ALGEBRAIC FUNCTIONS IN TERMS OF GENERALIZED
HYPERGEOMETRIC FUNCTIONS

(GENELLESTIRILMIS HIPERGEOMETRIK FONKSIYONLAR
CINSINDEN CEBIRSEL FONKSIYONLAR)

by

Mutlu KOCAR, B.S.

Thesis

Submitted in Partial Fulfillment
of the Requirements

for the Degree of

MASTER OF SCIENCE
in
MATHEMATICS
in the
GRADUATE SCHOOL OF SCIENCE AND ENGINEERING
of

GALATASARAY UNIVERSITY
Supervisor : Prof. Dr. Susumu TANABE

December 2018



This is to certify that the thesis entitled

ALGEBRAIC FUNCTIONS IN TERMS OF GENERALIZED
HYPERGEOMETRIC FUNCTIONS

prepared by Mutlu KOCAR in partial fulfillment of the requirements for the degree of
Master of Science in Mathematics at the Galatasaray University is approved by the

Examining Committee :

Prof. Dr. Susumu TANABE (Supervisor)
Department of Mathematics

Galatasaray University

Assist. Prof. Ayberk ZEYTIN
Department of Mathematics

Galatasaray University

Assoc. Prof. Alp BASSA
Department of Mathematics
Bogazici University

Date:




Acknowledgements

I would like to express my sincere gratitude to my advisor Prof. Dr. Susumu TANABE
for his excellent guidance, encouragement, patience, and his endless help during my
study. He has used his immense knowledge to improve mine. I will always appreciate

the way he advised me.

I would like to thank to all members of Galatasaray University Department of

Mathematics as well.

Thanks to the Turkish Scientific and Technical Research Institute (TUBITAK) for
supporting this work under project grant 116F130 “Period integrals associated to

algebraic varieties”.

Finally, my very profound gratitude goes to my family for their support and

understanding throughout my years of study.

28 December 2018
Mutlu KOCAR



Table of Contents

LIST OF SYMBOLS

(I.L1.2  The Beta Function| . . . . ... ... ... ... ... .... 9

2 Gauss Differential Equation and The Hypergeometric Function] . . . . . . 11
[2.1 ~ Gauss Hypergeometric Function| . . . . . ... ... ... .. ... ... 11
[2.1.1  Solutions Around Regular Singular Points| . . . . . . . ... ... 16

2.2 Local Monodromy| . . .. ... ... ... ... ... .. .. ...... 22
[2.3  Euler Integral Representation| . . . . . . . ... ... .. ... ...... 28
[2.4  Barnes Integral Representation| . . . . . . ... ... ... ... ... 31

[2.5 Global Monodromy via Barnes Integral| . . . . ... ... ... ... .. 38




3 Pochhammer Hypergeometric Function| . . . . . . . ... ... ... ... .. 41

[3.1 Generalized Hypergeometric Function| . . . . . . . ... ... ... ... 41
[3.2  Monodromy Representation| . . . .. ... ... ... ... ..., 46
[3.3  The Hypergeometric Group|. . . . . . ... ... ... ... ... .... 49

4 Algebraic Functions in terms of Pochhammer Hypergeometric Functions . 51

4.1  Algebraic Functions, Newton Polygon Method and Puiseux Series| . . . . 51
/4.2 ‘Trinomial Algebraic Function| . . . . .. ... ... .. .. .. ..... 60
4.3 Algebraic Functions in terms of Hypergeometric Series| . . . . . . . . .. 72
B _Conclusion| . . . .. .. .. .. ... 97
REFERENCES|. . . . . . . . . 97

BIOGRAPHICAL SKETCH




List of Symbols

I'(z) : Gamma function (Chapter 1, Section 1)
B(x,y) : Beta function (Chapter 1, Section 2)
2 F : Gauss hypergeometric function (Chapter 2, Section 1)
(X)n : Pochhammer symbol (Chapter 2, Section 1)
71(S,20) : Fundamental group of topological space S with base point zo (Chapter 2, Section 3)
nFn—1 : Pochhammer hypergeometric function (Chapter 3, Section 1)

GL(n,C) : General linear group of n x n invertible matrices over the field of complex numbers
(Chapter 3, Section 1)

Y ISQC (X) : Puiseux expansion of the i’ branch (Chapter 4, Section 3)

f(X,Y) :Polynomial that give rise to algebraic functions (Chapter 4, Section 1)
A(f) : Carrier of f (Chapter 4, Section 1)
Y(X)  : First Mellin inversion solution (Chapter 4, Section 3)

Y (X)  : Second Mellin inversion solution (Chapter 4, Section 3)



List of Figures

[Figure 2.1: Loops around the singularpoints| . . . . . ... ... ... ... 23
[Figure 2.2:  Pochhammer Contour| . . . . . ... ... ... ... ...... 29
[Figure 2.3: ThecontourC}] . . . ... .. .. ... ... .. ... .. ... 33
[Figure 4.1: N(f(X,Y))| . . . . . . . o 77




Abstract

The aim of this thesis is to describe the solutions of a given general trinomial algebraic
equation satisfying some special conditions by means of generalized hypergeometric
functions.

Including the introduction, this dissertation consists of five chapters. In the first chapter,
the gamma function and the beta function are introduced. Some basic properties of the

gamma function and related theorems are reviewed.

In the second chapter, Gauss hypergeometric function(as a model case) is studied in
detail. Besides, its differential equation, two different integral representations and

monodromy study of Gauss hypergeometric differential equation are given.

In the third chapter, generalized hypergeometric(or Pochhammer) function, which is
used as our tool to obtain our results in the fourth chapter and its differential equation are
introduced. Moreover, monodromy study of generalized hypergeometric function is
briefly stated.

In the fourth chapter, the Newton-Puiseux algorithm which is used to find solutions of an
algebraic equation in fractional power series around the origin is explained. However,
even though this algorithm enables us to obtain all solutions of an algebraic equation,
when it comes to deal with algebraic equations of higher degree, application of the
Newton-Puiseux algorithm becomes a hard task due to higher order terms. In the second
section of chapter four, the Mellin transformation of a solution of a general trinomial
algebraic equation is described. Further, the relation between such a transformation and
gamma function is studied. By the aid of this relation solutions of a general trinomial
algebraic equation that arise from the Mellin inversion formula are reviewed. In the last
section of chapter four, we applied this argument and the Newton-Puiseux algorithm to a
given general triniomial algebraic equation satisfying some special conditions and
compared the results. Moreover, we obtained hypergeometric type differential equation
which is satisfied by the solutions of a given trinomial algebraic equation mentioned
above. These applications are supplemented with well-studied examples. In the final

chapter, the conclusion of this dissertation is given.

Keywords: Gamma function, beta function, Gauss hypergeometric function,
monodromy, generalized hypergeometric functions, algebraic functions, algebraic

equations, Newton-Puiseux algorithm.



Ozet

Bu tezin amaci, baz1 6zel kosullar1 saglayan genel {i¢ terimli cebirsel denklemlerin
coziimlerini hipergeometrik fonskiyonlar aracilifiyla tavsir etmektir.

Bu tez, giris kismu ile birlikte bes iiniteden olugsmaktadir. ilk iinitede, gamma ve beta
fonksiyonlar1 tanitilmistir. Gamma ve beta fonskiyonalrinin bazi 6zellikleri ve bu

fonksiyonlar ile iligkili teoremler ele alinmigtir.

fkinci iinitede, Gauss hipergeometrik fonksiyonu(model olarak) ayrintil1 bir sekilde
calisilmigtir. Ayrica, diferansyiel denklemi, iki farkli integral temsili ve monodromi

calismasi verilmisgtir.

Ugiincii iinitede, dordiincii iinitedeki sonuglarimiz1 elde etmemize araci olan
genellestirilmis hipergeometrik fonksiyon(Pochhammer) fonksiyon ve diferansiyel
denklemi tamtilmistir. Buna ek olarak, genellestirilmis hipergeometrik fonksiyonun

monodromi ¢aligsmasi kisaca belirtilmistir.

Dordiincii tinitede, bir cebirsel denklemin orijin civarindaki kesirli kuvvet serisini
bulmak i¢in kullanilan Newton-Puiseux algoritmasi agiklanmistir. Fakat bu algoritma,
bir cebirsel denklemin tiim ¢ozlimlerini elde etmemize olanak tanisa da, yiiksek dereceli
cebirsel denklemlerle ilgilenildiginde Newton-Pusieux algoritmasinin uygulanmasi
yiiksek dereceli terimler yiiziinden zor bir hal almaktadir. Dordiincii tinitenin ikinci
kisminda, genel {i¢ terimli bir cebirsel denklemin ¢coziimlerinin Mellin doniisiimii tasvir
edilmistir. Dahasi, boyle bir doniisiimle gamma fonksiyonu arasindaki iligki ¢calisilmistir.
Bu iligki yardimu ile ters Mellin formiiliinden ortaya ¢ikan genel ii¢ terimli cebirsel
denklemin ¢oziimleri incelenmistir. Dordiincii linitenin son kisminda, bu argiimani ve
Newton-Puiseux algoritmasini verilen genel ii¢ terimli 6zel kosullar1 saglayan cebirsel
denkleme uyguladik ve elde ettigimiz sonuclari karsilastirdik. Buna ek olarak, yukarida
bahsi gecen cebirsel denklemin ¢oziimleri tarafindan saglanan hipergeometrik tip
diferansiyel denklemi elde ettik. Bu uygulamalar iyi ¢alisilmis 6rneklerle

desteklenmistir. Son {initede bu tezin sonug¢ kismi verilmistir.

Anahtar Sozciikler: Gamma fonksiyonu, beta fonksiyonu, Gauss hipergeometrik
fonskiyonu, monodromi, genellestirilmis hipergeometrik fonksiyonlar, cebirsel

fonksiyonlar, cebirsel denklemler, Newton-Puiseux algoritmasi.



Chapter 1
Introduction

The gamma function was first introduced by the Swiss mathematician Leonhard Euler
(1707-1783) in his goal to generalize the factorial to non-integer values. Euler at that
time stayed together with D.Bernoulli (1700-1782) in St.Petersburg gave a similar
representation of this function. But then, Euler did much more. He gave further
representations by integrals and formulated theorems on the properties of this function.
It was also studied by other eminent mathematicians like Joseph Liouville (1809-1882),
Karl Weierstrass (1815-1897), Charles Hermite (1822-1901). The notation I" was
introduced by Adrien Marie Legendre (1752-1833). The gamma function appears in
various area in mathematics such as asymptotic series, definite integration,
hypergeometric series, Riemann-zeta function. As our topic suggests we will be

interested mostly in the case of hypergeometric series and thus hypergeometric functions.

In Chapter 2, we study the Gauss hypergeometric function and its differential equation.
In fact, this hypergeometric function was first introduced by Euler as a power series
expansion of the form

afo+ DBB+1) >,

o
—Bz+

1
+y.1 v(y+1)1.2

with o, 3,7 € Q. During his studies Euler obtained many classical functions by using the
rational parameters o, 3,7. For instance taking B =y = 1, gives generalized binomial
series (1 —z)~%. Also, taking oo = 1,3 = v, gives the classical geometric series. Euler
found the hypergeometric differential equation as well, which is a second order linear
differential equation. Years later, Gauss studied solutions of this hypergeometric
differential equation in the entire complex plane. And he discovered multivaluedness of
these solutions(Monodromy problem). This problem was studied extensively by famous

mathematician Bernhand Riemann(1826-1866). For Gauss’s contributions, today Euler’s



hypergeometric series is referred to as Gauss hypergeometric function.

Towards the end of nineteenth century, mathematicians had come up with the idea of
generalization of the Gauss hypergeometric function. In Chapter 3, we consider
generalized hypergeometric function or often called Pochhammer(1841-1920)

hypergeometric function with 2n parameters in one variable.

In Chapter 4, firstly we review the Newton-Puiseux algorithm to find the solutions of an
algebraic equation in fractional power series around the origin. Apart form this, in
considering the Mellin inversion formula for a solution of a general trinomial algebraic
equation satisfying some special conditions led us to hypergeometric series. On the other
hand, we used the Newton-Puiseux algorithm for the same general trinomial algebraic

function and compared the results.



1.1 The Gamma Function

In this chapter, we state definitions and basic properties of two special functions

namely, the gamma function and the beta function.

Definition 1.1.1. The gamma function is defined by the integral:
F(z):/ e tdr (1.1.1)
0

where z € C and R(z) > 0.

The above integral makes sense as far as it is convergent. First, let us discuss the

/ e dr
0
We split up the integral as

oo 1 o0
/ e dr = / e dr + / e dr
0 0 |

Notice that, 0 < #~le™ < 21 for all positive values of ¢. Thus,

convergence of the integral

1 1
/ e dr < lim | # e tdt
0 e—=0J¢

1
<lim [ # ldr
e—=0.J¢

) A\ 1 e
=lim [ — =—-——
e=0\2 /)|, 2 2
We see that the limit exist for R(z) > 0.
For the second integral
/ e dr
1
We observe that X | |
lZ—lg_t — 1 _ 1 r o n!
T



Hence

o 5
/ £ et dr = lim [ e dr
1 60— J1
) ]
. n!
< lim —dt
S0 )1 (1)

nlem [0
= lim
d0—0 \ ZT—N

n! 1

t=1

Since we can choose arbitrary large 8 and n this limit exists. This implies that the

tz—]

integral / e 'dt, is convergent.

1
Consequently, the integral

I'(z) = / e dr
0
is convergent for R(z) > 0.

Theorem 1.1.1.
I'z+1)=2zI'z) (R(z) >0.)

Proof. From the definition of gamma function (1.1.1)) we have

[(z+1) :/0 e 'tdt

and using integration by parts we obtain

/ " e s = -
0 e

=00 oo oo
+/ e 'zt dt = 0+z/ e 'l dt = 7T(2)
=0 0 0

Thus,
C(e+1) = 20().

Corollary 1.
I1)=1

Proof. Putting z = 1, in the definition of the gamma function we obtain

F(l):/oooe_tdt: (—é) -

=1
t=0




Theorem 1.1.2. If 7 is a non-negative integer, then we have
[(z+1)=2z!
Proof. We have
[(z+1) =20(z)

=z(z—=1I'(z—1)
=z(z—1)(z=2)T'(z—2)
=z(z—1)(z—2)...3.2.1.I'(1)
=zII'(1) =2z!

1.1.1 Poles And Residues of The Gamma Function

In theorem ((1.1.1)) we proved that
[(z+1) =2I(z2)

Thus, we can write |
I'(z) = EF(H 1)

The right-hand side of the latter equation is defined for those values of z such that for
z+ 1 > 0, by definition of the gamma function.(that is, z > —1) We also note that
['(0) = oo.
Hence

I'(z) = %F(H— 1) 500 as z—0

The right-hand side is defined for z 41 > 0 and the left-hand side is defined for z > 0.
We can use this process to extend the definition of the gamma function as follows: We
have defined the gamma function I'(z) for z > —1 so that the right-hand side of the
equation is defined for z+ 1 > —1 that is, z > —2 hence, we may use this to define
left-hand side for z > —2 and this process can be continued to define gamma function

for all negative values of z.



Theorem 1.1.3. T'(z) has simple poles at z = —n, where n =0,1,2,...

Proof. We have already noted that I'(0) = co. By (I.1.1)) we have

I(—1) = _ilr(O) ~

r(-2) = _izr(—n — o

and etc.

