the false alarm fre-

quency and the cost of expected delay, using prior information about the disorder

distribution. Here α denotes the unit cost of expected delay. Because of their
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convenience, geometric and exponential prior disorder distributions were used

widely for discrete and continuous time problems, respectively. The main idea

behind solving these problems is to find an optimal stopping rule by utilizing free

boundary problems. Peskir and Shiryaev [5] explained how to use Markovian and

martingale methods on the solution of these problems. Furthermore, Shiryaev [6]

presented extended results on Markovian methods for optimal stopping problems.

The disorder problem for a Poisson process is firstly studied by Galchuk and

Rozovskii [7], under certain assumptions regarding the Poisson arrival rates and

the disorder density parameter λ of the zero-weighted exponential prior. In 1976,

Davis [8] relaxed these assumptions and solved the problem for a more general

scenario. Finally, Peskir and Shiryaev [9] solved the Poisson disorder problem

with the linear penalty completely without any of these assumptions. Bayraktar

et al. [10, 11] revisited the problem for different Bayesian risk functions

R(1)
τ (π) := P{τ < θ − ε}+ αE(τ − θ)+, R(2)

τ (π) := P{τ < θ}+ αE(τ − θ)+,

R(3)
τ (π) := E(θ − τ)+ + αE(τ − θ)+, R(4)

τ (π) := P{τ < θ}+ cE[eα̃(τ−θ)+ − 1],

and considered randomness of the post-disorder arrival rate. Buonaguidi [12]

worked on the disorder of Lévy processes with completely monotone jumps.

Gapeev [13] worked on some special cases of Lévy processes and solved the

compound Poisson disorder problem assuming exponentially distributed marks.

Dayanık and Sezer [14] used the method of Gugerli [15] and Davis[16], and solved

the compound Poisson disorder problem for general mark distribution completely,

using a piecewise-deterministic process and the method of successive approxima-

tions. Later, their methodology to solve compound Poisson disorder problem was

used for a fraud detection problem by Buonaguidi et al. [17], which will be re-

visited later in this thesis. To relax the exponential prior assumption, Bayraktar

and Sezer [18] considered a phase-type prior for the Poisson disorder problem,

which is the distribution of time until absorption in a Markov chain. Phase-type

priors have the property that any positive distribution can be approximated by

a phase-type distribution, see [19, 20]. On the other hand, uniform prior was

firstly used for Wiener disorder problems, see Zhitlukhin and Shiryaev [21, 22]

and Sokko [23]. For the compound Poisson case, the problem was revisited by

Ürü et al. [24], using the same methodology with compound Poisson problem
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with exponential prior. The problem turns out to be a finite horizon problem

when the underlying prior is uniformly distributed.

Previous studies assumed continuous observation of the processes. Herberts

and Jensen [25] solved the Poisson disorder problem by considering different levels

of information availability, adopting various observation schemes such as sequen-

tial observation, ex post analysis, and a mixture of the two. Moreover, Brown

[26, 27] considered the case where the process is observed at discrete time points

and random time intervals, respectively.

When there is no realistic pre-existing statistical model for disorder, especially

for surveillance and inspection systems, non-Bayesian methods are used, see Poor

and Hadjiliadis [2]. Karoui, Loisel and Salhi [28] approached the problem using

Lorden’s minimax method, a popular robust optimization technique where the

worst-case value of the delay is considered. Later, Figueroa-López and Ólafsson

[29] worked on Lévy processes and used CUSUM (cumulative sum) procedure to

solve the problem for the Poisson process where the jump intensity changes.

As mentioned earlier, in Bayesian formulations, mostly exponential distribu-

tion is used as prior disorder density, since it is a convenient distribution having

memoryless property and frequently used in areas concerning reliability and wait-

ing times. Moreover, because of its memoryless property, exponential distribution

is essential for one-dimensional Markov sufficient statistic. On the other hand,

uniform distribution is a good alternative for modeling the disorder time in cases

where there is insufficient information about when the disorder occurs, or when

it is known that the disorder is equally likely to occur in each time interval.

Finally, it was mentioned that phase-type distributions are used for approximat-

ing other distributions. However, approximating any distribution can result in a

large Markov chain, and the curse of dimensionality prohibits the calculation of

the optimal detection rule.

When we have a better knowledge about the density of the disorder time and

it is neither of the cases mentioned above, these models do not work very well

and require better alternatives. For instance, we may have a knowledge that
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no disorder will occur during a specific interval of time, or we may know that

the prior has a Gamma, Weibull or Lognormal density. Moreover, mixture of

uniform distributions might be useful for approximating more complex densities,

for instance. For this thesis, we will be dealing with a general zero-modified

density as the disorder distribution.

The compound Poisson process is denoted by

Xt = X0 +
Nt∑
k=1

Yk, t ≥ 0,

where N = {Nt : t ≥ 0} denotes a Poisson process with arrival rate λ0 > 0, and

the Yi’s are i.i.d. distributed Rd random variables coming from distribution ν0

independent of N . At an unknown and unobserved time θ, the parameters of the

compound Poisson process change from λ0 to λ1, and from ν0 to ν1, respectively.

Moreover, the change time has a zero-modified prior distribution

P{θ = 0} = π,

P{θ > t} = (1− π)

∫ ∞

t

fθ(s) ds,

where fθ(·) denotes the conditional disorder time density given that disorder

happens after 0. Our aim is to minimize the Bayesian risk function

Rτ (π) := P{θ > τ}+ αE[(τ − θ)+] π ∈ [0, 1], α ∈ R+,

where τ is a stopping time of the natural filtration F , of the process X. The first

term denotes the false alarm frequency and the second term denotes the cost of

expected delay, where α denotes the unit delay cost. A stopping time τ is called

a Bayes optimal alarm time if it attains the minimum

V (π) := inf
τ∈F

Rτ (π). (1.1)

A further investigation on the Bayesian risk problem in (1.1) results in an optimal

stopping problem of a two-dimensional Markov sufficient process one of which is

the deterministic clock process. Using the Markov property of this process and

the properties of the value function, the problem reduces into a free boundary

problem where the state space is separated into continuation and stopping regions,
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by a boundary curve. The properties of the boundary curve depend on the

prior density of the disorder time. Moreover, there are no restrictions on the

underlying density, in the context of its support, the problem can be an infinite

horizon problem (for example, when the disorder density is from the Gamma

family). For these cases, we will provide required conditions for the truncation

of the time axis and the optimality and convergence criteria for this updated

optimization problems. To calculate the value function, method of successive

approximations and time-discretization will be used, and the optimal stopping

rule will be explained in detail.

The Wiener disorder problem in a Bayesian framework was firstly formulated

by Shiryaev [4, 30]. Here, the drift of a Wiener process changes at unobservable

and unknown time θ, which was assumed to have zero-modified exponential dis-

tribution. The purpose of the problem was to minimize a Bayesian risk function

consisting of a false alarm frequency and a cost of expected delay, of the form

Rπ(τ) := Pπ{τ < θ}+ αEπ(τ − θ)+,

where τ denotes the alarm time and α > 0. By means of a sufficient statistic,

the problem turned out to be a one dimensional free boundary problem, which

was explained in detail by Shiryaev [31]. Beibel [32] later revisited the Wiener

disorder problem considering the randomness of the post-disorder drift and an

exponential penalty for the delay in

R(τ) := P{τ < θ}+ αE[eα̃(τ−θ)+ − 1],

where α̃ > 0 [33].

Gapeev and Peskir [34] and Peskir and Shiryaev [5] considered the finite hori-

zon version of the Wiener disorder problem. In this case, the problem turns

out to be two-dimensional, requiring non-linear integral equations to be solved.

Dayanik et al. [35] addressed the disorder problem where the local characteris-

tics of multi-dimensional independent compound Poisson and Wiener processes

change simultaneously. They solved sequential optimal stopping problems using

a jump operator. Sezer [36] considered the case where the drift change occurs due

to shocks arriving according to a Poisson process, with the drift changing at one
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of these arrivals. Dayanık [37] revisited the disorder problem where the system

is only observable at discrete time epochs.

Studies mentioned so far assumed that the disorder has mostly a zero-modified

exponential prior density. A more general problem was addressed by Zhitlukhin

and Shiryaev [21], a G-model where a general density for the disorder time was

considered. Sokko [23] gave the complete solution of the problem where a zero-

modified uniform prior density was adopted. This model fits well where there is

no prior information where the disorder will occur or it is equally likely to happen

at any time on a finite interval.

Because of its continuous characteristics, the Wiener process is often used in

finance, especially to model stock prices. Moreover, changes in the drift of a

stock price and detecting them quickly give rise to another formulation of the

disorder problem. Beibel and Lerche [38], Shiryaev and Novikov [39], Ekström

and Lindberg [40] considered the detection problem which aims to find an optimal

stopping time where the drift of a geometric Brownian motion S changes with

the dynamics

dSt
St

=

µdt+ σdWt, for t ≤ θ,

νdt+ σdWt, for t > θ

and aims to maximize its expected discounted price

E[e−rτSτ1{τ<∞}].

This formulation determines the optimal selling time for an investor holding

a stock. These formulations used zero-modified exponential prior and later,

Shiryaev and Zhitlukhin [41] visited the case where the disorder was distributed

with a zero-modified uniform prior density.

When stock prices are modeled using Brownian motion, detecting anomalies

and drastic changes can be framed as a change-point detection problem. Market

bubbles and crises exemplify these kinds of situations. Shiryaev, Zhitlukhin and

Ziemba [42] applied the model to Apple stock price bubble of 2009-2012 and

internet bubble crash of 2000-2002, using a uniform prior for the disorder. Later,
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they worked on the land and stock bubbles in Japan circa 1990 and 2003 [43], this

time using a discrete time model with geometric Gaussian random walk, where

the disorder has a discrete probability density with probabilities p1, p2, . . . , pT .

Finally, Zhitlukhin and Ziemba [44] worked on certain crashes in the US and

China markets, using a discrete uniform density for the disorder time.

The drift after the disorder was assumed to be known, so far. However, this

is generally not the case for the real-life scenarios. Muravlev and Shiryaev [45]

considered the two-sided disorder problem where the drift after disorder is ν1 with

probability ρ1 and ν2 with probability 1− ρ1. Later, Ekström and Vaicenavicius

[46] assumed that the post-disorder drift is a random variable and investigated the

robustness of the problem by taking the misspecification of the process parameters

into account.

The papers on crashes and bubbles addressed retrospective problems using

data that had already been observed. Assuming that the drift before the dis-

order is already known from the data, a performance analysis was conducted

for various options for the post-disorder drift. With historical stock prices, the

optimal choice for the post-disorder was determined. For real-time financial mod-

els, misspecification of the problem parameters poses a problem for solving the

change-point detection. Blanchet and Scalliet et al. [47, 48] worked on the per-

formance of various trading strategies under parameter misspecification.

In this thesis, we deal with an asset selling problem where we consider a simple

market model with a risky and a risk free asset. It is assumed that the dynamics

of the stock change at an unknown and unobserved time θ, which has a zero-

weighted exponential prior density

P{θ = 0} = π and P{θ > t} = (1− π)e−λt.

Thus, the dynamics of the stock can be modeled as

dRt

Rt

= rdt and
dSt
St

= [µ1{t<θ} + ν1{θ≤t}]dt+ σdWt.

Here, r denotes the risk free rate, µ and ν are drift parameters before and after

the disorder. W denotes the Wiener process, and σ is the volatility parameter.
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The objective function of the problem, which concerns the maximization of

the present value of the stock sold at optimal time τ using linear utility, can be

written as

sup
τ

E[1{τ<∞}Pτ ],

where Pt := e−rtSt is the present value of the stock price at time t, using risk-free

interest rate r.

In the second part of the thesis, firstly, we will provide solution methods to

this problem. While solving, we will introduce the odds-ratio process

Φt :=
E[1{θ≤t}|Ft]

E[1{θ>t}|Ft]
.

We will give an alternative representation of the objective function, and it turns

out to be an optimal stopping problem, with the process Φ. Moreover, we will

see that there exists a ϕ∗ that divides the state space into continuation and

stopping regions. For the solution of the original problem, we will use Markov

chain approximation method of Kushner and Dupuis [49].

Secondly, we will deal with the misspecification of the problem parameters.

The misspecified problem parameters are denoted π̃, λ̃, µ̃ and ν̃. The decision

maker solves the problem with these parameters and finds an incorrect stopping

rule, thus, calculates an incorrect value function. We will present the dynamics

of the process Φ̃, which is the misspecified version of the process Φ. It turns out

that both Φ and Φ̃ are Itô processes, run by the same Wiener process. We will

use this characterization to calculate incorrectly calculated value function by the

help of Monte Carlo simulations.

This thesis is divided into two parts, Part I: Compound Poisson Disorder Prob-

lem (Chapters 2-5) and Part II: Misspecified Wiener Disorder Problem (Chapters

6-10).
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Part I

Compound Poisson Disorder

Problem

9



In Chapter 2, the compound Poisson disorder problem and the required mod-

elling elements will be explained and the value function for the optimal stopping

problem will be constructed. Moreover, the time-truncated version of the prob-

lem will be provided in this chapter, as well. In Chapters 3 and 4, successive

approximation and time-discretization methods, and their implementation will

be presented respectively, and the procedure to stop a system with disorder by

alarming the user will be explained. In Chapter 5, various numerical examples

with different prior densities will be discussed. Long proofs and some other math-

ematical results will be presented in Appendix A.
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Chapter 2

Model and Problem Formulation

In this chapter, we will define our model and the auxiliary value function which

turns the detection problem into an optimal stopping problem. Moreover, we will

introduce the time truncated version of the value function for the densities with

infinite support.

Let (Ω,F ,P0) be a probability space hosting a compound Poisson process X,

Xt = X0 +
Nt∑
k=1

Yk, t ≥ 0.

N is the standard Poisson process with parameter λ0, and Yi’s are i.i.d. Rd-valued

random variables with distribution ν0, independent of N . The jump times of this

Poisson process are denoted by

Wn ≡ inf{t > Wn−1 : Xt ̸= Xt−}, n ≥ 1 (W0 ≡ 0).

Let F denote the augmentation of this process’ natural filtration σ(Xs, s < t),

t ≥ 0 with P0-null sets. (F = {Ft; t ≥ 0}).

Suppose the dynamics of the compound Poisson process X change at some

unknown and unobserved time θ. In particular, Poisson arrival rate changes from

λ0 to λ1 and jump distribution changes from ν0 to ν1. This change time has a

11



prior distribution with

P0{θ = 0} = π,

P0{θ ∈ dt|θ > 0} = fθ(t)dt P0{θ ≤ t} = π + (1− π)

∫ t

0

fθ(s)ds,

Fθ(t) = P0{θ ≤ t|θ > 0} =

∫ t

0

fθ(s)ds.

Here, the disorder time θ has a known conditional distribution with density

fθ(t) and cumulative distribution function Fθ(t).

We will denote the enlargement of F with σ(θ) with G = {Gt; t ≥ 0}. Thus,

Gt ≡ Ft ∨ σ(θ).

Let ν1 be absolutely continuous with ν0. (Otherwise, the problem becomes

trivial.) A new probability measure P is defined on (Ω,∨s≥0Gs) by a change of

measure using the Radon-Nikodym derivative of P with respect to P0 as

dP
dP0

∣∣∣∣
Gt

= Zt ≡ 1{t<θ} + 1{t≥θ}e
−(λ1−λ0)(t−θ)

Nt∏
k=Nθ−+1

[λ1
λ0
h(Yk)

]
, t ≥ 0.

HereNθ− denotes the number of arrivals in the interval [0, θ), whereas h(·) denotes
the Radon-Nikodym derivative of ν1 with respect to ν0 as

h(y) ≡ dν1
dν0

∣∣∣∣
B(Rd)

(y), y ∈ Rd.

Moreover Zt can be written as

Zt ≡ 1{t<θ} + 1{t≥θ}
Rt

Rθ

, t ≥ 0

using the likelihood ratio process R = {Rt, t ≥ 0} defined as

Rt ≡ e−(λ1−λ0)t
Nt∏
k=1

[λ1
λ0
h(Yk)

]
for t ≥ 0.

Observe that under the measure P the change occurs at θ, while change never

occurs under the measure P0. Moreover, Z0 = 1 P0-a.s. therefore P0 and P
agree on G0 = σ(θ). This means that θ has the same distribution under these

12



probability measures. Thus, the properties of X and θ remain the same within

two measures. Note that we are motivated to work with measure P0, since it is

simpler to make calculations under this measure.

We want to find a quickest detection rule for the unknown and unobserved

disorder time θ. In other words, we want to find an F -stopping time τ that

minimizes the Bayesian risk function defined as

Rτ (π) ≡ P{θ > τ}+ αE[(τ − θ)+] π ∈ [0, 1], α ∈ R+, τ ∈ F ,

where P{θ > τ} represents the false alarm frequency and αE[(τ − θ)+] represents

the cost of the expected delay. Note that α can also be considered as a penalty

for the delay. Therefore, it is a measure of decision maker’s tendency to wait for

new information.

If τ attains the function

V (π) ≡ inf
τ∈F

Rτ (π) π ∈ [0, 1],

then it is a Bayes-optimal alarm time. The Bayes risk function and the corre-

sponding objective function can be written as

Rτ (π) = P{θ > τ}+ αE[(τ − θ)+]

= (1− π) + α(1− π)E0

∫ τ

0

( 1

1− π
E0[Zt1{θ≤t}|Ft]−

1

α
fθ(t)

)
dt,

V (π) ≡ inf
τ∈F

Rτ (π)

= (1− π) + α(1− π)E0

∫ τ

0

( 1

1− π
E0[Zt1{θ≤t}|Ft]−

1

α
fθ(t)

)
dt

= (1− π) + α(1− π) inf
τ∈F

E0

∫ τ

0

Rt

[ π

1− π
+

∫ t

0

fθ(u)
1

Ru

du
]
− 1

α
fθ(t) dt.

The term Rt

[
π

1−π +
∫ t
0
fθ(u)

1
Ru
du
]
motivates us to define a new process.
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2.1 A Markov Pair

Let us define the pair process (Q,C) where

Ct := c+ t,

Qt := Rt

[
q +

∫ t

0

fθ(Cu)
1

Ru

du
]
= Rt

[
q +

∫ t

0

fθ(c+ u)
1

Ru

du
]
,

(2.1)

with Q0 = q and C0 = c. The process C can be regarded as the deterministic

clock process starting from an initial value c. With c = 0 and q = π
1−π , Qt

coincides with 1
1−πE0[Zt1{θ≤t}|Ft] = Rt

[
π

1−π +
∫ t
0
fθ(u)

1
Ru
du
]
. Therefore, with

this initial values, we can write the expectation in our Bayes risk, using (Q,C)

as

E0

∫ τ

0

Rt

[ π

1− π
+

∫ t

0

fθ(u)
1

Ru

du
]
− 1

α
fθ(t) dt = E0

∫ τ

0

(
Qt −

1

α
fθ(Ct)

)
dt.

For t, s ≥ 0, it is clear that Cs+t = Cs + t, and for Q, we have

Qs+t = Rs+t

[
q +

∫ s+t

0

fθ(Cu)
1

Ru

du
]

(2.2)

=
Rs+t

Rs

Rs

[
q +

∫ s

0

fθ(Cu)
1

Ru

du+

∫ s+t

s

fθ(Cu)
1

Ru

du
]

=
Rs+t

Rs

[
Qs +

∫ s+t

s

fθ(Cu)
1

Ru/Rs

du
]
.

We can write Rs+t

Rs
as

Rs+t

Rs

= e−(λ1−λ0)t
Ns+t∏

k=Ns+1

[λ1
λ0
h(Yk)

]
.

Note that conditioned on Fs,
Rs+t

Rs
has the same same law as the unconditional

law of Rt. Thus, if we define R̃t :=
Rs+t

Rs
, we can write (2.2) as

Qs+t = R̃t

[
Qs +

∫ s+t

s

fθ(Cu)
1

R̃u−s
du
]

= R̃t

[
Qs +

∫ s+t

s

fθ(Cs + (u− s))
1

R̃u−s
du
]

= R̃t

[
Qs +

∫ t

0

fθ(Cs + w)
1

R̃w

dw
]

= R̃t

[
q +

∫ t

0

fθ(c+ w)
1

R̃w

dw
]∣∣∣
q=Qs, c=Cs

.

(2.3)
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Comparing this with (2.1) we see that (Q,C) is a time-homogeneous Markov pair.

Moreover, from the dynamics of (Q,C), we conclude that, between arrivals, Q

follows deterministic curves. If we define

x(q, c, t) =

e
−(λ1−λ0)t

[
q +

∫ t
0
e(λ1−λ0)sfθ(c+ s) ds

]
, if λ0 ̸= λ1,

q +
∫ t
0
fθ(c+ s) ds, if λ0 = λ1,

then for i ≥ 0 we have

Qt =

x(QWi
, CWi

, t−Wi), if Wi ≤ t < Wi+1,

x(QWi
, CWi

,Wi+1 −Wi)
λ1
λ0
h(Yi+1), if t = Wi+1,

Ct = CWi
+ t−Wi, if Wi ≤ t ≤ Wi+1.

0

1

2

3

4

0.0 2.5 5.0 7.5 10.0
Time

Q

Figure 2.1: A sample path of the process Q

Figure 2.1 illustrates a sample path for the process Q. As it seen on the figure,

the process jumps at arrivals and follows deterministic curves between arrivals.

