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The generalized transformation semigroup GT(X,Y;0) and the
semigroup of transformation with restricted range T'(X,Y), have been much
studied over the last 60 years. Many of algebraic questions were answered over
there, as we will see, such as regularity, Green's relations, isomorphism and
embedding theorems, generating systems, ranks and some others. One of the important
questions which is still unanswered until now is: Determining a minimal generating set
and the rank of GT'(X,Y; 6), and this was the motivation for us to do more investigations.

In this thesis, we give our contributions in this direction. First, we show
that GT' (X,Y; ) can be embedded inT(Z,Y) = {¢ € T(Z): Za S Y } whereZ =XUY
. We also show, if 8:Y - X is one to one, then GT(X,Y;68) and T(X,im(68)) are
isomorphic semigroups. After that, we present our main results as follows: If |X| =
m, |Y| =n, and |im(8)| = r, where m, n, r € N, then we show that:

min(m,n)
n!'S(m, k) o )
z m if O is neither ontonor 1 — 1
k=r+1 n ’
rank(GT(X,Y;0)) = n
( ) if 0 is onto butnot1 — 1
m
S(m,r) ifdisl—1land1<r<m-1

Key Words: Generalized transformation semigroups, the semigroup of transformation
with restricted range, generating set, rank, isomorphism theorems,
embedding theorems.
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X ve Y iki bostan farkli (ayrik) kiimeler ve GT(X,Y) ile X den Y ye tiim (tam)
doniistimlerin kiimesini gosterelim. Herhangi bir sabitlenmis 6:Y — X doniisimii igin,
GT(X,Y) iizerindeki *sandvi¢ islemini, her a,f € GT(X,Y) i¢cin a*3 =a o0 o olarak
tanimlayalim. O zaman GT(X,Y) kiimesi * sandvig islemi ile birlikte bir yarigrup olup bu
yarigruba genellestirilmis doniisim yarigrubu denir ve GT(X,Y;8) ile gosterilir. T(Z) ile
Z = X UY kiimesi iizerindeki tiim doniisiimlerin yarigrubunu gésterelim.

Bu tezde, ilk olarak GT(X,Y;6) kiimesinin, T(Z) nin bir alt yarigrubu olan
kisitlanmis imaj ile doniisiimler yarigrubu T(Z)Y) = {@« € T(Z):Za €Y} nin igine
gomiilebildigini gosterdik. Ustelik, eger 6:Y — X birebir ise o zaman GT(X.Y;0) ve
T(X,im(0)) in izomorfik yarigruplar oldugunu gosterdik. Bunlara ek olarak asagidaki ana
sonucumuzu ifade ettik: Eger m, n, r € N ve S(m, n) ikinci tip Stirling sayist olmak iizere
|X]| =m, |Y| =n, ve |im(6)| = rise

min(m,n)
nlS(m, k) . .
Z —————— egerfneodrtennede 1 -1
(n—k)!
k=r+1
rank(GT(X,Y;0)) =<,

(m) eger 6 orten fakat 1 — 1 degil

S(m,r) egerf 1—1vel<r<m-1

oldugunu gosterdik.

Anahtar kelemeleri: Genellestirilmis doniisiim yarigruplari, imaji kisitlanmis doniisim
yarigrubu, doguray kiimesi, rank, izomorfizm teoremleri, gdmme teoremleri.
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EXTENDED SUMMARY

Before studying transformation semigroups, one must know some history
behind it. According to Clifford and Preston (1967), the theory of transformation
semigroups really began in 1928 when A. K. Suschkewitsch used transformations of
a set to describe the structure of a general finite simple semigroups. The same
author, in 1937, published a short book in which Ty played an important role in
illustrating various definitions. For example, Suschkewitsch is thought to be the first
one who characterized Green's £ and R relations for Ty, and he proved that every
semigroup can be embedded in Ty for some X; and this result means transformation
semigroups play the same role for semigroup theory as permutations groups do for
group theory.

From 1940s to the early 1960s, the Russian mathematicians produced some
major results on transformation semigroups which concerned generators, morphisms,
ideals and congruences. The important problem of finding the rank of a semigroup
has long been studied in the literature and there are some studies that examined some
special kinds of ranks such as idempotent-rank, nilpotent rank, or (m, r) —rank, see
Ayik, Ayik, Unlii, Howie (2008), Ayik, Toker (2018), Garba (1994) and Levi
(2006). Just to mention, in 1966, Howie published his famous paper, Howie (1966),
and proved that the semigroup Singy of all singular transformations of a finite set X
(i.e. all non-invertible functions from X to X ) is generated by its idempotents. Then,
in subsequent works, and with other authors, Howie calculated the rank and
idempotent rank of Singy, see Gomes and Howie (1987) and Howie (1978).
Moreover, he calculated the rank and idempotent rank of the ideals of Singy, see
Gomes and Howie (1992). These works have been enormously influential, and have
led to the development of several vibrant areas of research covering semigroups of
(partial) transformations, matrices, partitions, endomorphisms of various algebraic
structures.

It is well-known that rank(P,) = 4 and rank(7},) = rank(l,,) = 3 when

n = 3. After that, the authors tended to generalize these results by defining new
11
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transformation semigroups that are, in some sense, generalized from the old ones.
For 1<r <n, let K(n,r) ={a € T,: |im(a)| < r}. In Howie and McFadden
(1990), the authors showed that for 2<r<n-—1,
rank(K(n,r)) = idrank(K(n,r)) = S(n,r), the Stirling number of the second
kind. In the same year, Garba (1990) considered the semigroup P(n,r) =
{a € B, : |im(a)| <r} and showed that for 2< r <n — 1, rank(P(n,r)) =
idrank(P(n, 7)) = S(n + 1, r + 1). For unexplained terms in semigroup theory, see
Ganyushkin and Mazorchuk (2009), Howie (1995).

Throughout this thesis we consider two other special kinds of transformation
semigroups, which are extensively studied in the last decades. The first one is the
transformation semigroups with restricted range and the second is the generalized
transformation semigroups. Finally, we attempt to determine the generating sets and
rank of the generalized transformation semigroup depending on isomorphism

theorems between it and the transformation semigroups with restricted range.
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1. INTRODUCTION Haytham ABUSARRIS

1. INTRODUCTION

An algebraic structure consists of a set and an associative binary operation
is called a semigroup. This term was used at the first time in 1904 by the French in
the paper: J.-A. de Séguier in Elements de la Théorie des Groupes Abstraits
(Elements of the Theory of Abstract Groups). After four years, the term is used in
English in the paper: Harold Hinton's Theory of Groups of Finite Order. In 1928,
the first non-trivial results about semigroup theory were obtained by Anton
Suschkewitsch. When he determined the structure of finite simple semigroups and
proved that the minimal ideal or Green's relation J —class of a finite semigroup is
simple.

Indeed, any abstract algebraic study is rooted in concrete examples, and
these examples considered as one of the main motivations for the existence of this
study. For the case of semigroup theory, trivially, transformation semigroups are
such examples. For any set X, one can distinguish three main transformation
semigroups: The partial transformation semigroup PTy, the full transformation
semigroup Ty and the symmetric inverse transformation semigroup Iy. If X =
Xn = {1,...,n}, we denote the semigroups PTy_ , Ty, ,and Iy byP,,T, , and
I ,,, respectively.

Recall from Cayley’s theorem for finite groups that every finite group is
isomorphic to a subgroup of a symmetric group S,,. Hence, the finite symmetric
group S, and its subgroups have an important role in finite group theory and also in
finite semigroup theory. Similarly, it is well known that every finite semigroup is
isomorphic to a subsemigroup of a finite transformation's semigroup T,, and
(Wagner—Preston theorem) that every finite inverse semigroup is isomorphic to a
subsemigroup of a finite symmetric inverse semigroup I,,. Moreover, there is an
isomorphism between the semigroup P, and the subsemigroup P," of the

transformation's semigroup consisting of all self-maps on X, U {0} for which
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Oa = 0. Hence, the importance of T, and P, to finite semigroup theory and the
importance of [, to finite inverse semigroup theory may be likened to the
importance of symmetric group S, to finite group theory.

In this thesis we concentrate our work at two special kinds of
subsemigroups of Ty, namely the generalized transformation semigroup
GT(X,Y; 0) and the semigroup of transformation with restricted range T(X,Y).

In chapter three we introduced basic definitions and concepts which will be
needed in the following chapters. We defined semigroup, monoid, group,
subsemigroup, ideal, morphisms, transformations, representations, Green's
relations, generating sets, ranks, regularity and some others.

In chapter four we studied the semigroups of transformation with restricted
range PT(X,Y), T(X,Y), I(X,Y), and some others. We explained some of their
algebraic properties and presented some newly results that have published within
the last twenty years.

In chapter five we considered the generalized transformation semigroup
GT(X,Y;0) and did some investigations about some algebraic properties on it such
as; Symons's and Green's relations, regularity of PT(X,Y;68) and GT(X,Y; 6) and
some embedding and isomorphism theorems.

In chapter six we gave our contributions by trying to answer the questions
about the rank and generating sets of GT(X,Y; 8), and about some isomorphism
theorems between GT'(X,Y;0) and T(X,Y).

This thesis is wished to become a ground for more researches and studies
about generalized transformation semigroups and semigroups of transformation

with restricted range.
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2. PREVIOUS STUDIES

Before studying transformation semigroups, one must know some history
behind it. According to Clifford and Preston (1967), the theory of transformation
semigroups really began in 1928 when A. K. Suschkewitsch used transformations
of a set to describe the structure of a general finite simple semigroups. The same
author, in 1937, published a short book in which Ty played an important role in
illustrating various definitions. For example, Suschkewitsch is thought to be the
first one who characterized Green's £ and R relations for Ty, and he proved that
every semigroup can be embedded in Ty for some X; and this result means
transformation semigroups play the same role for semigroup theory as
permutations groups do for group theory.

From 1940s to the early 1960s, the Russian mathematicians produced some
major results on transformation semigroups which concerned generators,
morphisms, ideals and congruences. The important problem of finding the rank of a
semigroup has long been studied in the literature and there are some studies that
examined some special kinds of ranks such as idempotent-rank, nilpotent rank, or
(m,r) —rank, see Ayik, Ayik, Unlii, Howie (2008), Ayik, Toker (2018), Garba
(1994) and Levi (2006). Just to mention, in 1966, Howie published his famous
paper, Howie (1966), and proved that the semigroup Singy of all singular
transformations of a finite set X (i.e. all non-invertible functions from X to X ) is
generated by its idempotents. Then, in subsequent works, and with other authors,
Howie calculated the rank and idempotent rank of Singy, see Gomes and Howie
(1987) and Howie (1978). Moreover, he calculated the rank and idempotent rank of
the ideals of Singy, see Gomes and Howie (1992). These works have been
enormously influential, and have led to the development of several vibrant areas of
research covering semigroups of (partial) transformations, matrices, partitions,

endomorphisms of various algebraic structures.
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It is well-known that rank(P,) = 4 and rank(T;,) = rank(l,,) = 3 when
n > 3. After that, the authors tended to generalize these results by defining new
transformation semigroups that are, in some sense, generalized from the old ones.
For 1<r <n, let K(n,r) ={a € T,: |im(a)| < r}. In Howie and McFadden
(1990), the authors showed that for 2<r<n-1, rank(K(n,r)) =
idrank(K (n,r)) = S(n, r), the Stirling number of the second kind. In the same
year, Garba (1990) considered the semigroup P(n,r) ={a € B, : |im(a)| < r}
and showed that for 2 < r <n — 1, rank(P(n,r)) = idrank(P(n, 1)) = S(n +
1,r +1). For unexplained terms in semigroup theory, see Ganyushkin and
Mazorchuk (2009), Howie (1995).

Throughout this thesis we consider two other special kinds of
transformation semigroups, which are extensively studied in the last decades. The
first one is the transformation semigroups with restricted range and the second is
the generalized transformation semigroups. Finally, we attempt to determine the
generating sets and rank of the generalized transformation semigroup depending on
isomorphism theorems between it and the transformation semigroups with

restricted range.
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3. ELEMENTARY CONCEPTS AND THEOREMS

Our aim in this chapter is to study some basic definitions and important
theorems that we shall need in the following chapters, such as: semigroup, monoid,
group, subsemigroup, ideal, idempotent, transformation, generating set, rank,

regularity, Green's relations and others.

3.1. Semigroups, Monoids and Groups
Definition 3.1.1. A binary operation * on a set S is a mapping of the

Cartesian product S X S into S. That is;

*x: SX§ -8,

The image in S of the element (x, y) of S X S is denoted by x * y.
A groupoid is a system consisting of a non-empty set S together with a
binary operation * and denoted by (S, *). Any groupoid (S, *) is called a

semigroup, if the operation = is associative. Thatis; if Vx,y,z € §

x*x(yxz)=(x*xy) xz .

For ease of notation, we will write just S instead of (S, *) for expressing a

semigroup and therefore the associativity will be presented as:

(xy)z =x (yz) .

Further, S is a commutative semigroup, if = satisfies an additional condition,

namely the commutativity property. Thatis; Vx,y € S,xy =yx .
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Example 3.1.2. Let N be the set of all natural numbers and define * on N by
x *y = max{x, y}. Then (N, ) is a commutative semigroup. The associativity

property will be as follows:

x * (y * z) = max{x, max{y, z}} = max{x, y, z} = max{max{x, y}, z}

=(x*y)*z

Definition 3.1.3. Let S be a semigroup ande € S. If forall x € S, ex = x then
e is called a left identity of S. Dually, e is a right identity of S if for all x € S,
xe = x.If e is both a left and a right identity of S, then we call e an identity of S.

A monoid is a triple (S, *, e). That is a monoid is a semigroup S together

with its identity element e.

Lemma 3.1.4. The identity of a monoid S is unique.

Proof. Let e, f € S be two identity elements of S, then

ef = f (since eis aleft identity )
ef = e (since f is aright identity )

Thus, e = f. Therefore, any semigroup S has at most one identity. m
The symbol "1" usually denote the identity of a monoid S. If a semigroup S
has no identity element, then we can, by the following definition, add an extra

element 1 to S in order to form a monoid.

