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ABSTRACT

ESTIMATION OF TIME VARYING GRAPH SIGNALS WITH GRAPH
ARMA PROCESSES

Giineyi, Eylem Tugce
M.S., Department of Electrical and Electronics Engineering

Supervisor: Assoc. Prof. Dr. Elif Vural

September 2021, [54] pages

Graph models provide efficient tools for analyzing data defined over irregular do-
mains such as social networks, sensor networks, and transportation networks. Real-
world graph signals are usually time-varying signals. The characterization of the
joint behavior of time-varying graph signals in the time and the vertex domains has
recently arisen as an interesting research problem, contrasted to the independent pro-
cessing of graph signals acquired at different time instants. The concept of wide
sense stationarity, which facilitates the analysis of random time processes in statisti-
cal signal processing, has been extended to graph domains for the joint time-vertex
analysis of time-varying graph random processes. In this thesis, we study the prob-
lem of learning parametric joint wide sense stationary models to analyze and estimate
time-varying graph signals. Since parametric models with few parameters typically
require less training data than nonparametric models, they are expected to perform
better in case of incomplete observations. We model time-varying graph signals as
autoregressive moving average (ARMA) processes in this study. The graph ARMA
process parameters are learnt from a prior coarse estimation of the joint power spectral

density (JPSD) of the process that models a given set of time-varying graph signals



with missing observations. The JPSD estimation is then refined and improved based
on the learnt graph ARMA process model. The estimated JPSD is finally used to re-
cover the missing observations of the given time-varying graph signals. Experiments
performed on synthetic and real data show that using ARMA graph process models

to analyze time-varying graph signals yields promising results.

Keywords: Graph Signal Processing, Stationary Time-Vertex Signal Processing, Spec-

tral Estimation, Parametric Estimation, Joint Power Spectral Density
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0z

GRAF ARMA SURECLERI ILE ZAMANDA DEGISEN GRAF
SINYALLERININ TAHMINI

Giineyi, Eylem Tugce
Yiiksek Lisans, Elektrik ve Elektronik Miihendisligi Boliimii
Tez Yoneticisi: Dog. Dr. Elif Vural

Eyliil 2021 , [54] sayfa

Graf modelleri sosyal aglar, sensor ve ulagim aglar1 gibi diizensiz topolojilerdeki ve-
rileri analiz etmek i¢in etkili yontemler sunar. Gergek graf sinyalleri genellikle za-
manda degisim gostermektedir. Bu nedenle, farkli zamanlardaki graf sinyallerinin
bagimsiz olarak ele alinmasi yerine graf sinyallerinin graf-zaman bilesik uzayinda
analiz edilmesi son yillarda ilgi ¢ceken bir aragtirma konusu olmustur. Gegtigimiz yil-
larda rastgele siirecler, genis anlamda duraganlik gibi kavramlar1 graflara uyarlayan
caligsmalar gerceklestirilmistir. Bu tez calismasinda zamanda degisen graf sinyalleri-
nin analiz ve tahmini i¢in parametrik bilesik genis anlamda duragan modellerin 68-
renilmesi incelenmistir. Az sayida parametre iceren modeller, parametrik olmayan
modellere gore genellikle daha az egitim verisi gerektirdiginden, gézlemlerin kisith
oldugu durumlarda daha iyi performans gosterebilmektedir. Bu ¢alismada zamanda
degisen graf sinyalleri otoregresif hareketli ortalama (ARMA) siirecleri ile model-
lenmistir. Graf ARMA siire¢ parametreleri graf sinyallerinin eksik gozlemlerinden
hesaplanan gorece yiiksek hatali bir bilesik gii¢c spektral yogunlugu (JPSD) kestiri-

minden Ogrenilmis, ardindan JPSD kestirimi 6grenilen siire¢ modeline dayali olarak
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iyilestirilmigtir. Bu sekilde elde edilen JPSD kestirimi graf sinyallerinin eksik goz-
lemlerinin hesaplanmasinda kullanilmigtir. Sentetik ve gercek verilerle gerceklesti-
rilen deneyler, zamanda de8isen graf sinyallerinin analizinde parametrik graf siire¢

modellerinin kullanilmasinin umut verici sonuglar verdigini gostermektedir.

Anahtar Kelimeler: Graf Sinyal Isleme, Duragan Zaman-Nod Sinyal Isleme, Spektral
Kestirim, Parametrik Kestirim, Bilesik Spektral Gii¢ Yogunlugu
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CHAPTER 1

INTRODUCTION

1.1 Motivation

Thanks to the recent advances in technology, a tremendous amount of data is recorded
everyday. The fact that these data generally have an irregular structure makes them
difficult to model. On the other hand, there is an underlying graph structure in many
irregular domains such as social networks, sensor networks, and transportation net-
works. By courtesy of this, graphs can effectively model such complex structures and
their interactions. For example, if we consider data from a sensor network, sensors
can be modeled as nodes of a graph, and sensor measurements can be considered as

graph signals.

Due to the irregular structures of graphs, the application of classical signal processing
concepts such as the Fourier transform, signal filtering, and frequency analysis to
graph signals is not straightforward. Graph Signal Processing (GSP) aims to develop
methods for analyzing graph signals by extending classical signal processing methods
to graphs [2,3]. GSP methods can be applied to different types of problems, such as
customer behavior prediction [4], compression [4], classification [4], smoothing [5],

denoising [6] and interpolation [6].

Data measurements may vary over time; for instance, the measurements on a sensor
network or users’ tendencies on a social network may have time-dependent charac-
teristics. These time-varying measurements can be modeled as time-varying graph
signals. For example, hourly temperature measurements from different weather sta-
tions in a meteorological measurement network can be modeled as time-varying graph

signals. A simple illustration of this data is given in Figure The colors of nodes



represent the temperature measurements. If we look at each graph signal separately,
we can observe that the temperature signal is smoothly varying on the graph. On
the other hand, if we consider the signal at a fixed node, each node at different time
instants as a time series, they are smooth over time. Using the information in both
the time and the vertex domains can provide better models for the time-varying graph
signals. The prevalence of such real-world data sets has prompted researchers to seek
ways to jointly analyze these signals in both time and vertex domains. Time vertex

signal processing [[7]] aims to analyze time-varying graph signals jointly.
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Figure 1.1: Temperature measurements from different weather stations at different

times.

The inference of data on networks is a problem of interest in many applications. As
mentioned above, data collections on irregular topologies such as sensor networks or
social networks can typically be modeled as time-varying graph signals. Meanwhile,
in many data acquisition scenarios over networks, measurements are only partially ob-
served in the vertex domain and the time domain due to, e.g., sensor failures, partial
availability of user information, such that measurements may be missing at arbitrary
graph nodes at arbitrary time instants. A simple illustration of missing observations
is given in Figure [I.2] In Figure [I.2] node colors represent the value of the signal.
There are no measurements at the white nodes. As mentioned above, missing en-
tries are arbitrarily distributed. The inference of the unobserved measurements from

the observed ones is a problem relevant to many applications such as inpainting and
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forecasting.
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Figure 1.2: Time-varying graph signals with missing observations. Missing observa-

tions may occur due to sensor failure, partial availability of measurements, etc.

In this thesis, we consider the problem of estimating time-varying graph signals from
partial observations without any assumptions on the observation pattern, i.e., allow-
ing the missing observations to occur at any graph nodes and any time instants like
in Figure [I.2] Our general approach to the problem consists of estimating the miss-
ing observations based on the covariance patterns of the time-vertex signal, which
we obtain by analyzing the joint (time-vertex) spectrum of the process via its joint
power spectral density (JPSD). We assume that data come from a parametric ARMA
graph process model. We consider a joint time-vertex stationary ARMA graph pro-
cess model and derive the JPSD of the process in terms of the ARMA model parame-
ters. We formulate an optimization problem where the ARMA model parameters are
optimized to fit an initial rough estimate of the JPSD obtained through a numerical
estimation of the covariance matrix of the process. The problem of learning paramet-
ric graph process models often leads to non-convex optimization problems [8]], which
is also the case in our initial problem formulation. To put it into a more tractable
form, we develop a convex relaxation for our optimization problem, which leads to
an algorithm that can effectively learn ARMA graph process models from incomplete
realizations. Once the ARMA graph process models are computed, the estimates of
the JPSD and the covariance matrix are refined, and the missing observations are com-
puted via linear minimum mean square error (LMMSE) estimation. We note that the
proposed approach for learning ARMA graph processes based on convex relaxations

largely differs from common techniques for learning ARMA processes in classical



signal processing theory, such as approximations using Durbin’s method, or PSD fac-
torization solutions via modified Yule-Walker equations [9)]. The extension of such
classical algorithms, typically employing classical Fourier transform or Z-transform
techniques, to graph domains is not straightforward, since the computation of ARMA
graph models that are coherent with the joint spectrum of graph processes involves

more elaborate concepts such as the joint (time-vertex) Fourier transform.

