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ABSTRACT

GENERALIZED BASKAKOV-KANTOROVICH
OPERATORS

BUYUKDURAKOGLU, Sevim
M. Sc., Department of Mathematics
Supervisor: Assoc. Prof. Dr. Aysegiil ERENCIN

May 2014, 41 pages

This thesis consists of third chapter.

The first chapter deals with some basic definitions and a short history of
approximation theorems.

In the second chapter, strong approximation properties of a modification of
Baskakov-Kantorovich operators via Taylor polynomials are given in polynomial
weighted spaces.

The third chapter contains our original results. In this chapter, we introduce
a generalization of Baskakov-Kantorovich operators. We first give some direct
results with the help of the second order modulus of continuity and the elements

of Lipschitz class. Next, we study their weighted approximation properties.

Keywords: Linear positive operator, Kantorovich operator, strong approxima-

tion, weighted approximation, modulus of continuity, Lipschitz class.
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OZET

GENELLESTIRILMIS BASKAKOV-KANTOROVICH
OPERATORLERI

BUYUKDURAKOGLU, Sevim
Yiiksek Lisans, Matematik Bolimi

Tez Yoneticisi: Doc. Dr. Aysegiil ERENCIN

May1s 2014, 41 sayfa

Bu tez, ii¢ bolimden olugmaktadir.

Birinci boliim, bazi temel tanimlar ve yaklagim teoremlerini icermektedir.

Ikinci boliimde, Taylor polinomu yardimiyla genellestirilmis Baskakov- Kan-
torovich operatorlerinin kuvvetli yaklagim ozellikleri polinom agirlikli uzaylarda
verilmektedir.

Uciineii boliim, bu tezin orijinal sonuclarini icermektedir. Bu boliimde, Baskakov-
Kantorovich operatorlerinin bir genellestirilmesi tanimlanarak bu operatorler icin
ilk olarak ikinci siireklilik modulii ve Lipschitz simifinin elemanlar: yardimiyla bazi
direkt sonuclar verilmektedir. Daha sonra bu operatorlerin agirlikli yaklagim

ozellikleri incelenmektedir.

Anahtar Kelimeler: Lineer porzitif operator, Kantorovich operator, kuvvetli

yaklagim, agirlikhi yaklagim, stireklilik modiilii, Lipschitz sinifi.
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CHAPTER 1

INTRODUCTION AND BASIC FACTS

1.1 Preliminary definitions and auxiliary results

Positive linear operators play an important role in Approximation Theory.
As mentioned in [13] when we study Approximation Theory by positive linear
operators we meet two main problems:

1- Does a sequence of positive linear operators L, (f;x) converges uniformly to
the continuous function f(z)?

2- How quickly does the difference

Ln(f;2) — f(w)

tend to zero if uniform convergence holds?
In order to answer the above two questions we give some preliminary defini-

tions and fundamental theorems.

Definition 1.1. A nonempty set V is said to be a linear space (or a vector space)
over a field T, if it satisfies the following conditions:

i) Vo, y € V, we have x +y € V

ii) Ve, y € V, we have z +y =y +x

i) Va, y, z €V, we have x + (y + 2) = (x +y) + 2

v)Ve eV, 3 € V such that x +7 =0

(
(
(
(iv)Ve eV, 30 € V such that x +0 =0+ ==z
(
(vi) Ve € V and Ya € F, we have ax € V

(

vii) Vo € V and Ya, b € F, we have (ab)x = a(bx)



(viil) Vo € V, we have 1z =z
(ix) Vz € V, Ya € F, we have a(x +y) = ax + ay
(x) Vo € V and Va, b € F, we have (a + b)x = ax + bz.

Definition 1.2. Let V be a linear space over a field [, a real valued function
[|.I] : V= R*, called a norm, satisfying the following conditions:

(i) Vo € V, we have ||z|| >0

(ii) Yz € V, we have ||z||=0< 2 =0

(iii)Vz € V and Va € F, we have ||az|| = |a| ||z||

(iv) Vo, y € V, we have ||z + yl| < ||z|[ +[ly]l.

A linear space on which a norm is defined is then called a ”linear normed space”.

Definition 1.3. Let X and Y be two linear normed function spaces. An operator
L: X — Y is a rule which assigns to function of X a function of Y. We denote

the operators by L(f;x) or L(f(t);x).

Definition 1.4. A linear operator L between two linear normed spaces X and
Y is a mapping L : X — Y such that L(af + Bg;z) = aL(f;x) + BL(g; x) for
every f, g € X and for every scalar «, f3.
Definition 1.5. An operator L is positive if f > 0 implies L(f;z) > 0. If in
addition, L is linear we have L(f;z) < L(g;z) if f < g; consequently |L(f;z)| <
L(|f]; =)

The fundamental development in Approximation Theory was started by K.

Weierstrass [31] in 1885 with the following theorem:

Theorem 1.1. (Weierstrass): Let f € Cla,b], the space of all continuous func-

tions on [a,b]. Given e > 0, there exists an algebraic polynomial P for which

[f(z) = P(z)| < e

for all x € [a,b).



Since, its proof was long and complicated many mathematicians tried to in-
vestigate a simpler proof. In 1912, Russian mathematician S. N. Bernstein [3]

presented the polynomials

Bu(f,x) = ixk(l i (%) . zel01],

k=0

which are known as Bernstein polynomials, for f € C|0, 1] and introduced a short

proof of Weierstrass’s theorem with the help of these linear positive operators.
The history on the contributions of Weierstrass to the development of Ap-

proximation Theory may be found in [17].

For every f € Cla,b], let

11l = sup [f(x)]
z€[a,b]
The function [|.|| is called the supremum norm on Cfa,b]. If the sequence

fn € Cla,b] and a function g satisfy lim ||f, — g|| = 0, then we say that the
n—oo
sequence f, converges uniformly to the function g.
The following theorem indicates a necessary and sufficient condition for the

uniform convergence of a sequence of positive linear operators.