Now, let us compute the residues of the gamma function
We first note that

Res(I'(z),z=0) = limzI'(z) :lii?)r(z+ )=I(1)=1

z—0
Consider,
Res(I'(z),z = —n) = ngn(Z +n)I'(z)
Since
I(z+n+1)=(z+n)(z+n)

= (z+n)(z+n—1)I(z+n—1)

=(z4+n)(z+n—1)(z+n—-2)...(z+ 1)z[(2).
We write

N I(z+n+1)
Res(T(@),z=—m) = lm (a4 n) s e T N en =), (e 12

(1)
(—1)(=2)...(~n+1)(—n)

Therefore, we conclude that the gamma function I'(z) has simple poles at z = —n,

where n =0, 1,2, ... with residue

Res(I'(z),z=—n) =



In future chapters of this thesis we will use the following theorem.

Theorem 1.1.4. (Euler’s reflection formula) For all non-integer z € C

o
I'z)I(1—z) =
(2)I(1—z) Sin(n2)
Proof. Omitted here. The reader can consult [|1, p.26] O]

There is another important formula for the gamma function which is called Stirling’s
formula
[(z) ~ V217 e~ (1.1.2)

which is valid as |z| — o, where the notation f(z) ~ g(z) means that

fl2)

2] 8(2)

The above formula implies
logI'(z) = zlogz — %logz —z+0(1)
For a fixed s > 0 and for ¢ > 0, we let z = s + if, then
log'(s+it) = (s+ir) log(s+it) — %log(s+it) —(s+ir)+0O(1) (1.1.3)

Since

log(s+it) ~ log(it) = log|t| + ig

Rewriting the equation (1.1.3)) and taking the real part yields

T 1
R(logI'(s+1it)) = slog|t| — 51— Elog | —s+0(1)

T 1
= —Et—s+(s—§)log|t|+0(1)

which implies
ID(s+if)] ~ v2me™ 3 ~S[¢*~2

ast —» oo,



Similarly, as t — —co we obtain
ID(s+it)| ~ V2med S[e"~2
Thus, the Stirling’s formula for I'(z) can also be given as
ID(s + it)| ~ v/2me ™ 311=5]¢s=3 (1.1.4)

as |t| — oo.
The formula which is given in (I.1.4)) will be needed to show the convergence of the

integral in (4.2.6).



1.1.2 The Beta Function

Definition 1.1.2. The beta function is given by the integral :

1
B(x,y) :/0 N =) ar (1.1.5)

Sfor Rx > 0and Ry > 0.

The next theorem establishes a connection between the beta function and the gamma

function.

Theorem 1.1.5.
C(x)I(y)

B(x,y) = T )

Proof. Now that B(x,y) is a function of two variables, we are able to apply the

transformation
/ / Flx,y)dxdy = / / F(reos(8), rsin(8))|J]drd®
where
x o
or 09
J=
dy 9y
Jor 00

is a Jacobian matrix.

Consider
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Set u = rcos?(8),v = rsin?(0), then
L'x)C(y) = /Ooo VWL e ) gugy
_ / °°0 /e go[rsinz(ﬂ)]yl [rcos?(8)]* e ~"2rsin(8) cos(6)drd®
= 2/:0 /io e P Lsin®1(0) cos™ 1 (0)drd®

= 2/ e_rr’“ry_'dr/2 sin®~1(8) cos>1(0)d6
r=0 0=0

T
2

:2F(x+y)/ sin®~!(8) cos™ 1 (0)d6

0=0

Now putting ¢ = cos?(8) and dt = —2cos(0)sin(0)d6, we get

T(0T(y) = 200+ y) /e oo™ (B)sin®” ! (6)d8
0 cos?*()sin?(0) dt

:ZF(X—FY)/l_l cos(8)sin(@) (—2cos(8)sin(8))

1
=T(x+y) /to cos>2(0) sin®2(0)dr

1

_ F(x+y)/ P =Y dr
t=0

=T'(x+y)B(x,y)

Therefore,



Chapter 2

Gauss Differential Equation and The

Hypergeometric Function

In this chapter, we shall introduce a famous second-order linear differential equation
(Gauss’s differential equation) which has regular singularities at the points z =0, 1,0
and we shall find it’s solutions around those singular points by using Frobenius

method(infinite series solution) which will lead us to the hypergeometric function.

2.1 Gauss Hypergeometric Function

Definition 2.1.1. Ler o, B,y € C withy¢ 7Z~ U{0}. We define the Gauss hypergeometric

function by the series

o)

2F1(O('7B7%Z) O('B’YZ :Z

n=0 Y”

(a)n(P

where the Pochhammer symbol (x), is defined as :

1 if n=0,
(x)n:{ .
x(x+1)...(x+n—1) if n>1.

One can easily show by using D’Alembert Criteria(the ratio test) that the hypergeometric
series converges(uniformly) for |z| < 1. Moreover, if R(y—a— ) > 0, then the series
converges absolutely on |z| < 1.

F (0, B,Y;z) is a holomorphic function in the unit disk |z| < 1.

If o or B is a non-positive integer, then F(c, 3,Y;z) becomes a polynomial in z.
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It is obvious from the definition of F(c,,Y;z) that the Gauss hypergeometric function is

symmetric in o and [ that is,

F(OC,B,’Y;Z) :F(B,OC,’Y;Z)

We remark that many elementary functions can be represented by the hypergeometric

function. Let us look at some examples.

Example 2.1.1. Fora.=1and B =Y,

1
F(1,B,Biz) =14+z4+22+--- = T
Example 2.1.2. Forf=y=1,

Fla,1,1;2)=(1-2) ¢

Example 2.1.3. For o= %,[3 =1,y= % and replacing z by 7> we obtain

2zF(%,1,§;z2):zogiJ_r§
Example 2.14. Fora=vy=1,

. Z, e

Bgl;F(l,B,l,B)_l;)E—e

Sometimes it is useful to represent Pochhammer symbol in the definition of the
hypergeometric function in terms of gamma function. The following lemma enables us

such a representation.

Lemma 2.1.1. Forn > 0,
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r
Proof. If n =0, then clearly (x)o = ﬁ =1.If n > 1, then we write

(%)

IFx+n) (x+n-1)Cx+n—1)
L) I'(x)
(x+n—1)(x+n—2)...(x+ )xI'(x)
I'(x)
=x(x+1)...(x+n=-2)(x+n—1)

= (x)n

]

At this point, we will discuss the Gauss hypergeometric function in detail. It turns out
that the hypergeometric function F (o, 3,Y;z) is a solution of a specific type of second
order linear differential equation. Even though this differential equation has singularities
at some points, we will see that it admits holomorphic solutions around those singular
points. But before moving on, we need some definitions and propositions.

Consider the second order linear differential equation given by

Y+ p)y +q(2)y=0

where p(z) and ¢(z) are rational functions. Near every point zg which is not pole of p(z)
or ¢(z) there exists two linearly independent Taylor solutions in (z — zp). If zo is a pole of

p(z) or g(z) we call zq a singularity.

Definition 2.1.2. The singular point of the differential equation

V' +p)y +q()y=0

is called regular(or regular singular point) if and only if for every solution y(z) of the

differential equation there exists a rational numbert € Q and ¢ > 0 such that
¥(2)] < elz—zol
or for all y(z) there exists a real number s € R such that

¥(2) = (z—20)"u(z)

where u(z) is a holomorphic function around 7.
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Definition 2.1.3. The differential equation

Y'+p@)y +4(z)y=0
is called Fuchsian differential equation, whenever

lim (z—z0)p(z) and lim(z— ZO)ZQ(Z)

7—20 Z—20
exists, and this holds for p(z),q(z), where z is a regular singular point.

In other words, the differential equation

Y'+p@)y +q(2)y=0

is called Fuchsian if every singular point of this differential equation is regular.

After these definitions we address the following proposition.

Proposition 2.1.1 ( [3],p 29.). A point a € C is regular or a regular singularity of the
differential equation y" + p(z)y' + q(z)y = 0 if and only if lgll (z—a)p(z) and
Z—a
li_r>n(z — a)zq(z) exists. The point o is regular or a regular singularity if and only if
—a
. . 2 ,
lim zp(z) and lim z q(z) exists.
Now, let us consider the so-called Gauss differential equation

z(1=2)y"+[y—(a+B+1)z)y —afy=0 (2.1.1)

where «, B,y are constants.

Writing the above differential equation in the standard form we obtain

Y+ p@)y +q)y=0

where
Y—(a+B+1)z op

Z) =
P) zZ(1—2) z2(1 —2)
Thus, by proposition (2.1.1)) we see that this differential equation has three regular

and q(z) = —

singular points at z =0, 1, 0.
Later we will find the solutions of the differential equation around the regular singular

points z =0, 1, cc.
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Now, our task is to show that the Gauss hypergeometric function F (., 3,v;z) is indeed a

solution of the differential equation

Z(1=2)y"+[y— (0+B+1)z)y —apy =0

If we take the differential equation of the form

Z(1=2)y"+[y—(a+B+1)z]y —apy =0

showing the hypergeometric function as a solution is a bit more challenging. But
fortunately, there is another representation of the Gauss differential equation and we give

the following proposition.

Proposition 2.1.2. Gauss differential equation
z(1=2)y"+[y—(a+p+1)z]y —afy=0
can be written in the operator form as follows:

Z20+a)(0+B)y=06(0+7—1)y

d
where, 6 = zd— is known as Euler’s differential operator.
z

Proof. First, let us compute the right hand side

8(0+vy—1)y = 0%y +70y — Oy

Note that
o d(d\_ (d, &
“a \Faz) T\ @ a2
Hence, )
2d dy
8(0+vy— 1)y =0%y+70y — 6y =7 d§+'yz—

On the other hand, the left hand side gives
2(B+0)(0+PB)y =2(6"+BO+ b + ocB)

dy ,d% dy
zz(zd—+ d2+Bz +Oczd—+aﬁy)
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Thus, subtracting z(0 + a)(6 + )y from 8(6 +y— 1)y gives the required result.

Proposition 2.1.3. The Gauss hypergeometric function

=) a n
2F1 (0, B,132) = F(0, B,7:2) Z

n=0 Y"

satisfies Gauss differential equation

Z(1=2)y"+[y—(a+B+1)z]y —apy =0

Proof. We shall use operator form of Gauss differential equation to prove :
z(0+0)(0+B)F =6(6+y—1)F. We have

B v v — W) (B)n _n
0(6+7y 1)F—n§b (n+vy 1)(Y>n(1)nz
_ i () (B)n 2

S
I
=]
—
=
i
L
—
S
—
N—

I
S
I agk
—~
;\S/A
IR
—|3
S
| SN—
S
[E—
N—
|
N

On the other hand,

o)

(04+a)(0+P)F = ;)(nnL(x)(n—i—B)%zn

5 @B,

=0 ('Y)n”'
Z Zn—l

n:I ” ]n_l)

Therefore, z(6+a)(0+B)F —0(0+7— 1)F =0, where F = »F; (o, B,Y;2)-

2.1.1 Solutions Around Regular Singular Points

In this section, we shall obtain solutions of the Gauss differential equation around the
regular singular points by the aid of Frobenius method.

Solutions around the regular singular point z = 0: Suppose that our solutions are of

— i I
n=0

the form
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where r € C.
Note that

y = Z an(n+r)"7" Y and ' = Z an(n+r)(n+r—1)7""2
n=0 n=0

Plugging these series into the Gauss differential equation (2.1.1]), we obtain

zZ(1—2) ian(l’l—FI’)(n—I—r—I)Zn+r—2+[,y_ (a+PB+1)z] ian(n+r)zn+r—l
n=0 n=0

- (2.1.2)
—ap Y a =0,
n=0
Expanding out the terms yields
Y {(n+r)(ntr—1)+y(n+r)}ad !
Y . (2.1.3)
— X A(n+r)? + (0 +B)(n+r) + aBlap" = 0.

n=0

And hence

o) [}

Y {(n+r)(n+r—1+y)}and ' =Y (n+r+a)(n+r+Ba, " =0.

n=0 n=0
Whence
r(r—1+Y)ao? '+ Z {(n+r)(n+r—147y) a2 ! (2.1.4)
n=1

—Y (n—1+r+o)(n—1+r+Pa,_1""'=0.  (2.15)
n=1

Solving the indicial equation r(r — 1 +7v) = 0 (ag # 0, z # 0), we obtain r = 0 and
r =1 —v. Now, rearranging the series in (2.1.4) and (2.1.5) we obtain

i{an(n—f—i’)(n—l—f—r—i—y) —an_l(n—1+r+0c)(n—1—|—r—|—[3)}z”+’*1 =0.
n=1

Since the right hand side is zero and z # 0, we must have

an(n+r)(n—14+r+7y)—ap—1(n—1+r+a)(n—14+r+p)=0.
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which gives us the following recurrence relation

(n—1+r+a)(n—14+r+pB)
(ntr)(n—1+r+7)

a, —

for n > 1. Now, let us put » = 0 in the above recurrence relation and compute the first

few terms. We have
B (n—14+0)(n—1+P)

" nin—1+vY) -l
forn =1,
a —a—Ba
I ” 0
forn =2,
, 3 (1+0c)(1+[3)a _ oo+ 1)B(R+1)
T 20+ T v+ D12
forn=3,

2+ o)2+p) afat1)(a+2)BB+1)(B+2)
BT 3021y T Y(y+1)(y+2)1.2.3

Thus, if we continue to compute the terms for those values of n and letting ap = 1, we

14 a)—148)  (@)u(B),
" n(n—1+7) T (pant

obtain

(2.1.6)
Likewise, putting » = 1 — v in the recurrence relation gives,

=y o) (n—y+B)
n(n+1-—7)

n—1

for n > 1. Similarly, computing the first few terms from the recurrence relation and

letting ap = 1, one can easily obtain that

(n—v+o)(n—v+P) (1 =v+)n(1 =7+ PB)n

e ] 4D

n

Therefore, we have obtained two solutions(for r = 0 and r = 1 — 7¥) namely,

yi(z) =Y apd"
n=0
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and

y2(z) =Y, an? IV = 17 Y and".
n=0 n=0

Since our solutions were of the form y(z) = Z a,z"*" hence, using (2.1.6) and (2.1.7)
n=0

we can write more explicitly,

yi(z) =F(a,B,v;2)
y2(z) =2 F(1—y+ 0,1 —y+B,2—1:2)

Consequently, we have obtained two linearly independent holomorphic solutions around

the regular singular point z = 0. A general solution near z = 0 can be given by
Y(@) = crF (0B, 152) + ez TF(1—y+0, 1 =7+B,2—1;2) (2.1.8)

where ¢y, c; are arbitrary constants.

Solutions around the regular singular point z = 1:

In order to study the solutions around z = 1, we use the change of variablest = 1 —z.
Now, studying around z = 1 corresponds to study around ¢ = 0. But, we know how to
deal with the case t = 0 from the previous case.

We rewrite Gauss differential equation with respect to 7, we also note that in the

original differential equation y’ denotes d—y
Z

We perform chain rule as

dy dtdy
dz  dzdr
and
d*y ddy [(dr\*dP
d—zz—d—zzz+(d—z> arz

In our case we haVC
dy dy d’y d%
—=—— and —5=-—5
dz dt dz? dr?

Now, rewriting the differential equation (2.1.1)) with respect to ¢ yields
d’y

t(l—t)ﬁ+[oc+[3+l—y—(a+[3+l)t]%—(xByzo (2.19)

Let, 7=a+B+1—7 from the previous case(z = 0) we obtained two linearly
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independent holomorphic solutions F (., ,v;z) and F(1 —y+o,1 —y+B,2 —7;2).
Hence using equation (2.1.8]) and replacing y by ¥ we get the following solutions around
z=1.

yi(z) =F(o,B,a+B+1-71-2)

and
@) =1-2) " Pry—By—o,y—a—B+1;1—2)

Therefore, we can write a general solution around the regular singular point z = 1 as

follows

y(@) = 1F(o,B,o+B+1—71—2)+c2(1—2) “PFy—B,y—a,y—o—B+1;1—2)
(2.1.10)

where ¢y, ¢, are constants.