1.2 Contributions

Our work proposes the following methodological contributions over previous litera-

ture:

e We learn ARMA graph process models based on the time-vertex joint spectrum
of the process, which has not been explored in a previous work to the best of

our knowledge.

e We propose an algorithm which can employ past observations (z; 1, %; 2, ... )
of the process as well as future ones (241, Zy12, ... ) when inferring the value
x; of the process at a certain time instant ¢, unlike many state-of-the-art algo-

rithms which need to treat the observations sequentially in time.

e We assume that the missing observations may occur at arbitrary time instants
and arbitrary graph nodes. This feature contrasts with many state-of-the-art
algorithms requiring a "training" phase where model parameters are to be learnt
from observations completely available on the whole graph during a sufficiently

long time interval.

1.3 Thesis Outline

In Chapter 2] first the fundamental concepts of graph signal processing are explained.
Then, joint time-vertex graph signal processing is introduced. Our study aims to
estimate time-varying graph signals from partial observations using ARMA graph

process models. We introduce related concepts and different possible approaches to

4



graph signal estimation problems in Chapter [2| Finally, different approaches in the
literature that can be used to estimate missing samples of graph signals are summa-

rized.

We present our proposed method for estimating time-varying graph signals by learn-
ing graph ARMA process models in Chapter [3] Details of definitions of stationarity
for time-varying graph signals and ARMA graph process model are given. These
definitions provide the preliminary concepts underlying our proposed method. Then,

the proposed method for estimating time-varying graph signals is described.

Experimental results evaluating the performance of the proposed method on synthetic

and real time-varying graph signal data sets are presented in Chapter [4]

Finally in the concluding Chapter[5] the main implications are summarized, and notes

on future work are provided.






CHAPTER 2

RELATED WORK

We first provide a brief overview of graph signal processing in Section[2.1] After that,
joint time-vertex signal processing concepts are discussed in Section [2.2] Finally,

several approaches used to estimate graph signals are reviewed in Section [2.3]

2.1 Introduction to Graph Signal Processing

Graphs represent pairwise relationships between data samples. A graph G = (V, €)
consists of a set of nodes (vertices) V = {vy, v, - -+ ,vx}, and a set of edges £. Edges
are the connections between the nodes, and they can be either directed or undirected.
Graphs with directed edges are called directed graphs. Similarly, the ones with undi-
rected edges are called undirected graphs. A simple illustration of different types
of graphs is given in Figure While the graphs in Figure and Figure
are undirected graphs, those in Figure [2.1b|and Figure [2.1d are examples of directed
graphs. A graph with edge weights is referred to as a weighted graph. The graphs in
Figure [2.1a and Figure show unweighted graphs. Figure and Figure
are weighted graphs. Undirected weighted graphs are studied in this thesis, such as
in Figure From now on, we consider weighted undirected graphs when we use

the term "graph".

Edge weights represent the relationships between nodes in weighted graphs. A weight
matrix denoted by W represents the pairwise relationships between the nodes. The
weight W;; of the edge which connects v; to v; represents how strong node v; and
node v; are related. If there is an edge between v; and v;, the edge weight W;; is

larger than zero. Otherwise, the weight is equal to 0.

7
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Figure 2.1: Graph Types

The choice of how the graph will be constructed can vary based on the application.
A typical way to build an undirected weighted graph is to determine the edges of a
node from its £ nearest neighbors(k-NN) and set the edge weights using a Gaussian

weighting function

Wi; = exp(—dist(i, j)*) /207, .1

where dist(i, j) is the pairwise distance between node v;, and node v;, and o is the

kernel scale parameter.

A graph signal z is defined as a mapping from the node set to real numbers, z : V —
R. A graph signal on a graph with /N nodes can be written as x = [x(vl) e I(UN)} Te
RY, and it is an N-dimensional vector. x(v;) shows the value of the graph signal on
node v; forz = 1,2,--- | N. Let us consider a graph and a graph signal as shown in

Figure[2.2] where each node represents a cat image or a dog image. Blue nodes repre-

8



Figure 2.2: Graph Signal

sent dog images and red ones represent cat images. An example of a graph signal can
be the label signal which is 1 if the node represents a cat image and —1 otherwise.
If we look at the weights in the graph, we also realize that the edges between the
nodes which have the same label have larger weights. Otherwise, the edge weights

are smaller.
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R 253 ‘
‘. P A ~
T X » K-
| o
¢ 0.: N < e 5
‘v ’ /, \“ s
]

Figure 2.3: Degrees of Nodes

The degree matrix D is a diagonal matrix with diagonals d; = Zﬁvzl Wi;. The degree
of a node d; can be considered as a measure of the interaction of that node with its
neighbors. For example, degrees of isolated or weakly connected nodes in a graph
tend to have smaller values. Let us consider the sensor graph consisting of 100 nodes
depicted in Figure[2.3] where the locations of the sensors are selected randomly from
the unit square. A k-NN graph with £ = 5 is constructed in this example. Note that
each sensor can only be connected to another sensor if the distance between them
is less than a threshold. 100 nodes 5-NN graph shown in Figure 2.3] Edge weights
are set by applying a Gaussian kernel on the distance between nodes. Therefore, in
this example, nodes which are closer tend to have higher weights. The colors of the

nodes encode their degree values. As can be seen from Figure[2.3] weakly connected

9



sensors which have less interaction with other sensors tend to have smaller degree
values. On the other hand, if a node has a relatively large number of edges, it tends to
have a relatively large degree value. Note that the degree of a node depends not only

on the number of its edges, but also on the edge weights.

The definition of the combinatorial graph Laplacian is L5 = D — W. Since the com-
binatorial graph Laplacian matrix is symmetric and real, it has orthonormal eigen-
vectors Lgu = \,u,. The eigenvectors of the combinatorial graph Laplacian form
a complete set. There is also a normalized version of the graph Laplacian, which is

defined as follows:

Lo =DY*(D—-WwW)D™'/? (2.2)

Similar to the combinatorial graph Laplacian, the normalized Laplacian matrix is a
symmetric and real matrix as well. It also has a complete set of eigenvectors. The
eigenvalues of the normalized graph Laplacian are bounded as 0 = A\g < A < ... <
An < 2. Depending on the application, different types of graph Laplacians can be
selected. Eigenvalues of the graph Laplacian can be interpreted as analogous to the
frequency concept in Fourier analysis. An eigenvector with a small eigenvalue does
not change fast. Lower eigenvalues define slowly changing parts of the signal. On the

contrary, eigenvalues with higher values represent fast-changing parts.

In classical signal processing, complex exponentials e/“! are the Fourier basis func-
tions. Moreover, they are eigenfunctions of the one-dimensional Laplace operator.
The graph Fourier transform (GFT) is then defined using this analogy. The eigen-
vectors of a graph Laplacian operator are considered as graph Fourier basis vectors
and define the GFT. The eigenvalue )\, corresponding to an eigenvector u,, can be

considered as its frequency [2]. GFT of a graph signal x is defined as

N

B(n) = (@ un) = Y w(iuy (i), (2.3)

i=1

where v is the complex conjugate of the k" eigenvector, and Z denotes the GFT of z.
Note that, z(v;) fori = 1,2,--- | N will be denoted by x(4) in short. w, () represents

the i** element of w,,. The GFT can be rewritten as a matrix multiplication

& =Ugx, (2.4)



-0.3 -0.3

Figure 2.4: Eigenvectors of the Sensor Graph

where Ug = [ug up---uy] € CM*V is the matrix consisting of the graph Fourier
basis vectors and ()H denotes the Hermitian (conjugate transpose) of a matrix. The

definition of the inverse graph Fourier transform (IGFT) is given below [2]:
N
2(i) =Y un(i)i(A\n) = Ugd. (2.5)
n=1

