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ABSTRACT

GROBNER BASES AND INTEGER PROGRAMMING
M.S. THESIS
ZUBEYDE DINC,

ABANT IZZET BAYSAL UNIVERSITY GRADUATE SCHOOL OF
NATURAL AND APPLIED SCIENCES
DEPARTMENT OF MATHEMATICS
(SUPERVISOR : ASSOC. PROF. DR. EROL YILMAZ)

BOLU, DECEMBER 2017

Solving integer programming problems using Grobner bases are investigated. The main
tool of this process is the toric ideals. A new method for computation of the toric ideals is
proposed.

KEYWORDS: Integer programming problems, Grobner bases, toric ideals, saturation,
pseudo division



OZET

GROBNER TABANLARI VE TAMSAYI PROGRAMLAMA
YUKSEK LISANS TEZI
ZUBEYDE DINC,
ABANT IZZET BAYSAL UNIVERSITESI FEN BILIMLERI ENSTITUSU
MATEMATIK ANABILIM DALI
(TEZ DANISMANI : DOC. DR. EROL YILMAZ)

BOLU, ARALIK 2017

Grobner tabanlar kullanilarak tamsay1 programlama probleminin ¢6ziimii aragtirilmigtir. Bu
islemin ana araci torik idealleridir. Torik ideallerin hesaplanmasi i¢in yeni bir yontem One-
rilmistir.

ANAHTAR KELIMELER: Tamsay1 programlama problemleri, Grobner tabanlari, toric
idealleri, doyum, sahte bolme
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1. INTRODUCTION

The concept of Grobner basis for polynomial ideals was first introduced by Buch-
berger (1965) in his Ph.D. thesis and named after his advisor Grobner. Buchberger did not
only define the concept, he also described an algorithm to obtain a Grébner basis from any
given set of generator of a polynomial ideal. Grobner basis is a powerful tool solving many
problems in polynomial rings. After implementation of Buchberger’s algorithm on most
computer algebra systems, it was shown that Grobner basis can help to solve problems in
different areas such as robotics, cryptography, signal processing and petroleum industry.
The basic idea is to reformulate a particular problem as a question about polynomials, then

solve it by Grobner bases.

The general linear programming problem is a special kind of optimization problem
in which a linear objective function is either maximized or minimized subject to some con-
straints. An integer program problem differ from a linear program problem in that the coef-
ficients and solutions are required to be integer. In fact, it is difficult to find integer solutions
to an optimization problem. There are several algorithms for solving integer programming
problems. The most of them are extensions of algorithms for linear programming problems.

For a detailed information for integer programming problems see (Taha, 2003).

The Grobner basis techniques gave a new perception into integer programming prob-
lems. The connection between integer programming and Grobner bases was first given by
(Conti and Traverso, 1991). They found a Grobner basis of certain ideal related to coeffi-
cient matrix of a given integer programming problem. These ideals are called toric ideals of
integer matrices. Detailed explanation of this method can be found in (Adams). The main
shortcut of this idea is the size of Grobner basis to be computed. Because they needed extra
variables to obtain a generating set for the corresponding toric ideal. Since Buchberger’s
algorithm is very sensitive to the number of variables, their method is not efficient for the
large integer programming problems. Hosten and Sturmfels (1995) design a new method,
so called GRIN, to avoid additional variables. We can refer to Sturmfels (1996) for the
complete treatment of this method. Thomas (1995) aproached the same problem in geo-
metric point of view. Thomas and Weismantel (1997) defined the truncated Grébner bases

for integer programming. Then Li et al (2001) combined these two methods and found



a new algorithm for integer programming problems. Ikegami and Kaji (2003) extended
Conti’s algorithm to solve integer programming with modulo arithmetic conditions. Blanca
and Puerto (2009, 2011) use same techniques for solving integer programing problems with

several objective functions.

In this thesis, we will explain Grobner basis techniques for integer programming
problems. We give some basic terminology about Grobner bases in the second chapter. Toric
ideals which connects integer programming problems to Grobner bases are considered in the
third chapter. We will give a new method for computing toric ideals there. This is the most
important contribution we made to the subject. Solution of integer programming problems
using Grobner basis techniques illustrated with examples in the following chapter. We use

the computer algebra system Mathematica for the computations throughout the thesis.