Intuitively, any arrival is a new piece of information, and the process is updated

instantly with this new information by the multiplicative term λ1
λ0
h(Yi).
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Next, we define

U(q, c) := inf
τ∈F

E(q,c)
0

∫ τ

0

g(Qt, Ct) dt where g(q, c) := q − 1

α
fθ(c), (q, c) ∈ R2

+,

(2.4)

and E(q,c)
0 denotes the expectation under the measure P0 with Q0 = q, C0 = c

with probability one. In terms of the value function, our smallest Bayes risk can

be written as

1− π + α(1− π)U
( π

1− π
, 0
)
,

and if there is an optimal stopping time for the problem in (2.4), it also gives us

an optimal detection rule.

Remark 1. Because Q depends on Q0 = q linearly (see 2.1) with a positive

multiplying term, it follows that the value function in (2.4) is concave and non-

decreasing in q (for every fixed c). Moreover, it is bounded above by 0 (immediate

stopping). Hence, the boundary

β(c) := min{q : U(q, c) = 0}, c ≥ 0,

separates the state space into continuation and stopping regions defined respec-

tively as

C := {(q, c) : U(q, c) < 0} and Γ := {(q, c) : U(q, c) = 0}.

Above the boundary is the stopping region, and below is the continuation region.

Since we are working with general prior densities, one might ask if there is a

finite boundary for the unbounded densities. In other words, when there exists

c∞ ∈ R+ such that fθ(c∞−) = ∞ or fθ(c∞+) = ∞. The fact that there isn’t is

shown after Remark 2.

Remark 2. For a deterministic time t ∈ R+, we have

E(q,c)
0 [Qt] = q +

∫ t

0

fθ(c+ s)ds = q + Fθ(c+ t)− Fθ(c). (2.5)

Moreover, Q is a non-negative submartingale.
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Proof. Using the definition of Q, the fact that R is martingale, Fubini’s theorem

and the tower property, we have

E(q,c)
0 [Qt] = qE(q,c)

0 [Rt] + E(q,c)
0

[∫ t

0

fθ(c+ u)
Rt

Ru

du

]
= q +

∫ t

0

fθ(c+ u)E(q,c)
0

[
Rt

Ru

]
du = q +

∫ t

0

fθ(c+ u) du

= q + Fθ(c+ t)− Fθ(c).

Note that E(q,c)
0 [Qt] < ∞, and for the submartingale property of the process Q,

for t, s ∈ R+ we write

E(q,c)
0 [Qt+s|Ft] = E(q,c)

0

[
qRt+s +

∫ t+s

0

fθ(Cu)
Rt+s

Ru

du
∣∣∣Ft

]
= qRt +

∫ t

0

fθ(Cu)E(q,c)
0

[
Rt+s

Ru

∣∣∣Ft

]
du+

∫ t+s

t

fθ(Cu)E(q,c)
0

[
Rt+s

Ru

∣∣∣Ft

]
du

= qRt +Rt

∫ t

0

fθ(Cu)
1

Ru

du︸ ︷︷ ︸
Qt

+

∫ t+s

t

fθ(Cu)E(q,c)
0

[
Rt+s

Ru

∣∣∣Ft

]
du.

Since the last term is nonnegative, we are done.

Back to unbounded densities, observe that the deterministic optimization prob-

lem

inf
t∈R+

E(q,c)
0

∫ t

0

g(Qs, Cs) ds

is a sub-problem of the original problem (2.4) and using similar arguments with

Remark 1 it has its own boundary curve. Since deterministic stopping times are

subset of the stopping times of the original problem, deterministic problem takes

values greater than U(q, c) for (q, c) ∈ R2
+. A direct result is that the deterministic

boundary curve is bounded above by β.

Using Remark 2 and Fubini’s theorem, the deterministic optimization problem

can be written as

inf
t∈R+

E(q,c)
0

∫ t

0

g(Qs, Cs) ds = inf
t∈R+

{
E(q,c)

0

[∫ t

0

Qs ds

]
− 1

α

∫ t

0

fθ(c+ u) du

}
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= inf
t∈R+

{∫ t

0

(q + Fθ(c+ s)− Fθ(c)) ds−
1

α
[Fθ(c+ t)− Fθ(c)]

}
= inf

t∈R+

{
[q − Fθ(c)]t+

∫ t

0

Fθ(c+ s) ds− 1

α
[Fθ(c+ t)− Fθ(c)]

}
and if fθ is continuous at c, we can differentiate the expression with respect to t

and get

δ

δt

[
[q − Fθ(c)]t+

∫ t

0

Fθ(c+ s) ds− 1

α
[Fθ(c+ t)− Fθ(c)]

]
= [q − Fθ(c)] + Fθ(c+ t)− 1

α
fθ(c+ t).

Observe that when t = 0, the derivative is q− 1
α
fθ(c). Therefore, when q− 1

α
fθ(c) <

0, the function is strictly decreasing and the value function of the deterministic

problem for this (q, c) pair is strictly negative, in other words, below the stopping

region. Hence, the deterministic boundary curve is bounded below by 1
α
fθ at

points of continuity of fθ.

Corollary 1. Since β is bounded below by the deterministic boundary curve,

and the deterministic boundary curve is bounded below by 1
α
fθ, for the original

problem, if there exists a continuity point c∞ ∈ R+ of fθ with fθ(c∞−) = ∞ or

fθ(c∞+) = ∞, we have unbounded boundary at c∞. In other words, β(c∞) = ∞.

2.2 Truncation of C-Space

Since we are working with general prior densities, for the densities with un-

bounded support it is important to restrict c values on a compact interval such

that the value function takes the value 0 outside of this interval. For a fixed C̄ ∈
R+, define the deterministic stopping time τC̄ ≡ inf{t ≥ 0 : Ct ≥ C̄} = (C̄ − c)+,

where c = C0. τC̄ denotes the exit time of the clock process C from the compact

interval [0, C̄].

Using τC̄ , truncated problem can be defined as

U (C̄)(q, c) ≡ inf
τ∈F

∫ τ∧τC̄

0

g(Qt, Ct) dt. (2.6)
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Observe that truncated value function U (C̄) satisfies the property that it is 0

outside of [0, C̄].

Lemma 1. For every (q, c) ∈ R+ × [0, C̄] , as C̄ → ∞, U (C̄)(q, c) converges to

U(q, c) uniformly. We have

0 ≤ U (C̄)(q, c)− U(q, c) ≤ 1

α
[1− Fθ(C̄)].

Proof. Observe that

E(q,c)
0

∫ τ

0

g(Qt, Ct) dt = E(q,c)
0

[∫ τ∧τC̄

0

g(Qt, Ct) dt+ 1{τ>τC̄}

∫ τ

τC̄

g(Qt, Ct) dt

]

≥ E(q,c)
0

[∫ τ∧τC̄

0

g(Qt, Ct) dt− 1{τ>τC̄}
1

α

∫ τ

τC̄

fθ(Ct) dt

]

≥ E(q,c)
0

∫ τ∧τC̄

0

g(Qt, Ct) dt−
1

α

∫ ∞

τC̄

fθ(Ct) dt

= E(q,c)
0

∫ τ∧τC̄

0

g(Qt, Ct) dt−
1

α
[1− Fθ(τC̄ + c)]

= E(q,c)
0

∫ τ∧τC̄

0

g(Qt, Ct) dt−
1

α
[1− Fθ(C̄ ∨ c)]

≥ E(q,c)
0

∫ τ∧τC̄

0

g(Qt, Ct) dt−
1

α
[1− Fθ(C̄)].

For every ϵ > 0, if we choose C̄ such that 1
α
[1 − Fθ(C̄)] ≤ ϵ and if we take the

infimum of the both sides, we get U(q, c) ≥ U (C̄)(q, c) − ϵ. Moreover, it is clear

that U (C̄)(q, c) ≥ U(q, c), hence we have the inequality U (C̄)(q, c) ≥ U(q, c) ≥
U (C̄)(q, c)− ϵ. For ϵ > 0, taking C̄ as

C̄ϵ = inf{c ≥ 0 : Fθ(c) ≥ 1− αϵ}

gives the required inequality.

Lemma 2. The function U (C̄) is locally (jointly) continuous. We have

0 ≤ U (C̄)(q2, c)− U (C̄)(q1, c) ≤ (q2 − q1)C̄, for q1 < q2,

min{−C̄,− 1

α
}
∫ C̄

0

|fθ(u)− fθ(u− (c2 − c1))| du ≤ U (C̄)(q, c2)− U (C̄)(q, c1)

≤ C̄

∫ C̄

0

|fθ(u)− fθ(u− (c1 − c2))| du+
1

α
[Fθ(c2)− Fθ(c1)], for c1 < c2.
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Proof. The proof is presented at Appendix A.3.

Corollary 2. The continuity and the uniform convergence of U C̄ to U guarantees

that U is also continuous.

Using Remark 1 and Lemma 1, we can conclude that, solving the truncated

optimal stopping problem and stopping when Q enters to the stopping region

will provide the optimal alarm time. Next two chapters will explain two different

methods for finding the function U C̄ .
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Chapter 3

Successive Approximations

This method constructs the value function as a sequence of converging functions,

using the dynamic programming principle. The method was used widely to solve

disorder problems. See Dayanık and Sezer [14], Bayraktar and Sezer [18], Lud-

kovski and Sezer [50], Ürü et al. [24] and Buonaguidi et al. [12].

Let us define

Un(q, c) ≡ inf
τ∈F

E(q,c)
0

[∫ τ∧Wn

0

(
Qs −

1

α
fθ(Cs)︸ ︷︷ ︸

g(Qs,Cs)

)
ds
]
, (q, c) ∈ R+ × R+, n ∈ N,

and the truncated version of it as,

U (C̄)
n (q, c) ≡ inf

τ∈F
E(q,c)

0

[∫ τ∧Wn∧τC̄

0

(
Qs −

1

α
fθ(Cs)

)
ds
]
, (q, c) ∈ R+ × [0, C̄], n ∈ N

= inf
τ∈F[0,C̄−c]

E(q,c)
0

[∫ τ∧Wn

0

(
Qs −

1

α
fθ(Cs)

)
ds
]
.

Lemma 3.

Fθ(c)− Fθ(C̄)

α
≤ U (C̄)

n (q, c) ≤ 0 for n ∈ N

Proof. Observe that, for the truncated problem, 0 is an upper bound for U
(C̄)
n

when τ = 0. On the other hand Qs ≥ 0 for all s ∈ R+ and τ ≤ C̄ − c a.s. We
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have ∫ τ∧Wn

0

Qs −
1

α
fθ(Cs)ds ≥ −

∫ τ∧Wn

0

1

α
fθ(Cs)ds ≥ −

∫ τ

0

1

α
fθ(Cs)ds

≥ −
∫ C̄−c

0

1

α
fθ(Cs)ds = −

∫ C̄−c

0

1

α
fθ(c+ s)ds = −

∫ C̄

c

1

α
fθ(u)du

= − 1

α
[Fθ(C̄)− Fθ(c)] =

Fθ(c)− Fθ(C̄)

α
,

if we take the expectation and infimum of the both sides over τ ∈ F[0,C̄] we see

that Fθ(c)−Fθ(C̄)
α

is a lower bound for U
(C̄)
n .

Moreover, (U
(C̄)
n (q, c))n≥1 is decreasing, because (Wn)n≥1 is an a.s. increasing

sequence. Hence, limn→∞ U
(C̄)
n (q, c) exists everywhere.

Proposition 1. For every C̄ ∈ R+, U
(C̄)
n (q, c) → U (C̄)(q, c) uniformly in (q, c) ∈

R× [0, C̄]. Moreover, for every q ∈ R+ and c ∈ [0, C̄] we have

− 1

α
[1− E0[Fθ(Wn)]] ≤ U (C̄)(q, c)− U (C̄)

n (q, c) ≤ 0

where Fθ(c) = P0{θ ≤ c|θ > 0}.

Proof.

E(q,c)
0

[∫ τ

0

g(Qs, Cs)ds
]

= E(q,c)
0

[∫ τ∧Wn

0

g(Qs, Cs)ds+ 1{τ>Wn}

∫ τ

Wn

g(Qs, Cs)ds
]

= E(q,c)
0

[∫ τ∧Wn

0

g(Qs, Cs)ds
]
+E(q,c)

0

[
1{τ>Wn}

∫ τ

Wn

g(Qs, Cs)ds
]

≥ U (C̄)
n (q, c) + E(q,c)

0

[
1{τ>Wn}

∫ τ

Wn

g(Qs, Cs)︸ ︷︷ ︸
Qs− 1

α
fθ(Cs)≥− 1

α
fθ(Cs)

ds
]

≥ U (C̄)
n (q, c) + E(q,c)

0

[
1{τ>Wn}

∫ τ

Wn

− 1

α
fθ(Cs)ds

]
≥ U (C̄)

n (q, c) + E(q,c)
0

[∫ ∞

Wn

− 1

α
fθ(Cs)ds

]
= U (C̄)

n (q, c)− 1

α
E(q,c)

0

[∫ ∞

Wn

fθ(c+ s)ds
]

= U (C̄)
n (q, c)− 1

α
E(q,c)

0

[∫ ∞

Wn+c

fθ(s)ds
]
= U (C̄)

n (q, c)− 1

α
E(q,c)

0 [1− Fθ(Wn + c)]]
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≥ U (C̄)
n (q, c)− 1

α
E0[1− Fθ(Wn)]] = U (C̄)

n (q, c)− 1

α
[1− E0[Fθ(Wn)]].

Thus

E(q,c)
0

[∫ τ

0

g(Qs, Cs)ds
]
≥ U (C̄)

n (q, c)− 1

α
[1− E0[Fθ(Wn)]]

if we take infimum of the both sides over τ ∈ F[0,C̄−c] we get

U (C̄)(q, c) ≥ U (C̄)
n (q, c)− 1

α
[1− E0[Fθ(Wn)]] or equivalently

− 1

α
[1− E0[Fθ(Wn)]] ≤ U (C̄)(q, c)− U (C̄)

n (q, c).

Thus

U (C̄)
n (q, c) ≥ U (C̄)(q, c) ≥ U (C̄)

n (q, c)− 1

α
[1− E0[Fθ(Wn)]] ∀n ∈ N.

Note that, as n → ∞, Wn → ∞ a.s. and Fθ(Wn) → 1 a.s. By bounded conver-

gence theorem, E0[Fθ(Wn)] → 1 and the sequence (U
(C̄)
n (q, c))n≥1 converges to

U (C̄)(q, c) uniformly in (q, c) ∈ R+ × [0, C̄]. And we got the inequality

− 1

α
[1− E0[Fθ(Wn)]] ≤ U (C̄)(q, c)− U (C̄)

n (q, c) ≤ 0.

Thus, if we can construct the sequence of functions U
(C̄)
n (q, c), we can find the

value function U (C̄)(q, c) itself. The next section explains the sequential approxi-

mation of the value function.

3.1 Defining Successive Approximations

Let us define operators

(H
(C̄)
t v)(q, c) ≡ E(q,c)

0

[∫ t∧W1

0

( g(Qs,Cs)︷ ︸︸ ︷
x(q, c, s)︸ ︷︷ ︸

Qs

− 1

α
fθ(c+ s︸ ︷︷ ︸

Cs

)
)
ds + 1{t≥W1}v(QW1 , CW1)

]
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= E(q,c)
0

[∫ t∧W1

0

g(Qs, Cs)ds+ 1{t≥W1}v(QW1 , CW1)

]
,

for t ∈ [0, C̄ − c] and

(H(C̄)v)(q, c) ≡ inf
t∈[0,C̄−c]

(H
(C̄)
t v)(q, c)

where v is a Borel function v : R+× [0, C̄] → R− for C̄ ∈ R+, (q, c) ∈ R+× [0, C̄].

We can write (H
(C̄)
t v)(q, c) as

(H
(C̄)
t v)(q, c) = E(q,c)

0

[∫ t

0

1{s<W1}

(
Qs −

1

α
fθ(Cs)

)
ds+ 1{t≥W1}v(QW1 , CW1)

]

= E(q,c)
0

[∫ t

0

1{s<W1}

(
x(q, c, s)− 1

α
fθ(c+ s)

)
ds +

1{t≥W1}v
(
x(q, c,W1)

λ1
λ0
h(Y1), c+W1

)]

=

∫ t

0

E(q,c)
0

[
1{s<W1}

(
x(q, c, s)− 1

α
fθ(c+ s)

)]
ds+

E(q,c)
0

[
1{t≥W1}v

(
x(q, c,W1)

λ1
λ0
h(Y1), c+W1

)]

=

∫ t

0

P0{s < W1}
(
x(q, c, s)− 1

α
fθ(c+ s)

)
ds+

E(q,c)
0

[
1{t≥W1}v

(
x(q, c,W1)

λ1
λ0
h(Y1), c+W1

)]

=

∫ t

0

e−λ0s
(
x(q, c, s)− 1

α
fθ(c+ s)

)
ds+∫ t

0

λ0e
−λ0s

[∫
y∈Y

v
(
x(q, c, s)

λ1
λ0
h(y), c+ s

)
ν0(dy)

]
ds

=

∫ t

0

e−λ0s

(
g
(
x(q, c, s), c+ s

)
+λ0(Sv)

(
x(q, c, s), c+ s

))
ds.

Where S is the linear operator

(Sw)(q, c) ≡
∫
y∈Y

w
(
q
λ1
λ0
h(y), c

)
ν0(dy)
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for the function w : R+ × [0, C̄] → R−. Moreover, for an ε optimal stopping time

τ
(n−1)
ε we can write

U (C̄)
n (q, c) = inf

τ∈F[0,C̄]

E(q,c)
0

[∫ t∧Wn

0

(Qs −
1

α
fθ(Cs)︸ ︷︷ ︸

g(Qs,Cs)

)ds

]

≤ E(q,c)
0

[∫ τ
(n−1)
ε ∧W1

0

g(Qs, Cs)ds+ 1{τ (n−1)
ε >W1}

∫ τ
(n−1)
ε ∧Wn

W1

g(Qs, Cs)ds

]

= E(q,c)
0

[∫ τ
(n−1)
ε ∧W1

0

g(Qs, Cs)ds+

1{τ (n−1)
ε >W1}

∫ (τ
(n−1)
ε ∧Wn−1)◦ΘW1

+W1

W1

g(Qs, Cs)ds

]

= E(q,c)
0

[∫ τ
(n−1)
ε ∧W1

0

g(Qs, Cs)ds+

1{τ (n−1)
ε >W1}

∫ (τ
(n−1)
ε ∧Wn−1)◦ΘW1

0

g(Qs+W1 , Cs+W1)ds

]

= E(q,c)
0

[
E(q,c)

0

(∫ τ
(n−1)
ε ∧W1

0

g(Qs, Cs)ds+

1{τ (n−1)
ε >W1}

(∫ τ
(n−1)
ε ∧Wn−1

0

g(Qs, Cs)ds
)
◦ΘW1

∣∣∣FW1

)]

= E(q,c)
0

[∫ τ
(n−1)
ε ∧W1

0

g(Qs, Cs)ds+

1{τ (n−1)
ε >W1}

E(QW1
,CW1

)

0

(∫ (τ
(n−1)
ε ∧Wn−1)

0

g(Qs, Cs)ds
)

︸ ︷︷ ︸
≤U(C̄)

n−1(QW1
,CW1

)+ε

]

≤ E(q,c)
0

[∫ τ
(n−1)
ε ∧W1

0

g(Qs, Cs)ds+ 1{τ (n−1)
ε >W1}

U
(C̄)
n−1

(
QW1 , CW1

)
+ε

]

≤ E(q,c)
0

[∫ τ
(n−1)
ε

0

1{s<W1}g(x(q, c, s), c+ s)ds+

1{τ (n−1)
ε >W1}

U
(C̄)
n−1

(
x(q, c,W1)

λ1
λ0
h(Y1), c+W1

)]
+ ε
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=

∫ τ
(n−1)
ε

0

e−λ0sg(x(q, c, s), c+ s)ds+∫ τ
(n−1)
ε

0

λ0e
−λ0s

[∫
y∈Y

U
(C̄)
n−1

(
x(q, c, s)

λ1
λ0
h(y), c+ s

)
ν0(dy)

]
ds+ ε

=

∫ τ
(n−1)
ε

0

e−λ0s
[
g
(
x(q, c, s), c+ s

)
+λ0(SU

(C̄)
n−1)

(
x(q, c, s), c+ s

)]
ds+ ε.

The fifth equality is due to strong Markov property. Observe that (H
(C̄)
t v)(q, c)

and U
(C̄)
n (q, c) are of the same form. Using this idea we will now define our

successive approximations. Assume that

v
(C̄)
0 ≡ 0

v(C̄)
n ≡ (H(C̄)v

(C̄)
n−1)(q, c).

Proposition 2. For every n ∈ N, the functions v
(C̄)
n and U

(C̄)
n coincide. For

every ε ≥ 0, let

rε,C̄n ≡ inf{s ∈ [0, C̄] : H(C̄)
s v(C̄)

n (q, c) ≤ H(C̄)v(C̄)
n (q, c) + ε}

for n ∈ N0, C̄ ∈ R+, (q, c) ∈ R+ × [0, C̄], and

Sε,C̄1 ≡ rε,C̄0 (q, c) ∧W1

Sε,C̄n+1 ≡

r
ε/2,C̄
n (q, c), if W1 > r

ε/2,C̄
n (q, c)

W1 + S
ε/2,C̄
n ◦ΘW1 , if W1 ≤ r

ε/2,C̄
n (q, c).

, n ∈ N

Then,

E(q,c)
0

[∫ Sε,C̄
n

0

g(Qt, Ct)dt
]
≤ v(C̄)

n (q, c) + ε ∀n ∈ N, C̄ ∈ R+,∀ε ≥ 0.

