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ABSTRACT

Ph. D. Thesis

GLOBAL BEHAVIORS OF SOME NONLINEAR DIFFERENCE EQUATIONS AND
SOME SYSTEMS OF RATIONAL DIFFERENCE EQUATIONS

Mehmet GUMUS
Biilent Ecevit University
Graduate School of Natural and Applied Sciences

Department of Mathematics

Thesis Advisor: Assoc. Prof. Yiiksel SOYKAN
June 2017, 77 pages

In this thesis, we give a systematic study of the local and global asymptotic stability of
equilibrium points, the periodic nature, the boundedness, the oscillation, the semi-cycle
analysis of positive solutions of some specific rational non-linear difference equations and
systems of difference equations.

The organization of this thesis is as follows:

Chapter 1 is a brief overview of what this thesis is about and also is an introduction of

difference equation theory.

Chapter 2 contains some basic definitions and results which are used throughout the thesis. In

this regard, this is a self-contained monograph.

In Chapter 3 some results will be given about the periodic character of positive solutions of



ABSTRACT (continued)

the difference equation x ,=a+x" ,/x?, for n=0,1.. where k>1 is an odd integer,

a, p,q € (0,0) and the initial conditions X ,,...,X, are arbitrary positive numbers.

In chapter 4 it will be studied the dynamical behaviour of positive solutions for a system of

rational  difference equations of the following form wu,,=au, ,/(B+V°, ),
Vo,=aVv, (B +yu ), for n=0,1,... where the parameters «,f,7,a, 5,7, P and the

initial values u_,,u ,,u,,Vv ,,V,,V, are positive real numbers.

In Chapter 5 it will be investigated the local asymptotic stability of equilibria, the periodic

nature of solutions, the existence of unbounded solutions and the global behaviour of

solutions of the rational difference equation X, = aX_ ., /(B+7X’ X! _.), for n=0,1,...
where the parameters «,f,7,p,q are non-negative numbers and the initial values

X_r2)1 X (razy 1+ Xo10 %o @€ POSitive numbers.

Keywords: Difference equation, recursive sequence, equilibrium point, global asymptotic

stability, oscillation.

Science Code: 403.06.01



OZET

Doktora Tezi

BAZI RASYONEL FARK DENKLEM SiISTEMLERININ VE LINEER OLMAYAN
FARK DENKLEMLERININ GLOBAL DAVRANISLARI

Mehmet GUMUS
Biilent Ecevit Universitesi
Fen Bilimleri Enstitiisii

Matematik Anabilim Dal

Tez Damismani: Dog. Dr. Yiiksel SOYKAN
Haziran 2017, 77 sayfa

Bu tezde, bazi1 6zel fark denklem sistemlerinin ve rasyonel lineer olmayan fark denklemlerinin
¢ozlimlerinin yar1 dongli analizi, salinimliligi, periyodiklik yapisi, smrlilifi ve denge
noktalarinin lokal ve global asimptotik kararliliginin sistematik bir ¢aligmasi verilmistir.

Bu tezin organizasyonu asagidaki gibidir:

Birinci boliim bu tezin ne ile alakali oldugu hakkinda kisa bir tanitim ve ayni zamanda fark

denklem teorisinin bir girisidir.

Ikinci boliim tez boyunca kullanilan bazi temel tanimlar1 ve sonuglari igerir. Bu baglamda, bu

boliim kendi kendine yeten bir bolimdiir.

Uciincii boliimde, keyfi pozitif baslangic kosullar: X e X, @, P, g€ (0,00) ve k>1 tek



OZET (devam ediyor)

pozitif tamsay1 igin x , =a+x" _ /x ¢

n !

n=0,1... fark denkleminin periyodiklik karakteri

hakkinda bazi sonuglar verilmistir.

Dérdiincii bolimde, keyfi pozitif baslangic kosullar1 U ,,U ,U,,V,,V ,,V, Ve pozitif

a,B,y,p,q parametreleriyle u ., =cau, ,/(B+° ,), V., =V, [(B+pru® ), n=01...

fark denklem sisteminin pozitif ¢ozlimlerinin dinamik davranislar1 ¢aligilmistir.

Besinci boliimde, pozitif baslangi¢ kosullart X_, ., X 10 X0s % V€ @, B,7,P,q negatif
olmayan parametreleri igin X, =aX . /(B+7X° X% 4.p), N=01L.. rasyonel fark

denkleminin ¢6ziimlerinin global davranisi, smirsiz ¢oéziimlerinin varlidi, ¢oziimlerinin

periyodiklik yapist ve denge noktalarinin lokal asimptotik kararliligi aragtirilmigtir.

Anahtar Kelimeler: Fark denklem, tekrarli dizi, denge noktasi, global asimptotik kararli,

salinimlilik.

Bilim Kodu: 403.06.01
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CHAPTER 1

INTRODUCTION

The investigation of the qualitative analysis of difference equations (or called recursive
sequences) and their systems is a fruitful research field and gainly attracts lots of math-
ematicians. Since lots of real-life phenomenon are modeled via difference equations, the
studies related to this field gain high important. Difference equations or discrete dynami-
cal systems theory is a various field which influences nearly every branch of both pure and
applied mathematics. Each difference equation r,,,1 = h(r,) settles a discrete dynamical
system or vice versa. Thus, the study of difference equations is equivalance to the study
of discrete dynamical systems. Applications of difference equations have emerged in lots
of real-life situations such as ecology, genetics in biology, geometry, physics, population
dynamics, psychology, sociology, engineering, economics, statistical problems, combina-
torial analysis, electrical networks, neural networks, probability theory, number theory,
resource management and so on (see [6, 9, 17]), for instance the difference equation
Znt1 = (a+02,)/(c+ 2,) which is known as Riccati Difference Equation, has many appli-
cations in mathematical biology and optics (see [1]). That is to say, as special non-linear
difference equations have become a research hot spot in mathematical modelling.

Studying of difference equations is not only valuable in its own right, but also it can
provide insights into their continuous counterparts, that is, the differential equations.
However, difference equations should not only considered as the discrete analogs of dif-
ferential equations. This is the fact that difference equations appeared much earlier than
differential equations and were instrumental in paving the way for the development of
the latter. In recent times, difference equations have started receiving the attention they
deserve. This is majorly due to the furtherance of computers where differential equations
are solved by using their approximate difference equation formulations. Especially, the
last quarter of the 20th century has witnessed great development in the theory of dis-

crete dynamical systems and difference equations because of its application in nearly all



branches of mathematical and life sciences.

We can state that thanks to some computer programs, for example Mathematica, Matlab
etc., researcher can be readily informed about a difference equation and he can readily
find out that this equation own fascinating features with a large deal of structure and
regularity. We also state that analytically all computer observations and predictions must
also be proven.

The difference equations investigation is rather compeller and awarding. There are two
ways to study non-linear difference equations, first one is giving the exact expression of
all solutions. Second one is studying the qualitative analysis such as asymptotical stabil-
ity using the linearized method, semicycle analysis, oscillatory behavior, the periodicity,
global behavior and so on.

At the same time, more and more attention is paid to systems of rational difference equa-
tions composed by two or more rational difference equations. The single equation seems
simple, but the coupled ways of systems are diverse and thus such systems have no fixed
ways to follow to investigate their behavior.

Rational sequences (or rational recursive sequences) are also called rational (or recursive)
difference equations. These equations mostly seem very simple and their properties of so-
lutions can also be observed by computers’ simulations, however, it is exceedingly difficult
to prove analytically the properties observed and conjectured by computers’ simulations.
Therefore, the qualitative analysis of recursive difference equations has been the target
of recent study.

The aim in this thesis is to research a systematic study of the global behavior of solutions
of some specific rational non-linear difference equations and systems of difference equa-
tions.

Chapter 1 is a brief presentation of what this thesis is about and also is an introduction
and a preliminary of difference equation theory.

Chapter 2 contains some basic definitions and some important results which are used
throughout the thesis. In this regard, this is a self-contained section.

In Chapter 3 some results will be given about the periodic character of positive solutions

of the difference equation

p

T

—k

xn+1:a+;—q, forn=20,1,...
n



where

E>1

is an odd integer,

a,p,q € (0,00)

and the initial conditions
T ks, T

are arbitrary non-negative numbers.
In Chapter 4 it will be studied the dynamical behavior of positive solutions for a system

of rational difference equations of the following form

ATp—1 y o A1Yn—1
5 s Unt1 = 5 —
B+ yyh_, By + 112h_s

where the parameters

Tpi1 = forn=0,1,...

a7ﬁ777a17ﬁ17’717p € (07 OO)

and the initial values

T_2,T-1,T0,Y-2,Y-1,Yo0

are non-negative real numbers.
In Chapter 5 it will be investigated the local asymptotic stability of the equilibrium
points, the periodic nature of solutions, the existence of unbounded solutions and the

global behavior of solutions of the non-linear difference equation

ATp—(k+1)

B4 VT T (es2)

Tptl = , forn=0,1,..

where the parameters
a,B,7,p,q € (0,00)

and the initial values
T_(j+2), T (k1) s T—1, Tg € RT.

The following two subsections contain some recent important studies about difference

equations which have taken turn to our studies in this thesis.



1.1 LITERATURE SUMMARY FOR NON-LINEAR DIFFERENCE EQUA-
TIONS

In this subsection, we will give some important studies about the qualitative behavior of
nonlinear difference equations in recent literature.

In [21], Amleh et al. studied the global asymptotic stability, the periodicity and the
boundedness character of all positive solutions of the recursive sequence

$n+1:b+xn_1, n=0,1,... (1.1)
T

where b is positive, and the initial values x_, x¢ are positive numbers.
In [22], Stevic investigated the boundedness character, the oscillation, the global asymp-
totic stability and the periodic nature of all positive solutions of the rational difference

equation

xT‘
Tpir=a+ "= n=0,1,... (1.2)
T

where a,7 € (0,00), and the initial values z_;, zo are non-negative numbers (see also [23]
for more results on this equation).