2. GROBNER BASIS

Monomial Ordering

Let k be a field. The division algorithm in k[z] is a well-known process. In order
to generalize this division algorithm into multivariable polynomial ring k[z1,...,z,], we

have to define an ordering on monomials.

Definition 2.1.1. A monomial ordering is a total order relation > on the set of mono-

mials {1 x5? ... x8 in k[xq, . .., x,] such that

(i) > is compitable with multiplication.

(ii) > is a well-ordering. That means every non-empty set of monomials has a small-

est element under >.

There are infinitely many monomials orderings. We introduce three of them.

] Qa2

Definition 2.1.2. (Lexicographic Order) Let m; = x{"x5” ... x0" and
My = a:?l x§2 .. xﬁ” be two monomials. We say my > ., mo if the first nonzero o; — (3; is
positive fort =1,2,... n.

For example 231313 >0, 232523,

Definition 2.1.3. (Degree Reverse Lexicographic Order) Let m; = x{*x5* ... x%"
and mg = xflazgz .. xﬁ” be two monomials. We say mi > grepiex Mo if 01 +ao+ ...+ >
Br+ 0o+ ...+ Bporifay+as+ ...+, = P1+ P+ ...+ B, then the last non-zero

o; — [ is negative fori=1,2,... n.

For example, 212523 > grevier T10323, since {1+4+1 = 24242}, but the difference

of exponents of z3 is {1 — 2 = —1}, negative.

Definition 2.1.4. (Weighted Lexicographic Order) Given w = (wy,...,w,), each

w; is non-negative integers. Let my = x'x? ... 2% and my = x'a5? . 2P be two

monomials. We say my >yjee Mo if Wiy +wWotts + . ..+ wpay, > w11 +wsfe+. .. +w, 0,

and ties broken by lexicographic order.



For example, let w = (1,2,4). Then 2173 >, er TiToT3, since {1 x 1+ 4 x 2 >

I1x242x1+4x1}.

Once a monomial ordering is chosen, then precisely the terms of any polynomial can

be ordered with respect to this ordering. For example, let

f = Toir3ws — 323 + 4ot + 22375,

We would like to reorder terms of f in decreasing order. Therefore, with respect to lexico-

graphic order,

f = 4a} + 2xia + Toyzizs — 313,
with respect to degree reverse lexicographic order,
f = Trywyas + 223525 + 425 — 33

and with respect to weighted lexicographic order is

f = Tz 2523 — 35 + 2x3x5 + 425

where w = (1,2, 4).

Definition 2.1.5. Let f € k[x1, ..., x,| be a non-zero polynomial and < be a mono-

mial ordering. Then f can be uniquely written as
f:clm1+02m2+...+csms
where my > mg > ... > mg and ¢; € k. The leading monomial of f is LM (f) = my, the

leading coefficient of f is LC(f) = ¢y and the leading term of f is LT(f) = cymy.

For example, let f = 423 + 22222 + Txyxix3 — 373 as before. Then LM (f) = 3,
LCO(f) =4and LT(f) = 423 with respect to lexicographic order.

Division Algorithm

In this section we introduce a division algorithm in k[z1, . .., x,] which is a general-
ization of the division algorithm in one variable polynomial ring k[z]. The main difference
is that we can divide a polynomial f € k[z1, ..., x,] by more than one polynomial simulta-

neously. Let us illustrate this with an example.

4



Example 2.2.1. Let [ = 2229 + 1123 + 23, fi = 1120 — 1 and fo = 23 — 1. We will
use lexicographic order. Hence LT(f) = zixy, LT(f1) = x179 and LT(f;) = x3. Since
LT(f)/LT(f1) = x1, we redefine f as

fi=f—afi = xad 4+ @y + a3,
Since again LT (f)/LT(f1) = x2, we have
fo=F—xafy =1 + a5 + x5,

Now, LT(f) = x; is divisible neither L'T(f) nor LT(f;). Therefore, we move x; to the
remainder and continue by

fZ:f—$1:$g+.%’2.

Then LT(f)/LT(f5) =1 and
f=f—fr=z+1
Since LT(f1) and LT (fs) do not divide x4 and 1, the remainder is x1 + x2 + 1. Hence

f=@+z)fi+fotaz+a+ 1.