Proof. The proof uses Davis [16] and Brémaud’s [51] characterization of F -

stopping times and is provided in Appendix A.4.
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3.2 Implementation of the Method

Note that we can write (H
(C̄)
t v)(q, c) as

(H
(C̄)
t v)(q, c) =

∫ t

0

e−λ0sg(x(q, c, s), c+ s)ds︸ ︷︷ ︸
≡I(t,q,c)

+

∫ t

0

λ0e
−λ0s

[∫
y∈Y

v
(
x(q, c, s)

λ1
λ0
h(y), c+ s

)
dν0

]
ds

= I(t, q, c) +

∫ t

0

λ0e
−λ0s

[∫
y∈Y

v
(
x(q, c, s)

λ1
λ0
h(y), c+ s

)
dν0

]
ds

= I(t, q, c) +

∫ t

0

λ0e
−λ0s(Sv)

(
x(q, c, s), c+ s

)
ds

= I(t, q, c) +

∫ ∞

0

λ0e
−λ0s1{s≤t}(Sv)

(
x(q, c, s), c+ s

)
ds,

where

I(t, q, c) ≡
∫ t

0

e−λ0s
(
x(q, c, s)− 1

α
fθ(c+ s)

)
ds

=



q (1−e
−λ1t)
λ1

+
(

1
λ1

− 1
α

)∫ t
0
e−λ0ufθ(c+ u) du− e−λ1t

λ1

∫ t
0
e(λ1−λ0)ufθ(c+ u) du,

if λ0 ̸= λ1,

q (1−e
−λ0t)
λ0

+
(

1
λ0

− 1
α

)∫ t
0
e−λ0ufθ(c+ u) du− e−λ0t

λ0

∫ t
0
fθ(c+ u) du,

if λ0 = λ1.

Moreover we can write the integral term as∫ ∞

0

λ0e
−λ0s1{s≤t}(Sv)

(
x(q, c, s), c+ s

)
ds

= E
[
1{E≤t}(Sv)

(
x(q, c, E), c+ E

)]
= E

[
(Sv)

(
x(q, c, E), c+ E

)∣∣∣E ≤ t
]
P{E ≤ t}

= E
[
(Sv)

(
x(q, c, Et), c+ Et

)]
P{E ≤ t},

where E denotes an exponentially distributed random variable with rate λ0 and

Et is the truncated exponentially distributed random variable with rate λ0. To
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use this method, we first create a rectangular grid on the (Q,C)-space. Since the

iterations start from 0, each grid point is assigned to vC̄0 (q, c) = 0, initially. Later,

the jump operator (H(C̄)v)(q, c) = inft∈[0,C̄−c](H
(C̄)
t v)(q, c) is applied to each grid

point iteratively, until the convergence is reached, where

(H
(C̄)
t v)(q, c) = I(t, q, c) +

∫ ∞

0

λ0e
−λ0s1{s≤t}(Sv)

(
x(q, c, s), c+ s

)
ds.

The key point here is that Q-grid must be large enough to contain the whole

continuation region. The calculation of the function I(t, q, c) is relatively simple,

for the integral term, different approximation methods are available. Ürü et al.

[24] used this method with Chebyshev grid points and calculated required expec-

tations using Monte Carlo methods for a uniform prior. However, for complex

densities, this method requires large number of grid points and iterations for the

convergence, which reduces the performance. For this reason, we come up with

a relatively simpler and practical method to solve the problem, this method will

be explained in detail in Chapter 4.
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Chapter 4

Discretization

For this method, we will discretize the time space to solve a discrete sub-problem

of the original/truncated problem. To that end, let us define a grid on the interval

[0, C̄] as ∆
(C̄)
c⃗ = {c0, c1, . . . , cM}, M ∈ N. ci is a strictly increasing sequence with

c0 = 0 and cM = C̄. If we denote the distance between the consecutive grid

points as δi := ci+1 − ci for 0 ≤ i < M , we can define the mesh of this partition

as δ
(C̄)
c⃗ = max0≤i<M δi.

If the clock process starts from ci, one can define a value function

U (C̄,∆
(C̄)
c⃗

)(q, ci) := inf
τ∈{0,ci+1−ci,...,C̄−ci}

E(q,ci)
0

∫ τ

0

(
Qt −

1

α
fθ(Ct)

)
dt, (4.1)

for q ∈ R+, ci ∈ ∆
(C̄)
c⃗ where the optimal stopping time is selected from the

discrete set {0, ci+1 − ci, . . . , C̄ − ci}. In other words, the process is stopped

at one of the points in ∆
(C̄)
c⃗ . The following lemma shows how to control the

discretization error.

Lemma 4. We have

0 ≤ U (C̄,∆
(C̄)
c⃗

)(q, ci)− U (C̄)(q, ci) ≤ δ
(C̄)
c⃗

(
q + Fθ(C̄)− Fθ(ci)

)
(4.2)

for q ∈ R+ and ci ∈ ∆
(C̄)
c⃗ .
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Proof. Since the optimal stopping time for the discretized problem is a sub-

optimal stopping time for the truncated problem, the first inequality is obvious.

For the second problem let us define an ϵ-optimal stopping time for the truncated

problem as τϵ, for ϵ > 0 we have

E(q,ci)
0

[∫ τϵ

0

(
Qt −

1

α
fθ(Ct)

)
dt

]
≤ U (C̄)(q, ci) + ϵ for q ∈ R, ci ∈ ∆

(C̄)
c⃗ . (4.3)

Let us define another stopping time τ̃ϵ as

τ̃ϵ ≡
M−1∑
j=i

1{cj−ci≤τϵ<cj+1−ci}(cj+1 − ci) + 1{τϵ=C̄−ci}(C̄ − ci).

Observe that τ̃ϵ ∈ [τϵ, τC̄ ], and the distance between τϵ and τ̃ϵ is less than δ
(C̄)
c⃗ .

Using (4.3), we can write

U (C̄)(q, ci) ≥ E(q,ci)
0

[∫ τϵ

0

(
Qt −

1

α
fθ(Ct)

)
dt

]
− ϵ (4.4)

= E(q,ci)
0

[∫ τ̃ϵ

0

(
Qt −

1

α
fθ(Ct)

)
dt

]
− E(q,ci)

0

[∫ τ̃ϵ

τϵ

(
Qt −

1

α
fθ(Ct)

)
dt

]
− ϵ

≥ U (C̄,∆
(C̄)
c⃗

)(q, ci)− E(q,ci)
0

[∫ τ̃ϵ

τϵ

Qtdt

]
− ϵ.

The last inequality is due to the fact that τ̃ϵ ∈ {0, ci+1 − ci, . . . , C̄ − ci}.

Using Remark 2, we can write

E(q,ci)
0

[∫ τ̃ϵ

τϵ

Qt dt

]
≤ E(q,ci)

0

[
QτC̄

∫ τ̃ϵ

τϵ

dt

]
≤ E(q,ci)

0

[
QτC̄

∫ τϵ+δ
(C̄)
c⃗

τϵ

dt

]
= δ

(C̄)
c⃗ E(q,ci)

0

[
QτC̄

]
= δ

(C̄)
c⃗

(
q + Fθ(C̄)− Fθ(ci)

)
.

Then, we can write

U (C̄)(q, ci) ≥ U (C̄,∆
(C̄)
c⃗

)(q, ci)− E(q,ci)
0

[∫ τ̃ϵ

τϵ

Qtdt

]
− ϵ

≥ U (C̄,∆
(C̄)
c⃗

)(q, ci)− δ
(C̄)
c⃗

(
q + Fθ(C̄)− Fθ(ci)

)
− ϵ.

By the arbitrariness of ϵ, the second inequality holds.

The next corollary states how to control the error caused by truncation and

discretization.
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Corollary 3. It follows from Lemmas 1 and 4 that, for a given ϵ > 0, if we set

C̄ and ∆
(C̄)
c⃗ so that

δ
(C̄)
c⃗

( π

1− π
+ Fθ(C̄)

)
+

1

α
[1− Fθ(C̄)] ≤ ϵ,

then τ (C̄,∆
(C̄)
c⃗

)( π
1−π , 0) is an ϵ-optimal stopping time for the detection problem in

(2.4).

Using similar arguments with the original and the truncated problem, we ob-

serve that for fixed ci ∈ ∆
(C̄)
c⃗ , q 7→ U (C̄,∆

(C̄)
c⃗

)(q, ci) is non-decreasing and concave.

Hence, we have the (discrete) boundary curve

β(C̄,∆
(C̄)
c⃗

)(ci) := min{q : U (C̄,∆
(C̄)
c⃗

)(q, ci) = 0}, ci ∈ ∆
(C̄)
c⃗ ,

at and above which the function U (C̄,∆
(C̄)
c⃗

) is zero, and below, the function is

negative. It follows from standard arguments of the finite horizon discrete-time

optimal stopping theory for Markov processes that the function U (C̄,∆
(C̄)
c⃗

) satisfies

the dynamic programming recursions

U (C̄,∆
(C̄)
c⃗

)(q, ci) = min
{
0 , E(q,ci)

0

[ ∫ δi

0

(
Qt −

1

α
fθ(Ct)

)
dt+ U (C̄,∆

(C̄)
c⃗

)(Qδi , ci+1)
]}

(4.5)

for i ∈ {0, 1, . . . ,M−1}, with U (C̄,∆
(C̄)
c⃗

)(q, C̄) = 0, and the stopping time at which

the process enters to the stopping region τ (C̄,∆
(C̄)
c⃗

)(q, ci) := min{t ∈ ∆
(C̄)
c⃗ : Qt ≥

β(C̄,∆
(C̄)
c⃗

)(Ct)} is an optimal stopping time for U (C̄,∆
(C̄)
c⃗

).

Recall that, in Remark 1 we have shown that, for the original problem with

unbounded densities, we have unbounded boundary curves. We will now inves-

tigate if that is the case for the discretized problem. For our calculations, using

Fubini’s theorem and the expectation in (2.5), we have

E(q,c)
0

[ ∫ δ

0

(
Qt −

1

α
fθ(Ct)

)
dt
]
= qδ + I(c, δ) where

I(c, δ) :=

∫ δ

0

[
Fθ(c+ t)− Fθ(c)

]
dt− 1

α
[Fθ(c+ δ)− Fθ(c)].

(4.6)
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Observe that for cM−1, we have

U (C̄,∆
(C̄)
c⃗

)(q, cM−1) = min
{
0 , E(q,cM−1)

0

∫ δM−1

0

(
Qt −

1

α
fθ(Ct)

)
dt
}

= min
{
0 , qδM−1 + I(cM−1, δM−1)

}
.

The first equality is due to U (C̄,∆
(C̄)
c⃗

)(·, C̄) = 0. When I(cM−1, δM−1) ≥ 0, we need

immediate stopping for any q value, thus β(C̄,∆
(C̄)
c⃗

)(cM−1) = 0, in that case. When

I(cM−1, δM−1) < 0, we have β(C̄,∆
(C̄)
c⃗

)(cM−1) = − 1
δM−1

I(cM−1, δM−1).

Note that we have I(c, δ) ≥ − 1
α
[Fθ(c+ δ)− Fθ(c)] for c ≥ 0 and δ ≥ 0. Thus,

for I(cM−1, δM−1) < 0, we can write

β(C̄,∆
(C̄)
c⃗

)(cM−1) = − 1

δM−1

I(cM−1, δM−1) ≤
Fθ(cM−1 + δM−1)− Fθ(cM−1)

αδM−1

(4.7)

=
Fθ(C̄)− Fθ(cM−1)

αδM−1

.

For other points in ∆
(C̄)
c⃗ , recall that the function U (C̄,∆

(C̄)
c⃗

) is concave in q.

Hence, by Jensen’s inequality we can write

E(q,ci)
0

[
U (C̄,∆

(C̄)
c⃗

)(Qδi , ci+1)
]
≤ U (C̄,∆

(C̄)
c⃗

)(E(q,ci)
0 [Qδi ], ci+1)

= U (C̄,∆
(C̄)
c⃗

)(q + Fθ(ci+1)− Fθ(ci), ci+1),

and using (4.5)

U (C̄,∆
(C̄)
c⃗

)(q, ci) = min
{
0 , qδi + I(ci, δi) + E(q,ci)

0

[
U (C̄,∆

(C̄)
c⃗

)(Qδi , ci+1)
]}

≤ min
{
0 , qδi + I(ci, δi) + U (C̄,∆

(C̄)
c⃗

)(q + Fθ(ci+1)− Fθ(ci), ci+1)
}
.

When I(ci, δi) + U (C̄,∆
(C̄)
c⃗

)(q + Fθ(ci+1)− Fθ(ci), ci+1) ≥ 0, we need immediate

stopping for any q value, thus β(C̄,∆
(C̄)
c⃗

)(ci) = 0, in that case. When I(ci, δi) +

U (C̄,∆
(C̄)
c⃗

)(q + Fθ(ci+1) − Fθ(ci), ci+1) < 0, using the fact that U (C̄,∆
(C̄)
c⃗

)(·, ci+1) ≥
− 1
α
[Fθ(C̄)−Fθ(ci+1)] and I(c, δ) ≥ − 1

α
[Fθ(c+ δ)−Fθ(c)] for c ≥ 0 and δ ≥ 0, we

can write

β(C̄,∆
(C̄)
c⃗

)(ci) ≤ − 1

δi

[
I(ci, δi) + U (C̄,∆

(C̄)
c⃗

)(q + Fθ(ci+1)− Fθ(ci), ci+1)
]

(4.8)

≤ Fθ(C̄)− Fθ(ci)

αδi
.
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Corollary 4. Recall from Remark 1 that for the original problem, the boundary

that separates stopping and the continuation region can be unbounded, for certain

densities. In the time-discretization method with finite number of points 0 = c0 <

c1 < . . . < cM = C̄, the boundary β(C̄,∆
(C̄)
c⃗

) over the grid points is always finite

(and therefore uniformly bounded from above); see (4.7,4.8), and the boundary at

the terminal point cM = C̄ is clearly zero.

4.1 Implementation of the Method

Recall that we are expecting the dynamic programming recursions

U (C̄,∆
(C̄)
c⃗

)(q, ci) = min
{
0 , E(q,ci)

0

[ ∫ δi

0

(
Qt −

1

α
fθ(Ct)

)
dt+ U (C̄,∆

(C̄)
c⃗

)(Qδi , ci+1)
]}

for i ∈ {0, 1, . . . ,M − 1}, with U (C̄,∆
(C̄)
c⃗

)(q, C̄) = 0, to be satisfied. To implement

the method, we start by deciding a δ value for the time-discretization of the

C-space. δ denotes the mesh of the grid ∆C̄
c⃗ = {c0, c1, ..., cM} with c0 = 0 and

cM = C̄. We then put a grid on the Q-space, as well. The key point here is that,

the maximum value for this grid should be large enough that it includes the whole

continuation region. In other words, U (C̄,∆
(C̄)
c⃗

)(q, ci) must be 0 for some q on this

grid. For any q value larger than this, the function will be also 0. For the first

iteration, since we have U (C̄,∆
(C̄)
c⃗

)(q, C̄) = 0, the first inequality to be satisfied is

U (C̄,∆
(C̄)
c⃗

)(q, cM−1) = min
{
0 , E(q,cM−1)

0

[ ∫ δi

0

(
Qt −

1

α
fθ(Ct)

)
dt
]}

= min
{
0 , qδ + I(cM−1, δ)

}
.

For the ongoing iterations we need the expectation

E(q,ci)
0

[
U (C̄,∆

(C̄)
c⃗

)(Qδi , ci+1)
]
.

This term can be approximated when δ is small using infinitesimal probabilities

of the Poisson process as

E(q,ci)
0

[
U (C̄,∆

(C̄)
c⃗

)(Qδi , ci+1)
]
≈ (1− λ0δ) · U (C̄,∆

(C̄)
c⃗

)(x(q, ci, δ), ci+1)+
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λ0δ · E(q,ci)
0

[
U (C̄,∆

(C̄)
c⃗

)(
λ1
λ0
h(Y1)x(q, ci, δ), ci+1)

]
= (1− λ0δ) · U (C̄,∆

(C̄)
c⃗

)(x(q, ci, δ), ci+1)+

λ0δ ·
∫
Rd

U (C̄,∆
(C̄)
c⃗

)(
λ1
λ0
h(y)x(q, ci, δ), ci+1) ν0(dy).

Observe that for the calculation of U (C̄,∆
(C̄)
c⃗

)(., ci) values, we require

U (C̄,∆
(C̄)
c⃗

)(., ci+1) values, which we have already calculated. For this purpose, we

use interpolation on the Q-grid of the U (C̄,∆
(C̄)
c⃗

)(., ci+1) values. On the other hand,

for the integral with respect to the ν0 measure, we use standard approximation

methods for the integration. As a final remark, since we don’t have a monotone

boundary for every prior density, we should check at each step that Q-grid con-

tains the whole continuation region. For each ci value, the smallest q value that

satisfies U (C̄,∆
(C̄)
c⃗

)(q, ci) = 0 is chosen as the boundary for that ci value. The next

section explains how to use this boundary to raise an alarm for a sample path.

4.2 Alarm Rule

For this example, the prior density

fθ(x) =
3

2
1[0, 1

3
]∪[ 2

3
,1](x)

was used. Other problem parameters are λ0 = 40, λ1 = 50, α = 5, ν0 = N (0, 1)

and ν1 = N (0.2, 1).
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Figure 4.1: Sample path for the disorder problem with the stopping boundary,

α = 5

Figure 4.1 depicts the sample path of the process Qt (red) and the boundary

curve (black). The disorder time is θ = 0.25, is shown in pink. The boundary

curve separates the space into the continuation and the stopping region. Below

this curve, the value function is less than zero, and above this curve, it is zero.

Thus, when the process Q passes above this curve, we should raise an alarm and

stop the system. Observe that, the boundary changes over time. This means
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that, our threshold, in other words willingness to stop the process changes, as

well. In this case, we tend to continue on the interval [1
3
, 2
3
], since there is no

new information coming on this interval. This specific disorder density will be

discussed in detail later. After the disorder, the arrival frequency and the mean of

the marks increase in this problem, resulting Q to grow rapidly and excessively.

For this sample path, the user stops the system at the first arrival after the

disorder.

For the second example, α value is taken to be 1, instead of 5, for the same

sample path. This means that we are penalizing an expected delay with a cost

that is five times lower. One intuitive result is that we expect the system to be

stopped later than the first case.

36



θ

0.0

2.5

5.0

7.5

10.0

0.00 0.25 0.50 0.75 1.00
Time

Q

θ
0

1

2

3

0.25 0.30 0.35 0.40
Time

Q

Figure 4.2: Sample path for the disorder problem with the stopping boundary,

α = 1

This is indeed observed: in the first case, the system is stopped at the first

arrival after the disorder, while in the second case, it is stopped at the sixth

arrival after the disorder. The reason is, waiting for more information is not as

costly as the first case. In the next chapter, we will investigate different prior

densities and their various properties.
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Chapter 5

Numerical Examples

In this chapter, to investigate boundary behavior of different prior densities, we

will provide results for six numeric examples. The first example is a mixed uniform

prior where the decision maker knows that no disorder will occur within certain

sub-intervals. For the second example, to explore the relationship between the

variance of the disorder time and the Bayesian risk, Gamma prior is visited.

The third and the fourth problem deals with a phase-type and an asymptotic

prior, respectively. For the fifth problem, a mixed uniform approximation for the

exponential prior is considered. Lastly, a credit card fraud detection problem is

visited, this problem is motivated by the work of Buonaguidi et al. [17]. For the

solution of these problems, time discretization method was adopted.

5.1 Mixed Uniform Problem

On a time interval, when the decision maker has a belief that the disorder will

certainly not happen on some sub-intervals, but can happen on anywhere else

with equal probability, they can use a mixed uniform prior for the disorder. The

purely uniform case was studied by Ürü et al. [24]. For this problem, disorder

38



densities

fθ,1(x) =
3

2
1[0, 1

3
]∪[ 2

3
,1](x) and fθ,2(x) =

3

4
1[0, 1

3
]∪[ 2

3
,1]∪[ 4

3
, 5
3
]∪[2, 7

3
](x).

were used. Other parameters are λ0 = 5, λ1 = 1, α = 0.2, ν0 = N (0, 1) and

ν1 = N (0.2, 1).

Figure 5.1: Stopping boundaries for two different mixed uniform priors

On the support of the density, the boundary curves show a monotone decreas-

ing behavior, this result is indeed expected from the previous studies. However,

where the probability is zero, the opposite behavior is observed. The intuition

here is that, during these intervals, decision maker does not receive any addi-

tional information since they know that disorder will not happen here. On the

other hand, we observed that the Bayesian risk for the second problem is higher.

This is again intuitive as the detection becomes more risky when the number of

intervals with zero probability increase.

5.2 Gamma Problem

This problem was motivated by the question of whether the detection risk is

monotonically related to the variance of the disorder time. We worked on fifty

different Gamma priors with constant mean 1 and changing variance. The shape

parameter α and the rate parameter β were taken as the same value (denoted by
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κ) on the interval 0.1, 0.2, . . . , 5. In this case, the density becomes

fθ(x) =

 κκ

Γ(κ)
xκ−1e−κx, if x ∈ [0,∞),

0, otherwise.

