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ABSTRACT

GREEN’S FUNCTION FOR FINITELY MANY INTERVALS STURM-
LIOUVILLE PROBLEMS

CHISHA, RODGERS
M. Sc. in Mathematics
Supervisor: Assoc. Prof. Dr. Abdullah KABLAN
June 2017
42 pages

The Green’s function has been constructed for one-interval and two-interval Sturm-
Liouville problems in which the discontinuity of its derivative is not determined
beforehand but occurs on its own. This thesis seeks to extend that idea and construct
the Green’s function for finitely many intervals case. We consider the second order
scalar differential equation with its boundary conditions and convert it to its equivalent
first order linear system. From this conversion, we formulate the characteristic
function whose zeroes are the eigenvalues of the homogeneous system. In addition,
we construct the generalized matrix Green’s function from which we get the top right
component as the Green’s function for finitely many intervals Sturm-Liouville

problems.

Key Words: Sturm-Liouville problem, Characteristic function, Green’s function.



OZET

SONLU SAYIDA ARALIGA SAHIP STURM-LIOUVILLE PROBLEMLERI
ICIN GREEN FONKSIYONU

CHISHA, RODGERS
Yiiksek Lisans Tezi, Matematik Boliimii
Tez Damismani: Do¢. Dr. Abdullah KABLAN
Haziran 2017
42 sayfa

Tiirevindeki siireksizligi onceden belirlenmemis fakat kendiliginden ortaya ¢ikan, tek
ve iki aralikli Sturm-Liouville problemleri i¢in Green fonksiyonu insaa edilmistir. Bu
tezin amact bu fikri genisletmek ve sonlu sayidaki aralik durumu i¢in Green
fonksiyonunu ingaa etmektir. Bunun igin, ikinci mertebeden skaler diferansiyel
denklemi sinir sartlari ile birlikte ele alacagiz ve bu problemi, ona denk olan birinci
mertebeden lineer sisteme donlistiirecegiz. Bu doniisiimden, sifirlari homojen sistemin
0zdegerleri olan karekteristik fonksiyonu elde edecegiz. Daha sonra da genellestirilmis
matris Green fonksiyonunu insaa edecegiz ki bunun sag iist bileseni, sonlu sayida

araliga sahip Sturm-Liouville problemi i¢in Green fonksiyonu olacaktir.

Anahtar Kelimeler: Sturm-Liouville problemi, Karekteristik fonksiyon, Green

fonksiyonu
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CHAPTER 1

INTRODUCTION

The Sturm-Liouville equation
~(p(2)y) + g(@)y = Nr(2)y,  z€l=][ab],

where [ is an interval on the real line, has received considerable attention in recent
past in a variety of contexts and subject to different conditions such as transmission
conditions [1, 2, 3, 4, 5, 6, 7], interface conditions [8, 9, 10], multi-point conditions [9,
11, 12, 13], point interactions [14, 15] and discontinuous conditions [16, 17]. Pokornyi
and Borovskikh [14] as well as Pokornyi and Pryadiev [15] give more details on such
problems and their applications. To find the solution that must satisfy given conditions,
the Green’s functions has proved to be a powerful method. As a result, the Green’s
function has been used very often in physics, engineering and mathematics to solve
partial differential equations (PDE) as well as ordinary differential equations (ODE),
for example, deflection of a beam with clamped ends [18] and string with fixed ends
[19]. In a similar way, we will consider Sturm-Liouville problems (SLP) with some

given boundary conditions.

Given the inhomogeneous ODE, one important condition for the Green’s function
to exist is that the homogeneous equation should have only the trivial solution [19, 20,
21]. If the homogeneous equation has a non-trivial solution, then the inhomogeneous
ODE has either no solution or many solutions. It then follows that the Green’s function
indeed exists and is unique [19, 20, 21]. In most textbooks, the Green’s function has
been constructed by assigning the discontinuity of its derivative a priori. However,
Neuberger’s construction [22] is special in that the discontinuity occurs ‘naturally’.

Such a method has been utilised by Zettl [23] to construct the Green’s function for a



one-interval SLP and its adjoint form. Wang and Zettl [24], extended this idea and
constructed the Green’s function for two interval case. We shall build on this work and

construct the Green’s function for finitely many intervals case.

In chapter Two, we will give a brief fundamental theory on ODE. We will outline

important definitions and theorems which are significant in the theory of ODE.

The characteristic function and the Green’s function for one-interval SLP with
some given boundary conditions will be constructed in Chapter Three. The second

order ODE
~(p(2)y') + g(z)y = Ar(z)y, x€I=(ab), —oo<a<b<o,

1s converted to its equivalent first order linear system by writing it as
Yy =—7=% < = (g(l‘) T )\’/‘(ZL’))y,

where, as observed, 2z = p(x)y/. Included in this chapter will be the adjoint

equivalence of the Green’s function and its associated conditions.

We will construct the generalized matrix Green’s function from which we get the
Green’s function for finitely many intervals SLPs in chapter Four. Furthermore, we
will make some necessary observation regarding the size of the matrices which form
the boundary conditions and the size of the matrix whose determinant gives the
characteristic function. Some examples will be given to illustrate the results obtained.
Of particular interest are the examples involving disjoint intervals but with common
end points and having singularities in the interior which generate self-adjoint boundary

conditions in the direct sum of the Hilbert space [25, 26].

In chapter Five, we will give the conclusion based on the results gotten in our

research.



CHAPTER 2

PRELIMINARIES

2.1 Notations

We would like to begin by stating the notation to be used in this thesis. Let I be

any interval on the real line which can be open, closed, half open, bounded or

unbounded. Let Z' denote the set of positive integers and C denote the set of

complex numbers. We denote by Mn‘m((C) the set of 7 XM matrices with complex

entries, where n,m € Z" . The notation M (C) indicates nXn square matrix with
complex entries. For any matrix A € M (C), we denote the transpose of a conjugated
complex matrix A by A . The determinant of A € M (C) will be designated by det A

while its trace will be symbolised by 77(A). Let L(I,C) = L'(I,C) denote the set of

complex-valued Lebesgue integrable functions on a compact interval I for which
b
[ ly@) | dw = [|y(@)|de < oo
I

and L, (I,C) signifies the set of complex-valued Lebesgue integrable functions on

every compact sub-interval of I . The notation A C([) is used to denote the collection

of absolutely continuous complex-valued functions on 1.



2.2 Basic Theory
We now present the basic theory of ODE.

Definition 2.2.1. A matrix function is absolutely continuous if each of its

components is absolutely continuous.