This is a good illustration of the multivariable division algorithm. We are now ready

to give the statement of the division algorithm.

Theorem 2.2.2. (Division Algorithm in k[z1, ..., x,]) For a given monomial order-
ing > F = (fi,....fs) € klx1,...,x,|° and f € k[xy,...,x,], there exist polynomials
ai,as, ..., as,r € klxy, ..., x,| such that

f=afi+...+asfs+r

where no term of r is divisible by any LT(f1),...,LT(fs). Furthermore, if a;f; # 0,
LM(f) > LM(a;f;) fori=1,...,n.

There are however some shortcomings of this algorithm. The most important one
is the remainder is not unique. For example, let [ = (fy, f2) = (22, 112 — 22) and let
| = x2x,. If we divide f first by fi, f = zof1. So remainder is 0. On the other hand, by
dividing first by f5, we have

f=(x1+ z2) fo + 3.

The Grobner basis which we define in the next section solves this problem.

5



Grobner Bases

Definition 2.3.1. Let I C k[xy,...,x,] be an ideal. Fix a monomial ordering in

{91, 92, .., gn} is called Grobner basis for I if

< LM(q1),...,LM(gs) >=<LM(f): fel>.

A generating set of an ideal is not always a Grobner basis.

For example, let [ =< g1, g >=< 17 — @3, 23 — 3 >. Clearly,

=201 — 2= —mx20t+ 23 €1

but LM(f) = xzymy ¢< LM(g1) = 23, LM(g2) = x3 > with respect to lexicographic

order.

Now, we give two important properties of Grobner bases.

Proposition 2.3.2. If{g1, ..., gs} is a Grobner basis for an ideal I C k[z1, ..., x,)],
then [ =< gy,...,9, > .

Theorem 2.3.3. Let G = {¢1, .. ., gs} be a Grébner basis for anideal I C k[xy, ..., ;).

If f € k[xy, ..., x,), then the remainder of f upon division by G is unique.

The next step is to give a criterian for a Grobner basis. First, we have to define a

special polynomial which is called as S-polynomial.

Definition 2.3.4. Let f1, fo be two polynomials. The S-polynomial of f, and fs is
defined by

LOM(LM(fy), LM(f,))
LT(f1)

_ LCM(LM(f1), LM(f5))
LT(f2)

fa- (2.1)

S(f, f2) = h

Example 2.3.5. Let | = 2323 — x175 and fo = xixo + 13 with lexicographic order.

Hence LM (f,) = z3x3, LM(f;) = x{xe and LCM (LM (f1), LM (fs)) = xixs.

Then



4,.3 4,.3

T T, T

S 142 12
(f17f2) ZE%I’%JCI lelefQ

(2.2)

= f%fl - $%f2

3 4 4
= —XZ|Ty + Ty

Buchberger introduced the concept of Grobner bases in his dissertation. He also gave

a criterion for a generating set being a Grobner basis for an ideal.

Theorem 2.3.6. (Buchberger’s Criterion) Suppose G = {g1, ..., gs} is a generating
set for an ideal 1. Then G is a Grobner basis of I if and only if for all © # j, the remainder
of S(gi, gj) upon division by G is zero.

Buchberger Algorithm

Buchberger’s criterion suggests the following algorithm for finding a Grobner basis

of an ideal from a given generating set of this ideal.

Theorem 2.4.1. (Buchberger’s Algorithm) Let G = {f1,..., fs} C k[x1,..., 2]
and I be the ideal generated by G. Compute an S-polynomials S(f;, f;) for i # j, and
divide it by G. If the remainder is not zero, then enlarge G by the remainder. Repeat this

process until all of the remainders of the S-polynomials are zero. The result is a Grobner

basis for 1.

Using the ascending chain condition of ideals in k[xy,...,x,], one can show that

this algorithm terminates after finitely many steps.

Definition 2.4.2. A Grobner basis G of an ideal is called minimal if for each | € G,
LM(f) # LM(g) forall g € G\ {f}. A minimal Grébner basis G is called reduced if for
each | € G, no term of f is divisible by LM (g) forall g € G\ {f}.

