ABANT IZZET BAYSAL UNIVERSITY

THE GRADUATE SCHOOL OF NATURAL AND APPLIED
SCIENCES

DEPARTMENT OF MATHEMATICS

SOME APPLICATIONS OF GROEBNER BASES TO NONLINEAR
DIFFERENTIAL EQUATIONS

MASTER OF SCIENCE

NAZAN BULBUL

BOLU, AUGUST 2017



APPROVAL OF THE THESIS

SOME APPLICATIONS OF GROEBNER BASES TO NONLINEAR
DIFFERENTIAL EQUATIONS submitted by Nazan BULBUL in partial
fulfillment of the requirements for the degree of MASTER OF SCIENCE in
DEPARTMENT OF MATHEMATICS, ABANT IZZET BAYSAL

UNIVERSITY by,

Examining Committee Members Signature

Supervisor
Assoc. Prof. Omiir UMUT
Abant Izzet Baysal University

Member
Assoc. Prof. Erol YILMAZ
Abant Izzet Baysal University

Member
Assoc. Prof. Sevket GCR
Sakarya University

August 25, 2017

Prof. Dr. Duran KARAKAS @ W .......

Director of Graduate School of Natural and Applied Sciences



1o my family

1ii



DECLARATION

[ hereby declare that all information in this document has been obtained and presented in
accordance with academic rules and ethical conduct. I also declare that, as required by these
rules and conduct, I have fully cited and referenced all material and results that are not orig-

inal to this work.

Nazan BULBUL

i?M

iv



ABSTRACT

SOME APPLICATIONS OF GROEBNER BASES TO NONLINEAR
DIFFERENTIAL EQUATIONS

M.S. THESIS
NAZAN BULBUL,

ABANT IZZET BAYSAL UNIVERSITY GRADUATE SCHOOL OF
NATURAL AND APPLIED SCIENCES
DEPARTMENT OF MATHEMATICS
(SUPERVISOR : ASSOC. PROF. DR. OMUR UMUT)

BOLU, AUGUST 2017

In this thesis, we study various applications of the Groebner bases method to the problems
in nonlinear dynamical systems such as determining the existence and computing symbol-
ically the jerky dynamics of given nonlinear dynamical systems, constructing Lyapunov
functions, determining critical levels and investigating robustness problem with structure
uncertainty of nonlinear dynamical systems. Numerical examples are given for illustration.
All computations are performed by package Mathematica.

KEYWORDS: Groebner base, Jerky dynamics, Nonlinear dynamical system, Lyapunov
function, Critical level, Robustness problem with structure uncertainty.



OZET

GROBNER BAZLARININ LINEER OLMAYAN DIFERANSIYEL
DENKLEMLERE BAZI UYGULAMALARI

YUKSEK LISANS TEZI
NAZAN BULBUL,
ABANT iZZET BAYSAL UNIVERSITESI FEN BILIMLERI ENSTITUSU
MATEMATIKANABILIM DALI
(TEZ DANISMANI : DOC. DR. OMUR UMUT)

BOLU, AGUSTOS 2017

Bu tezde Grobner bazlar1 yénteminin, verilen lineer olayan dinamik sistemlerin jerk dina-
miginin varligmin belirlenmesi ve var olmasi durumunda sembolik olarak hesaplanmasi,
Lyapunov fonksiyonlarinin kurulmasi, kritik seviyelerin belirlenmesi ve yapisal belirsiz-
ligi olan saglamhilik problemlerinin arastirilmasi gibi problemlere uygulamalarim ¢aligtik.
Aciklik getirmek icin sayisal 6rnekler verdik. Biitiin hesaplamalar Mathematica programiyla

yapilds.

ANAHTAR KELIMELER: Gribner bazi, Jerki dinamik, Lineer olmayan dinamik sistem,
Lyapunov fonksiyonu, Kritik seviye, Yapisal belirsizligi olan saglamlilik.
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1. INTRODUCTION

Bruno Buchberger introduced Groebner bases in his PhD thesis in 1965 (Buchberger, 1965).
He named them after his PhD supervisor W. Grobner. The similar concepts were also dis-
covered by F.S.Macaulay and H.Hironaka. (Macaulay, 1927) used some of these ideas at
the beginning of the 20th. century to determine certain invariants of ideals in polynomial
rings and (Hironaka, 1964) used similar ideas independently to study power series rings in

1964.

The main idea in the Groebner bases theory can be described as a generalization of the theory
of polynomials in one variable. In the polynomial ring k[z], where k is a field, any ideal I can
be generated by a single element, namely the greatest common divisor of the elements of /.
Given any set of generators { f1, ..., fs} C k[x] for I, using Euclidean division algorithm one
can compute a single polynomial d = ged(fi, ..., fs) such that I = (fy, ..., fs) = (d). Then
a polynomial f € k[x] is in I if and only if the remainder of the division of f by d is zero.
Any ideal of k[z;, ..., x,] is generated by a Groebner basis. A polynomial f € k[z1,..., Zy]
is in I if and only if the remainder of the division of f by the polynomials in the Groebner

basis is zero.

The great contribution of Bruno Buchberger to the Groebner basis theory is the Buchberger’s
algorithm (Buchberger, 1976) which is used to compute Groebner bases. With the develop-
ment of computer algebra systems Buchberger’s algorithm has been improved and refined
over forty years (Buchberger, 1979, 1985; Caboara et al., 2004; Faugere et al., 1993; Ge-
brauer and Méller, 1988; Giovini et al., 1991). Nowadays there are several packages such
as CoCoA, Magma, Reduce, Macsyma, Singular, Maple, Mathematica, Drive etc. for im-
plementations of Buchberger’s algorithm. The algorithmic algebra of Groebner bases has
wide-ranging applications in theoretical physics, applied science and engineering. Groebner
bases are certain finite sets of multivariate polynomials. The main reason for the success of
Groebner bases is that many problems in mathematics, science and engineering can be rep-
resented by multivariable polynomials e.g., ideals, and many problems in polynomial ideal
theory can be solved by easy algorithms after transforming the polynomial sets involved in

the specification of the problems into Groebner basis form.

In this thesis, we study various applications of Groebner bases method in nonlinear dynami-



cal systems and in some common problems of Lyapunov stability theory by giving concrete
examples of 2 and 3-dimensional autonomous systems of nonlinear differential equations.
The suggested methods require the nonlinearities of the systems and the Lyapunov functions

to be of polynomial type.

In each application of the Groebner bases method, we transform the given system of dif-
ferential equations into a system of nonlinear algebraic equations in 2 or 3 variables. Then
using the Groebner bases method we solve this system. By solving such a system we mean
triangulating it, i.e., elimination of variables as far as possible. Elimination consists in find-
ing the elements of an ideal that belong to a certain subring. For example we may wish to
find I N k[S] for an ideal I C k[S,T) where S, T are sets of variables. One way of doing
elimination is to compute I so called Groebner base of an ideal with respect to the purely

lexicographical term-ordering. If the computed ideal is zero dimensional then we get the

solution.

In Chapter 2, we present a brief summary of the basic concepts and results of Groebner

bases theory.

In Chapter 3, we deal with some applications of the Groebner bases method in nonlinear
systems theory. We, first consider the problem of checking the existence and computing the
jerky dynamics of the given nonlinear systems. Here, we use the idea introduced in (Linz,
1997; Eichhorn et al., 1998). By applying the suggested method we determine jerky dynam-

ics and also find corresponding jerk functions of some 3-dimensional nonlinear systems.

In the next, we consider the applications of the Groebner bases method to some problems in
Lyapunov stability theory. Here, Groebner bases are used to solve following optimization
problems arising from the theory of local Lyapunov functions; choosing the parameters in
Lyapunov functions for nonlinear dynamical systems in an optimal way (Forsman, 1993),
determining the critical levels of the given local Lyapunov functions (Forsman and Glad,
1990; Forsman, 1993), investigating the performance robustness of nonlinear systems (Fors-

man, 1991). To be illustrative 2- and 3-dimensional nonlinear dynamical systems are given

as examples.

All necessary calculations are performed using computer algebra system Mathematica.



2. A BACKGROUND ON GROEBNER BASIS

2.1 Basic Concepts and Some Facts

Definition 2.1.1. (Adams and Loustaunau, 1994) Let Z.. denote the nonnegative integers.
Leta = (ay, ..., ) be a power vector in Z2., and let x1, T2, ..., Tn be any n variables. Then
a monomial x° in 1, Ta, ..., Tn is defined as the product z* = a{'...2%", a = mdeg(z®),

and || = 3 0, i

The mapping from the monomials of k|x1, ..., x,| to 2 is referred as the “multidegree”
pping >0 8

and || as the “total degree”.

Definition 2.1.2. (Adams and Loustaunau, 1994) A multivariate polynomial f in xy, ..., T,
with coefficients in a field k is a finite linear combination f (Bi50msBn) = 3 ya Gl Of
monomials ©* and coefficients c, € k. The total degree of the polynomial [ is defined as

the maximum of |c| such that c, # 0.

Definition 2.1.3. (Adams and Loustaunau, 1994) “A ring of polynomials in the variables
Ty, ...,y is the set of all polynomials in 1, ...,x, with coefficients from a ring k to-

gether with the usual addition and multiplication of polynomials. This ring is denoted by

We notice that a polynomial ring is a commutative ring.

Definition 2.1.4. A nonempty subset I of k[x1, ..., x,] is called a left (right) ideal if for all
f.g€ Iandforall h € klzy, ...z}, f—ge€ L hfel,(f—gel fhel).

A nonempty subset I of k[x1, ..., ,] is a (two-sided) ideal if I is both a left and a right ideal
of the ring k.