Definition 2.2.2 (Solution). Let I be any interval and let n, m € Z". Let

P:1— M (C), F:1— M_ (C). By a solution of the equation
Y'=PY+F onl (2.1)

we mean a function Y from I into M m((C) which is absolutely continuous on all

compact sub-intervals of I and satisfies the equation a.e on I.

We now give an important theorem regarding the existence and uniqueness of the

solution.

Theorem 2.2.1 (Existence and uniqueness). Let [ be any interval and
nomeZ". If PeM(L(I,C)) and F € Mmm(L(I, C)), then every initial value

problem (IVP)
Y'=PY +F, onl (2.2)
Yu)=C,uel, C e M7L7m((C) (2.3)
has a unique solution defined on all of I. Furthermore, if C, Pand F are all real-

valued, then there is a unique real-valued solution.

Proof: The proof is given by using either the fixed point method or the Picard’s

successive approximation method, (See [20] and [23]). O

Definition 2.2.3 (Fundamental set of solutions). Consider the homogeneous part

of equation (2.2)

Y'=PY on I (2.4)



A set of n solutions of this equation, all defined on the same interval I, is called a

fundamental set of solutions if the solutions are linearly independent functions on 1.

Definition 2.2.4 (Fundamental matrix solution). A matrix Y € M (C) is called

a fundamental matrix solution if its columns form a fundamental set of solutions. Note

that fundamental matrix solution satisfies
Y’ = P(z)Y.

From Theorem 2.2.1, it follows that for each point u € I, there is exactly one
fundamental matrix solution X of (2.4) satisfying X(u) = I , where I denotes the

nXxn identity matrix.

Definition 2.2.5 (Primary fundamental matrix). For each fixed v € I, ®(.,u)

is the primary fundamental matrix for the homogeneous linear system (2.4) satisfying
P(u,u) =1 ,
and also satisfies
D(x,u) = Y(2)Y ' (u),

for any fundamental matrix solution Y of (2.4). Note that ®(x,u) is invertible and
belongs to M (AC, (I)). Furthermore, if I is compact and P € M (L(I,C)), then

u can be an endpoint of 1I.
Proposition 2.2.1. Primary fundamental matrix has the following properties:

1. &(z,2)=1,
2. P(x,5)P(s,u) = B(z,u),

3. (®(z,u)) ' = P(u,z), and

4. %@(w, u) = P(z)®(z,u).



Proof:

L. &(z,z)=Y(@)Y (z)=1.

2. LHS: ®(z,s)®(s,u) = Y(x)Y '(s)Y(s)Y " (u)

And finally,
4 Lo = Llv@)y @) = Yy W
Ox Ox
= P(2)®(z,u), since Y is a fundamental matrix solution. O

The next theorem provides the relationship between the primary fundamental

matrix and a solution of (2.4). Its proof can be found in [20].

Theorem 2.2.2. Let ® be a primary fundamental matrix. Then for any constant

matrix C € M (C), ®C is a solution of (2.4). If C € M (C) is invertible, then

® C is a fundamental matrix solution and every fundamental matrix solution has this

form.

One important property of fundamental matrix solutions is known as Abel’s

formula. It is presented below as a theorem and its proof is given in [27].

Theorem 2.2.3 (Abel’s formula). Let P(x) be continuous on I and Y be a

Sfundamental matrix solution. Then detY satisfies the differential equation

[detY}/ = TT[P(LL‘)] detY , on [. (2.5)

In integral form, for x,t € I,



detY(z) = det Y(¢t) [exp ftzTr P(s) ds ]

We are now ready to unveil the theorem which is fundamental in the theory of linear
differential equations as presented in [23]. It is called variation of parameters and its

relevance will be realised in the construction of the Green’s function.

Theorem 2.2.4 (Variation of parameters formula). Let I be any interval, let

PeM (L, (I,C)) and let ®(.,.,P) be the primary fundamental matrix of (2.4). Let

FeM, (L, (I,C)), u€land C € M  (C).Then

n,m

Y(2) = ®(z,u, P)C + [ ®(x,5,P)F(s)ds, on I (2.6)

is the solution of (2.2), (2.3). Note that if I is compact and P € M (L(I)),

FeM, (L)), then Y e M (AC(I))and u can be an endpoint or an interior

point of 1.

Proof: Clearly, Y(u) = C'. We differentiate (2.6) to get,

Y(2)= %[CI)(L u,P]C + fux%[@(x, S,P]F(s)ds + ®&(z,z, P)F(x)

— 2[@(% u,P]C + fum%[@(a:, s,P}F(s)ds + F(x). (2.7)

X

Using (2.2) and the given Y (z), we get

Y'(z) = P(z)Y(z) + F(z)
= P(z) fl)(x,u,P)C—|—j;zfl)(:r,s,P)F(s)ds + F(z)
= P(x)®(z,u, P)C + j: P(z)®(z,s, P)F(s)ds + F(x)

= 2[(1)(;3, u,P]C + f:%[@(x, s,P}F(s)ds + F(z).

o

7



which is the same as (2.7) (we used property (4) of Proposition 2.2.1 in the last step).
This completes the proof. [

Lastly in this Chapter, we state the Adjointness identity whose proof can be found
in [23]. It is of paramount importance in determining the adjoint form of the Green’s

function for one-interval SLP.

Theorem 2.2.5. (Adjointness identity). Ler P € M (L, (I1,C)), let E € M (C).

Assume that
E'E' =1 or E'E =-I
and define

P"=—-FE'P*E.

Then

&(z,s,P) = E'® (s,2,P")E, sz €.



CHAPTER 3

CHARACTERISTIC FUNCTION AND GREEN’S FUNCTION FOR ONE-

INTERVAL SLP

In this chapter, we wish to examine Sturm-Liouville equation to determine the

characteristic function for one-interval case and the Green’s function. We will also

consider the adjoint of the Green’s function and its associated conditions. This has

been necessitated by the Adjointness identity.
3.1 One-Interval SLP

We turn our attention to the SLP consisting of the equation

—(p(x)y) + g(z)y = Xr(z)y, z€I=(a,b),-oc0<a<b< o

where
1
s=—,g,r € L(,C), A e,
p

together with general homogeneous boundary conditions

a,y(a) + a,(py") (@) + b,y(b) + b, (py")(b) = 0
a?ly(a) + gy (py/) (a> + b21y(b) + b22 (py/) (b) =0.