Theorem 1.2. (Bohman-Korovkin): Let L, be a sequence of positive linear op-

erators mapping Cla,b] into itself. If
lim ||L,(t",2) —2"||=0, v=0,1, 2,
n— o0

then for every f € Cla,b] we have

lim [|L,(f;2) — f(2)]| = 0.

n—oo

Korovkin type theorem in polynomial weighted spaces of continuous and un-

bounded functions defined on positive semi-axis proved by Gadjihiev in [8],[9].



To state this theorem we recall some definitions and notations.

Definition 1.6. Let p(z) > 1 be a continuous function on [0, co] such that

lim p(z) = co.
T—00

B,[0,00) be space of all functions having the property

|f(2)] < Myp(x)

where x € [0,00) and M; is a positive constant depending only f. The space
B,[0,00) is equipped with the norm

|/ ()]

= sup —~.
£, QIS o(7)

The function p(x) is called the weight function and the space B,[0, 00) is called
as weighted space.

When, the weight function is of the form 1 + 2%, o € N the weighted space
is polynomial weighted space.

Let C,[0,00) be space of all continuous functions belonging to B,[0,c0). By

C7[0,00) we denote the subspace of all functions f € C,[0, 00) for which

| f(@)]

< 00

Theorem 1.3. [8, 9]: Let {A,} be a sequence of positive linear operators acting

from C,[0,00) to B,[0,00) and satisfying the conditions

lim [|A,(t";2) —2"||, =0, v=0,1,2.
n—o0



Then for any function f € 02[0, 00),

Tim [|Au(f52) = ()], = 0.

Note that a sequence of linear positive operators A,, acts from C,[0,00) to
B,[0,00) if and only if
[An(p; 2)|l, < Mp,

where M p is positive constant. This fact is a simple result of the necessary and
sufficient condition that

An(p;x) < Mp(x)

given in [8, 9].

One of the main instruments to compute the order of approximation, i.e. the
speed of convergence of positive linear operators, is modulus of smoothness.

If I is a real interval, we denote by Cp(I) (Cp(I)) the space of all bounded
continuous (uniformly continuous) real functions on I.

If feCp(l),foreveryx €I, h€ R, h # 0 and k € N, the k-th difference

AF¥f(x) of f with step h at the point z is given by

Abf(a) = é—nm*k () -t i

m=0

provided that x + kh € 1.
The (k+1)-th difference can be expressed in terms of the k-th difference by

means of the following identity:

AP f(2) = Af f(x + h) — Al f(x).

Definition 1.7. If f : I — R is a bounded real function and if 6 > 0, the



modulus of continuity w(f,d) of f is defined by
w(f,0):= sup  |Ayf(2) = sup  |f(z+h)— f(2)]
|h|<6, z,x+hel |h|<$, z,x+hel

= sup [f(x) = fy)l.

zy€l, lz—y|<o

The modulus of continuity of f is also called the first modulus of smoothness

of f.

Definition 1.8. If f : I — R is a bounded real function and if § > 0 and k € N,

we can define the k-th modulus of smoothness wy(f,d) of f by

wir(f,0) = sup |Aﬁf(x)|

|h|<6, z,x+khel

Some elementary properties of modulus of smoothness are below:
1) If 0 < 61 < &y, then wi(f,01) < wi(f, d2).
2) lim wi(f,6) = 0 provided f € Cp(I).
3) For every § > 0, wr1(f,6) < 2wi(f,9).
4) If f is differentiable and f* € Cp(I), then wiyi(f,6) < dwi(f,8) for every
6> 0.
5) For every § > 0 and n € N, wi(f,nd) < nfwi(f,9).
6) For every 6 > 0 and A > 0, wi(f, Ad) < (1 + [A))*wi(f, ), where [A] denotes

the integer part of \.

Definition 1.9. Let a € N, § > 0. For a function f : [0,00) — R the classical

weighted modulus of continuity is defined by

walf0) = sup |[f(z+h) — fl2)]

0<h<$, z€[0,00) I+ e

This weighted modulus of continuity does not satisfy the some properties of
the usual modulus of continuity such as w(f, md) < mw(f,d) which implies the

inequality weighted w(f, A\d) < (14 Nw(f,d) for A > 0.

6



In [15] Lopez-Moreno defined the weighted modulus of continuity

o) e s HEER = f@)
0<h<s, wefo,o0) 1+ (h+x)*

which has the following similar properties of modulus of continuity
1) 51_i>%1+ Qa(f;0) =0 for f € CP[0,00), where p(z) =14 2% a € N.
2) Qu(f;md) <mQy(f;0), for m € N.
3) Qa(f;0) < walf,9).

In the last chapter, we compute the rate of convergence of a sequence of
positive linear operators by means of the weighted modulus of continuity Qs (f, d).

In 1930, L.V. Kantorovich [12] defined the linear positive operators

n k+1

Eu(foo)=mn+1)> (Z) 2 (1 — x)m—k/’:“ f(s)ds, x€[0,1]

]C:O m—+1

for any f € Ly([0,1]), which are referred as the Kantorovich operators. It is
obvious that these operators derived from the Bernstein polynomials. After that
generalization of positive linear operators in the sense of Kantorovich were studied
widely by a number of authors. In this thesis, we deal with Kantorovich type

Baskakov operators.



CHAPTER 2

A GENERALIZATION OF
BASKAKOV-KANTOROVICH OPERATORS VIA
TAYLOR POLYNOMIALS

2.1 Introduction

Strong approximation of functions related trigonometric Fourier series was
studied in many papers (see[14]). For the examination of the strong approxima-
tion involving positive linear operators you can see [19]-[23].

In this chapter, we prove a strong approximation theorem for positive linear
operators, defined by Rempulska and Skorupka [18], in polynomial weighted space
of differentiable functions. We first recall some definitions and notations appeared
in [18] (see also [2]). Let p € Ny. We consider the polynomial weighted space

C,[0,00) := C,(Ry) := C, which is associated with the weighted function

p(r) = wo(e) =1, pla) = 1(33) —l4a?, p> L (2.1)

As we mentioned in Chapter 1, the norm on C), is given by

1o := 11f1lp = sup{wp(2)[f(2)] - & € Ro}. (2.2)

Let r € Ny be a fixed number. C" denotes the set of all r-times differentiable
functions f € C, such that f™ € C,_,, for all 0 < m < r.