Definition 2.1.5. Let F = {fi, ..., fs} be a set of multivariate polynomials. Then the ideal

generated by F, denoted by I = (F), is given by
I= {Z h-ifilh]: hs € if[.?ll., Loy ey .’L'n]}
i=1

The polynomials f, ..., fs are called a basis for the ideal. Since I is finite the ideal is said

to be finitely generated.



Definition 2.1.5 tells us that the ideal generated by a family of generators consists of the set
of linear combinations of these generators with polynomial coefficients. Furthermore, two

polynomials are equivalent with respect to an ideal if their difference belongs to the ideal.

Definition 2.1.6. (Dummit and Foote, 2004) A commutative ring k with unity is called

“Noetherian” if every ideal of k is finitely generated.
Theorem 2.1.7. (Hilbert’s Basis Theorem) If k is a Noetherian ring then so is the polyno-

mial ring k[zy,..., 1)

Proof. See (Dummit and Foote, 2004) ]

Corollary 2.1.8. Every ideal in the polynomial ring k[xy, ..., x,| with coefficients from a

field k is finitely generated.

Proof. See (Dummit and Foote, 2004) O

If ] is an ideal in k[xy, ..., ,] generated by a set F' of polynomials, Corollary 2.1.8 states

that [ is generated by a finite number of the polynomials from the set .

2.2 The Algebraic Geometry Dictionary

Definition 2.2.1. (Cox et al., 1992) Given a field k and a positive integer n, we define the

n-dimensional “affine space” over k to be the set
At = {(al: sy an) Pyl Op € k}

For example, R and R" are affine spaces.

Definition 2.2.2. (Dummit and Foote, 2004) If x, ..., z,, are independent variables over k
then the polynomials f in klzy, ..., x,] can be viewed as k-valued functions f : A" — k on

A™ by evaluating f at the points in A™:
Falmisanitn) = Ji®, «udy) € &

This gives a ring of k-valued functions on A", denoted by k|A™] and called the “coordinate

ring” of A",



Definition 2.2.3. (Dummit and Foote, 2004) Let S be a subset of functions in the coordinate
ring k[A"] then Z(S), a subset of affine space is defined as

Z(8) = {(ay. a3, ....a,) € A"| f(a1,a2,....an) = 0 forall f € S}

where Z () = A™.

Definition 2.2.4. (Dummit and Foote, 2004) A subset V of A" is called an “affine algebraic
set” if V is the set of common zeros of some set S of polynomials, i.e., if V = Z (S) for some

S C k[A™]. It is called the “locus” of S in A™.

Example 2.2.5. (1) The one point subsets of A", for any n are affine algebraic sets since
{(ai, @8y...y0p) } = Z(B1—01, T3 — gy vy Ty — an). More generally, any finite subset of A"

is affine algebraic set.

(2) If f is a nonconstant polynomial then the algebraic set Z(f) is called a “hypersurface”

in A™. Conic sections are familiar algebraic sets in R,

Proposition 2.2.6. (Dummit and Foote, 2004) If S and T are any subsets of k[A™]. Then
(1) IfS C T then Z(T) C Z(S).
(2) Z(S) = Z(I), where I = (S} is the ideal in k|A™] generated by the subset 5.
(3) Z(8)NZ(T)= Z(SUT)
More generally, if {S;} is any collection of subsets of k[A™] then
NZ(S) = Z(US;)
(4) Z(1)UZ(J) = Z(1J), where I and J are ideals and 1J is their product. In other words,
the union of two algebraic sets is again an algebraic sel.

(5) Z(0) = A" and Z(1) = 0 (here 0 and 1 denote constant functions).

The second statement of Proposition 2.2.6 says that every affine algebraic set is the algebraic

set corresponding to an “ideal” of the coordinate ring. Thus, we may consider

Z : {ideals of k[A"]} — {affine algebraic sets in A"}

Since every ideal ] in the Noetherian ring k[z1, ..., 7,,] is finitely generated, say I = (fi, ..., fs)s

the third statement of Proposition 2.2.6 implies that Z(I) = Z(f1) N Z{f2) N .. N Z(fs).

5



If V is an algebraic set in affine n-affine then there may be many ideals I such that V' =
Z(I). For instance, in affine 2-space over R the y-axis is the locus of the ideal (z) of R[x, y],
and also for locus of {(z?), (x*), etc. More generally, the zeros of any polynomial are the

same as the zeros of all its positive powers, and so, Z(I) = Z(I*) forall k > 1.

So, the ideal whose locus determines a particular algebraic set V' is not unique. On the other
hand, there is a unique largest ideal that determines 1/, given by the set of all polynomials

that vanish on V. For any subset A of A" define
I(A) = {f € k[z1, ..., z)| fa1,0a9,...,an) = 0 forall (a1,0aq,...,a,) € A

I(A) is an “ideal” and is unique largest ideal of functions that are identically zero on A. This

defines a correspondence

I: {subsetsin A"} — {ideals of k[A"]}

Example 2.2.7. Over any field k, the ideal of functions vanishing at (ay,az, ..., an) € A" is
a maximal ideal since it is the kernel of the surjective ring homomorphism from k[xq, ...a,]

1o the field k given by evaluation at (ay. as, ..., a,). 1t follows that
I((a,az,...,a,)) = (1 — a1,&2 — G2, ..., Tn — Q)

Proposition 2.2.8. (Dummit and Foote, 2004) Let S and T be subsets of A". Then

(1) If S C T then I(T") C I(S).

ISV T)=XE] NHT)

(3) I(0) = k[x1, ..., z,] and if k is infinite, I(A™) = 0.

(4) If A is any subset of A" then A C Z(1(A)), and if I is any ideal I C I(Z(I)).

(5) If V. = Z(I) is an affine algebraic set then V. = Z(I(V)), and if I = I(A) then
I(Z(1) =1, ie, Z(I(Z(]))) = Z(I) and I(Z(I(A))) = I(A).

Definition 2.2.9. IfV C A" is an affine algebraic set the quotient ring k[A™]/1(V') is called
the coordinate ring of V, and is denoted by k[V].

Definition 2.2.10. An ideal of k|xy, ..., x,)] is a prime ideal if whenever f,g € k[xy, ..., 7y
and fq € I then either f € I or g € 1.

Definition 2.2.11. A polynomial ideal I is a maximal ideal if I # k[x,, ..., x,] and whenever

I C J for some ideal J, then either J = I or J = ka1, ..., Tn).

6



Definition 2.2.12. Let I be an ideal in k[ry, ..., x,]. The “radical” of I, denoted by rad I,

is the collection of elements in k some powers of which lie in 1, i.e.,

rad I = {f € k[zy,....z,)|f™ € I for some m > 1}

Proposition 2.2.13. Let I be an ideal in k[z1, ..., xy). Then rad I is an ideal containing L

Proof. It follows directly from the definition of rad 1. [J
Proposition 2.2.14. The radical of a proper ideal I is the intersection of all prime ideals
containing 1.

Proof. See (Dummit and Foote, 2004) O

Proposition 2.2.15. An ideal is called a radical ideal if rad I = I.

Proof. See (Cox et al., 1992) O
Corollary 2.2.16. Prime (and also maximal) ideals are radical.

Proof. If P is a prime ideal then P is the intersection of all the prime ideals containing P,
so P = rad P by Proposition 2.2.14. O
Theorem 2.2.17. (Hilbert’s Nullstellensatz) Let k be an algebraically closed field. Then
1(Z(I)) = rad I for every ideal I of kz1, ..., Tn].

Proof. See (Dummit and Foote, 2004) Il

Definition 2.2.18. let V be a nonempty affine algebraic set. Then V' is called “irreducible”
if it can not be written as V. = V1 U Vy, where V and Vs are proper algebraic sets in V. An

irreducible algebraic set is called an “affine variety”.

2.3 Monomial Orderings and Groebner Bases

Groebner bases are special kinds of generating sets for polynomial ideals and have had

interesting theoretical as well as computational applications.

E



2.3.1 Monomial Orderings and The Division Algorithm

The multidegree in Definition 2.1.1 defines a one-to-one mapping between the elements of
Z" , and the monomials in k[r;, ..., Ty). Due to this fact every ordering > we establish on
Z, automatically carries over to an ordering of the monomials ink[zy,...,zn). fa > B we

will also say that 2 > 2.

Definition 2.3.1. A monomial ordering on klx1, ..., z,] is a relation = on Z" o, such that:
(i) The relation > is a total ordering.

(i) If a > B, and y € ZLy, then v + v > 3+ 7.

(iii) The relation > is a well ordering (every nonempty subset has a least element).
Definition 2.3.2. The followings are the most commonly used monomial orderings:
Lexicographic Order: « »p (3 if in o — 3 the leftimost non-zero eniry is positive.
Graded Lex Order: o > gz B if || > |B], or if |a| = |8 then o > B.

Here || = >, a;, and similarly for | 3|.

Graded Reverse Lex Order: & > goviex B 1f [0 > |B], orif |a| = |B| then in o — 3 the

rightmost non-zero entry is negative.
Example 2.3.3. For the set

L8 43 3.2 3
AT R A T T 3

the above orderings are:

lex: 2t = 2%y? > a2z = xy?2® > P
griex: a2 2® = 2%y = aydz = 2t - P
greviex: xyz® = 2tz = 2%y = ot = P

Definition 2.3.4. Let f = > ca2® € k[zy. ..., ] be a nonzero polynomial and let > be a

monomial order.
e The leading exponent of f is
LE(f) := max(a € ZLy : co # 0).