In [24], Devault et al. studied dynamical behavior, that is, the boundedness nature, the
global asymptotic stability and the periodicity of all solutions of the non-linear difference
equation

o= A+ p=o0,1,.. (1.3)
Tn

where A is positive,
1€{2,3,...}

and the initial conditions
Ty X gq1y s T 1, T

are non-negative numbers.
In [30], Papaschinopoulos et al. investigated the boundedness character, the global as-
ymptotic stability and the periodicity of all positive solutions of rational recursive se-
quence

x

k
Tpir =B+ 22 n=0,1,... (1.4)
s

l
n



where 3, k, [ are positive, and the initial conditions z_1, xog are positive numbers.
In [38], El-Owaidy et al. investigated the global behavior of the following rational differ-
ence equation

ATp—1
D )
6 + VT2

with non-negative parameters and non-negative initial values.

Tpy1 = n=20,1,... (1.5)

By generalizing the results due to El-Owaidy et al. [38], in [34], Chen et al. studied the
dynamical behavior of the following rational difference equation

AT

_OTnk g (1.6)
B+,

Ipt1 =
where
k,leN,

the parameters are positive real numbers and the initial values
T max{k,}, - - - T—1, %o € (0, 00).

In [62], Ahmed studied the dynamical behavior of the following rational difference equa-
tion

ATp—1

k
B+ H Ty
i=l

Tpyl = , n=0,1,... (1.7)

where the parameters are non-negative real numbers and the initial values are non-
negative real numbers.

In [27], Erdogan et al. investigated the dynamical behavior of positive solutions of the
following higher order difference equation

ATp—1

t t ’
B+ E Tp_ok H Tp—2k
k=1 k=1

where the parameters are non-negative real numbers and the initial values are non-

n=01,... (1.8)

Tnt1 =

negative real numbers.

In [66], Karatas investigated the global behavior of the equilibria of the following difference

equation
Amn—m
M e Y] s n = O, 1, Ce (19)
B+C [ wa-i
i=0



where the parameters are non-negative real numbers and the initial values are non-

negative real numbers.

1.2 LITERATURE SUMMARY FOR DISCRETE DYNAMICAL SYSTEMS

In this subsection, we will give some studies about dynamical behavior of systems of
rational non-linear difference equations in recent literature.
In [46], Papaschinopoulos and Schinas generalized the results concerning equation (1.1)

to the system of two nonlinear difference equations

T .

In+1:()é+ nlayn+1:a+yn 15 n:()ul?"' (110)
n 'r?’l,

where « is a non-negative constant and the initial values

T_;,Y—i € (O, OO), 1=0,1.

In [45], Papaschinopoulos and Schinas studied the system of two non-linear difference

equations

= A+ = AT =01, (1.11)
Tn—p Yn—q

where

A € (0,00)

and p, g are positive integers.
Taking reciprocals of the fractions (1.11) and letting p = ¢, the following system
_ Ln—p _ Yn—p _
Tpni1=A+— Y1 =A+—, n=0,1,... (1.12)
n xn
is obtained which was investigated in [55] by Zhang et al.

In [57], Zhang et al. studied the behavior of the symmetrical system of rational difference

equations

%H:A+%HZ%H:A+t”,n:QLW (1.13)
where

A € (0,00)



and the initial conditions
T_iy—i € (0,00), i=0,1...,p.

In [47], Papaschinopoulos and Papadopoulos studied some properties of the following

System

Tpi1 =+ xil ,yn+1zﬁ+xyf , n=0,1,... (1.14)
where

A € (0,00)

and the initial values
Ty, y—i € (0,00), i =0,1...,m;

while in [59], Camouzis and Papaschinopoulos studied the system (1.14) for the case

in [56], Zhang et al. investigated the system (1.14) taking reciprocals of the fractions and

a=pf.

In [50], Bao studied local stability, oscillatory character of positive solutions to the system

of the two non-linear difference equations

Tp—1 ! Yn—1 !
Tpi1 =P+ y Yni1 =P+ , n=0,1,... (1.15)

Yn Tn

where

p € (0,00), q € [1,00),
the initial conditions

T y—; € (0,00), i =0,1.

In [58], Zhang et al. generalized the results concerning equation (1.14) to the system of

rational difference equations

Tni = 04— Yy = b = n=0,1,... (1.16)

Z@':l Yn—i Zizl Tp—i



where

a,b € (0,00)

and the initial conditions
T_iy—i € (0,00), i =0,1,...k.

In [53], Yalcinkaya and Cinar investigated the global asymptotic behavior of solutions of

the following system of difference equations

ty + 2Zn—1 Zn + a1
Zpg1 = ———, tpy1=—, n=0,1,... 1.17
1 thzn-1 + « + Zntn_1 + @ ( )

where

a € (0,00)

and the initial values

2k, te € (0,00) for k= —1,0.

In [60], Sroysang studied the solutions, the stability character and the asymptotic behavior

of the system of difference equations

Tn—m+1 Yn—m+1
Tyt =  Ynil = . n=0,1,... 1.18
i A + YnYn—1" " Yn—m+1 Yot B + TpTn—1-*** Tn—m+1 ( )
where
A, B € (0,00)

and the initial conditions are arbitrary positive numbers.
In [41], Khan and Qureshi studied the qualitative behavior of the following two systems

of difference equations

AL p_k A1 Yn—k
Tpil = ————5— Ynt1 = , n=0,1,... (1.19)
B+ 'Vyifqu By + 7137%4%1
and
AlYn—k A1 Tp—k
Tpp1=———  Ypp1 = —— 55—, n=01,... 1.20
" b+ Cx?kkJrl " by + Clyi—kﬂ ( )

where the parameters

aaﬁvfyaalvﬁb’)/laaw ba ¢, as, b17cl



and the initial conditions are positive real numbers.
In [43], Kurbanl et al. studied the behavior of positive solutions of the following system

of difference equations

Tn—1 Yn—1
It = 01, 1.21
YnTn—1 + 1 Yot TnYn—1 + 1 ( )

Tpy1 =
where the initial conditions are arbitrary non-negative real numbers.

In [54], Zhang et al. studied the dynamical behavior of positive solutions for a system for
third-order rational difference equations

Tn—2 y _ Yn—2
B + ynyn—lyn—Q7 e A + xnxn—ll‘n—Q,

n=0,1,.... (1.22)

Tnt1 =
In [36], Din et al. studied the dynamics of a system of fourth-order rational difference
equations

ATp—3 y . a1Yn—3
y Yn+1 — 5
B + VYYnYn—1Yn—2Yn—3 - 51 + V1TnTn-1Tp—2Tn—3

Tt = n=01,.... (1.23)

In [49], Touafek and Elsayed investigated the behavior of solutions of systems of difference
equations

Tn—3 y _ Yn—3
1t 2, 3y, T 1y

Tpi1 = n=0,1,... (1.24)

with a non-zero real number’s initial conditions.

In [48], Papaschinopoulos and Schinas studied the boundedness, the persistence of pos-
itive solutions, the existence of a unique positive equilibrium and the global asymptotic
stability of the positive equilibrium of the following system of difference equations

k k

Tni1 :ZF7yn+1:Z D n=01,... (125)

i=0 Jn—i i=0 “n—i

where
A, B, 1€{0,1,...,k},

I’i,yl‘,i = —k‘, —k + 1, ,0

are positive numbers and
Di, Q’MZ = 07 ]-a [ERE) k

are positive constants.
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CHAPTER 2

THE GENERAL DEFINITIONS AND THEOREMS ABOUT
DIFFERENCE EQUATIONS

In this chapter, we state some definitions and theorems used in this thesis. For details,
see [2-17].

Definition 2.1 (Difference Equation) ([2]) A difference equation of order (k + 1) is an

equation of the following form
Tp+1 :f<xn7xnfla"-7xnfk); 77,:0,1,... (21)

where f is a continuously differentiable function that maps some set I** into I. The set
I is usually an interval of real numbers, or a union of intervals, or a discrete set such as

the set of integers

Z=1{..,-1,01,...}

For any conditions

T pyoo., 1,29 €1,

the (k + 1)—order difference equation (2.1) has a unique positive solution {x,}5° _,.

Definition 2.2 (Discrete Dynamical System) ([2]) An m-dimensional discrete dynamical

system is a system of the following form

Tp4+1 = fl(xn; Tp—15++sLpn—myrYnr,Yn—1,- - - ;yn—m)y (2 2)
Yn+1 = f2<xn7 Tp—15++sTn—myrYn, Yn—1, - - - 7yn—m)7
where

fi I ot
and
fo: I It T

11



are continuously differentiable functions and I, Is are some intervals of real numbers.

o0
n=—m

Also, a solution {(x,,yn)} of system (2.2) is uniquely determined by initial values

(‘T,Z',y,i) € Il X 12 fO’/’?: = 07 1, oo, m.
2.1 STABILITY AND GENERAL BACKGROUND

The following two definitions deal with the fixed point of function or the equilibria of

equation.

Definition 2.3 ([4]) An equilibrium point of Eq.(2.1) is a point T that satisfies
T=f(T,%,...,T)

The point T is also said to a fixed point of the function f.

Definition 2.4 ([3]) An equilibrium point of system (2.2) is a point (T,7) that satisfies

T = f(z,z,....,5,9,7,...,7)

g = f2<§7f7"'7f7y7y7"'7y)'

Together with the system (2.2), if we consider the associated vector map

F = (flaxnaxn—lv s 7xn—m7f27ynayn—l7 o 7yn—m)7

then, the point (Z,7) is also called a fixed point of the vector map F .

Definition 2.5 ([3/) Let T be a positive equilibrium of (2.1).

(i) T is stable if for every ¢ > 0, there is & > 0 such that for every positive solution
{2,322 4 of (2.1) with Y0, |v; —F| < 6, |v, —T| < ¢ holds for n € N. If the equilib-
rium point T is not stable, then it is called to be unstable.

(i) T is locally asymptotically stable if T is stable and there is ~y > 0 such that
limz, =7

holds for every positive solution {x,}°> . of (2.1) with

0

Z |z, — | < 7.

i=—k
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(1i) T is a global attractor if
limz, ==

holds for every positive solution {x,}>° , of (2.1).
(iv) T is globally asymptotically stable if T is both stable and global attractor.