When written in matrix form, the boundary conditions become

Y

AY(a)+BY()=0, Y=|",| ABeM|(C),

(3.1

(3.2)

(3.3)

with the assumption that the rows of A and of B are linearly independent. As stated



in Stakgold [19 ], we have only two boundary conditions because having fewer would
result in more than one solution and having more would lead to the problem having no

solution.

We may choose to omit x when writing (3.1) as it is clear from the context that y

and the coefficients depend on x . Equation (3.1) can be converted to the equivalent

first order linear system

Y' = (P—AR)Y, (3.4)
AY(a)+BYW) =0, v=|"| ABeM/() (3.5)
y
where,
fos] oo
g o r 0f

by using the substitution

/

1
y ==z Z=(g-Ay.
p

From this conversion, we note that if ¥ is a solution of (3.1), (3.3), then the vector

Y = is the solution of (3.4), (3.5). Conversely, if the vector Y is the solution of

!/

by

(3.4), (3.5), then its top component is the solution of (3.1), (3.3).

Remark 3.1.1. Under condition (3.2), the quasi-derivative py' is a continuous
function on I and both p(z) and y'(m) may not exist for some x € I. Hence, we write
it as (py') to indicate that it cannot generally be separated into p(zx) and y'(zv) for

allx € 1.

3.1.1. One-Interval Characteristic Function

Definition 3.1.1. By trivial solution of (3.1), (3.3) on some interval I, (I, may be

a sub-interval of I or the whole interval), we mean a solution which is identically zero

10



on I, ie both y and its quasi-derivative py' are both identically zero on I . Note

that under the assumptions (3.2), y might be identically zero on I, while py' might

not.

Definition 3.1.2. Let (3.2) hold. \ € C is called an eigenvalue of the Sturm-
Liouville boundary value problem consisting of (3.1), (3.3) if (3.1) has a non-trivial
solution y satisfying (3.3). Such a solution y is called eigenfunction corresponding to

the eigenvalue \ and we say (\,y) is an eigenpair for the SLP (3.1),(3.3).

Let ® be a primary fundamental matrix. Here, since P and R are fixed, we write

d = P(.,.,A) to show that the primary fundamental matrix only depends on A.

Lemma 3.1.1. Let P € M (L (I)) and ®(z,u,\) be the primary fundamental

matrix of P. If Tr P(z) =0 for x € I, then
det[(l)(x, u, )\)] =1 zuel
Proof: By Abel’s formula (2.5), we have that
!/
det ®(z,u,\) = TT[P(l’)] det ®(x,u,A) =0.

Fixing u € I, we get the desired result (See [28]). O

Definition 3.1.3 (Characteristic function). The characteristic function 11 of the

SLP consisting of (3.1), (3.3) in the case of one-interval, is given by
TI(A) = det[A + Bd(b,a,1)|.

Theorem 3.1.1. Let assumptions (3.2) hold. \ € C is an eigenvalue of (3.1), (3.3)
if and only if TI(X) = 0.

11



Proof: Suppose A is an eigenvalue and (A, y) is an eigenpair of (3.1), (3.3). Then,

from the basic theory, there exists a non-trivial constant vector C such that
Y(z) = ®(x,a,\)C.
Substituting into (3.3), we have

[A + B®(b,a, )\)] C=0.

Since ¢ = 0, det[A+ Bd(b,a,\)] = 1I(A\) = 0.

Conversely, suppose TI(\) = 0. Then [A + B®(b, a, )\)]C’ = 0 has a non-trivial

vector solution for C. Consider the IVP
Y' = (P —AR)Y, Y(a)=C.
Then
Y (z) = ®(z,a,\)C
and so
Y (b) = ®(b,a,\)Y(a).
Substituting into (3.3), we have that

|A+ B&(b,a,))|Y(a) = 0.

Since det[A + BP(b,a,\)] = 0, it follows that the top component of Y , which is y,

is non-trivial meaning 4 is an eigenvalue and (\,y) is an eigenpair. 0

3.1.2. One-Interval Green’s Function

The Green’s function constructed here, as emphasised in [22, 23, 24], is special in
that it differs from the usual construction where the jump discontinuity is introduced
in advance. Here, we construct the matrix Green’s function for the equivalent first
order linear system and then extract the top right component as the Green’s function

for the scalar problem. By so doing, the jump discontinuity appears ‘naturally’.

12



Let
l,g,rEL([,(C), I'=(a,b),—c0o<a<b<oo AeC. (3.6)
p
As done above, the scalar boundary value problem
—(py')' +gy=Xry+f,  AY(a)+ BY(b) =0, 3.7)
is equivalent to the first order linear system
Y = (P—=AR)Y + F, AY(a)+ BY(b) =0, (3.8)
where,

0 s
g 0

0 0
r 0

Y
/
py

0
, ABeM,C), (39

Y =
—f

, =

Y Y

Let ®(.,.,A) be the primary fundamental matrix of the homogeneous system (3.4)
. Note that ®(b,a,\)exists [23]. We now present a theorem which lays the foundation

for the construction of the Green’s function.
Theorem 3.1.2. Let (3.6) to (3.9) hold. Then the following are equivalent:

1. When f = 0 on I, the boundary value problem (3.7) (and consequently also (3.8))

has only the trivial solution.
2. [A+ B®(b,a,\)] " exists.
3. Forevery f € L(I,C),each of the problems (3.7), (3.8) has a unique solution.

Proof: To prove that (1) = (2), we use (2.6) and the boundary conditions to observe
that for every f € L(I,C), det[A+ B®(b,a,\)] = 0, i.e. [A+ B&(b,a,\)] " exists.
(2) = (3) is clear due to the same fact that [A + B®(b,a,\)] " exists.

To show that (3) = (1), we again use (2.6) and the boundary conditions, and notice

that since[A 4+ B®(b,a,\)]"" exists, when f = 0, C' = 0implying

Y(z) = &(z,a,\)C = 0.

13



See Zettl [23] for a detailed proof. [l

Theorem 3.1.3. If [A+ B®(b,a,\)|" exists and the matrix Green’s function G is
defined by

(3.10)

where
U(z,8,\) = ®(z,a, N\W(N)P(a,s, N,

V(z,s,\) = ®(z,a, W (AN)P(a,s,A) + D(z,s),

W) =[A+ BEb,aN)]| (~B)2(b,a,N),

then for any f € L(1,C), the unique solution Y of (3.8) and the unique solution y of
(3.7), respectively, are given by

:jﬂﬂ%&nF@m& a<z<bh 3.11)

b
= —f g,,(z,5,\)f(s)ds, a<z<b, (3.12)
with g, denoting the top right component of G.