8



Here the maximum is taken with respect to > .

e The leading coefficient of f is

LC’(f) =CLE() € k.

e The leading monomial of f is
LM(f) := «LED),

(with coefficient 1)

e The leading term of f is

LT(f) = LC(f).LM(S).
Definition 2.3.5. Fix a monomial ordering on the polynomial ring k[xy, ..., x| If I is an
ideal in k|1, ..., x,), the “ideal of leading terms”, denoted by LT(I), is the ideal generated
by the leading terms of all the elements in the ideal, i.e., LT(I) = (LT(f)|f € I).

We note that leading term of a polynomial depends on the choice of the ordering. For
instance, LT (5x%)? + xy!) = 5z%* with multidegree (6,2) if z > y on the other hand,
LT (52%% 4+ xy*) = xy* with multidegree (1,4) if y > x. Likewise, the ideal of leading

terms LT'(1) of an ideal I in general, depends on the ordering used.

By definition, the ideal LT'(I) is generated by monomials. Such ideals are called “monomial

ideals”.

2.3.2 Groebner Bases

In the one variable case, leading terms are used in the Division Algorithm to reduce one
polynomial g modulo another polynomial f to get a unique remainder 7, and this remainder
is zero if and only if g is contained in the ideal (f). As we shall see, the situation is more

complicated for polynomials in more than one variable.

Definition 2.3.6. A “Groebner basis” for an ideal I in the polynomial ring k[z1, ..., x,) is
a finite set of generators {gi, ..., g} for I whose leading terms generate the ideal for all

leading terms in I, i.e., I = (g1, ...,q) and LT(I) = (LT (¢1), ..., LT (g))-

We note that a Groebner basis is a set of generators for I depending on the choice of order-
ing, i.e., every element in I is a linear combination of the generators. It is not a basis in the

sense of vector spaces.



One of the most important properties of a Groebner basis is that every polynomial g can be

written “uniquely” as the sum of an element in J and a remainder r obtained by a general

polynomial division.
General Polynomial Division

We fix a monomial ordering on k[z, ..., x,,), and suppose gi, ..., g; is a set of nonzero poly-
nomials in k[z;....,x,]. We let f be a polynomial in k[z1, ..., 2,] and start with a set of
quotients qi, ..., ¢; and a remainder 7 initially all equal to zero, and successively test whether
the leading term of the dividend f is divisible by the leading terms of the divisors g1, ..., gt

in that order. Then,

(1) If LT(f) is divisible by LT(g;), say LT(f) = ¢;LT(g;), add ¢; to the quotient g;,

replace f by the dividend f — ¢;g;, and reiterate the entire process.

(2) If the leading term of dividend f is not divisible by any of the leading terms LT'(g1), ..., LT'(g¢).
add the leading term of f to the remainder 7, replace f by the dividend f — LT'(f), and re-

iterate the entire process.

The process terminates when the dividend is zero and results in a set of quotients g1, ..., gy

and a remainder r with

f=qg+..+qg+r

Each ¢;g; has multidegree less than or equal to the multidegree of f and the remainder r has

the property that no nonzero term in 7 is divisible by any of the leading terms LT'(g )y -y LT(g1)-

The next theorem shows that if we use a Groebner basis for the ideal I then we obtain a

“unique” remainder, and we can use this to determine whether a polynomial f is an element

of the ideal 1.

Theorem 2.3.7. If {g1. go, ..., gt } is a Groebner basis for the nonzero ideal I in k[x, ..., Tr

for a fixed monomial ordering. Then

(a) Vf € k[xy,...,x,] can be written uniquely in the form f = fi + r, where f; €

I and no nonzero mononial term of the remainder v is divisible by the leading terms

LT(g1), .. LT(g).

(b) Both f; and v can be computed by general polynomial division by g1, ..., g and are

independent of the order in which these polynomials are used in the division.

10



(c) f € Iifand onlyifr = 0.

Proof. See (Dummit and Foote, 2004) O

Proposition 2.3.8. Fix a monomial ordering on k[x,., ..., z,] and let I be a nonzero ideal in

k1 5] Then

(1)If g1, ..., g are any elements of I such that LT(I) = (LT (g1), ..., LT (g:)). then {gr, ... gt}

is a Groebner basis for I.

(2) The ideal I has a Groebner basis.

Proof. Letgy....,q, € I with LT(I) = (LT(g1). ..., LT(g)). In order to prove (1) we need
to show that gi, ..., g, generate the ideal I. If f € I then using general division algorithm
we write f = > ', ¢;g; + r where no nonzero term in the remainder r is divisible by any
LT(g;). Since f € I, alsor € I, we have LT(r) is in LT(I). But, then LT (r) would
be divisible by one of LT(¢1), ..., LT(g:), which is a contradiction unless » = 0. Hence

f=>"" ¢y and g1, ..., g generate I, so are a Groebner basis for /.

For (2) we note that the ideal LT'(I) of leading terms of any ideal [ is a monomial ideal
generated by all the leading terms of the polynomials in /. We know that a finite number of
these Jeading terms suffice to generate the ideal LT'(I), say LT(I) = (LT(hy)...., LT (hm))
for some Ay, ..., h,, € I. By (1), the polynomials hy, ..., h,, are a Groebner basis of 1.

Proposition 2.3.8 proves that Groebner bases always exist.

S-Polynomials

Let f1, f> be two polynomials in k[zy,...,x,] and 2 be the least common multiple of the
monomial terms LT'(f;) and LT(f,) then we can cancel the leading terms by taking the

difference

7 il
S(f1, fa) = LT(fl)fI = LT(fg)fQ

Lemma 2.3.9. Suppose f1,..., fm € k[z1, ..., x| are polynomials with the same multidegree
3 and that their linear combination | = ¢y fi + ... + ¢y fr With constants ¢; € k has strictly

smaller multidegree. Then

m

(= Z ¢iS(fi-1, i), for some constants ¢; € k

=2
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Proof. We write, f; = u; f!, where f{ is a monicpolynomial of degree 3 and u; € k. Then

[ = Zcz‘“iﬂ = cu(fi — f2) + (au + cu)(fo — f3) + . +

/ !

((21?!1 =+ 5 C'-mflum—l)(fm—l - fm) =+ (C]U] S o Cmum)f:n

We note that f/_, — f/ = S(fi—1, fi). [ and each f;_, — f; has multidegree strictly smaller

than 3, so we get c;u; + ... + ¢, = 0. Hence, the last term on the right side is zero.

O

Proposition 2.3.10. (Buchberger’s Criterion) Fix a monomial ordering on E[zy, ooy &l I
I = {qg1.....q¢) is @ nonzero ideal in k|x1, ..., %), then G = {g1. ..., g¢} is a Groebner basis

for I ifand only if S(gi,9;) = 0mod Gfor1 <i<j <t

Proof. If {gi,..., g} is a Groebner basis for I then since each S(g;, g;) is an element of /,

we have 5(g;, g;) = 0 mod G by Theorem 2.3.7.

We now assume that S(g;, g;) = 0mod G for 1 < i < j < t and take any element f € I. To
show that G is a Groebner basis we need to show that (LT (¢1), ..., LT (g;)) contains LT(f).
Because f € [ it can be written as [ = Z;zl pig; for some polynomials p1, ..., p;. This
representation is not unique. We choose one among all these representations for which the
Jargest multidegree of any summand is minimal, say 5. Then multidegree of f < f. So, we

write

t
g = ZP:’Q:’ = Z pigi + Z Digi
i=1

multidegree pigi=F4 multidegree pig; <3
= Z LT (pi)gi + Z (pi — LT (pi)g1)
multidegree pigi=5 multidegree pigi=f
+ > pg @2.1)

multidegree pigi<8
We now suppose that multidegree of f << 3. Then the multidegree of the first sum is strictly
smaller than 3 since the multidegree of the second two sums is strictly smaller than 3. Let
b, € k denote the constant coefficient of the monomial term LT(p;) then LT (p;) = bip;
where p) is a monomial. Applying Lemma 2.3.9 to ) | b;(p;g;) we write the first sum above
S e:S(p,_19i-1, Pig:) with multidegree of (pj_,g;—1) = multidegree of (p;g;) = 8. Let
vi—14 be the multidegree of the monic least common multiple of LT(g;—1) and LT(g;).
Then, S(p,_,gi_1,p.g:) is just S(gi—1,g;) multiply by the monomial of degree 5 — i1
The polynomial S(g;_1, g;) has multidegree less than ~;_1 ; and by assumption, S(gi-1, g;) =
mod G. That i, after general polynomial division of S(g;1, i) by g1, ..., g each S(gi—1, g:)
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can be written as a sum _ t;¢; with multidegree of ¢;g; < 7i-1,. S0, each S(P_1Gi—1- D)
is a sum Y #ig; with multidegree of tig; < (. Hence, all the sums on the right hand side
of Equation 2.1 can be written as a sum of the terms of the form g;g; with polynomials ¢
satisfying multidegree of ¢;g; < 3. This contradicts the minimality of 5 and shows that

multidegree of f = /3, i.e., the leading term of f has multidegree 3.

When we take the terms in Equation 2.1 of multidegree 3 we see that

LT(f) = > LT(p:)LT(g;)

multidegree pigi=05

. So, indeed LT(f) € (LT (q1), -.-, LT(g)). Therefore, G = {g1, ..., g } is a Groebner basis
for the ideal /.