Solutions around the regular singular point 7 = co:

In this case, we let t = %, then solutions around z = o correspond to # = 0. Note that

dy _drdy " ldy 24y

dz dzdr  2dr dt
and 2 2 2 0 2
dy _ditdy (diNTdy o, ady | ady
dz?2  dZ2 dt dz ) dt? dt dr?

plugging the above equations into the original differential equation gives

d?y dy

tz(t—1)W+[t2(2—y)+(oc+[3—l)t]E—ocBy:O (2.1.11)

Now using a similar argument let us assume that our solutions are of the form
y(t) — Z antn+r
n=0

where r € C. Then using equation (2.1.11])

[} o3}

(£ —1%) Z an(n4+r)(n+r—Dr""2 122 —y) + (0 + P —1)1] Z an(n+ )
n=0 n=0

—of Z at"" =0
n=0
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Rearranging the series yields
Z [an1{(n+r—1)(n+r—9}+ay(n+r)(a+p—n—r)—oflt"™" =0 (2.1.12)
n=1

with indicial equation 7> — (ot + B)r + o = 0, which implies = a, B. It follows from
(2.1.12)) that we have the following recurrence relation

(n+r—1)(n+r—vy)
a7 p)

an — al’l*l
forn > 1.
Plugging r = o, and computing the first few terms of the recurrence relation for those

values of n we get
(@ +a-y),
" (1 +a—P)un!

where ag = 1.

Likewise, for r = B we get

_ (B +B—=Vn
" (14 B—a)un!

where ap = 1. Therefore, the first solution can be given by

(o)

yi(t) = ’;ant”*“ — n;) (?fﬁ;toé)—n;()!ntnm

=1%F(o, 1 +o—7,1+0—p;t)

1
=z “F(a,1+oa—7v,14+0a— B;Z)
and the second solution can be given by

S T ) A

=PFB,14+B—7,1+Pp—or)

1
=< PFB1+B—v1+B—a-)
Consequently, a general solution around the singular point z = oo can be given by

1 1
y(Z) :ClziaF((X,l—|—a,—'Y,l+G—B;E)+C2Z7BF([3,1+B—'Y,1+B—(X;E) (2.1.13)
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2.2 Local Monodromy

Consider the Gauss’ differential equation
Z(1=2)y"+y—(a+B+1)zy’ —ofy=0 (22.1)

with the regular singularities z = 0, 1, co.

For any point zg not equal to O or 1 in the complex plane. Cauchy’s fundamental theorem
asserts that there exists two linearly independent holomorphic solutions around zy. Or
equivalently, the set of solutions around zo forms a 2-dimensional vector space over C.
We consider analytic continuations of these solutions along a path in C — {0, 1}. Let £ be
aloop in C — {0, 1} starting and ending at z¢, and let u; (z) and u»(z) be two linearly
independent solutions at zo. Furthermore, let £.u(z) and £,u>(z) be the solutions

obtained by the analytic continuation of u; and u; along the loop ¢. Then, we have

(©) <1> = M(1) <1>
Uy Uy
for some M(¢) € GL(2,C).

If £y and /5 are loops starting and ending at zo, then we define their product £¢; to be the

curve first /1 and then joining ¢>. We have

(6162) <1> = (62)u (1) <1>
uj uj

— (6)M(¢1) (”1>
uz

— M(£1)(£2). (”1>
uz

— M(6)M(£) (”1>

u

We note that if /| can be deformed continuously to ¢, that is, {1 and ¢, are homotopic in
X =C—{0,1}, then we have M (¢;) = M({3).
Let us denote by 7ty (X,zo) the fundamental grou of X with base point z(, then the

I'This group is defined as the set of homotopy equivalence classes of loops starting and ending at zp.
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image of 7} (X,zo) under the homomorphism

¢:m(X,z0) — GL(2,C)
[€] — M(£)

is called the monodromy representation of the differential equation (2.2.1). We remark
that this map depends on both u; and u; as well as on zg. The monodromy group of the
Gauss differential equation is now defined as the image of the monodromy
representation in GL(2,C).

We remark that as we also want to study the solution around z = oo, it is reasonable to
consider the extended complex plane C U {eo} which is homeomorphic to the Riemann
sphere ]P’(lc.

Consider three loops [(o], [¢1], [le] € T1 (P{ — {0, 1,00}, 20)

satisfying the condition ¢o¢ /- = 1;4. where ”1;;” denotes the identity loop.

y

7] )
]

Figure 2.1: Loops around the singular points

Let us denote the corresponding monodromy matrices by My, M|, M. satisfying

MoM Mo, = Id>>. We notice that the fundamental group 7, (IP’(IC —{0, 1,00},70) is in fact
generated by two loops as we have [(p][¢1][¢-] = [1;4] and this implies that

(€] = [Lola] ™" =[]~ lo] "

By the same reason, if we denote the monodromy group by H, then H is indeed
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generated by the matrices Mo, M| as we have M., = (MyM;)~! and we write
H=<My,M; >.
We now return to the Gauss hypergeometric differential equation

z(0+a)(0+P)—06(0+y—1)=0,

where 6 = zd%. We have found that there exists two linearly independent holomorphic
solutions around each regular singular point of this differential equation. We shall be
interested in branching behaviour of those solutions.

Around the point z = 0, we have shown that

y1(z) = F(a,B,7:2)
and
y(z) =z "F(1—y+a,1 —y+B,2—V2)

are two solutions. Notice that the solution y,(z) has branching behaviour due to the term
2

Let ¢y be the simple loop around z = 0. Then as z traverses once along the loop £ in the
counter clockwise direction(z turns once around 0 in the positive direction) that is,

z+— e*Mz, then the solutions y; (z) and y,(z) around z = 0, become

yi(z) = F(o,B,7:2)
and
y2(z) = e VP (1—y 40, 1 —y+B,2 - 732)

Thus we obtain the monodromy representation of the solutions y;(z) and y>(z) as

yiz)y (1 0 y1(2)
(60)* <y2(z)> - (0 e—zmy) <y2(z)>

Likewise, if ¢; is a loop around the singular point z = 1, then after a counter clockwise
turn around z = 1, that is z +— 1 +¢?™(z — 1), the solutions y7(z) and y3(z) around z = 1,

become

ﬁ(Z) :F(OC7B7(X+B+1_%1_Z)



25
and

¥2(e) = D1 PR (y— By —ay—a—B+1:1-2)

Thus, we obtain the monodromy representation
) @y _ (1 0 1(z)
y2(2) 0 &m0 B) [\ 5(z)

yi(z) =F(o,B,o+P+1—7v1—2)

where

and
)/)VZ(Z) = (1 _Z)Yi(XiBF(’Y_ B?Y_a'7’y_(x_[3+ 1; 1 _Z)-

Lastly, we look at the loop /. around the singular point z = eo.

The solutions around z = oo, are
=~ A 1
(2 = F (o1 o= 1+ o i)

and
R0 = P 1+B -1+ B-a )

If we put % =t then, as t traverses around the point ¢ = 0 in the positive direction, z

traverses around the point z = oo, in the clockwise sense. Hence the solutions become

i~ —2mio >

i(z) =e " (z)

and
¥2(z) = e 2Py (2)

Therefore, we obtain the monodromy representation

@)\ (e 0 1 (z)
(e (g@) - ( 0 B) <y<>>

The matrices Ap= (- © ). A= ] dA—eizm ;
€ matrices Ag = 0 2T’ 1= 0 o2mi(y—0—p) and Ae = 0 e 2miP

are called the local monodromy matrices for the Gauss hypergeometric differential
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equation with bases Bo = {y1(z),2(2)}, B1 = {y1(2),52(2)}, B~ = {31(2),72(2)}
respectively. However, for a suitable change of basis matrix we can choose a common

basis say, By = {y1(z),y2(z) }, then we write

where C; is the connection(change of basis) matrix. This implies that

@) _ (1 4 e
e )0 o)

and

In a similar fashion,

where C., is the connection(change of basis) matrix. It follows that

e (MY (0 Y (G
¥2(2) 0 e 2P ¥2(2)
=21 0
(). @y _ o1 (¢ O sle @)\
¥2(z) 0 e ¥2(z)
After such a change of basis we obtain the matrices My, M1, M. so that

MoM M., = Id>«», where
1 0
Mo = 0 e—2TCi’y

Mi—ct (] 0 C
=510 g omiy—a—p) | -1

v _Cfl e—2ni(x 0 c
o0 T Yoo 0 e—27‘ci[3 e

Remark 2.2.1. Finding the connection matrices in general requires a lot of work and

Therefore,

and

and



will not be given here. See Section 2.5.

27
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2.3 Euler Integral Representation

There are two integral representations of the Gauss hypergeometric function. Namely,
Euler and Barnes integral representations. In this section we introduce an integral

representation due to Euler.

Theorem 2.3.1 ( [9],Chapter 2). For|z| < 1,y>p >0, o > 0 we have

Fla.pre) = %/OIIB”O—N‘B”U—zz)‘“dr (23.1)

Proof. Consider

Flapra) =Y -

B S ARl v U
(

IPro-p) s T(o)L(y+k) k!
__TIT»w ¥ Ttk &
“r@ro—p &P PRk
0
Note that
ey mUe— ). (o= (k=) (—a)f
(1—2zr) kg:o o
e (=DFo(o+1)... (a+k—1)(zt)
_k;) k!
Zki)%(zt)k

018
o
R
+
Ny
N
=

T
o
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This series is uniformly convergent for every ¢ € [0, 1], with 0 < |z¢| < |z] < 1. Then

P B = oy L BB B)%i—f 232
e 11:((‘2 5 Z / B 1Bl gy %i—f (2.3.3)
:%/{) B=1(1 = 1)rB- 12 °°+k ) g 234
_ ﬁfoltﬁl(l—tﬂﬁl(l—zt)“m (2.3.5)

Here (2.3.4) is obtained by exchanging the order of summation and integration by using

uniform convergence of the series

> oc+k"
Z’ hl

and (2.3.5) by the generalized binomial theorem.

Euler integral representation of F(c,3,v;z) allows choices of z such that |z| > 1 and the
condition y > 3 > 0 is necessary for convergence of the beta integral.

However, we can drop the restriction y > 3 > 0, if we consider the so-called

Pochhammer contour C as an integration path

Starting and
ending point

Figure 2.2: Pochhammer Contour
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For simplicity, let us denote 1B=1(1 — 7)Y B=1(1 — zt)=% by f(z,¢) = f, then we have
o= [ i ® [ pag g pmpned [ g
| (2B 2 () ,—2mi(y—P) / fdi
1
= (1—2™0-B)y(1 _ez""ﬁ)/olfdt
— (1= 2By (1 —ez"iﬁ)/oltﬁ‘l(l Bl )%

Hence, we obtain

1
/of(z’t)dt: (1— e2mir—B))(1 — ¢2miB) / =T (U)o

Therefore, we obtain

1
F(avﬁfy;z):%/o f(Z,t)dl

We remark that this representation is valid for any v, € C\ Z



31

2.4 Barnes Integral Representation

As we mentioned in Section 2.3 there is another integral representation of F (., 3,7;z)
which is called Barnes integral representation. First of all, we give the construction of
such a representation.

Let f(x) be a function defined by a power series

oo
- ¥ aw
m=0

Assume that there is a function g(z) satisfying the followings:
(i) g(r) is meromorphic in [t| < oo
(ii) g(¢) is holomorphic atr =0,1,2,...
(i) g(m) = am

Let us define the function
T
sin(7tt)

(—x)f

Then A(¢) has simple poles at t € Z~( and the condition g(m) = a,, implies that

h(t) == g(1)

Res(h(t),t =m) = apypx™

form € Z>g
If C is a loop which encircles the poles r = 0,1,2,...,N in the counter clockwise sense,

then Cauchy’s residue theorem asserts that

1 N
— [ h(t)dt = X
Zm'/c() mz'oax

If C’ denotes the inverse loop of C, then we have

1

htdl‘ n
Comi Zax

For convenience, we replace z by x in F(a, 3,7;z).

Now, we go back to the hypergeometric function given by

F(o,B,y,x) = iam 2

m=0 Ym m
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where Yy #0,—1,-2,...

We rewrite the series in terms of I'-function as

F(OC,B,'Y;)C) - Z T ( B X

where o, B,y are non-negative integers.

Hence, if we take g(s) as the function

I'(y) T(o+)(B+1)
(o) T(B) T(y+1)T(1+41)

g(t) =
then g(¢) is meromorphic in |¢| < e thus, the condition (i) is satisfied. Poles of g(¢) are at
t=—o,—o—1,...

and
t=-B,—B—1,...

and if o, p #0,—1,—2,... then none of these points is zero or a positive integer. Thus

(1) is holomorphic. Hence the condition (ii) is satisfied. Also,

form=0,1,2,... which implies condition (iii).

Now consider

h(r) = g(1)

~—
T
Nad
I
gt
&
=
=
el
)
_l_
~
-
—~
[em—
+
~
Z
=
—~
a
=
T
Na¥

sin (7t

has simple poles at the points
t=—-o,—a—1,....,.—pB,—p—1,...,0,1,2,...

We now employ the Euler’s reflection formula

T

LTt -1 = sin(7t)
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From this we have

L(=0)I(1+1) = Sin(jim) - _sinj(tnt)
thus
T
[(—1) =  T(1+1)sin(mr)
Hence, we obtain
ey = T T 0rBaorcn,

T(o)I'(B) I(v+1)
We have the following theorem

Theorem 2.4.1 ( [9],Chapter 2, Section 3.5). Suppose that o, ,Y# 0,—1,—2,.... Then

the equality
1 I(y MNoa+)I'(B+:) =« ‘
F(o,B,y,x) = _EF(OC) T(B) Je T(y+1)T(1 +1) sin(m) (—x)'dt
1 Iy Foc+t) (B+1)I'(—1) L
N 2niF(0c)F([3)/ [(y+1) (m)dr

holds for |x| < 1 and |arg(—x)| < m. The integration path C runs from —ico to +iec in
such a way that, if |¢| is sufficiently large, then 7 € C lies on the imaginary axis, the poles
of '(a+1) T'(B+1) lie to the left of C and those of I'(—¢) lie to the right of C. See the

figure below.

Figure 2.3: The contour C
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Proof. ([9], [Chapter 2, Section 3.5]) In order to prove the theorem we need to estimate

the integrand by the aid of Stirling’s formula for the gamma function.(T.1.2)
1
logI'(z) = zlogz — Elogz —z+0(1).

For convenience let us replace z by t. From the above equality we have

a 1 a
logT(a+1) = (a+1)log(t(1+ ;)) —(a+1)— Elog(t(l + ;)) (2.4.1)
Since
- >y
log(1—y — = ( LA
og( ; 7 Y+ AT+ )
putting y = —%, we see that

1
logT'(a+1) =tlogt —t+ (a— E)logt +0(1)
From this we can write

1
logl(ot+17) =tlogr — 1+ (00— E)logH—O(l)

logT'(B+1) =tlogr —t+ (B — %)logt—f—O(l)

1
logDl(y+1) =tlogr —t+ (Y— 5)10gt+ o(1)

logl'(—t) = —tlog(—1) +1t + —%log(—t) +0(1)

Let us put r = is, where s is a positive sufficiently large real number. Then we get

1
logl' (ot +1) = —gs—k (Ro— E)logs— glmoH—PH— o(1)

L 1
=55+ (Ro— E)logs+PI+0(1).