Definition 3.1.5. Let S be a semigroup and define the set ST by
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ol = { S if S is a monoid

Su {1} ifSisnotamonoid °

The above set with the following binary operation: for all x,y € S?!

xy if x#+ly=+1
_)x if x#ly=1

VEVy if x=1y=#1 "
1 if x=1y=1

is called a monoid obtained by adjoining an identity to S.

Next, we define one of the most important concepts in algebra, namely a

group. Note that this definition is not the commonest definition but they are

equivalent, however this one is frequently used in semigroup theory.

Definition 3.1.6. A semigroup S is a group if it satisfies the following condition:

Vace€s, aS=SandSa =35

Equivalently, a semigroup S is a group if the following conditions hold

1)Jde € S:Vx € S,ex = xand
i)Vvx € S,3x e S:xlx =e

1

where e is the (group) identity and x ™" is the inverse of x.

3.2. Subsemigroups and Ideals

Definition 3.2.1. Let S be a semigroupand z € S.If Vx € §,zx =

z thenzisa

left zero of S. Dually, z is a right zeroof Sif Vx € §,xz = z. lf zx = xz = z,

Vx € S, then z is a two-sided zero (or simply a zero) and denoted by 0.

Lemma 3.2.2. A semigroup S has at most one zero.

Proof. Let z;, z, € S be two zeros of S, then z; = z, since

7
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Z1 = 212,  (Since z; is a left zero)

=27, (Since z, is aright zero). m

Definition 3.2.3. Let S be a semigroup. An element e € S is called an idempotent if
e? = ee = e.We denote the set of all idempotents of S by E(S). If every element
of a semigroup S is an idempotent, then S is called a band. Commutative bands are

called semilattices.

Example 3.2.4. Consider the set of all 2 X 2 matrices with integer entries

722 = {( Z)| a,bcdel.

Under the ordinary multiplication of matrices, Z2*? becomes a semigroup.
Furthermore, it forms a monoid with the identity matrix I, and the zero element is

the zero matrix 0, which are, respectively:
=G 9. 0-0 9.
Moreover, Z2*? has many idempotents, one of them for example is:
G %)

Definition 3.2.5. Let S be a semigroup and @ # T € S. We say that T is a
subsemigroup of S, and denote it by T < S, if T is closed under the binary
operation of S. Thatistosay: Vx,y €T, xy €T.

Equivalently:
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T<S o T?*cs.

S, @ and {1} are called trivial subsemigroups of S. Any subsemigroup
@+T &S is called a proper subsemigroup of S. A submonoid T of S is a
subsemigroup that is itself a monoid under the same operation of S. A subgroup T

of S is a subsemigroup that is itself a group under the same operation of S.

Definition 3.2.6. Let S be a semigroupand @ # [ € S.
i) If Vs €S and Va €1, sa € I then I is called a left ideal of S and we write
SIc I
ii) If Vs € S and Va € I, as € I then [ is called a right ideal of S and we write
ISC 1.
iii) If I is both left and right ideal of S then I is called an ideal of S and denoted by
128

Every ideal, whether a left, a right or a two-sided, is a subsemigroup. S, @
are called trivial ideals of the semigroup S. If [ is not a trivial ideal of § (I #

@, # S)then I is called a proper ideal.

Definition 3.2.7. Let S and T be semigroups and a: (S, *) = (T, o) is a mapping,

where * and o are any binary operations. If V x,y € §

(x*y)a = (xa) e (ya)

then « is said to be homomorphism.

If S and T are monoids, then « is a monoid homomorphism if
D (xxy)a=(xa)e(ay), Vx,y €S
i) (15)a = 1.
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Definition 3.2.8. Let Sand T be two semigroups and a: (S, *) = (T, ) be a
homomorphism. Then
1) a is a monomorphism or (embedding), if it is injective,
i) a is an epimorphism, if it is surjective,
iii) « is an isomorphism, if it is both monomorphism and epimorphism,
iv) a is an endomorphism,if S = T,
V) a is an automorphism, if it is both an isomorphism and an endomorphism.
A semigroup S is embeddable in a semigroup T, if there exists an
embedding a: S — T, and we write S © T. A semigroup S is isomorphic to T if

there exists an isomorphism a: S — T and we write S = T.

Lemma 3.2.9. If a:S —» T is an isomorphism then so is the inverse map
a:T - S.

Proof. Since a is a bijection (injective and surjective) then a1

exists. Moreover,

a~la = I (the identity map). Thus;

(Da*(Maa =@xaHaya Ha=xy .
Therefore,
atat =(yat .
Lemma 3.2.10. If a:S - T,5:T - R are homomorphisms, then so is
afB:S - R.
Proof. Vx,y € S

(xy)ap = () = (k) ya))B = ((xa))B(va))B = (aB()aB. m

3.3. Relations, Transformations and Representations
Definition 3.3.1. Let X and Y be two non-empty sets. The Cartesian product of X
and Y is defined by
XXY={(y):xeX yeY}.
10



3. ELEMENTARY CONCEPTS and THEOREMS Haytham ABUSARRIS

Any subset of X X Y is called a relation from X to Y. Thus, a relation p on X is any

subset of X X X.

Definition 3.3.2. The set of all relations on a set X is denoted by By and defined as

By ={p:p S X X X}.

This is a semigroup with the composition of relations operation, defined as follows

pod={(x,y)eXxX:3z€X,(x,z) Epand (z,y) € 6}

forms a semigroup, and with the identity relation Ay= 1y ={(x,x): x € X X
X} forms a monoid. The empty set @, the identity relation Ay and the universal

relation X X X are all trivial examples of relations on a set X.

Definition 3.3.3. Let p € Sy, then the sets

) p~t ={,x):(x,y) €p},

ii)dom(p) =Xp={x€eX:3AyeY,(x,y)Ep},

iii) im(p) ={yeX:3x€Y,(x,y) €p},

iv) xp={y€X:(x,y)Ep},

V) ypt={x€X:(x,y) €p}

are called the inverse relation of p, the domain of p, the images of p, the image of

x under p and the pre-image of y € Y, respectively.

Definition 3.3.4. Let X be a non-empty set and p € fx. Then
1) p is called a reflexive relation if Ay € p,

ii) p is called a symmetric relation if p~1 € p,

iii) p is called an anti-symmetric relation if p~1 N p € Ay and
iv) p is called a transitive relation if p o p € p.

11
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If p is a reflexive, symmetric and transitive relation then p is called an
equivalence relation. However, if p is a reflexive, anti-symmetric and transitive

relation then p is called a partial order.

Definition 3.3.5. Let p be an equivalence relation on a set X. For any x € X, an

equivalence class of x is defined by
xp={yeX:(x,y)€p}.

The set of all equivalence classes of x is written as

X/p={xp:x€X}.

The set X /p is called the quotient set of X by p.

Definition 3.3.6. Let X be a non-empty set and consider the collection of some

subsets of X, say

The collection A is said to be a partition of X, if
i) A; #Q,Vi€E I

ii) Vi€l eitherA; NA; =@orA; =Ajand
iii) Ujer 4; = X

It is important to know that the quotient set X /p forms a partition of X.

Definition 3.3.7. Let @: X — Y be a map between any two non-empty sets, then
the relation

Pod™l={(x,y) EXXY : x® = yd}

12
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is an equivalence relation. This relation is called the kernel of @ and denoted by
ker(®).
If {p;:i € I} is a collection of equivalence relations on a set X, then it is

clear that N;¢; p; is also an equivalence relation.

Definition 3.3.8. Let S be a semigroup and p be any relation on S. If Va € S and
v (s, t),(s',t) € p
i) (as, at) € p then p is called a left compatible,
ii) (sa, ta) € p then p is called a right compatible and
iii) (ss’, tt") € p then p is called a compatible.

A left compatible equivalence relation is called a left congruence, a right
compatible equivalence relation is called a right congruence and a compatible

equivalence relation is called a congruence.

Lemma 3.3.9. A relation p on a semigroup S is a congruence if and only if it is
both a left and a right congruence.

Proof. Howie (1995), Proposition 1.5.1. m

Lemma 3.3.10. Let @: X - Y be a semigroup homomorphism, then ker(®) =
® o @~ is a congruence on S.

Proof. Howie (1995), Theorem 1.5.2. m

Definition 3.3.11. For any x € X consider the equivalence class xp = {y €
X:(x,y)€ep}. If |p| £1, Vx € X then p is called a partial map. Py denote the
set of all partial maps. When xp = @, we say that xp is undefined. When xp =

{y} (a singleton), we say that xp is defined and we write xp = y.

Definition 3.3.12. If @, i are partial maps of X and @ € i then

i) @ is called a restriction of i and we write @ = |, (where A € X),

13
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ii) dom(®) € dom(y) and im(®) < im(y),

iii) Y is called an extension of @.

Lemma 3.3.13. Py is a subsemigroup of By under the composition operation.

Proof. Howie (1995), Proposition 1.4.2. m

Theorem 3.3.14. If @, € Py then

iy dom(® o) = [im(®) N dom(WP)]P~ 1,
i) im (@ oY) = [im(®) N domW)]y .
Proof. Howie (1995), Proposition 1.4.3. m

Definition 3.3.15. Let X,Y be any non-empty sets. For any p € By and x € X,
consider the equivalence class xp = {y € X: (x,y) € p}, if |xp| = 1, for each x €
X, then p is called a (full) map (full transformation) or a map (transformation) from
XtoY.

It is easy to show that the set of all maps (transformations) from X into
itself (denoted by Ty) is a subsemigroup also of By. Moreover, the set of all
bijections on X (denoted by Sy) is also a subsemigroup of By. One can clearly see

that

ngszPXsBX .

Example 3.3.16. Let X = {1, 2}. Then

i) There are two elements in Sy, which are:

=1 2= 1)

ii) There are four elements in Ty, which are I;, 6, and

14
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(1 2 (1 2
03 = (1 1)'64_ (2 2)
iii) There are nine elements in Py, which are I, 0,, 03, 04, and

o ( Boum (b B (Do (* Do (1 )

iv) There are 16 possible elements of By, which are all the subsets of X X X.

The following theorem presents the cardinality of each one of them.

Corollary 3.3.17. Let X = {1, 2,..., n}. Then
i) |Sx| =n!,

ii) |Tx| = n",

iii) |[Px| = (n+ 1",

iv) |By| = 2"2.

Proof. It is easy to prove because of the definitions of Sy, Ty, Py , By - B

Definition 3.3.18. Let S be a semigroup and Ty denotes the full transformations
semigroup. A map Y:S — Ty is called a representation of S if it is
homomorphism. If Y is an embedding, then it is said to be a faithful representation
of .

Next theorem shows that every semigroup S is isomorphic to a
subsemigroup of a full transformation semigroup, and this theorem is very close to

the well-known theorem, which is Cayley's theorem for groups.
Theorem 3.3.19. Every semigroup S has a faithful representation.

Proof. Take X = St and consider the full transformation semigroup Ty. For each

a € S, define the map 6,: X - X by xa, = xa,V x € X. Thus g, € Ty.

15
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Now, define the map : S — Ty by ay = o, for any a € S. Then, for any

a,b € S and x € X we have

a=b>=>xa=uxb Vx €S
= X0, = X0y Vx €S
= 0, = 0y
=S ayp =by.

Hence, Y is a well-defined map.

Now, we show that i is an injective map. Indeed

ay = by = g, = gy
= xa = xb, Vx €S
=>a=b, x=1€X.

Finally, Va,b € Sandx € X
x(040p) = (xaq)op = (xa)o, = xab = x(0qp) -

Thus, (ab)y = (a)y (by), and hence Y is a homomorphism. Therefore, ¥ is a

faithful representation of S. m

Lemma 3.3.20. Let a € Py. Then a is an idempotent element if and only if
Vx € ima, xa = x.

Proof. (=) Suppose that a is an idempotent and assume that there exists an
element x € ima such that xa # x. So there exists an element y € X such that

ya = x, and x # y. It follows that

ya? = (ya)a = xa # x = ya,

and this contradicts with the fact that a is an idempotent. Thus, Vx € ima, xa = x.
(&) Leta € Py and Vx € ima, xa = x.

Case (1): If x € ima S doma then
16
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xo? = (xa)a = xa .

Case (2): If Vy € doma\ima, there exist x € ima such that ya = x then

ya? = (ya)a = xa = x = ya .

Thus, a is an idempotent as required. m

3.4. Generating Sets and Ranks
Definition 3.4.1. Let S be a semigroup and let A be a nonempty subset of S. Then
the collection A = {T:A € TandT < S} is not empty (since at least S € A)
and hence it has a minimum. This element is called a generating set A and denoted
by < A >. That is to say, < A > is the smallest subsemigroup of S that containing
A.

In other words, let S be a semigroup and A be a non-empty subset of S.
Then
N<A>=n{T:ACcT < S},

ii)< A >={aya, a,:n € Z* and ay, ay, ..., a, € A}.

Remark 3.4.2.
i) If S is a monoid or a group then < @ >= {1}.

ii) If S is a semigroup and A, B are two non-empty subsets of S with A € B. Then
<A>C<B>.

iii) If § is a monoid and A € §, then the submonoid generated by A is defined as

<A>={aja, a,:n € Z* and a4, ay, ...,a, € A} U {1}.
iv) If S is a group and A € S, then the subgroup generated by A is defined as
<A>={aja,a,;:m€Z" and ay,a,,..,a, €E AU A"},

17
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Equivalently

<A>={a;%a,¢ - a,:n€Z " andq; € Aand ¢; = 1, 1<i<n}.

Definition 3.4.3. Let S be a semigroup and A be a non-empty subset of S. If
S =< A > then
1) Ais called a generating set of S,

ii) S is called the semigroup generated by A.

If S is a semigroup and A is a finite subset of S such that S = < A >. Then §
is called a finitely generated semigroup. In particular, if S is a finite semigroup
then it is a finitely generated semigroup since S = < § >. Moreover, if there is an
element a € S such that S =< {a} > then S is called a monogenic semigroup and
denoted by S =< a >. S is called periodic semigroup if all its elements are of

finite order. In particular, if S is a finite semigroup then it is obviously periodic.

Definition 3.4.4. let S be a finitely generated semigroup, then the number
rank(S) = min{|A|: < A >=Sand A c S}

is called the rank of S.
If rank(S) = |A| where < A > = S then A is called the minimal generating

set of S.