Buchberger’s Algorithm

Buchberger’s Criterion can be used to provide an algorithm to find a Groebner basis for an
ideal I, as follows. If I = (g, ..., g;) and each S(g;, g;) leaves a remainder of zero when
divided by G = {g, ..., g:} using general polynomial division then G is a Groebner basis.
Otherwise, S(gi,g;) has a nonzero remainder r. Increase G by appealing the polynomial
Gus1 = 7 G = {g1,.... 9, G421} and begin again. We notice that this is again a set of
generators for / since g1 € I. This procedure terminates after a finite number of steps in
a generating set G that satisfies Buchberger’s Criterion, hence is a Groebner basis for 7. We
note that once an S(g;, g;) vields a remainder of zero after division by the polynomials in G

it also yields a remainder of zero when additional polynomials are appended to G.

If {g1, ..., 9} is a Groebner basis for the ideal I and LT'(g;) is divisible by LT'(g;) for some
j # i, then LT(g;) is not needed as a generator for LT'(1). By Proposition 2.3.8 we may
therefore delete g; and still retain a Groebner basis for /. Without loss of generality we may
also assume that the leading term of each g; is monic. A Groebner basis {g, ..., g/} for I
where each LT(g;) is monic and where LT(g;) is not divisible by LT'(g;) for i # j is called
a “minimal Groebner basis”. While a minimal Groebner basis is not unique, the number of

elements and their leading terms are unique.

Definition 2.3.11. Fix a monomial ordering on k[zy, ..., T,). A Groebner basis {g1, ..., g }

for the nonzero ideal I in k[xy, ..., %, is called a “reduced Groebner basis™ if

(a) each LT(g;) is monic, i = 1....,t, and
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(b) no term in g; is divisible by LT(g;) for j # i.

We notice that a reduced Groebner basis is a minimal Groebner basis. The importance of

reduced Groebner bases is that they are unique for a given monomial ordering.

Theorem 2.3.12. There is a unique reduced Groebner basis for every nonzero ideal I in

klzy,....xy] for a fixed monomial ordering.

Proof. LetG = {g1.....g:} and G’ = {gj. ..., g, } be two reduced bases for the same ideal /.
Then after a possible rearrangement we may assume LT'(g;) = LT(g;) = h; fori =1,..., .
For any fixed 7, we consider the polynomial f; = g; — gi. If f; is nonzero, then since f; € I,
its leading term must be divisible by some h;. By definition of a reduced basis, /; for i # j
does not divide any of the terms in either g; or g/, hence does not divide LT'(f;). But h;
also does not divide LT(f;), since all the terms in f; have strictly smaller multidegree. This

forces f; = 0 that is, g; = g} forevery i, s0 G = G'.

O

Corollary 2.3.13. Let I and J be two ideals in k[z, ..., x,). Then I = J if and only if I
and J have the same reduced Groebner basis with respect to any fixed monomial ordering

on k[zy, ..., Tyl

2.4 Solving Algebraic Equations Using Groebner Bases:Elimination

One of the important applications of the theory of Groebner bases is explicitly solving sys-
tems of algebraic equations. Groebner bases theory is also the basis by which compute

algebraic programs attempt to solve systems of equations.

Let G = {g1, ..., s} be a collection of polynomials in n-variables z1, ..., 2, and we want to
find the solutions of the system of equations g; = 0,2 = 0,..., gs = 0. In other words, we
wish to find the common set of zeros of the polynomials in G. If (ay, ..., a,) is any solution
to this system then every element f € I = (G) also satisfies f(ai, ..., a, = 0. Furthermore,
if G' = {hy,..., hm } is any set of generators for the ideal [ then the set of solutions to the

hi=0,hy =0, ..., h;, = 0is the same as the original solution set.

When g1, ..., g are “linear” polynomials, a solution to the system of equations can be ob-

tained by successively eliminating the variables x;, x5, ... The variable z; is eliminated by
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using linear combinations of the original equations, then r; is eliminated using these equa-

tions, etc. By this way a system of equations is produced that can be easily solved.

Even if the situation for polynomial equations that are nonlinear is naturally more compli-

cated, the basic principle is the same.

If there is a nonzero polynomial in the ideal I involving only one of the variables, say g(zn),
then the last coordinate a,, is a solution of g(x,) = 0. If, now there is a polynomial in J
involving only z,,_; and @, say h(z,_1,Z,), then the coordinate a,—1 would be a solution
of h(z,_1,a,) = 0, etc. If we can successively find polynomials in / that eliminate the
variables z1, Z»... then we will be able to determine all the solutions (aj.....a;) to given

original system of equations explicitly.

Finding equations that follow from the system of equations in G, in other words., finding ele-
ments of the ideal I that do not involve some of the variables, is referred as “elimination the-
ory”. The polynomials in / that do not involve the variables y, ..., z;, 1.e., 1N Bt o5l

is an ideal in k[t 1, ..., Tn).

Definition 2.4.1. Let I be an ideal in k[xy, ..., z,) then I; = I N k[xi41, ..., Tn] is called the

“ith elimination ideal” of I with respect to the ordering x1 > ... > Zn.

The success of using elimination to solve a system of equations depends on being able to

determine the elimination ideals and, ultimately, on whether these elimination ideals are

nonzero.

Proposition 2.4.2. (Elimination) Let G = {gi, .., gt} be a Groebner basis for the nonzero
ideal I in k[zy, ..., s with respect to the lexicographic monomial ordering x, > ... > Tpn.
Then G N k[Tip1, ..., 2] is a Groebner basis for ideal I; = I N k[Ziy1, -, xp). In particular,

INk[Eis1, ., za) = 0 ifand only if G N k[xig, ..., Tn] = (.

Proof. Let G; = G N k[z;11,...,7,). Then G; C I;. To see that G; is a Groebner basis of
I, it enough to show that LT(G}), the leading terms of the elements G;, generate the ideal
LT(I;) in k[Zi41, ..., ¥,] by Proposition 2.3.8. Surely, (LT(G;)) € LT(I;) since they are

ideals in k[zii1, ..., Tn).

To show the converse inclusion, we let f be any element in ;. Then f € I and since G is a

Groebner basis for [ we have
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for some polynomials b;.....0; € k[x1. ..., x,). Since each polynomial b; is written as a sum
of monomial terms LT(f) will be a sum of monomial terms of the form cx}'...x} LT (g;).
Because LT'( f) involves only the variables z;1, ..., Z», the sum of all such terms containing
any of the variables a1, ..., 2; must be zero. Hence, LT([) is also sum of these monomial
terms only involving Tj41,...,n. Thus, LT(f) can be written as a k[z;41, ..., xy]-linear
combination of some monomial terms L7 (g;) where LT(g;) does not involve the variables
1, ..., ;. On the other hand, by the choice of the ordering, if LT'(g;) does not involve the
variables 21, ..., 7;, then g; € G;. Therefore, LT(f) can be written as a k[x;+1, ..., x,,]-linear

combination of elements LT(G).
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3. APPLICATIONS OF THE METHOD OF GROEBNER BASES
TO DYNAMICAL SYSTEMS

Mathematicians have been used Groebner bases seriously to solve difficult problems in com-
mutative algebra since the mid of 70’s. (Buchberger, 1976; Rabbiano, 1989; Beveniste et al.,

1989) made significant contributions in the improvement of the Groebner bases algorithms.

The systems of nonlinear algebraic equations in several variables arise in different areas of
applied science and engineering, and the problem of finding their solutions are important.
There is a general method for solving such systems in the case where the nonlinearities are
of polynomial type. The knowledge about this method, based on Groebner bases, seems to

be concentrated to mathematics and computer science, though.

By solving such an above system using the method of Groebner bases we mean triangulating
it, so that the minimal dimension of the solution becomes apparent, and so that we obtain an

equation in one variable only, if the solution is zero dimensional.

When triangulating a system we eliminate variables one by one. A ranking of the variables

tells us in what order we should eliminate them. For instance we can have the ranking

X1 <To = ... =Tp_1 =Ty (31)
meaning that z; is to be eliminated before z; if j > 7.

To do the elimination we have able to compare polynomials. This is possible if we have
an ordering of the monomials of k[, ...z,,]. This ordering is achieved if we say that a high

ranking monomial should have a high degree in a high ranking variable.

The following theorem gives us the criteria for the existence of the solution of an elimination

problem.

Theorem 3.0.1. (Forsman and Glad, 1990) Let G be a Groebner basis for the ideal I wrt
the ranking (3.1). Then the following applies:

I Z(D =0 G={1)},
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2. dim (Z(I)) = 0 < Each variable appears alone in the highest ranking monomial of

a polynomial in G,

3. INR[z;] = {0} & GNR[x] =0.
Proof. from (Pauer and Pfeifhofer, 1988). O

In this chapter, we will present same applications of the Groebner bases method to some

nonlinear problems of dynamical systems. The studied problems are;

e determining the jerky dynamics of 3-dimensional nonlinear autonomous systems,
e solving some difficult problems in Lyapunov theory by using that method such as,

— constructing Lyapunov functions,
— determining critical levels,

— investigating robustness against structured uncertainty.

3.1 Determination of Jerky Dynamics with aid of Groebner Bases Method

Here, we present a computational method given by (Eichhorn et al., 1998) which is known
as Groebner basis technique and based on an algebraic elimination procedure for nonlinear

polynomial equations. Using this method we can check the existence and compute jerky

dynamics of a given dynamical system.

3.1.1 Jerky Dynamics

Third order explicit autonomous differential equations in one scalar variable are sometimes
called jerky dynamics and constitute an interesting subclass of dynamical systems that can

exhibit chaotic behavior.

There have been published several articles on jerky dynamics (Eichhorn et al., 1998; Linz,

1997: Malasoma, 2000b,a; Arne’odo et al., 1979, 1981)motivated from the following ques-

tions:
(i) Which three-dimensional dynamical systems can be recast into a jerky dynamics?
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(ii) Do apparently functionally different dynamical systems obey similar or even identical

jerky dynamics?
(iii) If so, can jerky dynamics be used as a tool to classify dynamical systems?