Since

log(is) = logs—i-ig

and where PI denotes a purely imaginary quantity.
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Likewise |
T
logI'(B+1) = —§s+ (RP— E)logs—l—PI—l— Oo(1)
T 1
logI'(y+1) = —5s+ (Ry— E)logs—FPI—l— o(1)
and
T 1 T
logl'(—t) = —is(logs—iz) +is— E(logs—iz) +0(1)
1
::—gs—ikgs+Pﬁ+OO)
also,

log(—x)" = tlog(—x) = is(log |x| +iarg(—x))
= —sarg(—x) + PI.

Combining the above relations we derive

T(lo+6)T(B+1)(—1)

log ['(y+1)

O = (Ro— g L gy L]
(—x)" = (Ra 2+<.KB 3 ‘ﬁy+2 2)logs

—sarg(—x) —ms+PI+0(1)

Thus we obtain

Io+6)T(B+1)I(—1)

)| = o(sMotB—y=1) ,—s(n+arg(—x))
oy =0 ¢ )

Therefore, we see that the quantity

SSK(OH—B—Y—l)e—s(n—i-arg(—x))

decays exponentially as s — oo. In the same way, one can obtain the same result when

t = —Iis,

F(o+6)T(B+1)T(—1)

)| = o(sMo+B—y—1) ,—s(n—arg(—x))
oy | =0t ¢ )
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Again we see that the quantity

SEK(OHrBf'Yfl)efs(nfarg(fx))

decays exponentially as s — oo.

Now to investigate what happens as Rt — oo, we consider the closed path

c=C z(vl e ](\,2 ) where N is a positive integer which is sufficiently large and Cz(vl ) is the
arc of C 1n the strip between Imt = N + % and Imt = —(N + %) and C ](\,2 ) is a semi-circle
defined by t = (N +3)e™®, |6] < %.

By virtue of Euler’s reflection formula we can rewrite the quantity

L(a+6)L(B+1)I'(—1)
I(y+1)

(=)'

as

It is enough to show that

/C(z) h(t)dt

N
decays exponentially as N — oo,
Lett =N+ % +is. Applying the Stirling’s formula to A(z) eventually yields to the

following expression

F(oa+0)I'(B+1)
T(y+6)T(1+7)

log (—x)' = (+PB—v—1)log(s) —arg(—x)s) +PI+ O(1).

From this we get

F((X—{—t)r( 4 r (a+B—y—1) ,—arg(—x)s
C(y+1)[(1 (=x)| = 0s ¢ )
Also, since
e 2T
— < 2me ™l
sin(Tt) PIMN+5+is) _ ,—in(N+5+is) | — 2me
we derive
F(OC—l—f)F( +t) (—x)t L _ O(S((x+[3—y—1)e—ﬂ:\s|—arg(—x)S)
C(y+0)(1+1¢ sin(mt)
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But the quantity
gloB—y=1) ,—|s|—arg(—x)s

decays exponentially as N — oo. This shows that i(¢) decays exponentially on all of C ](vz ),
Therefore completes the proof of the theorem (2.4.1)). O
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2.5 Global Monodromy via Barnes Integral

In Section 2.1.1, we have found two linearly independent local solutions at each singular
point given by the hypergeometric function F(a, ,y;x). But somehow these solutions
are related.

In particular, we can find this relation between the local solutions at x = 0 and x = o by
the aid of Barnes representation.

Recall that Barnes representation of F(c, 3,y;x) is given by

r(y) C(o+0)T(B+1)T(—t)

1 t
F(o,B,vx) = Z_mT(OC)F(B) /C [(y+1) (=)
Let us put
D+ OPB+OTC) e i)

['(y+1)

then by Cauchy’s residue theorem we have

——F(Y) 3 es(y(x =—0—n 3 es(y(x =—B-—n X
_F((X)F(B) (r;)R (\|l( ,l‘),l‘ (04 )+ZR (W( 7t)>t B )+IN( ))

n=0

Let us calculate the first sum
I(Y)
——~ ) Res(y(x,t),t =—0—n
[(a)l(B) r;) (¥ia) )

We have

N (—1)” F(B — Oc—n)F(oH_n)(_x)foc—n

—F(Y) 3 €S X = —0—n)=
r(a)r(B)EOR (Wx, 1)1 = —o )_n;) ! T(y—o—n)

(2.5.1)
Note that

FB-a)=PB-a)B-a—-1)...-a-nl(B-o—n)

From this we get
FB-o)

FP=e=n = e,
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and similarly we get
Iy-o)
(=D"(e=v+1),

I'y—o—n)=

Thus, the equation (2.5.1]) becomes

o LOWT(B—a _az (@ =Y+ Da(@__,
LRI (v— = (=B +1),n!

If we apply the same argument to the second sum

& 3 €S X =—P—n
o) L Res¥en.1 = ~B—n)

then we eventually obtain

—nlBF(Y)F( —BZ Y+1 (B)nx—n
T(o)T(y— l3 im0 (B—ot1)n!

In assuming none of a, 3,7,y — o,Y— B and B — o is an integer. Then we let

and F(y)T(o—B)
e—mﬁ — .
Cogrey—p) D%

then we have

fO(X; O) = C(OL, BaY)fW,N(X; OL) + C(Bv aaY)fW,N(X; B) +IN(x)

where |
IN(X):Z_ni/c Y (x,1)dt
—a v (@=y+Du(a)n _,
fron(x0) =x n; CREE
and

pv B=v+1DaB)n
fmn(x _XBZ (B— 0c+1)nn‘x

where f,(x; ) :=local solution at x = a with the local exponent A.
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Furthermore, notice that as N — oo, fo, y(x;V) = fw(x;V) for v =, and Iy(x) — 0.
Therefore, we obtain

Jo(x;0) = c(o, B, V) foo (s 01) 4 (B, @, ¥) foo (x5 B) (2.5.2)
If we replace (o, B,7) by (o',p',Y) = (0 —7+ 1, —y+ 1,2 —7y) in 2:5.2) and multiply
by x' 77, we get
fols1=7) = c(@=y+1,p =Y+ 1,2 =9) fol; o) +-c(B=y+ 1,00 =y+1,2 =) feu (; B).

Remark 2.5.1. The other solution around x = 0 was found in Section[2.1.1] and we
replaced the parameters (Q.,3,Y) with respect to the parameters in (2.1.8).

Therefore, we obtain

Jo(x;0) = (0, B, ) feo (x5 00) + (B, 01, Y) foo (3 B)

and

Jos1=y) =c(a—y+1,p—y+ 1,2 = 7)ful(x;0) +c(B—y+ 1,00 =Y+ 1,2 —7) fo (x; B).

( fo(x:0) >:c (foo(x;ot)>
folx;1=1) T\ fex:B)

o _ ( c(o.B7)  e(Bouy) )
(o BY) c(Bo,Y)

and thus,
where

is the connection matrix.

In this case, the monodromy group with respect to the fundamental system of solutions f

- 1 0
Mo = 0 e 2miv

v . e—27ti(x 0 c
© e 0 o 2miB | T

is generated by

and



Chapter 3
Pochhammer Hypergeometric Function

In Chapter 2, we defined the Gauss hypergeometric function by the series

e (@B
rrapro- £ 0

Here we study the higher order case of this definition.

3.1 Generalized Hypergeometric Function

Definition 3.1.1. The higher order hypergeometric function also known as Pochhammer

hypergeometric function ,F,—1(0.,...,04,B1,...,Pn;2) is defined by the series
> () Z
nFn—l(alv'~'7an7l317"'7Bn» Z Bnnl)kﬁ
with (Q,...,0,) being numerator and (B1,...,B,) being denominator parameters and

%
sometimes denoted by F (6, B ;z), where

T = (e, 0n), B = (Brs....Ba) €C”

with B, = 1. Also, the Pochhammer symbol

I'a+k)

(0 = (0) (o)== (oc k1) = s

as before.
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The Pochhammer hypergeometric series converges in the unit disk |z| < 1 and for n = 2,
it reduces to the Gauss hypergeometric series and thus, F(a, 3,7;z).

The hypergeometric differential equation of order n

d" n—1 dk
(z— 1)ﬁ +k_zb(ak—bk2)2 i

has regular singular points at z = 0, 1, 0. It can be written in the operator form
2(0+0g)...(0+0,)—00+P1—1)...(604+PB—1—1)=0
where 6 = zdiz.

%
Lemma 3.1.1. The Pochhammer hypergeometric function F (3, B ;z) is a solution of

the hypergeometric differential equation

2(0+0y)...(0+0,)—00+P1—1)...(64+PB—1—1)=0
whereezzd%.

Proof. We need to show that

2(8+0t1)...(0+ ) —B(8+B1 —1)...(0+Bu1— DIF(, Ba2) =0.

Consider
0(6+B1—1)...(0+ By 1 — )F(T, B:2)
ZB R [ 5
:li (B1)k—1- (éj”?)k 1(kik1)z
:g B?lkle (é?n?ISHIZZ!
o s

<l
™|

=z0+0)...(0+a,)F(
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Hence,
00+ —1)...(0+Put — 1)F(T, B12) = 2(0+a)...(0+0)F (T, B:2)

which we wanted to show. L]

If we denote the hypergeometric differential equation
z(6+a1)...(9+0cn) —9(9+B1 — 1)"~(9+an1 — 1) =0

_>
by D(ﬁ7 B ), then by using Frobenius method we obtain the following local exponents

coming from indicial equation

1-B; | 0,1,2,....n=2,y=—1+Y"_,(Bj—0o) | @

for j=1,2,....n

If the numbers By, ..., B, are not integers, then n-linearly independent solutions of
_>
D(ﬁ, ) are given by

P F (o —Bi. o IO — Bi 14 By — By, 5, 1+ B — Bis2) (.1.D)

around the pointz=0, fori=1,2,...,n where ~ denotes omission of the term

1+ — B
, - 1
Z_a’nFn—l(OCi,1+0€i—51,-~,1+0€i—Bn—1,1+0€i—0€2,~~,1+0€i—00n;g) (3.1.2)

around the point z =, fori=1,2,...,n where ~ denotes omission of the term
1+a;,— ;.

Lemma 3.1.2 ([5], p 327.). For d € C we have
(e—f—S—1)D(O€1,...,(X,1;B1,...,[3n) :D(O(,l,...,Otn,s;Bl,...7Bn,8)

and
D(o,...,0n;B1,---,Br)(048) =D(ay,...,04,,0;B1,...,Bn,0+1)
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Proof. We have

O+8—1)D(, B) = (04+8—1)[z(B+0)... (0+0u) — (O+P1—1)...(B+Bn—1)]
— 284 8)(0+ ). (04 0) — (05— 1)(0+ By —1)...(0+Pu—1)
=z0+0)...(04+0a,)(0+8)—(04+P1—1)...(0+B,—1)(6+5—1)
— D(, Gy 3B, Brs ).

By the same argument we deduce that
D(04,...,0;B1,. -, Bn)(0+08) =D(04,...,0,,0;B1,...,Bn, 0+ 1)
%
where D(, B) = D(0, ..., 0 B1,...,Bn). O
Corollary 2 ( [5], p 328.). We have
D(otr, ..., 0B, Br) (@40 —1) = (0+0a; — 1)D(0,...,0 —1,...,00;B1,...,Bx)

and

Do, ..., 05 B1,- -, Br)(0+PB;) = (0+B; —1)D(04,...,00;B1,...,Bj+1,...,Bx)
forj=1,2,....n

Proof. First let us prove the first equality. We have

DA, B)(O+0;—1)=[c(0+0)... (04— 1)...(0+0,)(B+0— 1)
—(O+B1—1)...(0+B—1)](O+0; — 1)

(6+ocj—1)[z(9+oc1) S04 —1),...(B+0,)—(B+PBi—1)...(64+B,—1)]

=(0+a;—1)D(ay,...,0;—1,...,0,:B1,...,Bn)-

By a similar argument we can show the second equality. We have
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(T, B)(O0+p,) =(0+a)...(0+a,)(0+B))
—(0+B1—1)...(0+B;—1)...(6+PB,—1)(0+B))

0+B;—1)z(0+0t)...(0+0,) —(0+B1—1)...(0+Bj—1)...(6+P,—1)(6+B;)
0+B;—1D[z(0+0q)...(04+0,)—(0+B1—1)...(04+PBj)...(0+Br—1—1)]
(6+B;,—1)D(au, ..., 0 B1,B+1,.. ., Br).
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3.2 Monodromy Representation

Choose a base point zg € PL — {0, 1,00}. We consider the fundamental group

G=m (IP’(IC —{0,1,00},z0). Then G is generated by the loops £, {1, le With £ol1le = 1
as in Gauss case.

Let us denote by V(a, H) the local solution space of the hypergeometric equation
D(a, B ) around zg. Then the monodromy representation of the hypergeometric
equation D(a), B ) is given by the following map

—

M, B): G — GLV(, B))
6] — M(3, B)(6)

fori=0,1,00.

Corollary 3. If o; — By ¢ Z for all j,k=1,2,...,n then the representations
M(oy +kiy... O +knp;Br+0,...,Bn+ 1) and M(04y,. .., 0, B1,- .., Bn) are equivalent
forany ky,... kyl,....l, € 7.

Proposition 3.2.1 ([5], p 329.). If o — By € Z for some j,k=1,2,...,n then the

monodromy representation is reducible.
The following proof is taken from ( [35]], p 329.)

Proof. Without loss of generality, let o, — B, = m € Z. If m = —1, then

D(aty, ..., 0B, Br) =2(0+01) ... (0+0) —(0+B; —1)...(0+By—1)
=z(04+0ay)...(0+0,)—(0+P1—1)...(0+ )
:D(O(.l,...,Otn,I;Bl,...,anl)(e—i-otn)

Hence, z7% € V(0oy,...,0,) generates a one dimensional invariant subspace.
If m > 0, then consider the sequence
0+B,—1 0+
V((xl,...,ocn_l,ﬁn— 1;[31,...,[3,1) _— V(O(.l,...,OLn_l,Bn;Bl,...,Bn) —
0-+Bn+m—2 0-+B,+m—1
S V(e G 1, B — LB Ba) — s V (0, 0 B, Ba).-
Obviously 0 + B, — 1 has a non-trivial kernel. Choose j € {—1,0,...,m — 1} maximal
such that (6 + 3, + j) has a non-trivial kernel. Then this generates a one dimensional
invariant subspace.

If m < —2 then consider the sequence
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0-+Bn+
V{0, .. O, 0 = B+ m:Bi,- ., Pn) — s
0+B,+m+1 0-+B,—2
Vo, ..,0u—1,Bn+m~+1;B1,...,Bn) Putm P 3
0+B,+m—1
V(O{’la---7an—17Bn—1;Bla---7Bn)—_—_>V<(x17---a(xn—laBn;Bla---7Bn)-

Since 6 + B, — 1 has a non-trivial kernel, choose j € {m,m+1,...,—1} minimal such

that (6 + B, + j) has a non-trivial kernel. Then this generates one dimensional invariant

subspace. [

Definition 3.2.1 ( [5], p 330.). Let V be a finite dimensional complex vector space. A
linear map g € GL(V) is called a quasi-reflection if g — Id has rank one. The

determinant of a quasi-reflection is called the special eigenvalue of g.