In classical signal processing, filtering a signal can be defined with the convolution of
the filter and the input signal in the time domain. It is also possible to filter a signal
in the frequency domain, which is performed by the multiplication of the frequency
responses of the filter and the input signal. Since graphs are irregular structures, it
is not easy to define signal filtering in the vertex domain. Therefore, it is defined in
the spectral domain as the multiplication of the graph Fourier transforms of the input
graph signal and the filter as in classical signal processing. Graph filters g(\) are
continuous kernels ¢ : R, — R, so that the value g(\) of the kernel at the graph
frequency A determines how much that the graph frequency is attenuated or amplified

by the graph filter. The graph filtering in the spectral domain can be written as
g(n) = g(xn) &(n), (2.6)

11



where g is the GFT of the output signal. Equivalently
§=g(A) & =g(AM)Ug"z, 2.7)

where g(A) is a diagonal matrix with diagonals g()\,). The output signal in the vertex

domain can be found by taking the inverse GFT of the .

y = Ugy (2.8)

Consequently, filtering a graph signal in the vertex domain can be defined as follows
y = Ugg(M)Ug" . (2.9)

The graph filter g(Lg) in the vertex domain can be given [2]
9(Lg) = Ugg(A)Ug". (2.10)

The graph filter in vertex domain is a function of the graph Laplacian matrix. Then,
filtering a graph signal in the vertex domain is equivalent to multiplying the input

signal with a matrix which is a function of the graph Laplacian.

y=g(Lg)x 2.11)

Graph kernel can simply be selected as a polynomial function of the graph Laplacian.
Then, the polynomial graph filters can be written as follows

K

9(Lg) = arL, (2.12)

k=0
where ay, 1s polynomial graph filter coefficients and C'g is the k' power of the graph

Laplacian.

2.2 Joint Time-Vertex Signal Processing

In various settings, graph signals may have a time-varying nature; for instance, tem-
perature measurements acquired in different weather stations in a network at different
time instants is a time-varying graph signal. Such time-vertex graph signals can be
represented as X = [z1 25 --+ x| € RV*T. Here each column 2, € RY of the X

matrix is a graph signal, while each row of X is a time signal.
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The joint time-vertex frequency behavior of time-varying graph signals can be ana-
lyzed using the joint Fourier transform [[1]. If the matrix X is regarded as a collection
of N time signals lying in its rows, the discrete Fourier transform (DFT) of these

signals can be obtained as

DFT{X} = XUz", (2.13)

where Uy is the normalized DFT matrix given by

jort om(r —1
c P i) AP (2.14)

vt T

and (-)* denotes the complex conjugate of a matrix. On the other hand, if X is re-

UT(t, 7') =

garded as a collection of 7' graph signals lying in its columns, the GFT of these signals

can be computed as

GFT{X} = Ug"X. (2.15)

Consider the 2D Fourier transform in classical signal processing, which takes the
Fourier transform first along one dimension and then along the other one. The joint
Fourier transform for time-vertex signals is defined similarly to this.The joint Fourier
transform (JFT) X of a time-vertex signal X takes the GFT along the node dimension
and the DFT along the time dimension [1]]

X = JFT{X} = Ug" X UE. (2.16)

Denoting the vectorized form of a time-vertex signal X € R¥*T as 7 € RN, the

joint Fourier transform can also be expressed as [1]]

= U,z (2.17)

K

where U; = Ur ® Ug is the Kronecker product of Ur and Ug. The filtering of time-
vertex signals can similarly be defined in the joint spectral domain through the use
of the joint Laplacian operator L; = Ly ® Iy + It ® L, where L represents
the Laplacian of a cyclic graph. Its eigenvector matrix is represented as U [1]], and
Iy € R¥Y*N and I € RT*T are identity matrices. Then for a joint graph filter
g(L), the relation between the input and output time-vertex signals X and Y can be

represented in terms of their vectorized forms as

y=g(L)T=U;9(\,QU,"z, (2.18)
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where 2 € RT*T is a diagonal matrix with diagonals w, for 7 = 1,2,--- ,T. Here,
g(A, ) is also a diagonal matrix containing on its diagonals the vectorized form of
the matrix [1]]
gA,wi) o g(A,wr)
: : , (2.19)
gy, w1) - g(An,wr)
where g(\,, w;) is the joint filter kernel that represents the desired filter response at

graph frequency \,, and time frequency w..

2.3 Estimation of Missing Samples of Graph Signals

In recent years, a major effort in graph signal processing has been the extension of
classical signal processing concepts to graphs in order to analyze and estimate graph
signals [2, 3, 10]. Inference problems for graph signals have been studied in various
previous works. Estimation of graph signals has been studied in the context of semi-

supervised learning [[11} 12} [13} 14} 15]].

Machine learning problems can be traditionally categorized as supervised, semi-su-
pervised, and unsupervised problems [16]]. If training data consist of both input
vectors and their corresponding output values, it is a supervised learning problem.
Supervised learning algorithms take the input vector and aim to learn a model that
computes the output value that best fits the input vector. If the output values can only
belong to a finite set of discrete values, the problem is called a classification problem.
On the other hand, if the purpose of the problem is to assign the input vector to a
continuous value, it is called a regression problem. Determining whether an image
is a dog image or a cat image can be an example of a classification problem. An
example of a regression problem is to estimate missing sensor measurements due to
a temporary failure in the sensor. Machine learning problems where the training data
consists of only a set of input vectors without output values are called unsupervised
learning problems. Their aim is to learn the underlying structure of the input vectors.
For instance, clustering and density estimation can be considered as examples of un-
supervised learning. Semi-supervised learning uses a small amount of labeled data

and a large amount of unlabeled data to utilize the advantages of unsupervised and

14



supervised learning methods.

If each vertex of the graph is considered as a data point in a semi-supervised learning
problem, the outputs of some of the vertices are available, and the others are not
available. Graph-based semi-supervised learning algorithms generally construct a
graph from labeled and unlabeled samples. Then, information in the labeled samples
is tried to be propagated over the graph. The most common assumption of graph-
based semi-supervised learning algorithms to propagate information in labeled data
is that the graph signal is smooth over the graph. The smoothness of a graph signal

can be defined using the graph Laplacian quadratic form

s(x) =Y Wyla()) — 2(0))* = 2™ Loz, (2.20)

ijeE
where z is the graph signal, and Lg is the graph Laplacian matrix [17]. This is also
known as the total variation of a graph signal [2]. If a graph signal = is smooth over
the graph, in other words, if the signal does not change rapidly between neighbors,
its total variation on the graph is expected to be low. The Gaussian random fields and
harmonic function methods [12] fix the values of the labeled data and try to find other
labels such that they are smooth. The optimization problem of this method can be

considered as follows:

min . Z (x(i) —y(1)) + 27 Lgx, (2.21)

where S is a set which consists of indices of labeled data and y(i) for i € S rep-
resents available labeled samples of the graph signal x. Here, © — oo space. The

optimization problem in Tikhonov regularization algorithm [[11] is defined as follows:

min Y (x(i) — y(i))* + v Lg, (2.22)

where v is a positive constant. Here, the Tikhonov regularization algorithm aims to
predict the signal that is close to the labeled data and smooth over the graph, rather

than directly fixing the values of the labeled data.

In classical signal processing, it is common to model signals to be produced by filter-

ing other signals. Finite impulse response filters (FIR) and infinite impulse response
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filters (IIR) are the two types of filters. If the impulse response of a filter has infinite
time spread, it is an IIR filter. Otherwise, it is an FIR filter. Similar to classical signal
processing, filters can be used to model a graph signal in applications such as sig-
nal interference and estimation. For this purpose, both finite impulse response filters
(FIR) [4, 18, [19]] and infinite impulse response filters [20] (IIR) in classical signal
processing have been extended to analyze graph signals. If graph filters are used to
model and analyze time-varying graph signals, they have to analyze graph signals
at different time instants separately. Therefore, interactions in the time dimension
cannot be modeled. This makes graph filters inadequate for modeling time-varying

signals.

If a signal is band-limited, it can be fully recovered from its samples in classical signal
processing. In recent years, sampling theory has been extended to graphs to recover
band-limited graph signals from their samples, which is called as graph sampling
theory. Graph sampling theory is first introduced in [21]]. A graph signal x is band-
limited if its spectral support is between [0, w]. Pesenson shows that graph signals
which contain low frequencies can be perfectly reconstructed from their samples. On
the other hand, high-frequency components can be uniquely determined only by their
values at all vertices [21]. Narang et al. use graph sampling theory to estimate missing
values of band-limited graph signals [22]. They aim to estimate band-limited graph

signals that can be obtained by reconstructing using available samples [23| 24, 25]].