(iv) Can we learn anything about the possible time evolution just by looking at the functional

form of a jerky dynamics?

To clarify the subject we now consider a three dimensional autonomous system

i = f(x) (3.2)

where x = (x,y.2)7 € I' C R3, f(x) in general, nonlinear vector field of the dynamical
system and the overdot the derivative with respect to time. x() represent the orbit or trajec-
tory of the dynamical system (3.2) in the phase space when we specify the initial conditions
}((Zl = 0) = Xp.
As it is shown in (Eichhorn et al., 1998) any autonomous nth order ode can be recast into
n-dimensional dynamical system. In particular, third-order explicit ODEs

# = Jwpb 8 (3.3)

can be transformed into a dynamical system (3.2) by introducing, for example, z = u,
i = a,and & = J(x,u = &,a = ). But the contrary is generally not true and constitutes

the starting point of the following investigation.

Our goal here is to see how we can apply Groebner basis method to determine whether a

three dimensional autonomous system has an equivalent jerky dynamics.

3.1.2 Groebner Bases Method

For the application of the Groebner bases technique to the problem whether a dynamical

system possesses an equivalent jerky dynamics, we have to reformulate it in an algebraic

way. Using the equations

&= fl(m:ysz)a y:f2("1’;y;2)_~ z= f3(£3y53) (34)
we write the following seven equations

m(z,y,2) =2 — filz,y,2)=0 (3.5)
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pa(@,y,2) =9 — fola.y,2) =0 (3.6)
p3(z,y,2) = 2 — fa(z,y,2) =0 (3.7)
pala,y,2) = & — (20: fi(a,y, 2) + 9Oy fi(x,y. 2) + 20:fi(x,9,2)) =0 (3.8)
ps(x, 1, 2) = § — (#0afolz, . 2) + 90, fo(2, Y, 2) + 26, falz.,2)) =0 (3.9)

pe(x,y,2) = 2 — (20 f3(z,y, 2) + 9O, fs(z. y, 2) + 20, f3(x,y,2)) = 0 (3.10)

pr(e,y,2) = F— (862fi(x,y, 2) + 98 filw,y, 2) + 202 fulw, y, ) +
20 f1(x,y, 2) + 40, f1 (2. y, 2) + 20: fi(z,y,2) =0 (3.11)

We consider x, &, %, %, y, 7, 9, %, %, £ as ten independent variables. By eliminating the six
variables y. 1, i 2, 2, Z from the seven equations we can find a third order differential equa-
tions for the variable =, P(x, 2, %, ¥). The equation P(x,,&,7) = 0 may not be explicit.
Furthermore, there is no systematic way to find P(z,&,%,7) = 0 when the vector field
f(x) has arbitrary nonlinearities. However, for polynomial nonlinearities the Groebner bases

method can be applied.

As the solutions of the equation P(z, &,#, ©') = 0 for &, jerk functions may contain differ-
ent types of nonlinearity such as quadratic, cubic, etc. Jerk functions with quadratic nonlin-
earities are the simplest type displaying deterministic chaos. This type of problems and the
corresponding classifications are studied in (Eichhorn et al., 1998; Linz, 1997; Malasoma,
2000b). Even if, the cubic nonlinearities are the simplest among odd algebraically nonlin-
earities they are rather complicated than the quadratic ones as discussed in (Arne’odo et al.,

1979, 1981; Malasoma, 2000b,a).

In the following examples we will see that some three-dimensional nonlinear systems may
have equivalent jerky dynamics in x, and/or, y, and/or z with quadratic or cubic nonlineari-
ties or rational forms. While some jerk functions have simple algebraic forms some of them

may have rather complex forms.

Example 3.1.1. (Malasoma, 2000b) The system

T=1y
y==z
i=—az—x+ Y
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has an equivalent jerky dynamics only in x. For, from the Eq.s (3.5)-(3.11) we obtain the

ideal
I={(t—yy—zitazt+r—zyi-9j-2%+ai+2—ay—zy, ¥ -
Its Groebner basis is computed as

ai+T4+r—zx=0

which is an equivalent jerky dynamics in « for this system. The corresponding jerk function
is

J(5,8,8) =—0% —&1-&x
which contains only one quadratic nonlinearity.
Example 3.1.2. (Malasoma, 2000a) The system
r=y+1
Yy =—ay+=z
z =0

has equivalent jerky dynamics in « and . Since the Eq.s (3.5)- (3.10) with (3.11) yield the

ideal

ho=(t-y-Lg+ay—z3—ayé—yj+ay—i7—iy— oy — )

On the other hand the equations (3.5)-(3.10) with p; = ¥ + ajj — Z for y result the ideal

L={—-y—1ly+ay—z2i—ay,d—yj+ay—2:i—ity—2y,§ +aj—2)

Groebner bases for the ideals /; and /I, are obtained as
—ai—T —x+zxz=0

and
.9 e il ) 3
oy + 9§ —ayf— Yy +y +y =0
These are the equivalent jerky dynamics in x and y for the given system, respectively. The

corresponding jerk functions are
Hx2, 8] = —v—ait ol
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and ;
. . vy +ay
Jy,9,8) =y —aj+y’ + =——

while the first one has a quadratic nonlinearity, the later is a rational function.

Example 3.1.3. (Malasoma, 2000a) The dynamical system

T=y
y==z
i=—az—x+y

has equivalent jerky dynamics in z,y and z. Using the Eq.s ( 3.5 )-( 3.11 ), we obtain the

ideal

L={—yy—-2zitaztr -y, 8—9,4—22+ai+2 -2y, T —§)
with a Groebner basis —i? + ai + 7 + x = 0, which is an equivalent jerky dynamics in =
for the system. The corresponding jerk function
J(z,&,&) = —z — ai + @°
has quadratic nonlinearity.

The Eq.s (3.5)-(3.10) with p; = ¥ — Z (in terms of y) yield the ideal

L=(E—yy-zitaztz—y,i—-9i—%E+az+z—2yy ¥ — i)

with a Groebner basis —aij — ¥ — y 4+ 2y = 0 which is an equivalent jerky dynamics in y

for the system. The corresponding jerk function,
J(,9.9) = —y — aj + 2y
has quadratic nonlinearity.

On the other hand, the Eq.s (3.5)-(3.10) withp; = 2 +aZ + I — 2% — 2y (in terms of 2)

result the ideal

L=(i—yg—zi+tazta—y*,i—9,—45+as+i—2yy, % +ai+i— 29" —2yp)
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with a Groebner basis
202 +as+ 233+ F + 27— 2025 —22% — 422 4423 =

which is an equivalent jerky dynamics in z for the system. The corresponding jerk function

2 — 422 + 423 + 233 + 2032
22—1

J(z, 8, %) = —aZ +
is a rational function.

Example 3.1.4. (Ratschan and She, 2007) Consider the dynamical system

(=—x—2y-2z+2°

The corresponding ideal and the equivalent jerky dynamics in z are,

I=(t+yg+zitaet+2+z—a8+9.0+25+0+2+2— 32”7 4 §)

and

2% —3—F—x+2®=0
respectively.
The jerk function for the given system
J(z,&,8) = —z+2*+22 — &
has cubic nonlinearity.

Example 3.1.5. The dynamical system

&= —x + y2*
y=-ytuy
Z=—2



has an equivalent jerky dynamics in @ only. The ideal is
I = (g4+e—y2 g+y—ay,i+z,i+d— 92 — 222§ +y— &y — x,
B4 50 40— )2 — dayi — y3° — 2y23)
and the equivalent jerky dynamics is
% — 9& — 9z + 5ud + 62% — 47 — 22’ +E =0
The corresponding jerk function,
J(z, &%) = 9% + 9z — bad — 62% + % + ia° — §

has cubic nonlinearity.

3.2 Groebner Bases Method in Lyapunov Theory

Lyapunov theory is commonly used as a mathematical tool in different areas such as auto-
matic control (Vidyasagar, 1993), power system analysis (Pai, 1981), and mechanics (Hahn,
1967). It is probably the only general tool for determining stability for a system of nonlinear

ordinary differential equations.

To see how Groebner bases enter into the study of Lyapunov theory we introduce some

important concepts:
Definition 3.2.1. (Forsman, 1993) A polynomial p € k[z1,...x,) is positive if p(0) = 0 and
Yz e R"{0} : p(z) > 0

p is non-negative if p(0) = 0 and Yo € R" : p(x) = 0. We say that p is locally positive
if p(0) = 0 and there is a neighborhood € of the origin such that ¥z € €{0} : p(z) > 0.
p is locally non-negative if p(0) = 0 and there is a neighborhood C of the origin such that
Ve € C:p(z) > 0.

We define negative etc. analogously. A dynamical system
= flr)y F+RP—=>R,2ER" (3.12)

we suppose that f(0) = 0 and that the components of f are polynomials in &:
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Since f is polynomial, the solution of (3.12) is uniquely determined by an initial value
¢ € R™ (Coddington and Levinson, 1985). We write m(t,£) for the solution starting at £, so

7 i1s a function R x R™ — R".

Definition 3.2.2. (Forsman, 1993) Given a V. € k[x,...,x,| the regions Q, Q and By are
defined by
Q={zxeR? V=V,f<0tu{o}

Q={zeR", V=V, -f<0}
By={zeR", V(z)<d}
where V.=V, -f =% fi% is the time derivative of V' along a trajectory of the system

(3.12).

This means that the boundary OBy is a level surface of V for each d. From the definition, we

can easily see that
@ b= B, C B (3.14)

fora,beR.