Proposition 3.2.2 ([5], p 330.). Ifa; —Bi & Z forall k,j=1,2,...,n, then the
monodromy matrix M (¢1) around z = 1 is a quasi-reflection with special eigenvalue

c=e?™,

Proof. Let z—1 = x and recall the local exponents
0,1,2,....n—2,y=-—1 +Z;?:1([3j — ;) at z= 1. We can write the holomorphic

solutions Fy,...,F, 1 as
Fo(x) = x°ho(x),Fi (x) = xh1(x) ..., Fpoo(x) =x"2hy_2(x), Fp_1(x) =x"h,_i(x)

where /1(x) are holomorphic functions with /;(0) # 0 for all j=0,1,...,n—1.

If we let x — ¢2™x, then we obtain

Fo(e*™x) = xhy(x) = Fy(x)
Fi(e*Mx) = xhy (x) = Fi (x)

¢Mix) = xe™ 2 p, 5 (x) = xhp_2Fp_a(x)
eZm'x) — erni’yhnil(x) — e2ni’yFn71(x)

Fn—2(
anl(

Therefore, we obtain

Fo 1 0 0 0 Fo

F 0 1 0 0 F

(lo) | & |= 0 0 :
Fh—2 0 o0 0 Fr
Fi1 0 0 2™ | \F,
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— —
The rank of the matrix M(ﬁ, B)(¢1) —Id is at most one. If M(d, P )(¢1) = Id, then

this contradicts the assumption of o; — By ¢ Z, where

1 0 0 0
0 1 0 0
M(T, B) () = 0 0
0 0 0
0 0 eZm’y
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3.3 The Hypergeometric Group

Definition 3.3.1. /5] Suppose a1, ...,a,,b1,...,b, € C* with aj # by for all j and
k=1,2,...,n. A hypergemoetric group with numerator parameters ai, .. .,a, and

denominator parameters by, ..., by, is a subgroup of GL(n,C) generated by elements
ho,hi,he € GL(I’l,(C)

such that hooh1hg = 1d.

Furthermore,

n n

det(t —hw) =[]t —a;) ,det(t—hy")=T](—b))

j=1 J=1
and hy is a quasi-reflection in the sense of Definition (3.2.1))

Proposition 3.3.1 ( [5]], p 330.). Suppose ai,...,an,b1,...,b, € C* with aj # by, for all j
andk=1,2,...,n. Let ay,...,04,B1,...,Bn € C be such that a; = Py andb; = e2miB;

for j=1,2,...,n. Then the monodromy group of the hypergeometric equation
D(ocl,...,ocn;Bl,...,Bn)F =0

is a hypergeometric group with parameters ay,...,a,,b1,...,by.

Proof. Let us denote by

H(a;b) =H(ay,...,ap;by,...,by) =M(0,...,0,,B1,...,B,)(G) the monodromy group
of D(ay,...,0,;B1,...,Bn)F. Notice that by Corollary (3)) this gorup depends only on
the numbers ay,...,a,,b1,...,b, and not on the choice of their logarithms

Of,.vey0us B, ., Pr. Also we write
ho ZM(E()), hi ZM(&), hoo ZM(&Q)

%
for the corresponding monodromy matrices around z = 0, 1,00 where M = M (ﬁ, B).
Then by using Corollary (3) and Proposition(3.2.1)) it follows that H(a;b) is a
hypergeometric group with numerator parameters aj, . ..,a, and denominator parameters
bi,...,by. ]

Proposition 3.3.2 ( [5], p 330.). Any hypergeometric group H generated by ho,h;,he as
in Definiton (3.2.1)) is an irreducible subgroup of GL(n,C).
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Proof. Let Vi C C" be a proper H-invariant linear subspace and V5 := " /v,. Then we
get induced groups H; C GL(V}) and H, C GL(V3). Since h; is a quasi-reflection, either
hy restricted to V| or hj restricted to V» is the identity. But since V| and V, are proper we

get a contradiction with the assumption a; # by forall j,k=1,...,n. 0
The following theorem was obtained by Levelt in his PhD thesis.

Theorem 3.3.1 ( [5], p 331.). (Levelt) Suppose that ay,...,a,,b1,...,by € C* with
aj#byforall j,k=1,...,n. LetAy,...,A,,By,...,B, € C be defined by

n n

[T¢—a)=t"+a""+ - +A, JJCt-b)=1"+Bu"'++B, (33.1)

j=1 Jj=1

and let A,B € GL(n,C) be given by

0 0 .. 0 —A, o 0 .. 0 -B,
1 0 ... 0 —A 1 0 ... 0 =B,
A=|0 1 ... 0 Ao, B=|0 1 ... 0 —B,,
0 0 ... 1  —A o 0 .. 1 -B
(33.2)

Then the matrices ho, = A,hg = B~',hy = A~'B generate a hypergeometric group with
parameters ay,...,d,,by,...,b,. Moreover, any hypergeometric group with the same

parameters is conjugated inside GL(n,C).

Proof. (5], p 332.) ]



Chapter 4

Algebraic Functions in terms of
Pochhammer Hypergeometric

Functions

In this chapter, we will be interested in algebraic functions. In the first section of this
chapter we introduce the so-called Newton-Puiseux algorithm. Further, in the last two
sections of this chapter we make us of the hypergeometric function theory which we

studied in Chapter 2 and Chapter 3 so as to acquire our results.

4.1 Algebraic Functions, Newton Polygon Method and

Puiseux Series

Definition 4.1.1. A function y(x) is said to be an algebraic function if it satisfies
f(x,y(x)) =0, where f(x,y) € Clx,y] is a polynomial in x and y.

We want to describe the zero set of f that is, the set of solutions of the equation

f(x,y) =0 in a suitable neighbourhood of the origin.

Newton begins by viewing f(x,y) = 0 as an implicit equation for y as a function of x and
computes the solution y by an approximation process which yields an expansion of the
solution y in powers of x. To obtain such solutions we shall make use of Newton’s

method but before introducing this method, let us recall the implicit function theorem.

Theorem 4.1.1. (Special Implicit Function Theorem) Suppose that F : R™!' — R has

continuous partial derivatives. Denote the points in R"*! by (x,y) where x € R" and
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y € R, assume that (xo,yo) satisfy

oF
F(x0,y0) =0 and a—y(xo,yo)#o.

Then there is an open ball U C R" containing xy and an open interval V C R containing
Yo such that there is a unique function y = g(x) defined over x € U and y € V that
satisfies F (x,bg(x)) =0. If x e U and y € V satisfy F(x,y) =0, then y = g(x).

Example 4.1.1. Suppose that we are given the following equations
xz—yz—u3+v2+4:0

2xy+y* —2u*+3v* +8=0

Can we solve u and v in terms of x and y in a neighbourhood of the solution
(x,y,u,v) =(2,—1,2,1)?

We write
F(x,y,u,v) = (xz —y2 —u’ 17 +4,2xy+y2 — 2+ 8)

so that F(2,—1,2,1) = (0,0).
We consider the Jacobian matrix

s —3u* v o= —-12 2
4w 122 BT 812

Since det(J) # 0, we can solve f(u,v) in a neighbourhood of (x¢,yo) = (2,—1). More
precisely, there are neighbourhoods U of (2,—1) and W of (2, 1) so that for each

(x,y) € U there is a unique (u,v) € W such that F (x,y,u,v) = 0.

Thus, there is a unique function f : U — W such that F(x,y, f1(x,y), f2(x,y)) = 0.

In our case the implicit function theorem asserts that if f(x,y) = C where f(x,y) is a
continuous function and C is a constant and ‘3—]; = 0 at some point p, then y may be
expressed as a function of x in some domain about p i.e there exits a unique function

over that domain such that y = g(x).

Remark 4.1.1. If f(x,y) = 0 and y is a function of x, then we have

aerafdy_

ax Tayan 0
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which implies

)
& _ 5
dx af”
dy
Definition 4.1.2. (Homogeneous polynomials) A non-zero polynomial f € A[xy, ..., xi] is

homogeneous of degree n. If

f(xl, - ,xk) = t”f(xl, e ,Xk).

Example 4.1.2. For example, the polynomial f(x,y) = x> +y? is a homogeneous
polynomial of degree 2. Since

flex,ty) =2 f(x,y).

We now want to describe Newton polygon method for an algebraic function

f(x,y) € C|x,y], we begin with the following simple example:

Example 4.1.3 ( [6],p 376.). f(x,y) = xP —y? =0 has the solution y = x4, In fact,'q'

independent solutions to the algebraic function f(x,y) = xP —y? =0, are given by
yr(x) = P for k=0,...,q—1.

where we assume p and q are coprime.

More generally, we can find a solution of the form
y =tx",

where t € C and u = g € Q*, whenever f(x,y) is a polynomial of the form

fay) =Y aggx™P,

o+up=v

one can find a solution y = zx* by substituting in f(x,y)

flent) =Y aaﬁxatﬁx"ﬁz Y aaﬁxa+“ﬁtﬁzxv Y aaBtB:x"g(Z)
o+up=v o+up=v o+up=v

If 7o is a zero of the polynomial g(z), then y = fox* is a solution of f(x,y). We can choose

to # 0if g(r) # ct™, that is when f(x,y) contains two distinct monomials.
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The condition that f(x,y) contains only monomials xo‘yB for which ot + uf = v can be
described -this is an essential part of Newton’s idea- in the following geometric way:
Each monomial x*y? corresponds to the pair (o, B) of natural numbers, hence to a point
of N? of points (a, B) with integer coordinates in the plane R.
When f(x,y) =Y a(mxo‘yB is an arbitrary power series, we consider the set of lattice
points (o, ) whose monomials appear in the power series i.e those for which the
coefficients aqg 7 0. We call this set of lattice points the carrier of f and denote it by
)

A(f) = {(o,B) €N’ agp #0}.

Let us look at some examples.
Example 4.1.4 ( [6].p 377.).  f(x,y) = y* —2x3y? +-x6
B

A

1 2 3 4 5 6 o

In this case, A(f) = {(0,4),(3,2),(6,0)}.
Example 4.1.5.  f(x,y) = y* —2x°y? — 40y +x6 — x”
B

A




55

In this case, A(f) ={(0,4),(3,2),(5,1),(6,0),(7,0)}

The condition that there be rational numbers u and v so that o+ uff = v for all

(o, B) € A(f) means that all points of A(f) lie on a line. This line then has slope —ﬁ and
it meets the a-axis at o0 = v.

In example (4.1.4), the condi%tion is satisfied with u = % and v = 6. We can therefore find
a solution of the form y = rx2, t € C. Substituting this in f gives,

3
Fx,x2) = t*x8 — 231203 4+ %6

=0t =22 +1).

Denote t* — 2> + 1 by g(¢). Then the zeroes of g(z) are given by r = 4-1. Thus, we
obtain two solutions of our equation y = tx> , thatisy = x2 and y= X3,

However, in example (@.1.3)), the points of A(f) do not all lie on a line and therefore we
cannot find a solution as simply as in example (4.1.4)). Let us view the function f in
example (4.1.5) as a sum

f=Ff+h, where flx,y)=y"—2x*+x% and h(x,y)=—4y—x'

Here the order of monomial xo‘yB is not o+ [ as usual but o+ uf} with respect to this
definition of order, all monomials of f have order 6, x’y has order % and x’ has order
T.(u=3)

Now, when we simply substitute the solution y = X2 in f(x,y) =0in f(x,y), then f does
not vanish but at least the terms of lower order do. This means that we can regard the
solution y = x2 of f(x,y) = 0 as an approximate solution to f(x,y) = 0. We express the
solution as y = X2+ terms of higher order =y= 2 (I+y1).

In order to avoid calculating with fractional powers of x we substitute X = X1.

Now, we substitute in f(x,y) for
y=x(l+y) x=x

Then we obtain
FOd (1 +y1)) =12 f1(x1,31)

where
fi(xn,y1) =y +4y] +4y7 —dxgy) —4xg — 7.

Again we consider the carrier A(f}):



56

\
- 4

o

We see that A(f1) does not lie on one line, however it lies on a system of parallel lines of

slope —2. Thus , we seek a solution of fj(x,y;) = 0 of the form

Substitution of in the terms of lower order yields
4yt —4x) = x, (417 —4) =0,
1
this gives 11 = £1. If we choose #; = 1 and substitute y; = x; in fi(x1,y1), then we get

1 3 3

1
Hence, y; = x{ is a solution of fi(x1,y1) = 0. Because of this,

NS08
NSO

y=x2(14y;)=x2(1 +x1%) :x%(l —f—x%)

is a solution of f(x,y) = 0. Therefore, we found a solution y = X2 +x7 of the original
equation f(x,y) = 0.

After these examples, we now describe the general Newton process:

Let f(x,y) =Y aanO‘yB be a convergent power series and without loss of generality,
assume that f is y-general (say of order m > 0,i.eaq,, # 0 and ag; = 0 for i < m). Define

the carrier of f as

A(f) = {(a,B) € N’|  ap #0}.

We now want to find the line which we begin the process. It is the steepest possible line
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through the lowest point of the carrier on the B-axis.
For each point p of the carrier of f we consider the positive quadrant p + (R*)? moved

up to p. From the union of all these displaced with quadrants we construct the convex
hull

conv(Upea(s) (P + (RT)?))

The boundary consists of a compact polygonal path (where all the segments have
negative slope) and two half lines. This compact polygonal path is called the Newton
polygon of f. The steepest segment of the Newton polygon is the starting line that we
want. We let _yio be the slope of the steepest segment of the Newton polygon.

Now, consider f(x,y) given by

faey) =Y awpr™P+ Y agpx®™P = F(x,y) +h(x,y)
o+uoB=v oo >v

Such an f(x,y) has the following Newton polygon:

Here v is the intercept on the a-axis of the line through (0,m) with slope —#io (hence
v = myy), and by construction there are at least two number pairs (o, ) € A(f) with

o+ poP.
We apply the perturbation method to f + .
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First we find Puiseux monomial y = yo(x) such that f(x,yo) = 0.
Second we look for y; (x) = y(1 4 3), we substitute yo = fox* into f and get

Fooo®)=( Y agpib)x’

a+uoB=v

s0 fo must be a root of an algebraic equation say g() = 0, where g(t) =}, o=y aaBtB.

As o = - is rational it admits an expression

Po
to=—, gcd(po,q0) =1
q0

Thus, go is uniquely determined.
We substitute x| := x% so that the first approximate solution is yg = toxf 0,
We make a fresh start with

y=x{"(to+1)

and plug this throughout the equation f(x,y) = 0.
We plug

f(xl 7x1 *(to+y1)) :f(xl 7x1 (t0+)’1>)+h(x1 7x1 *(to+y1))F1

As f(x1°,10x]") = 0 and F; = x|" fi (x1,y1),
we shall look for y; satisfying f}(x1,y1) = 0, where degree of f; in y; is m; < m.

We draw the new Newton polygon of f and repeat the same procedure to find

o+ =v1.
Now find y; by solving fi(x1,y1),

r1

yi=x{" (t1+y2)

1
Now put x, = x{' so that y; = x2 '(t1 +y2). We plug it into fj(x1,y1), then

FOE X5 (1 +y2)) = 5" fa(xa,32).

In this way we get a sequence of approximate solutions

yo = tox**
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PO

y=x"(tg+y1) =x% (to+y1) :xl])O(IO'FYI)
P1

yi=x"(t14+y2) =x]" (t1 +y2) =25 (11 +y2)
P2

v2 =22t +y3) = 12 (1 +3)) = 52 (2 +y3)

Note that . .
1

X3 :xgz :xf11(12 = x 909192

Therefore, we obtain

y=x"(tg+ 2" (11 + 25> (12 +--)))
— 10 gy

The last expression for y is also known as the Puiseux expansion of f(x,y) = 0. A formal

definition is as follows :

Definition 4.1.3 ( [6],p 385.). The fractional power series y(x) = Z aix% is the Puiseux
i=0

expansion for the curve with equation f(x,y) =0, where a; € C and n = qoq - - . gn-

We end this section with the following remark.