Sparse representations are efficient tools to represent signals [26]. A signal x € RM
is sparse if it only k& nonzero elements where k < M [26]. Sparse signal models aim
to represent a given signal x as a linear combination of a few signals in a set of signals
called a dictionary D € RV*M_ The elements d; € R of the dictionary are called
dictionary atoms where [ = 1,..., M. In order to obtain sparse representations,
overcomplete dictionaries (i.e., M > ) are used. Dictionaries can be selected as
prespecified transform matrices such as wavelet transform [27] or can be learned
from data [28}, 29] 130, 31]. These dictionaries can be usedd to model and analyze
signals. Therefore, both transform-based methods and dictionary learning methods
have also been studied in graph signal processing to model graph signals. Hammond
et al. proposed spectral graph wavelet transform for weighted graphs [32]]. This graph

wavelet transform can be use to model the graph signals.
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Neural networks gained massive attention in the past few years. Similarly to the
above studies, neural networks have also extensions to graph domains to model the
graph signals. Gori et al. introduced graph neural networks (GNN) in [33], and
then detailed them in [34]. Firstly in GNNSs, a graph and the initial representations
of nodes are chosen. Then, GNNs aim to learn new representations for each node
which also encodes the neighborhood information. However, the learning process in
GNNss is computationally expensive. Therefore, the studies in [35) 136] focused on
overcoming this problem. The success of convolutional neural networks (CNN) in-
spired researchers to work on convolutional graph neural networks. Convolutional
graph neural networks can be divided into two groups: the spectral-based approaches
[37, 138l 139, 40] and the spatial-based approaches [41) 42, 43]]. The learned repre-
sentations with graph neural networks can be used to model and analyze the graph

signals.

The stationarity of a random process in the classical signal processing means that its
statistical properties do not change over time. Although the signal itself changes over
time, the way it changes is constant over time. Stationary processes are important
because they can be modeled and analyzed more easily. Due to the irregular structure
of graphs, the classical definition of stationarity does not apply to graphs. The irreg-
ular structure of graphs makes it difficult to define stationarity. Various studies have
been conducted on the generalization of wide sense stationary processes to graphs in
the literature [8} [1} 44, 45]. Girault et al. describe wide stationary processes via the
isometric shift operator [44, 46]. Perraudin et al. use the graph localization operator
to define wide sense stationarity in graph processes [45]. Marques et al. have de-
fined wide stationary graph processes over graph shift operators [8]]. Although these
methods define stationarity in graph processes, they ignore the time dimension of the
signals. Joint (time-vertex) stationarity has been defined for statistical analysis of

time-varying graph signals in the following studies [1} 47]].

Marques et al. use autoregressive moving average graph filters to model graph signals
[8]. They firstly calculate a rough power spectral density and correct this power spec-
tral density using the ARMA model assumption. They assume that the observations
come from a wide sense stationary graph process. This thesis is based on motiva-

tion that joint (time-vertex) wide sense stationary process models should be able to

17



model most graph signals of time-varying nature more accurately than graph (vertex)
wide sense stationary assumption. Therefore, in this thesis, we propose a method
which aims to learn parametric ARMA models under the joint wide sense stationary

models.
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CHAPTER 3

PROPOSED METHOD

This chapter describes the proposed method for estimating time-varying graph signals
by learning graph ARMA process models. First, detailed definitions of stationarity
for time-varying graph signals and ARMA graph process models are explained. Then,

the proposed method for estimating time-varying graph signals is described.

3.1 Preliminaries

3.1.1 Graph Wide Sense Stationary Processes

We first describe how the concept of wide sense stationarity has been extended to
graph domains in recent works. Let 2 € R” be a random vector representing a graph
signal. Then z is a graph wide sense stationary process if and only if the following

conditions are satisfied [45]] :

e 1 has a constant mean E[z| = c 1y

e The covariance matrix of x can be written as a graph filter X, = h(Lg),

where c and 1y respectively denote a real constant and an N-dimensional vector con-
sisting of 1’s. We notice that the first condition is a straightforward extension of the
concept of stationarity in the mean to graph processes. Similarly, the second condi-
tion aims to generalize the condition of covariance stationarity to graph domains as
follows: In classical signal processing, covariance stationarity refers to the invariance
of the covariance between two process samples to time shifts. However, this defini-

tion is not straightforward to extend to graph domains, as vertex shifts are challenging
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to define on graphs due to the irregularity of graph domains. The second condition
above circumvents this difficulty by formulating the "covariance stationarity" through
graph filters: The covariance between the process samples at two graph nodes must
be identifiable through how strong the response of some graph filter centered in the
first node is in the other node. The characteristics of this graph filter determine the
covariance pattern of the graph process then. We also notice that if = is a graph wide
sense stationary process, then due to the second condition above, its covariance ma-
trix 3, is jointly diagonalizable with the graph Laplacian as it can be decomposed
as ¥, = Ug h(A) Ug™. Here, an important property is that the eigenvalues A()\,,) in
the diagonals of h(A) give the power spectral density (PSD) of the graph process z
[45]]. This property is indeed in line with its counterpart in classical signal processing:
Covariance matrices of stationary time processes obtained by filtering white noise are
diagonalizable with the DFT matrix, where the eigenvalues correspond to the PSD of

the process.

3.1.2 Joint Time-Vertex Wide Sense Stationary Processes

Following the above definition of stationarity for graph processes, the concept of
stationarity has next been extended to time-vertex processes in later studies. Let X &€
RY*T be a random time-vertex process, with vectorized form 7 € RY*T, If X
satisfies the following conditions, it is called a joint time-vertex wide sense stationary

(JWSS) process [1]:

e 7 has a constant mean F[Z| = ¢ 1.

e The covariance matrix X.; of the process Z is a joint time-vertex filter

Y = h(Lg, Lr) = Uy h(A, Q) UM, 3.1)

where c and 157 respectively denote a real constant and an N'7'-dimensional vector

consisting of 1’s.

Hence, if 7 is a JWSS process, the covariance matrix Xz of the process can be jointly

diagonalized with the joint Laplacian £;. Moreover, the eigenvalues h(\,,w,) of
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Y.z give the joint power spectral density (JPSD) of the time-vertex process. We can
easily observe that the above conditions required for time-vertex stationarity extend

the conditions in Section [3.1.1]to time-vertex processes in a natural way.

Note that there is a relation between JWSS definitions and classical stationarity defini-
tions [1]]. If the columns of X are the realizations of a NV dimensional time wide-sense
stationary process and its rows are the realizations of a 7" dimensional GWSS process,
then the joint process X is a JWSS process [1]]. Moreover, if a time-vertex process X
1s JWSS, it is also a multivariate time wide-sense stationary and multivariate graph
wide-sense stationary process [1]. More detailed information about the relation of

JWSS definition to classical stationarity definitions can be found in [1]].

JWSS definition can be used to model time-varying graph signals. Loukas et al.
assume that data come from a JWSS process, and they estimate the JPSD from the

available data. They estimated JPSD as the average of JFT of realizations X"

R —~

~ X™(n, T

h( A, wy) = Z; %, (3.2)
where )/(\T is the JFT of the r*" realization of X, R is the number of realizations,
and h()\,,w,) is the estimate of JPSD of the time-vertex process X. Note that this
estimation method is based on the Wiener-Khinchin theorem [48]]. After estimating
JPSD, an estimate of covariance matrix ) x can be found using the relation in (3.1).
Loukas et al. estimate time-varying graph signals using the covariance matrix ¥y
with linear minimum mean square error (LMMSE) approach [1]. It is a nonparametric
algorithm, which uses the JWSS assumption. Therefore, we compare the proposed
method with this algorithm in Chapter ] We call this method [1]] "JWSS" in Chapter
Ml

3.1.3 Autoregressive Moving Average Graph Processes

The concept of autoregressive moving average (ARMA) filters widely used in classi-
cal signal processing has been extended to graph domains in several previous works
[49,50]. A JWSS time-vertex process X can be modeled as an ARMA graph pro-

cess if it is generated by filtering a zero-mean white process w; with an ARMA graph
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filter, where w; ~ AN(0, Iy) are independent for different ¢. The graph process x; at
each time ¢ is then related to the past values z,_, of the process and the input white

process as
p Q

Ty = — Z ap(Lg)zi—p + Z by(Lg)wi—q, 3.3)

p=1 q=0
where a,(Lg), b,(Lg) are graph filters. If a,(Lg) and b,(Lg) are polynomial graph
filters, then the ARMA graph process model is of the form