Definition 3.2.3. (Forsman, 1993)

A function V € k[x1, ..., x,] is a (polynomial) Lyapunov function for the system (3.12) if 1

is non-positive.

Definition 3.2.4. (Forsman, 1993)

A function V€ k[xy, ..., xy) is a local Lyapunov function for the system (3.12) if Visa

locally non-positive and 3 d € R : By C €.

IfV is a local Lyapunov function for (3.12) and d is such that By C Q then
E€By=Vt>0:x(t¢&) € By

In other words the set By is invariant if V is a local Lyapunov function and By C Q. In
particular, if V is a Lyapunov function for (3.12). By is invariant for all d. By is not

necessarily connected; make a partition

&:U@ (3.15)
i
of By into disjoint connected sets. Since T is continuous in t we have the following:
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Theorem 3.2.5. (Forsman, 1993) If V is a local Lyapunov function for (3.12) and B} C §)

then
£e Bi=Yt>0:7(t¢§) € B

For a polynomial V the partition (3.15) consists of a finite number of components. The

number of its connected components of B, depends on the value of d.
The most important application of Lyapunov theory is stability theory. In order to establish
stability using Lyapunov functions we need one more concept.

Definition 3.2.6. (Forsman, 1993) A function p : R — R is radially unbounded if p(z) —

oo as ||z]| = oo
Thus, By is bounded for all d iff V is radially unbounded.

Theorem 3.2.7. (Forsman, 1993) If V is positive, radially unbounded, local Lyapunov func-
tion for (3.12) and BY C € then

0 : _
e B;= flg&w(t,f) =}

where 0 € BY. Thus the origin is locally asymptotically stable equilibrium of the system

(3.12).

3.2.1 Construction of Lyapunov Functions using Groebner Bases

Consider a dynamical system (3.12). Suppose that we have a polynomial parametrized

Lyapunov function V' (n, x) for this system

V:R* =R,V € klzy, T2, ..., Tr) (3.16)

where V(n°) is a local Lyapunov function for a nominal value 7° of 7 € R?. We introduce

the notation () = V}, - f, where V, denote the gradient of V wrt .
The region () and By(n) are defined by
Qn) = {z e R*Q(z,n) <0},  Baln) ={z e R"|V(z,n) < d}

with Q as above. It is a classical result in (Hahn, 1967) that the stability of (3.12) is generated
within By if By(n) C Q(n)
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In order to find out for which 7 this is satisfied we can examine the ideal

av oQ av oQ
<V = d,Q.-aTl — )\'51—] —f?n - )\aj','ﬂ>

Since we are interested in choosing the parameter 7 it is appropriate to compute a Groebner

(3.17)

basis G for the ideal (3.17) wrt a ranking

{51y vy T} = {1500, Bny A} (3.18)

G is typically contains elements that are polynomial in 7. In this way we get information
about which 7 are allowed, and then we can apply some criterion for optimality to choose

among these.

Example 3.2.8. (Ratschan and She, 2007) The system

i = —dz®+6x? -2z

y o= —2

has three equilibrium points which are (0,0), (1,0) and (3,0). While (3,0) is unstable, the
points (0,0) and (1,0) are asymptotically stable.

To find an estimation to the DOA of the point (0,0), we let

1, . 3 1
V(z,y) = az’ + (a — 5)3:3 + (a — Z):LQ +(a+ §)y2
Then the ideal
3 RY 2 2

L = (ax4+a:ng—%+ax2—-z—+ay2+%— —a,

—16az% + 12025 + 2a2* + 6az® + 62° — 3z* — 62° — 4ax® — 32% — day® — 29,

4 s Bzt 6 .
dax® + 3ax” — 3 + 2ax — T A(—96az® +

24(60a + 30) + 2°(8a — 12) + 2*(18a — 18) — x(8a + 6),

2ay + y — M —8ay — 4y))

choosing ranking {x,y, \} > a results the polynomial
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p = —4829328a — 96147756a% — 414076608a> + 3162128234a* + 35254649548a° +
1258694783924a° + 2025073918697 + 161737821216a" + 1863101027084a° +
16025696039344a'° + 46752865477360a!! 4+ 42263798224320a"* —
42624964664512a" + 30726259919104a + 781101633494016a'® —
789266219830272a° + 138862511087616a'"

which has the roots

—0.198855, —0.16346, —0.109415, 0., 0.132145, 1.35659, 4.39508

and 10 non-real roots. Since a° = 1 a valid choice for a is a € [0.0132145, 4.39508]. When

a = 4.39508 the level curve of the given system is depicted in Figure 3.1.

Figure 3.1: B,a for a=4.39508

To obtain an estimation to the DOA of the point (1,0), we transform the given system to
@ = —du®—6u®—2u
9 = =2v
with the coordinate transformation
u=zx—1, v=y

So, the point (1,0) is translated o the origin, that is (0,0) is an asymptotically stable equi-

librium point of the resulting system.

If we let

1 1
V(u,v) = au® + (a — §)u3 + (a — %)uz + (a+ 5)1,’2
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then the ideal
3 3 2 2

; ‘ u v
L = au'+au®- %—I—mf— _Zer(wz"_E —a,
—16au® — 36au’® — 3dau? — 18au® — dar® + 6u® + 15u? + 12 + 3 — 4av® — 207,
32 6u

dau® + 3au® — 7[ + 2au — e M —96au® 4 u*(—180a + 30) + u*(—136a + 60) +
w?(—54a + 36) + u(—8a + 6)), 2av + v — A(—8av — 4v)
using the ranking {u,v, \} > a contains the polynomial

p = 168750a + 44718754 + 39915000a° -+ 1098387504 — 200021950a° — 953238173a° +
75753516847 + 81996956684 + 9553507216a° — 143190703600a'° + 441138445440 —
383408369472a% + 1212137163008a'® — 5137406172160a'* + 1623919205376a15

which has the roots
—0.153846, —0.110044, 0., 0.337442, 2.93688

and 10 non-real roots. Since a® = 1 a valid choice for a is a € [0.337442,2.93688]. For
a = 2.93688 the level curve of the above system is plotted in Figure 3.2.

Figure 3.2: B,a for a=2.93688

Example 3.2.9. For the system
& = —2z+2*
¥ = =y
the origin is the only equilibrium point. Let
Viz,y) = 2%+ (2a — 1)y*
Then the ideal
I = (2?4 2ay" — y* — o, —42® + day* — 8ay® + 4y*,
21 — M(—8z + 4y*), 8ay® — 4y® — A\(162y® — 32ay® + 16y°))
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choosing the ranking {x,y, A} > a contains the polynomial

p=27a — 112a% + 108a°

which has the roots
0., 0.381182, 0.655856

Since a° = 0.6 a valid choice for a is a € (0,0.655856). So the desired value of a =
0.655856 and for this a the level curve is skeiched in Figure 3.3.

Figure 3.3: B,a for a=0.655856

Example 3.2.10. (Ratschan and She, 2007) For the system
T = -y
jo= o (1-ay
the origin is the only equilibrium point. Let
Viz,y) = ax® + (2 — a)y?
then the Groebner basis for the ideal
I = (az®+ 2% — ay® — a, —dazy + 4oy — 4° + 42%y® + 2ay® — 2a2®y?,
2ax — M —day + 4y + 8zy* — dazy?),
4y — 20y — M—4az + 42 — 8y + 82y + day — daz®y)
with respect to the ranking {x,y, \} > a contains the polynomial

p= —16a — 22a% + 11a®

which has the roots
—0.566699, 0., 2.5667

Since a° = 1 a valid choice for a is a € (0.,2.5667]. Figure 3.4 shows the situation in the

case a = 2.5607.

30



Figure 3.4: B,a for a=2.5667

Example 3.2.11. (Ratschan and She, 2007) For the system
F = —g—=3y+2z+yz
g = B2l
2 = ~Za+gj—atay
the origin is the only equilibrium point. Let
Viz,y, z) = ax? + (2a — 1)y* + a2®
then the Groebner basis for the ideal
I = (az?+ (2a - 1)y* +az® —q,
—2az? + 6azy + 10azyz — day® — 6zy + 2% + 2yz — 2xyz — 2022,
2az — A—4azx + 6ay + 10ayz — 6y — 2yz),
day — 2y — M(6az + 10azz — 8ay — 6z + 4y + 22 — 2xz),

2az — A(10azxy + 2y — 2zy — 4az))
using the ranking {x,y, z, \} > a contains the minimal polynomial

p = 8264970432a — 137519924688a% + 1113904458495a° — 6272009476027a" +
29690310309860a° — 124906381870224a° + 448310378616182a" —
1336139001497904a® + 3451492759466853a° — 8473696488852796a'° +
20559619411734703a"! — 45998301530230723a'% + 87445235884740725a" —
139970538666472707a™ + 204483382891273147a'® — 302256406846123164a'® +
441042807338631371a’7 — 555234362217762233a*® + 538504118805917330a' —
374114879961222824a%° + 173410881313335296a%' — 47705577178626000a% +

5844945576020000a
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which has the real roots

0., 0.632426, 0.712185. 1.0855, 1.877

since a® = 1 a valid choice for a is a € [0.632426,1.877|. When a = 1.877 Figure 3.5.

shows the level surface of the given system.