Remark 4.1.2. Puiseux expansion of an algebraic function f(x,y) will be very

important and will play a significant role in the last section.
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4.2 Trinomial Algebraic Function

In this section, we shall be interested in a specific type of algebraic functions(trinomial
equations).

Let us consider a general trinomial equation given by
P(x,y)=y"+xy’ —1=0, (n>p) 4.2.1)

Remark 4.2.1. The singular points of the equation (4.2.1) are given by

n_ (1P —
X _( 1) ppqqa (q-n p)
Proof. We have
o(x,y) =y"+xy"—1=0 (4.2.2)
and by the implicit function theorem we have
d_(P _on—1 p—1 __ n P\, —1
oy =ny"" 4xpy’ " =y +xpy’ )y =0, (4.2.3)

then using equations (4.2.2)) and (4.2.3]) we obtain

n 1
(p—n)xy!+n=0x=—-—
qyP

On the other hand, by the equation (4.2.3) we see that
n
" +xpy’ =0 xpy = —ny' x=——y""
p

Combining these one can have

nl _ ny"  —p_

gy’ py g

Y
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then it follows that

xn — (_ )pnnq—q
pl’

= (1
pPq

]

Example 4.2.1. (n =2, p = 1) The singular points of the following algebraic equation

Q(x,y) =y +xy—1=0
are given by
X =—4
or
x = +2i.

In the next sections we shall be interested in solutions of algebraic functions (4.2.1])
rather than their singular points. We note that if y(x) is a solution of (#.2.1) then

z=&y((&)"x)

is also a solution to @(x,y) = y" +xy” — 1 =0, where g = e fork = 0,1,...n—1.

The following theorem will carry great importance for our further discussions.

Theorem 4.2.1 ( [7], p 103.). (The Mellin Inversion Theorem) Let 7 =6+ it € C. Let
f(z) be analytic in the strip o. < 6 < B and let / | f(o+it)|dt, converge in this strip.

Further, assume that the function f(z) tends uniformly to 0 as |t| — oo in every strip

o+ 08 <o < B9, for a positive number d. If for a real positive x and fixed G we define

o) = [

2T Jo—ico

then

1) = [ gax

Proof. Our aim is to show that f(z) = / x*Lg(x)dx in the strip o < 6 < P.
0
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Since f(z) converges uniformly to 0 in the strip o+ 8 <6 < B — 3§, as |t| — o, we can
displace the path of integration of g(x) with parallel to itself as long as it stays within the
strip o < 6 < . Hence, g(x) does not depend on G.

Choose 61 and 0 so that o < 6] < 6 < G, < B, then consider

1 1 G| +ioo | G +ico
/ e dX—/ X dx—./ x A f(z1)dzy + T dx—/ x 2 f(z2)dz2
2751 O] —joo l 62—i°°
As f(z) is uniformly convergent in the strip o < 6] < 6 < 63 < B, the order of

integration can be interchanged. Hence

ooxz ) xz 1z 61+i°° XZ 1—z 62+i°°
S dx-/ Sty - / 2)dz +/ 2 dx— / 2)dz
/0 215 Jo, i f(z1)dz 215 Joy i f(z2)dz

AN\ ot X2 | [Oatieo
. oy, dzi + —/ d
(Z—Zl) o 2T /cl_ioo fla)da (Z—Zz) f(z2)dz

] 2T Joy—ico
r . /"‘*i“f(Z1)dZ1 1/"2+i°°f(zz)d22
T2 Joy—ie z—21  2MiJoy-in z—22
L/Gz-i-l"x’f(ZZ)de+L/Gl—i°°f(Z1)dZ1

2 Joy—ice 22—2 27

G1+ice 1 —<

But Cauchy’s integral theorem asserts that the last expression is equal to f(z), and thus

completes the proof of the theorem. [

Moreover, f(z) is called the Mellin transformation of the function g(x) and g(x) is called

the inverse Mellin transformation of the function f(z).

Now in order to find solutions of the algebraic equation @(x,y) = y" +xy” — 1 =0 we
utilize the Mellin Transformation. If y(x) is a solution of (4.2.1)), then the Mellin

Transform of y(x) is given by
/ Y
0

where u is a positive real number and z is a complex variable.
The reason why we use such a transformation is because the Mellin Transformation of
such a solution can be written in terms of the I'-function. The following lemma shows

the relation.

Lemma 4.2.1 ( [2]], p 38.). For a solution y(x) of (¢.2.1),the Mellin Transformation of
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y(x) reads

T4

oo 1 B
/o = T )

Proof. If we substitute x = 1;,,y” , then we get dx = —(py?~' + (n— p)y" P~ 1)dy, and the

boundaries become x =co,y =0 and x =0,y = 1.
Consider

oo 0
/0 Y ldx = /1 WA=y y PP (py? ™+ (n— p)y* P 1)]dy
0 0
= —p [ (1) () [ (1

1 1
zp/ Y"”“(l—y”)“dwr(n—p)/ PP (1 =y dy. (4.24)
0 0

Lety'=t,y= t%, dy = }ltlzfndt and recall the Beta function

I
B(x,y) :/O N1 =) e

for x,y > 0. Then the equation (4.2.4)) becomes

| R — Ly pe
B/ t'qu* (1_I)Zldt+u/ t'u,,p (1_t)zfldt
nJo n 0

—pz n— - pz
_ PP ,Z)+( P) p =P

n n n

B( +1,z2)

We know that from the theorem (I.1.3)

Ppl=r ) _ pT(=E)I()
n n ' n D+ z)
Likewise,
(n—p) 1=z _ (n=p)T(EE+DI(R)
B( + ]‘7Z) - H—pzZ
n n n T(EE4142)

Thus, we have

(4.2.5)

pT(EFTGE)  pI(EFE+DI(z)  T(EE+DI()
nF("%’”+1+z) F(’“sz—i-1+z)'

Note that

rf= ) = (BB p

n n n
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and

K= Dz
)

+Z)F(—n +2).

F(y — Pz
n

Z
+142) = (==L

Then the equation (#.2.5) yields

[ Jmeire, o |
poprtnz] TSR +2) |55+ TR +2)
:r(“’npz)l“(z) Pz o
L5 +2) (u—prtnz BEE 47
This gives us
G L H L)
P(ASE +z) u—pztnz 5 (u—patnz) (A +2)
_u TERITE)

(,u pz+nZ)1—~(y )24 )

n

_u 5P
(A )

Consequently, we obtain

oo (T (H=22
/ Pl dx = . u(f2n—(p)zn ) '
Example 4.2.2. Forn=2,p =1,

I8 (_H xm‘)yx“dx: @M
0 2 2

Example 4.2.3. Forn=3,p =11,

[ (e @ e ) ety

Remark 4.2.2. From now on, we choose u to be always 1.

Taking into account the theorem (4 , we introduce the following proposition
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Proposition 4.2.1 ( [2], p 39.). A special solution of the algebraic equation
Q(x,y) =y"+xy? —1 =0, is given by the Mellin Inversion formula

i) = o [ IEONCE

1
= — x4z, 0<c<-—. 42.6
2T Je—ioo N F(_lthz +1) D ( )

Proof. In order to show the convergence of the integral (4.2.6) we need to estimate the

integrand
T()T(22)

L(5E+1)
by the aid of Stirling’s formula (1.1.4)).

x ¢ (4.2.7)

‘F(S—l—l't)| ~ zne*%f‘*sms*% (4.2.8)
. L=ps_1
‘F(l—p(s—i—ll))‘ ~ 2me BBy [P 4.2.9)
n n
1 it Tiqt s 1 %Jrl
’r( +Q(s+l)+1)‘w e FI%I-(1+2) |9 |2 (4.2.10)
n n
and
x=|x|e™® (4.2.11)
Then neglecting s, it follows that
rEr=e) e Bl 3lE1 g,
et YV
M= +1) e
_ oo BH0+ 80 o
= 2ne_|"%pe_e’

(1) Ifr <O, then et? o — e[(? 0) implies that 22 — 9 > 0,ast — —oo.
P n —
(i1) Ifr > 0, then e 1o = e’( o) implies that =22 — 9 < 0,ast — oo,
p n —

Therefore, the integral (4.2.6) converges in the angular domain

as |t| — oo. O
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Example 4.2.4. Let us try to find a solution of the algebraic equation
o(x,y) =3 +xy—1 =0, by using Mellin Inversion formula

We have

L1 =TS
0 =33 [ rEm)

Let O, = x%c be Euler’s differential operator and observe that

(D)0 (oot =2 [ I

x %dz 4.2.12
Cc—ioo F( 4—32 ) ( )

where L = ——. Now, put z+3 = 7' and 7 — 3 = z. Then we have

(=0 +2) (=0 4+ 1) (—00)y(x) = A /( 3 ;l)x_(zl_3)dz' (4.2.13)

c3)—ieo  [(3EE

(c+3)+ie (/) (1+_2Z’)< —2+2z

:7\)63 3 3 1 X ZdZ/
(c43)—ico F(4ng )
(4.2.14)
1—-20, —2-20, 140 ctieo [(\D(52)
— 53 x x 7Y ST NI ¥
FESES O
(4.2.15)

We note that in the equation (@.2.13)) since 7 = 1 is not a pole any more of the factor
F(%Z/ + 1) we can deform the integral given in (4.2.13)) into the integral (.2.15) to
obtain the same result.

Then we obtain

1—-20, ,—2-209, 140
PO o0 0 D =0 @219
Substitute x> = 7, then & i j— = 3x? c‘ft = U, = 30,. It follows that

15 - 20)(-3 = 20549430030, - 2)(39, - 1)] (e} =0
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or

[2%(1%—é)(ﬁt%xm§>+33<a,><ﬁf—§><ﬁz—§>]y<r%>:o. 4.2.17)

2 .
Now, put —%—31 = s, then ¥; = U, then the equation becomes

3
50 0+ P )0 O (9 =0 @218

W —

The latter equation looks familiar to us. In fact, the equation (4.2.18) is a Pochhammer

hypergeometric differential equation. Furthermore, y((;—zs)%) satisfies this differential
equation. From the previous chapter we know that this differential equation (4.2.18) has

a solution. Namely, a hypergeometric function of the form

Hence we deduce that

33 111
) =F(—=. = —. —
y(( 22S)) ( 37

Therefore if we substitute backwards, then we obtain our solution to the differential
equation (4.2.16) and thus to @(x,y) = VY +xy—1=0, as

Example 4.2.5. Let us find a solution to the algebraic equation ¢(x,y) =y> +xy—1=0

By Mellin Inversion formula we have

11 ctico T(2)T 1z

_LL o)
5 27“ Cc—Joo F( —241)

y(x)

@)}
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We observe that

(=0 +4) (=0 +3)(—=0x +2) (=9 + 1) (—0y)y(x)
cti T(z+5)T(LF)

- 7“/0 - (6+4Z) :

(

:k/(CJrS )+iee ()T xi(zlfs)dz,
(c+5) F( 5 )

x %dz

—joo

_ 1
where A = 1. Thus, we have

s, [(cHS)+ieo F(Z’)(I%Z,)(1‘242/)(—4;%2’)(—9;41’)(—145+4z’)1—~( lgz’) .y
XA y X *dz
(c+5)—ieo r(%)

or equivalently

140, 140, —4— 40, —9—49,  —14— 49, . [etie=T(Z)I(ZE)
5 X X X X X 5
e e =i

!
x ¢d7

This leads us to the following Pochhammer hypergeometric differential equation

I+9, 1 -4, —4-40, —9—-49, —14-40,
PS5 =) (42.19)

+ (0x) (B — 4) (0 — 3) (9 = 2) (O — 1)]y(x) =0

Setting x> =t and O, = 50, gives

15+ 90) (5 —400) (— 5 —40,) (— — 40,) (' —40)

+(50,) (59, — 4)(59; — 3)(50 — 2)(50 — D]y(t5) =0

Now, let — t =5 = O = O, rewriting the above differential equation we obtain

50+ ) (0 — 50) (B ) (B ) (B, +;g>
3 2 1 5 1
- (B0) (05— D)0~ 2) (3= 2) (8~ (g% =0
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Since y(s) is a solution of the above differential equation, by the same reason in the

previous example we conclude that

55

1 1
O =F(=. — -
Wb —F (b 1 2 1

Therefore we obtain

as a solution to the differential equation and a solution to the algebraic function
¢(x,y) =y +xy—1=0.
Proposition 4.2.2. In general, for a given algebraic equation of the form

Q(x,y) =y"+xy” — 1 =0, the general hypergeometric differential equation satisfied by
y(x) can be given by

st —p)Pg? " 1+nj —1+nk
T1e0.—0— 2 o T o+ ) T 00+ =22 | s — 0
1=0 n j=0 P k=0 q
and after the change of variables s = (_Z#x”, and ¥, = nd; one gets
n—1 l ' qg—1 k
Oy——)—s 19—}———1— 19—— )| Y(s)=0
H( " JH np p ,H, nq q ()
Thus,
%
Y (s) = nFp_1 (a‘, B ;s> (4.2.20)
where
o= ( 1 1 1 1 p—1 1 1 1 1 q—l)
np'np p’ 'mp  p ' ng ng q 7 ng q )
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Proof. In considering only the integral part of the Mellin inversion solution

ctio D(g)D(12E)
y(x):/ . FH—Tnx ZdZ
c—iee D(E+1)

We have

ctico (7 4 p)[( 1222
(—ﬁx—i—n—l)...(—ﬁx)y(x):/cioo (li(&il") ) vty 4.221)

Let z+n =7, then the equation (4.2.21)) becomes

(c+n)+iee T(Z\T 1=pd Jul ,
(=0 +n—1)...(—0)y(x) = x"/( "y (Zl")( liqzn ) p)x_Z d7 (4.2.22)
c+n)—ioo ——q

Now that 7/ = % is not a pole of the factor F(I_szl + p) we can deform the integral in
(4.2.22)) and by using the theorem (I.1.3) we get

(_ﬁx_{-n — 1) cos (_ﬁx)y(x)

1 / q— / /
l—pz . 1+gz 1—pz
T )T« —k)I( )
Cc+ioo =0 n =0 n n o,
=" / ; xdz 4.2.23)
C—ioo F( 1+g7 )
n
P po, | 1—gd etio ()DL
= I ) [T -k / #x‘z d7  (42.24)
=0 " =0 N c

_joo F( nqz )

Thus, it follows that

(=00 — ”(Hfﬁx)p(l_nqﬂx)q} y(x) =0 (4.2.25)
where
(=0)n = (=) (=0 +1)...(=%+n—1)=(=1)"(Ox—n+1),
and
()p = (a)(a+1)...(a+p—1)
Notice that
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and X )
T 1—qgd —q\ 1= nk 1
=20 = (22) T2 -0
k=0 " '/ k=0 7 4
Hence the equation (4.2.23) can be rewritten as
= PR CT TN = DA
[(ﬁx—n+1)n—7xnno(ﬁx+ ; >kI—%(ﬁx+ )| y(x)=0
Jj= =

(=p)Pq1

" _ )
X" hence 9, = n¥; we obtain

In making use of change of variable s =

rl—ll(nﬁs —n+1+1) —sﬁ(nﬁs + ﬂ)ﬁ(nﬁs + nk 2 1)] y(s%) =0
=0 j=0 P =0
which implies
[’ﬁ(m—% B ) (L) § (PNATES) Y
1=0 L =0 np P iZo qn  q

(4.2.26)

(4.2.27)
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4.3 Algebraic Functions in terms of Hypergeometric

Series

In Section 4.2, we have dealt with the algebraic equation @(x,y) = y"+xy? — 1 =0,
whose Newton polygon is of the form:

A

(0,n)

~

In this case, the Newton polygon of the algebraic function @(x,y) is not appropriate for
the Newton’s algorithm. However, as we described in [Section 4.1], we can apply
Newton polygon method to a general trinomial algebraic equation of the form
f(X,Y)=Y"—XYP+X" =0, with (n— p) > -£5. It is clear that the functions @(x,y)
and f(X,Y) look similar but they are not the same. Nevertheless, for a suitable change of
variables we can convert the equation @(x,y) = 0 into the equation f(X,Y) = 0.