P K Q M
== Y amLiripy > Y bl wiy, (3.4)

p=1 k=0 q=0 m=0
where a,;, and b,,,, are ARMA graph filter coefficients [49] 50]. The relation in (3.4)
can be intuitively interpreted in the way that the process value x; at each time instant ¢
is obtained as a result of the diffusion of the previous process values z;_,, in preceding
time instants over the graph, through some polynomial graph filters. At the same
time, at each time instant ¢, a novel external "noise" component is introduced to the
system, modeled through the white process w;, which contributes to x; by passing
through a similar diffusion operation. Polynomial graph filters are typically useful
for modeling many natural phenomena over networks. For instance, in an application
where the graph process models the spread of an epidemic in a population, the first
term in the RHS of (3.4)) with x,_,,’s would represent the transmission of the infection
among the population members, while the second term with w;_,’s would account for
the infection sources external to the population. Taking the JFT of the process X, it
can be shown that the time-vertex spectral domain representation of the graph filter

in (3.4) is given by [49,150]

Zquo an\fzo bgm )‘24 s
1+ 25:1 ZII::O pi Aff e~ 397P

H(M\,w,) = (3.5)
Isufi et al. [S0] use parametric models to represent time-varying graph signals. They
call the model in (3.3) graph vector ARMA (G-VARMA) model. While estimating
the model parameters , they fit a univariate temporal ARMA model, for each graph
frequency. They use the well-studied ARMA estimation methods to fit the model
parameters. They also use a graph polynomial vector AR model given in (3.6)) to rep-
resent time-varying graph signals. Model parameters a,,, are estimated by minimiz-

ing the minimum squared error [S0]. After model parameters are found, time-varying
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graph signals are estimated using AR recursions. We note that both of methods do not
use the joint spectrum while estimating model parameters. On the other hand, they
aim to model graph and time components together. Therefore, we compare our pro-
posed method with these methods in Chapter 4 We drop the MA part in G-VARMA
model and we compare our method with it. It is called "G-VAR" in Chapter @l The
proposed method is also compared with "GP-VAR" algorithm in Chapter 4]

P K
r=—3 Y amlfri,+w, (3.6)

p=1 k=0
3.2 Proposed Method for Learning Parametric Time-Vertex Processes

In this work, we consider a setting where R realizations {X"}2 | of a time-vertex
process X are available. Each realization X" € RV*T is assumed to be only partially
observed, such that the value X, of the realization is known only at some of the graph
nodes i € {1,..., N} for some of the time instances ¢t € {1,...,T}. Let S” denote

the index set of node-time pairs for which the realization X" is observed.
S" = {(i,t) | X}, is observed}

Also, let S™ denote the complement of S”, i.e., the index set of node-time pairs for
which the observation of the realization X" is missing. Our aim in this work is to es-
timate the missing observations { X7,| (i,) € S”, r = 1,..., R}, given the available

process observations { X7,| (i,t) € S", r=1,..., R}.

Our approach is based on first obtaining an initial rough estimate 5., of the covari-
ance matrix Xz from the available process observations, which yields a rough
estimate l~1()\n, w,) of the joint power spectral density. We then learn the ARMA
model parameters by fitting the joint time-vertex spectrum (3.5)) of the ARMA filter
to the initial estimate iL(/\n, w,) of the JPSD. Note that, the relation between the joint
time-vertex spectrum and the JPSD is given in (3.11). An improved estimate of the
covariance matrix Yz is finally obtained from the learned ARMA model, from which
we infer the initially unknown process values. We discuss these steps in detail in the

following sections.
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3.2.1 Initial Estimation of the JPSD

We first describe the initial estimation of the JPSD, which will be used in the com-
putation of ARMA process models in Section [3.2.2] The covariance matrix ¥; €

RNTXNT of a time-vertex process X € RV*T is given by

Y11 X2 o Xar
Y, = Elzz"] = Y21 22t Zar ,
_ET,l Y1 - ET,T_

where we assume that X is zero-mean for notational convenience. Here 7z € RNT

represents the vectorized form of the process X and ¥;,, = E[z; x,7| stands for the
covariance matrix of the values of the process at time instants ¢ and u. When X
is a JWSS process, the covariance matrix >z is known to have the following special
property: Each covariance matrix ¥, , is a graph filter ¥; , = g;.,(Lg), which depends
only on the time difference ¢ — u. This leads to a block-Toeplitz structure in X5 [[1]].
The observation that any graph filter g(Lg) needs to be symmetric, as well as the
overall covariance matrix Xz, leads to the equality >, , = ¥, ;. Hence, the estimation
of 3; boils down to the estimation of the matrices X € RV forA =0,1,...,T—
1, where ¥;,, = YA with A = |t — u|. We obtain an estimate YA of each YA
by estimating its entries [iA]ij from the sample covariance of the observed process

value pairs

(X5 X501 (6), (J,u) € 8™, [t —ul=A, r=1,...,R}.

Once we compute the estimate 33, of the covariance matrix ; in this way, using the
relation in (3.1)), we obtain the estimate A(\,,w,) of the JPSD simply by extracting

the diagonal entries of the matrix

h(A, Q) = U, 58U, (3.7)
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3.2.2 Learning ARMA Graph Processes

In order to learn an ARMA process model coherent with the initially estimated JPSD,

we first rewrite the filter spectrum in (3.5)) as

b, -

HOww) =,

5 (3.8)

where the vectors a € RFE+Dx1 apd p ¢ RQFDIM+Dx1 regpectively consist of the

filter coefficients a,; and by, as

H
a = [alo a1y - Qpk "'GPK]
" 3.9)
b = [boo boy cbgm ---bQM]

The vectors v, , € CPEFVXL and q,, ., € CRADMFDXL congist of the coefficients

appearing in the joint Fourier transform expression

Uy = [Noeirt NLgiorl L K giorp . \K giwr P
(3.10)

Up,r = [N0F9r0 NLeIor0 L \Qedord .. \Mgur@)H

Similarly to the filtering of white noise processes in classical signal processing, the

JPSD h(\,,w;) of the process is related to the filter spectrum in (3.5]) as [1]]

2
b, .

hOmsor) = [ H (s = \ G

1+ afv, .
Hence, we can formulate the estimation of the ARMA model parameters from the

initially estimated JPSD h()\,,w,) as

2

- h(>\n7w7') (312)

’ b u, .

1+ afv,

The optimization problem in (3.12)) is non-convex and difficult to solve due to the
fourth-order dependence of the objective function on the model parameters a and
b. In order to develop a convex relaxation of this problem, we first reformulate the

relation in (3.4) as

P K Q M
S amllriy =) > bemLiwi_y, (3.13)

p=0 k=0 q=0 m=0
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where we set agg = 1 and ag, = 0 for k = 1,2,--- , K. This new formulation has
the advantage that the joint frequency response of the resulting graph filter has the

relatively simple form

H(yw,) = 2107 (3.14)
where the vectors a € R(PHDEFDX1 and o), - € CEFDEFDXL are redefined as
a = [ao a1 - api, - "GPK]H

b = (L0 N0 - Neghrp L AR g

(3.15)

and the vectors b and u,, , remain as in (3.9) and (3.10). The objective function in
(3.12) then becomes

- h()\na WT)

: (3.16)

N T
n T
N T
u vbfu,, -
:E E — " — h(An,wr)
— — | vl aafv,;

\T

The problem in (3.16) is difficult to handle because of the rational function term it
involves. Therefore, instead of solving the original problem in (3.16) we replace it
with the modified problem in (3.17). Although the modified problem in is
expected to have a different solution than that of the one in (3.16), it becomes much

more tractable as the rational function is replaced with polynomial terms.
N T
n T

The dependence of this objective on the vectors a and b is still non-convex. We thus

- 2
uﬁ{TbeunJ — vffTaaan,T h(An,wr)| - (3.17)

propose to relax it into a convex function of the matrices A and B, where A = aa”

and B = bb. However, for the decompositions of A and B in terms of a and b to be
valid, the matrices A and B must be rank-1 and positive semi-definite. Hence, we get

the optimization problem

N T
wis
subjectto  rank(A) = 1, rank(B) =1, (3.18)

Ac SS_P-H)(K—H)

. 2
H H
Uy Bty 7z — v, Avp - h( Ay, wr)

B e §@Hary

) )

aOO:]-7 a()k:OfOI'k’Zl,2, ey K,
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where S’/ denotes the cone of n X n positive semi-definite matrices. Lastly, we apply
a convex relaxation of the rank constraints as follows. The positive semi-definite
matrices A and B can be pushed to be low-rank by minimizing the sums of their
singular values, or equivalently, their traces tr(A) and tr(B). We hence obtain the

final form of our optimization problem as

N T
min E E
A,B

n T

subjectto A € SSFPH)(KH)’ Bec SS_QJFD(MJFU

~ 2
uﬁ{TB Upr — vTIL{TA Unr h(Ap, wr)| + patr(A) + pptr(B)

(3.19)

apo =1, agp =0fork=1,2, --- | K,

where (14 and pp are positive weight parameters. The objective function in (3.19) is
quadratic and convex in A and B. We also observe that the constraint set consists of
linear equality constraints and the constraint that A and B be positive semi-definite
matrices, which can be reformulated as linear matrix inequality constraints. There-
fore, the problem in (3.19) is convex, which we solve using convex optimization
techniques [51], [52]. Once the matrices A and B are computed by solving (3.19),
the ARMA model parameter vectors a and b can be recovered through rank-1 decom-

positions of A and B, respectively.