Figure 3.5: B,a for a=1.877

Example 3.2.12. (Raischan and She, 2007) For the system

T =y
j = =
= —z—y—1°

the origin is the only equilibrium point. Let
1 ;
Viz,y,2) = §a$4 + 223y + (a® — 1)y + 2ayz + 2°
Then the ideal

I = (%aﬁ:‘i + 22% + (a® — 1)y? + 2ayz + 2° — q,
622y + 2a°yz — dyz + 2a2* — 2ayz — ey — 222,
2ax® + 622y — M(122y?),
27% + 2a%y — 2y + 2az — A\(122%y + 2a%z — 4z — 2az — day),
2ay + 2z — A(2ay — 4y + 4az — 2ay — 42))
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with respect to ranking {x.y.z. A} > a contains the polynomial

p = 1679616a — 49455364 + 190138752a® — 2857635072a" + 17271107280a° —
56965312584a% + 1157344228087 — 152475765120a° +
131541097680a° — 71826431706a'° + 21466117254a™* + 944804970a'® —
6260953931a'? + 40433245180 — 188512814a'® — 13213893024 +
98881685507 — 43225104248 + 178270628a'% — 772179824%° +
24143069a2! — 2634418¢%* — 15770322 + 1160642 — 5515354 +
231918420 — 8073647 + 21146a* — 3709a%° +

79050 £ 4643 — 1447 4 g%

which has the roots

—7.34847, —2.62068, 0., 0.296412, 1.22841, 3.01663, 7.34847

and 26 non-real roots. Since a® = 1 a valid choice for a is a € [0.296412, 7.34847]. For
a = 7.34847 the level surface of the system is depicted in Figure 3.6.

Figure 3.6: B,a for a=7.34847
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3.2.2 Determining Critical Levels

Having defined local Lyapunov function and explained their connection to stability theory

above, the following important problem immediately arises:
How do we choose d in order to get By as large as possible, while still inside of 1?7

If B; C Q we can guarantee stability in By, according to Theorem 3.2.7. In e.g., (Chiang
and Thorp, 1989) an efficient method for solving this problem as given. Here, we shall in-
troduce an algorithm for solving this problem via Groebner bases, in the case of polynomial

nonlinearities.

To study the problem we introduce the set D C R :

D={deR|B; C O} (3.19)

This set is obviously the projection of Z({V —d, V.- f)) on the d-axis (Z(I)) is the set of real
zeros of the ideal 1 in R”; thus it is semi-algebraic. It is a simple consequence of property
(3.14) that D is connected, i.e., consists of a single interval. In view of the property (3.14)

we may reformulate the problem as: which is the smallest d > 0 such that

OB N O # 0 (3.20)

If we view the problem as one of optimization we can formulate it as follows: we wish to
minimize V subject to V; - f = 0. This observation is also made in e.g., (Shields and Storey,

1975).

Summing up we get n new equations while introducing one new variable, the Lagrange

multiplier . So, we get a system of n+2 equations in n+2 variables:

V—-d=0, Vi-f=0, V. (Vo -f)—AV,V =0
i.e., we should study the ideal

v o, oo 9
I=(V-dV;-f By AKEI(H By ey }\W(h ) (5.21)
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in k[1......0,, A, d]. As mentioned we presuppose that we do not have V7 # 0 = V(V. - f)
at the relevant point. It is thus sufficient that the hypersurface 1" — d is not singular for the

critical d.

A plex Groebner bases for I wrt a term-ordering of the type

{:‘IT;,...,:’E,,.)\} ke 207 (3.22)

gives us the contraction I N k[d]. If I N k[d] # 0 we thus obtain a polynomial p in d only,

derived from the original equations.

Example 3.2.13. For the system
2 = 2z(z-1)(2z-1)
y = 2y

(0.0), (1,0) and (3.0) are the equilibrium points. While (0.0) and (1,0) are asymptotically
stable, the point (3.0) is unstable. If we let
Viz,y) =2’z —1)° +¢°
Then the ideal for this problem is computed as
I = (' =228 +a® +* — d, —162% + 482° — 52z + 2427 — 42® — 44,
47° — 62° + 2z — M(—962° 4 2402 — 2082° + 722° — 8x), 2y — M—8y))

A computation of the plex GB for I wrt a term-ordering of the type

gives us the minimal polynomial for d which is

p = —d+ 16d°

having

0, 0.0625

for the real roots.

The level curve is
23z —1)* +y? = 0.0625

As it seen from Fig.3.7 the resulting curve gives us an estimations to the domain of the

attractions both the points (0,0) and (1,0)).
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Figure 3.7: Level curve of v=0.0625

Example 3.2.14. (Tibken and Hachicho, 2000) For the system

P = —x4y2
y = —y+tay
2 = —&

the origin (0,0,0) is an asymptotically stable equilibrium point.
Viz,y,z) =a°+1y* + 22
is a local Lyapunov function for the origin. The ideal for this problem is
I = @+ +2—-d,-222+ 2xyz? — 2% + 2xy? — 222, 2z — A(—da + 2y2° + 2y%),
2y — M2x2® — 4y + day), 2z — Mdxyz — 42))
and a plex GB for I wrt a term-ordering of the type

{z,y,2,A} > d

results the minimal polynomial for d is

p= 84375d2+1067500d° — 10856 780844 +24464976d°+2288640d° —544256d" —24576d°4-4096d°

having the approximate roots

—0.023341, 0, 0, 0.0333721, 4.91876, 6.75, 10.6723
and two non-real roots and the minimum positive real root is 0.0333721 and the correspond-

ing level surface

22 +y? + 2% = 0.0333721

is sketched in Fig.3.8
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Figure 3.8: Level surface of v=0.0333721

Example 3.2.15. For the system

¢ = (—z+2)(z+1)

y = (—x—y)lz+1)

F = =27

the origin (0,0,0) is an asympiotically stable equilibrium point, and
Vie,y,2) = 22 + 2% + 22

is a local Lyapunov function for the origin.

The ideal for this problem

I = (2422 + 2% —d,—22% — 4 — 22" — 22%2 — 4y°2, 20 — N(—4z — 4a2),
4y — M—8y — 8yz), 2z — A(—82° — 227 — 49°)

and a plex GB for I wrt a term-ordering of the type

{wy A} > d

result the minimal polynomial for d is

p = —20d + 1964 — 320d° + 27d"

having the approximate roots

0, 0.128853, 0.512811, 11.2102

The minimum positive real root is 0.128853 and the corresponding level surface
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22+ 2% + 2% = 0.128853

is sketched in Fig.3.9.

Figure 3.9: Level surface of v=0.128853

Example 3.2.16. (Sanchez et al., 2010) For the system
r =y
g = —(1-20)z—y

the origin (0,0) is an asymptotically stable equilibrium point.

2

Viz,y) =2 +zy+ %

is a local Lyapunov function for the origin. The ideal for this problem is
2
I=(z>+ay+ % —d, 2t — 2?4+ 2%y, 2z + y — A4a® — 22+ 32%y), s +y — AMz?))

and a plex GB for I wrt a term-ordering of the type

{z,y,A\} > d
result the minimal polynomial for d is

p=—d+d°
having the roots

-1, 0, L

Since the minimum positive real root is 1 and the corresponding level curve

38



4oy + = =1

is sketched in Fig.3.10.

Figure 3.10: Level curve of v=1

Example 3.2.17. (Sanchez et al., 2010) For the system

& =

g = —x+2t—y

origin (0.0) is an asymptotically stable equilibrium point.

1 1 1. 1 1
V'i1 =;2f4:4 4 _2_ﬁ,_22__4 3.
(B0 =4 1413 —|—:1y+2y 71 Y 14J:y 56y

is a local Lyapunov function for the origin.
The ideal for this problem is

2 | 3 1
[ = {zdy—a?+2'—ady+ ) 42 3 3

7 PV Tt Tt
2% — 11—4:54 + 2y + —;—yz = %mgyz - I—Zmyg — 51_6‘7”4 —d,
o — %.rg +y— %;ryg - 1—143;3 — M32%y — 2x + 42° — g:ﬁy +ay? — gq‘?’yz - %:rzy?’),
T4y - %wzy ~ %myg - 1—141/3 — A@® - %ﬂf"’ +ay— %rﬂ“y - %ﬁyi’))

and a plex GB for I wrt a term-ordering of the type

{z,y,A} >d
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result the minimal polynomial for d is

p = 316062936d — 21052938484 + 5200653500d° — 6244938280d° + 3879222914d° —
1193916438d° + 139897239d™ + 13474542d% —
6006779d° + 680482d"° — 58094 — 5804d'? + 188d'® + 324**

having the approximate roots

—6.34707, 0, 0.354249, 1.05405, 3.5, 5.64975

and eight non-real roots. The minimum positive real root is 0.354249 and the corresponding

level curve

il 1 1 1 1
2 4 2 9,8 3 4
2l i 2= 2 — —xy® — —y" = 0.35424
& 141 +’z:y—|—2y Tfsy " 56y 9
is sketched in Fig.3.11.

™5

L %

Figure 3.11: Level curve of v=0.354249
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3.2.3 Robustness against Structured Uncertainty

In many areas it s very important to ensure that the solutions and designs made for a par-
ticular problem do not rely too heavily on the underlying models. This is known as the
robustness problem in control theory. Here, we will use Lyapunov theory to deal with a

special case of the robustness problem.

An instance of the nonlinear robustness problem is that of a system with structured uncer-

tainty:

= f(x,ny), xeR" (3.23)

where 17 € RY are real, time-invariant parameters. The components of f are assumed to be

polynomial in both x and #:

£ & Blog gty ieu iy B = LpBon (3.24)

Definition 3.2.18. (Forsman, 1993) Given V, define the region H C R to be the set of all 1)

such that V is a local Lyapunov function for the system (3.23).