Moreover, the Green’s function g, is continuous on [a,b]x [a,b] and is the unique
continuous function on [a,b]x [a,b] with property (3.12), i.e. if (3.12) holds for every
f € L(I,C) with g, replaced by a continuous k

127

G = G(.,.,\,A, B,P,R) to indicate the dependence of G on \,A,B,P and R.

then g,, = k,,. We use the notation

Proof: Assume that [A + B®(b,a,\)] " exists. Let C be such that

C =[A+ BO(b,a,\)] ‘fibsk

Then by (2.6), we have that the boundary conditions are satisfied and

14



Y(2,)) = B(z,a,\)[A + BO(b,a,\)] f D(b,5, ) F(s)ds + [ (a5, \)F(s)ds

:jﬁ@%%MM+BQWMWWB@&QMQQ&WF@@+

Taking the top component of Y, we get (3.12).

The remainder of this Theorem is proved by choosing f which is positive and has

compact support (See Zettl [23]). L

Remark 3.1.2. For this first order linear system, the jump discontinuity for T =8
is
V. —U_ =®s,57) =1,

=S

Taking the top right component, we observe that

0 0
%912(5 + 0,8,A) — %gm(s —0,5,A) =0,

implying that g, (even g, ) is continuous on [a,b]x [a,b] for T=.
Example 3.1.1. We give a simple example

_y” =Y + z, I= [O,?T]

AY(a)+ BY(b) =0,

where

Then

15



!

Y 0 1y 0
y'| =1 olly|  |—=|
It is clear here that ¢ = 0, A =1 =r and
0 1 0 0 0 Y
g s g y g y Y g /
0 0 1 0 —x i
The homogeneous equation
"
Yy =Y

has only the trivial solution and the primary fundamental matrix for
Y =(P-AR)Y
1s

D) = cos(x —u) sin(zx —u)

—sin(z —u) cos(z —u)

for a fundamental matrix

It can be checked that det ®(z,u) =1 and we have the following:

cosx sinz —Coss sins

-1 0
, O(x,0) =

O 70 = 7@ 5 - . 5
(W ) 0 -1 —sinx Ccoszx (WS) —sins —coss

-1 -7

A+ B®(w,0)| = 0 ol

Letting €)(z,s) = ®(z,0) [A + B®(, O)]f1 (=B)®(m,s) , we have that

(—2cosz —1sinz)sins (—%cosr —isinx)coss

Nz,s) =

(fsinz —Jcosz)sins  (4sinz —1cosz)coss
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and

Oz, s), 0<z<s<
G(z,s) =
Qz,s) + P(z,s), 0<s<x<
so that
(—2cosz — Lsin)coss, 0<s<z<
0<s<z<

T,s) =
9.,(%:5) {(—%cosx—%sinx)coss%—sin(m—s),

Using this Green’s function, we find

y(z) = —fﬁ(—gcosx — 2sinz)s cos sds —
T
fxs[(—gcosa: — +sinz)cos s + sin(z — s)]ds,
0
ie. y(zr) = —mcosz — . A

3.2 Adjoint Green’s Function
The adjoint form of the Green’s function can easily be found under certain
conditions. The Adjoint identity has proved to be very useful in this regard and with

the help of two important Lemmas, the required conditions for the adjoint form to exist

are stated.
Theorem 3.2.1. Let P, R be as in (3.6), (3.9). Let E be defined by

Then for any \ € C
P—AR=E(P—\R)E,

with P, X,R denoting conjugate of P,\ and R respectively.
([

Proof: Direct computation gives the result.
We note that £ = —F = E~' and together with Theorem 3.2.1, we can see that

conditions for Adjointness identity (Theorem 2.25) are satisfied such that
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&(z,5,\, P,R) = —E® (s,2,\, P, R)E. (3.13)

Before presenting next lemma, we would like to give the matrix Green’s function for

T = §. Using (3.10), we have that
1 1
G(x,s,)\):§[U+V]:U+§<I>(x,s,)\), a<zxz=s<b, (3.14)

where U and V are as given in Theorem 3.1.3 (See [28]). In the next lemma, it is

important that we include all the parameters on which ® depends.

Lemma 3.2.1. Let the hypotheses and notation of Theorem 3.1.2 hold. Then for all

x, s, with a < x,s < b,we have that

G(z,8,\,A,B,P,R) — EG (s,x,\,C,D,P,R)E
= O(z,a,\, P, R)Z(A\)®(a,s,\, P, R),

where
Z\) =W\ — ET (NE + 1,
with T'(\) given by
T(\) = —[C + D3(b,a,X, P.R| ' D2(b,a,X, P, R).

Proof: Using (3.14), we have that

Thus,

G(z,5,\,A,B,P,R) — EG (s,2,\,C,D,P,R)E =
d(x,a,\, P, R)W(N)P(a,s,\, P,R) + %@(1’, $,\,P,R) —

EE®(z,a,\, P,R)E 'T"(\)E®(a,s,\,P,R)E"'E + %CD(:L', s,\, P, R)

= &(x,a,\, P, R)W(N)®(a,s,\, P,R) — ®(z,a,\, P, R)ET (\)E®(a,s,\, P,R) +
d(x,8,\, P, R)

18



= O(z,a,\, P, R)Z(N\)P(a,s,\, P, R).

We have used (3.13) and property (2) of proposition 2.2.1.
Lemma 3.2.2. Let the hypotheses and notation of Lemma 3.2.1 hold. Then
Z(\) = 0 ifand only if AEC" = BED'".
Proof: Z(\) =0 < 1=W(\) +ET (\E.
Multiplying on the left and on the right by

[A + BP(b,a,\, P, R)} and E[C’ + D®(b,a,\, P, R)rrespectively, we get

LHS: [A + B&(b,a,\, P,R)|E[C + D®(b,0, X, P,R)|

:AEC*+AE<1>*(ba M\, P,R)D" + Bd(b,a,\, P,R)EC" +

)D
Bd(b,a,\, P,R)E®"(b,a,\,P,R)D’

= AEC" + AE® (b,a,\, P,R)D" + B®(b,a,\, P, R)EC" + BED'.

RHS: B&(b,a,\ P, R)E[C + D2(b,a, X, P, B)| +
| A+ B&(b,a,\, P,R)| E®'(b,a,X, P, R)D

= B®(b,a,\, P,R)EC" 4 2B®(b,a,\, P, R)E® (b,a,
AE® (b,a,\,P,R)D’"

= B®(b,a,\,P,R)EC" +2BED" + AE® (b,a,\,P,R)D .