Observe that the mean of the disorder time is E[θ] = 1 for each of these cases,

while the variance is equal to V ar(θ) = 1
κ
. The problem was revisited with three

different α values 0.2, 1 and 5. Resulting κ vs. Bayes risk plots are shown for

each problem below for stochastic and deterministic problems. By determinis-

tic problem, we mean that the stopping times are selected from F0-measurable

deterministic times. Naturally, the risk is higher than the stochastic optimiza-

tion problem. For all of the Gamma problems, parameters λ0 = 5, λ1 = 1,

ν0 = N (0, 1), ν1 = N (0.2, 1) and C̄ was chosen for each problem such that

P{θ > C̄} < 10−4.
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Figure 5.2: Risk for the stochastic and the deterministic problems for three dif-

ferent α values

Intuitively, one would expect the detection to be less risky when the variance

decreases, as κ increases, in other words. However, we do not observe a monotone

relationship between variance and risk in this case. For κ values less than 1, de-

tection is less risky due to the asymptotic behavior of the gamma density around

0 for these κ values. As κ increases, the shape of the density changes, making

detection more risky. However, for higher values of κ, the density concentrates

around the mean, leading to a decrease in risk. Moreover, the difference between

the risks of deterministic and stochastic optimization problems decreases as α

increases. This is also intuitive, as the cost of expected delay increases, waiting

for new information becomes more costly for the decision maker.
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Figure 5.3: Stopping boundaries for two different Gamma priors

Finally, Figure 5.3, depicts the stopping boundaries for the Gamma problem

with two different κ values. Shapes of these curves are coherent with their density

plots.

5.3 Phase-Type Problem

Phase-type densities for the compound Poisson disorder problem were studied by

Bayraktar and Sezer [18]. A phase-type density represents the distribution of time

spent in a Markov chain, before absorption. They are useful for approximating

other densities but suffer from the high dimensionality problem. We revisited the

problem using our time discretization method. Figure 5.4 displays the stopping

boundary for the problem, which has a similar shape with the gamma problem

above.

The generator matrix A was used (shown below) for this problem. Moreover,

initial state probabilities are π⃗ = [0.25, 0.55, 0.1, 0.1, 0], and problem parameters
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are π = 0, λ0 = 2, λ1 = 1, ν0 = N (0, 1), ν1 = N (0.2, 1), α = 1 and C̄ = 20.

A =



−1 0.6 0.25 0.1 0.05

0.15 −2 1 0.5 0.35

0.35 1 −2 0.15 0.5

0.1 1 1 −3 0.9

0 0 0 0 0


If we denote

S =


−1 0.6 0.25 0.1

0.15 −2 1 0.5

0.35 1 −2 0.15

0.1 1 1 −3

 and s =


0.05

0.35

0.5

0.9

 ,

then

fθ(x) = π⃗ · exp(xS) · s,

Fθ(x) = 1− π⃗ · exp(xS) · 1⃗, x ∈ [0,∞).

0.0

0.1

0.2

0.3

0.4

0 5 10 15 20
c

q

Figure 5.4: Stopping boundary for the phase-type prior
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5.4 An Asymptotic Problem

For this problem, the density

fθ(x) =


1

4
√
x
, if x ∈ [0, 1],

1
4
√
x−1

, if x ∈ [1, 2],

0, otherwise,

was used. Observe that f(0+) = f(1+) = ∞. The stopping boundary for this

problem is unbounded, however, as mentioned in Corollary 4. Using the time

discretization method, we can find such upper bound for our discrete boundary.

0

10

20

30

0.0 0.5 1.0 1.5 2.0
c

q

Figure 5.5: Stopping boundary for the asymptotic prior

Due to the asymptotic behavior of the density at points 0 and 1, the boundary

curve tends to halt the process at these points.
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5.5 Mixed Uniform Distribution for Approxi-

mation

For this problem, exponential density

fθ(x) =

e−x, if x ∈ [0,∞),

0, otherwise.

was visited using two different methods. Firstly, exponential density itself, and

secondly, a mixed uniform approximation of the density.

The problem parameters are π = 0, λ0 = 0.1, λ1 = 0.2, ν0 = N (0, 1), ν1 =

N (0.2, 1), α = 1 and C̄ = 20. For the mixed uniform prior, the interval [0, 20]

is divided into 500 sub-intervals {[s0, s1], ..., [s499, s500]} with equal lengths, 0.04.

Moreover, pj =
∫ sj
sj−1

e−x dx for j = 1, ..., 500. At each interval [sj−1, sj], the

density takes the value pj/(sj − sj−1).
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Figure 5.6: Stopping boundaries for the exponential problem

Figure 5.6 displays the stopping boundaries for both cases which look quite

similar, as expected. Moreover, the results were satisfying with Uapprox(0, 0) =

−0.3089 and U(0, 0) = −0.3088, hence Vapprox(0) = 0.6911 and V (0) = 0.6912.
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5.6 Fraud Problem

For this case, Buonaguidi et al.’s study [17] was revisited. For the fraud time,

instead of an exponential prior, we worked on a special density where we consider

two functions

h1(t) =

1 for t ∈ (0, 1),

0 elsewhere,
h2(t) =

288(t− 11
12
) for t ∈ (11

12
, 1),

0 elsewhere,

and for a given parameter β ∈ (0, 1),

h(t) = βh1(t) + (1− β)h2(t).

Here, a year is assumed to have a length one. Function h, gives a weighted average

of the functions h1 and h2, where h2 denotes the increasing fraud activity at the

end of the year, last month, in particular. Increasing shopping pattern due to

New Year’s Eve or Christmas was motivated this idea.

Additionally, let us assume that there is a fraud activity with probability

p ∈ (0, 1) on a given year. If there is no fraud activity that year, it will be in the

following year independently with probability p again. In other words, the first

year where there will be a fraud activity is a geometrically distributed random

variable with parameter p. For its corresponding continuous version, where we

aim to detect the disorder on a continuous interval, considering the function h, if

we denote the number of years elapsed before t, as It := ⌊t⌋, we obtain the prior

density

fθ(t) = (1− p)It p h(t− ⌊t⌋), t ≥ 0,

for the time of fraud activity. For illustration, density plots for some (β, p) pairs

are given below.
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Figure 5.7: Density plots for the fraud problem

For this problem, parameters were obtained from [17], instead of a daily setup,

we have worked on an annual setup. λ0 = 492.75 (365 · 1.35), λ1 = 1098.65

(365 · 3.01), ν0 = N (2.5, 1.5), ν1 = N (4.1, 3.12). Additionally, for an alter-

native setup, we allowed Poisson arrivals to also have independent Bernoulli(p)

distributed marks where p0 = 0.1 and p1 = 0.9. In this context, normally dis-

tributed marks can correspond to logarithm of spending amounts, while Bernoulli

marks can depict several features, such as whether the spending is online, whether

it is within a geographic region, etc. C̄ was chosen for each problem such that

P{θ > C̄} < 5 · 10−6. α was assumed to be 0.2. For fixed β = 0.5, p values of

0.6, 0.7, 0.8, 0.9, 0.95, 0.99 were investigated.
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Figure 5.8: Plots on the fraud problem

Figure 5.8a shows how the Bayes risk changes with δ and p. Observe that,

for this problem, as p decreases, the truncated problem’s C̄ value increases. An

increasing time interval increases the Bayesian risk, which the plot also confirms.

Figure 5.8b depicts the proportional change of risk with decreasing δ. As it is

expected, the risk converges as δ decreases, and the convergence is independent

of the p value. One key observation is that, during discretization, we consider

that with a probability of (1−λ0δ), no jump will occur, and with a probability of

λ0δ, a jump will occur over an interval of length δ. However, we do not consider

scenarios where two or more jumps occur. Since we have a quite high λ1 value

in our problem, δ should be selected carefully for the numerical methods. Figure

5.8c displays the effect of δ on the proportional difference between problems

with and without Bernoulli marks. This plot also supports the argument about
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the choice of δ, as after the fourth δ value, a monotone increasing and then

stabilizing behavior is observed. Figure 5.8d indicates that the difference between

two problems increases, as p increases.This result is also intuitive because as the

time interval of the problem decreases, the value of the information increases.
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Figure 5.9: A sample path example of the fraud problem

Figure 5.9 depicts a sample path for the Fraud problem. The pink dashed line

indicates the disorder time θ. Here, β = 0.5, p = 0.7, p0 = 0.1 and p1 = 0.9.

Observe that the system rings an alarm at the third arrival after the disorder.

Especially the drastic change in λ and Bernoulli parameter p after the disorder

amplifies the post-disorder behavior of the process Q.
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Part II

Misspecified Wiener Disorder

Problem
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In Chapter 6, the Wiener misspecification problem and the required model-

ing elements will be explained, and the value function for the optimal stopping

problem will be constructed. In Chapter 7, the original problem with the true

parameters will be discussed, and a solution method for the calculation of the

value function will be presented. In Chapter 8, the misspecified problem will be

investigated in detail, and in Chapter 9, the solution method for this problem

using simulations will be discussed. Finally, in Chapter 10, a numerical example

dealing with a real-life scenario will be presented. Long proofs and some other

mathematical results will be presented in Appendix B.
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Chapter 6

Model and Problem Description

In this chapter, we construct the mathematical model for our asset selling prob-

lem, express the value function for the corresponding optimal stopping problem,

and later introduce the misspecified problem with incorrect parameters. Note

that, for the second part of the thesis, each notation will be defined separately

from the first part. Do not assume any notation in the context of the first study.

6.1 Model

On a probability space (Ω,F ,P) hosting a Wiener process W and an independent

non-negative random variable θ, we consider a simple market model with a risk-

free asset and a risky asset whose market values R and S respectively evolve with

the dynamics

dRt

Rt

= rdt and
dSt
St

= [µ1{t<θ} + ν1{θ≤t}]dt+ σdWt,

with σ > 0, r ∈ R+ and ν < r < µ. Here, θ denotes the random unknown and

unobservable time where the drift of the underlying model changes from µ to ν.

θ has the prior density

P{θ = 0} = π P{θ > t} = (1− π)e−λt (6.1)
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with λ > 0 and π ∈ [0, 1).

If we define the process X as

Xt := µt+ (ν − µ)(t− θ)+ + σWt,

we can write

dSt
St

= dXt.

With R0 = 1, we have Rt = ert, and starting from some level S0, using Itô’s

lemma, the value of the risky asset can be written as

St = S0 exp{Xt −
1

2
σ2t}, t ≥ 0,

and its discounted value is

Pt = e−rtSt = S0 exp{Xt − rt− 1

2
σ2t}.

We consider the problem of finding the optimal stopping time to sell a risky asset

with the objective of maximizing the expected earning (or linear utility)

sup
τ

E[1{τ<∞}Pτ ]. (6.2)

Let us assume that a probability measure P∞ is locally related with the prob-

ability measure P with

Lt =
dP
dP∞

∣∣∣
Ft∨σ(θ)

= 1{t<θ} +
ξt
ξθ
1{θ≤t}, t ≥ 0,

in terms of the process

ξt = e(
ν−µ

σ2 )Xt− 1
2
( ν

2−µ2

σ2 )t, t ≥ 0.

Observe that this new probability measure has the property that change never

occurs (or occurs at time ∞), and X and θ are independent stochastic compo-

nents. Hence, under this measure, X is a Brownian motion with drift µ, and θ

has the same zero-modified exponential distribution given in (6.1).
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6.2 Problem with Correct Parameters

The problem with correct parameters aims to find an a.s. finite stopping time that

maximizes the expected discounted stock price. In this section, we will reformu-

late the original problem with an optimal stopping problem, using a Markovian

process.

Let us now introduce the odds-ratio process

Φt :=
E[1{θ≤t}|Ft]

E[1{θ>t}|Ft]
= eλtξt

[
π

1− π
+

∫ t

0

λe−λu
1

ξu
du

]
,

with the dynamics

dΦt = λ(1 + Φt)dt+ βΦt
1

σ
(dXt − µdt) where β =

ν − µ

σ
.

If we also define a new probability measure PQ such that

dPQ
dP∞

∣∣∣
Ft∨σ(θ)

= exp {Xt − µt− 1

2
σ2t}, t ≥ 0,

using Itô’s rule, Fubini’s theorem and independence of θ and X under PQ, as
shown in Appendix, for τ <∞, we have

E[Pτ ] = S0

[
1− (1− π)(r − ν)EQ

∫ τ

0

e−γu [Φu − k] du

]
.

So if we define

V (ϕ) = inf
τ
EϕQ
∫ τ

0

e−γt [Φt − k] dt, (6.3)

where ϕ = Φ0, then

sup
τ

E[1{τ<∞}Pτ ] = S0

[
1− (1− π)(r − ν)V (

π

1− π
)

]
. (6.4)

Observe that in our case, Φ0 =
π

1−π .

Remark 3. Observe that ϕ → V (ϕ), is an increasing concave function of ϕ,

which is bounded above by 0. Hence, there exists ϕ∗ > 0 such that the problem is

separated into a continuation region

C = {ϕ > 0 : ϕ < ϕ∗ and V (ϕ) < 0},

and a stopping region

S = {ϕ > 0 : ϕ ≥ ϕ∗ and V (ϕ) = 0}.
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6.3 Problem with Incorrect Parameters

Let π̃, λ̃, µ̃ and ν̃ denote the choices by a decision maker for the parameters π, λ,

µ and ν respectively. Assume that at least one of their choices is incorrect. In this

case, the decision maker will solve an another optimization problem using these

parameters, thus processes. Throughout, the tilde symbol ˜ will be also used for

the expressions calculated by the decision maker using incorrect parameters. For

instance β̃ := ν̃−µ̃
σ
. Moreover, processes ξ and Φ used by the decision maker while

solving the problem turn into

ξ̃t = e(
ν̃−µ̃

σ2 )Xt− 1
2
( ν̃

2−µ̃2

σ2 )t and Φ̃t = eλ̃tξ̃t

[
π̃

1− π̃
+

∫ t

0

λ̃e−λ̃u
1

ξ̃u
du

]
,

with the dynamics

dξ̃t = β̃ξ̃t
1

σ
(dXt − µ̃dt)

= β̃ξ̃t
(µ− µ̃)

σ
dt+ β̃ξ̃t

1

σ
(dXt − µdt)

and

dΦ̃t = λ̃(1 + Φ̃t)dt+ β̃Φ̃t
1

σ
(dXt − µ̃dt)

=

(
λ̃+

[
λ̃+ β̃

(µ− µ̃)

σ

]
Φ̃t

)
dt+ β̃Φ̃t

1

σ
(dXt − µdt).

As it will be explained in details in Chapter 4, the decision maker finds ϕ̃∗ by

solving the problem with the incorrect parameters, and uses the corresponding

stopping time τ̃ ∗ in calculations, while they think they found the optimal one

that minimizes (6.3). Hence, what they get is

H(ϕ, ϕ̃) := EϕQ
∫ τ̃∗

0

e−γt [Φt − k] dt. (6.5)

Thus in (6.4) they will use H( π
1−π ,

π̃
1−π̃ ), instead of V ( π

1−π ).

Next two chapters will explain the solution method for the problem with both

correct and incorrect parameters.
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Chapter 7

Problem with Correct

Parameters

In this chapter, we will provide the solution of the original problem with correct

parameters. To achieve this, we need to understand the behavior of the pro-

cess Φ under the probability measure PQ, which turns out to be an Itô process.

Subsequently, two solution methods will be presented.

7.1 The Dynamics of Φ under PQ

Observe that, under P∞, the change never occurs. Moreover, we have

dPQ
dP∞

∣∣∣
Ft∨σ(θ)

= exp {Xt − µt− 1

2
σ2t}, t ≥ 0.

Note that, since the change never occurs we can write Xt − µt− 1
2
σ2t as

Xt − µt− 1

2
σ2t =

∫ t

0

σ dW (∞)
s − 1

2

∫ t

0

σ2 ds.

whereW (∞) is the Wiener process under the measure P∞. By Girsanov’s theorem,

we have

W
(Q)
t = W

(∞)
t −

∫ t

0

σ ds,
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dW
(Q)
t = dW

(∞)
t − σdt.

We had stated that

dΦt = λ(1 + Φt)dt+ βΦt
1

σ
(dXt − µdt)

and under P∞, 1
σ
(Xt − µt) is a standard Brownian motion. Now,

dΦt = λ(1 + Φt)dt+ βΦt

[
1

σ
(dXt − µdt)− σdt

]
+ βΦtσdt

dΦt = [λ+ (λ+ σβ)Φt] dt+ βΦt

[
1

σ
(dXt − µdt)− σdt

]
.

Using our previous result we know that under PQ, Zt =
[
1
σ
(Xt − µt)− σt

]
is a

standard Brownian motion. So under this new measure, Φ is an Itô process with

dynamics

dΦt = [λ+ (λ+ σβ)Φt] dt+ βΦtdZt.

7.2 Solution of the Original Problem

Remember that our value function was

V (ϕ) := inf
τ
E
∫ τ

0

e−γt(Φt − k) dt,

where the underlying process has the dynamics

dΦt = [λ+ (λ+ σβ)Φt] dt+ βΦtdZt.

Now let us consider a general case where

dΦt = ℓ(Φt)dt+ βΦtdZt

for some constant β and some linear function ℓ(ϕ) = ℓ0 + ℓ1ϕ with ℓ0 > 0. The

other constants k and γ are positive and ϕ denotes the starting point of the

process Φ. E is the expectation with respect to the some probability measure

under which Z is a Wiener process.
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Lemma 5. For 0 < a < b, a continuous function fa,b solving

−γfa,b(ϕ) + ℓ(ϕ)f ′
a,b(ϕ) +

1

2
β2σ2f ′′

a,b(ϕ) + ϕ− k = 0 for ϕ ∈ (a, b) (7.1)

and fa,b = 0 for ϕ /∈ (a, b), we have

fa,b(ϕ) = E
∫ τa,b

0

e−γt(Φt − k) dt,

where τa,b is the first exit time of Φ from the interval (a, b). Moreover, if we define

fb := lima↘0 fa,b(ϕ) and extend it at the origin as fb(0) = fb(0+), we have

fb(ϕ) = E
∫ τb

0

e−γt(Φt − k) dt,

where τb is the first exit time of Φ from the interval [0, b).

Proof. The proof is given in the Appendix B.4.

Lemma 6. With the choice of b for which f ′
b(b−) = 0, fb satisfies the variational

inequalities

fb(ϕ) < 0

1

2
β2ϕ2f ′′

b (ϕ) + ℓ(ϕ)f ′
b(ϕ)− γfb(ϕ) + (ϕ− k) = 0

 , ϕ ∈ [0, b)

fb(ϕ) = 0

1

2
β2ϕ2f ′′

b (ϕ) + ℓ(ϕ)f ′
b(ϕ)− γfb(ϕ) + (ϕ− k) > 0

 , ϕ ∈ [b,∞)

Moreover, this b is the unique value which satisfies∫ b

0

2ψ(t)

β2t2sΦ(t)
(t− k) dt = 0, (7.2)

where ψ is the strictly increasing solution of the homogeneous differential equation

in (7.1) and

sΦ(ϕ) :=

(
e

ℓ0
ϕ

ϕℓ1

) 2
β2

.
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Proof. The proof is given in the Appendix B.5.

Proposition 3. If f : R+ → R satisfies the inequalities

f(ϕ) ≤ 0

1

2
β2ϕ2f ′′(ϕ) + ℓ(ϕ)f ′(ϕ)− γf(ϕ) + (ϕ− k) ≥ 0

 , ϕ ∈ [0,∞)

then f minorizes the value function

inf
τ
E
∫ τ

0

e−γt [Φt − k] dt.

Proof. Using Itô’s rule and above inequalities, for any stopping time T

f(ϕ) = −E
∫ T

0

e−γt
[
1

2
β2Φ2

tf
′′(Φt) + ℓ(Φt)f

′(Φt)− γf(Φt)

]
dt+ E

[
e−γTf(ΦT )

]
≤ −E

∫ T

0

e−γt
[
1

2
β2Φ2

tf
′′(Φt) + ℓ(Φt)f

′(Φt)− γf(Φt)

]
dt

≤ E
∫ T

0

e−γt [Φt − k] dt.

Corollary 5. With the choice of b as given above,

E
∫ τb

0

e−γt [Φt − k] dt = inf
τ
E
∫ τ

0

e−γt(Φt − k) dt =: V (ϕ).

Proof. This is a direct result of Lemma 6 and Proposition 3.

Hence, one needs to solve the Equation (7.2) and find such b, then use it as the

exit boundary for the process Φ for the calculation of the expectations. However,

finding the function ψ is not an easy task for every differential equation. Dayanik

et al. [35] used a sequential approximation method for the calculation of ψ.
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7.3 Solution Using Markov Chain Approxima-

tion

To solve the original problem, we use the method of Kushner and Dupuis [49] for

the Markov chain approximation of the process Φ. To approximate the process

Φ, use the fact that we want to find the expectation

Vγ(ϕ) = inf
τ
Eϕ
[∫ τ

0

e−γt(Φt − k) dt

]
.

When γ = 0,

1

2
β2ϕ2V ′′

0 (ϕ) + ℓ(ϕ)V ′
0(ϕ) + (ϕ− k) = 0

should be satisfied for ϕ ∈ [0, ϕ∗), which we can approximate by

1

2
β2ϕ2V

h
0 (ϕ+ h) + V h

0 (ϕ− h)− 2V h
0 (ϕ)

h2
+ ℓ+(ϕ)

V h
0 (ϕ+ h)− V h

0 (ϕ)

h

− ℓ−(ϕ)
V h
0 (ϕ)− V h

0 (ϕ− h)

h
+ (ϕ− k) = 0

for a small h > 0. If we arrange the terms, we get

V h
0 (ϕ) =

1
2
β2ϕ2 + hℓ+(ϕ)

β2ϕ2 + h|ℓ(ϕ)|
V h
0 (ϕ+ h) +

1
2
β2ϕ2 + hℓ−(ϕ)

β2ϕ2 + h|ℓ(ϕ)|
V h
0 (ϕ− h)+

h2

β2ϕ2 + h|ℓ(ϕ)|
(ϕ− k).