We suppose that H is non-empty, and that we have access to a nominal value n® € H of the

uncertain parameters. The regions ) and Q) in Definition 3.2.1 now depend on 7:

Qn) = {z e R*|(V; - f)(z,n) < 0} U{0} (3.25)
Q) = {z € R*(V, - f)(z,n) < 0}

and we want to know if By C €(n) or not. In the previous section the problem of finding

for 71" was considered. Here, we keep d fixed and vary 7.

First we consider an instance of the (local) stability robustness problem:
Given d, for what values of 1) is Bqg C Q(n)?

In words: for what values of the parameters 7 can we guarantee stability within By using

the local Lyapunov function V? If we call this set A{; we have

My = {n€ H|By C Qn)} (3.26)
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where H is the set of parameters allowed for Definition 3.2.18 and Q(n) is defined in equa-

tion (3.25).

We can treated this problem using Groebner bases as follow: The ideal I, Iz now lie in
K[@1, s Ty s oory 13- Al We are interested in finding out for what n € R that I has real

zeros. This means that we are looking for 7 such that

OBy N Qn) £ 0 (3.27)

Having done this we obtain a hypersurface in parameter space, giving us information on
OM,. We need to know in which component of the region bounded by 94, that (3.27) is
satisfied. This is easy, since we know that 7,° belongs to this component. Also, we need to
know if &M, intersects OH or not, i.e., if all the parameters defined by our hypersurface are
in the allowed region H or not. Furthermore, we would like to know if the region bounded

by the hypersurface is connected or not which is certainly not a simple problem.

The ideal I is generated by n+2 polynomials in n+q+1 variables (the x, the 1 and A): it

typically contains an element in 77 only. The Groebner basis for I wrt a term ordering of the

type

{@1y s Ty AY > {15001} (3.28)

gives us a generator for the wanted subideal.

The following examples indicate how these ideas work in practice.
Example 3.2.19. For the system

T = ar

o= —y+y
the origin is an equilibrium point,and

Viz,y) =2 +9°
is a local Lyapunov function for the origin (0,0) and d = 2, then the corresponding ideal
I= {2 +¢* — 2,2z — 2p* + 2°. 20 — Mdax). 2y — A(—4dy + 6¢%))
using the ranking {x,y. A} > a yields the polynomial
p=2—2a+6a®+2d®
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in terms of a which has roots
—5.09808, 0.0980762, 2.

Fig.3.12 shows the set {x € R?, V(z) < 2} which is contained in the DOA of the origin for
a € (—5.09808.0).

Figure 3.12: Statespace: The curve of v=2

Example 3.2.20. For the system

& = —z+y+a(z®+9°)

gy = Br—y+y@®+y?)

If we take
Vie,y) =2+’

be a local Lyapunov function for the origin (0,0) and d = 2, then the corresponding ideal

I = (@ +y —2,-2¢° - 2" + 2uy + 2By + 2% + 2" + 4y,
2z — M—4x + 2y + 28y + 82° + 8xy®), 2y — A(—4dy + 2 + 2z + 8y° + 827y))

using the ranking {x,y, \} > [ yields the polynomial
p=-3+28+p

which has roots

-3, 1

Fig.3.13 shows the set {x € R? , V(x) < 2} which is contained in the DOA of the origin for
g e(-3.1)



Figure 3.13: Statespace: The curve of v=2

Example 3.2.21. For the system

2
I
\
2
I8

if we take
V(z,y,2) =2 +y° +2°

be a local Lyapunov function for the origin (0,0,0) and d = 1, then the ideal I
I = (@424 22— 1,-22% + 2ay2° — 4y® + 20 — 2022, 20 — A(—4da + 2y2° + 2/°),
2y — A(2z2% — 8y + day), 2z — Mdayz — 4az))
using the ranking {x,y, z, A} > a results the polynomial
p = 6779052 — 40673610a — 32335947a” + 5482786764 — 109373644a" — 2196522144a° +

4793364288a° — 5550925440a” + 4294516880a® — 2369291392a° +
04096524841° — 262912320a’! + 48843072a'2 — 5373952a'® + 262144a™

in terms of a which has roots
2.97447, 4.91984

and 12 non-real roots. Fig.3.14 shows the set {x € R?, V(x) < 1} which is contained in

the DOA of the origin for a € (2.97447,4.91984).
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Figure 3.14: Statespace: The surface of v=1

Example 3.2.22. For the system

z = 10(y —x)
y = Pr—y—azaz
= xy— 2.67z

te-
|

if we take
1 ;
V= 5;13 + 10y + 10(z — 1)?

a local Lyapunov function for the origin (0,0,0) and d = 1, then the ideal I choosing the

ranking results the polynomial
I = (é:c? + 10y + 10(z — 1)> — 1,102y — 102 + 208zy — 20y* — 53.42% — 20,

x — AM10y — 20z + 208y), 20y — A(10x — 208z — 40y), 20z — 20 — A\(—106.8z))
using the ranking x,y, z, A > [. The polynomial of this Groebner basis is

p = —668127 + 39679643 + 4211563% — 899576/3% 4 5127073* — 9696443° —
4879085 + 37 + 38

in terms of a which has roots
—0.87935, 0.146311

and 6 non-real roots. Fig.3.15 shows the set {x € R®,V(z) < 1} which is contained in the

DOA of the origin for 3 € (—0.87935,0.146311).
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Figure 3.15: Statespace: The surface of v=1

Example 3.2.23. For the system

& = —2z+ By

if we take
V(z,y) = 62% + 12y% + 4oy’ +¢°

be a local Lyapunov function for the origin (0,0) and d = 1, then the ideal I with ranking
vields the polynomial of the Groebner basis
I = (6x%+ 1247 + day' +° — 1,
—247% + 128y — 249”7 — 24ay® + 48° — 37,
127 + dy* — A(—48z + 128y* — 24¢*),

94y + 162y° + 3y® — A(48Bzy® — 48y — 96zy° + 328y — 9y%))

using the ranking {x,y, \} > (. The polynomial of this Groebner basis is
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p = 659798454836431404815625 — 137489837370432041754595073096283 +
738646351117359215792870418293253% — 2189280719583369794981991528275043° +
444172274719484478962617419397434 3¢ — 6792817401722667487684679252470805° +
8188586376895952604689577671391308° — 7988991288094782543074125568646248" +
639650677673075769112842352200141 88 — 423098013527578962831399682372668/37 +
931455256370878611600640642091785'° — 10429208077050214450085477878988843™" +
384542008743860234860861624934403'2 — 11467127910649891538340586819584 3" +
97491498827618507899239494748163™ — 51977363027873465449923143270453" +
785432893676379192177134284803'° — 788899949359295535224193024053'7 +
6561345689553515044499619848'® + 3036091761466259433062405" —
997573569315773245030408%° — 285670273277598105652" + 19477518632563507258%

in terms of a which has roots
—953.505, —228.222, 4.79889,107%, 1.33333, 229.555, 254.838

and 16 non-real roots. Fig.3.16 shows the set {x € R?.V(z) < 1} which is contained in
the DOA of the origin for 3 € (—253.505, 1.33333).

Figure 3.16: Statespace: The curve of v=]
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4. RESULTS AND DISCUSSIONS

The theoretical background for checking the existence and determining the jerky dynamics
of a given nonlinear autonomous systems is presented in (Linz, 1997; Eichhorn et al., 1998).
However, the offered most practical method is the Groebner bases method in the literature.
To see how Groebner bases method is efficient in the determination of jerky dynamics we
computed all jerky dynamics analytically of the examples given in the section 3.1.2. and
we obtained exactly the same results except Example 3.1.5. In this example while Groebner
basis method yields J(x.,#. %) = 9F + 9 — 5ad — 62 + &% + za® — ¥, the analytical

computation gives J(x. &, &) = 93 + 92 — bad — 62? + @ 4 @2® — & + 2%,

There exist a large number of articles in the literature on how to construct Lyapunov func-
tions, how to determine the critical levels and how to investigate the robustness problem for
nonlinear dynamical systems. But, in this thesis we only consider the applications of the
Groebner bases method to solve the problems using suggested techniques. In all illustra-
tions we choose 2-and 3-dimensional examples which can be found in any books dynamical
systems. We use a few of these systems and corresponding Lyapunov functions directly.
Depending on our purpose we introduce a single parameter either in systems or Lyapunov
functions. We also compute some Lyapunov functions by ourselves. Such examples are not

available in other articles.

The ideals in all worked examples are zero dimensional since the resulting minimal polyno-

mials have finite number of solutions.
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5. CONCLUSIONS AND RECOMMENDATIONS

In this thesis, we show how Groebner bases can be used to solve some problems in nonlin-
ear dynamical systems. These problems consists of checking the existence and determining
jerky dynamics of given nonlinear systems, constructing Lyapunov functions, finding crit-
ical levels of local Lyapunov functions and investigating robustness problem of nonlinear
systems. In the applications, it is assumed that the nonlinearities of the systems and the Lya-
punov functions to be of polynomial types and the solution quality depends on the chosen
Lyapunov function. In each problem, 2-and 3-dimensional nonlinear systems are studied as
concrete examples. Since all these systems results zero dimensional ideals after triangulat-

ing process Groebner bases method applications yield desired results.

To improve the obtained results in this thesis we may solve the above problems using differ-
ent techniques suggested in the literature. By this way, we can compare our results and see

the efficiency of the Groebner bases method.

Here, we only use Groebner bases method to solve discussed problems we do not dealt with
the computational complexity of the method. The main disadvantage with Groebner bases
is that their computational complexity is in general high (Forsman, 1993). In such case, in
order to reduce computational complexity the alternative methods, like Boege, Gebauer and
Kredel algorithm (Boege et al., 1986), resultants (Geddes et al., 1992) or characteristic sets

(Chou, 1988) can be used.
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