Thus,

Z(\) =0 < AEC" 4+ AE® (b,a,\,P,R)D" + Bd(b,a,\,P,R)EC" + BED
= Bd(b,a,\,P,R)EC" +2BED" + AE® (b,a,\,P,R)D"

< AEC" = BED'.
]
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Theorem 3.2.2 (Adjoint matrix Green’s function). Ler C,D € M (C), A c C

and let (3.6) to (3.8) hold. Assume that both
[A+ B&(b,a,\)] " and [C’ + D®(b,a,\, P, }_3]71 exist. Then
G(z,5,\,A,B,P,R) = EG (s,z,\,C,D,P,R)E, a<uxz,5<b

if and only if AEC" = BED' ,where E is as defined in Theorem 3.2.1.
Proof: The proof follows from Lemmas 3.2.1 and 3.2.2. |

Theorem 3.2.3 (Adjoint Green’s function). Ler C,D € M, (C), A € C and let
(3.6) to (3.8) hold. Assume that both [A+ B®(b,a,\P,R)]" and

[C’ + D®(b, a, \, P, R]ilexist. Then
9,85\ P,R)=7g,(5,2,\P,R), a<x,5<b

if and only if AEC" = BED',where E is as defined in Theorem 3.2.1.

Proof: Taking top right component of G in Theorem 3.2.2, we get the required
result (See Zettl [23]). ]

20



CHAPTER 4

GREEN’S FUNCTION FOR FINITELY MANY INTERVALS STURM-
LIOUVILLE PROBLEMS

Our main focus in this chapter is to construct the Green’s function for finitely many
intervals case. We will also formulate the characteristic function. This will be an

extension of Wang and Zettl’s idea [24] for two intervals case.

We consider SLPs having equations
—(py) + gy, =Xy onl,i=12..nAeC 4.1)

with assumptions
1 .
—,9,m € (I,C), i=12,...,n 4.2)

and boundary conditions

AY(a)+ BY.(b) + AY,(a,) + BY,(b)+..+AY (@) +BY (b)=0. (43)

n n

The intervals I, i=1,2,...,n, can be identical, overlap or disjoint and the boundary

conditions are not necessarily self-adjoint [24]. Equivalently, (4.1), (4.3) can be written

as

Y =(P-AR)Y, (4.4)

3

Zn:[AiY,»(ai) +BY,(b)]=0 (4.5)

where
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Let @ (.,.,\) be the primary fundamental matrix of (4.4). We make the following

necessary claim regarding the size of the matrices in the boundary conditions (4.5):

Claim. For i = 1,2,....n, A,B € M, ,(C).

Proof: Itis clear that A, B must have 2 columns in order for multiplication with
2 x1 column vectors Y (a,),Y (b)) to occur. We remark that A, B have either odd or
even number of rows. Let R be the number of rows of A, B.. Since ® (.,.,)) is the

primary fundamental matrix, there exists a non-zero constant matrix C, e M,,(C)

such that

Y(z,A) =& (2,a,\)C

i i’

1s the solution of (4.4). Using (4.5), we have

where

N =[4, + B®,(a,b, M| [[[4, + B2, (a,b, M| | - [ [4, + B2 (a,,5,,))]

1s a matrix partitioned in such a way that the first 2 columns are those of
[Al +B® (a,,b, )\)}, the next 2 columns are those of [Az + B, (aQ,bQ,)\)] and so
on up to the last 2 columns which are those of [An +B® (a,b, )\)], and

T
C= [Cl C’Q...Cn} is a block matrix. Clearly, C € M,, (C) and the zero vector

0OeM,, (C).If R= 2n+1, neZ",then the order of N(\) is (2n+1)x2n and this

contradicts the size of the zero vector 0. It follows that R =2n, neZ". O
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4.1 Finitely Many Intervals Green’s Function

Our main goal in this section is to construct the Green’s function for finitely many
intervals case. We begin by constructing the characteristic function whose zeroes give

the eigenvalues of the homogeneous system.

Definition 4.1.1. The trivial solution of (4.1), (4.3) on some interval 1_ (1, may be

a sub-interval of I, or the whole interval), is a solution which is identically zero on I,
i.e. both y, and its quasi-derivative p, yi' are identically zeroon 1I_,i=1,2,...,n.

Definition 4.1.2. Let (4.2) hold. A\ € C is called an eigenvalue of the finitely many
intervals Sturm-Liouville boundary value problems consisting of (4.1), (4.3) if (4.1)

has a non-trivial solution y = {yl,y2,...,yn} satisfying (4.3). Such a solution y is

called eigenfunction corresponding to the eigenvalue X\ and (\,y) is called an

eigenpair.

Remark 4.1.1. If y, is a solution of (4.1), (4.3) then Y, is a solution of (4.4), (4.5).
Conversely, if Y, is a solution of (4.4), (4.5), then its top component 'y, is a solution of

(4.1), (4.3).

Theorem 4.1.1. Ler ® (.,.,\), i =12,...,n, be the primary fundamental matrix

for the homogeneous equation (4.4). Define the characteristic function A for the

finitely many intervals SLPs by

A = det N(\) |

where N(\) € M, , (C). Then, X\ € C is an eigenvalue of (4.1), (4.3) if and only if

A(N) = 0.

Proof: Suppose A € C is an eigenvalue and y = {y,,¥,,...,y, } is an eigenfunction

such that (A, y) is an eigenpair. For the homogeneous equation (4.4), we have that

Y(z,A) =@ (,0,\)C,,
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where C. € M, (C), i=1.2,...,n, is non-trivial. Note that ® (b,a,)) exists and
using (4.5), we have that

n

> [AC, + B® (b,a,))C | =0

2

i=1
which can be written as
A + B (a0, M| [ [4, + B2, (a,.b, M| | ... |[4, + B (a,.b, . N]|C =0, (4.6)
where
T
c=|c ¢,.c,| em, (© (4.7)

Since C > 0 and by assumption (A, y) is an eigenpair, it follows that
det N(A\) =0,
ie. A(A) =0.

Conversely, suppose A(A) = 0. Then (4.6) has a non-zero vector solution
C € M, (C). Consider the IVP consisting of (4.4) and Y (a,\)=C, i=12,...,n,

whose solution is

Y(z,A) =@ (z,a,\)C..
It follows that

Y,(b,A) = ,(b,a, \)C,.