If we define

ph(ξh, ξh ± h) =
1
2
β2ξh

2
+ hℓ±(ξh)

β2ξh2 + h|ℓ(ξh)|
,

∆th(ξh) =
h2

β2ξh2 + h|ℓ(ξh)|
,

we can approximate the corresponding process Φ with the Markov chain Ξhtn
starting from ξh ∈ {0, h, 2h, ...} and uses the above transition probabilities and

holding times. Observe that holding times are deterministic for each state.

If we define an auxiliary value function as

V h(ξh) = inf
Nh

Eξh
Nh−1∑

n=0

(Ξtn − k) e−γt
h
n
1− e−γ∆t

h
n

γ

 ,
60



we expect the dynamic programming equation

V h(ξh) = min
{
0, (ξh − k) · 1− e−γ∆t

h(ξh)

γ
+ (7.3)

e−γ∆t
h(ξh)

[
ph(ξh, ξh + h)V h(ξh + h) + ph(ξh, ξh − h)V h(ξh − h)

]}
to be satisfied. Now, for a Borel function w : R+ → [−k/γ, 0] we define the

operator

(Hhw)(ξh) = min
{
0, (ξh − k) · 1− e−γ∆t

h(ξh)

γ
+ (7.4)

e−γ∆t
h(ξh)

[
ph(ξh, ξh + h)w(ξh + h) + ph(ξh, ξh − h)w(ξh − h)

] }
.

Lemma 7. Let

v0 ≡ 0

vn ≡ Hhvn−1.

as n→ ∞, vn converges to V h uniformly over any compact interval.

Proof. Observe that in the norm supξh≤ξ̄ | · |, the operator Hh is a contraction

mapping over any finite interval. For bounded Borel functions w, v : R+ →
[−k/γ, 0] we have

sup
ξh≤ξ̄

|Hhw −Hhv| ≤
{
max
ξh≤ξ̄

e−γ∆t
h(ξh)

}
sup
ξh≤ξ̄

|w − v|

where
{
maxξh≤ξ̄ e

−γ∆th(ξh)
}
< 1. Moreover, from (7.3) it is clear that HhV h =

V h. Using Banach’s fixed-point theorem, we obtain the result.

Therefore, to find the function V h, one should select h > 0 such that

ph(h, 2h) >> ph(h, 0). Once h is selected, the Ξh space should be divided into

an equally spaced grid of length h, where the function value will be initiated

to 0 at each grid point. Then, the operator Hh will be applied to each point

iteratively, until a convergence is reached. If Ξhmax is selected large enough, the

grid should contain the entire continuation region. Otherwise, one should select a

larger Ξhmax. The smallest grid point which takes the value 0 after the convergence

will be assigned as ϕ∗, and will be used for calculations later.
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Chapter 8

Misspecification

In this chapter, we will provide the dynamics of process Φ̃ under the measure

PQ, which turns out to be an Itô process, as well. This property of Φ and Φ̃ pair

characterizes them as a 2-dimensional Itô process, run by a 1-dimensional Wiener

process.

8.1 The Dynamics of Φ̃ under PQ

Note that

dΦ̃t =

(
λ̃+

[
λ̃+ β̃

(µ− µ̃)

σ

]
Φ̃t

)
dt+ β̃Φ̃t

[
1

σ
(dXt − µdt)− σdt

]
+ β̃Φ̃tσdt

=

(
λ̃+

[
λ̃+ β̃

[
σ +

(µ− µ̃)

σ

]]
Φ̃t

)
dt+ β̃Φ̃t

[
1

σ
(dXt − µdt)− σdt

]
.

Moreover, we had stated that, under PQ, Zt =
[
1
σ
(Xt − µt)− σt

]
is a standard

Brownian motion. Hence, under PQ, Φ̃t is an Itô process with the dynamics

dΦ̃t =

(
λ̃+

[
λ̃+ β̃

[
σ +

(µ− µ̃)

σ

]]
Φ̃t

)
dt+ β̃Φ̃tZt.

So the decision maker solves another optimal stopping problem with the incorrect

parameters

γ̃ = r + λ̃− µ̃, k̃ =
µ̃− r

r − ν̃
and ϕ̃ =

π̃

1− π̃
,
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using the process Φ̃ and finds an ϕ̃∗. The first time Φ̃t exits from the interval

[0, ϕ̃) is a stopping time denoted as τ̃ ∗ = inf{t ≥ 0 : Φ̃t ≥ ϕ̃∗}. Observe that

this is the stopping time the decision maker uses for the calculation of the value

function with the correct parameters. This miscalculated function is denoted by

H(ϕ, ϕ̃) and defined as

H(ϕ, ϕ̃) := EϕQ
∫ τ̃∗

0

e−γt [Φt − k] dt.

Here, the intuition is that the true process Φ with the true parameters run si-

multaneously with the incorrect process Φ̃, the decision maker stops the system

when Φ̃ passes ϕ̃∗, however the true integrand (using the process Φ) is accumu-

lated until this time and the incorrectly calculated expected earnings using this

value become

S0

[
1− (1− π)(r − ν)E

π
1−π

Q

∫ τ̃∗

0

e−γt [Φt − k] dt

]
= S0

[
1− (1− π)(r − ν)H(

π

1− π
,

π̃

1− π̃
)

]
≤ S0

[
1− (1− π)(r − ν)V (

π

1− π
)

]
= S0

[
1− (1− π)(r − ν)E

π
1−π

Q

∫ τ∗

0

e−γt [Φt − k] dt

]
.

The inequality is an immediate result of the fact that τ̃ ∗ is a sub-optimal stopping

time for the original problem.

8.2 On the Function H(ϕ, ϕ̃)

Processes Φ and Φ̃ use the same Wiener process under the measure PQ. Hence,

their dynamics under this measure can be written as

d

[
Φt

Φ̃t

]
=

 λ+ (λ+ σβ)Φt

λ̃+
[
λ̃+ β̃

[
σ + (µ−µ̃)

σ

]]
Φ̃t

 dt+ [βΦt

β̃Φ̃t

]
dZt

where Z is the standard Brownian motion under PQ whereas β and β̃ are equal

to ν−µ
σ

and ν̃−µ̃
σ
, respectively. Observe that H(ϕ, ϕ̃) = 0 for ϕ ∈ R+, ϕ̃ ≥ ϕ̃∗, by
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definition. For a function f : R2
+ → R with the boundary condition f(., ϕ̃∗) = 0,

using Itô’s formula we can write

E
[
e−γτ̃

∗
f(Φτ̃∗ , Φ̃τ̃∗)− f(ϕ, ϕ̃)

]
=

E
[∫ τ̃∗

0

−γe−γtf(Φt, Φ̃t) dt

]
+ E

[∫ τ̃∗

0

e−γtfϕ(Φt, Φ̃t)a(Φt) dt

]
+

E
[∫ τ̃∗

0

e−γtfϕ̃(Φt, Φ̃t)ã(Φ̃t) dt

]
+

1

2
E
[∫ τ̃∗

0

e−γtfϕϕ(Φt, Φ̃t)b
2(Φt) dt

]
+

1

2
E
[∫ τ̃∗

0

e−γtfϕ̃ϕ̃(Φt, Φ̃t)b̃
2(Φ̃t) dt

]
+ E

[∫ τ̃∗

0

e−γtfϕϕ̃(Φt, Φ̃t)b(Φt)b̃(Φ̃t) dt

]
.

Here

a(ϕ) = λ+ (λ+ σβ)ϕ, ã(ϕ̃) = λ̃+

[
λ̃+ β̃

[
σ +

(µ− µ̃)

σ

]]
ϕ̃,

b(ϕ) = βϕ, b̃(ϕ̃) = β̃ϕ̃,

fϕ, fϕ̃ and fϕϕ, fϕ̃ϕ̃, fϕϕ̃ denote the first and the second order partial derivatives

of f , respectively. Using these results we can conclude that to find our function

H(ϕ, ϕ̃), we should solve

−γf(ϕ, ϕ̃)+a(ϕ)fϕ(ϕ, ϕ̃) +
1

2
b2(ϕ)fϕϕ(ϕ, ϕ̃)+

ã(ϕ̃)fϕ̃(ϕ, ϕ̃) +
1

2
b̃2(ϕ̃)fϕ̃ϕ̃(ϕ, ϕ̃) + b(ϕ)b̃(ϕ̃)fϕϕ̃(ϕ, ϕ̃) + ϕ− k = 0.

However, this equation does not yield a general closed-form solution and re-

quires advanced methods to solve. To address this issue, we have used Monte

Carlo simulations to calculate expectations, which will be explained in detail in

the next chapter.
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Chapter 9

Solution of the Misspecified

Problem

In this chapter, two methods to find the function H(ϕ, ϕ̃) will be provided. Both

of these methods will use Monte Carlo simulations to find the corresponding

expectation. Observe that, the calculation of the function H(ϕ, ϕ̃) is a two-stage

process.

1. Finding ϕ̃∗ by solving the original problem with the incorrect parameters

2. Calculating EϕQ
∫ τ̃∗
0
e−γt [Φt − k] dt by using the corresponding stoping time

τ̃ ∗.

For the first part, the solution method mentioned in Chapter 3 was used, the

user enters the incorrect parameters to the algorithm and finds ϕ̃∗ value. For the

second part, Monte Carlo simulations were used. Since H(ϕ, ϕ̃) is an expectation,

the realized values of the random variable∫ τ̃∗

0

e−γt [Φt − k] dt (9.1)

were calculated for a large number of sample paths and their mean was used for

approximating H(ϕ, ϕ̃). Two methods were adopted for the simulations: Markov
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chain approximation, and Euler’s method. Moreover, to decrease the variance

of the simulations for the Euler’s method, antithetic and control variables were

used.

Recall that, the dynamics of the processes Φ and Φ̃ are

d

[
Φt

Φ̃t

]
=

 λ+ (λ+ σβ)Φt

λ̃+
[
λ̃+ β̃

[
σ + (µ−µ̃)

σ

]]
Φ̃t

 dt+ [βΦt

β̃Φ̃t

]
dZt.

Therefore, at each step, the same Wiener sample path should be used for the

calculation of (9.1). Once we have the value of ϕ̃∗, each simulation is stopped

when the process Φ̃ passes this threshold value, in other words, at the realized

value of the random variable τ̃ ∗. During the simulation, the integral is calculated

using the process Φ as a cumulative sum, and which gives the required result.

Next two sections describe two different method of simulations used in this study.

9.1 Markov Chain Approximation Method

Let us define a new process Ψ as Ψt := β̃ log Φt − β log Φ̃t. Using Itô’s formula,

we can write its dynamics with Φ̃ as

d

[
Ψt

Φ̃t

]
=

λβ̃ [1 + 1
Φt

]
− λ̃β

[
1 + 1

Φ̃t

]
− ββ̃

[
β−β̃
2

+ µ−µ̃
σ

]
λ̃+

[
λ̃+ β̃

[
σ + (µ−µ̃)

σ

]]
Φ̃t

 dt+ [ 0

β̃Φ̃t

]
dZt,

or without using Φ, as

d

[
Ψt

Φ̃t

]
=

λβ̃
[
1 + e

−Ψt+β log Φ̃t
β̃

]
− λ̃β

[
1 + 1

Φ̃t

]
− ββ̃

[
β−β̃
2

+ µ−µ̃
σ

]
λ̃+

[
λ̃+ β̃

[
σ + (µ−µ̃)

σ

]]
Φ̃t

 dt+ [ 0

β̃Φ̃t

]
dZt.

The process Ψ is a first order process satisfying

dΨt = a(Φt, Φ̃t) dt,

where

a(Φt, Φ̃t) = λβ̃

[
1 +

1

Φt

]
− λ̃β

[
1 +

1

Φ̃t

]
− ββ̃

[
β − β̃

2
+
µ− µ̃

σ

]
.
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Hence, we can write the approximation

Ψt+∆t ≈ Ψt + a(Φt, Φ̃t)∆t,

or equivalently,

β̃ log Φt+∆t − β log Φ̃t+∆t ≈ β̃ log Φt − β log Φ̃t + a(Φt, Φ̃t)∆t.

Re-arranging the terms we obtain

Φt+∆t ≈ Φt

(
Φ̃t+∆t/Φ̃t

)β/β̃
e

a(Φt,Φ̃t)

β̃ ∆t.

Hence, we can use the Markov chain approximation described in the Section 7.3

for the process Φ̃, and find the value of the process Φ accordingly, for the calcula-

tions. In other words, at time t, the approximation of Φ̃t+∆t, which is Ξ̃h
t+∆th(Ξ̃h

t )

is calculated, and the corresponding approximation of the process Φ, which is

Ξh, is obtained. Observe that the ∆t value in the formula was replaced with

∆th(Ξ̃ht ) value of the Markov chain approximation. Each process was assumed to

be constant over this period of time, thus∫ t+∆th(Ξ̃h
t )

t

e−γs [Φs − k] ds ≈ (Ξht − k)
1

γ
e−γt(1− e−γ∆t

h(Ξ̃h
t )),

and ∫ τ̃∗

0

e−γs [Φs − k] ds ≈
Nh−1∑
n=0

(Ξhtn − k)
1

γ
e−γtn(1− e−γ∆t

h(Ξ̃h
tn

)).

Where Nh denotes the stopping time defined as Nh := inf{n ∈ N : Ξ̃htn ≥ ϕ̃∗}.

9.2 Euler’s Method

To use this method, we use the fact that for a fixed small ∆t > 0 and Z ∼ N (0, 1)

we can approximate the change in processes Φt and Φ̃t as

∆

[
Φt

Φ̃t

]
≈

 λ+ (λ+ σβ)Φt

λ̃+
[
λ̃+ β̃

[
σ + (µ−µ̃)

σ

]]
Φ̃t

∆t+

[
βΦt

β̃Φ̃t

]
√
∆tZ. (9.2)
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Here ∆Φt and ∆Φ̃t denotes Φt+∆t − Φt and Φ̃t+∆t − Φ̃t respectively. The idea is

that Wt+∆t −Wt ∼ N (0,∆t), for a Wiener process W.

To run the simulation, we initiate the processes Φ and Φ̃ with ϕ and ϕ̃ values.

At each step, ∆t amount of time is passed and the processes are updated using

(9.2) for their new values at time t+∆t. Observe that the key point here is that

two processes are updated using the same Z, as they are running with respect to

the same Wiener Process. The calculation of the required function is the same

with the Markov chain method. The simulation is stopped when the process Φ̃

passes ϕ̃∗, and the cumulative sum of the integrand gives the result.

We used two methods to reduce the variance of the Euler simulations: an-

tithetic and control variables. Next two subsections explain the application of

these methods.

9.2.1 Method of Antithetic Variables

Observe that for the Euler’s method, we use standard normal variable Z at each

step of the simulation. Because of its symmetric density, we have P{Z ∈ dz} =

P{−Z ∈ dz}. Hence, at each step of the simulation, we can use both Z and −Z
to simulate our processes. More precisely,

∆

[
Φ1
t

Φ̃1
t

]
≈

 λ+ (λ+ σβ)Φ1
t

λ̃+
[
λ̃+ β̃

[
σ + (µ−µ̃)

σ

]]
Φ̃1
t

∆t+

[
βΦ1

t

β̃Φ̃1
t

]
√
∆tZ

∆

[
Φ2
t

Φ̃2
t

]
≈

 λ+ (λ+ σβ)Φ2
t

λ̃+
[
λ̃+ β̃

[
σ + (µ−µ̃)

σ

]]
Φ̃2
t

∆t−

[
βΦ2

t

β̃Φ̃2
t

]
√
∆tZ.

Here Φ1, Φ̃1 and Φ2, Φ̃2 denote the processes generated simultaneously by Z

and −Z, respectively. When both Φ̃1 and Φ̃2 reach to ϕ̃∗, we stop calculating

the integrals using Φ1 and Φ2 respectively. At the end of the simulation, these

results’ average is calculated and counted as a single simulation result. The

reason is that these results are not independent of each other. However, each

simulation’s averaged result is independent of the other simulations’ results.
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9.2.2 Method of Control Variables

For this method, we will use an alternative unbiased estimator for our simulations.

Recall that we are trying to find the expectation

EϕQ
∫ τ̃∗

0

e−γt [Φt − k] dt.

If we denote the random variable inside of the expectation with X, on our simula-

tions, we use the sample mean X̄, which is an unbiased estimator to approximate

our random variable X. Now suppose that we have a random variable Y , with a

known mean µY . In this case for α ∈ R and n ∈ N

1

n

n∑
i=1

[Xi + α(Yi − µY )] (9.3)

is also an unbiased estimator for our simulations. Since each simulation is inde-

pendent, we know that the variance of this estimator is

Var

(
1

n

n∑
i=1

Xi + α(Yi − µY )

)
=

1

n2

n∑
i=1

Var (Xi + α(Yi − µY )) =
1

n
Var(Xi + αYi)

=
1

n

[
σ2
X + α2σ2

Y + 2ασX,Y
]
.

Where σ2
X and σ2

Y are the variance of X and Y , respectively. σX,Y denotes the

covariance of these random variables. We want to minimize our simulation error

by choosing α accordingly. Using standard optimization arguments, we know

that the α value that minimizes this expression is

α∗ = −σX,Y
σ2
Y

.

If we use this value, our resulting variance becomes

Var(Xi + α∗Yi) = σ2
X −

σ2
X,Y

σ2
Y

= σ2
X

(
1−

σ2
X,Y

σ2
Xσ

2
Y

)
= σ2

X(1− ρ2X,Y ). (9.4)

Where ρX,Y denotes the correlation of X and Y . Note that 0 is an alternative

for α, so we are guaranteed to decrease our simulation error using this method.

Secondly, we should select a Y , that is highly correlated with our random variable

X (see (9.4)).
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We need to come up with an estimate of α∗ to use in our simulations. To that

end, before our main simulations, we run a preliminary simulation and estimate

α∗ with

α̂∗ = −
∑n1

j=1(Xi − X̄)(Yi − Ȳ )∑n1

j=1(Yi − Ȳ )2
.

When we use this value on our simulations, we can estimate the error of our esti-

mator with Ŝ√
n
, where Ŝ is the sample standard deviation of our main simulations

with α̂∗.

Finding a control variable

To implement this method, we need to come up with a random variable Y ,

which has a known mean and can be calculated during our simulations. Recall

that the dynamics of the process Φ̃ are

dΦ̃t = (λ̃+ ℓ̃Φ̃t) dt+ βΦ̃t dZt,

where ℓ̃ := λ̃ + β̃
[
σ + (µ−µ̃)

σ

]
(and we assume ℓ̃ ̸= 0 for the moment). One can

verify that the function

f(ϕ̃) = 1 +
ℓ̃

λ̃
ϕ̃

solves the equation

−ℓ̃f(ϕ̃) + (λ̃+ ℓ̃ϕ̃)f ′(ϕ̃) +
1

2
β2ϕ̃2f ′′(ϕ̃) = 0.

Then for 0 < a < ϕ̃ < ϕ̃∗, if we denote τ̃a = inf{t > 0 : Φ̃t ≤ a}, using Itô’s

lemma we have

E
[
e−ℓ̃(τ̃a∧τ̃

∗)f(Φ̃τ̃a∧τ̃∗)− f(ϕ̃)
]
= 0.

So we have a random variable Y ≡ e−ℓ̃(τ̃a∧τ̃
∗)f(Φ̃τ̃a∧τ̃∗) with the known mean

µY = f(ϕ̃). Moreover, note that the realizations of Y can be calculated easily

during our simulations. This Y is useful when ℓ̃ < 0. If ℓ̃ > 0, we can find a

simpler Y using dominated convergence theorem and the entry-not-exit property

of the origin, we can let a↘ 0 and rewrite

lim
a↘0

E
[
e−ℓ̃(τ̃a∧τ̃

∗)f(Φ̃τ̃a∧τ̃∗)− f(ϕ̃)
]
= E

[
lim
a↘0

e−ℓ̃(τ̃a∧τ̃
∗)f(Φ̃τ̃a∧τ̃∗)− f(ϕ̃)

]
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= E
[
e−ℓ̃τ̃

∗
f(Φ̃τ̃∗)− f(ϕ̃)

]
= E

[
e−ℓ̃τ̃

∗
f(ϕ̃∗)− f(ϕ̃)

]
= 0.

So when ℓ̃ > 0, we can use Y ≡ e−ℓ̃τ̃
∗
f(ϕ̃∗) with the known mean µY = f(ϕ̃).

On the other hand, when ℓ = 0, the dynamics of the process Φ̃ become

dΦ̃t = λ̃ dt+ βΦ̃t dZt.

Using Itô’s lemma, we can write

E[Φ̃τ̃a∧τ̃∗ − ϕ̃] = λ̃E[τ̃a ∧ τ̃ ∗].

Again, using dominated convergence theorem, if we let a↘ 0, we can write

lim
a↘0

E[Φ̃τ̃a∧τ̃∗ − ϕ̃] = E[lim
a↘0

Φ̃τ̃a∧τ̃∗ − ϕ̃] = E[Φ̃τ̃∗ − ϕ̃] = ϕ̃∗ − ϕ̃

= λ̃ lim
a↘0

E[τ̃a ∧ τ̃ ∗] = λ̃E[lim
a↘0

τ̃a ∧ τ̃ ∗] = λ̃E[τ̃ ∗].

Hence, when ℓ̃ = 0, we can use Y ≡ τ̃ ∗ with the known mean µY = ϕ̃∗−ϕ̃
λ̃

.

For numerical examples, both of these methods were used. Because each sim-

ulation is independent, sample paths were created in parallels. Since it is a

simpler algorithm, Euler method worked faster than the Markov chain method.