A minimal Grébner basis can be obtained from a Grobner basis by simply keeping
only one of the polynomials with same leading monomial and droping other from the bases.
A reduced Grobner basis can be obtained from a minimal Grobner basis by dividing each
polynomial in the basis by other polynomials of the basis and replacing original polynomial

by the remainder.



Example 2.4.3. Let [ = (f} = xyx5 — 1, fo = 29 — 237376, f3 = 71 — T3T5756)
and w = (2,3,0,0,5,5). We will find the reduced Grobner basis with respect to wlex order:
Then, LT(fl) — X4Ts, LT(fQ) = —1331'?)1'6, LT(fg) = —1%275336.

Now, we can compute S- polynomials;

S(f1, f2) = x32ix6 f1 — (—24) fo = Tox4 — T37226 = fy.
S(fb f3) = 373336f1 — X4 fs = 21704 — 953936 = f5.

S(f27f3) = x3fs — $§f3 = T3 — 5131$§ = f6.

. . o 2
Similarly, f¢ = voxs — 1125,

S(.fla f4) = T3T5T6 f1 — Tafs = T3T5T6 — $2$3 = fr.

S(fay fa) = fo — x5f1 = 9 — Toxyws = —x2f1 + 0.

So, there no new polynomial to add generating set of the ideal.

S(f:%, f4) = 5 fs — X3fa = 0105 — TaT3T4 = fs.

S(fi, f5) = $§I6f1 — 45 fa = x%% - I1$i$5 = —f5 +0.

Therefore, there is no polynomial to add generating set of the ideal.

S(f1, fr) = v3x6fi — xaws fr = —x326 + $2372 = fy
S(fs, fr) = fs —xsfr = —x1 + Iﬂ:ﬂi = fio-
_ _ 2 _ 2 2 5
S(fla fs) = fi—a3fs = —x1 + T3y = —$2$4f10 + 5%y — T1T5.

So, fi1 = :L‘%xg — x125. One can show that the remainder of other S-polynomials are zero.

Hence G = {f1, fa, f3, fa, [5: f6, [, [s, fo, fr0s J11 }s

3 2 2 2
G = {zyr5 — 1,29 — T30526, T1 — T3X5T6, Taly — T3T5L6, T1T4 — T3L6,
2 2 3 2 ,2,.5
Tol3 — T1T5, X3X5X6 — T2Xy, T1X5 — T2X3T4,T2Ty — T3Xg, L1 — T2X3Ty, Loy — LU1136}.

8



Since leading terms of fs, f3, fa, [5, f6, fr and fs are divisible by the leading terms of others,

they can be droped from the basis. Thus, the reduced Grobner basis is

2 3 2.5
G = {vox3x; — T1, 0405 — 1, 2105 — ToT3Ta, T3Te — Toly, T1Tg — THTy ).

There are several applications of Grobner basis theory. One of them is so called

Elimination Theorem.

Definition 2.4.4. Let [ = (f1,..., fs) be an ideal in polynomial ring k[z1, ..., x,)].
The ideal I, = I N k[xgi1, ..., T, is called the k-th elimination ideal of I.

Theorem 2.4.5. (The Elimination Theorem)
Let GG be a Grobner basis of an ideal I with respect to lex order where x1 > 19 > ... > x,.
Then
Gr =GNk[Tgi1,. ..,z

is a Grobner basis of .



3. TORIC IDEALS

Toric ideals are main tool to translate an integer programming problem into a prob-
lem about polynomials. This chapter devoted to computations of toric ideals. There are
several algorithms in the literature for finding a generating set for a toric ideal. They all
involve one or more Grobner bases computations. Since Buchberger’s algorithm is sensitive
to the number of variables, the main purpose is to find a method which computes Grobner

bases with fewer variables.

Computation of Toric Ideals

Definition 3.1.1. Let k be a field. For a given m x n matrix A = (a;;) of integers,

the toric ideal I, associated to A is the kernel of the k-algebra homomorphism

<;5:ka:1,:1:2,...,1:n Hk‘t17t2,...7tm,til’... til
1

’'m

given by
B = 70t

fori=1,2,... m.