3.2.3 Estimation of Missing Observations of the Process

Having estimated the ARMA model parameters a and b as described in Section[3.2.2]
we now discuss the estimation of the missing observations {X7| (i,t) € S"} of the
process. Following the relation in (3.11)), the learnt model parameters a and b provide
an improved estimate of the JPSD, which we may denote as h*(\,,, w, ). Rearranging
h*(A\n, w,) in matrix form as ~A*(A, 2), we can obtain an improved estimate 3% of the
covariance matrix >; as

Y =Ush*(A, Q) U, (3.20)
which follows from the relation in (3.T)).

Finally, denoting the vectorized form of each realization X" of the time-vertex pro-
cess as =", let us form two new vectors y" and z" from the known and the missing

entries of T”, respectively, i.e., the process values in the sets {X7,| (i,¢) € S™} and
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Figure 3.1: The flow chart of the proposed algorithm

{X"] (i,t) € S"}. The vector of missing process values z" can then be estimated
with the classical linear minimum mean square error (LMMSE) estimation approach
[1] as

(z) =25 ()7 (0" — El') + B[] (3.21)

forr =1,..., R. Here X, is the cross-covariance matrix of z" and §", and ¥ is the
covariance matrix of 4", which can be formed by extracting the corresponding entries

of the overall covariance matrix X% for each realization X".

The pseudo code of the proposed method is given in Algorithm (I} and the flow chart
of the proposed method can be found in Figure [3.1]

Algorithm 1 Proposed Method
Input Graph G, available process observations {7" }2 ,,

xR
r=1

Output Estimated process observations ({z")
1: Compute & using {7"}%_, as explained in Sectionm
2: Compute A and B by solving optimization problem given in (3.19)
3: Find a and b through rank-1 decompositions of A and B
4: Compute the JPSD h*(\,,, w,) from a and b to using (3.11))
s: Find the covariance matrix > from JPSD using the relation in (3.20)

6: Find LMMSE estimates (z")* using (3.21)
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CHAPTER 4

EXPERIMENTAL RESULTS

In this chapter, we examine the performance of our proposed method. First, we con-
duct several experiments on synthetic data. We aim to analyze how accurately we
can calculate the model with synthetic data experiments. We also examine the pa-
rameters that affect the model calculation accuracy. Then, we perform comparative

experiments on a real data set.

4.1 Synthetic Data Experiments

In order to test the model computation accuracy of our algorithm in detail, we present
results on a synthetically generated ARMA graph process. We use a real graph topol-
ogy which is generated from the Moléne weather data set [44]. It consists of N = 33
different meteorological observation stations, each represented as a graph node. We
construct a 5-NN graph with Gaussian edge weights based on the geographical prox-
imities of the stations. On this topology, we synthetically generate realizations of an

ARMA graph process as given in (3.4).

The purpose of synthetic data experiments is to test how accurately the proposed al-
gorithm can learn a model by solving the relaxed optimization problem in (3.19). We
thus learn a model from R complete realizations of the process without any miss-
ing observations. The accuracy of the JPSD estimation significantly influences the
accuracy of the estimated covariance matrix. Since the estimated covariance matrix
is used in the estimation of the missing entries, the eventual algorithm performance
depends on the estimation accuracy of the covariance matrix and JPSD. Therefore,

we evaluate the model computation accuracy based on how close the estimated JPSD
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h*(A\n,w;) is to the ground truth JPSD h(\,,w,) of the process. We compute the

JPSD estimation error as
" = hllr

4.1
Tl 1)

where, with a slight abuse of notation, h* and h denote matrices containing the es-
timated and the ground truth JPSD values, respectively and ||| is the Frobenius
norm. To compare, we also present the JPSD estimation error of the algorithm in [[1]
(JWSS), which computes nonparametric JWSS process models based on the JFT of
the process realization. The proposed method is also capable of estimating the graph
ARMA model parameters a and b in (3.9) and (3.15). The estimation error of a is
computed as

la* — af

(4.2)
all

where a* and a denote the estimated and the ground truth vectors, respectively. The
operator ||.|| stands for the {,-norm. Similarly, the estimation error of b is computed

as
1% — o]
i

where b* and b represent the estimated and the ground truth vectors, respectively.

4.3)

We first analyze the effect of the number of realizations on the estimation performance
of the ARMA graph process model in Section d.I.I] Then, in Section {.1.2] we
investigate the estimation performance in case noisy observations on the synthetic
data. In Section the effect of model complexity on the estimation performance
is examined. The effect of the model mismatch is studied in Section [4.1.4] Lastly, a

parameter sensitivity analysis for p4 and . is given in Section[4.1.5]

4.1.1 Effect of Number of Realizations

We synthetically generate realizations of an ARMA graph process (3.4) of order
P=1 K =1,Q =1, M = 0 on the Molene graph described in Section
The time length 7" of the process is set to 100. The ground truth model parameter
vectors in (3.13) and B9) are setasa = [1 —0.5 0 0.5]" andb = [0.5 0.5]".
The joint filter created with these parameters is shown in Figure We filter R real-

izations of a zero-mean white Gaussian time-vertex process to obtain the realizations
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X" of the synthetically generated ARMA graph process X, forr = 1,..., R. The
JPSD of the generated process is given in Figure 4.Tb] An example realization of the
generated process is shown in Figure Since the joint filter H(\,,,w,) shows low
pass characteristics in both the time and the vertex domains, the generated samples
are expected to change smoothly over the graph and the time. One can observe from
Figure [4.2] that the realization of the generated ARMA graph process are smoothly

changing over both domains.

2 4
¥ | :
15 10 3
25
15
1 c 2
20 15
0.5 25 1
30 05
20 40 60 80 100 20 40 60 80 100
T T

() (b)

Figure 4.1: (EI) The magnitude response of the joint filter | H (A, w,)| , (EI) The JPSD
h(An,w.) of the synthetically generated ARMA graph process

In Figure .33 we study the variation of the JPSD error with the number of realiza-
tions 2 of the process. We have performed 20 experiments, and the average esti-
mation performance is shown in Figure w4 and pp are set to 107°. The model
orders are assumed to be known. Figure [d.3a] shows that the JPSD error of the pro-
posed method is very low compared to the baseline method [1]. Especially in cases
where the number of realizations is small, the proposed method estimates JPSD with
less error than the nonparametric approach [1]]. Although the difference between the
nonparametric approach and the proposed method decreases as the number of ob-
servations increases, the proposed method still performs better. As observed, the
JPSD error approaches zero with an increasing number of realizations shows that af-
ter several relaxations, the approximate optimization problem in (3.19) successfully

finds the correct solution. It provides an accurate estimate of the parametric process
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Figure 4.2: Samples from the synthetically generated ARMA graph process
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model as well. The proposed method can also calculate ARMA graph process pa-
rameters. Therefore, we have also measured how accurately the model parameters
are estimated. The estimation error of the parameters a and b according to the chang-
ing number of observations are shown in Figure {.3b| and respectively. These
results indicate that the proposed method can successfully recover ARMA graph pro-

cess models.
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Figure 4.3: (EI} JPSD error vs. the number of realizations, @) Estimation error of a

vs. the number of realizations, (c)) Estimation error of b vs. the number of realizations

In the light of these experiments, we find that the number of observations signifi-
cantly affects the model estimation performance. Also, using a parametric approach
improves the estimation results, especially when a small amount of data is available.

Furthermore, the optimization problem in (3.19) is able to successfully capture the
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ARMA graph process model.