Let © denote the set of all infinite matrices A = [a,x(.)], n € N, k € Ny of
functions a,; € Cy and having properties:

(i) ank(z) >0 2z € Ry, n € N, k € Ny,

8



o0

(i) ¥ am(r)=1 =z € Ry, neN,
k=0

o

(iii) the series Z k" (z) is uniformly convergent on Ry, r € N and its sum is
k=0

a function belonging to C,

(iv) for every r € N there exists positive constant M;(r, A) independent of z € Ry

and n € N such that
| Tor (o A)|]2r < My(r; A)n™", (2.3)

where

T (w; A) = f: () (5 - x) . (2.4)

n

Now, let A € 2 and also let » € Ny. We now consider the operators defined
by
L. (f;Asz) = Zank(x)n/ F.(t,z)dt, x € Ry, n € N, (2.5)
I

k=0 n

and the strong difference with the power ¢ > 0,

n/j F.(t,x)dt — f(z)

o q E
Hi (f; Asw) == (Zank(l’) ) ; x €y, neN,
k=0

(2.6)
where I, := [%, %] and
" FU) (¢ ,
Rty =3 06y, 27)
=0
is the Taylor polynomial of f € C".
Specially for 7 = 0 and f € C°, we have
Loo(f; Aszx) = Zank(:ﬁ)n/ f(t)dt, v € Ry, n € N, (2.8)
k=0 Ik



and

/;f t)dt — ))é (2.9)

Observe that if we choose a,i(z) = ("+:_1)$k(1 — )™ % and r = 0, the

Hio(f Asx) = ( k(T

operators defined by (2.5) turn out to be the Baskakov-Kantorovich operators

fa:_n§:<n+k—1> M- 2) nk/;f

On the other hand, taking into consideration the property (ii), from (2.5) it
follows that

L,.(1;A;2) = 1. (2.10)

By (2.5), (2.6) and the properties (i) and (ii), one gets

| Lnie(f; As ) — f(2)| < H,, (f; A 2) (2.11)
and
Hy (f; Ase) < HPL(f;Ajz) 0<p<q<oo. (2.12)

for feC", x € Ryand n € N.

2.2 Auxiliary results

In this part, we prove some auxiliary results which is used in the proof of our
main theorem.
Let p, ¢ € Ny, » € N and p < q. By the definition of the weight function

wy(z), it is clear that

o (wp(@)" S wpe(@), (wp(2)) " < 2 (wpe(x)) 7, @ € Ro. (213)

Also, if p € N, then

10



1 1
§2p(——|—\t—x\p) t, x € Ry. (2.14)
wp(t) wy () ’

Lemma 2.1. Let A € Q and s € N. Then there exists a positive constant
My(s, A) such that

W () Lo ([t — %3 A; ) < My(s; A)n2, € Ry, n € N. (2.15)

Proof. From (2.8), we have

Sl
{1 )
sganm){(g-x +%>s+ S_x}
e (2 () )
Eriafrnft={ )

— @) ganm) S (%)i@)

By the item (ii) and Holder’s inequality, one gets

k
——z
n

()
=(2°+1) (ki;o () (g — x) 28) ’ <,§0 ank(x)>

(2)

Luo(lt = 2% A;2) < (2°+1) Y an(2)
k=0

=

11



Then, from (2.4), it follows that

N[

Luo(|t — o|%; A;2) < (2° + 1) (T (a3 A))? + 250~

and so

wo(@) Lo (£ = 2% As2) < (2° + D (2) (Tus(2 A)2 + 20w, (2)

= (2 + D/ [ (@) (Tons 5 4)) + 20w, ().

Since w,(x) < 1 and [w,(z)]? < was(x) we can write

W () Lo ([t — | Asz) < (2°+1 \/wgs Thos(z; A)) +2°n7°.
Now, by means of the inequality (2.3), we obtain

ws() Lot — 2| A;z) < (2° + 1)/ My (s, A)n=5 +2°n~°

IN

(2° + 1)/ M (s; A)n2 +2°n2
—n7F [(28 1)/ M (s A) + 28]

where Ms(s; A) = (2° + 1)y/Mi(s; A) + 2°. Thus the proof is completed. O

Lemma 2.2. Let A € Q and p, s € Ny. Then there exists a positive constant
M;(p, s, A) such that

|t —=|°

Wpys(2) Lo (w—a)

;A;x) < Mg(s;A)n_Ts, r € Ry, n € N. (2.16)

Proof. For p = 0 from (2.15) the proof is clear. Now, let p € N and s € Ny. If

we use the inequality (2.14), then we have

12



t—x|® 1
Lnyo (ﬂ;fl;x) < Lpyo (|t — z|?2P ( + |t — :E]p) P A; x)
wy(t) wy(z)

op
< Lo ( \t—x\s+2p|t—x|5+p;A;x)
wp()
op

= ——— Lo ([t = 2[* A7) + 2 Lo (|t — 2775 A; ).

wy ()

From Lemma 2.1, it follows that

t_ S
W s (2) Lo (ﬂ A; x> < opWots(T) g A

wp(t) wy()

Wyis(T) s —(pts)
= PP V(53 A)ne 4 2PMy(s; A)n 2
wy(w)ws()
By (2.13), one gets
Wpso(2) Lo (% 4 ) < PHMy(5; AT + P My(s; AnF
Wp
= n7 (2P My(s; A) 4+ 2P My(s; A)]
= M3<S; A)n%sv
where Mj(s; A) = 2P My (s; A) + 2P My (s; A). This completes the proof. O

Lemma 2.3. Let A € Q, p, s € Ny and q € N. Then there exists a positive

constant My = My(p,q, s, A) such that

t—xs q g
Wpt5)g(T) Lnjo ((’w (t)’ ) ;A;90> < My(p,q,s,A)n2", =€ Ry, n € N.
p
(2.17)

13



Proof. By using (2.14), we get

; .
R CER)
{ :U;—(;’S+2p|t—m|p+5} ;A;x)

(
(

< Luyo (2‘1—1 { (27)@)(1 + (2P|t — :c|P+S)‘I} CA; a:>
(

wy ()
24(1+p)

< Lo {—|t — z|* + Qq(1+p)|t _ x|(p+s)q Az
T\ U (wp()

—Ln,0(|t — $|Sq; 147 l’) + 2q(1+p)Ln;0(|t _ x|(p+s)q; A, ZL’)
w

Multiplying both sides of the above inequality by w,1s)(x), we have

W(pts)q () Lnso ( <Hl;—(ff) q A 96)

2a(1+p)
< w(p+s)q($)w—x)>an;o(|t —x*; Asx)
+ 210 P, (%) Lo ([t — 2| F)0; A; )
_ Wips)g(w) 29077
Weq(x)  (wp(x))?