We give a couple of example of toric ideals.
Example 3.1.2. Let

212100
Ao=111 2 0 0 2 1
001212

We have the homomorphism
¢ : k[x1, 29, T3, T4, T5, T6] — K[t1, ta, t3, 17,151 15"
defined by
Ty > tity, Ty > tits, o3 > tots, 1y b 115, 25 > tals, Tg > Lot

10



The followings are some elements of I 4,:
2 2
{T106 — o4, X505 — T{T, TyT5 — T2T3T6 ).

Example 3.1.3. Let

3 —2 1 0
Az =
4 1 -1 -1
Hence
925 : k[x1,$2,x3,x4] — k[t17t27t;17t51]
defined by

Ty >ty g > t] g, g > Lty g > L

For example, o132 — x4 € I4,.

We can not describe all elements of a toric ideal in this way. We need to find a
generating set. The first idea of finding generating sets for toric ideals by using Grobner
bases due to (Conti and Traverso, 1991). We give a different treatment of this idea. First,

we consider the case when all entries of the matrix A is non-negative.

Theorem 3.1.4. Let > be lexicographic monomial order in k[t1, ... ty, x1,. .., Ty

in which all t;’s precedes all the x;’s. If G is the Grobner basis for the ideal
J = (xy —t" 2o — ... x, — 1)

with respect to >, then the set of polynomials in G involving only x;’s is a Grobner basis for

1.
Proof. Definition of toric ideal and Theorem 2.4.2 of Adams and Loustaunau (1994) implies
that /4 = J N k[zy,...,x,]. The conclusion easily follows from Elimination Theorem. [
Example 3.1.5. Consider the above matrix As. Define the ideal
I = (m) — tity, my — tity, 3 — tits, w4 — tits, T5 — tots, Tg — tots).
Grobner basis of I relative to lexicographic order witht; >ty > t3 > 11 > x5 > ... > x4
is

11



2 2 2 2 3 2 43 6 2

{$3:v6 — X4X5, Ty — T3, T1Te — T3L4, T1XT5 — T3Te, L3T5 — Xg, 1303 — TaTs5, L1301 — T4Te, toXe —
taxs, —t tox2—tixy, t —t t — 1322, tot2 —xg, 2y — 225, t2ts—
3L5,LoX4Ls5 —13X3T6, LaXy —Ul3T1, LoaX3X4 —13T1X5,L2X1X5 —13T3, Lalyg —T6, LoLg —1l3X3, Lol3

3 2 P P P 2
Ts, t5x1 — 3, tig —tola, t105 —t3xs, t1 03 —toxy, t1t5 — g, titoxy — 1521, tit5 — a3, tita — 21 }.

Hence

2 2 2 2
]A2 = <£L‘3ZE6 — Xyxg, Ty — X3, 1T — L3T4, L1T5 — ZE3JZ6>.

If some of the entries of the matrix A are negative, then % cannot viewed as a

monomial in k[ty,ts, ..., t,]. In this case we introduce a new variable w = ¢;'.. .t 1.

Hence each term

tai — tfllzl t;ﬂ . t%m
can be rewritten in the form

ej 1 %i11€5 ja;0tej] im+e;
w7ty ty . i

where e; = maz{|a;;|,a;; < 0}.
Now, we can give a new version of Theorem [3.1.4]

Theorem 3.1.6. Let > be the lexicographic order in k[ty, ... tg,w, 21, ..., x,] in
which allt; > w > z; fori =0,1,...mand j = 1,...,n. If G is the Grobner basis for the
ideal

J = (wtity.. . tg— 1,07 — w9t TS gy — w9t x, — wIt )

with respect to >, then the polynomials in G involving only x;’s is a Grobner basis for 1 4.

Example 3.1.7. Consider the A3 given above. Construct the ideal I,
I = (wtity — 1,21 — t3t5, 19 — Wty 15 — wtT, T4 — wty).
A Grobner basis of I relative to lexicographic order witht, >ty > w > x1 > 19 > T3 > X4
is
2 7.3 6 2. 5 2. 4 5
G = {@ow5—x4, L1y — T3, T1ToTy — T3, T1T5T3T— 1, W—ToX 3Ty, Lo—T1X5T3Ty, t1—T1T2X ).
Hence
_ 2 7 3 6 2. 5
Iy = (Xows — Ty, X1 Ty — T3, T1T2Xy — Ty, T1T5T3T, — 1).