Definition 2.6 (/5]/) Let (Z,7y) be an equilibrium point of the system (2.2).
(i) An equilibrium point (T,7y) is called to be stable if for every e > 0, there exists 6 > 0
such that for every initial values (x_;,y_;) € Iy X Iy, fori=0,1,...,m with

0
Y a3 < 4

1=—m

0
Z |yl_y‘ < 57

i=—m

implies
|z, —T| < e,
lyn =7 < &,

foralln > 1.
(ii) If an equilibrium point (T,7) is not stable, then it is called to be unstable.

(iii) If an equilibrium point (Z,7) is stable and there exists v > 0 such that

0
Yol =3 < v,

i=—m

0
2 vyl <y

1=—m

and
(Tn, Yn) — (T,7) as n — oo,

then, it is said to be asymptotically stable.
(iv) If the following condition

lim (%n, yn) = (Ea y)?

n—o0

holds, then, the equilibrium point (T,7) is said to be a global attractor.
(v) If an equilibrium point (T,7) is both global attractor and stable, then, it is said to be
globally asymptotically stable.

13



Definition 2.7 (Linearization Method) ([2])

The linearized equation of (2.1) about the equilibrium point T is

Ynt1 = PoYn + P1Yn—1+ -+ DkYnk, n €N (2.3)
where
o (@,7,....7)

DPo 81'” y by ) )

o (z,7,...,7)
P1 a.rn_l y Ly 9 )

o (z,7,....7)
Dk 837n7k s by 3

The characteristic equation of (2.3) is
>\k+1 — p())\k — pl/\ki1 — .. — P = 0. (24)

Definition 2.8 (Linearization Method for a discrete dynamical system) ([3])
If (z,7) be an equilibrium point of a map F' = (f1,%n, .-, Tonem, 2, Yns - - - s Yn—m) where fi
and fy are continuously differentiable functions at (T,y). The linearized system of system

(2.2) about the equilibrium point (T,7y) is

X1 = F(X,) = BX,,

where
xn
:Cnfm
X, =
Yn
Yn—m

and B is a Jacobian matrix of the system (2.2) about the equilibrium point (Z,7).

The following result, known as the Linearized Stability Theorem, is very useful in deter-

mining the local stability character of the equilibrium point T of equation (2.1).

14



Theorem 2.1 (The Linearized Stability Theorem) ([4])

Assume that the function F' is a continuously differentiable function defined on some open
netghborhood of an equilibrium point T. Then, the following statements are true:

(i) If all roots of (2.4) have absolute value less than one, then the equilibrium point
T of (2.1) is locally asymptotically stable. In this case the locally asymptotically stable
equiltbrium point T 1s also called a sink.

(i) If at least one of the roots of (2.4) has absolute value greater than one, then the
equilibrium point T of (2.1) is unstable. Also, the equilibrium point T of (2.1) is called a
saddle point if (2.4) has roots both inside and outside the unit disk.

(7ii) The equilibrium point T of (2.1) is called hyperbolic if no root of (2.4) has absolute
value equal to one. If there exists a root of (2.4) with absolute value equal to one, then
the equilibrium T is called non-hyperbolic.

(iv) An equilibrium point T of (2.1) is called a repeller if all roots of (2.4) have absolute

value greater than one.

Theorem 2.2 ([5]) For the discrete dynamical systems, the following cases occur;

(i) For the system

Xpi1 = F(X,), n=0,1,...

Y

of difference equations such that X is a fized point of F. If all eigenvalues of the Jocobian

matriz B about X lie inside the open unit disk
Al <1,

then, X is locally asymtotically stable. If one of them has a modulus greater than one,
then X is unstable.

(ii) For the system
Xo1 = F(X,), n=0,1,...,

of difference equations such that X is a fixed point of F. If no eigenvalues of the Jocobian
matriz B about X has absolute value equal to one, then X is called hyperbolic. If there
exists an eigenvalue of the Jocobian matriz B about X with absolute value equal to one,

then X is called non-hyperbolic.

15



We will give in the following theorem which is mentioned Linearized Stability Theorem

for a second order difference equations.

Theorem 2.3 (Linearized Stability Theorem for a second order equation) ([4])
Consider the difference equation

Tpt1 = g(Tp, 1), n=0,1,....

The linearized equation of this equation about the equilibrium point T is

Yn+1 = PYn + qYn—1 (25)
where

dg _ _
T o (T,7).

The characteristic equation of the linear equation is
N —pA—q=0. (2.6)

Then, the following statements hold;

(a) If both roots of Eq.(2.6) have absolute values less than one, then the equilibrium T of
Eq.(2.5) is locally asymptotically stable.

(b) If at least one of the roots of Eq.(2.6) has an absolute value greater than one, then T
18 unstable.

(¢) Both roots of Eq.(2.6) have absolute values less than one if and only if
Ip| <1—¢g<2.

In this case, T 1s locally asymptotically stable.

(d) Both roots of Eq.(2.6) have absolute values greater than one if and only if
1 <|q| and |p] <[1—q|.

In this case, T is a repeller.
(e) One root of Eq.(1.4) has absolute value less than one while the other root has absolute

value greater than one if and only if
0<p*+4qand |p| > |1 —q|.

In this case, T is unstable and is called a saddle point.

16



The following theorems state necessary and sufficient conditions for all the roots of a real

polynomial of degree two, three, or four, respectively, to have modulus less than one.

Theorem 2.4 ([2]) Assume that oy and o are real numbers. Then, a necessary and

sufficient condition for all roots of the equation
Nt+ad+ag=0

to lie inside the unit disk is

lag| < 14 o < 2.

Theorem 2.5 ([2]) Assume that as, oy, and g are real numbers. Then, a necessary

and sufficient condition for all roots of the equation
Nt a4+ +a=0
to lie inside the unit disk 1s

|042+OZ()| < 1+C¥1,

’062—3040| < 3-&1,
and
Oég—i—Oél — apag < 1.

Theorem 2.6 (/2]) Assume that as, as, oy, and o are real numbers. Then, a necessary

and sufficient condition for all roots of the equation
M4+ a3\ + a2+ a4+ ag =0
to lie inside the unit disk is

’061‘1'053’ < 14 ap+ as,
|O./1—O./3| < 2(1—0&0),

as —3ag < 3,
and
oy + oo + ozg + a% + agag + aoag < 1+ 2apa9 + ayag + agaiasz + ozg.

17



Theorem 2.7 (Clark theorem) ([20]) Assume that py,pa,....pr € R and k € {1,2,...}.
Then,

k
Z Ipi| <1

i=1
is sufficient condition for the asymptotic stability of the difference equation (2.3).
Theorem 2.8 (Clark theorem) ([20]) Assume that a,b € R and k € {0,1,...}. Then,
la| + |b] < 1
1s a sufficient condition for the asymptotic stability of the delay difference equation
Zna1 —aZp + b2z, =0, n=0,1,....

Suppose in addition that one of the following two cases holds;
(a) k is odd and b < 0.

(b) k is even and ab < 0.

Then,

la| + |b] < 1
1S a also necessary condition.

Theorem 2.9 ([20]) Assume that q € R and k € {0,1,2,...}. Then, the delay difference

equation
Tptl — T + QT =0, n=0,1,...
1s asymptotically stable if and only if

0 <q<2cos

m
2k +1°
Theorem 2.10 (/20]) Assume that b > 0 and k is even. Then, the delay difference

equation
Zny1 + 0z, — bz, =0,n=0,1,...
is asymptotically stable if and only if

0<b< ———.
2cos(ki+2)

18



The so-called Schur-Cohn criterion provides necessary and sufficient conditions for all

roots of the equation
P(\) = aoA" + X" 4 ap A+ @, = 0 (2.7)

with real coefficients to lie in the open disk |A\| < 1.
Before we can explain the Schur-Cohn criterion, we need the so-called Routh-Hurwitz

criterion.

Theorem 2.11 (Routh-Hurwitz criterion) ([3])

Assume that
Xn+1 = F(Xn)7 n = 07 17 A3

is a system of difference equations and X is a fived point of F, the characteristic poly-
nomial of this system about the equilibrium point X is (2.7) with real coefficients and

ag > 0. Then all roots of the polynomial P(\) lie inside the open unit disk |\| < 1 if and
only if

Ar>0fork=1,2...,n

where Ay is the principal minor of order k of the n x n matrix

a; az ag --- 0
apg ag Q4 - 0
An = 0 ay as --- 0
0 0 0 - a,

Theorem 2.12 (Schur-Cohn criterion) (/3])

The equation
PA) =\ " +a " P+ ap A Fa, =0
has all its roots in the open unit disk |\ < 1 if and only if the equation

P<Z+1):O
z—1

has all its roots in the left-half plane

Re(z) < 0.
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2.2 PERIODICITY, BOUNDEDNESS AND INVARIANT INTERVALS

In this section, we state the definitions of bounedness, periodicity, invariant intervals
and basin of attraction in the theory of difference equations which are some dynamics of

difference equations.

Definition 2.9 ([4]) A solution {z,}°_, of Eq.(2.1) is bounded and persists if there

exist positive constant P and () such that
P<uz,<Q
form=—-k, —k+1,....

Definition 2.10 (Basin of Attraction) (/3]) Consider the equilibrium point T of Eq.(2.1).

The basin of attraction of the equilibrium T is the set M of all initial conditions

(g, ..., T0)

through which the solution of Fq.(2.1) converges to the equilibrium.

Definition 2.11 (Invariant Intervals) ([17]) I is an invariant interval for Eq.(2.1) if
T py..o.,Xg €1,

then,

x, € 1.

An interval might eventually an invariant. That is, J is an invariant interval for Eq.(2.1)
if

TNy TNt1 - TNk € J

for some N > 0, then,

T, € J

for every n > N.

Definition 2.12 ([{/) Any solution {x,}5° _, of Eq.(2.1) is said to periodic with period

p if there exists an integer p > 1 such that
Tptp = T, for alln > —k.

Any solution is called periodic with prime period p if p is the smallest positive integer for

which the condition above holds.
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2.3 OSCILLATION AND SEMICYCLE ANALYSIS

In this section we will give some definitions of various notion of oscillation and statements
of all the results in oscillation theory which we will need throughout the thesis. Also,
we state that a semi-cycle analysis of the solutions of a difference equation is a powerful
tool for a detailed understanding of the entire character of solutions and often leads to

straightforward proofs of their long term behavior.