+ 200Dy, () Lo (| — 2] P99 A; )

wsq(x)Ln;U(H -z’ Asx)

Now, by Lemma 2.1 and (2.13), we find that

Wip+s)q(%) Lo ( ( ’tw;(gs ) q s A x)

< gl+a(l+p) 2 Myn =" 4 290049) p =557

Wpy ()

—sq

< Qe+l L=t o 2q(l+p)M2n_7sq

—sq

— (22q+qp+1 + 2q(1+p))M2n 2

= M4n 725(1,
where M, = (22a+ar+1 4 2d(+p)) £,

14



Lemma 2.4. Let k € Ny and n € N be fivred numbers. Then for every function

k E+1

n’ n

n /I h(t)dt

Proof. By using Holder’s inequality, we easily obtain

n/} h(t)dtq—/l nh(t)dt

n

h continuous on I, := [ } and g > 1 we have

"< n/ (1) dt (2.18)

q

1 119
q q—1)p P
< ( / n(h(t))th> ( / n(q>dt>
Iy Iy
:/ n(h(t))th‘
Ing
<u [ Inola,
I’nk
which completes the proof. O]

Lemma 2.5. Let A € Q and p € Ny. Then there exists a positive constant
Ms(p, A) such that
1
Ln;o( s A; >
wp(t)

Lo (f; A5 Iy < Ms(p, ||, n €N, (2.20)

< Ms(p,A), neN (2.19)

p

and

for all f € C,.

Proof. 1t is clear that for s = 0 Lemma 2.2 gives the inequality (2.19). Now, by
(2.8) and (2.1) one gets

| Lno(f; A7) =

Z (2 / . f(t)dt

=S ale)n / o

k=0 nk

15



> 1
=111l S aner / Ol

= 1l (i s )

Then, multiplication of both sides the final inequality by w,(x) leads to

1
wy(x)| Lo f; A )| < Wy(T) Lo | ——=31 452 ),
@) L 450)] < 1) o (54 )
and thus

[ Lno(f; As2)|[p < [ f]lp

wy(1)

< [IF1l,Ms(p, A).

So the proof is completed. O

Lemma 2.6. Let A € Q and r € N. Then there exists a positive constant

Mg(r, A) such that for every f € C™ and n € N we have
e (5 A5 )l < Mo(r, A) D £y (2.21)
=0

Proof. By (2.1), (2.2), (2.5) and (2.7), we have

| L (f; As )| = Zank(l’)n/ F.(t,x)dt
k=0 Ink:
- zank / S0 iy
nk ] =0

N
IMMe 1
S
i
M
=3
\
%
-
5
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1 |z —t]
<>l JZank o[ e

w,—;(t)

_ [z =t .
j{:-Hf )l '”)(Z;j;GS’A”I>’

and so

()ILm(fA:vI<Z—Hf Ol ) oo (=05 450

Using the inequality (2.16), one gets

| e (f3 As )] < Mo(r, A) Y IO O]

5=0
O

Lemma 2.7. Let A€ Q, r € N and q > 0. Then there exists a positive constant
M= (q,r, A) such that

WHE (5 A ) < M2 Y (1f DNy, fECT, for neN. (2.22)

=0

Proof. If r = 0, then by means of (2.1), (2.2), (2.9) and items (i) and (ii) we have,

HZOan: {Zank

0 wo () wo ()
{Zank (HfHon/I it + HfHo)q}q
— 2|1l

If r € N, then by (2.1), (2.2) and (2.7), we get

17



(J
”/I Fo(t:2)dt — f / Zf |+ @)
- Ink j—0 (2.23)
Voo [ le—t Ul
Sn;j!”f |lr—; /]nk w,_;(t) t+wr(x)

Now, using (2.6), (2.23), Minkowski’s inequality and properties (i), (ii) of A,

we obtain

Hl,.(f: Asz) <

S o) (03" Lo, [ 2t gy YL
> >< 25l I wr_j<t>d”wr<x>> }
o r 1 | t|J K
kzzoank(x)< Z Hf - /Ink wrj(t)dt> }

j= 0

IA
—N —/

+ {kf; () (wf_(x)>q}1

- . s Y q) ¢ fll»
< Hf(”\lrj{ ai () <n v — 1] dt) } A
=0 k:z; ’ /Ink Wr—j (t) U)T<I)

<

which gives

< U o) (Zanm) (n] L‘&ﬁ)) +11fll
10 o ( Ooa 2n Jz—tpe
< Sy >(Z w(an [ (t)dt> #1171

Q=

Qe

nk w(””_j)q

Then equations (2.8) and (2.13) leads to

(o) 3 (Fi i) < SO gin(o) { Lo (i din) | 411
=0

(r—i)a
T ot} l
— q
<4 D[ g () Lo [ — . A .
<A N o (i) | 1)
7=0

18



Using Lemma 2.3 we reach to desired result.
Let [g] denote the integral part of ¢ if 0 < ¢ & N, then [¢] + 1 belongs to N

and ¢ < [g] + 1. This reality and the inequality (2.12) shows that
12, (s A ) S (A )l neN

and by (2.22) with power [¢] + 1 we find (2.22) for 0 < ¢ ¢ N. Thus the proof is

completed. n

2.3 Main theorem

Theorem 2.1. Let A € Q, r € Ny and q > 0. Then there exists a positive

constant Mg = Ms(q,r, A) such that for every f € C" and n € N we have
HL,(f3 A )lrar < Mgn T w(f7;n7) (2.24)

where w usual modulus of continuity of f.