12



Unfortunately, this method cannot handle the problem if the number of variables be-
comes larger. Sturmfels (1995) gave an example toric ideal of (4 x 8) matrix whose Grobner
basis contains more than 200 polynomials. A more effective algorithm which computes sev-
eral Grobner bases in n variables x4, . . ., z, is due to (Sturmfels 1995). Before explanation

of this method we need more technical results about toric ideals.

The lattice kernel of the toric ideal [ 4 is

ker(A) = {v € Z"|Av = 0}.

For v € ker(A), let v = (uy,...,u,) where u; = v; if v; > 0and u; = 0ifv; <0,
and v~ = (wy,...,w,) where w; = —v; if v; < 0 and w; = 0 if v; > 0. Then we can give

an infinite set of generators for [ 4.

Iy =< {z"" — 2" |u € ker(4)} >

where x = (x1,...,x,). The following lemma gives a finite generating set for a toric ideal.

Lemma 3.1.8. (Sturmfels, 1995, Lemma 12.2)

For any subset C' of the lattice ker(A) define the ideal

Jo=(z"" —z" |[ve ).

The subset C' spans the ker(A) if and only if

Jo i (xy-x,)® = 14

Hence the computation of a toric ideal has two steps. The first is the computation
of lattice kernel basis C' and then finding J& : (27 - - - x,)° which is called saturation. The
classical techniques of the linear algebra is not enough to solve the first step of the problem.
Since a basis for nullspace of a matrix with integer entries may contain non-integer vectors.
This step has a solution by computing the Hermite normal form of A (see Schrijver 1986,

section 5.3).

Hermite Normal Forms

Definition 3.2.1. Let B = (b1, by, ..., by) be a set linearly independent vectors in
R™. The set

k
L(B)=> Abi: A, da,... M €EZ
=1

13



is called a lattice generated by B and we say the lattice L(B) has dimension k. If k = n,

the lattice L(B) is called full-dimensional.

Recall that a square matrix U with integer entries is called unimodular if
det(U) = £1.

Lemma 3.2.2. Let A and B be two n X k matrices. If B = AU for some unimodular
matrix U, then L(A) = L(B) where L(A) and L(B) are lattices generated by columns of
A and B respectively.

Proof. Let U be a unimodular matrix such that B = AU. Then for every y = Bx with
x € R", y = A(Ux). Furthermore, x is an integer if and only if Uz is an integer. This

implies that L(A) = L(B). O

Definition 3.2.3. ( Elementary Column Operations ) Let B be a matrix. We define

the elementary column operations on B :
(i) Swap two columns in B (c; <> ¢;);
(ii) Multiply a column by (—1) (¢; — —c¢;) and

(iii) Add an integer multiple of a column to another column (c; — ¢; + mc;).

Notice that we can specify an appropriate unimodular matrices for each of elemen-
tary column operations. Hence if the matrix A is obtained from B by a sequence of the

above elementary column operations, then there exists a unimodular matrix U such that

A= BU.

Definition 3.2.4. (Extended Euclidean Algorithm) Suppose ay and ay are positive
integers. The Euclidean algorithm finds the greatest common divisor of ag and ay, written
as ged(ag, ar). This algorithm mainly computes the remainder sequence ag, ay, as, . . . , Gy
where a;_o = a;_1a,_1 + a;, a; € N, 0 < a; < a;_1 fori = 2,...,k. Furthermore, if
ay, divides ay_1, then a, = gcd(ao, ar). The extended Euclidean algorithm keeps track of

unimodular matrices

o 1
Uj:H

i=1 I —qg

14



Then
(ap a1)Ug = (ax 0).
Let us explain this with an example.

Example 3.2.5. We will find a unimodular matrix U such that

(1398 324)U = (ged(1398,394)  0).

The Euclidean Algorithm implies

1398 =4 x 324 + 102
324 =3 x 102 + 18
102 =5 x 18 + 12

18=1x1246

12=2x6+0.

Hence gcd(1398,324) = 6.