Definition 2.13 (/3]) Any solution {x,}>° , of Eq.(2.1) is said to non-oscillatory so-
lution if there exists ng > —k such that either

Tp > T for all n > ng

or

Tp < T for all n > nyg.

Also, {z,}5° . is said to an oscillatory solution if it is not a non-oscillatory solution.
Definition 2.14 (/3]) A positive semicycle of a solution {x,}> _, of Eq.(2.1) consists
of a “string” of terms

{z, 2101, .., xm}

all greater than or equal to T, with | > —k and m < oo, such that

either l = —k orl > —k and x;_1 <7T

and

either m =00 orm < o0 and Tp,41 < 7.

Definition 2.15 (/3/) A negative semicycle of a solution {x,}>> . of Eq.(2.1) consists

of a “string” of terms

{z), x40, ..., T}

all less than @, with | > —k and m < oo, such that
either l = —k orl > —k and z;_1 > 7T
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and
either m = o0 orm < o0 and Typiq > T.

Definition 2.16 (/9/) Let T be an equilibrium point of Eq.(2.1). Then, the solution
{zn}2 4 of Eq.(2.1) with

Tp =2 for alln > —k

1s called a trivial solution. A trivial solution has only one semi-cycle, namely, the positive

semi-cycle

This semi-cycle is called a trivial semi-cycle.

Definition 2.17 ([5/) A function x, (resp. y,) oscillates about T (resp. ) if for every
¢ € N there exist p,v € N, p > ¢, v > ¢ such that

(v, —Z)(x, —T) <0 (resp.(y, — Y)(y» —7) <0).

A solution {(zn,yn)} of system (2.2) oscillates about (T,y) if x, oscillates about T or ys,

oscillates about 7.

Definition 2.18 (/53]) A "string" of sequential terms

{xp, ...,z } (resp. {yu, ...,y }),

u> —1,v < oo is called to be a positive semi-cycle if x; > T (resp. y; > 7y), 1 € {u,...,v},
Ty—1 < T (resp. Yu—1 <Y), and 41 < T (resp. yp41 < 7).

A "string" of sequential terms

{0} (resp. {yu, ..,y }),

> —1, v < oo is called to be a negative semi-cycle if x; < T (resp. y; < ), i €

x
{/JH R V}: Tp—1 > (resp. Yu—1 > y); and Tyl > (resp. Yo+ > ﬂ)

A "string" of sequential terms

(@ yu), - (2 00) s
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w>—1, v < oo is called to be a positive semi-cycle (resp. negative semi-cycle) if both

{xp, ... 2}
and
{y,ua e 7yl/}

are positive semi-cycles (resp. negative semi-cycles).

A "string" of sequential terms

(@ ), (@0

pw > —1, v < oo is called to be a positive semi-cycle (resp. negative semi-cycle) with

respect to x,, and negative semi-cycle (resp. positive semi-cycle) with respect to y, if
{zy, ... 2}

is a positive semi-cycle (resp. megative semi-cycle) and

(Y- yw}

is a negative semi-cycle (resp. positive semi-cycle).

Theorem 2.13 (/3/) Consider the linear homogeneous difference equation

k
Totk + 2, GTnik—i =0, n=0,1,... (2.8)
i=1
where k is a nonnegative integer and

¢ €R, fori=1,... k.

Then, the following statements are equivalent:
(i) Every solution of Eq.(2.8) oscillates.

(i) The characteristic equation of Eq.(2.8)
k A

/\]€ + Z qi/\k_Z =0
i=1

has no positive roots.
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Corollary 2.1 ([3]) Assume that p € R and k is a nonnegative integer. Then, every

solution of the delay difference equation

Yntl — Yn +DYn—r = 0,1,...

oscillates if and only if

p>1lifk=0
and
Kk ,

2.4 GLOBAL ATTRACTIVITY OF THE EQUILIBRIUM POINTS

In this section we present some important theorems about the global behavior which will
be useful in the sequel.

Especially, the following theorem is a very useful result which is mentioned Negative
Feedback Condition about the global behavior of solutions to prove the global attractivity

of the equilibrium points.

Theorem 2.14 ([3]) Consider the difference equation (2.1) where

f € C[(0,00)*, (0, 00)]

18 increasing in each of its arguments and where the initial conditions
T fye ey T

are positive real numbers. Assume that Eq.(2.1) has a unique positive equilibrium T and

suppose that the function h defined by

h(z) =g(z,...,x), z € (0,00)

satisfies the negative feedback condition:

(h(z) —z)(z —T) <0, forx#T.

Then, T is a global attractor of all positive solutions of Eq.(2.1).
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The following comparison result is a very useful tool in establishing bounds for solutions of
nonlinear difference equations in terms of the solutions of equations with known behavior,

for example, linear or riccati.

Theorem 2.15 (Comparison Theorem) ([2])

Let m be a non-negative integer, let ag, aq, ..., ayy, be non-negative real numbers and let 3

n=—m?’

be a real number. Suppose that {x,}>° {yn}o2 . and {z,}32 .. are sequences of real

numbers such that
xnéynézn;forall _méngo
and such that

Tn+1 S QoTn + A1Tp—1 + ...+ Oy Lp—m + 6
Yn+1 = QOYn + O1Yp—1 + .. + CYp—m + B

Zntl > QpZp +01Zp_1 + o+ Q2 + B
for alln=0,1,..., then

Tn < Yn < 2y, forall —m < n.

Lemma 2.16 [2] Let o« > 0 and € R . Suppose that {u,}, {v,} and {w,} are sequences

of real numbers such that
up < vp < wo

and

un+1§aun+ﬁ
Upt1 < av, + , n=0,1,....

wn+1 S AWy, + 6

Then

Up LUy < Wy, n=0,1,....

Theorem 2.17 (/3]) Assume that all the roots of the polynomial
Pt)=tN — stV — . — sy
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where s1, Sa, ..., sy > 0, have absolute value less than 1. If {z,} is a nonnegative solution

of the inequality
Ty N < S1Tpp N1+ oo T SNTn + Yn

where y, > 0, forn =0,1, ..., then the following statements are true:
(o) o)

i) If > y, converges, then Y x, converges.
n=0 n=0

i) If y_n 18 bounded, then x, is bounded.

i) If lim,, .y, = 0, then lim, .z, = 0.
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CHAPTER 3

THE PERIODIC CHARACTER OF ALL SOLUTIONS OF A RATIONAL
DIFFERENCE EQUATION WITH DELAY TERMS

Firstly, we state that the results of this chapter are cited from [29] which has been
published by us. See also [21-30] for more results.

3.1 INTRODUCTION AND PRELIMINARIES

In this chapter, we will give some important results about the periodic character of

positive solutions of the non-linear delay difference equation

ﬂjp
Tny1 =4+ 2 n=0,1,..., (3.1)

]
where

kE>1

is an odd integer,

a,p,q € (0,00)

and the initial conditions

Tk Tftly,---,T-1,20

are arbitrary positive real numbers. Eq.(3.1) was studied by many authors for different
cases of k,p,q. There exist many papers related with Eq.(3.1) and on its extensions (see

21, 22, 24, 28, 30]).

In [30], the authors studied the special case of k = 1 of Eq.(3.1), that is, the recursive

sequence
Ty_1
Tppi=a+— n=0,1,..., (3.2)

q
n
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where «a, p, g are positive, and the initial values z_1, x¢ are positive real numbers.

In [28], the authors have obtained the periodicity results of positive solutions of Eq.(3.1).
They have investigated the existence of a prime periodic solution of Eq.(3.1). But they
have not investigated the positive solutions of Eq.(3.1) which converge to a prime two
periodic solution.

Our aim in this chapter is to obtain some results about the periodic character of all
positive solutions of Eq.(3.1). The most important finding here is that for the odd number
k, all positive solutions of Eq.(3.1) converge to a prime two periodic solution.

The linearized equation for Eq.(3.1) about the positive equilibrium 7 is

Yni1 + @@ Ty, —pEP Ty, =0, n=0,1,.... (3.3)
We have the following three lemmas which are essentially given from [28, 30].

Lemma 3.1 Assume that

p€(0,1). (3.4)
Then, every positive solution of Eq.(3.1) is bounded.

Lemma 3.2 Let k be odd. Then, Eq.(3.1) has prime two periodic solutions if and only
if
0<p<l<yg (3.5)

and there exists a sufficient small positive number €1, such that

1

— a5 > €1
(aten)a™ (3.6)
(a+ )P < a+ ey o+ ey P
Lemma 3.3 If either
<qg<p< .
0 1 3.7
or
0<p<gq (3.8)

hold, then, Eq.(3.1) has a unique equilibrium point T.
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3.2 MONOTONIC CHARACTER OF SOLUTIONS

In the following theorem, we will obtain the monotonic character of solutions of Eq.(3.1).

This result will be a very powerful instrument in our main result.

Theorem 3.4 Let k be odd in Eq.(3.1). For every positive solution {x,} of Eq.(3.1)
which satisfies the following initial conditions, the sequences {xa,} and {xa,11} are even-

tually monotone.

Proof. From Eq.(3.1), we obtain

q P P p q q
o o(Th g — Th_poa) + Ta (T30 o — 73,)
Topt1 — Top-1 = (ConTon ) (3.9)
and
xd (b —ah + x5 xd =l
Tonios — Tap = 2n 1( 2n—k+1 2n—k—1) 2n—k—1( 2n—1 2n+1) ' (31())

(Ton41T2n—1)7

It
kE—1
T k421 > T k4202 Vi = 17 27 ) T
and
E+1

T pqostl < Topyos—1 Vs =1,2,.., 5
from which (3.9) and (3.10) we obtain

T3 > I

and consequently

Ty < T9.