By (4.5),

ij@K@AMJﬂM%%MK@Aﬂ:O

=1

which can be written as
(4 + B, (0,5, M|l [4, + B®,(a,b, M| |- I[4, + B2 (a,.b,,3)]| ¥ =0,
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where

Since det N(X\) = 0, taking the top components in each of the (2 x 1) vectors Y(a,)

in Y, we have that y = {y,,,,...,y,} is non-zero. Therefore, (\,y) is an eigenpair.

a

Now, let (4.2) hold and consider the scalar boundary value problems

~(pu) + 9y, =My, + 1. D[AY(a)+ BY,()| =0, xeC  48)
i=1

which is equivalent to

.]:0,i:1,2,...,n,Ae<c, (4.9)

A,B €M, (C), 4.10)

and f € L(I,C), 1 =12,...,n.

Theorem 4.1.2. Let ® (.,.,\) be the primary fundamental matrix of (4.4) and let

(4.2), (4.8), (4.9) and (4.10) hold. Let \ € C. The following statements are equivalent:

1. When f =0(and equivalently F, =0 ), the finitely many intervals

boundary value problem (4.8), (and consequently (4.9)) has only the trivial

solution.

2. The matrix N(\) has an inverse.
3. Forevery f € I(I,,C), i =1.2,...,n, each of the problems (4.8) and (4.9)

has a unique solution.
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Proof: Since Y. is a solution of (4.9) if and only if y, is a solution of (4.8), for

C. € M, (C), determine a solution Y, of (4.9) by the initial condition
Y(a,\)=C
so that solution y. of (4.8) is determined by
y(a. ) =c, (py)(a,N)=c,

where ¢, and ¢, are the first and second components, respectively, of the column

vector €. and are not both zero. By (2.6),
Y(z,)) = ® (2,0, AC+f<I>:1:sA)E()d, o <z<b.  (411)
Then using (4.11), we get

ZH:[AL_YZ_(ai)%—BiYi(bZ.)]:Z[AC + B (b,a,\C +Zle O (b,s,\)F (s)ds

i=1 =1

(4.12)

NC + Z[BT [ @05 0E (s)ds|
r=1 i

where C' is as defined in (4.7). From (4.12), we observe that when f =0 on I, (and
consequently F' = 0), there is a non-trivial solution Y, of (4.9), (and consequently
nontrivial solution y. of (4.8)) if and only if N(A) is singular. It follows that for every
[ € L(I,,C) there is the unique solution Y. of (4.9), (and consequently the unique

solution y. of (4.8)) if and only if N(X) is non-singular. O

Remark 4.1.2. Under the conditions of Theorem 4.1.2, \ € C is not an eigenvalue

of the homogeneous equation due to the fact that when f =0 (and equivalently
F =0), (4.8) (and consequently (4.9)) has only the trivial solution. Thus, when

constructing the Green’s function, we need to take \ which is not an eigenvalue.
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We can finally proceed to the construction of the Green’s function. We start by first

assuming that N '(\) exists. Let N,(A) denote the (2x2n) matrix formed from the
first two rows of N '(\), N ,(A)be the (2x2n) matrix obtained from the next two
rows of N™'(\) and so onup to N (}) the (2x2n) matrix formed from the last two

rows of N™'(\). Define M, (\), 1 <47 <n, by

Theorem 4.1.3. Assume N '(\)exists. Define the matrix Green’s function G by

G(z,5,A) = {G (7,57)}, 1 <i <n with

G (z,5))=1. *

2 " ) i

where, for r =i, r =1,2,...,n,

G (1,5A) =® (1,0, \)M_(MN® (b,sA), a, <2 <b, a <s<b,

7 w

and when 1 =r

n

G \ ® (2,0, \)M_ (NP (b,,5,\), a
(@58 = B (2,0, VM, (NP (b,5,\) + D (z,5,)), a

Then for any f € L(I,C), the unique solution Y, of (4.9) and the unique solution y.

of (4.8), respectively, are given by

n b
Y(z,\) = Z[ 'Gir(x,s,)\)Fr(s)ds], a, <z <b, i=12..n (413)

r=1

-

i bT .
y.(z,\) = — E [fa G(ir)’(m)(x, s,)\)fr(s)ds], a, <x <b,i=12,..,n, (4.14)
r=1 T
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where Gy o) denotes the top right component of G, . To show dependence of G on

the variables of the problem, we write

G’M‘ (..'Z‘, S? >\) = GM‘ (x7 87 )\’ Ai’ B,,;? PN Rl)

We call G, the Green'’s function for finitely many intervals SLPs.

r),(12)

Proof: Let C € M, (C) be given by

Then, C' comprises of C. € M, (C) given by

C=N (A)[i(—BT) [ frcbr(br,s, NF (s)ds|, i =

This choice of C satisfies (4.12), i.e. boundary conditions of (4.8) are satisfied. By

o]

=> f@ (@, (2,0, AN, (A)(=B)® (b,,5,\)| F.(s)ds +

variation of parameters formula (2.6), we have

Y(z,\) = & (,a, )\){ f ® (b,5\)F (s)ds

Note that taking the top component of Y (z,\), we get (4.14).

Remark 4.1.3. The jump discontinuity when T = S occurs from G . and since it is

an identity, we conclude that the Green’s function G, a2 I8 continuous on
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la,,b,]x [a,,b.]. Furthermore, as stated in [13], this method of constructing the Green’s

function does not assume symmetry or self-adjointness of the problems.

Suppose the coefficients in the Sturm-Liouville problem satisfy

L.g.reL(,R) and 1,>0

and consider the Hilbert space H, = L’(I,,7;) with usual inner product

1

(f.0), =_[f(x)l(_x)r(x)dx, i=1,2,..n,

andnorm || f I|=(f, f )1,1/2 . Then, the direct sum H of the Hilbert space can be denoted

by
H = C_B::IHi = C_Bin:ll’z(li’r;‘)'

As stated in [14, 27] for the two intervals case, this direct sum can be replaced by the

one with direct sum inner product
<Tf,l]> = ®::lhi (fi’li)’

where ={f,,f,,...f,} and 1={l,1,,...,1,} are the elements of # and & >0 [5] .

We wish consider the boundary conditions which generate self-adjoint finitely many

intervals SLP in the direct sum of the Hilbert space H of the ‘outer’ interval

I =(a,,b,) having singularities in the interior.