Proof. a)We assume that r = 0 and ¢ € N. For f € Cy from (2.9) we have

Hio(f: A ) < {Z (/Inkf(t)f(:v)ldt)q}é-

On the other hand, we can write

() — F(@)] < wlf. |t — 2l) < (Valt — o] + 1w (f; %)

for x, t € Ry and n € N. Thus, we obtain that

Hiolf; As) < {g%k@) (n /Ink(\/ﬁlt — 2]+ Dw (f; %) dt)q};

<w (f; %) {m Q) (n /Ink(ﬁ't |+ M)q};

19



_ (f; %) {gank(a:) (n /I it — ) dt + 1)q};.

Use of Minkowski’s inequality, equations (2.8) and (2.10), and Lemma 2.4,

yields

Hio(fi Asz) Sw (f,

%){( Zank /t:c%it)é—l—l}
<w (f; %) [ VAot - ol ) +1)

and so

wi () Hpo(f; Asz) Sw ( \/—> (Vnwi(@)(Lno(|t — x|% As )7 + wi ().
Then, by (2.1) and Lemma 2.1, we obtain

wi (@) Hpo(f; A ) Sw (f; L) (Vn(wy(@) Lot — 2[4 A; 2))7 +1)

\/ﬁ
—w (f; %) My(q, A).

This gives (2.24) for r =0 and ¢ € N.
b)Let » € N and ¢ € N. We consider modified Taylor formula for f € C" at

a point t € Ry ( see [7] and [11] ):

'Zr(x7t>7 LS R07 (225>

where

20



Equations (2.6), (2.7) and (2.25) imply that

(z=1)"

o (r=1)!

Z(x, t)dt

q}q . (2.26)

f A iL’ {Zank

Since ") € Cp, using the modulus of continuity we get

(1 =) MO+ ule = 1) = f7(t)]du

(1= u) L (FO); ule — t])du
w (f(r); |z —t|) /1(1 —u)" " tdu
0

1 1
r

(Valt =z +1)w (f(’”); ﬁ) :

By means of the equations (2.26), (2.27) and Minkowski’s inequality and

|Z(,1)] <

S >—

(2.27)

IN

IN

Lemma 2.4, we may write

H (f; A;x)

1

ga"’“m (n [ et v - wndt)q}q

(Soomt (1 - ))
Q/Ink(thJrldt))q);}

<<Ln;0(|t — x| A; 517))% + V(Lo (|t — 2| A; 1))

<

IN

Qe

Now, in terms of (2.1), (2.13) and Lemma 2.1, we have

< (wrg (%) Lo ([t — 2" A; )@

Q=

Wr1 () (Lo ([t = 2[™; A; 7))

S MlO(Q? r, "4),”_T
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and

—(r+1)

S Mll(Q? T, A)” 2.

S

Wyi1(2) (Lo ([t — 2|9 A; 7))

Using the above inequality, we easily find (2.24) for n € N and ¢ € N.
c)Let r € Ngand 0 < ¢ € N. Also let ¢ < [¢] + 1. By (2.12), (2.2) and (2.24)

we can write

= (1
2 75 A o < A5l < Mon ¥ (£ )

for every f € C" and n € N. Therefore, the proof is completed. n

Corollary 2.1. We assume that A,r and q satisfy assumption of Theorem 2.1.

If f € C" and f) is uniformly continuous on Ry, then

n—o0

which tmplies that

lim n%Hg;r(f;A;x) =0 atevery z€ Ry.

n—o0

Corollary 2.2. Let A € Q and r € Ny. Then there exists a positive constant
Mo(r, A) such that for every f € C™ and n € N we have

I Lo (F: A5) = f() lesa I Hpoo (F A5 e < Maz(r, An w (f(”; %) :

Moreover if ) is uniformly continuous on Ry, then

lim 03| Lo (f; As ) = f(2)lr41 = 0.

n—oo

22



From this follows

lim n2 (L, (f; A;z) — f(z)) =0

n—oo

at every x € Ry.

Remark 2.1. Theorem 2.1. and corollaries are also valid for the Baskakov-

Kantorovich operators

o0

~ —1+k
Vo (fr ) := (n ):pk(l — )" Fn F.(t,z)dt

of functions f € C", r € Ny (see[24]).
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CHAPTER 3

A MODIFICATION OF GENERALIZED BASKAKOV
-KANTOROVICH OPERATORS

3.1 Introduction

In the identity

—x _at - tk
(L—t)"e :Zpk(%a)g7

where a > 0 is any constant and

— z; (’j) (z);a™

with (z)o =1, (z); = x(x+1)---(x +i—1) for i« > 1 by setting x = n and

t = 17, Mihesan [16] constructed the generalized Baskakov operators

Ik

a Pkna)
Bi(f;x)=e 1+a:Zf( ) (1+x)n+k’ r>0,neN

for every f € C]0,00). He showed that these operators converge uniformly on
[0, 0] for functions having exponential growth on positive x-axis and obtained the
order of approximation with the help of the usual modulus of continuity. After
that these operators and their integral modifications were studied in [5], [6] and
[25]-[30]. We now deal with only the works which are necessary for this thesis.
In [29], by proposing integral type modification of the operators B® in the sense

of Kantorovich as follows:

k k+1

a Car = Pi(n,a x n
Vefio) =ne e 3 R e [ i, oz omen
k=0 n
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Wafi and Khatoon proved a Voronovskaya type theorem in polynomial weight
spaces for these operators. In 2010, Eren¢in and Bagcanbaz-Tunca [5] presented

the following generalization of the operators B%(f;x)

k

Lo(f;z)=e ‘fiizf( n) Py( n|an) (1fx)n+w r>0neN, (31

where (a,,) are (b,) are two sequences of positive numbers such that

and investigated their weighted approximation properties and also introduced an
application to functional differential equations which gives a recurrence relation
for the monomials of that operators.