If we write these calculations in terms of matrix multiplications

0 1

(1398 324) = (324 102)
1 —4
0 1

(324 102) = (102 18)
1 —3
0 1
(102 18) = (18 12)
1 -5
0 1
(18 12) = (12 6)

1 —1

15



(12 6) =(6 0).
1 =2
Since

0 1 0 1 0 1 0 1 0 1 —-19 54
1 —4 1 -3 1 -5 1 -1 1 -2 82 —233

—-19 54

(1398 324) = (6 0).
82 —233

We may extend to this technique beyond to two positive integers.

Definition 3.2.6. (Hermite Normal Form)

A n X n matrix B is called in Hermite normal form if it has the form B = [H | 0]

where H = (h;;) is a square matrix such that
(i) H is lower triangular,

(ii) H is non-negative and each row has a unique maximum entry which is on the

main diagonal.

Notice that these conditions implies that H is an invertible matrix.

Theorem 3.2.7. Let A be n x k matrix of rank n with rational entries. Then A can be
transformed into the Hermite normal form by a sequence of elementary column operations.
In other words, there exists a unimodular matrix U such that AU = B where B is a Hermite

normal form.

Proof. We may assume all entries of A are integers. Otherwise, we can proceed with the
matrix 0 A where ¢ is the least common multiple of all denominators of A. The following

algorithm converts A into a matrix in the Hermite normal form. Let Dy = A. Produce a

sequence of matrices By, Bs, ..., B, of the form
H, 0
By=| "
Cr Dy

16



where Hj, is k X k matrix in the Hermite normal form as follows:

Let dy,ds,...,d,_ be entries of the first row of D;. By multiplying necessary
columns by —1, we may assume that all d;’s are non-negative. Then using the technique
of extended Euclidean algorithm we can find a unitary matrix U such that when multiply-
ing this row by U produce only one non-zero entry, say d, in the new row vector. After

interchanging columns we guarantee that d is in the first column.

Let ¢y, ..., ¢ be the entries of the first row of ¢,. Then we add |¢;/d] times (k + 1)-

th column to i-th column of By. Thus, all entries in the first row of ¢, are non-negative and

smaller than d. O]
Example 3.2.8.
(1201020 2]
21 101120
A=
001 2 201 2
i 11211110 ]

Let Dy = A. Extended Euclidean algorithm gives

1 =2 0 -1 0 -2 0 -2
01 .0 0 0 0 0 0
00 1 00 0 0 0
00 0 1 0 0 0 0
U, =
00 0 0 1 0 0 0
00 0 0 0 1 0 0
00 0 0 00 1 0
(0000 0 0 0 0 1
Then
1 0 0 0 0 0 0 0 |
9 -3 1 -2 1 -3 2 —4
Bl = D(]U1 ==
00 1 2 2 0 1 2
1 -12 0 1 -1 1 -2

Now, we can identify D, and C} as

17



-3 1 -21 -3 2 -4
o 1 2 2 0 1 2
-12 0 1 -1 1 =2

D,

and

Gy

Il
o

Again using extended Euclidean algorithm, we can find By as follows:

[ 1 —10 0 -1 0 —1]
0 -1 0 -1 0 0 1
1 1 1.0 0 1 0
Up=| 0 0 2 1 0 0 0
0 000 1 0 0
0 000 0 1 0
0 000 0 0 1

and

1 0 0 0 0 0O
Bo=DUs=|12 1 6 1 0 3 3
1 -1 2 -1 0 11

Therefore

1 6 1 0 3 3
-1 2 -1 011

S
I

Cy =

Applying same process one more times

18



1 -6 -1 0 -3 -3
0o 1 0 0 0 O
0 0 1 0 0 O
Us =

0O 0 0 1 0 O
0O 0 0 0 1 0

0O 0 0 0 0 1

and
1 00000
B3:D2U3:
-1 8 0 0 4 4
Therefore
D3=[80044 , Cy=[-1].
Similarly

1 00 -1 0]

0 10 0 O

Us= 0 01 0 O

-1 00 1 -1

0 00 1 1

and then

Bi=DyUs=|4 0 0 0 o].