By induction we obtain

Lo > Tg > .. 2 Top = ...

and

e 2 Topyl 2 Top1 = o = T
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Similarly if

k—1
Topyor ST VI=1,2,., 5
and
k+1
T—k+2s+1 Z L _k42s5—1 VS = ]-a 27 ceey Ta

from which (3.9) and (3.10) using induction we obtain

ZL'()S{EQ S <{L‘2n§

and
v S Topg1 S Top1 <o S 29

If

E—1
T k421 > T k4212 Vi = 17 27 ) T

and

kE+1
T 2641 = Topqos—1 VS =1,2,.., —

and
T > I3,
we can obtain from (3.9) and (3.10)

l‘oSIQS...<ZL‘2

— n

<..

and

e L xopy1 K Topo <o Z 1.
Hence, we may assume that

Topto 2 Toppo—z VI=1,2,.. ——,

E+1
L —k+2s+1 Z T —k+2s—1 Vs = 17 2) ey T N

T3 > I1
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and

Ty > T4,

then,

To > oo 2> Top > ...
and

e 2 Topyl = Tap1 = e 2= T

So, we may assume that

k—1
T pyor 2 T2 VI=1,2,., —
k+1
T pqostl = Topyos—1 VS =1,2,.., —
T3 > T
and
) S ZTy.

By induction we obtain the result in this case. The case

k—1
Topgp S Tpyo—a VIi=1,2,.., 5
and
k+1
Topyosl < Topgos—1 VS =1,2,.., 5

can be treated similarly. This completes the proof. =

3.3 AN OSCILLATION RESULT

The following result is essentially proved in [30] for & = 1 of Eq.(3.1). We will obtain the

same result for odd integer k& which is greater than 1.

Lemma 3.5 Consider Eq.(3.1) where (3.5) and (5.6) hold and k is odd. Let {x,}>>
be a solution of Eq.(3.1) such that either
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O < Ty g2,y ooy T < €7,

~1/ (3.11)
(a+e)Pliey " <& g1, @ gys, o, To
or
O < T fpg1, Ty 3y oy Lo < O+ €7,
k+1 1 k+3 0 1 (3.12)
(Ot + gl)p/qgl_ /i < Xfy Lokt 2y -3 T—1
Then, if (3.11) holds, we have
o< Top—1 < &+ €y,
2t Uobon=01., (3.13)
Top > (a0 + &1)P/%e7 9,
and if (3.12) holds, we have
a < Ty < v+ €7,
’ '  n=0,1,..,. (3.14)

—1
Ton_1 > (a4 &1)P/%; /q,

Proof. Firstly, assume that (3.11) holds. Then from (3.6) we have

i (a+ep)?
a < m=a+—g <ate——L =a+te
Lo (05+€1)p
p
x - —
T = o+ % >a+ (a+ 51)(p27q2)/q€1p/q > (a+ 61)p/q€1 1/q
1
mzil (Oé+81)p
O < Tp=oor <ater——=a+te
L1 (Oé—l—gl)p
p
x - J—
Tpy1 = a+ :zr_g > a+ (a+e) PP S (o 4 g )Pl
k

Working inductively we can easily prove relations (3.13). Similarly if (3.12) holds, we can

prove that (3.14) is satisfied. =
3.4 BOUNDEDNESS OF SOLUTIONS

Theorem 3.6 If a # 1, then every positive solution {x,}0> _, of Eq.(3.1) satisfies the
following inequalities;

1—8™
a < Toptk < a% + 5nl‘gn_1

g forn=1,2,... (3.15)
a < Topygy1 < 04% + ",
and here the cases
1-p" n
Oé<I2n<Oé%+5 2l forn=1,2 (3.16)

17 n
o< Top_q < a% + 5",
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1
b= (3.17)

hold.

Proof. We have

a<Tpp <a+pfaf , Vn=12 ..

By induction, we obtain (3.15) and (3.16). If here o > 1, we also see that

a < Top +a2%, o n=12 .

< «

1-p5
« p

a < Ty < -——+ax,n=12 ..

—-p

Now, we are ready for the main result of this chapter. m
3.5 MAIN RESULT

In the following theorem, we will find solutions for % is odd of Eq.(3.1) which converge

two a prime to periodic solution.

Theorem 3.7 Consider Eq.(3.1) where (3.5) and (3.6) hold and k is odd. Suppose that
a+e <1, (3.18)
Then, every positive solution {x,}° _, with initial values

Tk T—ft1y -+ L—15T0

which satisfy conditions of Theorem 3.4 and either (3.11) or (3.12), converges to a prime

two periodic solution.
Proof. Let {z,}>° , be a solution with initial values

Tk Toft1y--y L1, L0

which satisfy conditions of Theorem 3.4 and either (3.11) or (3.12). Using Lemma 3.1

and Theorem 3.4, we have that there exist finete limits

limy, o0 Top41 = LJ
2 (3.19)

lim,, o T2, = S
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Besides, from Lemma 3.5, we have that either L or S belongs to the interval
(o, 0 +¢e1).

Furthermore from Lemma 3.3, we have that Eq.(3.1) has a unique equilibrium Z such

that

1 <7 <o0.

Therefore, from (3.18) we have that
L#S.

So, {x,}>2 _, converges to a prime two periodic solution. This completes the proof. =
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CHAPTER 4

GLOBAL ANALYSIS OF A TWO DIMENSIONAL RATIONAL SYSTEM
OF DIFFERENCE EQUATIONS

We state that the results of this chapter are cited from [31, 32] which has been published

by us. See also for [33-60] more results.

4.1 INTRODUCTION

In [38], El-Owaidy et al. investigated the global behavior of the following difference
equation

ATp—1

— n=0,1,.. (4.1)
B+ yah_,

Tnt1 =

with non-negative parameters and non-negative initial values.
Inspire of this work, in this chapter we study the equilibrium points, the local and global
asymptotic stability of these points, the existence unbounded solutions and the existence

of two prime periodic solutions of the following system

U 41 __  Qup—1
mn B+ VP )
P’ X p =01, ... (4.2)
v — Q1VUn—1
n+l — ,314_71“:;727

where the parameters

0475,’}/70[1761,’}/1,]7

and the initial values

U—2,U—1, Uy, V-2,V-1,V0

are positive real numbers. Our results extend and complement some results in the liter-

ature.
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Note that the system (4.2) can be reduced to the following system of difference equations

TTn—1

Tnt1 = THy? 7

n=0,1,.. (4.3)
_ SYn-—1
Ynt1 = T+af 0

by the change of variables

1/p
w0, — (5_) .
71

and

and

By

So, in order to study the system (4.2), we investigate the system (4.3). Both studies are

S

equivalent.
By using the induction and the equations in (4.3) we see that if x_;,y_; are positive real

numbers for ¢ € {0,1,2}, then
min{x,,y,} >0, n > =2 (4.4)

which means that positive initial values generate positive solutions of system (4.3).
There are two possible cases that need to be considered. If the initial conditions in system
(4.3) provide the equalities x_; = y_; for i = 0,1,2, then the system (4.3) reduces into
Eq.(4.1) which has been studied by Owaidy in [38]. Therefore, here we deal with the case
x_; # y_; for i = 0,1,2 and we study system (4.3) basing on this condition thorought
this chapter.

4.2 THE EQUILIBRIUM POINTS

Theorem 4.1 We have the following cases for the equilibrium points of (4.3);
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i

il

iii

iv

vi

vii

(To, 7o) = (0,0) is always the equilibrium point of system (4.3).
If r > 1 and s > 1, then system (4.3) has the equilibrium point
(T1,71) = (s = DYP, (r = D)P).

If r > 1 and s = 1, then system (4.3) has the equilibrium point
(T2, 72) = (0, (r = 7).

if r =1 and s > 1, then system (4.3) has the equilibrium point
(T3,75) = ((s — 1)/7,0).

if r € (0,1), s = 1 and

Q=

is an even positive integer, then system (4.3) has the

equilibrium point
(Ta,7a) = (0, (r = 1)'/7).

Ifr=1,s € (0,1) and % is an even positive integer, then system (4.3) has the

equilibrium point
(T5,95) = ((s = 1)/, 0).

If r,s € (0,1) and }D is an even positive integer, then it also has the positive equi-

librium point

(T, Fe) = ((s = V7, (r = 1)V7).

Proof. A point (7,7) is an equilibrium point of system (4.3) if and only if it is a root for

the following functions

flxy) = z(1+y" —r),

glz,y) = y(l+a?—s).

Hence, it is clear that (0,0) is a root both f and g. This completes proof of part (i). Now

we consider the case

x#0,y #0.
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For this case we have from the definition of f and g,

(1+yp_r) = 07

(14+aP—s) = 0.

So, one obtain

x=(s— 1)1/p
and
y=(r—1)".

According to the values

T8, Dy

x and y are identified. From there, the proof of parts (ii), (iii), (iv), (v), (vi), (vii) is

completed. m

4.3 STABILITY CHARACTER OF EQUILIBRIUM POINTS

Before we give the following theorems about the local asymptotic stability of the equi-
librium points above, we build the corresponding linearized form of the system (4.3) and

consider the following transformation

($n> Tn—1,Tn—2,Yn, Yn—1, yn—2) - (f? fla f27 g, 91, 92)

where
rTp—1
foe
L+,
fl = In,
f2 = Tn-1,
g = SYn—1
14 ab
g1 = UYn,
92 = Yn—1-
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The Jacobian matrix about the fixed point (Z,7) under the above transformation is as

follows:
r rpzyP— 1
0 =% 0 00—
1 0 0 0O O 0
o 0 1 0 0 O 0
B(z,7) = J— .
0 0 - (1+zP)? 0 14+7P 0
0 O 0 1 0 0
0 0 0 0 1 0
where
r,s,p € (0,00).

Theorem 4.2 (i) If r < 1 and s < 1, then the zero equilibrium point
(507 yO)

18 locally asymptotically stable.

(i) If r > 1 or s > 1, then the zero equilibrium point

(Zo, o)

1s locally unstable.

Proof. (i) The linearized system of system (4.3) about the equilibrium point
(To, %) = (0,0)

is given by

X1 = B(Zo, 7o) Xn,

where
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and

O~ 0O0O0O

1 00 00O

o 010000
B(x07y0):

0000 s O

0 001O06O0

0 00O0T1FO0

The characteristic equation of B(Zy,7,) is as follows:
PA) =X — (r+s)A* +7s\? = 0.
The roots of P(\) are

)\1,2 = j:\/ga
A3,4 = 07

Nes = T
Since all eigenvalues of the Jacobian matrix B about
(To, %) = (0,0)

lie inside the open unit disk

Al <1,

the zero equilibrium point is locally asymptotically stable.
(ii) It is easy to see that if 7 > 1 or s > 1, then there exists at least one root A of P(\)
such that

|A] > 1.