Very recently, Altomare, Montano and Leonessa [1] presented the modification

of Szasz-Mirakyan-Kantorovich operators defined by

Culf;z) = 6_"ri (nx)* [ n /n" f(t)dt] , ©>0,neN,

k=0 k:' le - an k“rnan

where (a,) and (b,) are sequences of real numbers such that 0 < a,, < b, < 1.
They studied some approximation properties of these operators on continuous
function spaces, weighted continuous function spaces and Lebesgue spaces and
also obtained some estimates for the rate of convergence.

Inspired by that work, we consider the generalization of the operators V¢ as

follows:
K,(f;z) :ZSnank‘x . / " f(t)dt, x>0,n€N, (3.2)
n J kten
k=0 bn
where
_ans Pi(n, ay) a®

Snan(k,x) =€ T+

El (14 x)ntk
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and (ay,), (bn), (¢,) and (d,) are sequences having the properties:

(i) a, >0, b,>1, 0<¢,<d, <1

(i) lim = =1,

lim = =0
n—oo b, e

n—oo by,

In this chapter, we first give some direct results. Next, we prove a weighted

Korovkin type theorem and compute the order of approximation with the help

of the weighted modulus of continuity for these operators.

3.2 Auxiliary results

By [5], we have

Lo(l;z) = 1 (3.3)
n an T
L,(t;z) = — — 3.4
(Bo)= oot T (3-4)
n(n+1) 2a,n  * al  2?
Ln(t%2) = ——5—=a

g+ 2 (35)
—I+ — :
2 1+z b2(1+2)2 b2 b2 1+’
where L, (f;z) is defined by (3.1).

In the sequel, we shall need to following lemmas.
Lemma 3.1. The following equalities hold:

1 1 3
Ln(t3;a:):n(n+ )(n+2)x3 3a,n(n+1) x

3a2n  2? N ad 2?
b3 b3 1+ b (1+x)2 b (1+2)3
3n(n+1) , 6a,n 2?2 3a2  a? n
+ 03 x

a, T
R N R A

and

Lty D+ 13)

4apn(n+1)(n+2) 4
T+
o o 1+
6a’n(n+1) at N 4adn ! at ozt
b: (1+2)2 b (14+2)3  bi(1+a)t
N 6n(n+1)(n+2) , N 18a,n(n+1) z* 18a2n  2°
T
bt b 1+z bt (14 )2
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N 6a>  2? N mn+1) , lda,n z* Ta?2  x?
— x —
bt (14 x)3 bt bi 14z bL (1+x)?

PN
—x+ — :
b bt l+x

It can be proved in a similar way that of the proof of Lemma 2.1 in [16] or by

using the recurrence relation given in [5].

Lemma 3.2. For the operators K,(f;x) defined by (3.2), we have

K,(l;z) =1,
n a, x mo(n)
Ko(tz) = “pydn
n(B0) = et e T o
n(n+1) 2a,n x* a?  x2? nmy(n)
K (t%2) = ——5—=a* + =2 =
) == T T Rrarr T R
ay,mi(n) =z meo(n)

R S T
n(n+1)(n+2) 3+3ann(n—i—1) 3 3a2n  2?

3. ) — n
Kalth2) = ] ‘ B 1tz 0 (1ta)?
@ z3 N 3n(n + 1)7713,(71)x2 3a,nms(n) z?
b (11 a)? 203 B 1tz
3a2ms(n) 22 nmy(n)  a,ms(n) z ms(n)
202 (1+x)? 203 203 1+ax 43 7
and

nn+1)(n+2)(n+ 3) 4apn(n+1)(n+2) *
K, (thz) = 4
6aZn(n+1) a* 4ain ot at ozt

b (ra2 b (Gt B(1ta)
2n(n + 1)(n + 2)mg(n) E 6a,n(n + 1)meg(n) z*

b1 b 1+
6a’nmg(n) z* 2a3mg(n) 23 n(n+ 1)mz(n) ,
b2 (1+z)? bt (1+4x)3 bt
2a,nmq(n) N atmz(n)  2?
b4 1+2 bt (1+2)?
nmg(n) a,mg(n) = mg(n)

T VR e
where  mo(n) = ¢, +d,, mi(n) = ¢, +dp + 1, ma(n) = A + cpd, + d2,
ma(n) = c, +d, +2, my(n) =2(c2 + cpdy + d2) + 3(c, + dn) +2, ms(n) =
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A+ctd,+c,d®+d2, mg(n)=c,+d,+3, ms(n)=2(c2+c,d,+d>)+6(c,+
dn)+7, ms(n) =c 4+ Ady+cnd? +d2 +2(3 + cpdn +d2) +2(c, +dn) + 1 and
mo(n) =t + 2d, + Ed2 + ¢, d> + d7 .

By using the definition of K, the equalities (3.3)-(3.5) and Lemma 3.1, it can
be proved easily. So, we omit them.
Now in terms of the linearity of the operators K,, and Lemma 3.2 we can state

the following lemma.

Lemma 3.3. For the operators K, (f;x) defined by (3.2), we have

1 2 2n 2 2 2
Kn(@_x)z;x):(M__nH)mL(£_1>$_+a_n z

b2 by, b, \ b, l+z b2 (1+2)?

nmy(n) B mo(n) aymi(n) =z ma(n)
+( >x+ 2 1ta 302

b2 by
(3.6)

K ((t = 2)% )

_ (n(n +D)(n+2)(n+3) 4n(n+1)(n+2) N 6n(n+1) 4n N 1)
b b 02 b
day, (n(n +1)(n+2) 3n(n+1) N 3n 1) zl N 6a2 (n(n—l— 1)
b b 02 b Tre 2\ »

2n 1 xt n 4a ('n 1 xt 4 at 2t
bn (T+z)2 by \ba (I+2)? by (1+2)t

N 2<n(n+ 1)(n+2)me(n)  3n (n—I— 1) 3(n) N 3nm1(n) mo(n)>x3

b4 bn
N 6a, (n(n+1)ms(n) 2nm3 nme(n)
by, b2 1+ P b2 b2
~ mg(n) 3 2aim6( - n(n + 1 Jmz(n)  2nmy(n)
b, ) (1+x)? i (14 2) b3
N 2ma(n) 2y 2a, (nmg(n)  ma(n)\ 2’ L@ m7(n) z?
b2 by, b3 b% l+z bt (14 x)?
nmsg(n)  ms(n) a,msg(n) =« mg(n)
( by o) T T 1ra sk
(3.7)
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where mo(n),mi(n), ma(n), ms(n), my(n),ms(n), mg(n), mz(n), ms(n) and
mg(n) are given as in Lemma 3.2