Definition 3.4.5. Let S be a semigroup. If S =< A > where @ +# A € E(S), and
E(S) is the set of all idempotents of S, then A is called the idempotent generating
set, and S is called the idempotent generated semigroup. Moreover, if A is finite

subset then S is called a finitely idempotent generated semigroup.

18
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Definition 3.4.6. If S is a finitely idempotent generated semigroup then the

idempotent rank, denoted by idrank(S), is defined as

idrank(S) = min{|]A|:< A >=Sand A € E(S)}.

Definition 3.4.7. Let S be semigroup and G be a fixed subset of S. If A is any non-
empty subset of S and < AU G > = S then A is called a relative generating set of
S modulo G. However, if @ # AC E(S) and < AUG > = Sthen A is called a

relative idempotent generating set of S modulo G.

Definition 3.4.8. Let S be a finitely generated semigroup and G is a specific subset

of S. Then the relative rank of S modulo G, denoted by rank(S: ), is defined as:

rank(S: G) = min{|A]: < AUG >=Sand A C S}.

Whereas, the idempotent relative rank of S modulo G, denoted by idrank(S: G), is

defined as

idrank(S: G) = min{|]4]: < AU G >=Sand A € E(S)}.

3.5. Green's Relations

In order to understand the structure of any semigroup and how its elements
are related we need to study the well-known Green’s relations on that semigroup.
The definition of these relations depends on the principal ideals that generate. Let
S be a semigroup and a € S, then the principal left ideal, the principal right ideal
and the principal ideal generated by a are defined, respectively, as

i)S'a = Sa U {a} = {xa: x € S},
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ii)aS! = aSu{a} = {ay:y € S'} and
iii) S'aS! = SaSuU Sa U aS U {a} = {xay: x,y € S1}.

Actually, there are five Green's relations on a semigroup: £, R, H, D, and
J. We begin by defining the first three relations £, R and J, and then consequently
we define H and D.

Definition 3.5.1. Let S be a semigroup. We define the following relations

i) L ={(a,b) €S xS:S'a=5'h},

ii) R = {(a,b) € S x S: aS* = bS'} and

iii) 7 = {(a,b) € S xS:S'aS! = S'hs'}

which are called a left Green's relation (L —Green), a right Green's relation

(R —Green) and Green's relation (3 —Green), respectively.

Lemma 3.5.2. The Green's relations £, R and J are equivalence relations on S.
Moreover, L is a right congruence whereas R is a left congruence on S.

Proof. Howie (1995), Proposition 2.1.2. =

There is an alternative description of Green's relation given by the following

lemma.

Lemma 3.5.3. Let S be a semigroup and a, b € S. Then
iyalb © a = sb and b = ta where s, t € ST,

ii)aRb & a = bsand b = at where s, t € S and

iii) a7Jb © a = sbt and b = uav where s, t,u,v € S* .

Proof. Howie (1995), Proposition 2.1.1. m

Lemma 3.5.4. The relations £ and R commute, thatis Lo R = R o L.
Proof. Howie (1995), Proposition 2.1.3. =

20
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Definition 3.5.5. Let S be a semigroup then D —Green and H —Green relations on

S are defined as

i) H = L N R, the largest equivalence relation of S contained in both £ and R.

i) D = L V R, the smallest equivalence relation of S containing both £ and R.
Another characterization for the Green's relation D —Green, given by the

following lemma.

Lemma 3.5.6.D = Lo R.
Proof. Since £ and R are equivalence relations then (LN R)"! =L N R,

1s € L N R and so we have

LNRULNR) Ul S (LNR).

Therefore, LN R also an equivalence relation. Moreover, since LS Lo R,

R S LoR and L, R are commute, then

(LUR)o(LUR)=(LoL)U(LoR)URLYUR>R)
=LU(LoR)U(LoR)UR
=(LoR)U(LoR)U (LoR)
=(LoR).

Thus,

(LUR)o(LoR)=[Lo(LoR)]U[Ro(LoR)] = (LoR).

Therefore,

(LoR)o(LUR) =LU[RU (LoR)]
=(LoR).

21
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Inductively, we can show that forn > 2, (L U R)" = L o R and therefore
D=LoR. m

For any semigroup S, the Green's relation £, R, H, D, and  —Green on S
are related as

Is€EHELREDCESITESXS.

The following diagram summarizing this relationship, which is called

Hasse's diagram.

95
X
9

\S/ =

—
t

Figure 3.1: Hasse's diagram

Lemma 3.5.7. If Sisagroupthen H =L =R=D=J=5X S.

Proof. Fora,b €S, a=a(b™*h) =(ab )b and b = b(a"ta) = (ba Ha. If
we take x = ab™'and y = ba™?! then a = xb and b = yb where x,y € S .Thus,
Va,b€e€S,alb and so L =5 X S. Dually, one can show that R =S X §. Now,
by knowing that ' = LNR and D = Lo R then obviously H =L =R =D =
S X S. Moreover, if (a,b) € S X S then SaS =S and SbS = S . Hence (a, b) €7

andsoJ=S5SXS. m
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Lemma 3.5.8. If S is a commutative semigroup then ¥ = L =R =D = 7.

Proof. For a, b € S we have

(a,b) € L & S'a=S'b
& aSt = bS?
< (a,b) ER
S L=R

Now,
(a,b) €T < StaSt =S'p St
o S1sta = S1stp
< Sla=5

S (a,b)eEL=R

Thus, L=R=17. Now, since D=LoR=LoL=L=R and H=LNR =
LNL=L=R.Therefore, H =L=R=D=7I. m

Lemma 3.5.9. If S is a periodic semigroup then D = L.
Proof. Howie (1995), Proposition 2.1.4. m

Let S be a semigroup and a € S. Then the H —, L—, R —,D — and
J —Green's classes of a are denoted, respectively, by H,, L,, Ry, D, and J,.
Depending on the containment between Green's relations described in Hasse's

diagram, one can see that

Hq a a
H, SR, ED,
He=LgNR,
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There are natural partial orders on the collection of £ —classes S/ L, the collection

of R —classes S/ R, and the collection of 7 —classes S/J given by: Fora, b € S

SlacS'h = £, <L,
aSt S bS' = R <R,

Stast c S'pSt! =7, <7,

Lemma 3.5.10. For any semigroup S and a, b € S

i) aDb & RN L, #0 S L, NRy 0,

i) Dy = Upep,Lr = Upep,Rp-

Proof. 1) aDb < 3c € S:alcand cRb < TJe € S: aRe and eLb,

ii) This claim is obvious, since L € DandR € D. m

Thus, the structure of D —classes can visualize as an egg-box diagram.

Which is described as

Ly

Rz L,N R,

Figure 3.2. The egg-box visualization of a D —class

In this diagram, the rows represent R —classes, the columns represent £ —classes

and the cells represent ' —classes.
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Theorem 3.5.11. (Green's theorem) Let S be a semigroup. For any s € S define the

map

ps: ST - St by: xp, =xs, Vxe St.
If aRb then there exist s, t € S such that as = b and bt = a, and thus
1) ps: L, — Ly is abijection, and p;: L, — L, is a bijection also,
ii) p; = ps~tand pg; = p; ! (each one is the inverse of the other) and
iii) ps and p; are 1-1 correspondence from an H —class onto another H —class.

Proof. Howie (1995), Lemma 2.2.1. m

The dual version of the pervious theorem is given by the next lemma.

Lemma 3.5.12. Let S be a semigroup. For any s € S define the map

Ay : St > St by: x4, =us, Vxe€ S!.

If aLb then there exist u, v € S such that ua = b and vb = a, and thus

A, R, — Rpisabijection, and 1, : R, — R, is a bijection also,

ii)A, = A, “and A, = A, '(each one is the inverse of the other) and

iii) A, and A,, are 1-1 correspondence from an H —class onto another ' —class.

Proof. Howie (1995), Lemma 2.2.2. m

Lemma 3.5.13. the H{ —classes (L —classes and R —classes) inside a D —class
contain the same number of elements. That is; if aDb then |H,| = |Hp| ( [L4] =
|£p| and | Rq| = |Rp|)

Proof. Howie (1995), Lemma 2.2.3. m

Theorem 3.5.14. let S be a semigroup. If H is an H —class of S, then either  is a

group or H2 NH = @.
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Proof. Howie (1995), Lemma 2.2.5. m

Corollary 3.5.15. Let S be a semigroup and H is an H —class of S. Then
1) If H contains an idempotent then H is a subgroup of S .

2) H —class has at most one idempotent element.

3.6. Regular Semigroups
Definition 3.6.1. An element a of a semigroup S is called a regular element
if a = axa for some x € S. A semigroup S is called a regular semigroup if every
element of S is regular.

Idempotent elements are regular, since e = eee and so all idempotents
of a semigroup are regular elements. Therefore, E(S) , the set of all idempotents of
S, is a regular subsemigroup of S. Moreover, if S is a group then it is a regular

1 is the group

semigroup, for if @ € S is any element then a = aa™la, where a~
inverse of a. The converse is not true in general. However, we have the following

characterization.

Lemma 3.6.2. A regular semigroup S is a group if and only if it has a unique
idempotent element.

Proof. (&) Assume that e is the unique idempotent element of S. Since S is a
regular semigroup, for any a € S there exists x € S such that axa = a, this means
(axa) x = ax and this implies that (ax)? = ax. Thus, ax is an idempotent of S, by
the uniqueness property of e. Then we conclude that ax = e, and so a = axa =
ea. Hence, e is a left identity. Analogously, one can show that e is a right identity.
So e is the identity of S. Since ax = e and xa = e, then S is a group by the

definition of groups.
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(=) Suppose that S be a group and that e, f € S are both idempotents in S.
Then ef = eef f. If we cancel f from the right we have e = eef = ef and cancel

e from the left we have f = eff = ef. Hence, e = f and the uniqueness holds. m

Theorem 3.6.3. The semigroups T, and P, are regular semigroups.

Proof. Ganyushkin and Mazorchuk (2009), Theorem 2.6.3. m

The next lemma provides a relation between the regular elements and the

idempotent elements.

Lemma 3.6.4. Let a € S be a regular element, that is a = axa for some x € S.
Then ax € E(S).
Proof. It is easy to see that (ax)? = axax = ax. Thus ax is an idempotent element

of S. m

Definition 3.6.5. An element x of a semigroup S is called an inverse element of
a € S provided that a = axa and x = xax.

An inverse element of a, if exists, need not to be unique. However, if the
uniqueness property holds, then we encounter a new semigroup called the inverse

semigroup. As an example, any group S is an inverse semigroup.

Lemma 3.6.6. Every regular element of S has an inverse element.
Proof. Suppose that a € S is a regular element, so there is an element x € S such
that a = axa.

Now, consider b = xax, then

aba = a(xax)a = (axa)xa =axa = a

and

27



3. ELEMENTARY CONCEPTS and THEOREMS Haytham ABUSARRIS

bab = (xax)a(xax) = x(xax)xax = x(axa)x = xax =Db.
Thus, b is an inverse of a. m
Theorem 3.6.7. A semigroup S is an inverse semigroup if and only if it is regular
and idempotents are commute.
Proof. Suppose that S be an inverse semigroup, thus the inverses are unique. Let
e, f are idempotents and take x to be the inverse of ef. That is

efxef = ef andxefx = x

Claim: fxe is also an inverse of ef. Indeed

ef (fxe)ef = e(ff)x(ee)f = (ef) x(ef) = ef

and

fxe(ef)fxe = fx(ee)(ff)xe = f (xefx)e = fxe.

Moreover, fxe is an idempotent since (fxe)? = f(xefx)e = fxe. Thus, fxe is its
own unique inverse and so fxe = ef. Similarly, one can show that fxe = fe.
Hence fe = ef.

Conversely, let x, y be inverses of a. Then we have

x = xax = x(aya)x = (xa)(ya)x = y(axa)x = yax = y(aya)x

=y(ay)(ax) = yaxay = y(axa)y = yay = y.

Thus, the uniqueness property holds. m
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Now, we study one of the important semigroups which is the symmetric
inverse semigroup. One of the main types of evidence for the importance of this
semigroup is their universality property. Which says that “Every inverse semigroup

S can be embedded in a symmetric inverse semigroup”.

Definition 3.6.8. A partial map a: X — X is called injective, if

xa # ya forallx # y withx,y € doma .

The set of all injective partial map under the composition operation forms a
semigroup. This semigroup is called the symmetric inverse semigroup, and denoted
by Iy.

Next theorem is analogous to Theorem 3.3.19. which is called the Wagner-

Preston representation, characterizes the universality property of Ix.

Theorem 3.6.9. Every inverse semigroup S can be embedded in a symmetric
inverse semigroup.

Proof. Howie (1995), Theorem 5.1.7. m

Theorem 3.6.10. The symmetric inverse semigroup Iy is an inverse semigroup,
while Py and Ty are not.

Proof. Ganyushkin and Mazorchuk (2009), Theorems 2.6.5 and 2.6.7. m

Theorem 3.6.11. Let o, 3 € Iy Then

i) aLB < im(a) = im(p),

ii) aRB < dom(a) = dom(p),

iii) aDp & [im(a)| = [im(B)|,

iv) aHf < im(a) = im(B) and dom(a) = dom(p).

Proof. Ganyushkin and Mazorchuk (2009), Theorem 4.5.1. m
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Theorem 3.6.12. If X = {1,2,...,n}, then the symmetric inverse semigroup Iy is

written as [, and its cardinality is given by

| = Zk! ()

where k = im(a) for any «a € I,,.

Proof. Ganyushkin and Mazorchuk (2009), Theorem 2.5.1. m

3.7. Some Finite Transformations Semigroups

In section 3.3. we defined the semigroups By, Py, Ty and Sy, where X is a
non-empty set. Here, in the current section, it is the time to shed some light on the
case when X is a finite set. That is; X = X,, = {1,2,...,n} and we write B, Ty, I,
and S,, instead of writing Py, Ty, Iy and Sy. We will do more investigations on
their algebraic properties first, and then we study some finite subsemigroups of the

main semigroups as well.

Lemma 3.7.1. Let a, § € P,, then

i) dom(aB) € dom(a),

i) im(apf) < im(pB).