Moreover, both antithetic variables and control variables reduced the variance

significantly. However, antithetic variables performed slightly better than the

control variables. Finally, we also tried implementing both antithetic and control

variable methods together, but this did not improve the performance more than

antithetics themselves.

9.3 A Sample Path Example

In this section, we will explain how the system is stopped by the decision maker

for a sample path. The problem parameters are µ = 0.6, ν = −0.5, µ̃ = 0.7,

ν̃ = −0.2, λ = λ̃ = 0.9, π = π̃ = 0, r = 0.47 and σ = 0.2.
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Figure 9.1: Sample path for the Φ and Φ̃ processes

Figure 9.1 illustrates the realized processes Φ (blue) and Φ̃ (orange) for a

sample path of X. The disorder happens at θ = 0.4618. The decision maker

solves the optimal stopping problem with their incorrect parameters and find ϕ̃∗

as 2.42 which is depicted with the orange dashed line. While the solution with

the correct parameters yields ϕ∗ as 0.634, depicted with the blue dashed line. The

decision maker stops the process when Φ̃ passes ϕ̃∗, therefore in this case delays

to stop the system.

In the next chapter, we will provide a real-life example of the problem from the

literature and do a sensitivity analysis on the misspecification of various problem

parameters.
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Chapter 10

Numerical Examples

In this chapter, we will provide numerical results for the misspecification prob-

lem, using Shiryaev et al.’s [42] study on Apple stock price bubble of 2009-2012.

This paper deals with the problem of when to sell a stock in the presence of a

bubble. Specifically, starting from March 2009, it was assumed that the drift

of the underlying Brownian motion that models the stock price will change be-

fore December, 2012. For this problem, authors adopted a uniform prior as the

disorder density. Moreover, eight different entering dates were considered, each

trading day was assumed to have a length of ∆t = 0.01. Each entering date was

assumed to be the initial point of the disorder density (t = 0) and the distance

from the last day of 2012 was denoted by T , thus the disorder was distributed

Unif ∼ [0, T ]. For the problem parameters, the drift before the disorder was de-

termined by using historical stock prices. For the post-disorder drift, a scenario

analysis was conducted. If the pre-disorder drift is µ, cases where post-disorder

rate is ν = −0.5µ,−µ,−2µ,−3µ is investigated.

This paper motivated us to ask what happens if a decision maker uses incorrect

parameters for solving the disorder problem, turning it into a parameter misspec-

ification problem. We investigated three different scenarios: first, where the post-

disorder drift (ν) was misspecified; second, where both the pre- and post-disorder

drifts (µ and ν) were misspecified; and lastly, where the density parameter of the

73



underlying prior (λ) was misspecified. The entry date of December 31, 2009, was

chosen, making T = 7.53. λ was chosen such that P{θ ≤ 7.53} > 0.999. For the

risk-free rate r, the three-year treasury bond return rate was considered. Finally,

for the initial stock price S0, pre-disorder rate µ, and volatility σ, the parameters

specified in the paper were used.

10.1 First Scenario: Misspecification of the

Post-Disorder Drift

For the first scenario, the misspecification of the post-disorder rate

was of interest. We investigated seven different cases where ν =

−0.5µ,−0.75µ,−µ,−1.5µ,−2µ,−2.5µ,−3µ. For each case, ν̃ was allowed to take

these values, as well. Since the pre-disorder rate can be obtained from historical

data, measuring the effect of choosing an incorrect post-disorder rate becomes

valuable in this context. Observe that when ν = ν̃, the problem turns into

the original detection problem. Other parameters are: S0=$210.73, λ = 0.92,

µ = 0.452, π = 0, σ = 0.186.

74



0

2

4

6

−1 0 1 2 3 4 5
Relative Difference

R
el

at
iv

e 
D

ev
ia

nc
e 

(%
)

ν

0.5

0.75

1

1.5

2

2.5

3

Figure 10.1: The effect of the decision maker’s parameter for a fixed correct

parameter
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Figure 10.2: The effect of the correct parameter when the decision maker’s pa-

rameter is fixed

Figure 10.3: The effect of the correct and incorrect parameters for Scenario 1

The two plots in Figure 10.3 depict the effect of the difference between correct
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and incorrect parameters. More precisely, the x-axes denote

Relative Difference1 =
ν̃ − ν

ν
and Relative Difference2 =

ν − ν̃

ν̃
,

respectively. And y-axes denote how much the discounted prices calculated by

incorrect parameters deviate from the discounted prices calculated by correct

parameters. More precisely,

Relative Deviance (%)

=

∣∣∣∣∣∣
S0

[
1− (1− π)(r − ν)H(ϕ, ϕ̃)

]
− S0 [1− (1− π)(r − ν)V (ϕ)]

S0 [1− (1− π)(r − ν)V (ϕ)]

∣∣∣∣∣∣ · 100%
=

∣∣∣∣∣∣
−(1− π)(r − ν)

[
H(ϕ, ϕ̃)− V (ϕ)

]
1− (1− π)(r − ν)V (ϕ)

∣∣∣∣∣∣ · 100%.
As it is expected, when the distance between correct and incorrect parameters

increases, the deviance from the true discounted price increases, as well. One

key observation here is that, choosing a pessimistic post-disorder rate, then the

true post-disorder rate, costs more than the case of choosing an optimistic post-

disorder rate. For example, ν = −0.5µ, ν̃ = −3µ case is worse than ν = −3µ,

ν̃ = −0.5µ case. The intuition is that the decision maker expects a sharp change

when ν̃ = −3µ, however that doesn’t happen, thus the stopping delays. However,

when ν̃ = −0.5µ, the decision maker is ready to stop the process even for a slight

change, which is happening because ν = −3µ.
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Figure 10.4: 1% Tolerance regions for seven different user parameters

Figure 10.4 depicts the 1% tolerance regions for the seven different cases men-

tioned above. Tolerance here means that when user specifies its parameter for

the model (ν̃), what is the range of true parameters (ν) such that the deviation

from the true discounted price does not exceeds 1%.

10.2 Second Scenario: Misspecification of the

Pre- and Post-disorder Drifts

For the second scenario, the decision maker believes that the magnitude of the pre-

and post-disorder rates is the same, i.e. µ = −ν. It was assumed that indeed this

is the case, however, the decision maker is not certain about this magnitude. In

this case, a natural question arises: whether misspecification of both parameters

affects the deviation from the correct objective value more than misspecification

of these parameters individually. To investigate this, three different options were

considered across two cases. Firstly, keeping µ and ν fixed, variations were made

in only µ̃, only ν̃, and both µ̃ and ν̃. Secondly, with fixed µ̃ and ν̃, variations were
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made in µ, ν, and both µ and ν. µ = −ν = 0.5 ·0.226 and µ̃ = ν̃ = 0.5 ·0.226 were

used as base cases. Other parameters were the same with the previous example.
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Figure 10.5: The effect of the decision maker’s parameters when the correct

parameters are µ = −ν = 0.5 · 0.226
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Figure 10.7: The effect of the correct and incorrect parameters for Scenario 2
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Figure 10.7 displays the results for these cases. Even ν and ν̃ behaves mono-

tonically, that is not the case for µ and µ̃. A possible answer for this interesting

result is that, the decision maker solve the optimization problem with parameter

γ̃ = r+ λ̃− µ̃ to obtain ϕ̃∗ and the true problem is solved by γ = r+λ−µ. So for

both cases, a high value of µ and µ̃ turns the problem into a trivial problem where

it is never optimal to stop or it is optimal to stop immediately. Parameter ν or ν̃

does not have such relation with other problem parameters. Finally, Figure 10.8

displays the 0.5% tolerance interval for the case where µ = −ν and µ̃ = −ν̃. µ̃
and ν̃ were changed to ±5% and ±10% from 0.5 · 0.226.
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Figure 10.8: 0.5% Tolerance regions for five different user parameters

10.3 Third Scenario: Misspecification of the

Mean Time to Disorder

For the last scenario, we considered the misspecification of λ. Here, λ̃ denotes

the decision maker’s belief about where they expect the disorder to most likely

occur. In our problems we have used λ = 0.92 as the base case. λ and λ̃ were

changed to ±5% and ±10% from 0.92. As it is seen in Figure 10.11, a monotone
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deviance behavior was observed for fixed λ and λ̃.
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Figure 10.9: The effect of the decision maker’s parameter for a fixed correct

parameter
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Figure 10.10: The effect of the correct parameter when the decision maker’s

parameter is fixed

Figure 10.11: The effect of the correct and incorrect parameters for Scenario 3
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Figure 10.13: 1% Tolerance regions for five different user parameters (b)

Figure 10.14: 1% Tolerance regions for five different user parameters

The first plot in Figure 10.14 displays the 1% tolerance interval for λ param-

eter. The second plot pictures a similar result in the perspective of the mean

of the disorder time, which is 1/λ. Tolerance ranges for these five parameters

approximately have the same length, so decision maker can expect a consistent
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tolerance interval for their choice of λ on the proximity of these values.
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Chapter 11

Conclusion

For this thesis, we revisited compound Poisson and misspecified Wiener disor-

der problems, where the decision maker aims to detect the change in process

parameters as quickly as possible.

For the compound Poisson problem, we relaxed the previous assumptions on

the prior distribution of the disorder time. Previously, Dayanık and Sezer [14] fo-

cused on an exponential prior, whereas Ürü et al. [24] focused on a uniform prior.

In our problem, a general prior was considered. To solve the problem, successive

approximations and time discretization were used where time discretization of-

fered a faster and a more efficient solution. However, there is a strong assumption

that the pre- and post-disorder parameters are known. For future studies, this as-

sumption may also be relaxed by allowing for the randomness of these parameters

or considering interval estimations for them. Moreover, like the Wiener disorder

problem, a misspecifaction analysis can be hold for the compound Poisson case,

as well.

For the Wiener problem, we worked on an asset-selling problem, where the un-

derlying stock was modeled by a geometric Brownian motion. A misspecification

analysis was conducted for this problem, where we allowed the decision maker to

enter certain problem parameters incorrectly. In this case, it was observed that
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the process used to solve the original problem also becomes an Itô process under

our auxiliary probability measure. For the solution of the original problem, we

used Markov chain approximation and a jump operator, and for the incorrect

problem, we used Monte Carlo simulations. It was assumed that the drift param-

eter is constant before the disorder and stays constant after it changes with the

disorder. However, stocks usually behave unpredictable and it is generally not

possible to model them with fixed values for a long period of time. For future

studies, a staged formulation of the problem can be considered where the decision

maker updates these parameters.
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Appendix A

Detailed Calculations for the

Compound Poisson Disorder

Problem

A.1 Calculation of the Bayes Risk

The false alarm frequency is

P{θ > τ} = E[1{θ>τ}] = E0[Zτ∧θ1{θ>τ}]

= E0[Zτ1{θ>τ}] = P0{θ > τ}

= E0[(1− π)

∫ ∞

τ

fθ(t)dt] = E0[(1− π)(1−
∫ τ

0

fθ(t)dt)]

= 1− π − (1− π)E0

∫ τ

0

fθ(t)dt,

and the expected delay is

E[(τ − θ)+] = E
[
1{τ≥θ}

∫ τ

θ

dt
]
= E

[∫ ∞

0

1{θ≤t}1{τ>t} dt

]
=

∫ ∞

0

E[1{θ≤t}1{τ>t}] dt =
∫ ∞

0

E0[Zt1{θ≤t}1{τ>t}]dt

=

∫ ∞

0

E0[E0[Zt1{θ≤t}1{τ>t}|Ft]] dt =

∫ ∞

0

E0[1{τ>t}E0[Zt1{θ≤t}|Ft]]dt
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= E0

[∫ ∞

0

1{τ>t}E0[Zt1{θ≤t}|Ft] dt

]
= E0

[∫ τ

0

E0[Zt1{θ≤t}|Ft] dt

]
= (1− π)E0

∫ τ

0

1

1− π
E0[Zt1{θ≤t}|Ft]dt.

In this case, the Bayesian risk becomes

Rτ (π) = P{θ > τ}+ αE[(τ − θ)+]

= 1− π − (1− π)E0

∫ τ

0

fθ(t)dt+

α(1− π)E0

∫ τ

0

1

1− π
E0[Zt1{θ≤t}|Ft]dt

= (1− π) + α(1− π)E0

∫ τ

0

( 1

1− π
E0[Zt1{θ≤t}|Ft]−

1

α
fθ(t)

)
dt.

A.2 Dynamics of Q and C

Recall that,

Qt = Rt

[
q +

∫ t

0

fθ(Cu)
1

Ru

du
]

and Ct = c+ t,

where q = Q0, c = C0.

For t = Wi

dQjump
t = Qt −Qt−

= Rt

[
q +

∫ t

0

fθ(Cu)
1

Ru

du
]
−Rt−

[
q +

∫ t

0

fθ(Cu)
1

Ru

du
]

= Rt−

[λ1
λ0
h(Yi)

][
q +

∫ t

0

fθ(Cu)
1

Ru

du
]
−Rt−

[
q +

∫ t

0

fθ(Cu)
1

Ru

du
]

= Rt−

[
q +

∫ t

0

fθ(Cu)
1

Ru

du
][λ1
λ0
h(Yi)− 1

]
= Qt−

[λ1
λ0
h(Yi)− 1

]
For Wi ≤ t < Wi+1

dQt = (dRt)
[
q +

∫ t

0

fθ(Cu)
1

Ru

du
]
+Rtd

[
q +

∫ t

0

fθ(Cu)
1

Ru

du
]
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= −(λ1 − λ0)Rtdt
[
q +

∫ t

0

fθ(Cu)
1

Ru

du
]
+Rt

[
fθ(Ct)

1

Rt

]
dt

= −(λ1 − λ0)Qtdt+ fθ(Ct)dt

= [fθ(Ct)− (λ1 − λ0)Qt]dt.

Hence

dQt =

[fθ(Ct)− (λ1 − λ0)Qt]dt, if t ∈ (Wi,Wi+1),

Qt−

[
λ1
λ0
h(Yi+1)− 1

]
, if t = Wi+1,

and

dCt = dt.

When Wi < t < Wi+1

dQt

dt
= fθ(Ct)− (λ1 − λ0)Qt

Q′
t + (λ1 − λ0)Qt = fθ(Ct)

d(Qte
(λ1−λ0)t) = e(λ1−λ0)tfθ(Ct)

if we integrate on [Wi, t],

Qte
(λ1−λ0)t −QWi

e(λ1−λ0)Wi =


∫ t
Wi
e(λ1−λ0)ufθ(Cu)du if λ0 ̸= λ1∫ t

Wi
fθ(Cu)du if λ0 = λ1

and

Qt =

QWi
e−(λ1−λ0)(t−Wi) + e−(λ1−λ0)t

∫ t
Wi
e(λ1−λ0)ufθ(Cu)du, if λ0 ̸= λ1,

QWi
+
∫ t
Wi
fθ(Cu)du, if λ0 = λ1,

or equivalently

Qt =

e
−(λ1−λ0)(t−Wi)

[
QWi

+
∫ t−Wi

0
e(λ1−λ0)ufθ(CWi

+ u)du
]
, if λ0 ̸= λ1,

QWi
+
∫ t−Wi

0
fθ(CWi

+ u)du, if λ0 = λ1.

When t = Wi+1

dQt = Qt−

[λ1
λ0
h(Yi+1)− 1

]
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QWi+1
= QWi+1−

[λ1
λ0
h(Yi+1)

]

QWi+1
=



λ1
λ0
h(Yi+1)

[
e−(λ1−λ0)(Wi+1−Wi)

(
QWi

+
∫Wi+1−Wi

0
e(λ1−λ0)ufθ(CWi

+ u)du
)]
,

if λ0 ̸= λ1,

h(Yi+1)
[
QWi

+
∫Wi+1−Wi

0
fθ(CWi

+ u)du
]
,

if λ0 = λ1.

A.3 Proof of Lemma 2

Proof. For q1 < q2 and fixed c, let τ̃ϵ denote an ϵ-optimal rule starting from (q1, c),

which is also feasible rule starting from (q2, c). We have

U (C̄)(q2, c) ≤ E(q2,c)
0

∫ τϵ

0

Qt dt−
1

α
E0,c

∫ τϵ

0

fθ(Ct) dt,

E(q1,c)
0

∫ τϵ

0

Qt dt−
1

α
E0,c

∫ τϵ

0

fθ(Ct) dt ≤ U (C̄)(q1, c) + ϵ.

Thus we have

U (C̄)(q2, c)− U (C̄)(q1, c) ≤ E(q2,c)
0

∫ τϵ

0

Qt dt− E(q1,c)
0

∫ τϵ

0

Qt dt

= E0

∫ τϵ

0

Rt(q2 +

∫ t

0

1

Ru

fθ(c+ u) du) dt− E0

∫ τϵ

0

Rt(q1 +

∫ t

0

1

Ru

fθ(c+ u) du) dt

= E0

∫ τϵ

0

Rt(q2 − q1) dt = (q2 − q1)E0

∫ τϵ

0

Rt dt ≤ (q2 − q1)E0

∫ C̄

0

Rt dt

= (q2 − q1)

∫ C̄

0

E0[Rt] dt = (q2 − q1)C̄.

Where we have used Fubini’s theorem and the martingale property of Rt in

the last two equations. Moreover for a fixed c, U (C̄)(q, c) is non-decreasing with

respect to increasing q. Thus we can write,

0 ≤ U (C̄)(q2, c)− U (C̄)(q1, c) ≤ (q2 − q1)C̄,

93



by the arbitrariness of ϵ.

For c1 < c2 and fixed q, let τϵ ≤ C̄ − c1 denote an ϵ-optimal rule starting from

(q, c1), then τϵ ∧ (C̄ − c2) is also a feasible rule starting from (q, c2). We have

U (C̄)(q, c2) ≤ E(q,c2)
0

∫ τϵ∧(C̄−c2)

0

(Qt −
1

α
fθ(Ct))dt

E(q,c1)
0

∫ τϵ

0

(Qt −
1

α
fθ(Ct))dt ≤ U (C̄)(q, c1) + ϵ.

Let us try to bound the difference E(q,c2)
0

∫ τϵ∧(C̄−c2)
0

(Qt − 1
α
fθ(Ct))dt −

E(q,c1)
0

∫ τϵ
0
(Qt − 1

α
fθ(Ct))dt. Observe that for a deterministic time t,

E(q,c)
0 [Qt] = E0,c[Rt(q +

∫ t

0

1

Rs

fθ(Cs)ds)]

= q +

∫ t

0

fθ(Cs)ds = q +

∫ t

0

fθ(c+ s)ds.

Using the linearity of integral,

E(q,c2)
0

∫ τϵ∧(C̄−c2)

0

(Qt −
1

α
fθ(Ct))dt− E(q,c1)

0

∫ τϵ

0

(Qt −
1

α
fθ(Ct))dt

= E(q,c2)
0

∫ τϵ∧(C̄−c2)

0

Qt dt− E(q,c1)
0

∫ τϵ

0

Qt dt−

E0,c2

∫ τϵ∧(C̄−c2)

0

1

α
fθ(Ct) dt+ E0,c1

∫ τϵ

0

1

α
fθ(Ct) dt.

Using the fact that τϵ∧ (C̄−c2) ≤ τϵ, non-negativity and the martingale property

of the process R,

E(q,c2)
0

∫ τϵ∧(C̄−c2)

0

Qt dt− E(q,c1)
0

∫ τϵ

0

Qt dt

= E0

[∫ τϵ∧(C̄−c2)

0

Rt

(
q +

∫ t

0

1

Ru

fθ(c2 + u) du
)
dt
]
−

E0

[∫ τϵ

0

Rt

(
q +

∫ t

0

1

Ru

fθ(c1 + u) du
)
dt
]

= q
(
E0

∫ τϵ∧(C̄−c2)

0

Rt dt− E0

∫ τϵ

0

Rt dt
)
+

E0

[∫ τϵ∧(C̄−c2)

0

Rt

∫ t

0

1

Ru

fθ(c2 + u) du dt
]

− E0

[∫ τϵ

0

Rt

∫ t

0

1

Ru

fθ(c1 + u) du dt
]
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≤ E0

[∫ τϵ

0

Rt

∫ t

0

1

Ru

fθ(c2 + u) du dt
]
−E0

[∫ τϵ

0

Rt

∫ t

0

1

Ru

fθ(c1 + u) du dt
]

= E0

[∫ τϵ

0

Rt

∫ t

0

1

Ru

[fθ(c2 + u)− fθ(c2 + u)] du dt
]

≤ E0

[∫ τϵ

0

Rt

∫ t

0

1

Ru

|fθ(c1 + u)− fθ(c2 + u)| du dt
]

≤
∫ C̄−c1

0

∫ t

0

|fθ(c1 + u)− fθ(c2 + u)| du dt

≤ C̄

∫ C̄−c1

0

|fθ(c1 + u)− fθ(c2 + u)| du

= C̄

∫ C̄

c1

|fθ(u)− fθ(u− (c1 − c2))| du

≤ C̄

∫ C̄

0

|fθ(u)− fθ(u− (c1 − c2))| du.