Lemma 3.4. For the operators K, (f;x) defined by (3.2), we have

K, ((t —2)%2) < 12mz(n)A(n)(2* + 2° + 2° + 2 + 1)

where mz(n) given as in Lemma 3.2 and A(n) = max{A;(n), As(n)} with
n
Al (n) =

(n+1(n+2)(n+3) 4dn(n+1)(n+2) +6n(n+1) _4_n+1
by, b b b,

an (nn+1)(n+2) n az (n(n+1)

+bn( o o) ()

Ay(n) = nn+1)(n+2) n

LAY TGRSR VR W (Y
b 2\ e 3 \bn D)
Proof. From (3.7) we may write
K ((t )
n(n n+2)(n—|—3) dn(n+1)(n+2) 6nn+1) 4n
- + -
by b bn
4ay, (n + H(n+2) 3n\ z* 6a2 (n(n+1) x!
o 2% 1
o ( b )i T \T e T
Addn ot 4 4

+ z)?
a, T n(n+1)(n+2)mg(n) 3nmy(n)\ ;3
T W T
b (ra)p b (It < b T )"
N 6ban (n(n —f—bl?))mﬁ(n) N ml(n)) 3 N anmeg(n) 3

2a,nmq(n) z*
b

1+2x

T
3 b, J)1+x bt (1+2)?
2a2mg(n)
by b
a2m7( ) 2P a,mg(n) mg(n)
Gxa2 0 T 1z
n(n + 1)( n+2)(n+3)
LI P
5 52 ot
4 On n(n + 1)(n +2) n a
bn b3 b + 33')2
4 4 1 2
an__ ' L ay n—|— Yyme(n) N nmy(n) 3
b (14x)2 b ( 1+:L' b2

z’ n(n+1)mz(n) = 2ma(n)\ ,
o (tap ( i ) !
nmg(n)
b4
<12{ _An(n+1)(n+2) n 6n(n+1) 4n
n (n(n+1) at
+ ! E (b—2 i 1) (1
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ap (n(n+1Dmg(n) mi(n)\ 2° N aZnme(n)  2?
b B b )1t i (Lta)?
aimg(n) a3 n(n + 1)mz(n) N ma(n) .2 annmy(n)  x?
B (1ta)p b B2 B 1t
a’mz(n)  2? nmg(n)sﬂ N a,mg(n) N mg(n)
bt (1+ )2 bt vt 1+x broo|
Since a i il <zforallz >0, [ <s(l,s=1,2,3,4) and my(n), ma(n), mg(n),

mg(n), mg(n) < my(n) for all n € N one gets
K,((t—2)%2) < 12{A1(n)x4 +mgz(n) [A2(n)z® + As(n)z® + As(n)z + As(n)] },

where

nn+1) 1 a,(n a, 1 /n a, 1
As(n) :T+E+E (EJFE) ; Aa(n) =3 (E+E) ,A5(n):b—4.

n n

Finally, since As(n) < A4(n) < Az(n) < Az(n) for all n € N we can write
K.((t—2)%2) < 12{A1(n)x4 +mz(n)As(n) (2 + 2> + 2 + 1) }
< 12m7(n){A1(n)x4 + As(n) (2 + 2 + 2 + 1) }

which gives the desired result. ]

3.3 Direct results

Let Cp[0,00) denote the space of real valued continuous and bounded func-

tions f on the interval [0, 00), endowed with the norm

Ifll = sup [f(z)].

0<zr<c0o

For any 6 > 0, Peetre’s K-functional is defined by

Ky(f;0) = inf ){Ilf—g||+f5||g”||},

geC%0,00
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where C%[0,00) = {g € Cp[0,0) : ¢, ¢" € C[0,00)}. By DeVore and Lorentz

([4], p-177, Theorem 2.4) there exists an absolute constant C' > 0 such that
Ks(f;0) < Cuws(f; V), (3:8)

where the second order modulus of smoothness wy(f;d) of f € Cp[0,00) and
usual modulus of continuity w of f € Cp[0,00) is defined as in Chapter 1. Now

consider the following operator

n a, mo(n)

Rulfia) = Koli) = (ot 20+ "0 ) 4 fto),

where mg(n) given as Lemma 3.2.

Lemma 3.5. Let g € C3[0,00). Then we have

‘ ~

Ra(gs) = g(a)| < u(@) 9"l

where

5u(2) = Ko((t — 2)% 1) + Kﬁ - 1) T+ Z—Zlix + m;lf:)r.

Proof. By the definition of the operators l?n and Lemma 3.2 we get

Rt — w:0) = Kot — 2,3) — <b£$+z_nlix+m2()b(n) _x>

— Kty x) — 2 Kn(1,2) — <b£“ o, mzob(n) - x)

=0.

Let g € C%[0,00) and = € [0, 00). By Taylor’s formula of g

gw—wm:a—mﬂm+/@—w¢wm,teﬂw)
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one may write

t
& ([ - ety
xt
_K, ( [ (= wg @ )
R TETRY n an x me(n) )y
_ N,y _ d
Lé (617 blts 2, “)g(“)“
Now using the following inequalities
t
[ = wgwdul < ¢ =27 5|
and
o n a, T mo(n) "
N,y _ d
hé (b T iss T o, “)g(“)“
B G D T mo(n)]? 11
_— :C —_—
= [ \b, boltx  2b, |
we can write
Rt ?
(t—a)a)+ (L —1)oyr 2 T +m0(n)2 [l
b, b, 1 +x 2b,,
z)llg"ll
O

Theorem 3.1. Let f € Cgl0,00). Then for all x € [0,00) there exists a constant

A > 0 such that

S S T

Kal(f32) = f(@)] < Aws (F1/5a(@)) + (f; n_

bn

1‘ 4 @ mo(n))’
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where 0, (x) defined as in Lemma 3.5.