4.1.2 Effects of Noisy Observations

In this experiment, we examine how much the model estimation performance is af-
fected by the noise level. To do so, synthetic data with different signal-to-noise ratio
(SNR) levels are generated by adding additive white Gaussian noise. We use the same
ARMA graph process model described in Section [4.1.1] The number of realizations

is fixed as R = 1000. p4 and pp are set to 107°. The model orders are set to their

ground truth values.
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Figure 4.4: (L;I) JPSD error vs. SNR (dB), (jﬁ) Estimation error of ¢ vs. SNR (dB),
Estimation error of b vs. SNR (dB)
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Figure 4.5: @) JPSD error vs. the number of realizations for nonparametric JWSS
model [1] at different SNR levels, b)) JPSD error vs. the number of realizations for
the proposed method at different SNR levels, (c)) Estimation error of a vs. the number
of realizations for the proposed method at different SNR levels, (c|) Estimation error

of b vs. the number of realizations for the proposed method at different SNR levels

In Figure 4.4a] we present the obtained JPSD errors. The experiment is repeated 20
times, and the average of the results is given in Figure 4.4 The figure shows that
the proposed parametric method performs much better than the nonparametric JWSS
method [1]] under noisy observations. It should be noted that there is a considerable
performance gap between the proposed method and the nonparametric JWSS method,
especially at low SNR levels. The JPSD estimate of the JWSS method [1] is known

to be quite comparable to our initial JPSD estimate h*(\,,, w, ). These results confirm
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that the proposed algorithm can successfully refine the initial noisy JPSD estimate to

compute an improved model that better approximates the process spectrum.

Then, the number of realizations experiment explained in Section 4.1.1] is repeated
at different noise levels. In our experiments, data are generated in different SNR
levels, then the number of realizations are changed during the experiment. The same

procedure is repeated 20 times, and the average of the results is given in Figure [4.5]

Comparing Figures and it can be observed that the proposed method out-
performs the nonparametric method at different noise levels. The results indicate that

the proposed method is more robust to noise than the nonparametric method.

Noiseless results and the results when SNR is equal to 20dB in Figure [4.5b| are very
close to each other. When SNR ratio is equal to 10dB, the estimation error of the
proposed method approaches 0.02. Moreover, when the noise power is equal to the
signal power, i.e. SNR = 0dB, the increase in the number of observations may not
increase the estimation performance. However, the proposed method performs much

better than the nonparametric method when signal-to-noise ratio is equal to 0 dB.

4.1.3 Effect of Model Complexity

We evaluate the estimation performance for 6 different models. Experiment is re-
peated 5 times and the average results can be seen in Figure 4.6l 114 and pp values
are set to 107°. The number of realizations R is set to 1000. The purpose of this
experiment is to study how the number of realizations required for accurate model es-
timation evolves in relation to the model complexity. The ground truth model orders
P, K, @, M are thus provided to the algorithm. Figure[4.6ashows that the JPSD esti-
mation with the nonparametric approach is not affected much from the complexity of
the model. On the other hand, Figure 4.6b| shows that the estimation accuracy of the
proposed method highly depends on the model complexity. As the model complex-
ity increases, the estimation performance decreases for a fixed number of realizations.
This can be explained in the following way: The optimization variables in the problem
given in (3.19)) are the A and B matrices. Therefore, the number of optimization vari-

ables rapidly increases as the model orders P, K, (), and M increase. The increasing
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Figure 4.6: @) JPSD error vs. the number of realizations for the nonparametric JWSS
method, @ JPSD error vs. the number of realizations for the proposed method, @
Estimation error of a vs. the number of realizations for the proposed method,

Estimation error of b vs. the number of realizations for the proposed method

algorithm complexity at high model orders affects the estimation performance, which
can be considered as the main drawback of the proposed method. Although the per-
formance of the proposed method decreases with the increase in model complexity,
the error keep decreasing as the number of observations increases. This is quite in
line with the concept of overfitting in machine learning: A higher model complexity
increases the need for training data in order to properly learn a model. The model
complexity influences the estimation error in a and b as well. The estimation errors of
the a and b vectors are shown in Figure and Figure [4.6d] respectively. The high-

est estimation error for a is observed when model order P is set to 3. On the other
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hand, when () is equal to 3, the highest estimation error of b is observed. This is a
natural consequence of the fact that the lengths of the a and b vectors are proportional

to the parameters P and (), respectively.

4.1.4 Effect of Model Mismatch

In this experiment, we study how the estimation accuracy is affected by the mismatch
between the ground truth model order parameters and their values selected by the
algorithm. For this purpose, we use the process mentioned in Section which
is an ARMA graph process (3.4) of order P = 1, K = 1, Q = 1, M = 0, and
a=[1 —05 0 05" andb = [0.5 05"

algorithm is set to learn a model whose P, K, (), or M order parameter deviates from

. In each part of the experiment, the

its ground truth value, and the effect of this deviation on the estimation performance
is studied. Each experiment is repeated 5 times and the average results are reported.

14 and pp values are set to 107°. The number of realizations R is set to 1000.

First, we set the model order parameters /', (), and M of the algorithm to their
ground truth values i.e. K = 1, Q) = 1, and M = 0. The value of P is changed
during the experiment into P = 1,2,...,6. The results are shown in Figures
4.7c, and When P is not selected correctly i.e. it is different than the ground
truth model order, the accuracy of the model computation starts to decrease. Although
the performance drops, the increase in the estimation errors is not dramatic. When P
is equal to 6, the JPSD error is still less than 0.02. If we analyze the estimated vector
a, we can see that the terms a,;, with p > 1 are predicted close to 0 when P is chosen
greater than its ground truth value 1. These results show that selecting P incorrectly
does not affect the performance that much. Although P is directly related to only a
parameters, the estimation errors of both a and b increase if the P value is incorrectly
assigned. However, an incorrect selection of P affects the estimation performance of
a more than that of b, which is natural as K is directly related to the parameter vector

a.

Similar experiments are performed for K, (), and M, and the results of these experi-

ments are shown in Figures 4.7 and
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The results for K are given in Figure Figure and Figure The ground

truth value of K is 1. The best results are obtained when K is set to 1. We observe
that setting K incorrectly causes sharp performance drop. Moreover, an incorrect
selection of K affects the estimation performance a more than that of b. Next, we

study the effect of the parameter (). The ground truth value of () is 1. The results

for () are given in Figures 4.8a, |4.8c| and 4.8el The best results are obtained when ()

is set to the ground truth value i.e. 1. Choosing () smaller or larger than the ground
truth value causes a drop in the performance, especially resulting from the errors in
the estimation of the b vector. Finally, we analyze the effect of M. The results for M
are given in Figures [4.8b] 4.8d| and[4.81 The ground truth value for M is 0. If M is

chosen higher than 0, the performance starts to decrease.

The experiments of this section show that when the model order parameters selected
by the algorithm deviate from their ground truth values significantly, the estimation
performance drops. Therefore, the selection of the model orders is crucial. Setting P
incorrectly has a minor impact on the performance, while choosing K incorrectly may
affect the performance considerably. Similarly, the algorithm performance seems to
be more affected by the choice of M than that of (). This is an interesting observation,
since P and () control the "time delay" of the process, i.e., to what extent the previous
instances of the process values z;_, and the external noise values w,_, are expected to
contribute to the current process value x;. On the other hand, the K" and M parameters
control the extent of the diffusion of the process values over the graph, through the
order of the polynomial graph filters. The results of the experiments suggest that the
algorithm has less tolerance to the over-diffusion of the process values on the graph,

compared to the overestimation of the length of time-filtering.

4.1.5 Parameter Sensitivity Analysis

In our last experiment on synthetic data, we examine the sensitivity of the proposed
method to the weight parameters 14 and pp in the objective function. For this pur-
pose, we use the synthetic model explained in Section .1.1] and set the number of
realizations R to 1000. The model orders are set to their ground true values, i.e.

P=1,K =1,Q = 1,and M = 0. Then, different ;14 and up values are set
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during the experiment and the estimation performance is measured for the differ-
ent ;14 and pup values. The experiment is repeated for 5 times, and the average of
the JPSD estimation errors are given in Table 4.1} The results show that in order to
achieve high estimation performance, the algorithm hyperparameters 14 and jp must
be selected carefully. Setting 14 and p to sufficiently small values within the range
pa € [10771073), up € [1077 1073] gives the best results for this model. If i is set
large, we have observed that the algorithm tends to trivially estimate the b vector as a
zero vector, in order to minimize the term values of b becomes 0 to minimize tr(B) in

the objective function.