Moreover using the fact that c1 < c2,

− E0,c2

∫ τϵ∧(C̄−c2)

0

1

α
fθ(Ct) dt+ E0,c1

∫ τϵ

0

1

α
fθ(Ct) dt

= − 1

α
E0,c2

∫ τϵ∧(C̄−c2)

0

fθ(Ct) dt+
1

α
E0,c1

∫ τϵ

0

fθ(Ct) dt

= − 1

α
E0

∫ τϵ∧(C̄−c2)

0

fθ(c2 + t) dt+
1

α
E0

∫ τϵ

0

fθ(c1 + t) dt

= − 1

α
E0

[∫ τϵ∧(C̄−c2)

0

fθ(c2 + t) dt−
∫ τϵ

0

fθ(c1 + t) dt

]

= − 1

α
E0

[∫ (τϵ+c2)∧C̄

c2

fθ(t) dt−
∫ τϵ+c1

c1

fθ(t) dt

]

= − 1

α
E0

[
Fθ((τϵ + c2) ∧ C̄)− Fθ(c2)− Fθ(τϵ + c1) + Fθ(c1)

]

=
1

α
E0

[
Fθ(c2)− Fθ(c1) + Fθ(τϵ + c1)− Fθ((τϵ + c2) ∧ C̄)

]
≤ 1

α
[Fθ(c2)− Fθ(c1)].

For c1 < c2 and fixed q, let τ̃ϵ ≤ C̄ − c2 denote an ϵ-optimal rule starting from

(q, c2), then τ̃ϵ is also a feasible rule starting from (q, c1). We have

E(q,c2)
0

∫ τ̃ϵ

0

g(Qt, Ct) dt ≤ U (C̄)(q, c2) + ϵ,
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U (C̄)(q, c1) ≤ E(q,c1)
0

∫ τ̃ϵ

0

g(Qt, Ct) dt,

hence

E(q,c2)
0

∫ τ̃ϵ

0

g(Qt, Ct) dt− E(q,c1)
0

∫ τ̃ϵ

0

g(Qt, Ct) dt ≤ U (C̄)(q, c2)− U (C̄)(q, c1) + ϵ.

Let us try to find a lower bound for the term on the left.

E(q,c2)
0

∫ τ̃ϵ

0

g(Qt, Ct) dt− E(q,c1)
0

∫ τ̃ϵ

0

g(Qt, Ct) dt

= E(q,c2)
0

∫ τ̃ϵ

0

Qt dt−
1

α
E0,c2

∫ τ̃ϵ

0

fθ(Ct) dt

− E(q,c1)
0

∫ τ̃ϵ

0

Qt dt+
1

α
E0,c1

∫ τ̃ϵ

0

fθ(Ct) dt.

Firstly,

E(q,c2)
0

∫ τ̃ϵ

0

Qt dt− E(q,c1)
0

∫ τ̃ϵ

0

Qt dt

= E0

∫ τ̃ϵ

0

Rt

[
q +

∫ t

0

fθ(c2 + u)
1

Ru

du
]
dt− E0

∫ τ̃ϵ

0

Rt

[
q +

∫ t

0

fθ(c1 + u)
1

Ru

du
]
dt

= E0

∫ τ̃ϵ

0

Rt

∫ t

0

1

Ru

[fθ(c2 + u)− fθ(c1 + u)] du dt

= E0

∫ τ̃ϵ

0

∫ t

0

Rt

Ru

[fθ(c2 + u)− fθ(c1 + u)]+ du dt−

E0

∫ τ̃ϵ

0

∫ t

0

Rt

Ru

[fθ(c2 + u)− fθ(c1 + u)]− du dt

≥ −E0

∫ τ̃ϵ

0

∫ t

0

Rt

Ru

[fθ(c2 + u)− fθ(c1 + u)]− du dt

≥ −E0

∫ C̄−c2

0

∫ t

0

Rt

Ru

[fθ(c2 + u)− fθ(c1 + u)]− du dt

= −
∫ C̄−c2

0

∫ t

0

[fθ(c2 + u)− fθ(c1 + u)]− du dt

≥ −C̄
∫ C̄−c2

0

[fθ(c2 + u)− fθ(c1 + u)]− du.

Where the last equality is because of the Fubini’s theorem and martingale prop-

erty of R. Secondly,

1

α
E0,c1

∫ τ̃ϵ

0

fθ(Ct) dt−
1

α
E0,c2

∫ τ̃ϵ

0

fθ(Ct) dt
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=
1

α
E0

[∫ τ̃ϵ

0

fθ(c1 + t)− fθ(c2 + t) dt
]

=
1

α
E0

[∫ τ̃ϵ

0

[fθ(c1 + t)− fθ(c2 + t)]+ dt
]
− 1

α
E0

[∫ τ̃ϵ

0

[fθ(c1 + t)− fθ(c2 + t)]− dt
]

≥ − 1

α
E0

[∫ τ̃ϵ

0

[fθ(c1 + t)− fθ(c2 + t)]− dt
]

≥ − 1

α
E0

[∫ C̄−c2

0

[fθ(c1 + t)− fθ(c2 + t)]− dt
]

= − 1

α

∫ C̄−c2

0

[fθ(c1 + t)− fθ(c2 + t)]− dt.

Note that

− C̄

∫ C̄−c2

0

[fθ(c2 + u)− fθ(c1 + u)]− du− 1

α

∫ C̄−c2

0

[fθ(c1 + u)− fθ(c2 + u)]− du

≥ min{−C̄,− 1

α
}
[∫ C̄−c2

0

[fθ(c2 + u)− fθ(c1 + u)]− du+∫ C̄−c2

0

[fθ(c1 + u)− fθ(c2 + u)]− du
]

= min{−C̄,− 1

α
}
∫ C̄−c2

0

|fθ(c2 + u)− fθ(c1 + u)| du

= min{−C̄,− 1

α
}
∫ C̄

c2

|fθ(u)− fθ(u− (c2 − c1))| du

≥ min{−C̄,− 1

α
}
∫ C̄

0

|fθ(u)− fθ(u− (c2 − c1))| du.

Combining these two inequalities, by the arbitrariness of ϵ we get

min{−C̄,− 1

α
}
∫ C̄

0

|fθ(u)− fθ(u− (c2 − c1))| du ≤ U (C̄)(q, c2)− U (C̄)(q, c1)

≤ C̄

∫ C̄

0

|fθ(u)− fθ(u− (c1 − c2))| du+
1

α
[Fθ(c2)− Fθ(c1)], for c1 < c2.

Observe that,

lim
δ→0

∫ C̄

0

|fθ(t)− fθ(t− δ)| dt = 0,

hence expressions
∫ C̄
0
|fθ(u)− fθ(u− (c2 − c1))| du and

∫ C̄
0
|fθ(u)− fθ(u− (c1 −

c2))| du goes to 0, as c1 → c2.
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A.4 Proof of Proposition 2

Proof. We will use a characterization of F -stopping times by Davis [16] and

Brémaud [51].

Lemma 8. For every F-stopping time τ and every n ∈ N0, there is an FWn

measurable random variable Rn : Ω → [0,∞] such that τ ∧Wn+1 = (Wn + Rn) ∧
Wn+1 P0-a.s. on the event {τ ≥ Wn}.

Firstly we will show that

E(q,c)
0

[∫ τ∧τC̄∧Wn

0

g(Qt, Ct)dt
]
≥ v(C̄)

n (q, c) for every n ∈ N0. (A.1)

If we can show

E(q,c)
0

[∫ τ∧τC̄∧Wn

0

g(Qt, Ct)dt
]
≥ E(q,c)

0

[∫ τ∧τC̄∧Wn−k+1

0

g(Qt, Ct)dt+

1{τ∧τC̄≥Wn−k+1}v
(C̄)
k−1(QWn−k+1

, CWn−k+1
)
]

(A.2)

for k ∈ N, we are done. Observe that when k = n+ 1, (A.1) holds.

We will use induction on k to prove (A.2). When k = 1, equality holds as

v
(C̄)
0 ≡ 0. If we denote the inequality in (A.2) as pk, we will show that pk+1 also

holds.

We rewrite (A.2) as

E(q,c)
0

[∫ τ∧τC̄∧τC̄∧Wn

0

g(Qt, Ct)dt
]
≥ E(q,c)

0

[∫ τ∧τC̄∧Wn−k

0

g(Qt, Ct)dt
]

+ E(q,c)
0

[
1{τ∧τC̄≥Wn−k}

∫ τ∧Wn−k+1

Wn−k

g(Qt, Ct)dt
]

+ E(q,c)
0

[
1{τ∧τC̄≥Wn−k}1{τ∧τC̄≥Wn−k+1}v

(C̄)
k−1(QWn−k+1

, CWn−k+1
)
]
. (A.3)

We will work on each term on the right hand side of the inequality separately.

Using Lemma 8, we know that on the event τ ≥ Wn−k, there exists FWn−k
mea-

surable random variable Rn−k such that τ ∧Wn−k+1 = (Wn−k +Rn−k) ∧Wn−k+1
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P0-a.s. Observe that we can write Wn−k+1 = (W1 ◦ θWn−k
) +Wn−k where θ is the

shift operator. Moreover, using strong Markov property of the process (Q,C)

E(q,c)
0

[
1{τ∧τC̄≥Wn−k}

∫ τ∧τC̄∧Wn−k+1

Wn−k

g(Qt, Ct)dt
]

= E(q,c)
0

[
1{τ∧τC̄≥Wn−k}

∫ (Wn−k+Rn−k)∧τC̄∧Wn−k+1

Wn−k

g(Qt, Ct)dt
]

= E(q,c)
0

[
1{τ∧τC̄≥Wn−k}

∫ Rn−k∧(τC̄−Wn−k)∧W1◦θWn−k

0

g(Qt+Wn−k
, Ct+Wn−k

)dt
]

= E(q,c)
0

[
E(q,c)

0

[
1{τ∧τC̄≥Wn−k}∫ Rn−k∧(τC̄−Wn−k)∧W1◦θWn−k

0

g(Qt, Ct) ◦ θWn−k
dt
∣∣∣FWn−k

]]

= E(q,c)
0

[
1{τ∧τC̄≥Wn−k}

E(q,c)
0

[{∫ r∧(τC̄−Wn−k)∧W1

0

g(Qt, Ct)dt
}
◦θWn−k

∣∣∣FWn−k

]∣∣∣∣∣
r=Rn−k

]

= E(q,c)
0

[
1{τ∧τC̄≥Wn−k}E

(q̂,ĉ)
0

(∫ r∧τ̂C̄∧W1

0

g(Qt, Ct)dt
)∣∣∣∣∣

r=Rn−k,q̂=QWn−k
,ĉ=CWn−k

]
.

Here, the updated stopping time τ̂C̄ is equal to (C̄ − ĉ)+.

For the next expression, observe that on the event τ ≥ Wn−k, using Lemma 8

and shift operator, we have the equivalence τ ≥ Wn−k+1 ⇔ Rn−k ≥ W1 ◦ θWn−k
.

Using strong Markov property, we write

E(q,c)
0

[
1{τ∧τC̄≥Wn−k}1{τ∧τC̄≥Wn−k+1}v

(C̄)
k−1(QWn−k+1

, CWn−k+1
)
]

= E(q,c)
0

[
E(q,c)

0

[
1{τ∧τC̄≥Wn−k}

1{Rn−k∧(C̄−Wn−k)≥W1◦θWn−k
}

{
v
(C̄)
k−1(QW1 , CW1)

}
◦θWn−k

∣∣∣FWn−k

]]

= E(q,c)
0

[
1{τ∧τC̄≥Wn−k}

E(q,c)
0

[{
1{r∧(C̄−Wn−k)≥W1}v

(C̄)
k−1(QW1 , CW1)

}
◦θWn−k

∣∣∣FWn−k

]∣∣∣∣∣
r=Rn−k

]
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= E(q,c)
0

[
1{τ∧τC̄≥Wn−k}E

(q̂,ĉ)
0

[
1{r∧τ̂C̄≥W1}v

(C̄)
k−1(QW1 , CW1)

]∣∣∣∣∣
r=Rn−k,q̂=QWn−k

,ĉ=CWn−k

]
.

If we combine three expressions and rewrite (A.2), we have

E(q,c)
0

[∫ τ∧τC̄∧τC̄∧Wn

0

g(Qt, Ct)dt
]
≥ E(q,c)

0

[∫ τ∧τC̄∧Wn−k

0

g(Qt, Ct)dt

+ 1{τ∧τC̄≥Wn−k}E
(q̂,ĉ)
0

[∫ r∧τ̂C̄∧W1

0

g(Qt, Ct)dt+

1{r∧τ̂C̄≥W1}v
(C̄)
k−1(QW1 , CW1)

]∣∣∣∣∣
r=Rn−k,q̂=QWn−k

,ĉ=CWn−k

]
.

Observe that, by the definition of the operators (H
(C̄)
t w(C̄)) and (H(C̄)w(C̄)), and

successive approximations v
(C̄)
n , we have

E(q̂,ĉ)
0

[∫ r∧τ̂C̄∧W1

0

g(Qt, Ct)dt+ 1{r∧τ̂C̄≥W1}v
(C̄)
k−1(QW1 , CW1)

]∣∣∣∣∣
r=Rn−k,q̂=QWn−k

,ĉ=CWn−k

= (H(C̄)
r v

(C̄)
k−1)(QWn−k

, CWn−k
) ≥ (H(C̄)v

(C̄)
k−1)(QWn−k

, CWn−k
) = v

(C̄)
k (QWn−k

, CWn−k
).

So we can write

E(q,c)
0

[∫ τ∧τC̄∧τC̄∧Wn

0

g(Qt, Ct)dt
]
≥

E(q,c)
0

[∫ τ∧τC̄∧Wn−k

0

g(Qt, Ct)dt+ 1{τ∧τC̄≥Wn−k}v
(C̄)
k (QWn−k

, CWn−k
)
]
.

This inequality is indeed pk+1, induction is completed. (A.2) holds, thus (A.1)

holds. If we take the infimum of both sides, we get U
(C̄)
n ≥ v

(C̄)
n , n ∈ N0.

To show the reverse inequality U
(C̄)
n ≤ v

(C̄)
n , we will use the characterization of

the stopping times Sε,C̄n . Observe that Sε,C̄n ≤ Wn P0 a.s. for n ∈ N0. Thus, we

can write

U (C̄)
n (q, c) ≤ E(q,c)

0

[∫ Sε,C̄
n ∧τC̄∧Wn

0

g(Qt, Ct)dt
]
= E(q,c)

0

[∫ Sε,C̄
n ∧τC̄

0

g(Qt, Ct)dt
]
.

Hence, if we can show the inequality

E(q,c)
0

[∫ Sε,C̄
n ∧τC̄

0

g(Qt, Ct)dt
]
≤ v(C̄)

n (q, c) + ε ∀n ∈ N, ε > 0, (A.4)
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we are done.

We will use induction on n. When n = 1, we have

E(q,c)
0

[∫ Sε,C̄
1 ∧τC̄

0

g(Qt, Ct)dt
]
= E(q,c)

0

[∫ rε,C̄0 (q,c)∧W1∧τC̄

0

g(Qt, Ct)dt
]

= (H
(C̄)

rε,C̄0 (q,c)
v
(C̄)
0 )(q, c).

By the construction of stopping times rε,C̄n , definition of the operators (H
(C̄)
t w(C̄))

and (H(C̄)w(C̄)) and successive approximations v
(C̄)
n , we have

(H
(C̄)

rε,C̄0 (q,c)
v
(C̄)
0 )(q, c) ≤ (H(C̄)v

(C̄)
0 )(q, c) + ε = v

(C̄)
1 (q, c) + ε.

Hence,

E(q,c)
0

[∫ Sε,C̄
1

0

g(Qt, Ct)dt
]
≤ v

(C̄)
1 (q, c) + ε.

Now assume that (A.4) holds for ∀ε > 0 and n ∈ N. We will prove that it also

holds for n + 1. Observe that Sε,C̄n+1 = r
ε/2,C̄
n (q, c)1{W1>r

ε/2,C̄
n (q,c)} + (W1 + S

ε/2,C̄
n ◦

θW1)1{W1≤rε/2,C̄n (q,c)}. Thus, we have Sε,C̄n+1 ∧ τC̄ ∧W1 = r
ε/2,C̄
n (q, c) ∧ τC̄ ∧W1, and

using strong Markov property we can write

E(q,c)
0

[∫ Sε,C̄
n+1∧τC̄

0

g(Qt, Ct)dt
]

= E(q,c)
0

[∫ Sε,C̄
n+1∧τC̄∧W1

0

g(Qt, Ct)dt+ 1{Sε,C̄
n+1∧τC̄≥W1}

∫ Sε,C̄
n+1∧τC̄

W1

g(Qt, Ct)dt
]

= E(q,c)
0

[ ∫ r
ε/2,C̄
n (q,c)∧τC̄∧W1

0

g(Qt, Ct)dt
]
+

E(q,c)
0

[
1{rε/2,C̄n (q,c)∧τC̄≥W1}

E(q,c)
0

[∫ S
ε/2,C̄
n ◦θW1

∧(τC̄−W1)

0

g(Qt+W1 , Ct+W1)dt
∣∣∣FW1

]]

= E(q,c)
0

[ ∫ r
ε/2,C̄
n (q,c)∧τC̄∧W1

0

g(Qt, Ct)dt
]
+

E(q,c)
0

[
1{rε/2,C̄n (q,c)∧τC̄≥W1}

E(q,c)
0

[{∫ S
ε/2,C̄
n ◦θW1

∧(τC̄−W1)

0

g(Qt, Ct)dt
}
◦θW1

∣∣∣FW1

]]

= E(q,c)
0

[ ∫ r
ε/2,C̄
n (q,c)∧τC̄∧W1

0

g(Qt, Ct)dt
]
+
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E(q,c)
0

[
1{rε/2,C̄n (q,c)∧τC̄≥W1}

E(q̂,ĉ)
0

[∫ S
ε/2,C̄
n ∧τ̂C̄

0

g(Qt, Ct)dt
]∣∣∣∣∣
q̂=QW1

,ĉ=CW1

]
.

Observe that using our inductive argument on (A.4), we can state that

E(q̂,ĉ)
0

[∫ S
ε/2,C̄
n ∧τ̂C̄

0

g(Qt, Ct)dt
]∣∣∣∣∣
q̂=QW1

,ĉ=CW1

≤ v(C̄)
n (QW1 , CW1) + ε/2.

Hence by the construction of stopping times rε,C̄n , definition of the operators

(H
(C̄)
t w(C̄)) and (H(C̄)w(C̄)) and successive approximations v

(C̄)
n , we have

E(q,c)
0

[∫ Sε,C̄
n+1∧τC̄

0

g(Qt, Ct)dt
]

≤ E(q,c)
0

[ ∫ r
ε/2,C̄
n (q,c)∧τC̄∧W1

0

g(Qt, Ct)dt+

1{rε/2,C̄n (q,c)∧τC̄≥W1}

(
v(C̄)
n (QW1 , CW1) + ε/2

) ]
≤ E(q,c)

0

[ ∫ r
ε/2,C̄
n (q,c)∧τC̄∧W1

0

g(Qt, Ct)dt+ 1{rε/2,C̄n (q,c)∧τC̄≥W1}
v(C̄)
n (QW1 , CW1)

]
+ε/2

= (H
(C̄)

r
ε/2,C̄
n (q,c)

v(C̄)
n )(q, c) + ε/2 ≤ (H(C̄)v(C̄)

n )(q, c) + ε = v
(C̄)
n+1(q, c) + ε.

Thus

E(q,c)
0

[∫ Sε,C̄
n+1∧τC̄

0

g(Qt, Ct)dt
]
≤ v

(C̄)
n+1(q, c) + ε, ∀ε > 0, n ∈ N,

and the induction is proved, hence U
(C̄)
n ≤ v

(C̄)
n . We proved that U

(C̄)
n = v

(C̄)
n .

A.5 Variational Inequalities

Remember that

V (π) = (1− π) + α(1− π) inf
τ∈F

E(q,c)
0

[∫ τ

0

Qt −
1

α
fθ(Ct)dt

]
︸ ︷︷ ︸

U(q, c)

where

U(q, c) ≡ inf
τ∈F

E(q,c)
0

[∫ τ

0

Qt −
1

α
fθ(Ct)dt

]
, q = Q0 ∈ R+ c = C0 ∈ R+,
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U(q, c) ≡ inf
τ∈F

E(q,c)
0

[∫ τ

0

g(Qt, Ct)dt
]
.

If we have not stopped before t, we can write

U(Qt, Ct) = minimum cost stop action

= min
{
0,E(q,c)

0

[∫ t+dt

t

g(Qs, Cs)ds+ U(Qt+dt, Ct+dt)
∣∣∣Ft

]}
.

Here, assuming U is continuously differentiable

U(Qt+dt, Ct+dt) = U(Qt, Ct) +

∫ t+dt

t

[ ∂
∂q
U(Qs, Cs)dQs +

∂

∂c
U(Qs, Cs)dCs

]
≈ U(Qt, Ct) +

∂

∂q
U(Qt, Ct)dQt +

∂

∂c
U(Qt, Ct)dCt.

If t is a jump point

U(Qt+dt, Ct+dt) ≈ U(Qt, Ct) +
∂

∂q
U(Qt−, Ct−)

[
Qt−

(λ1
λ0
h(YNt)− 1

)]
N(dt),

if t is a continuity point

U(Qt+dt, Ct+dt) ≈ U(Qt, Ct) +
∂

∂q
U(Qt, Ct)

[
fθ(Ct)− (λ1 − λ0)Qt

]
dt

+
∂

∂c
U(Qt, Ct)dt

= U(Qt, Ct) +

[
∂

∂q
U(Qt, Ct)

[
fθ(Ct)− (λ1 − λ0)Qt

]
+

∂

∂c
U(Qt, Ct)

]
dt.

Thus variational inequalities become

U(Qt, Ct) ≤ 0

U(Qt, Ct) ≤ E(q,c)
0

[
g(Qt, Ct)dt+ U(Qt, Ct) +

{
∂

∂q
U(Qt, Ct)

[
fθ(Ct)− (λ1 − λ0)Qt

]
+

∂

∂c
U(Qt, Ct)

}
dt+

∂

∂q
U(Qt−, Ct−)

[
Qt−

(λ1
λ0
h(YNt)− 1

)]
N(dt)

∣∣∣∣∣Ft

]
.