Hence by Linearized Stability Theorem, if » > 1 or s > 1, then
(%o, Yo) = (0,0)

is unstable. Thus, the proof is complete. m
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Theorem 4.3 (i) If r > 1 and s > 1, then the positive equilibrium point (T1,7,) is locally
unstable.
(i) If r <1, s < 1 and i 15 an even positive integer, then the positive equilibrium point

(Ts, Yg) 1s locally unstable.

Proof. (i) The linearized system of (4.3) about the equilibrium point
@L7) = ((s = DY7, (r = 1)17)
is given by

Xn+1 = B<fla yl)XVH

where
T,
Tn—1
XnI Tp—2
YUn
ynfl
Yn—2
and
1 p-1
0 1 0 0 0 —pebre=bh P
0 0 00 0
o 0 0 00 0
B(xbyl): 1 -1
0 0 p(r—1)P(s—1) P 01 0
0 0 0 10 0
0 0 0 0 1 0

The characteristic equation of B(Z1,7,;) is as follows:

P()\):A6—2)\4+/\2—p—2(r—1)(s—1):0.

rs

It is clear that P(\) has a root in the interval (1, co) since

P(l):—f—z(r—l)(s—l)<0
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and

lim P(\) = oo.

A—00
This completes the proof.
(ii) The linearized system of system (4.3) about the equilibrium point

(s, Fs) = ((s = 1)/, (r = 1)1/7)
is given by

X1 = B(Te, 7g) Xn,

where
Tn
Tn—1
X, = | ™
Yn
Yn—1
Yn—2
and
01 0 00 _p(s—l)%g‘—l)p?%l
10 0 00 0
B@sgo) = | o0 |
0 0 —2r=DPL=D P g g 0
00 0 10 0
0 0 0 01 0

The characteristic equation of B(Tg,7g) is as follows:
2

P()\):)\6—2)\44—/\2—5—8(7“—1)(3—1):0.

It is clear that P(\) has a root in the interval (1, co) since

p2

P(l):—g(r—l)(s—l) <0
and
/\15120 P(\) = oc.
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This completes the proof.

Theorem 4.4 (i) Ifr > 1 and s = 1, then the equilibrium point (Ta,Y,) is non-hyperbolic
point.

(i) If r = 1 and s > 1, then the equilibrium point (Ts,Ts) is non-hyperbolic point.

(i) If r <1, s =1 and % is an even positive integer, then the equilibrium point (Z4,7,)
s non-hyperbolic point.

(w) If r =1, s <1 and 119 is an even positive integer, then the equilibrium point (Ts, s )

18 non-hyperbolic point.

Proof. (i) The linearized system of system (4.3) about the equilibrium point
(T2,%2) = (0, (r = )'7)
is given by

Xn+1 - B(E% y2)Xn7

where
Tn
Tp—1
Xn: Tn—2
Yn
Yn—1
Yn—2
and
01 00O00O0
1 000 0O
- 010000
B($2,y2>:
0 000 s O
0001060
0 00O0T1PDO
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The characteristic equation of B(Z2,7,) is as follows:
PA) =X —(s+1DA +s5)2=0.
The roots of P(\) are

ALQ = j:\/ga
A3,4 - 07

Xsg = =1
Thus, the equilibrium point
(T2,55) = (0, (r = 1)V/7)

is non-hyperbolic point.

(ii) The linearized system of system (4.3) about the equilibrium point
(3,95) = (0, (r = )'7)
is given by

X1 = B(Z3,75) Xy,

where
Tn
Tn—1
X,=| "
Yn
Yn—1
Yn—2
and
0O 00O00O0
100000
B(To.7,) = 010000
000010
000100
000010
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The characteristic equation of B(Z3,73) is as follows:
PA) =X —@r+DX+rA2=0.
The roots of P(\) are

ALQ = j:\/;a
A3,4 - 07

Xsg = =1
Thus, the equilibrium point
(T3,75) = (0, (r = 1)"/7)

is non-hyperbolic point.

(iii) The linearized system of system (4.3) about the equilibrium point
(74,74) = (0, (r = 1)'7)
is given by

Xnt1 = B(T4,74) Xn,

where
Tn
Tn—1
X,=| "
Yn
Yn—1
Yn—2
and
010000
100000
B(@a.7) = 010000
0000 s 0
000100
000010
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The characteristic equation of B(Z4,7,) is as follows:
PA) =X — (s + DA + s\ = 0.
The roots of P(\) are

/\1,2 = j:\/ga
A3,4 = 07
>\5,6 = :l:l

Thus, the equilibrium point
(T4,74) = (0, (r — 1)V7)

is non-hyperbolic point.
(iv) The linearized system of system (4.3) about the equilibrium point (Z5,75) = (0, (r —
1)1/7) is given by

Xot1 = B(T5,75) X,

where
Tn
Tp—-1
X,=| "
Yn
Yn—1
Yn—2
and
0O 00O0O0
100000
B(Ts.7) = 010000
000010
000100
000010

The characteristic equation of B(Ts,75) is as follows:
PN =X —(r+DM\+rX2=0.
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The roots of P(\) are

>\l,2 = :l:\/F>
ASA = 07

/\5,6 = 4l1.
Thus, the equilibrium point
(T5,75) = (0, (r = 1)'/7)

is non-hyperbolic point.

|
4.4 GLOBAL BEHAVIOR OF SYSTEM (4.3)

In this section, we will study the global behavior of zero equilibrium point.

Theorem 4.5 If r < 1 and s < 1, then the zero equilibrium point (Zo,7,) is globally

asymptotically stable.

Proof. We know by Theorem 4.2 that the equilibrium point (Zy,7,) of the system (4.3)
is locally asymptotically stable. Hence, it suffices to show for any {(x,,y,)} solution of

system (4.3) that

lim (‘Tmyn) = (507y0)'

n—oo

Since
TTn—1
0<xpy41 = < TTp_1
L+uyn
and
Synfl
0< = 7 < SY,_
> Ynta 11 352—2 Yn—1,

we have by induction

Ton—1 < r"x_q and s, < r"xg
and

Yon—1 < 8"y—1 and ya, < s"yo.
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Thus, for 7 < 1 and s < 1, we obtain
lim (z,,,y,) = (0,0).

n—o0

This completes the proof. m

4.5 INVARIANT INTERVALS

Theorem 4.6 Consider system (4.3) and suppose that

r>1ands > 1.

Then, we obtain the following invariant intervals, for i € {0,1,2};

i) (5094) € (0, (5= 1)) x ((r = 1)7,00) = (0, 0) € (0, (5= 1)) x ((r = 1)!/7, 00)

forn > 1.

i) (2-i,y-:) € (s =1)1/7,00) x (0, (r = 1)?) = (2, yn) € ((s —1)/?, 00) x (0, (r—1)'/7)

forn > 1.

Proof. i) Let

(z_i,y—i) € (0, (s — 1)YP) x ((r — 1)V/?, 00) for i € {0,1,2}.

From system (4.3), we have

Tr_1 T

T = < =7, = (s —1)/7
T, 1 (s —1)
and

SY_ sy
W= P == )

T l+d, 147
We prove by induction that

(Zn,Yn) € (0, (s — D)P) x ((r — DYP, o0), for all n > 1.
Suppose that (4.5) is true for

n==%kk>1.

Then, from system (4.3), we have

TXp_1 T

— 512(8—1)1/1)
Lty , 1+7

Tk+1 =
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and

SYk—1 5Y3

— 1
1+, 143 h=-n

Yp+1 =

Therefore, (4.5) is true for all n > —2. This completes the proof of (7).
(ii) Let

(2_s,y-:) € ((s — )P, 00) x (0, (r — 1)¥/?) for i € {0, 1, 2}.

From system (4.3), we have

rr_1 T _ 1/
T = > =T, =(s—1)"?
Ty, Ty e
and

SY_ Sy
W= < =h= )

144, 14T

We prove by induction that

(Zn, Yn) € ((s — DYP 00) x (0, (r — 1)YP), for all n > 1. (4.6)
Suppose that (4.6) is true for

n=Fk>1

Then from system (4.3), we have

TXp_1 T

Tyl = =7 = (s— 1)
- Ity ., 1+
and
SUYp_ Sy
b1 = Yk—1 Y —7, = (7“ B 1)1/1{

1+af , 147

Therefore, (4.6) is true for all n > —2. This completes the proof of (i7). m
Corollary 4.1 Consider system (4.3) and suppose that

1
r<1,s<1and - € 27"
p

Then, we obtain the following invariant intervals, for i € {0,1,2};

i) (v-,y-1) € (0, (s = 1)V7) x ((r = 1)/7, 00) = (2, yn) € (0, (s = 1)) x ((r = 1)V, 00)
forn > 1.

i) (2-5,y-i) € (s =1)/?,00) x (0, (r = 1)V?) = (wn, yn) € ((s =1)/7,00) x (0, (r —1)"/7)

forn > 1.
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4.6 UNBOUNDED SOLUTIONS

Theorem 4.7 Assume that r,s € (1,00), then, there exists unbounded solutions of sys-
tem (4.3).

Proof. From Theorem 4.6, we can assume without loss of generality that the solution

{zn,yn} of system (4.3) is such that
Ty <Tp=(s— 1)1/p, for n > —2
and

Yp > 7, = (r— D)YP, forn > —2.

Then,
. B TTp—1 < TTn—1 —
I, 141 T
and
SYn—1 SYn—1
Yn+1 =

from which it follows that

lim z, =0

n—oo

and

lim y, = oco.

n—o0

This completes the proof. m

Corollary 4.2 Assume that r,s € (0,1) and % € 277, then, there exists unbounded

solutions of system (4.3).

4.7 PERIODIC CHARACTER OF SYSTEM (4.3)

Theorem 4.8 If r = s = 1, then system (4.3) possesses the prime period two solution

which is one of the following forms;

,(0,), (0,d), (0,0), (0,d), . ..