10°7 | 1075 | 107% | 107! 10t 103 10° 107
2\
10=7 | 0.0038 | 0.0038 | 0.0038 | 0.0039 | 0.0074 | 0.2809 | 1.0000 | 1.0000
107° | 0.0038 | 0.0038 | 0.0038 | 0.0039 | 0.0074 | 0.2809 | 1.0000 | 1.0000
1073 | 0.0038 | 0.0038 | 0.0038 | 0.0039 | 0.0074 | 0.2809 | 1.0000 | 1.0000
1071 | 0.0038 | 0.0038 | 0.0038 | 0.0038 | 0.0074 | 0.2810 | 1.0000 | 1.0000
101 | 0.0209 | 0.0209 | 0.0209 | 0.0209 | 0.0219 | 0.2895 | 1.0000 | 1.0000
103 | 0.3487 | 0.3487 | 0.3487 | 0.3487 | 0.3497 | 0.4701 | 1.0000 | 1.0000
10° | 0.4391 | 0.4391 | 0.4391 | 0.4391 | 0.4391 | 0.4718 | 1.0000 | 1.0000
107 | 0.4405 | 0.4405 | 0.4405 | 0.4405 | 0.4405 | 0.4711 | 1.0000 | 1.0000

Table 4.1: Parameter sensitivity analysis for 4 and pp

4.2 Comparative Experiments

We next evaluate the performance of our method with comparative experiments on
the Molene weather data set. We experiment on temperature measurements recorded
on N = 37 different meteorological observation stations, each represented as a graph
node. We construct a 10-NN graph with Gaussian edge weights based on the geo-
graphical proximities of the stations. We regard each 24-hour measurement sequence
as one realization of a time-vertex graph process X with graph size N = 37 and time

length 7" = 24, obtaining a total of R = 31 realizations.

For each realization, we consider some of the process values as missing observations.
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The time and vertex indices of the missing observations are randomly selected. We
learn a process model with the known observations, which is then used for obtaining
an LMMSE estimate of the missing observations as discussed in Section [3.2] The
estimation performance of our method is compared with the following approaches:
Nonparametric JWSS process modelsﬂ (JWSS) [], graph vector autoregressive re-
cursions (G-VAR) [50], graph polynomial vector autoregressive recursions (GP-VAR)
[50], vector autoregressive process models (VAR) [S3]], and prediction via an AR time
process model (AR) [9]. Half of the known process observations are used for vali-
dation for all algorithms requiring the hyperparameter tuning such as model orders.
Hyperparameters of the proposed method is set as follows: P =2, K =1Q = 0,
M =3, us=10and ug = 10.

The performances of the algorithms are compared with respect to the normalized

mean square error (NME) of their estimates of missing observations as given by
1/2

R R
NME =Yl = @)1%/ D 1| (44)
r=1 r=1

where z” and (z")" represent the ground truth values of the missing observations and

their estimates, respectively.

The variation of the NME with respect to the ratio of missing observations is pre-
sented in Figure 4.9 for all methods. We observe that methods based on graph pro-
cess models perform clearly better than the VAR and AR models, which treat the
data as individual time series and do not employ the information of the underlying
graph topology. Regarding the comparison among the graph-based methods, it is in-
teresting to note that the proposed method and the JWSS method, which compute
models based on the time-vertex joint spectrum of the process, provide better esti-
mation performances than the G-VAR and GP-VAR methods, which do not exploit
the information of the joint spectrum. This confirms the expectation that the joint
time-vertex spectrum of a time-vertex signal may provide critical information about
its characteristics, which cannot be captured with only vertex-based frequency analy-
sis. The proposed method yields a lesser estimation error than JWSS, suggesting that

the parametric graph process models considered in our work may be computed more

1 As the computation of the JFT is not possible with randomly selected missing observations in this setting,
are using a variant of the original method [1] by estimating the JPSD from the covariance matrix as in (3.7) and
refining it by extracting its diagonal entries.
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Figure 4.9: NME of compared methods on the Molene weather data

accurately than nonparametric models [[I]], in settings with incomplete process real-
izations. An overall consideration of these results indicates that our method is able to
successfully combine the efficacy of parametric process models with the information

of the time-vertex joint spectral characteristics of the process.
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CHAPTER 5

CONCLUSION

In this thesis, we have proposed a method for learning time-vertex joint graph ARMA
process models from incomplete observations of the process. First, an empirical es-
timate of the JPSD of the process is obtained by employing the particular block-
Toeplitz structure of its covariance matrix. Then, we have formulated the learning of
the ARMA process parameters via an optimization problem where the error between
the parametric JPSD of the process and its empirical estimate is minimized. While
this initial problem is non-convex, we have proposed to relax it into a convex one by
rewriting the ARMA process parameters in terms of low-rank positive semi-definite
matrices. Once the process parameters are computed, the initially unavailable obser-
vations of the process are inferred with an LMMSE estimation. Compared to recent
methods in the literature, the resulting algorithm has much milder assumptions on the
structure of the available observations of the process. Since, it does not require a set
of "training" observations completely known over the entire graph and during a whole

time interval, unlike many state-of-the-art methods.

The foremost part of our proposed method examines the estimation of the JPSD. Af-
ter estimating the JPSD, the missing observations are simply computed by LMMSE
estimation. Therefore, it is crucial to successfully estimate the JPSD if the process
comes from the JWSS ARMA process model. Thus, the JPSD estimation perfor-
mance of the proposed method is investigated for different number of realizations.
The experiment has been conducted on synthetically generated JWSS ARMA graph
processes. Then, the proposed parametric JPSD estimation method is compared with
the reference nonparametric JPSD estimation method proposed in [[1]. As the number

of realizations increases, the estimation error drops more drastically in the proposed
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method. Moreover, when the performance of the estimation of the ARMA model
parameters apg and bgys have also been analyzed, the results show that the JWSS
ARMA graph process model can be successfully recovered from data when there is a

sufficient amount of realizations available.

In the second experiment, we study the JPSD estimation performance in case of noisy
observations of the process. The experiment is conducted on the same synthetically
generated ARMA graph process. As the SNR increases, the JPSD is estimated more
accurately as expected. The performance drop in the proposed method at large noise
levels is less than the nonparametric model. As a result, using the parametric ARMA
model provides better robustness to noise, in comparison with the baseline nonpara-
metric model proposed in[1]]. Furthermore, the estimation performances of the model
parameters a and b are examined in this setting as well. The results show that the
JWSS ARMA graph process model can also be successfully learned under noisy mea-

surements.

The effect of model complexity, model mismatch are investigated using synthetic
data. As model complexity increases, the performance of the proposed method de-
creases. If model parameters are not set correctly, it decreases the estimation perfor-
mance. In addition, sensitivity analysis for x4 and pp is performed. The performance
of the proposed method is affected by 114 and pp. In order for the proposed method
to give the better results, the most suitable P, K, ), M, 114, and pp parameters for

the process should be selected.

In the comparative experiments, we use a real-world data set that contains hourly
temperature measurements. We have considered an experimentation setting where
missing observations occur at arbitrary locations in both vertex and time domains.
We aim to estimate the incomplete observations from the observed ones. The perfor-
mance of the estimation of missing values is measured by the NME. The estimation
performance of the proposed method is compared with five different algorithms. The
ratio of missing observations is altered during the experiment and its effect on the
estimation error is investigated. As expected, as the ratio of the missing observations
increases, the estimation error increases. The proposed method and the algorithm pro-

posed in [1]], which use the JWSS process model, to outperform the other methods.
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This confirms the expectation that modeling a real-world time-varying graph signal
with the JWSS assumption may be helpful. Moreover, the results show that modeling
the time-varying graph process as a parametric JWSS ARMA model provides better

signal estimation performance than a JWSS nonparametric model.

In this thesis, as a proof of concept that the assumption JWSS ARMA process models
can improve the estimation performance in a weather data set. As future work, more
extensive experiments on real-world data sets should be conducted in order to better
understand when modeling a time-varying graph signal as a JWSS ARMA graph
process model. We have focused on a setting where the graph is fixed. Another
interesting future work on this study can be to explore wide-sense stationarity when
the graph topology has a time-varying structure as well as the graph signals. Another
potential extension of our study would address the problem of learning or correcting
the graph topology along with the process model. Note that the validity of the GWSS
assumption directly depends on the graph topology. Therefore, correcting an initially
available but often erroneous graph topology so as to achieve a better fit between
the process observations and the process model may improve the signal estimation

performance in a wide range of applications.
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