0 ≤ E(q,c)
0

[{
g(Qt, Ct) +

∂

∂q
U(Qt, Ct)

[
fθ(Ct)− (λ1 − λ0)Qt

]
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+
∂

∂c
U(Qt, Ct)

}
dt+

∂

∂q
U(Qt−, Ct−)

[
Qt−

(λ1
λ0
h(YNt)− 1

)]
N(dt)

∣∣∣∣∣Ft

]

=

{
g(Qt, Ct) +

∂

∂q
U(Qt, Ct)

[
fθ(Ct)− (λ1 − λ0)Qt

]
+

∂

∂c
U(Qt, Ct)

}
dt

+
∂

∂q
U(Qt−, Ct−)

[∫
y∈Y

Qt−

(λ1
λ0
h(y)− 1

)
λ0ν0(dy)

]
dt.

If we divide both sides by dt and let dt ↓ 0

0 ≤ g(Qt, Ct) +
∂

∂q
U(Qt, Ct)

[
fθ(Ct)− (λ1 − λ0)Qt

]
+

∂

∂c
U(Qt, Ct) +

∂

∂q
U(Qt−, Ct−)Qt−

∫
y∈Y

(λ1
λ0
h(y)− 1

)
λ0ν0(dy).

Finally, the variational inequality needs to be satisfied by value function U(Qt, Ct)

is

0 = min

{
− U(Qt, Ct), g(Qt, Ct) +

∂

∂q
U(Qt, Ct)

[
fθ(Ct)− (λ1 − λ0)Qt

]
+

∂

∂c
U(Qt, Ct) +

∂

∂q
U(Qt−, Ct−)Qt−

∫
y∈Y

(λ1
λ0
h(y)− 1

)
λ0ν0(dy)

}
.
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Appendix B

Detailed Calculations for the

Wiener Disorder Problem

B.1 The Dynamics of ξ and Φ

We have

ξt = e(
ν−µ

σ2 )Xt− 1
2
( ν

2−µ2

σ2 )t, t ≥ 0.

Using Itô’s lemma, we have

dξt =

[
−1

2

(
ν2 − µ2

σ2

)
+

1

2
σ2

(
ν − µ

σ2

)2
]
ξtdt+

(
ν − µ

σ2

)
ξtdXt

=

(
ν − µ

σ

)
ξt
1

σ
(dXt − µdt) = βξt

1

σ
(dXt − µdt).

And for the process Φ defined as

Φt =
E[1{θ≤t}|Ft]

E[1{θ>t}|Ft]
=

E∞[Lt1{θ≤t}|Ft]

E∞[Lt1{θ>t}|Ft]

=
πξt + (1− π)

∫ t
0
ξt
ξu
λe−λu du

(1− π)e−λt
= eλtξt

[
π

1− π
+

∫ t

0

λe−λu
1

ξu
du

]
,

again using Itô’s lemma, we have

dΦt = (deλtξt)

[
π

1− π
+

∫ t

0

λe−λu
1

ξu
du

]
+ eλtξtλe

−λt 1

ξt
dt
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= (λeλtξtdt+ eλtdξt)

[
π

1− π
+

∫ t

0

λe−λu
1

ξu
du

]
+ λdt

=

(
λeλtξtdt+ eλtβξt

1

σ
(dXt − µdt)

)[
π

1− π
+

∫ t

0

λe−λu
1

ξu
du

]
+ λdt

= λΦtdt+ β
1

σ
Φt(dXt − µdt) + λdt

= λ(1 + Φt)dt+ βΦt
1

σ
(dXt − µdt).

B.2 Independence of θ and X under PQ

Note that θ and X are independent under a measure P̃ if and only if

EP̃[f1(θ)f2(Xt)] = EP̃[f1(θ)]EP̃[f2(Xt)]

for t ≥ 0 and for every choice of functions f1 : R+ → R̄+ and f2 : R → R̄+. We

know that θ and X are independent under the measure P∞. Using Itô’s rule, we

have

E∞[f1(θ)e
Xt−µt− 1

2
σ2t] = E∞[f1(θ)]E∞[eXt−µt− 1

2
σ2t]

EQ[f1(θ)] = E∞[f1(θ)]E∞[eXt−µt− 1
2
σ2t]

EQ[f1(θ)] = E∞[f1(θ)]

for t ≥ 0 and for every choice of function f1 : R+ → R̄+. Finally,

EQ[f1(θ)f2(Xt)] = E∞[f1(θ)f2(Xt)e
Xt−µt− 1

2
σ2t]

= E∞[f1(θ)]E∞[f2(Xt)e
Xt−µt− 1

2
σ2t]

= E∞[f1(θ)]EQ[f2(Xt)]

= EQ[f1(θ)]EQ[f2(Xt)]

for t ≥ 0 and for every choice of functions f1 : R+ → R̄+ and f2 : R → R̄+,

where the fourth equality is because of the previous equality. Thus, θ and X are

independent under the measure PQ.
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B.3 Derivation of the Objective Function

For t ≥ 0 and a stopping time τ , we have

E[Pτ∧t] = S0

[
1 +

∫ t

0

E
[
1{τ>u}

[
µ1{u<θ} + ν1{θ≤u} − r

]
eXu−ru− 1

2
σ2u
]
du

]
= S0

[
1 +

∫ t

0

E∞

[
1{τ>u}

[
(µ− r)1{u<θ} + (ν − r)1{θ≤u}

ξu
ξθ

]
eXu−ru− 1

2
σ2u

]
du

]
= S0

[
1 +

∫ t

0

EQ
[
1{τ>u}

[
(µ− r)1{u<θ} + (ν − r)1{θ≤u}

ξu
ξθ

]]
e(µ−r)u du

]
= S0

[
1 +

∫ t

0

EQ

[
1{τ>u}

[
(µ− r)(1− π)e−λu+

(ν − r)
(
πξu + (1− π)

∫ u

0

λe−λs
ξu
ξs
ds
)]]

e(µ−r)u du

]

= S0

[
1 +

∫ t

0

EQ

[
1{τ>u}

[
(µ− r)(1− π)e−λu+

(ν − r)(1− π)ξu

( π

1− π
+

∫ u

0

λe−λs
1

ξs
ds
)]]

e(µ−r)u du

]

= S0

[
1 +

∫ t

0

EQ
[
1{τ>u}

[
(µ− r)(1− π)e−λu + (ν − r)(1− π)e−λuΦu

]]
e(µ−r)u du

]
= S0

[
1 + EQ

∫ τ∧t

0

[
(µ− r)(1− π)e−λu + (ν − r)(1− π)e−λuΦu

]
e(µ−r)u du

]
= S0

[
1 + (1− π)EQ

∫ τ∧t

0

e−(r+λ−µ)u [(µ− r) + (ν − r)Φu] du

]
= S0

[
1 + (1− π)(ν − r)EQ

∫ τ∧t

0

e−(r+λ−µ)u
[
µ− r

ν − r
+ Φu

]
du

]
= S0

[
1− (1− π)(r − ν)EQ

∫ τ∧t

0

e−(r+λ−µ)u
[
Φu −

µ− r

r − ν

]
du

]
= S0

[
1− (1− π)(r − ν)EQ

∫ τ∧t

0

e−γu [Φu − k] du

]
.

where γ = r + λ− µ and k = µ−r
r−ν .

Under the condition {τ < ∞}, using monotone convergence theorem, as t →
∞, we have

E[Pτ ] = S0

[
1− (1− π)(r − ν)EQ

∫ τ

0

e−γu [Φu − k] du

]
.
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B.4 Proof of Lemma 5

Proof. Let us first find the fa,b itself. We are dealing with the differential equation

1

2
β2ϕ2f ′′

a,b(ϕ) + ℓ(ϕ)f ′
a,b(ϕ)− γfa,b(ϕ) + (ϕ− k) = 0 for ϕ ∈ (a, b). (B.1)

Equivalently,

f ′′
a,b(ϕ) +

2ℓ(ϕ)

β2ϕ2
f ′
a,b(ϕ)−

2γ

β2ϕ2
fa,b(ϕ) =

2(k − ϕ)

β2ϕ2
for ϕ ∈ (a, b), (B.2)

and fa,b = 0 for ϕ /∈ (a, b). Let us denote the derivative of the scale function as

sΦ(ϕ) :=

(
e

ℓ0
ϕ

ϕℓ1

) 2
β2

.

There are two solutions ψ(ϕ) and φ(ϕ) for the homogeneous second order dif-

ferential equation in (B.1) (where ψ is increasing and ϕ is decreasing) we know

that

φ(ϕ) = ψ(ϕ)

∫ ∞

ϕ

e
−

∫ 2ℓ(x)

β2x2
dx

ψ2(x)
dx

= ψ(ϕ)

∫ ∞

ϕ

sΦ(x)

ψ2(x)
dx.

Observe that the Wronskian of ψ(ϕ) and φ(ϕ) is sΦ(ϕ). Particular solution is

p(ϕ) = ν1(ϕ)ψ(ϕ) + ν2(ϕ)φ(ϕ) where

ν1(ϕ) =

∫
−g(t)φ(t)
sΦ(t)

dt and ν2(ϕ) =

∫
g(t)ψ(t)

sΦ(t)
dt where g(t) =

2(k − t)

β2t2
.

Hence

p(ϕ) = ψ(ϕ)

∫
2φ(t)

β2t2sΦ(t)
(t− k) dt− φ(ϕ)

∫
2ψ(t)

β2t2sΦ(t)
(t− k) dt.

And general solution is

fa,b(ϕ) = ψ(ϕ)

∫ b

ϕ

2φ(t)

β2t2sΦ(t)
(t− k) dt− φ(ϕ)

∫ b

ϕ

2ψ(t)

β2t2sΦ(t)
(t− k) dt+

C1ψ(ϕ) + C2φ(ϕ)
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where C1, C2 ∈ R.

We want this function to be 0, outside of (a,b). Therefore, if we plug a and b

into the function. We get

C1ψ(a) + C2φ(a) = −ψ(a)
∫ b

a

2φ(t)

β2t2sΦ(t)
(t− k) dt+ φ(a)

∫ b

a

2ψ(t)

β2t2sΦ(t)
(t− k) dt,

C1ψ(b) + C2φ(b) = 0.

If we solve these equations, we find C1 and C2 as

C1 =
φ(b)

φ(a)ψ(b)− φ(b)ψ(a)

[
ψ(a)

∫ b

a

2φ(t)

β2t2sΦ(t)
(t− k) dt−

φ(a)

∫ b

a

2ψ(t)

β2t2sΦ(t)
(t− k) dt

]
,

C2 = − ψ(b)

φ(a)ψ(b)− φ(b)ψ(a)

[
ψ(a)

∫ b

a

2φ(t)

β2t2sΦ(t)
(t− k) dt−

φ(a)

∫ b

a

2ψ(t)

β2t2sΦ(t)
(t− k) dt

]
.

And our function becomes

fa,b(ϕ) = ψ(ϕ)

∫ b

ϕ

2φ(t)

β2t2sΦ(t)
(t− k) dt− φ(ϕ)

∫ b

ϕ

2ψ(t)

β2t2sΦ(t)
(t− k) dt+

ψ(a)
∫ b
a

2φ(t)
β2t2sΦ(t)

(t− k) dt− φ(a)
∫ b
a

2ψ(t)
β2t2sΦ(t)

(t− k) dt

φ(a)ψ(b)− φ(b)ψ(a)
[φ(b)ψ(ϕ)− ψ(b)φ(ϕ)].

We are asked to prove that

fa,b(ϕ) = E
∫ τa,b

0

e−γt [Φt − k] dt,

where τa,b is the first exit time of Φ from the interval (a,b). One quick observation

is that when t ∈ [0, τa,b), Φt ∈ (a, b), therefore the equation in (B.2) holds and

Φt − k = −
(
1

2
β2Φ2

tf
′′
a,b(Φt) + ℓ(ϕ)f ′

a,b(Φt)− γfa,b(Φt)

)
for t ∈ [0, τa,b).

Using Itô’s rule we obtain that, for τa,b

E[e−γτa,bfa,b(Φτa,b)− fa,b(ϕ)]
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= E
∫ τa,b

0

e−γt
[
1

2
β2Φ2

tf
′′
a,b(Φt) + ℓ(Φt)f

′
a,b(Φt)− γfa,b(Φt)

]
dt

= −E
∫ τa,b

0

e−γt [Φt − k] dt.

Moreover, Φτa,b = a or b, hence fa,b(Φτa,b) = 0. Thus, we get

fa,b(ϕ) = E
∫ τa,b

0

e−γt [Φt − k] dt.

Finally, to prove

fb(ϕ) = E
∫ τb

0

e−γt [Φt − k] dt,

where τb is the first exit time of Φ from the interval [0, b), we use the fact that

{0} is an entry-not-exit boundary, we have τa,b ↗ τb as a↘ 0. Observe that∣∣∣∣∫ τa,b

0

e−γt [Φt − k] dt

∣∣∣∣ ≤ ∫ τa,b

0

∣∣e−γt [Φt − k]
∣∣ dt

=

∫ τa,b

0

e−γt |Φt − k| dt

≤
∫ τa,b

0

|Φt − k| dt

≤
∫ τb

0

|Φt − k| dt

≤ max{k, |b− k|}τb

Furthermore, we know that E[τb] < ∞. Hence, by dominated convergence theo-

rem we have

lim
a↘0

E
∫ τa,b

0

e−γt [Φt − k] dt = E
∫ τb

0

e−γt [Φt − k] dt.

B.5 Proof of Lemma 6

Proof. We will take the limit of fa,b(ϕ) as a↘ 0.
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lim
a↘0

fa,b(ϕ) = ψ(ϕ)

∫ b

ϕ

2φ(t)

β2t2sΦ(t)
(t− k) dt− φ(ϕ)

∫ b

ϕ

2ψ(t)

β2t2sΦ(t)
(t− k) dt+

[φ(b)ψ(ϕ)−ψ(b)φ(ϕ)] lim
a↘0

ψ(a)
∫ b
a

2φ(t)
β2t2sΦ(t)

(t− k) dt− φ(a)
∫ b
a

2ψ(t)
β2t2sΦ(t)

(t− k) dt

φ(a)ψ(b)− φ(b)ψ(a)
.

For convenience, it is assumed that φ(b) = ψ(b) = 1. Moreover, we have 0 <

ψ(0+) <∞, φ(0+) = ∞ and limϕ→0+
ψ′(ϕ)
sΦ(ϕ)

= 0. Using L’Hôspital’s rule we get

lim
a↘0

fa,b(ϕ) = ψ(ϕ)

∫ b

ϕ

2φ(t)

β2t2sΦ(t)
(t− k) dt− φ(ϕ)

∫ b

ϕ

2ψ(t)

β2t2sΦ(t)
(t− k) dt+

[ψ(ϕ)− φ(ϕ)] lim
a↘0

ψ′(a)
∫ b
a

2φ(t)
β2t2sΦ(t)

(t− k) dt− φ′(a)
∫ b
a

2ψ(t)
β2t2sΦ(t)

(t− k) dt

φ′(a)− ψ′(a)
.

To get f ′
b(ϕ), let us differentiate the function with respect to ϕ

f ′
b(ϕ) = ψ′(ϕ)

∫ b

ϕ

2φ(t)

β2t2sΦ(t)
(t− k) dt− φ′(ϕ)

∫ b

ϕ

2ψ(t)

β2t2sΦ(t)
(t− k) dt+

[ψ′(ϕ)− φ′(ϕ)] lim
a↘0

ψ′(a)
∫ b
a

2φ(t)
β2t2sΦ(t)

(t− k) dt− φ′(a)
∫ b
a

2ψ(t)
β2t2sΦ(t)

(t− k) dt

φ′(a)− ψ′(a)

= ψ′(ϕ)

∫ b

ϕ

2φ(t)

β2t2sΦ(t)
(t− k) dt− φ′(ϕ)

∫ b

ϕ

2ψ(t)

β2t2sΦ(t)
(t− k) dt+

[ψ′(ϕ)− φ′(ϕ)] lim
a↘0

ψ′(a)
sΦ(a)

∫ b
a

2φ(t)
β2t2sΦ(t)

(t− k) dt− φ′(a)
sΦ(a)

∫ b
a

2ψ(t)
β2t2sΦ(t)

(t− k) dt

φ′(a)
sΦ(a)

− ψ′(a)
sΦ(a)

= ψ′(ϕ)

∫ b

ϕ

2φ(t)

β2t2sΦ(t)
(t− k) dt− φ′(ϕ)

∫ b

ϕ

2ψ(t)

β2t2sΦ(t)
(t− k) dt+

[ψ′(ϕ)− φ′(ϕ)] lim
a↘0

− φ′(a)
sΦ(a)

∫ b
a

2ψ(t)
β2t2sΦ(t)

(t− k) dt

φ′(a)
sΦ(a)

= ψ′(ϕ)

∫ b

ϕ

2φ(t)

β2t2sΦ(t)
(t− k) dt− φ′(ϕ)

∫ b

ϕ

2ψ(t)

β2t2sΦ(t)
(t− k) dt−

[ψ′(ϕ)− φ′(ϕ)]

∫ b

0

2ψ(t)

β2t2sΦ(t)
(t− k) dt.

We were asked to find b value such that f ′
b(b−) = 0. If we plug b− to the previous

function, we require

[ψ′(b−)− φ′(b−)]

∫ b

0

2ψ(t)

β2t2sΦ(t)
(t− k) dt = 0.
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However, as ψ is strictly increasing and φ is strictly decreasing, the first term is

strictly positive. Thus, the b value that we want satisfies∫ b

0

2ψ(t)

β2t2sΦ(t)
(t− k) dt = 0,

where b > k and with this choice of b, fb(ϕ) becomes

fb(ϕ) = ψ(ϕ)

∫ b

ϕ∧b

2φ(t)

β2t2sΦ(t)
(t− k) dt− φ(ϕ)

∫ b

ϕ∧b

2ψ(t)

β2t2sΦ(t)
(t− k) dt.

To show that such b exists, we can show that the limit of the derivative of this

integrand goes to ∞ as t→ ∞. So we are looking for

lim
t→∞

ψ(t)

t2sΦ(t)
(t− k) = lim

t→∞

ψ(t)(t− k)

t
2− 2ℓ1

β2

e
− 2ℓ0

β2t

= lim
t→∞

ψ(t)
t− k

t
2− 2ℓ1

β2

e
− 2ℓ0

β2t .

If 2 − 2ℓ1
β2 ≤ 1 then the limit is ∞. Otherwise we can use L’Hôspital’s rule and

get

lim
t→∞

ψ(t)

t2sΦ(t)
(t− k) = lim

t→∞

ψ′(t)(t− k) + ψ(t)

sΦ(t)(t− ℓ0)

= lim
t→∞

ψ′(t)

sΦ(t)

(t− k)

(t− ℓ0)
+ lim

t→∞

ψt
sΦ(t)(t− ℓ0)

.

On the RHS, we know that the first limit goes to infinity, as limϕ→∞
ψ′(ϕ)
sΦ(ϕ)

= ∞,

and the second limit is non negative.

We also want to show that

fb(ϕ) < 0

1

2
β2ϕ2f ′′

b (ϕ) + ℓ(ϕ)f ′
b(ϕ)− γfb(ϕ) + (ϕ− k) = 0

 , ϕ ∈ [0, b)

fb(ϕ) = 0

1

2
β2ϕ2f ′′

b (ϕ) + ℓ(ϕ)f ′
b(ϕ)− γfb(ϕ) + (ϕ− k) > 0

 , ϕ ∈ [b,∞)

By the way we constructed fb function, the equalities are obvious. For the first

inequality, let us observe that

f ′
b(ϕ) = ψ′(ϕ)

∫ b

ϕ∧b

2φ(t)

β2t2sΦ(t)
(t− k) dt− φ′(ϕ)

∫ b

ϕ∧b

2ψ(t)

β2t2sΦ(t)
(t− k) dt.
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For ϕ ∈ [k, b) f ′
b(ϕ) > 0 and we know that fb(b) = 0. Hence fb(ϕ) < 0 for

ϕ ∈ [k, b).

For ϕ ∈ [0, k), using the alternative representation of fb(ϕ) which we have shown

in 5 and the Markov property of the process Φt we can write

fb(ϕ) = Eϕ
[∫ τk

0

e−γt [Φt − k] dt

]
+ Eϕ

[∫ τb

τk

e−γt [Φt − k] dt

]
= Eϕ

[∫ τk

0

e−γt [Φt − k] dt

]
+ Eϕ

[
e−γτk

∫ τb−τk

0

e−γt [Φt+τk − k] dt

]
= Eϕ

[∫ τk

0

e−γt [Φt − k] dt

]
+ Eϕ

[
e−γτk

]
Ek
[∫ τb

0

e−γt [Φt − k] dt

]
= Eϕ

[∫ τk

0

e−γt [Φt − k] dt

]
+ Eϕ

[
e−γτk

]
fb(k).

We have already shown that fb(ϕ) < 0 for ϕ ∈ [k, b). Moreover Φt − k < 0 for

t ∈ [0, τk). This proves that fb(ϕ) < 0 for ϕ ∈ [0, b).

The second inequality is again obvious as fb(ϕ) = 0 for ϕ ∈ [b,∞) and also we

know that b > k. Hence,

1

2
β2ϕ2f ′′

b (ϕ) + ℓ(ϕ)f ′
b(ϕ)− γfb(ϕ) + (ϕ− k) = ϕ− k > 0, ϕ ∈ [b,∞).
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