So in this section, we shall try to express the solutions of a general trinomial algebraic
equation of the form

FXY)=Y"—XYP+X =0, (n—p)>-L— g=(n—p), ged(p,r—1)=1.
4.3.1)

in terms of hypergeometric series.
In order to obtain such an expression we will make use of change of variables and Mellin
inversion formula which is given in Section 4.2. Furthermore, once we we obtain the

solutions in terms of hypergeometric series we will also apply Newton polygon method
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to the general trinomial algebraic equation f(X,Y) =Y" — XY? + X" =0, and compare
the results(hypergeometric series and Puiseux expansion of f(X,Y)) to check that such
an expression indeed holds.

Suppose that we are given a general algebraic equation of the form

fX)Y)=Y"-XYP+X"=0 with (n—p)>L1, ged(p,r—1)=1.

Employ the roots to the equation (4.2.1]) with the new variables

y:kY and x=pX, (7\'7/1#0)

and consider
NY P AMPuXYP —1 — Y'—XYP+X'

Hence
Y'4+ M TTuXYP — A" =Y"—-XYP + X"

Then one can precisely get the following equalities
1
Y(X)=(—1)nXny(x) 4.3.2)

and
P n=aqr

x=(=1)nX"n (4.3.3)
Let n—qr = N. We observe that N < 0 for every n,q, r as in the equation (4.3.T)), due to
the convexity of the Newton polygon of f(X,Y). (See Figure (.1))). Let us denote by
Y (X) one of the solutions to the equation (#.3.1)), then in general in order to obtain the
general hypergeometric differential equation satisfied by ¥ (X), we utilize proposition
(4.2.2)

n—1 _\P,q Pl 1 . g—1 i

p +nj 1 +nk
| (A ) § (ERRLY o (A )| y(@) =0
1=0 n =0 P =0 q

and by using (4.3.3) we may write



74

and hence

n—1

TGP0

1=0
P 49 p—1 1 - g—1 -1 k b N
——pZXNH((E)ﬁan +'”)H((ﬁ)ﬁ;w o Ny((=1)rX7n)=0 (4.3.4)
n =0 N P oo N

Now putting ’%X N =& givesOx =N Uz. From this we can rewrite the latter

hypergeometric differential equation as

- e 1+nj —1+nk
[H(”ﬁa—l)—ﬁn('ﬂ%ﬂL D) [T e+ )| wE) =0
1=0 j=0 P 2o q
which implies
Toe-b-eToer L+ H o+ =+ 5w
O ——)—E[[ O+ —+) [[(O:+—+- =0
[ =20 =8 IT et 20+ D Tt S0+ 0 v

Therefore,
w(©) = (4. B:2)

and by using (4.3.2), we obtain our solution to the hypergeometric differential equation

as
7(8) = (~X)w(®) = (~X")ruk 1 (4, B38).

It follows that

~ 1 — pPg4
Y(X) = (=X")tnFy (3, B2 XN) , (4.3.5)
where
a_(ll 1 1 p—1 1 1 1 1 q—l)
np’np p’ " 'mp p  ng ng q 7 ng q )’
— 1 n—1
B:<__7"'7_ )7
n n
and N =n—qr.

Remark 4.3.1. Notice that in equation (&.3.5), we obtained a solution ¥ (X) around
X = oo, as N < 0. However, since one cannot compare the Puiseux series with a series
around X = oo, we need to make a small change in our differential equation (4.3.4) in

order to obtain a series solution around X = 0.
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In considering the above remark, we rewrite the hypergeometric differential equation

(4.3.4)) as follows

n

. y-N
ﬁX—l
p”q‘f ,H
n 1+n] - —1+nk PN
o G (-1)FxF) =0,
=0 = 4

Applying the change of variable pﬁ';q N — 5, hence Oy = —N¥, yields the following

hypergeometric differential equation

[Sﬁ(‘”ﬂs =)= TT ot 2 T o+ 2% g5y =0,
1=0 j=0 P =0 q
or equivalently
[Sﬁ(ﬁﬁi) le(ﬁ —i—l)qu(ﬁeri—ﬁ)] o(s) =0. (4.3.6)

But we observe that the above hypergeometric differential equation (4.3.6)) is not in the

Pochhammer form.

Proposition 4.3.1. In general, solutions of the algebraic equation

fX,Y)=Y"-XYP+X"=0 with (n—p)>Ll, ged(p,r—1)=1.
r—

are of the form

2mit

~ ~ 1
Y,(X)=Y(Xr) e =er for t=0,1,....,p—1.
and
= 1
-Y(X)=Y(0'Xe) o’'=ec for s=0,1,...,q—1.

where, Y; and Y, are the solutions of the hypergeometric differential equation (¢.3.6),

derived from the Mellin inversion formula.

Proof. The proof of this proposition relies on comparison with the Mellin inversion

solutions and the Puiseux expansions of the algebraic equation

fXY)=Y"-XYP+X"=0, gcd(p,r—1)=1.
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In considering the Mellin inversion formula for y(x), by proposition @.2.1])

11 er=TEI(R)
= - ——8% "x*d
yo(x) n2m‘/c_,~oo F(%-H)x z
one obtains
1 & (7)1
yo(_x) = —— Z Res MX_Z (437)

”k:oz=”—”" F(M—i- 1)

(l+nk>( 1)k (M)
T Z (2 by

(4.3.8)

Combining the equations (4.3.2)),(4.3.3) and (4.3.8) yields the following series expansion
of a solution to the equation (4.3.1)

1
; 1@ D) (xor)r— ok 1 retigrn
Yo(X)=— P XFTaoxT
b O P

Since we have p- branches the remaining (p — 1)- solutions can be obtained by using the
remark (4.3.2) as follows

2mi

oo 1+nk r—1+(gr—n)k
> 1 F( )(6 P Xp) mi(r—1) -1 1 2mi(r—14gr—n) r—l4gr-n
YI(X):_Z : p+q+qnk+pn =e 7 X7 t—e v X0 + -
Py r(eieiekimg P
l4nk 2m( —1)
o F( +n )(e Xp)r 1+(gr—n)k
7,_1(X) :lz P
P [ r(%ﬁ)m
2mi(p—1)(r—1) r—1 1 2ni(p—1)(r—1+qr—n) r—14+qr—n
—e P X7 +—e P X 7 4

P
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(0,n)

%)

(,0)

q
~

Figure 4.1: N(f(X,Y))

At this point, let us perform Newton’s algorithm for the algebraic function
f(X,Y)=Y"—-XYP 4+ X" =0, having the above Newton polygon see figure (&.1).
On the line ¢ (up = —) starting with Yy = coX 7 gives

2mit

— XX +X"=0 = (1-c))X'=0 = co=e>

fort=0,1,....,p—1.
r—1 P
For the second approximation, let X » = X; and hence X; ' =X.

Consider

r-1 2mit 2mit 2mit _pr_

SX " Xi(er +1)) =X (e r +1)" X X”(eP+Y1) +X/ =0

f(leYl) 0

_pr
—1

=X/
rq—n 2mit
wheref(X1 Yl) = 1—(6 1’ —|—Y1)p+X’ I (e p +Y1) .
Solving for Y} in f;(X1,Y)) gives
1 2mie(p—1) r4=nr

YI=—e P Xlr_l
p
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. . . | 2mit(p—1)
which implies that ¢ = i

Therefore, one can obtain the following Puiseux expansion of f(X,Y).
r=1  2mit rg—n 1 2mit(p=1)
XP(eP + X r (—e p )_|_)
p
2mit  r—1 1 2mit(p—1) r—l4gr—n

—er Xr +—e P X P +---
p

fort =0,1,...,p—1.

Let us introduce the following fact

Fact 1. There exists an integer t such that
r=(r—1)t (modp)

and

r=(p—1)t (modp)
where gcd(r—1,p) =1and ged(p—1,p) =1 andi € {0,1,...,p—1}.
From this fact we can rewrite the Puiseux expansion as

~ . r—1 1 . r—14qr—n

YISQC(X):(eZELtX) b _}_;<62mtX>4 pq .
Now, it suffices to compare with the first two terms of the Puiseux expansion with the
first two terms of the hypergeometric series ¥;(X) for 1 <t < p—1.

Fort =0,

r—1 1 r—14qr—n -
Yo(X)=X» +I_?X P 4= 152)2()()
Fort=1,
- 2mi(r—1) =1 1 2mi(r—1+gr—-n) r—l4gr—n
YiX)=e 7» X7 +—e P X 7 4.
p
oni r—1 l 2mi(p—1)  r—l+qr-n ~(1)

:eTXT—'I——e P X P +---: pS'X(X)
p
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Fort=p—1,
- 2mi(p—1) =1 1 2=mi(p—D)(r—1+gr—n) r—l+gr-n
Yo 1(X)=e 7 X7 4+—e P X 7 4.
p
2mi(p—1) r—1 1 2mi(p—1)(r—1+4qr—n) r—14+qr—n (o
=e » X7 +—e P X 7 +...= Igfx 1)()()
p

In a similar fashion, after using Euler’s reflection formula with a periodic function

d(z+n) = ¢(z), to be more precise, at this point, recall the Euler’s reflection formula

T
I'z)I'(1—z) =
(@1 -2) = G
and consider
T
I'z(1—z)(—1)*= —1)"*
O =)= o (-1)
we claim that
T
= —1)7*
P2 = oy
is a periodic function. Moreover, p(z) is a rational function of e?™=, To see this fact, we
consider _ ,
Tz _ p—Tiz )
sin(mz) = : and (—1)*=¢ ™
2i
then one can easily obtain
—Tiz
T (1) r=omi e

sin(rz) oo M ()

It is easy to see that p(z+ 1) = p(z), and therefore p(z) is a periodic function of period 1.
Also, from the last equality it can be seen that it is a rational function of e?™=,

We now introduce the following claim,

Claim 1. There exists a periodic function ¢(z) such that

55 oo FEEE)
m(b(z) = i) U 4.3.9)

with §(z+n) = ¢(2).

sin((15))

Proof. Setting ¢(z) = sin(m(LEE 4 1))

(—1)"* in the equation (4.3.9) gives the required

result.
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0
Therefore, one can obtain the second Mellin inversion solution as
L1 per=TEI(EE)
jo(x) = —=— ————1 = (—x) “dz
Yo(x) n2mi /c_ioo [‘(%) (=)
Hence
i 1 ¢ FEI(—%),
Yo(¥) =——) Res W(—x) -
no="r T(—1)
1o D (=D)F 1w
:qkz qﬂ)k D (—x) @ (4.3.10)
Now, it follows from (#.3.2)), (4.3.3)) and (4.3.10) that
2-2pk
5 1 & T (=1) 1 i 11 milop) lomtgr
T(X) ==Y —L (X)W = e T X 4
q =0 F(%)k! q
Now that we have g-branches by the virtue of the remark (4.3.2)) the other
(g — 1)-solutions can be given by
2-2pk 2mi
- 1 T (-1 (equ)Hk(qr n) amiyd 1 4mi(-p)  1-nigr
nx)=-Y —* i R Ve e G U
 r T(HE=)k! q
2-2pk  2mi(g—1)
i L DD (1) 0" (e 0 Xa)lkarn) | iy
fa0 =, ¥ — XX
9 =0 T(HE=)k! q

We now perform Newton’s algorithm for f(X,Y) on the line ¢;(up = ﬁ), see figure

@)

L
Starting the process with Yy = coX -7, gives

COX" P —cOX" r=0 = cg(cg—l)Xg =0
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since ¢ # 0, we must have

q 2mi(s+1)
cg=1 = cp=e ¢

fors=0,1,...,g—1.

1 1 .
For the second approximation, let X; = X»—» = X ¢ and consider

2mi(s+1)

[ Xi(e @ +1))=X{fi(X1,Y1) =0

2mi(s+1) 2mi(s+1)

where fi(X1,Y1) = (e” ¢ +1)"—(e ¢ +Y)P+Xx{""
Solving for ¥} in fi(X;,Y)) gives

2mi(s+1)(n—1) 2mi(p—1)

(ne ¢ —pe ¢ )1+XT"=0 4.3.11)
Here note that
2mi(s+1)(n—1) 2mi(s+1)(n—1)
e 1 =(pta)e
2mi(s+1)(p+g—1) 2mi(s+1) (p+g—1)
= pe q —|—qe q
2mi(s+1)(p+q—1)+2migs 2mi(s+1)(p+q—1)+2migs
= pe q —|—qe q

2mi(s+1)(p—1) 2mi(s+1)(p—1)

= pe q —|—qe q

Thus the equation (4.3.11]) becomes

2mi(s+1)(p—1)

qe q i+x7"=0

Hence 1 (s+D)(p=1)
_ 2mi(s+1)(p—1 _
Y)=——e¢ o X"
q
C _ 2mi(s+1)(p=1)
which implies ¢ = —4¢ q

Therefore, the Puiseux expansion is given by

= 1 2mi(s+1) r(n—p)—n 1 _ 2miGs+1)(p—1)
Y;Si})c(X) =Xmr(e ¢ +X = (_;16 7 +--4)
=e 19 Xa——¢ q Xr+%+

q

mits+) 11 2miks+D(-p)

fors=0,1,...,g—1.
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It again suffices to compare the first two terms of the Puiseux expansion and the first two

terms of the hypergeometric series I:/S(X Yfor0<s<gqg-—1.

For s =0, .
=z 2mi 1 2mi(1— l—n ~
—Yo(X)=ed Xi+e 4 pXr+T_|_...: ISSQ(X)
_Yl(X):equ—f—ae q”X e N 1§51)2(X)
And fors=¢g—1,
_ q—l(X):XQ—gXVJr 4 4= [ng )(X)

This completes the proof of the proposition.

Remark 4.3.2. We remark that if Yo(X) is a solution of f(X,Y) = 0, then
~ 1 =
Y,(X) =Yo(e'XP) is also a solution of f(X,Y) =0, and if Yo(X) is a solution of
= = 1 2mit
f(X,Y)=0, then Y;(X) = Yo(@°X ) is also a solution of f(X,Y) =0, where €' =e r
2mis
fort=0,1,....p—land &’ =e ¢ fors=0,1,...,q—1.
Remark 4.3.3. ( /|8, Theorem 4.3, p 1289). Remark on (4.3.6),

(i) If gcd(n,p) =d > 1, then solutions to the hypergeometirc differential equation in
(4.3.6) are all algebraic functions with associated equation y" +xy? —1 = 0.

(ii) If d =1 and p < n— 1, then there exists 1-dimensional logarithmic solution space
of the hypergeometric differential equation in (4.3.6) over C, spanned by
Yiso Yilog(Y).

(iii) If d =1 and p =n— 1, then the set {Yy,...,Y,—2,X} gives n—dimensional solution
space over C to the hypergeometric differential equation in (4.3.6).

If p<n—1,
p=l q-1
Y LX) - Y %(x)=0
t=0 s=0
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These algebraic solutions span a (n— 1)—dimensional solution subspace to (4.3.6) over

C.
If p=n—1, then

p—1 . q—1 ~
Z Y(X) - Z Yi(X) =
t=0 s=0
Now we examine examples illustrating the proposition (4.3.1)).