) ( :
);(¢,0),(0,0), (¢, 0)

Y

0,b yeen

d
a,0),(¢,0), (a,0),(c0),...
a,0),(0,d), (a,0),(0,d),...

(
(
S
(

ey
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with a,b,c,d > 0.
Proof. Let
.oy (ayb), (c,d), (a,b),(c,d), ...

be a period two solution of system (4.3). Then, we have

ra rb
a= , b=
1+dp 1+cP

(4.7)

and

sc sd
=7 d= 4.8
“Ti1irw 1+ ar (4.8)

such that

a#b

and

c#d.

Firstly, we consider the case

a#0, b#0.

Then, we obtain from (4.7) that

c=d= (r—l)l/p

which is a contradiction. Similarly, the case
c#0, d#0

is impossible with (4.8). Thus, one of them must be equal to zero. Now we assume that
a=0,b#0,c=0,d#0.

In this sense, we obtain from (4.7) and (4.8) that
r=s=1.

Therefore,

...,(0,0),(0,d),(0,b),(0,d),...

is a two periodic solution of system (4.3) with b,d > 0. The other cases are similar and

the proofs of them are omitted. m
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4.8 RATE OF CONVERGENCE

In this section, we will give exact results about the rate of convergence of positive solutions
that converge to the equilibrium point of the system (4.3), in the regions of parameters
described in Theorem 4.5. In addition to this, we will present the use of Poincaré’s
Theorem and a devolopment of Perron’s Theorem to conclude the precise asymptotics of
positive solutions that converge to the equilibrium.

Consider the following system of difference equations

Tny1 = f[1(@Tn,yn), n=0,1,...
1= fi(Tn, yn) (4.9)

Yn+1 = f2<xn;yn), n = O, 17 .

where fi, fo are continuous functions that maps some set I into I. The set [ is an interval
of real numbers. System (4.9) is competitive if f(z,y) is non-decreasing in z and non-
increasing in y and fy(x,y) is non-increasing in x and non-decreasing in y. System (4.9)
is called anti-competitive system, if the functions f; and f; have monotonic character
opposite to the monotonic character in competitive system.

We state that the following theorems give precise information about the asymptotics of
linear non-autonomous difference equations. Consider the scalar mth-order linear differ-

ence equation

where m is a positive integer and p; : Z* — C for i € {1,...,m}. Suppose that
¢; = lim p;(n), fori=1,2,...,m, (4.11)

exist in C. For the following limitting equation of (4.10)
Yn+m T QYntm—1 T .- + qmYn = 0, (412)

the asymptotics of solutions of (4.10) are given the following results. See [19].

Theorem 4.9 (Poincaré’s Theorem) Consider (4.10) based on the condition (4.11). Let

A fori=1,...,m be the roots of the characteristic equation

NN P +¢,=0 (4.13)

52



of the limiting equation (4.12) under the condition that |\;| # |\;| for i # j. If x, is
a positive solution of (4.10), then either x, = 0 for all large n or there exists an index

Jj€{l,...,m} such that

Tn+1

lim

n—oo I,

The releated results were obtained by Perron, and one of Perron’s results was improved

by Pituk, see [19].

Theorem 4.10 Assume that (4.11) holds. If x,, is a positive solution of (4.10), then

either eventually x, = 0 or

lim Sup(|$nj|)1/n = |\l

where A1, ..., Ay are the roots (not necessarily distinct) of the characteristic equation
(4.13).

Consider

Y1 =[A+ B(n)Y, (4.14)

where Y, is an m-dimensional vector, A € C"*™ is a constant matrix and

B: 7T — Ccmxm

is a matrix function satisfying

|B(n)|| — 0, when n — oo, (4.15)

where ||.|| denotes any matrix norm which is associated with the vector norm ||.||. See [18].

Theorem 4.11 (Pituk) Suppose that condition (4.15) holds for system (4.14). If Y, is
a solution of (4.14), then either

Y,=0

for all large n or

0= lim ;"

exists and 0 is equal to the modulus of one the eigenvalues of the matriz A.
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Theorem 4.12 (Pituk) Suppose that condition (4.15) holds for system (4.14). If Y, is
a solution of (4.14), then either

Y,=0

for all large n or

Yl
0 = lim
n—oo ||V,

exists and 0 is equal to the modulus of one the eigenvalues of the matriz A.
Using Theorem 4.11 and 4.12, we obtain the following rate of convergence result.

Theorem 4.13 Suppose thatr < 1 ands < 1. Let {(xp,yn)}o>_5 be any positive solution
of the system (4.3) such that

lim z, = 7,
n—oo
lim y, = s
n—oo

where M = (ZT1,T3) and M is globally asymptotically stable. Then, the error vector

e, T’ —T
1 1) =
€n—1 Tpl1 — 21
1 1) =
€n—2 Tplog — T
2 —

€, Tn~ — T2
2 (2) =
Cn-1 Tpl1 — X2
2 (2 _
Cn—2 Tp o — X2

6x1 6x1
of every positive solution of the system (4.3) satisfies both of the following asymptotic

relations:

lim || E,||""

o 1Bl

oo | B,

|(NiJp(M)|, for somei=1,2,...,6

|(Nidr(M)|, for somei=1,2,...,6
where
[Aidr(M))]

is equal to the modulus of one the eigenvalues of the Jacobian matrix evaluated at the

equilibrium point M.
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Proof. Let {(z,,y,)}5>_, be any positive solution of the system (4.3) such that

n=-—2

lim T, =T

n—oo

and

lim y, = Ts.

n—oo

To find the error terms, we have

Tntl =11 = Z?:o Ai(zp—i —T1) + Z?:o Bi(Yn—i — T2)

Ynt1 — T2 = Z?:o Ci(Tp—i —T1) + Z?:o Di(yn—i — T2).

Set
1 _
e, = Tp— T,
2 = .
en = Yn — T2,

therefore, it follows that

1 _ 2 1 2 2
€pt1 — Zi:o Aie,_; + Zi:o Bie;,_;

2 B 2 1 2 2
€pi1 — Zi:o Cie,_; + Zi:o Die;,_;

where

- T
1 + (ynf2)p

Tpxn—l(yn—Q)pil

B = 0, B, = 0, By = — )
" ' : (14 (yn—2)P)?
. SPYn—1 (xan)p_l

(1+ (zp—2)p)®

,DQZO.

Ay = 0,4 , Ay =0,

Co = 0,C,=0,0y =

Dy = 0, Dy =—-~——
0 YT (o)

Taking the limits, it is clear that

lim Ap = 0, lim A; = r_p and lim A, =0

n— oo n—oo 1 Ty n—oo

lim B 0, lim B; =0 and lim B P
m = 1m =0 an 1m = -z

nl—>oo 0 T o 1 n—o00 2 (1 + fg)2’

— —_p—1
Jim Cy = 0. iy Oy =0 and Jim Gy = 5500
lim Dy = 0, lim Dy == ° _and lim D, = 0.
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That is

—5 + 0n

. r Tpxlwz _ SP$2=’B1
Al_l_i_fg_‘_a/n? B2 +6n7 C(2__ 2 +’7n’ Dl 1+

(+T5)? (+7)%

where o, — 0, 5,, — 0, ~v,, — 0, 4,, — 0 for n — oc.
Thus, the limitting system of error terms about the equilibrium M can be written as

follows:

where F,, = (en,e,l1 1,€n,2,€%7€% 176372)T7
Or 00O00O0
1 00 0 0O
01 0O0O00O0
C = ’
00 0O0 s O
0 0 01 0
00 0O0T10P0
6x6
0O ay 0 0 0 5,
0O 0o 0 0 0 O
0O 0 0 0O 0 ©O
D, =
0O 0 0 0 0 o0
0O 0 0 0 0 O
6x6

and [[D(n)|| — 0, when n — co. As desired. m

Corollary 4.3 Assume thatr <1 and s < 1. Then, the error vector of every non-trivial

solution of system (4.3) satisfies both of the following asymptotic relations:

lim || E,||" = |NJp(M)|, for somei=1,2,...,6,

LA
o 1B

where |A\;Jp(M)| is equal to the modulus of one the eigenvalues of the Jacobian matrix

evaluated at the equilibrium point M, i.e. {0,+/r,\/s}.

|(Nidp(M)|, for somei=1,2,...,6
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CHAPTER 5

THE DYNAMICS OF POSITIVE SOLUTIONS OF A HIGHER ORDER
DIFFERENCE EQUATION WITH ARBITRARY POWERS AND
DELAYS

We state that the results of this chapter are cited from [61] which was published by us.

See also [62-68] for more results.
5.1 INTRODUCTION

The purpose of this chapter is to study the local asymptotic stability of equilibrium
points, the periodic nature of solutions, the existence of unbounded solutions and the

global behavior of solutions of the following non-linear difference equation

ATy (k+1)

, neN (5.1)
B+ YT T (eye)

Tpt1 =
where the parameters

o, 3,7,p,q

are non-negative numbers and the initial values
T (k+2)s T—(k+1)5 -+-s L1, L0

are arbirary positive numbers such that the denominator is always positive.

If some parameters of Eq.(5.1) are zero, then five equations emerge, that is, if

a=0

in Eq.(5.1), then, it is trivial, if

=0

in Eq.(5.1), then it can be reduced to a linear difference equation by the change of variables
T, = e,
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7=0

in Eq.(5.1), then it is linear and finally, the case

p=0
or
q=0

was investigated in [34].

Note that Eq.(5.1) can be reduced to the following non-linear difference equation

TYn—(k+1)
Ynt+1 = s n:O,l,... (52)
A RV

by the change of variables

So, in order to study Eq.(5.1), we will investigate Eq.(5.2). Both studies are equivalent.
5.2 ASYMPTOTIC BEHAVIOR OF SOLUTIONS

Theorem 5.1 We have the following cases for the equilibrium points of Eq.(5.2);
i gy = 0 is always the equilibrium point of Eq.(5.2).
ii If » > 1, then, Eq.(5.2) has the positive equilibrium
y=(r— 1)ﬁ

iii If r < 1 and jﬁq is an even positive integer, then, Eq.(5.2) has the positive equilib-
rium
_1
T = (r— 1)

which is always in the interval (0, 1).
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Proof. A point 7 is an equilibrium point of Eq.(5.2) if and only if it is a root for the

function

fly) =y + (1 =)y

Hence, it is clear that 0 is a root of f. Hence,
Yo =0

is an equilibrium point for Eq.(5.2). This completes proof of part (i). Now we consider

the case y # 0. For this case we have from the definition of f that
14+ Pt =,
So, one obtain
1
Yy = (fr — 1)p+q .