It is well known that self-adjoint boundary conditions can mainly be categorized
into separated and coupled. Their canonical forms are also stated in [23]. According
to [5, 24, 26, 29, 30] one important condition for the boundary conditions to be self-
adjoint is that the determinant of the coupling matrix must be different from zero. We
will use this fact in the next two examples to show that the boundary conditions under

our consideration are self-adjoint.
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Example 4.1.1. Consider transmission conditions at all end points of the intervals

given by

a,y,(a)+a,(py )a)=0
by, y,(b) +byy (Y, )(b) =0
a3,7,(ay) +ay, (p,yy, Na,) =0
by Y, () + by (pyy, )(b,) =0

Aop1)1Yn (a,)+ Azn1)2 (p, y,,' Na,)=0
bzn,l y,(b,)+ b2n,2 (pnyn' )b,)=0,
having
Qi Gicnar Doy Prin €R, gy # 0,00, #0, by #0,by,, #0, i=12,....n.
From these conditions, we can define
A=

i) 1<8<2

in such a way that only the (2i— )™ row is non-zero, and also define
B, = (b, ), 1<5<2

in such a way that only the (2i)" row is non-zero. Then,
Rank [Ai, Bl.] =2n

and
0=AFEA =BEB’,

where E is as defined in Theorem 3.4.1, which satisfies the conditions for self-

adjointness. A

30



Example 4.1.2. Let i, eR, h#0, i=12,..,n. Suppose we have transmission

conditions at ‘outer’ end points a,,b,

allyl(al)+a12(p1y1’)(al) :O’ all’a12 E]R’ all ¢07&6112’

b,,,y,(b,)+Db,,,(p, yn,)(bn) =0, by, ,b,,, €R, by, #0#Db,,,,

and coupled conditions at interior points with b, =a,, b, =a,,....b,  =a

»Yn-1 7 Yno

Y,(a,) = e KY (b), Y;(a;) = e K.Y, (b,),....Y,(a,) = e K, Y, b)),
where KJ. eM,[R), —r< VST, j=12,...,n—1. As in example 4.1.1, define

A =(a,),1<s<2 and B, = (b,,,), 1 <5 <2. For the first coupled condition, define

0 0 0 0 ]
-1 0 k1,(11) k1,(12)
Azz 0 -1 B — kl,(2]) kl,(zz) '
o o 0 0
0 0] . 0 0 |
For the second coupled condition, define
[0 0] 0 0
0O O 0 0
0O O 0 0
Ag _ -1 0 Bz _ kz,(ll) k2,(12)
) 0 -1 k2,(21) kz,(zz)
0O O 0 0
10 0] 00

and so on up to the last coupled condition which will have
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0 0] 0 0 |
0O O 0 0
An = . ‘ > Bn—l =
-1 0 k(n—l),(ll) k(nfl),(12)
0 -1 k(n—l),(2l) k(n—l),(22)
0 0| 0 0 |

Since AEA =BEB =0, it follows that hAEA.=hBEB . By direct
computation, we have that if #,A,EA," =hBEB,, then h, =hdetK, implying that
det K, # 0. Similarly, i,A,EA,” = h,B,EB,” if h, =h, detK, implying that det K, #0.

Continuing in this manner, we get that h A EA" =h B, EB, | which is equivalent

n—1

to h,=h, _ detK

n—-1

meaning that det K| # 0. Therefore, the boundary conditions are
self-adjoint for any 7 €R, #0 and for any K, e M,(R), j=1,2,..n—1 with
det K, #0. It can be shown in a similar way that even coupled boundary conditions at

both end points a,, b, and at other interior points are self adjoint. More examples of

similar form can be found in [26] and can easily be adapted to finitely many intervals

case.

Example 4.1.3. We consider the problem

—(py) + gy, = Ay, + f, Z[AY )+BY(b)|=0on I, (415)

=1

For 1 =1,2,3 and the primary fundamental matrices @,(x,a,,4), we have

G, (z,8\) =D (2,0, )M ,(N)P,(b,,5]), a <z <b

’1)

G, (,8,\) = ® (7,0, )M (NP, (b,,8,)), a, <z <D

17 3

G, (7,8A) = ® (2,0, )M, (NP, (b,5,A), a, <z <b

727
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o sy [ VML 50, 3
2y ,(@,a, )M (N)D,(b,,5,A) + P (z,5,N), a,
G, (7,8,\) = ®, (2,0, )M, (N)P,(b,,5,)), a, <z <D,
Ggl(aj7 87 >\) = (1'7 a’37)\)M (A)Ql(bps) >\)7 a3 S r S b37

G, (7,5)) = ®,(z,a,, M, (NP, (b,,5A), a, <z <D,

G (15)) — D, (2,0, )M, (NP, (b,,5,)), a,
P, (v,a,, )M, (NP, (b,,5A) + P, (1,5]N), a,

Therefore, G(z,s,\)

=S| [) 6w VE

:fahlG (z,

— {Gl’

8, ) (

G, (x,8,\)

G (w,5))

ds—i—f G, (2,8, \)F,(s)ds +

3
fa G, (,8,\)F,(s)ds, a <x<b,
3

%
Q
&z
CID
y
s}
A
A

ds+f (2,8, \)F(s)ds +

b,,

2
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G,,G,} with G (z,5,\) =G, (z,5,\),

L
IA
V)
IN

<z <s
Ss=<uw

so that

)

|/\ |/\
SY

w

S
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b b,
= f G, (z,8,A)F (s)ds +f G,,(z,8,\)E,(s)ds +

b‘f
f‘ G, (z,5, ) F,(s)ds, a, <x <D,

IfA=1p,(x)=p,(x) =1, py(x) =x7 g{(x) =0,r(x) =L r{x =4,

n(x)=2x" f,(x)=x,1,=[0,7].1, =[0,%2 ]I, =[1,2],

and
-1 0] [0 0] 0 O] [0 7] [0 0] [0 0]
0 1 0 0 0 O 0 -1 0 0 0 0
0 O 1 0 0 O 0 O 0 0 0 0
A = A = Ay = , B, = » B, = » By =
0 0 0 0 0 O 0 O 0 1 0 0
0 O 0 0 -1 1 0 O 0 0 0 0
10 0] 10 0] 0 0] 10 0| 10 0] |11 0]
Then (4.15) can equivalently be written as
Y;/ i (Pz r /\Rz)y; + F;’ Z[Ayx(a) + BzYy(bz)] =0 (4.16)
=1
where
Y Y, Y, 1 0 1
Y = Y = Y, = P — AR = P — AR =
1 yll ’ T2 yzl 773 1,722/:4 | 1 -1 0 772 2 -4 0 ’
P — AR, = 0 v F = 0
s 5 —2pt o |-zl