Proof. By means of the definitions of the operators IA(n and K, we have

Kulfi0) = F@) <|Ralf = gi0)| + 1/ = 9)@)] + | Rulg:2) = 9(a)

n a, T mo(n)
f(ax+ad+x+ %n>_f@)

_|_

and

[Bo(f50)] < 1)+ 2011 < K (152) + 2011 = 317

Thus we may conclude that

[Kalf32) = £@)] <41f = gl + | Ralgi2) — 9(2)

n a, T mo(n)
+‘f<al’+al+x+ an >—f($)

In the light of Lemma 3.5 one gets

[Kalfi2) = F(@)| <41f = gl +0u(a)”
mtfos g4 T,

n
+”(ﬁbn boltz | 2b,

Therefore taking the infimum over all g € C%[0,00) on the right-hand side of the

last inequality and considering (3.8), we reach to

n a, T mo(n
§4Cw2<f;\/5n(x)>+w(f; b__l‘x+b_1+x+ 20b( ))
B . |n an T mo(n)
= Awy <f,\/5n(m)>+w(f, b 1‘x—|—bn1+$+ %, )
which completes the proof. n

Theorem 3.2. Let 0 <y <1 and f € Cp[0,00). Then if f € Lippy (), that is,
the inequality
|f@) = f@)| < M|t —=|", =,t€0,00)
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holds, then for each x € [0,00) we have

Ko (f;2) — f2)] < 62 (),

where 6,(x) = K, ((t — x)* x) and M > 0 is a constant.

Proof. Let f € Cgl0,00) N Lipy(7y). By the linearity and monotonicity of the

operators K, we get

K (fr2) — f(2)] < K (If(E) — fo)] 5 2)
<MK, (Jt—z|";z)

k+dn

> b T
- M n — 2 dt.
> Snanlk, g;)dn - /+ It — 2| dt
k=0 bn
Now applying the Holder inequality two times successively with p = %, q= %,
we obtain
00 b ktdp %
KolFi) = )] <MY Sua ) - [ ™ o x)?dt}
k=0 n n bn"
<MK, ((t— )% :E)%
= Md2 (z)
This completes the proof. O

3.4 Weighted approximation properties

Now, we introduce convergence properties of the operators K,, via Theorem

1.3 mentioned in Chapter 1.

Theorem 3.3. Let {K,} be the sequence of linear positive operators defined by
(3.2). Then for each f €C}[0,00), we have

lim [|K(f;2) = f(@)ll, = 0,

n—oo
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where p(x) =1+ 2.
Proof. Using Lemma 3.2, we may write

| K, (p; )| nn+1) 2a,n a2  nmi(n)  a,mi(n)  ma(n)
17nAs )l - n
T2 S R R R i 302

Under the conditions (¢) and (i7), there exists a positive constant M* such that

nn+1)  2a,n a2  nmy(n)  a,mi(n)  ma(n)

ettt e T < M*

for each n. Hence we get
K (ps )], < T+ M7

which shows that {K,} is a sequence of positive linear operators acting from
C,[0,00) to B,[0,00).
In order to complete the proof, it is enough to prove that the conditions of
Theorem 1.3
nh_r}olo | K (" 2) —2”||, =0, v=0,1,2

are satisfied. It is clear that
lim ||K,(1;z) — 1|, = 0.
n—oo

By Lemma 3.2, we have

n x an x mo(n) 1
L 4+ +
bn 1+22 b, (1+2x)(142?) 2b, 1422

a, mo(n)
+ b, + b, .

|| K (8 ) — ], = sup

x>0

n
=1
br,

<

Thus taking into consideration the conditions (i) and (i) we can conclude that

lim ||K,(t;z) — ||, = 0.
n—oo
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Similarly, one gets

nn+1) ) z? N 2a,n z?
» 12 7% 1o+

a? x? nmy(n)
o +
b2 (14 x)%(1 + 22) b2 1+a2

anMy (n) €T mg(n) 1
b2 (1+4+2)(1+2?) 302 (14 22)
n(n+1) 2a,n a2 nmi(n)  a,mi(n)  mo(n)
52 R I 2R

n n

||Kn(t2; :E) - x2||p =Ssup
x>0

— 1' +
which leads to

lim ||K, (%) — 2°||, = 0.

n—oo
Thus the proof is completed. [

Now we compute the order of approximation of the operators K, in terms of

the weighted modulus of continuity Qs(f,d) defined in Chapter 1

B _fl@+h) - f2)]
a(f.0) = xzos,gfhgé 1+ (z+h)?

f € G0, 00).

Theorem 3.4. Let {K,} be the sequence of linear positive operators defined by
(8.2). Then for each f € CP[0,00), we have

=

o [l f5) = F(2)

230 (1+22)3 < Oy (f, [mz(n)A(n)]

where C' is positive constant and mz(n) and A(n) defined as in Lemma 3.2 and

Lemma 3.4, respectively.

Proof. For z > 0 and t > 0, by the definition of Qs(f,0) and the property (3),

we may write

0= F) < (Lt o le= o) (145 ) s

<2(1+2%) (14 (t —2)?) (1 + T) Qa(f, 6n).
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By using the monotonicity of K,, and the following inequality (see [10])

e teap) (1 15) <20 (14 057

n n
one gets

IKAﬁ@—f@H§2ﬂ+ﬁﬂ%(U+@—ﬂ5(L+E1ﬂ)w>%wﬁw

On
<4(1+68)(1+2*)K, (1 + U ;4x>4;x) Q(f,0n)

n

=4(1 +02)(1 + 2?) [1 + %Kn((t — )% x)] Qa(f, 6)

<1 +2?) {1 + 1Rt — ) x)} s (f, ).

4 n
O,

With the help of the Lemma 3.4 this inequality leads to

ma(n)A(n)
54

n

|Kﬂﬁw%f@H§1ﬂlﬂ+ﬁ)P+ @*+ﬁ+4?+x+1ﬂﬂxﬁ%>

which gives the required result. ]

We observe that in Theorem 3.3 we have showed that K, converges to f in
the weighted space Cp|0, 00). But in Theorem 3.4 we have computed the rate of

convergence for these operators in the weighted space Cp3[0, 00).
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