Proof. i) Let x € dom(af). Then there exists y € X,, such that xaff =y = (xa)f
and hence xa € dom(f) € X,,. Thus x € dom(a). Therefore, dom(af) €
dom(a).

ii) Let y € im(af). Then there exists x € X,, such that xaf8 =y = (xa)f and so
y € im(f). Thus, im(af) S im(B). m

Definition 3.7.2. For any a € B, , the kernel of « is defined by
ker(a) = {(x,y) € X, X X,: (x,y € dom(a) and xa = ya )
or (x,y € X,\dom(a))}.
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In particular, if ¢ € T,,. Then
ker(a) = {(x,y) € X, X X,,;: xa = ya}.

For all @ € B,, ker(a) is an equivalence relation on dom(«) and the set of
all equivalence classes of this equivalence relation is {xa~l:x € im(a)}.
Moreover, this set is a partition of dom(a). Therefore, the collection the
{xa™l:x € im(a)} U {X,,\dom(a)} is a partition of X,,.

For anya € B, , let im(a) = {a;,a,, ...a,} where 1< r < n , and

A =aa”t, . A, =ara”land A, = X,\ Ul=; 4;, then we write

:(A1 Ay v Ay Ar+1>
al a2 DR ar —_ *

In this case ker(a) = UTH 4; x 4; .

If @ € T,, then dom(a) = X,, and we write

(At A
- al a2 cee ar

and in this case ker(a) = Ul_; 4; X 4; .
It is clear that for any a € B,, a is an idempotent element if and only if

AiaEAi,Vl <i<r.

1 23 45
2 3—-2-—

A, =3a ! =2and im(a) = {2, 3}. Thus, we write

Example 3.7.3. Let o= )EPs. Then A =2a~'={(1,4},

o= ({1,24} {? {3_, 5})
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and here we notice that « is not an idempotent element since, for example

3={2}a ¢ {2}.

Lemma 3.7.4. For any a, § € P, ker(a) € ker(af3).
Proof. Let (x,y) € ker(a), then (x, y € dom(a) and xa = ya) or (x,y €
dom(a).

Case (1): If x,y € dom(a) and xa = ya then

(xa)p = (ya)B = x(apB) = y(ap)

If xa, ya € dom(f) then x, y € dom(af) and so (x, y) € ker(af). On the other
hand, if xa,ya € dom(B) then x,y € X,\dom(af)and hence (x,y) €
ker(af).

Case (2): If x, y € X,\dom(a), then x,y € X,\dom(af) and so (x,y) €
ker(af). In both cases ker(a) € ker(af3). m

Definition 3.7.3. A partial transformation a € P, is called an order-preserving map

if it satisfies the following property;

Vx,y Edom(a), x<y = xa <ya.

An order-preserving map is called an order-isomorphism if it is bijection
(injective and surjective). The set of all order-preserving partial transformations is
a subsemigroup of P, and denoted by OP,. In particular, the set of all order-

preserving (full) transformations is a subsemigroup of T;, and denoted by

0, =P0,NT,.
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Moreover, the set of all injective order-preserving partial transformation is a

subsemigroup of I, and denoted by
10, = PO, NI, .

For example, if X = {1, 2},
veo,={(2 9 DC DG IC DG DG DG b
no.={(; G G I
o, ={(1 2)(3 HC DG HC DQ D

Note that

(1 g)ep2 but(; i)epoz.

In order to find the cardinalities, ranks and count the number of idempotent
elements of some finite semigroups, first we need to recall some important
expressions in combinatorics theory, namely the Stirling number of the second kind

and Fibonacci numbers F, .

Definition 3.7.4. The Stirling number of the second kind, which is denoted by
S(n, k), defined as the number of ways of partitioning a set of n elements

into k non-empty subsets.

For example, the set {1, 2, 3} can be partition into
i) 3 subsets in 1 way: {{1}, {2}, {3}},
ii) 2 subsets in 3 ways: {{1, 2}, {3}}, {{1, 3}, {2}}. {{2, 3}, {1}} and
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iii) 1 subset in 1 way: {{1, 2, 3}}.
Thus, we write S(3,1) =1, 5(3,2) = 3and S(3,3) = 1.

Lemma 3.7.5. For any setof n elementsand 1 < k < n, then
i) S(n,1) = S(n,n) =1

ii)S(n,2) = 21 -1

= (3" — 32" +3)

iv)S(m,k) = Sn—1,k—1) +kS(n—1,k).

The next table views the triangle of Stirling numbers of the second kind:

iii) S(n, 3) =

Table 3.3. The triangle of Stirling numbers of the second kind

k=1 k=2 k=3 k=4 k=5 k=6
S(1, k) 1
S(2,K) 1 1
S(3, k) 1 3 1
S(4, k) 1 7 6 1
S5, k) 1 15 25 10 1
S(6, k) 1 31 90 65 15 1

Definition 3.7.6. The Fibonacci numbers F,, is defined as follows
1) F1 = F2 = 1,
ll)Vn > 3, Fn = n—-1 + Fn_z.

In general, the cardinalities of the last three defined semigroups are given

by the following lemma.

Lemma 3.7.7. For a finite set X = {1, 2, ...,n}, we have
’,ﬁlzo(;)(mrrz_l) , where m = |dom(a)|,
2) 101 = (7).

3) 1101 =210a] = (%).

1) |PO,| =
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Proof. Ganyushkin and Mazorchuk (2009), Propositions 14.2.3, 14.2.4 and 14.2.9. m

Lemma 3.7.8. The number of idempotents of PO,,, O, and 10, is given by
1) [E(POR)| =1+ X -1(])Fzm - where m = |dom(a)],

2) |[EOp)| = Fon s

3) [EU0n)] =2"

Proof. Ganyushkin and Mazorchuk (2009), Propositions 14.3.1, 14.3.6 and 14.3.7. m
Next lemma presents the ranks and idempotent ranks of each semigroup of

PO,, 0, and I0,, in terms of |X|.

Lemma 3.7.9. For n > 3, we have
1) rank(0,,) = n andidrank(0,,) = 2n — 2,
2) rank(P0O,) = 2n — 1 and idrank(PO,,) = 3n — 2.
Proof. Gomes and Howie (1992), Theorems 2.7., 2.8.,3.2. and 3.13. m
Now, we look at Green's description for some finite transformation

semigroups.

Theorem 3.7.10. Let «, § € B,, then

i) aLB < im(a) = im(p),

ii) aRB © ker(a) = ker(B) and dom(a) = dom(p),

iii) aDB  |im(a)| = [im(B)|,

iv) aHp & im(a) = im(B), ker(a) = ker(B) and dom(a) = dom(p).
Proof. Ganyushkin and Mazorchuk (2009), Theorem 4.5.1. m

Theorem 3.7.11. Let a, § € T,,, then
i)alB & im(a) = im(B),
ii) aRp © ker(a) = ker(p),
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iii) aDf © |im(a)| = [im(B)],
iv) aHp < im(a) = im(B) and ker(a) = ker(B).
Proof. Ganyushkin and Mazorchuk (2009), Theorem 4.5.1. m

Indeed, Green's relations on the remaining semigroups P0,, and 10, are just

restrictions of the Green's relations on P, and I,,, respectively.

Corollary 3.7.12. The semigroup P, has n +1 D —Green equivalence classes,

namely D, = {a¢ € P,:|im(a)| =r},where0 < r < n. m

Corollary 3.7.13. The semigroup T,, has n D —Green equivalence classes, namely

D= {a€ T,:|im(a)|=r},where 1 < r < n.m

In the previous section, we mentioned that the semigroups B,, T, and [,
are regular semigroups. Now, with regard to the semigroup O,, in 1992, Higgins
also proved the regularity in his book (Techniques of semigroup theory, page 203,
see Higgins (1992)). Furthermore, recently, in Kemprasit and Changphas (2000),

the authors there showed that PO,, and 10,, are regular.

Now, we talk about some important subsemigroups of the main

semigroups. These subsemigroups have been studied very much in the last decades.

Definition 3.7.14. LetX = {1,2,...,n} and, forl <r <n, define some
subsemigroups of T, P, and I,,, respectively, as follows

DKM, 7r) ={a €T |im(@)| < r}< T,

iiyP(n,r)={a € B, : |im(a)| < r} < B,

ii)I(n,r)={a€l,: |Im@|<r}<I,.
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In particular, K(n,n) = T,,, Kn,n—1) = ST,,, P(n,n) = B, and
I(n,n) = I,. Thus, one can consider the last semigroups K(n,r), P(n,r) and

I(n, 1) as a generalization of T}, , P, and I, respectively.

Lemma 3.7.15. For 2 <r <n —1, rank(K(n, r)) = idrank(K(n,r)) = S(n, r),
the Stirling number of the second kind.
Proof. Howie and Mcfadden (1990), Theorem 5. m

Lemma 3.7.16. For 2 <r <n—1, rank(P(n,r)) = idrank(P(n,r)) = S(n +
1, r + 1), the Stirling number of the second kind.
Proof. Garba (1990), Theorem 4.2. m

The description of Green's relations for K(n,r),P(n,r) and I(n,r) has

also determined lately.

There are some other transformations subsemigroups of the main semigroups
T, B, and I,,. Here, we just mention some of them and give the definitions, then
we suggest some references to study their algebraic properties:
1. ST, = Sing,: the singular transformation semigroup T,,\S,,.
2. SPO,: the order-preserving partial transformation semigroup PO, \ O,,.
3. OP,: the orientation-preserving transformation semigroup.
4. 0OR,: the orientation-preserving or orientation-reversing transformation
semigroup.
5.L(n,r) = {a €0, |im(a)| <1}
6. M(n,r) = {a € PO, : |im(a)| <1}.
7.N(n,r) = {a € SPO, : |im(a)| <71}

8. DP,: the semigroup of all partial isometries of X,,.

9. ODP,: the semigroup of order-preserving partial isometries of X,.
10. DP, .= {a € DP, : |im(a)| < r}.
11.0DP,,={a € ODB, : |im(a)| <r}.
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In 1966, Howie proved that the semigroup ST, is generated by its
idempotents, see Howie (1966). Moreover, Howie with other author calculated its
rank and idempotent rank, see Howie and McFadden (1990). One of the recent
works, related to this semigroup, is Ayik, Ayik, Unlii and Howie (2008), where the
authors reprove some known results and give several new examples of generating
systems for ST,,. In the paper Gomes and Howie (1992), showed that the semigroup
SPO,, has no idempotent rank (it is not idempotent generated semigroup), but they
calculated the rank to be 2n — 2. After two years, in Garba (1994), he considered
the semigroups L(n,r),M(n,r) and N(n,r) and showed that both the rank and
idrank of each one of them are equal and he calculated them.

The notation of an orientation-preserving transformation was introduced in
McAlister (1998) and Catarino and Higgins (1999). Several properties of OF, and
OR,, have been studied in their articles. Recently, Al-Karousi, Kehinde and Umar
(2014) proved that the semigroups DP, and OD P, are inverse subsemigroups of I,
they also calculated their cardinalities over there. Then, the same authors, described
the Green's relations on DP, and ODP,. Furthermore, they calculated their ranks
with respect to the floor function |x] . Lately, in Bugay, Yagct and Ayik (2018),
they introduced the subsemigroups DP, , and ODP, , of DF,, and they determined
the cardinalities and the ranks for each one of them.

In the following chapters, we will concentrate our study at two special
kinds of transformation semigroups, namely the semigroups of transformations

with restricted range and generalized transformation semigroup.

38



4. TRANSFORMATION SEMIGROUPS with RESTRICTED RANGE Haytham ABUSARRIS

4. TRANSFORMATION SEMIGROUPS WITH RESTRICTED RANGE

In 1975, Symons was the first author who considered the notion of
transformation semigroups with restricted range, denoted by T'(X,Y). He described
all the automorphisms of T(X,Y) and he determined when T'(X4,Y;) = T(X,,Y,),
see Symons (1975b). After that, series of articles about this type of semigroups
started to appear. Some of those articles dealt with the normal setting and some
other with the linear counter part of those semigroups.

The full transformation semigroup T, the partial transformation semigroup
Py, the inverse semigroup Ix, the order-related semigroups and others have been
studied in a new way under the light of "restricted range". Many algebraic
properties, which we had studied in the previous chapter, were investigated on
those semigroups. For example, regularity, a description of Green's relations,
ideals, idempotent elements, isomorphic theorems, generating sets, ranks,
idempotent ranks, relative ranks and some others.

For a non-empty set X and a fixed nonempty subset Y of X, let PT(X),
T(X) and I(X) denote the semigroup of all partial transformations, the semigroup
of all (full) transformations and the semigroup of all injective partial
transformations on X, respectively. Then, define the following subsemigroups of

transformations with restricted range:

i) PT(X,Y) = {a € PT(X): Xa €Y} < PT(X),
i) T(X,Y) = {a € T(X): Xa €Y} <T(X)and
i) I(X,Y) = {a € [(X): Xa €Y} <I(X).

It is clear from the definition that PT(X) = PT(X,X), T(X) = T(X,X)
and I(X) = I(X,X). Therefore, in some sense, we may also regard these
subsemigroups as a generalization of the main semigroups PT (X), T(X) and I (X),

respectively.
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In this chapter, we look at the headlines of each one of the main
transformation semigroups with restricted range PT(X,Y),T(X,Y),I(X,Y), and
some others then we explain some of their algebraic properties. Further, in each
property we will do a simple comparing study between the old semigroups and the
restricted range ones. This chapter involving three sections named, depending the
algebraic property, by
i) Regularity and Green's relations,

ii) Generating systems and ranks,

iii) Isomorphism and embedding theorems.

4.1. Regularity and Green's Relations

Let S denote any semigroup of the following semigroups: PT(X), T(X)
andI(X). It is well known that S 1is a regular semigroup, but
PT(X,Y), T(X,Y)and I(X,Y) need not to be regular. Just to mention, we derive a

counter example to show one of the cases.
Example 4.1.1. Let X = {1,2,3,4,5},Y ={3,4,5} and

a=(§ i g)eI(X,Y).

Assume that  is a regular element in I (X, Y), thus there is an element § € I(X,Y)
such that @ = afa. Hence, 1a = (1a)fa and since a € I(X,Y), that is « is an
injective map, then we conclude that 1 = 38 but 1 € Y and this contradicts with
the assumption.