Example 4.3.1. (n =3,p = 1,r = 4) Assume that we are given the following algebraic
equation
fX,Y)=Y>—XY+X*=0.

We want to find solutions of the equation f(X,Y) = 0.
Firstly, recall that in [Section 4.2], we have found a solution y(x) of the algebraic
equation ¢(x,y) = y> +xy — 1 = 0, by using Mellin inversion formula.
We let
1—z

11 /c+ioor(z>r =)

yo(x) =3 i T 4;22)

- *Zd
32mi 1 E

~

By the virtue of the above claim (4.3.9) and Euler’s reflection formula we consider

(0(z))x%dz

11/c+ioo1"() IT)

(
Y1(X)Z§E e 1"(4+32)

in this case with a periodic function ¢(z+ 3) = ¢(z). Thus, we get

11 /c+imF(Z)F(—l3—2Z)
2
C

Yo%) = 35— - TR (—x) *dz

32mi
which is also a solution of the differential equation (4.2.16]) obtained in [Section 4.2].
Now, when we simply calculate the residue we get,
1—z
S LR

B F(3k+1)(—1) e
_k;) Ck+2)k! !

Since

-z
Res I'(——)dz= ResI'(s)(—
L
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Also
1& r r —1-2z
y~0(x) — Res (Z) (2+Z3 ) (_x)_Z
3 20=%1  T(5%)
1 i F(L{l)(—l)k(_x)l#
25 Tk
Since

—-1-2
Res I'( 3 Z)a’z = Res I'(s) (—%) ds

_ 3k—1 s——k
=73

We are now in a position to make use of change of variables as we mentioned earlier. So

we introduce the new variables
y=AY and x=upX, (Au#0) (4.3.12)

and we consider
Vexy—-1 = vi-xy+x*

We simply put y and x in (#.3.12) throughout the equation y® +xy — 1 = 0, and obtain
Mrieaxy-1 = yvl-xy+x* (4.3.13)

which implies
Y340 2uxy -2 3 =y3 —xy +x*

thus, we get two equalities,
A3 =x* and AN u=-1

It is straightforward to see that

and hence

or equivalently,
Y(X) = (-3 () (4.3.14)
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and
1.5
x=(—1)3X"3 4.3.15)

We put the above variables in yp(x) and yp(x), then

3 Nixivy L 3k+1(1) L3\ 3k
Yo(X) 1)3X53 C1)iX3
i +1 x5k+3
= T(2k+2)k! a*

5 14l & 1—‘(3]‘—_1)(—1)]‘ |5 1-3k
Yo(X)=(—1)3X3— 2 —(=1)3X"3) 2
000 = (I Y S i
Jilﬂ(% (=D s
25 T(HHE
It follows from the remark (4.3.2)) that
N 0 1o ) Ly
Y, (X) _ 2 (eanQ)Sk—H
25 T
1 i r(*5) et
2 ST k!

is also a solution.
On the other hand, we apply Newton polygon method to the algebraic equation
fX,Y)=Y3—XY+X*=0.

In other words, we will obtain the Puiseux expansion of f(X,Y) of the form

Y(X) — C()X’uo —|—C1X'uo'ul _|_czxﬂoﬂlﬂ2 + ...
=X"(co+ X" (c1 + X2 +--4))

So we start with drawing Newton polygon of f(X,Y):
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q
v

On the line ¢;:
o = % so we start with putting Yy = coX > into the equation f(X,Y) =¥3 - XY =0, and
get
3,2 3 2 3
cpX2 —coX?2 =co(cyg—1)X2 =0,
which implies ¢y = £1.
Choose the branch ¢y = 1, then Y = X 7,

1 . .
We let X2 = X7, and compute the second approximation

fXEXI(14+1) =X (1+11)° = X7 (1+77) + X}
=X; f1(X1,11)

where
fiX, 1) =Y +3Y7 421 + X7

Consider the Newton polygon of f1(X,Y):



87

\(5,0\)

- (4

Thus, on the above line we obtain

x>
S __ 7 . %
2Y1+X7 =0 = Y= c1=

1
27 2

For the third approximation we put f1 (X1, X} (—% +7Y,)), then we have
s 1 s 1 ’ o 1 ? s 1 5
fl(XhX] —E—l—Yz ):Xl —E—l—Yz —|—3X1 _§+Y2 +2X1 —§+Y2 —|—X1
=X{ (X1, 1),

where
2

1 3 1
fz(Xl,Yz) :X110 <—§ —l—Yz) +3X15 (_§+Y2> +2Y;.

Again we consider Newton polygon of f>:
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\(5,0\)

- (4

This implies that

3 3 3
2Y2+ZX15:0 = Y2:—§X15, o=-3

Lastly, we apply the algorithm one step further that is, we put

3 3
fz(Xl,Xls(—§+Y3)):X110[2Y3—3X15(—§+Y3)+higher order terms|
=X\ f3(X1,13)

where

9 1
f3(X1,Y3) =2Y3+ §X15 — §X15 + higher order terms

Notice that the Newton polygon of f3 is the same as f>, hence it follows that

WX =0 = YH=--X, €3="5-

1 3 1
Y(X):X1(1+X15(—§+X15(—§+—§X15+ )))
1 5 1 s 3 1 5
=X2(14+X2(——+X2(=Z—ZX2+..

(1+X2( >+ ( g Xt )
11 3 u 1
—X21—-X'—->-x2—_x8
2 8 T
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We can therefore write

(1) 11 5 3 un 1
Y, (X)=X2 —=-X°—=-X72 — =X
psx( ) > 3 5 +
Recall that there is another branch on the line /;. Namely, yg = % and ¢ = —1.

Thus, one can apply a similar process for the second branch starting with

Yo = coXH0 = —X 2

Y

and hence can obtain the second solution as

Z 1 3 1

Lastly, for the third branch we look at the line ¢ (ug = 3, co = 1), so starting the process
with
Yo = coXto = X3,

eventually yields the third solution

POX) =x3+x8+3x B 1 12x8 4.

Notice that

5 1 & TR s 1 3.0 1 = (1)
2 & Tk AR A
3 1 & TEED (=D s I noo 1 2 (0)
FoX)= 5 Y 2 = x} XX xS = 7).
24 r(’%l)kv 2 8 2
and = T(3k+1)
5 + Sk+3 3, v8 13 &(0)
Yo(X) = —— =X =X"+X°+3X cee = X).
o) ,;Or(zku)k! AT pee(X)
As a result,
6)) —fo (X) coincides with the Puiseux expansion Y 159)2 (X) on the line ¢;.

(i) —Y (X) coincides with the Puiseux expansion f/,SSI,Z (X) on the line ¢;.
(iii) Yp(X) coincides with the Puiseux expansion ¥, 1522 (X) on the line ¢5.

Finally, let us derive the differential equation satisfied by Yo, l:/o, Y 1.
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e TEN(E)
X) = X ‘dz,
Yo /cioo 44321)
consider
14 Loa et T(2)T(59) 15
03000 = (03 [ A e
4 [etie D(z)D(122) —z 52 .
:X3/ 3 1) xFdz =YX
Observe that
s 5244\ s [eri=T(2)T(459) I
OxYo(X) = X3/ 3 (1) FX3d
X 0( ) ( 3 ) - 1_‘(4_5_21) ( ) z
thus,
S5z+4 309y —4
Ox
3
Therefore, we can write
39y —4 30y —4 313)(—4 v ctico I Z+3 1-—z_ 52
(CE)EE (2 S M) Jn'exta:
Now setting z + 3 = 7/ gives,
(c+3)+iee T(Z)T(152 4 1 7
x| GOS0y x¥ xsay
(c43)—ice  [(HHE
which can be rewritten as
ctico T(7\T° -7\ 1-7 4+2Z’_1 4+2z’_2 s
X~ 5X3/ DrEEN )g N )55 )(—1)‘+1Tx%dz/, (4.3.16)
c—ioo F(%)

putting 7 = 2%~ in @.3.16), we get

(3ﬂ)(5—4)(313)(5+1)(313)(5—|—6)Y~0(X) _

3—9x

20x — 1

20x -6

XS

]

5

Yo (X).
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Or equivalently,
30x -4, 30x+1, 39x+6 3—0x, 20x—1 20x—6 |,
P AR A0 | (250 20 20 | ) o,

(4.3.17)
The above hypergeometric differential equation can be rewritten in the form (4.3.6).

Note that for any non-zero a and for any b, we have the following relation

(aOx +b) (XY (X)) = a0X*Y (X) + adx X*Y (X) + bX*Y (X)
— X%a(Ox + o) + b)Y (X).

From the above relation we can rewrite the equation (4.3.17) as follows

33 5 10 5 5 57
{?Xsﬂx(ﬁx + 5)(19)( + ?) —(Ox — g)(ﬁx + 6)(13}( — g)} Yo(X)=0.
Putting g—zX > = s and hence Oy = 50, in the above equation yields the following

hypergeometric differential equation

1 2 1 1 1
00 )00+ 3) — (0, )00+ )0~ )] ents) =0
Therefore, we conclude that
33 s 5 10 5 5 57 =
X0 (0 )0x + )~ (03— Do+ Dox— ) H00) =0

for 0< <.

Example 4.3.2. (n =5,p = 2,r = 6) We consider the algebraic equation
fX, )=y —Xxy*+x°=0.
Our aim is to find solutions of the algebraic equation

fX,Y)=Y>—xy*+x%=0
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by using a similar argument as in previous example. In this case, in considering the
algebraic equation
P(x,y) =y +x°-1=0

with the Mellin inversion formula

11 e TEN(SE)
- RS g
yo(x) 527Cl/¢ joo 1—*(64532) X <
one can obtain
1 ) F(Z)F 1*22) B
yo(x):_g Res TEami
imoz=21  T(75%)

© T 5k+1)( 1)k _12_5k

Y Z 3k+3

In a similar fashion as in the previous example, one can get precisely the following new

variables

—_

3

y(x) and x:(—l)%X_?,

6
5

Y(X) = (~1)5X

and therefore one obtains

Then by virtue of the remark we obtain (4.3.2)

5k+l )(_1)13k+5 13k

= 13k+5 5 1 9 31
Z 3k+3)k! Xz :_X2+§X Xt

Furthermore, since

} 11 /C*"” I'(z2)(=

oo 1“(4@.2Z

~—
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is also a solution, one can have

1 & F(Z)F(flgi‘}z) B
Yo(x) =—= Res ————=>—"(—x) ¢

Sk:Zoz—S@I [(*%)
L TEEh (- sk

“3L TR

Again by using change of variables and remark (4.3.2) we get

24k
= 1 & r(%)(—l)T 13k+1 ami 11 o o1 1 g
Yo(X) == X 3 =—e3X3+—-¢ 3X3+-X"+.
) 3,§0 I(22)k! 3 3
mi(22k+4)
= I & F(M)e 3 13k+1 ami 11 2em 1a 1 g
nx)=-yY —2 X3 =—e3Xi+_e3 X3 4+-X0+
355 T3Pk 3 3
= 1 & F(Skgl) 13k+1 TN SN RS NP
Y(X)=— 3 = —X3 —X3 X ‘e
%) =3 & et b W

On the other hand, we apply Newton’s algorithm to the algebraic equation
fX,Y)=Y—XY>+x°=0

which has the following Newton polygon:

A

(0,5)

0y

%

(6,0)

(4.3.18)
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In this case, on the line ¢; (uy = %) we have three branches.
More precisely, starting with
1
Yo =coX3

gives
5
3

F(X,Yo) = 3X3 —XAX3 = A3 —1)X3 =0
where f(X,Y) =Y> —XY? = 0. From this we obtain

2m 4mi
co=1,e3 ,e3.

If we apply consecutive approximation process for each branch, then we eventually

obtain the following solutions

& T 1 1

Sy i d L w1

YPSX(X):e3x3_§€ 3X3—§X +
Y,,(E)Z(X):X%_gx%_gxu

. i 4mi
with respect to the branches co = e 3 ,e 3 , 1.

Likewise, on the line ¢, (ug = %) one can immediately see that there are two branches.

More precisely, starting with
Yo = coX? (4.3.19)

gives
h(X,c0X?) = —XAX+ X0 = (1-c3)X6 =0
From this one can get

co=t1.

where 7(X,Y) = —XY? + X% = 0. Applying the process for the branches ¢y = 1, —1

respectively we obtain the following solutions.

5 1
Yégﬁ(X) =X§—|—§X9—{—§X321_|_...
& 1
YIESIQ(X) = —XS—I—EX9—§X321+...

Consequently,
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(i) Yo(X) coincides with the Puiseux expansion ¥, p(?)? (X) on the line /5.

(i) Y(X) coincides with the Puiseux expansion ¥, 153;2 (X) on the line ¢5.

(iii) —Yp (X) coincides with the Puiseux expansion Y, ,S?,Z (X) on the line ¢;.

(iv) -7 (X) coincides with the Puiseux expansion Y 1531)2 (X) on the line ¢;.

V) -1, (X) coincides with the Puiseux expansion Y, 153)2 (X) on the line ¢;.

Finally, we give the hypergeometric differential equation satisfied by ¥;(X) and % (X)),
for0<i<land0<j<2.

After some computations we obtain

50x —6,,50x+7,,50x +20,  50x +33,  50x+46

e Ca LA R EL S TE s R
18 — 2%y, ,5—20x, 30y —1 30x—14 39x—27 . -

_ Yi(X)=0

and

S0x—6, 50x+7, ,50x+20, 50x+33 ,50x+46
13 X X X X X
13 () () (R () (2

_(18—13219;()(5 —éﬂx)<3f};1(3— l)(3ﬁxlg 14)(319;(1?727)]:j(x) _o.

Also we can convert the above differential equation into the form @4.3.6).
Applying a similar procedure which we did in the previous example to the above

differential equations yields the following

5
X () (B + D) (Ox + ) (O + ) (O + )
— (5 = 305~ 0O + 1) (0x — 12)(x — LX) =0

and

[22_;X13(6X)(6X + 15—3)(19)( + ?)(ﬁx —+ 35—9)(13X + 2)
200 v or + )05 )0 — D0 =0.
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55
2233
differential equation

If we put X3 =, then we eventually obtain the following hypergeometric

1 2 3 4
[0 (05 + g)(ﬁs + g)(ﬁs + g)(ﬁs + g)

3 1 1 4 3
= (0= ) (O = 15) (Bs + 12) (05 — 2) (¥ — 2)]@i(s) =0

and

1 2 3 4
[sﬁs(ﬂs + g)(ﬁs + g)(ﬁs s g)(ﬁs + g)
3 1 1 4 3

— (05— g)(ﬁs — E)(ﬁs + E)(ﬁs — E)(ﬁs - 5)]‘1’1‘(5) =0

for0<i<land0< ;<2



Chapter 5
Conclusion

In general when n, p, r are large positive integers, finding the solutions of a given

algebraic equation of the form

p
r—1

fX,Y)=Y"—XYP+X" =0 with (n—p)>

by means of Newton’s algorithm requires much more complicated calculations because
of the higher order terms which occur at each approximation step. On the other hand, the
hypergeometric series in which we proposed proposition (4.3.1)) do not require such
tough computations. Furthermore, writing the solutions of the algebraic equation
f(X,Y) =0 in terms of hypergeometric series provides us global solutions(i.e infinitely
many coefficients and powers of X are known).

In conclusion, one does not have to perform Newton’s algorithm for a given algebraic
equation with the conditions mentioned above in virtue of proposition (4.3.1)). And thus
one can obtain the solutions of the algebraic equation f(X,Y) = 0 by using

hypergeometric series with less effort.
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