It can be checked that when f, =0 the resulting homogeneous equation has only the

trivial solution and that

cos(z —u) sin(z — u) cos [2(1: — u)] %sin [2(3: — u)]

P (z,u) =
—2sin [2(:16 - u)] Ccos [2(3: - u)]

, @2(:15, u) =

—sin(z —u) cos(z — u)

and
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1 2

—zu’ + z’u

-2 2 —1
—x U+ 22 u

2eu ' — 2'u”
qu(xv u) =

2x72u71 -2

—2x

are the respective primary fundamental matrices. Clearly, det®,(x,u)=1,i=1,2,3

and we have the following:

(-1 -7 [0 0] 0 0]
0 2 0 0 0 0
A +B® (r,0)= 00 ,A2+qu>2(f,oj= Lo . A +B®,2,1)= 00
0 0 2 0 -1 0 0
0 0 0 0 -1 1
0 0| 0 0| 0 2]
Cbl(w, o co'sx sinx, @1(778): —c?ss sin s |
—SInTr COSxT —SIins —COSS

1 1
cos2r  —sin2z T —Cos2s —sin?2s
D, (z,0) = 2" 19, "5]: Bo,|
—2sin2x  cos2zx 2 —2sin2s —cos2s
& (2.1) 2r — 1? —z + 2 5.(2,5) 4t — 45?7 —24° +4s
x? — _ _ _ _ 9 < 78 — _ _ .
3 2¢ P =2t —x 4227t 3 %81—82 —isQ—l—s
Then, we have that
(-1 -z 0 0 0 O] -1 -2 0 0 0 O]
O 2 0 0 0 O 0o £ 0 0 0 O
O 0O 1 0 0 O o 0O 0 1 0 0 o0
N = , N'=
O 0 0 -1 0 O 0O 0 O -1 0 0
O 0 0 0 -1 1 0 0 0 0 -1 %
0 0 0 0 0 2] 0 0 0 0 O %_

so that

Il
|
p—
|
vy

0000 [001 000
0 L 0000/ *[000-100
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B 0000 -1 1%
oo oo o 1
Thus,
0 3
Mn :N1<_Bl): 0 1
2
00
M22 :NQ(_BQ): 0 1
1
M, =N.,(-B,) = 2 .
33 3 3 19
2
and
O:M12:M13:M21:M23:M31:M32’
implying that

O:Gn :G13 :G21 :G23 :G31 :G32-

It follows that

—(%cosx+%sinx)sins —(%cosx+%sinx)coss }

D, (x,00M D, (7,5) = . : .
: e —(Zsinx+4cosx)sins —(Zsinx+4cosx)coss

—sin2xsin2s  —4sin2xcos2s
) and
—2cos2xsin2s —cos2xcos2s

D, (x,00M , D, (%,5) {

2x(s—s7") x(s*—=25) }

() WM., D,(2,5) =
(5 DMD3(2:9) {sz(sz—sl) x2(s*=25)

Taking the top right components, we find the following Green’s functions:

G (rn$)=G (5.5) —(%cosx+%sinx)coss, O0<x<s<rx
X,8)= X,8)= . ) ,
L2 anaz —(%cosx+%smx)coss+sm(x—s), 0<s<x<nrm
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—+sin2xcos2s, 0<x<s<Z

G, ., (x,5)=G (x,s)= 1
242 (2202 —1sin2xcos2s+—sin [2(x - s)] , 0<s<x<2
2

—2sin2xcos2s, 0<x<s<Z
—Lcos2xsin2s, 0<x<s<Z’
2
x(s”—2s), 1<x<s<2
G 12) (%, 8) = Gz 1) (X, 8) = 2 )
x(s°=285)—xs"+x°s, 1<s<x<2
x(s*=2s), 1<x<s<2
(x* =2x)s, 1<s<x<2

y,(z) = —Zl ab,- G iy 1) (@ 8)1 (8)ds

- 2
2

G(12),(12) (x, S)fQ (S)ds — f

1

> _j;w G(ll),(lz)(z7 S>f1 (s)ds — j; G<13>’(12)(:E, S)f3 (s)ds

T j; G(ll),(m)(xa S)Ji(s)ds

x

m
= —f (—Zcosx — Lsinz)scossds —f
z 2 2 0

s [(—%cosaz — 3sinz)coss + sin(x — s)]ds

ie. y (r) =—mcosw — .

yg (‘T) = ZL[:T G(QT)A’(]Q)(:L} S)ﬁ(S)dS

s

s : 2
i _fo G<21)7(12)($7 S)fl(s)ds B j:) G(22)7(12)($, S)fQ(S)dS - fl G(23)7(12)($, 5)f3(8)d$
T ﬁz G(22),(12)(55> s)f,(s)ds

= —fg (—$sin2x)s cos 2sds — fz (= cos2z)s sin 2sds,
. 0
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. 1 1
1.€. r) =——sin2x — —2x.
b(w) = =2 7

y,(z) = _Z[Lb G(3r),(12)(x7 s)f (s)ds

a % 2
- _j; G(31),(12)<$7 S)J[l(s)ds _j; G(32).(12)(x’ S)fQ(S)dS—j; G(:s:%),(12)(x78)]€4(8)d5

2
- f G(33),(12)(x7 S)fg(S)ds

1

— 2 3 2 . Ty . 9
— f, z(s® — 28 )ds f1 (z° —2x)s°ds

1 2
R Ry ey

i.e. =
Y, () 5% T3 S A
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CHAPTER 5

CONCLUSION

Motivated by the application of the Green’s function in partial differential equations
and ordinary differential equations and also by the works of other scholars, this
research sought to construct the Green’s function for finitely many intervals SLPs. The

second order scalar problem was converted to its equivalent first order linear system.

The size of the matrices in the boundary conditions was found to be (2nx2), neZ".

We constructed the characteristic function for the homogeneous SLP whose zeroes
give the eigenvalues. Using the converted first order linear system, the generalized
matrix Green’s function has been constructed from which we got the top right
component as the Green’s function for finitely many intervals SLPs. This Green’s
function is not symmetric and in general, the whole problem is not self-adjoint.
Interesting examples were given which create self-adjoint boundary conditions in the

direct sum of the Hilbert space on the ‘outer’ interval with singularities in the interior.
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