Recently, some authors like J. Sanwong, V. Fernandes and others
considered the regularity of the transformation semigroups with restricted range in
many papers (see, for examples, Symons (1975a), Sanwong and Sommanee (2008),

Sanwong (2011), Sommanee and Sanwong (2013) and (2015), Fernandes,
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Honyam, Quinterio and Singha (2014) and (2016), Fernandes and Sanwong (2014),
Sun and Sun (2016), Sangkhanan and Sanwong (2020)). They characterized the
regular elements and determined the largest regular subsemigroup, which is one of
the important events because it leads then to the description of Green's relations
and other applications. We will arrange these events based on the historical
development. First, in Nenthein, Youngkhong and Kemprasit (2005), the authors

characterized the regular elements of T(X,Y) by the following lemma.

Lemma 4.1.2. The semigroup T'(X,Y) is regular if and only if X =Y or |Y| = 1.
Proof. If X =Y then T(X,Y) =T(X,X) = T(X) which is regular. Moreover, if
|Y| = 1then |T(X,Y)| = 1 and so it is obviously regular.

Conversely, assume that T(X,Y) is a regular semigroup and suppose that
Y G X and |Y| = 2. Then there exist at least two elements in Y, say {yo,v,},

where yy # y;. Then define a transformation « as follows

(1, )

It is clear that @« € T(X,Y), and since T(X,Y) is regular, then there exists a

transformation § € T(X,Y) such that ¢fa = « . But since
(raBa = (yo)Ba = (YoB)a = yo = (Vo)a,
We have y, = y;, which contradicts with the assumption. m

In addition, the authors computed the cardinality of the set of all regular

elements, denoted by RegT (X, Y), when X is a finite set.

Lemma 4.1.3. If | X| = n and |Y| = m, then
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|RegT (X,Y)| = i (;) r1S(m,r)rvm
r=1

Proof. Nenthein, Youngkhong and Kemprasit (2005), Theorem 2.6. m

After that, Sanwong and Sommanee (2008) obtained the largest regular

subsemigroup, which is defined by
F(X,Y) = {a € T(X,Y): Xa = Ya}.
This set contains all the regular elements of T(X,Y). That is to say
F(X,Y) = RegT(X,Y).

In fact, F(X,Y) is not just a subsemigroup, it is a right ideal also but not a left ideal
of T(X,Y).

Example 4.1.4. Let X = Z* and Y = 2Z*. Then define the following maps

It is clear that « e T(X,Y)\F(X,Y) andB € F(X,Y), but af =a & F(X,Y).
Hence this shows that F(X,Y) is not a left ideal.
After the definition of F(X,Y), they were able to describe Green's relations

of T(X,Y) as we will see in the following lemma.
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Lemma 4.1.5. For @, 8 € T(X,Y). Then

i) alf © (o, €EFX,Y) andXa = Xp) or (o, F €ETX,V)\F(X,Y) anda =
B),

i) aRB © (a,B € F(X,Y) andker(a) = ker(B) ) or (o, ETX,Y)\F(X,Y)
and ker(a) = ker(f)),

iii) aDB © (a,f € F(X,Y) and |Xa| = |XB|) or (a,f € TX,Y)\F(X,Y) and
ker(a) = ker(f)) and

iv) aJp & ker(a) = ker(p) or |Xa| = |Ya| = |YS]| = |XB].

Proof. Sanwong and Sommanee (2008), Theorem 3.2., Theorem 3.3., Theorem 3.7.

and Theorem 3.9. m

In 2011, the first author limited her research on the subsemigroup F(X,Y)
and proved that every regular semigroup S can be embedded in F(S1,S). That
means, F(X,Y) can be consider as a model for all regular semigroups, see

Sanwong (2011). Furthermore, she described the ideals of F(X,Y) as follows.

Lemma 4.1.6. For 2 < r < |Y|, the sets

Qr={a € FX,Y): |Xa| <71}

considered as the proper ideals of F(X,Y).
Proof. Sanwong (2011), Theorem 3.4. m

Moreover, in the same paper, the author characterized the H -classes and
J-classes of F(X,Y) and by that she was able to describe the maximal regular
subsemigroup of F(X,Y). Later, in Fernandes and Sanwong (2014), they

concentrated their studies on the semigroups PT(X,Y) and I(X,Y), and presented
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analogous results to T(X,Y). For example, they determined the largest regular

subsemigroup of PT(X,Y) to be

PF ={a € PT(X,Y): Xa = Ya}.

On the other hand, they showed that the symmetric inverse semigroup
I(Y) is the largest regular subsemigroup of I(X,Y), and the largest inverse
subsemigroup of I(X,Y) as well. Consequently, the description of Green's relations

on PT(X,Y) and I(X,Y) can be given by the following two lemmas.

Lemma 4.1.7. For o, 8 € PT(X,Y),

Dalf © (a,f € PFand Xa = XB)or(a,f € PT (X,Y)\PF anda = f),
ii) aRf & dom(a) = dom(f) and ker(a) = ker(f),

iii) aDB © (a,f € PF and |Xa| = |XB|) or (o, € PT (X,Y)\PF dom(a) =
dom(p) and ker(a) = ker(f)) and

iv) aIff © (dom(a) = dom(f)and ker(a) = ker(B)) or (|Xa|=|Ya|=
IYB| = |XBD).

Proof. Fernandes and Sanwong (2014), Theorems 1.4., 1.5., 1.7. and 1.9. m

Lemma4.1.8. Fora,f € I(X,Y),

Dalf © (a,f € I(Y)and Xa = XB)or(a,f € IX,Y)\I(Y)anda = B),
i) aRf & dom(a) = dom(p),

iii) aDf < (a,B € I(Y) and |dom(a)| = |dom(B)|)or (o, € I(X,YI\I(Y)
and dom(a) = dom(f)) and

iv) aIf & dom(a) = dom(B) or |Xa| = |[Ya| = |YB| = |XB|.

Proof. Fernandes and Sanwong (2014), Theorems 3.3., 3.4., 3.6. and 3.7. m
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Definition 4.1.9. For a chain X and @ # Y € X, consider the order-preserving

transformation semigroup O (X) and define the subsemigroup

0(X,Y) = {a € 0(X): Xa € Y}

to be the order-preserving transformation subsemigroup with restricted range. If X

is a finite chain, say |X| = n, then we denote O(X,Y) by 0,,(Y).

Although, the semigroup O(X) is a regular semigroup its subsemigroup
O0(X,Y) need not to be. This promoted the authors in Mora and Kemprasit (2010)
to describe the regular elements of O(X,Y) and to characterize the regular
semigroups of that type. In Fernandes, Honyam, Quinterio and Singha (2014), the
authors gave a description for the largest regular subsemigroup of O(X,Y) as

follows.

FOX,Y) ={a € O(X,Y): Xa = Ya}

which is also a right ideal of O(X,Y).

As we saw in the case of T(X,Y), after this description of the largest
regular subsemigroup of O(X,Y), traditionally, the next step was the
characterization of Green's relations on O(X,Y) and on O(X) in particular.

Nevertheless, we need some definitions first.
Definition 4.1.10. Let 8: A — B be an order-preserving map from a subchain A of

X into a subchain B of Y. Then @ is called completable in 0(X,Y), if there exists
A€ 0(X,Y)suchthatal = a#,foralla € A.
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Definition 4.1.11. Let 8: A — B be an order-isomorphism map, where A and B
are subchains of Y. Then 8 is called bicompletable in O(X,Y) if 6 and its inverse
6~1: B — A are completable in O(X,Y).

Now, we give the description of Green's relations on O(X,Y) by the

following lemma.

Lemma 4.1.12. Fora, 8 € 0(X,Y),

1. aLB © (o, €FO(X,Y) and Xa =XB)or (a,f € 0(X,YI\FO(X,Y) and
a=p),

2. aRf e (a,pEFOX,Y) andker(a)=Xker(f)) or (apf€O0X )\
FO(X,Y)and either @ =f or ker(a) = ker(f)) and the canonical order-
isomorphism 6: im(a) — im(f) is bicompletable in O(X,Y),

3. aDp if and only if one of the following statements holds:

1) alf,

ii) @, f € FO(X,Y) and there exists order-isomorphism such that bicompletable in
0(X,Y) 6:im(a) — im(f),

ii)a,B € 0(X,Y)\FO(X,Y) and aRf.

4. aJp if and only if one of the following statements holds:

)alBin0(X,Y),

ii) aRB in O(X,Y),

iii) there exist injective order-preserving functions 6:im(a) — Yf and
7:im(f) — Ya admitting completable inverses in 0(X,Y).

Proof. Fernandes, Honyam, Quinteiro and Singha (2014), Propositions 2.5., 2.8.,
2.13.and 2.15. m

Of course, there are more other transformations subsemigroups of the main

semigroups OPT (X), T(X) and I(X) with restricted range, for example, the
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orientation-preserving transformation semigroup OF,, the orientation-preserving or
orientation-reversing transformation semigroup OR,,. There, also the description of
Greens relations and regularity are investigated in analogous ways. For more
details about these topics, we refer the reader to consult the paper Fernandes,

Honyam, Quinterio and Singha (2016).

4.2. Generating Systems and Ranks

In the previous chapter, we explained, in general, what is the meaning of
generating systems and ranks of a semigroup. Here, we specify our talking about
generating sets and ranks of the semigroups PT(X,Y),T(X,Y),I(X,Y) and
O(X,Y) when X is a finite set. Moreover, we study the rank of the regular part
of T(X,Y), namely F(X,Y), and its ideals. Finally, we consider the relative ranks
of T(X,Y) modulo specific subsets.

First, we need to remember some facts about generating systems and ranks
of the main transformation semigroups PT,,, T,, and I,,. For this, let S be any one of
the semigroups PT,, T, or I, then remember that:

1) All the generating sets of S must contain a generating set of the symmetric
group Sj,.

2) If G is a minimal generating set of S then G N S,, is a minimal generating set
of .

3) Any generating set of S must have at least one element of height n — 1, where
the height of an element a of S is defined as h(a) = |ima]|.

4) Forn > 3, rank(PT,) = 4 and rank(T,) = rank(l,,) = 3.

5) Forn = 2, rank(PO,) = 2n — 1 and idrank(PO,,) = 3n — 2.

6) Forn = 2, rank(0,;) = n and idrank(0,,) = 2n — 2.

Let X=1{1,2,..,n}and Y ={1, 2, ..., r} where 1 <r<n andn €N.

Then we denote the (full) transformation semigroup, the (partial) transformation
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semigroup and the inverse semigroup with restricted range by PT, ., T, and I, ,,

respectively.

In Fernandes, Honyam, Quinterio and Singha (2014), the authors proved the

following lemmas.

Lemma 4.2.1. For n > 3 and 2 < r < n — 1, the semigroups PT;, ., T, - and I, ,
are generated by their own elements of height r.

Proof. Leta € PT,,, with |[im(a)| =s for some2<s<r—1, and let b €
Y\im(a). Then we have three cases:

Case (1): If a € PT,,\T;,, then for a € X\dom(«), define B,y € PT,, with
dom(f) = dom(a) U {a} and dom(B) = X\b, by

if x € im(a)
if elsewhere

xﬁ={xa if x+#a

a w={"
b if x=a e XY =1bn

It is clear that [im(8)| = [im(y)| = s + 1 and Sy = a, as required.
Case (2): If a € T}, - then we choose an element a € X = dom(a), where a lies in

a nontrivial kernel class of a, and define 8,y € T, by:

x if x € im(a)
and xy =<aa if x=>b
b if elsewhere

xa if x#a

xﬂ:{b if x=a

Thus, we have [im(B8)| = |im(y)| = s + 1 and By = a, as required.
Case (3): If a € I, , then for a € X\dom(a), define B,y € I, , by:

xa if x € dom(a)

*b = { b if x=a and xy = {x if x € im(a)

b if xX=n
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Thus, we have [im(B)| = |im(y)| = s + 1 and By = a, as required. m

Lemma4.2.2. Forn > 2and 2 <r <n—1, we have
i) rank(PT,,,) = S(n+ 1,7 + 1),
ii) rank(Tn_,,) =S(n,r),

™ if ref{1,2}

iii) rank( [ =
) (Inr) {(7;)4_1 if 3<r<n-1

Proof. Fernandes and Sanwong (2014), Theorems 2.3.,2.4. and 4.2. m

Now, let F,, denote the largest regular subsemigroup of T, . Then in the
paper Sommanee and Sanwong (2013), the authors proved that F,, is not
idempotent generated semigroup. However, they determined that its rank is equal

to

3, n=r
rank( F,,) =
r"T"4+1, 2<r<n-1

In addition, the ideals of F;, ,., for 1 < k < r, is defined as
Q(F;k) ={a € F, : |Xa| < k}.

The rank of Q(F; k) and its idempotent rank are equal and given by the

following lemma.

Lemmad4.23.Forl1<k<r-1

rank(Q(F; k)) = idrank(Q(F; k)) =S(r k)K" .
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Proof. Sommanee and Sanwong (2013), Theorem 4.4. m

On the other hand, in order to compute the rank of 0,,(Y), we need to define
the notion of a "captive element”, which is due to Fernandes and his team in

Fernandes, Honyam, Quinterio and Singha (2014).

Definition 4.2.4. Let X = {1, 2, ..., n} and Y be any subset of X. Then an element
a €Y is said to be captive if either a € {1,2}or1<a<nand a—1,a+1€Y.

The set of all captive elements of Y is denoted by Y#.

Example 4.2.5.Let X = {1,2,...7},Y ={1,3,4,5}and Z = {2, 4, 6}. Then
i) Y* ={1,4},
i) Z* = {2}.

Now, the rank of 0, (Y) is given by the following lemma.
Lemma 4.2.6. For1 <r <n,

rank(0,(Y)) = (Z: D +|Y#|.

Proof. Fernandes, Honyam, Quinteiro and Singha (2014), Theorem 4.3. m

Relative ranks of the transformation semigroups with restricted range have
also studied recently, for example in Tinpun and Koppitz (2016a) and (2016b) they
computed the relative ranks for both cases, when X is a finite or infinite set. For the
finite case, the authors determined the relative rank of the following semigroups
1) T(X,Y) modulo S(X,Y),

ii) T(X,Y) modulo O(X,Y),
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iii) 0(X,Y) modulo EO(X,Y),
where EO(X,Y) denotes the set of all the idempotent elements of O(X,Y) and
S(X,Y) is defined by

SX,Y)={a € T(X,Y): a|y is a bijectionon Y} .