According to the values 7, p, g, the value of y is identified. From there, the proofs of parts
(17), (ii1) are completed, as desired. m
In the following theorems, we will investigate the local asymptotic behavior of the equi-

libria and the global behavior of solutions of Eq.(5.2) with
7P q >0
and positive initial conditions.

Theorem 5.2 For the local asymptotic stability of equilibria of Eq.(5.2), we obtain the
following results;

(i) If r < 1, then, the zero equilibrium point is locally asymptotically stable.

(i) If r > 1, then, the zero equilibrium point is locally unstable.

(iii) If r = 1, then, the zero equilibrium point is non-hyperbolic point.

(w) If r > 1 and k € 2Z*, then, the positive equilibrium point

hi=(r— 1)

18 locally unstable.

(v) If r € (0,1) and ziz € 277, then, the positive equilibrium point
Jo = (r— 1)

18 locally unstable.
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Proof. The linearized equation associated with Eq.(5.2) about zero equilibrium is
Zne1 — T2n—(ks1) = 0, n € N.

The characteristic polynomial of Eq.(5.2) about zero equilibrium is

A3 — X = 0.

So, the proof of (i), (i7) and (i77) follows immediately from Linearized Stability Theorem.
For the proof (iv) suppose that r > 1, then the linearized equation associated with

Eq.(5.2) about

g = (r =17

1 1
Zn1 +p(1 — ;)Zn—k — Zn—(k+1) T q(1 — ;)an(mz) =0, neN.
Therefore, the characteristic equation of Eq.(5.2) about the equilibrium
Y= (r—1)r
is
k+3 IINY 1
AT+ p(1— =)A= A+¢q(1—-)=0.
r r
If we set the function as follows;
k+3 IINY 1
h(A) = A"+ p(1 = AT = A+q(l =) =0,

then, it is clear that

(p+q)(r—1) -

h(—1) = 0
(1) !
and

)\lim h(\) = —oo0,

so, h(A) has at least a root in the interval (—oo, —1). This completes the proof.
For the proof (v) we assume that r < 1, then the linearized equation associated with

Eq.(5.2) about
Yy = (r —1)ria
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is
1 1

tpp1 +p(1 — ;)tn—k — tn(es1) +q(1 — ;)tnf(k+2) =0, n €N.

Therefore, the characteristic equation of Eq.(5.2) about the equilibrium
1

Up = (r—1)rta

Is

k+3 L2 1

AT+ p(1— =)A= A+¢q(1—-)=0.
r r

If we set the function as follows;

1 1
g(A) = N3 4 p(1 — ;)Az —A+q(l— ;) =0,

then, it is clear that

g(l) — (p+q>r(r_1) <0
and
lim g(A) = oo,

s0, g(A) has at least a root in the interval (1, 00). This completes the proof. =

Theorem 5.3 Assume that r < 1, then the zero equilibrium point of Eq.(5.2) is globally
asymptotically stable.

Proof. We know by Theorem 5.2(7) that the zero equilibrium point of Eq.(5.2) is locally
asymptotically stable, hence, it suffices to show that

lim y, =0

n—oo

for any positive solution {y, }> (k12) of Eq.(5.2).
From Eq.(5.2), we have the following inequlity for all n > 0.

TYn—(k+1)
1+ yszygb—(k+2)

0<Ynt1= < TYn—(k+1)-
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In this sense, we have the following inequlities for i € {0,1,2,...},

Yii < Ty,
i1
Yiroyr2 < "y,
Yiro)rhiz < Ty

Since r < 1, we have
lim r**tt =0,

71— 00

hence, we obtain that
lim y, = 0.

n—oo

Thus, the proof is complete. m

5.3 PERIODICITY OF SOLUTIONS

Theorem 5.4 Assume k is an even positive integer, then, Eq.(5.2) possesses eventual

prime period two solutions if and only if r = 1.
Proof. Let
ey, @V O U DU

a period two solution of Eq.(5.2). Then, we eventually have

ro r¥
such that
O+

If both ® and ¥ are non-zero, then we obtain from (5.3) that

b= =(r—1)m,

which is a contradiction. Hence, either ® or ¥ must be equal to zero. Assume that
®=0
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which implies that

(r—1)¥ =0,
SO
r=1

In contrast, if

r=1,

then, choose the initial conditions such as
Y-tkr2) =Yk =-.-=% =0

and

Yo(bt1) = Y-(k-1) = Y-1 =0 >0

or such as

Ylht2) =Yk =-.. =Y =0>0

and

Y—(k+1) = Y—(k—1) = Yy-1 = 0.

We can see by induction that
...,0,0,0,0,...

is the prime period two solution of Eq.(5.2). =

Theorem 5.5 Assume that k is an odd positive integer, then, Eq.(5.2) has no eventual

prime period two solutions.
Proof. Assume that Eq.(5.2) has the prime period two solution

ey Ty Y, Ty Y, e
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then, we eventually have

Ty rx

x:—andyzrylﬂrq

1 + xpta (5-4)

such that = # y. Obviously, z = 0 implies y = 0 or vice versa. This case is impossible.

So we obtain that both z and y are greater than zero. So we have

mp+q(1 + xp+q)p+q+1 + rp+q(1 — 2 + xp+q) = 0,
yp+q<1 4 yp+q)p+q+1 4 Tp+q<1 — 2y yp+q) = 0,
that is, x and y are two distinct positive roots of
f(2) = 2PHU(1 4 PHaypratl pppra(] g2 4 pPHa) =,
Obviously, when

r<l1

Y

then f(z) has no positive roots.

Now, let

r>1

and set

1 + Zp+q = w.

Then, the function,

g(w) — wp+q+2 _ wp+q+1 + wrPT? — rp+q+27 w>1,
has at least two distinct positive roots. However,
Jdw)=w(p+q+dw—(p+q¢+1)]+r"7>0
for any

w € (1,00),

which indicates that g(w) is strictly increasing in the interval (1, 00). This implies that
the function g(w) does not have two distinct positive roots at all in the interval (1, c0).
Thus, Eq.(5.2) does not have the prime period two solution when r > 1. This completes

the proof. m
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5.4 OSCILLATION OF SOLUTIONS

For the oscillatory solution of Eq.(5.2) , we have the following results.

Theorem 5.6 Suppose that
r>1, ke2z*t

and let {yn}fzf(kﬂ) be any solution of Eq.(5.2) such that

Yo (kt2)> Yk -+ sY—2:Y0 = Y1 NG Y (kt1)s Y—(k—1)5 - Y—3, Y—1 < Uy (5.5)
or
Y (bt 2)s Y—tr Y2, Y0 < T1 ONA Y (g 1)y Y—(k—1)» Y3, Y—1 = Ty (5.6)

holds. Then, {yn};’f:_(k +2) oscillates about the positive equilibrium point
_1

Y = (r—1)rw

with semicycles of length one.

Proof. Suppose that r > 1 and the case (5.5) holds for the solution {y,}?2 ;. From
Eq.(5.2), it is clear that

TY—(k+1) _ 1 Y _ o
Y1 = <Yy =(r—1)ra, yp = >y = (r—1)r,
1+ yzikyq—(kw) 1+ yz—)(k—l)yq—(k-i-l)
TY—1 _ 1 Yo _ 1
Yert = 5 <G = (1= 1), ypo = ————— > T = (r — 1),
+ 1+ yhy?y 1= + 1+ yy?y !

So, the proof follows by induction. For the case (5.6) the proof is similar and will be

omitted. m

Corollary 5.1 Suppose that

1
r<l, —— ke2Z",
p+q

and let {yn}72 ;19 be any solution of Eq.(5.5) such that

Y—(k+2)s Y=ks --,Y—-2, Yo > y2 and Y—(k+1)s Y—(k—1)) ---»Y-3,Y-1 < yQ
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or
Y—(k+2)s Y—ks Y2, Y0 < g 0N Y— (ks 1), Y—(k—1); ---:Y—3,Y-1 = Ya
holds. Then, {yn};’f:_(k +2) oscillates about the positive equilibrium point

7o = (r— 1)

with semicycles of length one.
5.5 UNBOUNDED SOLUTIONS

In respect of the unbounded solutions of Eq.(5.2), the following result is reproduced.
Theorem 5.7 Assume
r>1, k€27,

then, Eq.(5.2) possesses unbounded solutions. Especially, every solution of Eq.(5.2) which

oscillates about the positive equilibrium point
_1

Y = (r — 1)p+q

with semicycles of length one is unbounded.

Proof. From Theorem 5.6, we can assume without loss of generality that the solution

{yn}nL (14 of Eq.(5.2) is such that

Yoni1 > Yy = (r — 1)Tiq and yopi0 <Yy = (r — 1)ﬁ, for all n > 0.

Then,

y _ TYon—k < TYon—k y
2n+2 — — Yon—k
1+ ygn—k—l—lygn—k—l I+ (T‘ - 1)

and
Yomrs = TYon—k+1 TYon—k+1 Yam kil
n+3 — — Y2n—Fk+1-
1+ ygn—k-l—ngn—k I+ (T’ - 1)

Thus, we obtain that

T}LHC}O Yan+1 = OO

and

nh_{lc}o Yont2 =0

which completes the proof. m
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Corollary 5.2 Assume
1
r<1, — ke2Z"
p+q
then, Eq.(5.2) possesses unbounded solutions. FEspecially, every solution of Eq.(5.2) which

oscillates about the positive equilibrium point
_1

Up = (r—1)ra

with semicycles of length one is unbounded.

Open Problem Investigate the dynamical behavior of Eq.(5.1) where the parameters

a,3,7,p,q

are non-negative numbers, k is an odd number and the initial values

T—(k+2)) L—(k+1)5 -+-» T—1, X0

are non-negative numbers.
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