For the infinite case, they determined the relative rank for these
semigroups
i) T(X,Y) modulo S(X,Y) and
ii) T(X,Y) modulo E(X,Y).

The cardinalities of each one of the semigroups PT,, , T, and I, are

given by the following lemma.

Lemma 4.2.7. Letn € N wheren > 2 and 1 < r < n. Then
D | PTyyrl = (r+ 1),

ii) | T | = @™,

i) | Il = S0 (R

Proof. Fernandes and Sanwong (2014). m

On the other hand, relating to the cardinality of an order-preserving
semigroup with restricted range 0, (Y) it differs according to the value of |Y|
i) if |Y| = 1 then |0,(Y)| = 1,
ii) if |Y| = n then |0, (V)| = |0,| = (,;+ ) and
iii) if |Y| = r where 1 <7 < nthen |0,(Y)| = ([}71)).
In the first chapter, we mentioned that an element a € Py is an idempotent

element if and only if Vx € ima, xa = x. Here one may ask the same question for
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the "restricted range" semigroups. In Fernandes and Sanwong (2014) they have
answered this question for both semigroups PT(X,Y) and I(X,Y) as we see in the

following lemmas.

Lemma 4.2.8. If « € PT(X,Y)\®, then the followings are equivalent:
Da= (g), for some y € Y

2) a is an idempotent and V B € PT(X,Y) either (af)? = @ or (af)? = a.
Proof. Fernandes and Sanwong (2014), Lemma 1.10. =

As T(X,Y) < T(X) and the set of idempotent elements of T (X) is defined

as
{a eTX):xa = x,Vx € Xa},
the set of idempotent elements of T (X,Y) is described in a similar way.

Lemma 4.2.9. The idempotent elements of I(X,Y) are the elements of the
set {idy: A € Y} where id, denote the identity map on A.

Proof. Fernandes and Sanwong (2014), Lemma 3.8. m

4.3. Isomorphism and Embedding Theorems

Recall that an automorphism of a semigroup S is an isomorphism ¢: S —
S. Suppose that S be a monoid and for all a € S\{0} consider the automorphism
@q: S — S defined by: x — a~lxa, Va € S. Then this automorphism is called an

inner automorphism of S and the set Inn(S) denote all inner automorphisms of S.

A. Malcev, showed that any automorphism of T(X) is inner, see Malcev

(1952). After that Symons, in his famous paper "Some results concerning a
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transformation semigroup” generalized this result by considering the
subsemigroup T(X,Y), see Symons (1975). The description of the set of all

automorphism of T(X,Y) was given as follows
Aut(T(X,Y)) = Auty(T(X,Y)) - Inny(T(X,Y)).

At the same paper, he tried to answer the question of "When are two semigroups of
the form T (X,Y) isomorphic?" Thus, in order to find an answer, he proved the

following related theorems.

Theorem 4.3.1. If T (X, Y;) isomorphic to T'(X,, Y,) then |Y;| = |Y;].
Proof. Symons (1975b), Theorem 5.1. m

Theorem 4.3.2. If |Y;| = |Y,| then T(X;,Y;) and T (X,, Y,) are isomorphic.
Proof. Symons (1975b), Theorem 5.1. m

Theorem 4.3.3. If |Y;| = 2 = |Y,| then T(X;,Y;) and T(X;,Y,) are isomorphic if
and only if |X;\V;]| = |X;\Y2|.
Proof. Symons (1975b), Theorem 5.1. m

Recently, in Sanwong (2011), the author interested in the regular part
of T(X,Y), namely F(X,Y), and proved some embedding and isomorphism

theorems related to that part, for instance she proved the following theorems.

Theorem 4.3.4. T (Y) is isomorphic to F(X,Y) ifand only if |[Y| =1orX =Y.
Proof. Sanwong (2013), Lemma 2.2. m

Theorem 4.3.5. For some setZ, T(Z) is isomorphic to F(X,Y) if and only if
[Y|=|Z|=1orX =Y and |Y| = |Z].
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Proof. Assume that T(Z) = F(X,Y), for some set Z. Then iz € F(X,Y) (where
i4 denote the identity map) and we have two cases:

Case (1): If |Y| =1 then |F(X,Y)| = 1 also and by the isomorphism assumption
we have shown that |Y| = |Z| = 1.

Case (2): If |Y]| > 1 then we claim that X =Y .To show that we suppose the
opposite, that is X 2 Y and this means that i; € F(X,Y) which contradicts with the
above assumption. This contradiction led us to conclude that X =Y, and since

T(Y)=F(X,Y) = T(Z) then Y| = |Z|. m

Theorem 4.3.6. T (Y) can be embedded in F (X, Y).
Proof. Fix an element a € Y and for all @ € T(Y) define & € T(X) as

xa , XEY
aa , Xx&Y '

Now, consider the mapping od,:T(Y) = F(X,Y) defined as ao, = @ for
alla € T(Y).
If X =Y or |[Y| = 1 then by the last theorem T'(Y) is isomorphic to F(X,Y),

and thus the embedding follows. Assume that X 2 Y and |Y| = 2, we need to show

that g, is a one to one homomorphism. First, for all x € X, if x € Y then

x(aB) = x(ap) = (xa)B = (x@)B = (x@)f .
If x ¢ Y, since x&@ € Y, then

x(aB) = a(ap) = (aa)f = (x@)B = (xa)B .
Thus, @B = @ o [ and this proves that ¢, is a homomorphism.
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For all x € X, suppose that ao, = fa, then, it does not matter x € Y or x &

Y, we have

x& =xf = xa = xB.

Thus, & = f leads to conclude that @ = 8 and this proves that o, is a one to one

map.

After that, she was able to generalize the previous theorem by proving that:

Theorem 4.3.7. For some set X 2 S1, every semigroup S can be embedded in
F(X,ShH.
Proof. Sanwong (2013), Corollary 2.2. =

Theorem 4.3.8. Every regular semigroup S can be embedded in F(S1,S).
Proof. Sanwong (2013), Theorem 2.3. m

Regarding with the isomorphism theorems for both semigroups PT(X,Y)
and I(X,Y) proved them in a way similar to that in T(X,Y), see Fernandes and
Sanwong (2014).

Theorem 4.3.9. For a finite set X, let Y], ¥, be two non-empty subsets of X. Then
i) PT(X,Y;) isomorphic to PT(X,Y,) if and only if |Y;| = |V3].

ii) I(X,Y;) isomorphic to I(X,Y,) if and only if |Y;| = |Y5].

Proof. Fernandes and Sanwong (2014), Theorem 1.11. and Theorem 3.10. m

Moreover, in subsequent works, and with other authors, Fernandes,

Honyam, Quinterio and Singha (2014), proved some isomorphism theorems for the

55



4. TRANSFORMATION SEMIGROUPS with RESTRICTED RANGE Haytham ABUSARRIS

order-preserving semigroups with restricted range O(X,Y). One of those theorems
was proving when 0(X4,Y;) = 0(X,,Y,) where X;, X, are finite chains. Likewise,
in Sommanee and Sanwong (2015), they proved some embedding and
isomorphism theorems for the regular part of O(X,Y), namely OF(X,Y). For
example, they proved that O(Y) can be embedded in FO(X,Y) and in order to be
isomorphic they provided necessary and sufficient conditions. In addition, they

have proved when FO(X;,Y;) = FO(X,,Y,) where X4, X, are finite chains.
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5. GENERALIZED TRANSFORMATION SEMIGROUPS

K.D. Magill, in several papers started to consider the generalized
transformation semigroup, denoted by GT(X,Y;8), which we will define soon.
Magill in his paper, Magill (1967), under the hypothesis that @ is surjective, was
able to describe all the automorphisms of GT(X,Y;6) and he determined
when GT (X1, Y15 0,) = GT(X,,Y,; 8,). After that, Symons came up and generalized
the same results without need to the assumption of surjectivity of 8, see Symons
(1975a). He also suggested new relations on GT(X,Y;8) which are partially
analogues to Green's relations and he gave some structure results for GT (X, Y; 6).

The generalized transformation semigroup GT(X,Y;6) is a natural
generalization of the usual transformation semigroup T(X) and it is defined as
follows. Let X and Y be non-empty sets, and let GT (X,Y) denote the set of all full
transformations from X to Y. For any fixed 6 € GT(Y,X) and any , 8 € GT(X,Y)

define a sandwich operation * by

a*ﬁ:aogoﬁ

with this sandwich operation *, GT (X, Y) is a semigroup that is called a generalized
transformation semigroup and denoted by GT (X, Y; 8). In particular, if X =Y and
0 =i4, the identity transformation, then GT(X,Y;8) become T(X), the full
transformation semigroup.

In this chapter, we consider the semigroup GT(X,Y;0) and do some
investigations about some algebraic properties on it such as:
i) Symons's relations and Green's relations,
ii) Regularity of P(X,Y;60) and GT(X,Y; 0),

iii) Embedding and isomorphism theorems,
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5.1. Symons's Relations and Green's Relations

In chapter three we considered Green's relations £, R, D, H and J for
any semigroup in general and we studied some related theorems. It is the purpose
of this section to do a comparing study between Symons's relations on GT(X,Y; 8)
and Green's.

Let's start by defining Symons's relations, which are denoted by small
letters (£, r, h and &), then we present some theorems concerning with the structure

of the semigroup GT(X,Y; 0).

Definition 5.1.1. For a, § € GT(X,Y; 6), define
i) a® ftomeanfa = 60,

i) ar B to mean af = f30,

iii) a d B to mean 8af = 636 and
ivyh=4nr.

Lemma 5.1.2. The relations#,r,andd are congruences on the semigroup
GT(X,Y;0).
Proof. It is easy to show that#,r,and d are equivalence relations. Thus, the

remaining part is showing that they are compatible. Leta, § € GT(X,Y;6) and
suppose that @ & [ then

0a = 030 .

Therefore, for each A € GT(X,Y; 0) we have

Abaf = 1040,

which implies that:
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0(A+xa)8 = 6A60a0 = 01686 = O(A*B)O.

This means (A * a)d (A * ). Likewise, (a * ))d(fB *A) and this means d is
compatible and hence a congruence on GT'(X,Y; 0). In a similar way, one can show

the casesof Y andr. m

Lemma 5.1.3. The relations r and £ commute andd = ot =rof =1[Vr.
Proof. We begin by showing thatd = £ o 1. Let (a, 8) € d this means a & § and
thus 8af = 66. Then define the mapping 4 : X — X by

xB x €Yl
xA =
xa , elsewhere

Clearly, one can show that 64 = 8 and hence A£f.

On the other hand, we claim that A0 = af. To see that, assume that
x € YO then xA = xa and soxA8 = xaf. Otherwise, x = y8 for some y €Y.
Then

xA0 = xf0 = y6B6 = yfal = xab ,

therefore, ard and so a(€ o 1)pf.
Conversely, we aim to show thata & B. Let a, 8 € GT(X,Y;68) such
that a(£ o ). Then 35 € GT(X,Y;6) such that Oa = 5 and fO = 56. Now,

since

(66)0 = 6(60) and so (Ba)B = 6(BH),

we have that 4 = £ o r. Now, since
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Por=d=dl={or) t=r1of1=10¢,

we have £ and r commute and hence [Vt by Corollary 1.5.12 Howie's book

(1965). m

Now, we state two theorems without proof since they are very similar to
the case of Green's relations for arbitrary semigroup, see (Clifford and Preston

(1967), pages 47-49).

Theorem 5.1.4. If ¢ is an r-class and £ is an ¢-class then r meets € in GT (X, Y; 0) if
and only if they are in the same d-class.

Proof. Symons (1975a), Theorem 1.3. m

Theorem 5.1.5. The set product of any #-class and any t-class of GT(X,Y;8) is
always contained in a single d-class.

Proof. Symons (1975a), Theorem 1.4. m

The last theorems show that the relations r, £ and & separate the semigroup
GT(X,Y;0) into rows, columns and cells, in a way similar to Green's relations (£,
R and D) do on an arbitrary semigroup. That is to say, GT(X,Y;8) have its own
egg-box picture. Look at figure below, which explains an example of a class

structure of GT(X,Y; 6).
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(122) (132)
(123) (133)
(121) | (131)
(212) (312)
1— {1} (213) (313)
2— {2,3} (211) (311)
1—1{2,3} (112)
2 {1} (113)
(111)
1— {1y (222) (232) (322) (332)
2l 223 (233) (323) (333)
(221) (231) (321) (331)
1 — {2, 3}
2—1{2,3}
¢ — classes r — classes
2 2
2 2
1 2
4 2
Total 9=32 8=23

Figure 5.1. A class structure of GT(X,Y; 8)

Symons, also proved a theorem which is partially similar to the well-known

lemma (Green's lemma), see Symons (1975a).

Theorem 5.1.6. The ¢-classes of GT(X,Y;8) have the same size, and any two h-

classes contained in a single r-class have the same size.

Proof. Symons (1975a), Theorem 1.5. m

One of the differences between Green's relations and Symons's relations is
that in the first case all H'-classes in one single D-class have the same size, but this

is not always true for Symons's case. Another difference is that Symons's relations
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are special for the semigroup GT(X,Y;0) while Green's relations are for any
arbitrary semigroup.

After 40 years of the last theorems the problem of "Describing Green's
relations on GT(X,Y;0) " was solved in Mendes-gongalves and Sullivan (2013).
Actually, they concentrated at the semigroup P(X,Y;0), a generalized partial

transformation semigroup, and as a result the description for GT (X, Y; 8) followed.

Definition 5.1.7. Let 6 € P(Y, X), where dom(8) =Y, and for alla, § € P(X,Y)

define a sandwich operation * as follows

a*ﬂ:aogoﬁ

(P(X,Y), x) is called a generalized partial transformation semigroup and denoted

by P(X,Y;0).

Theorem 5.1.8. For a, f € P(X,Y;0), the description of Green's relations on this

semigroup is given by

i) alf © a =B orim(a) = im(fa) = im(6F) = im(pB),

ii) aRB © a = B or (dom(a) = dom(fa) = dom(6B) = dom(B) and
aoal=abo(ad) =B o (Bt =Bopt),

i) H=LNR.

Proof. Mendes-Gongalves and Sullivan (2013), Theorem 2.6. m

For the case of D and J, the authors characterized them in a different way, as

we will see next theorem.

Theorem 5.1.9. If the semigroup P(X,Y; 0) denoted by P. Then
1) I=LURU]J, where
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aJf < [im(a)| = [im(6ab)| = [im(6B6)| = |im(B)|

ii) D=LURUD where aDf & a = (;‘) and = (g)
DVi,A;06~#@and B0~ # @,

2) im(a) Uim(B) € dom(a) and the restrictions of 8 to im(a) and to im(f) are
injective.

Proof. Mendes-Gongalves and Sullivan (2013), Theorems 2.7. and 2.8. m

Furthermore, Sullivan with his team gave a special description of Green's
relations for the regular elements of P(X,Y;6). We will mention that in the next

section.

Remark 3.1.10. The same comments can be made for the semigroups GT (X,Y; 8)
and I(X,Y; 8), (the subsemigroups of P(X,Y; 8) consisting of all full and injective

mappings, respectively), with some more notations.

5.2. Regularity of P(X,Y;0) and GT(X,Y; 0)
K.D. Magill and S. Subbiah, characterized the regularity of P(X,Y;0), see
Magill and Subbiah (1975). Another simpler description was given recently by

Mendes-gongalves and Sullivan (2013), which is given as follows.

Theorem 5.2.1. The semigroup P(X,Y;0) is regular if and only if one of the
following statements holds

i) X or Y is an empty set,

ii) |X| = 1and dom(6) =Y # @,

iii) dom(@) =Y and 6 is a bijective map.

Proof. Mendes-Gongalves and Sullivan (2013), Theorem 2.1. m
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An analogues result, due to Chinram (2008a), for the semigroup I(X,Y; 6).
In order to do the same for the semigroup GT(X,Y; 8) he defined the following

semigroup

T (X,Y;0) = {a € GT(X,Y; 0): |im(a)| < k, 1 <k < |Y|}

which is, in some sense, a generalization of GT'(X,Y; 0).

In addition, the author also described the regular elements of P(X,Y;8),
I1(X,Y;60) and GT (X,Y; 0) in Chinram (2008a) and (2008b). Alternatively, Sullivan
came up and gave the following description for the regular elements P(X,Y;8)

and T, (X,Y; 0).

Theorem 5.2.2. Let « € P(X,Y; 8). Then « is a regular element if and only if
i) dom(a) = dom(af) and im(a) = im(ah),
ii)aoca™t=abo(af)™.

Proof. Mendes-Gongalves and Sullivan (2013), Theorem 2.2. m

We can made similar comments for the semigroup Ty (X,Y; ). However, if
a € I(X,Y;0) then a is a regular element of I(X,Y;0) if and only if the first
condition of last theorem holds. Furthermore, Sullivan and his team gave a special
description of Green's relations for the regular elements of P(X,Y;6), GT(X,Y; 0)
and I(X,Y; @) as follows.

Theorem 5.2.3. Fora, f € P(X,Y;60), GT(X,Y;0) or I(X,Y;6), suppose a is a
regular element then

i) aLB & B isregular and im(a) = im(B),

ii) aRB & B isregular and dom(a) = dom(B) andaoca ™t = o p71,

iii) aDB & B isregular and |im(a)| = |[im(B)] .
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Proof. Mendes-Gongalves and Sullivan (2013), Corollary 2.1. =

Concerning with 7, it is well known that 7 = D for the regular semigroup
P(X), but this is not always the case here. Indeed, 3 = D just for the regular
elements of P(X,Y;6) with finite heights.

Definition 5.2.4. Let S be a semigroup. Then S is called
i) Unit-regular if identity map i; € S and Va € S, Ju € S such that a = aua.

ii) Completely regular if Va € S, 3x € S such that a = axa and ax = xa.

Next theorems, the authors also gave necessary and sufficient conditions to

prove that P(X,Y; @) are both unit-regular and completely regular semigroup.

Theorem 5.2.5. P(X,Y;60) is unit-regular if and only if one of the following
statements holds

i) X or Y is an empty set,

ii) X is finite, dom(8) = Y and @ is a bijective map.

Proof. Mendes-Gongalves and Sullivan (2013), Theorem 2.3. m

Theorem 5.2.6. P(X,Y;0) is completely regular if and only if |X| =1 and
dom(@) =Y.
Proof. Mendes-Gongalves and Sullivan (2013), Theorem 2.4. m

Theorem 5.2.7. GT(X,Y;0) is completely regular if and only if one of the
following statements holds

]|X|=1or|Y| =1,

ii) |X| < 2 and 6 is a bijective map.

Proof. Mendes-Gongalves and Sullivan (2013), Theorem 2.5. m
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5.3. Embedding and Isomorphism Theorems

This section is devoted to consider some embedding and isomorphism
theorems for P(X,Y;6) and GT(X,Y;0) by presenting some efforts of some
authors like Magill, Symons and Sullivan in showing these theorems. Next chapter,
we will present our contributions in the same direction but with other semigroups.

We start with Sullivan and his work, in Sullivan (1975), they defined two
embedding maps. The first map embeds P(X,Y;0) in (Txyq, 61) when |X| > |Y],
and the second embeds P(X,Y;60) in (Tyyq, 6,) otherwise, where a € X UY
and 0, € Txyg, 0, € Ty, and ab; = a, for all i =1, 2.

Definition 5.3.1. For |X| = |Y]| let A; be an injective map of Y into X and let
a € X UY.Then for any a € P(X,Y; 0) define the maps a; and 6, in (Txy,) by

xad, , x € dom(6)
Xy = )
a , elsewhere
xA, e x € (dom(0)) A,
x0, =
a elsewhere

Definition 5.3.2. For |X| < |Y]| let A, be an injective map of X into Yand leta ¢
X UY.Then for any a € P(X,Y;0) define the maps a, and 68, in Ty, by

yA, e, y € (dom(6)) 2,
yaz == )
a , elsewhere
yoA, y € dom(8)
yo, =
a , elsewhere
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Using these definitions, we have the following isomorphism theorem

for P(X,Y;0).

Theorem 5.3.3. For any a € P(X,Y; 0)

i) If |[X|=]|Y| then P(X,Y;0)=P(X,Y;60;) and the isomorphism maps a
onto ;.

ii) If |X|<|Y| then P(X,Y;0)=P(X,Y;0,) and the isomorphism maps «
onto ;.

Proof. Sullivan (1975), Theorem 2.1. m

After that, Symons proved the following isomorphism theorems, see Symons

(1975a).

Theorem 5.34. If GT(X,Y;0,) = GT(X,Y;6,) then the isomorphism maps each
¢ — (xt—,h—and d—) class of GT(X,Y;6;) onto a corresponding ¢ — (r —h —
and d—) class of GT(X,Y; 6,).

Proof. Symons (1975a), Theorem 2.1. m

Theorem 5.3.5. Let ¢: GT(X,Y; 6;) = GT(X,Y; 8,) be an isomorphism and define

the following maps

p: GT((X,Y)b1,0) = GT((X,Y)6;,°),

and

At GT(6:(X,Y),0) = GT(6,(X,Y),0),

by (a8i)p = a@f, and (B;a)A = O,a@, respectively. Then p and A are
isomorphisms.

Proof. Symons (1975a), Theorem 2.2. m
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Theorem 5.3.6. GT(X,Y;60,) = GT(X,Y;6,) if and only if 6;h = g6, where
g €G(Y) and h € G(X).
Proof. Symons (1975a), Theorem 2.5. m

However, Magill has proved the last results under the condition that 8 is
surjective, see Magill (1967). For more information about generalized
transformation semigroups see,for example, Ittharat and Sullivan (2005), Sullivan
(2012), Kemprasit and Jaidee (2005), Dolinka, Durev, East, Honyam, Sangkhanan,
Sanwong and Sommanee (2018), East (2020).
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6. ON THE RANK OF GENERALIZED TRANSFORMATION
SEMIGROUPS

The generalized transformation semigroup GT (X,Y; 0) and the semigroup
of transformation with restricted range T (X, Y), which we introduced in last two
chapters, have been extensively studied over the last years. Many of algebraic
questions were answered over there such as regularity, Green's relations,
isomorphism and embedding theorems, generating systems, ranks and some others.
One of the important questions which is related to both algebra and combinatorics
is: Determining the rank of GT(X,Y;8) by considering different situations for 8.
This was the motivation for us to do more investigations.

In this chapter, we give our contributions in this direction. First, we show
that GT (X,Y; 0) can be embedded inT(Z,Y) = {e ET(Z): Za S Y }, where Z =
X UY . We also show, if 8: Y — X is one to one, then GT (X,Y; 8) and T(X, im(6))
are isomorphic semigroups. Moreover, if |[X| =m,|Y|=n, and |im(6)| =71

where m, n, r € N then we show that:

(min(m,n)
nlS(mk)
Z _ if @ is neither ontonor1 — 1
(n—k)!
k=r+1
rank(GT(X,Y; 0)) = < n
( ) if @ isontobutnot1 —1
m
S(m,r) iffisl—1landl1<r<m-1

This chapter involving three sections titled by
i) Isomorphism and Embedding theorems,
ii) Regularity and Green's Relations,

iii) Generating sets and Ranks.
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6.1. Isomorphism and Embedding Theorems

For non-empty (disjoint) sets X and Y, let 8 be any fixed transformation
from Y toX. In this section, we investigate some connections between the
semigroup of generalized transformations GT(X,Y;6) and the semigroup of
transformations with restricted range T(Z,Y) whereZ =X UY. With these

notations, we have the following lemma.

Lemma 6.1.1. GT (X, Y; 8) can be embedded in T(X U Y, Y).
Proof. LetZ = X UY. For eacha € GT (X, Y; 8), consider the transformation & €
T(Z,Y) defined by

xa, if x€X

(x0)a, if xe€Y

forany a, B € GT(X,Y; 8), first we show that

axB=aof
for any x € Z, if x € X, then we have
x(@*B) = x(ae0°p) = ((xa)0)B = (xa)B = (x@)B = x(@°p) .

Suppose that x € Y. Since x@ = (x0)a €Y, it follows that

x(@*xB)=x(ao80pB) = (x0)(ao8op) = ((x0)0)0)B = ((xa)0)B
= (x@)f = x(& o B) .

Hence,a * B =@ o f.
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Now consider the map y: GT(X,Y;8) - T(Z,Y) defined by ay = & for
eacha € GT(X,Y; ). For a, B € GT(X,Y;0), if ap = B, then x&@ = xf for all
x € Z, in particular, x@ = xa = xf = xf3 for all x € X and so @ = B. Thus ¥ is
ax*f =

@ o B = (a)y o (B)y. Therefore, 1 is a one to one homomorphism, as required. m

one to one. Moreover, for any a, § € GT(X,Y;6), we have (a * By

We suppose that | X| = | Y| for the rest of this section.

Theorem 6.1.2. If 6:Y — X is one to one, then GT(X,Y;8) is isomorphic
to T (X, im(6)). In particular, if 8 is both one to one and onto, then GT(X,Y; 0) is
isomorphic to T'(X).

Proof. Let ¢ : GT(X,Y;0) = T(X,im(0)) be defined by a¢p = a o 0 for each a €
GT(X,Y;0). Then clearly ¢ is well defined and one to one, since 8 is one to one.

Moreover, for all &, § € GT (X, Y; 8) we have

(@xB)p=(axp)ob=(acbop)ob
= ((@°60)B)0 = (ac6)o(Bo0)
= (a¢) > (BP)

and so ¢ is a homomorphism.
Now consider the map : Y — im(6) defined by yf = y@, for eachy € Y.
It is clear that 8 is one to one and onto. For each f € T(X,im(6)), we have

Bob1€GT(X,Y)and

(BoG M )p=Bob7 08=Loling =4,
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where 1jyngy is the identity map onim(6). Therefore, ¢ is onto, and so an
isomorphism, as required. Moreover, if 8: Y — X is bijective, then im(6) = X, and

so GT(X,Y;0) is isomorphicto T(X,X) =T(X). m

Definition 6.1.3 For a semigroup S, let a be a fixed element of S. With the
(sandwich) operation *, defined by x*,y =xay for allx,y €S, S is a
semigroup. This semigroup is called the variant of S with respect to a and denoted
by S¢.

For every x € im(#), consider the subset x6~1 of Y. From the axiom of
choice, we fix an element y, € x0~1 and then, let Y; = {y, : x € im(8)}. Since
|X| = |Y]| and |Y;| = |im(8)], it follows that |[X\im(8)| = |Y'\Y;|, and so there
exists a one to one mapping p; : Y\Y; = X\im(@). Consider the map p:Y = X
defined by

x ify =y, for x € im(0)

yp =
yp1 otherwise

for eachy € Y. Then it is clear that p:Y - X is a one to one mapping with
im(6) < im(p). For each @ € GT (X, Y; 6), consider the transformation & € T (X)
defined by

xa@ = (xa)p,

for each x € X. In fact, @ € T(X,im(p)). Moreover, for any 6 € GT (Y, X), first we
fix an element x, € im(0), and then, we consider the transformation ©® € T(X)
defined by
(xp~H)6 ifx € im(p)
X otherwise
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for each x € X. Now it is clear that ® € T(X,im(p)) since im(8) € im(p). With

these notations, we have the following result.

Theorem 6.1.4. If | X| = | Y| then GT(X,Y;0) isomorphic to T(X,im(p))®, the
variant of T(X,im(p)) with respect to 0.
Proof. For any a,8 € GT(X,Y; 60), first we show that

axf=axef,

since | X| = |Y| and p : Y = X is one to one such that im(8) € im(p), we have
that p~! is a bijection from im(p) to Y andpop~t = 1,. For eachx € X,

since (xa)6 € X, ((xoz)p)p_1 = xa, and (xa)p € im(p), it follows that

x(axB) = (x(ax*P)p=x(ae60p)p=(((xa))B)p = (xx)0)p
= ((((xa)p)p_l) B)B = (((xa)p)@)[? = ((x&)@)g = x((f o®o B)
=x(axe B) ,

as required.

Now consider the map ¢ :GT(X,Y;0) —» T(X,im(p))® defined by
ap = & for each @ € GT (X, Y; 8). It is clear that ¢ is well defined. For any a, § €
GT(X,Y;0), since p is one to one, it follows that (xa)p = (xB)p implies xa =
xB for each x €X, and so a = fB. Moreover, we have (a * f)p = a*f =
@*g f = (@)@ *xg (B)¢. Therefore, ¢ is a one to one homomorphism.

Let 8 € T(X,im(p))®. Define B:X — Y defined by (xB~1) = xp~*
for each x € im(B). Notice that {x~1:x € im(B)} is a partition of X. Moreover,
for each x € im(f), since im(f) € im(p) and p is one to one, there exists a
unique element y € Y such that xp~! = y. Now it is clear that B € GT'(X,Y;6).

For each x € im(f3), since
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@B )(Be) = ap™F = (B DB)p= Gp™p=x= (DB,
it follows that Bg = B. Hence, ¢ is surjective, and so ¢ is an isomorphism. m

6.2. Regularity and Green's Relations

In this section, we give a necessary and sufficient condition
for T(Z,im(0)), which we have mentioned in the previous section, to be regular.
Consequently, we have a description of Green's relations for that. First recall that
the description of Green's relations on T'(X, Y) was depending on the largest regular
subsemigroup of it, namely F(X,Y). Hence, to describe Green's relation on T(Z,
im(0)) and study the regularity, we need to know the relationship between the two
subsemigroups F(Z,Y) and T (Z, im(0)).

It is easy to show that T(Z,im(8)) € F(Z,Y) in general, because we can
easily find an example of an element & € T(Z, im(6)) which does not satisfy the
condition of F(Z,Y) (that isZ& = Y&). However, in this section, we give a
necessary and sufficient condition for T'(Z, im(8)) that solving the problem.

First, we need some notations. Namely, if « € GT(X,Y;60) and 8 : Y = X
then & € T(Z,Y) where Z = X UY. So, we write:

<X1 X, - Xr)
Yi Y2 = Yr

o (yl Y, - ys>
xl xz s xs

where X; = y;a™! foreach1 <i <r.Y; = x;6~ %, foreach1 < j < s and

&_<X1 X, o X, Y, ¥, - ys)
Vi Y2 Y X1@ Xa - X«
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Theorem 6.2.1. T(Z, im(@)) is regular if and only if for all @ € T(Z,im(8)), the
following condition are satisfied

ns=r,

ii) For every 1 < i < r; there exists at least one 1 < j < s such that X;a = y; or
equivalently X; € X;.

Proof. X@ = Y& if and only if the conditions are satisfied. m

Thus, by providing this condition we get T(X,im(6)) € F(X,Y), and so
T(X,im(6)) is a regular semigroup because F(X,Y) is the largest regular

subsemigroup of T'(X,Y). Therefore, we immediately have the following corollary.

Corollary 6.2.2. For@, § € T(X,im(6)) we have
i) @LB if and only if X& = X,

ii) @Rp if and only if ker(@) = ker(f),

iii) @D if and only if | X@| = |Xp
iv)7 =D.

b

We end this section by providing an example that applying the last theorem:
Example 6.2.3. Let X = {1, 2, 3,4} andY = {5, 6, 7, 8, 9} and define

o= (8 @) G

5,9 6,8 7
o= (59 68 7

Then
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&2(1234 56789)
5675 56765

Itisclearthat X&@ = Y& .

6.3. Generating Sets and Ranks

For a non-empty subset T of a semigroup S, let T2 = {st:s,t € T }. For
any non-empty (disjoint) sets X and Y, suppose that 8 : Y — X has a finite height,
that is the cardinality of im(80) is finite. From now on we fix S = GT'(X,Y; 8) and

lim(8)| = r € N. With the above notations, we have the following lemma.

Lemma 6.3.1. S? = {a € S:|im(a)| <1}
Proof. Suppose that im(6) = {x4,..., x,},and T = { a € S:|im(a)| < r}. Then it is
clear that for eacha, B €S, |im(a*B)| = |im(aeo8opB)| < |im(0)| <r and
soS?2CT.

For any a € T, let im(@) = {y1,...75} (1 <s <7), and let 4; = y;a~! for
each1 < i < s. Then we choose a unique element z; € x;6 ! for each1 < i < s,

and we consider the transformations

_ Al AS_1 As) _ (xl e Xgq B)
ﬁ - (Z1 v Zgq Zg and V= Vi o Ys—1 Vs ’

where B = X\{xy, ..., xs_1}. Then it is clear that 8,y € S. Since x5 € B, it follows

thata = B *y € S?, and so T € S?. Therefore, S? = T as required. m
Foreachl <s<r+1,let

Dy ={a€S:|im(a)| =s}.
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Now with the above notation, we have the following result:

Proposition 6.3.2. With the above notations we have:

i) If 8 is not one to one, then Dg € D2, foreveryl < s <r —1.

ii) If @ is neither one to one nor onto, then D, € D?,., ;.

Proof. Let im(8) = {x;,....x,.} and B; = x;6 1 C Y for each 1 < i < r. Since 6 is
not one to one, there exists at least one set B; such that|B;| = 2, and so
|Y| = r + 1. Without loss of generality, suppose that |B;| = 2. Then we fix two
different elements z, and z; in B¢, and an element z; in B; foreach2 < i <.

i) Forl <s<r-—1, let « € Dy withim(a) = {y,,....ys}, and let 4; =
yia tforeach 1 <i<s.If |4;] =1forall 1 <i<s, then |X| = |US; 4;] =s.
It follows that s<r—1< r =|im(0)| <|X|=s, a contradiction. Hence
|A;| = 2 for some 1 <i<s. We may suppose that |A;| = 2. Then we fix an

element a, in A1, and we consider the following transformations

B, = ({ao} A1\{ao} 4, As) and ¥, = (x1 X5 C )

Zy Zq Zy - Zg Y1 Vs Ys+1

where Vo1 € Y\{y1, ... Vs} # 0 and Cg = X\{xq, ..., x5} #@ sinces <r —1.
Now it is clear that S, ¥ € Dg41, and that @ = S0y, = B *¥s € D%, .

ii) Suppose that 6 is neither one to one nor onto. For any a € D,., let
im(a) = {y1,...)r}. Since |im(0)| =r is finite and im(8) # X, there exists
1 <i <7 such that |y;a™t| > 2 . Notice that |[Y| =7 + 1, and so Y\{y;,...),-} #
@. Since 6 is not onto, C, = X\{xq, ..., x,} # @. If we replace s by r above, then
we see that B, y,- € D, 4, and that . * ¥, = «, as required. ®

Notice that S\S? # @ if 6 is not bijective. Indeed, we have y, € D,,; € S,
and if y, € S?, then by lemma 6.3.1 we get that r+ 1= |im(y,)| <7, a

contradiction. Hence y,. € S\S2. For any semigroup S, if A is a generating set of S,
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then it is clear that A contains S\S?2. If S\S? # @ is a generating set of S, then it is

now clear that S\S? is the unique minimum generating set of S.

Lemma 6.3.3. If 6 is neither one to one nor onto, then S\S? is the minimum
generating set of S.

Proof. Let a be any element of S. If & € S2, then |im(a)| < r by Lemma 6.3.1. So
a € D for some 1 < s <, and it follows from Proposition 6.3.2. that « € D?, ;.
Thus, we can write @ = A * A’ where A,1" € Dy, ;. We continue in this process to
obtain @ = A; * A, * ...x A, where A4,1,,..,; € D4, that is 4; € S% for all
1 <i <t Hence (S\S?) = S. From the above fact, we conclude that S\S? is the

minimum generating set. B

Form,n,r € N, we also fix |[X|] =m and |Y| =n for the rest of the

section, and som = |im(8)| = r.

Theorem 6.3.4. If 6 is neither onto nor one to one, i.e. ¥ < m and r < n, then

min(m,n)

n!S(m, k)
rank(GT(X,Y;0)) = =k
k=r+1

where S(m, k) is the Stirling number of the second kind.

Proof. First notice that if m > r since 0 is not onto, and n > r since 0 is not one to
one. Moreover, for every a € GT(X,Y;6), |im(a)| < min(m,n) since both
lim(a)| < |X| and |im(a)| < |Y|. From Lemma 6.3.3. it follows that S\S? is the

minimum generating set of S. From Lemma 6.3.1., we have

min(m,n)
S\S2 = {a€S:|im@)| =7 +1} = U {a € GT(X,Y;6): |im(a)| = k} .
k=r+1
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Forr+1 <k <n,let P,(Y) be the set of all subsets of Y with k elements. Recall
that for each U € P, (Y) , there exist k! S(m, k) surjective functions from X to U

where S(m, k) is the Stirling number of the second kind. Since |P, (Y) | = (Z), we

obtain
min(m,n)
rank(GT(X,Y;0)) = |S\S?| = U {a € GT(X,Y;0): |im(a)| = k}
k=r+1
min(m,n)
= > HaegT®Y;0):lim@)] = k|
k=r+1
min(m,n) min(m,n)
_ Z (n)k'S( k) = Z n!'S(m, k)
= ) o) = n—k)
k=r+1 k=r+1

as required. m

Suppose that € is onto, but not one to one. Then im(8) = X and m = |X| =
im(@)| =r <r+ 1. So, we have D,,, = { @ € GT(X,Y; 0):|im(0)| = m}. If we
take X = {1, ..., m}, then we have im(0) = {1, ..., m} and

1 .. m _ ,
D, = { ( ) :{v1, ..., ym} is a subset of Y with m elements} ,
yl ym

which is the set of all one to one transformations from X to Y. Notice that |[Y| =
m + 1. Now, foreach 1 < i < m, let B; = i@~1. Thus, {By, ..., B;,} is the set of all
kernel classes of 6, which is called the kernel partition of 6, and denoted by
Ker(0). Then, for any subset {y, ..., Vi, } of Y with m elements, if |{y,, ..., i} N
B;| = 1, then {y, ..., 1.} is called a transversal of Ker(0) = {Bj, ..., B, }. We note
thatim(a) € Y = Uj%, B; forall @ € GT(X,Y; 6). Now let
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Dm9 = {y € D,,:im(y) is a transversal of Ker(6)}.
With the above notations, we have the following result:

Proposition 6.3.5. For any a, § € D,,, the following statements are equivalent
DaxB E€D,,,

ii)a € DY,

iii) im(a * B) = im(B).

Proof. i) = ii) Suppose that @ * § € D,,,. To show a € Dmg assume that there are
two different elements i, j € X = {1, ..., m} such that both ia and ja are in the

same kernel class of 8, that is (ia)6 = (ja)0. Then, for any 8 € D,,, since

i(axp) = (({a)0)B = ((ja)o)B =j(axp),

it follows that a * f is not one to one, and so «a * § € D,,, which is a contradiction.
Therefore, a € Dme, as required.

ii) = iii) Suppose that a € Dme. Since im() is a transversal of Ker(8),
and im(@) = X, it follows that im(af) = X, and so im(a * ) = im(B).

iii) = i) It is clear. m

Theorem 6.3.6. If 6 is onto, but not one to one, i.e. ¥ = m < n, then

n
rank(GT(X,Y; 0)) = (m) .

Proof. Since 6 is not one to one, there exists B; € Ker(8) such that |B;| = 2. We
may suppose that |B;| = 2 and y;, V41 € By such that y; # y,,,4 and y; € B;

for each 2 < i < m. Also let P, (Y) = {V;: 1 < i < p} be the set of all subsets of Y
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with m elements where p = (;:l) Moreover, for each 1 < i < p, we fix an element

a; € D, such that im(a;) = Y;. In particular, we fix

. _(1 2 ---m—lm) N _(1 2 3. m)
1 Y2 Y3 Ym N1 z Y2 Ym+1 Y3 Ym/’

for Yy = {y1,¥2 ... ¥m} and Yo = {¥m+1, Y2 ..., i}, respectively.

Now we show that the set A = {@;: 1 < i < r} is a minimal generating set

of GT(X,Y; 6). First, observe that

aweo=(3 30T 1) ad @eo=(; 1375

Thus, a1 ¢ 8 = (12 ...m) is an m-cycle and a, o 8 = (12) is a transposition in S,,,.
It is a well-known fact that {(12...m),(12)}is a generating set for S,,, that is
Sm=(a1°60,a,00)=(12..m),(12)).

First notice that since |im(B)| <X = m for every g € GT(X,Y;0), it is
enough to consider D,,. For any 8 € D,,, there exists an element a € A such that
im(B) = im(a). Since a: X,, » im(B) = {if:1 < i < mj} is a bijection, the map
A: X, = X, defined by id = (iB)a~? for every i € X,,, is a permutation in S,,
such that § = Aa. Since A € (@, ° 8, a, o 0), there exists t € N such that

A= (a; 00)o(a;°0)0..0(a00),
where a; , @;,, ..., @;, € {a1, a,}. Moreover, since f = A o a, it follows that

B=(ay°0)c(a,°0)0..0(a;°0)ca

= a’il*aiz*...*ait*a ,
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and so B € (A). Therefore, it follows from Propositions 6.3.2. (i) and 6.3.5. that A
is a minimal generating set for GT (X, Y; 8). Moreover, it follows from Proposition
6.3.2. (iii) that im(B) = im(a). Thus, for any subset U of Y with m elements, there
exists @ € A € D,,, such that im(a) = U, and so A is a minimal generating set for

GT(X,Y; 6). Therefore, rank(GT(X,Y;0)) = [A|=p = (). =

Finally, if 8:Y — X is one to one, it follows from Theorem 6.1.2. that
GT(X,Y;0) and T(X,im(0)) are isomorphic. In addition, if € is also onto, then
GT(X,Y;0) and T (X) are isomorphic, and so

rank(GT(X,Y; 8)) = rank(T(X)) = 3,
for m = 3. When 6 is one to one but not onto we have the following corollary.
Corollary 6.3.7. If 6 is one to one but not onto, i.e. r = n < m, then
rank(gT(X, Y; 9)) =S(m, 1),

where S(m, r) is the Stirling number of the second kind. m

Finally, we have our main results as follows: if |[X] =m,|Y|=n, and
|im(8)| = r where m, n, r € N then;

( min(m,n) mS(m,k) if © is neither ontonor 1 — 1

k=r+1 (n—k)!

rank(GT (X, Y; 9))=% ™) if 0 is onto butnot 1 — 1
l S(m,r) ifisl—1land1 <r<m-1
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