Since the entry of C is negative, we must add element of C5 to first column of By, then

recalculate it. Hence
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Us

I
N Y
o o o o ~ o
o O O = o o
o O = o o o
o = ©O o o o
_ o o o o o

and

B4=[—1 4 000 0},[]4:[340000

Combining the results,

100 00O0O0O
21000000
B —
02100000
| 1134000 0|
Hence the corresponding unimodular matrix is
[0 0 0 0 0 0 0 1]
11 0 1 -1 -1 -1 -1
o o0 o0 o 1 0 0 O
3 2 4 4 0 0 2 1
U = U1U2U3U4U5 -
-1 0 -2 -1 -2 0 -3 -1
o o0 o0 o o0 1 0 O
o o 1 o0 1 0 2 0
| -2 -2 -2 -3 1 0 0 0 |]

It is easy to see that AU = B where U is unimodular and the first 4 columns of B is

in Hermite normal form.

Notice that multiplying A by the last four column of U gives 4 X 4 zero matrix. This implies

that the last four columns of U are lattice basis for ker(A).
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Hence we obtain a method to find lattice basis for ker(A) where A is an m x n matrix

of integers. First find a unimodular matrix U such that

AU = B = [Hy|0]

where H}, is in Hermite normal form. Then the last n — k columns of U is the lattice basis

for ker(A).

Saturation

Let I C k[xy,...,x,] be anideal and g € k[xy,...,z,]| be a polynomial. Then the

quotient ideal is defined as follows

I:g=A{f€klry,...,x,]:gf € I}.

An algorithm for finding a generating set for quotient ideal is described in (Cox et

al, 1996, Section 4.4).

If I =< fi,..., fs >, then find a Grobner basis of < tfy,...,tfs, (1 —t)g > with respect
to lexicographic order in which ¢ > z;. Retain all basis elements which do not depend on ¢.

Then divide each of these elements by ¢ to get a generating set for [ : g.

Definition 3.3.1. The saturation of I with respect to g is defined as follows

I:9g°={f€klxy,...,x,] : g"f €I forsome m >0},

Hence an algorithm for finding a generating set for saturation can be same as above
algorithm except in last step we must divide each element by highest power of g which
divides this element. Recall that we need to compute [ : (z7 ...z,)*. Let us illustrate this

with an example.

Example 3.3.2. Let A be the matrix given in example Hence a lattice basis of

ker(A) is the rows of the following matrix

0O -1 10 -2 011

O -1 00 O 1 0O
C =

0O -1 0 2 -3 0 20

1 -1 01 -1 00O
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Hence Jo = (T31708 — Tox2, Tg — T, T3T2 — Tod, 174 — To5). Define the ideal,let

J = (t(zzwr08—1972), t(T6—112), t(TI02—2023), (1104 — 125, (1—1) (21227324 T5T6T7T8)).

If we find Grobner Basis of Jo using degree lexicographic order witht > x1 > x9 > x3 >

Ty > X5 > Tg > Ty > Xy, the result is

3 3 4,.2 2 2.2 3,2
{I1I2$3I4$5I6$7I8 — NX2X3TX4X5X gL 7 X8, XL1X2L3LAX5X 6L 7Ly — L1 X2X3TL4X 5L gL 7Ty,
2 2 2 3 2 3 3 3.:2,.2
T1T2T3X4X5LeL7Lg — XL1X2X3TL 4 X 5L gL 7L, L1 X 2L 3L 4AX5LeL7Lg — L1 X2X3L X5 L7y,
2 2 2 3 2 3

T1T3T3X4X5LeL7X8 — X1X2X3TLAX5X gL 7L, LIX2X3XAX5X gL 7L — L1 X2X3TL 4 X5L6L7 T8,

2 2 _ 2.2 2 2 2 _ 2 2.2
T1X2X3TX 4 T5TeT 7L T1X2X3LAXEX gL 7Lg, LIX2XZLAL5X L 7Y T1X2L3X 4 X5L g7y,
T3ToT3TYTETET7Ty — T1ToT3T4T5ToTomws, tr2xlet — 2003145161708, tTETETE —

3 4,.4 5.4 4
T1T2X3X4T5TeL 7R, t$5£L'6 — X1XX3T4T5X L7, t$4l‘5$6l‘7 — T{X2T3X4T5L6X 7Ty,
tl‘4$g(lfé$% — I%$2$3I4$5I6[E7I8, tIZI‘% - txgxﬁ, tlEiIgl‘glﬁ — $1ZE2I§I4I5$6$7I§,

trswrrg — trize, trsrivers — triwinvery, toy — txg, tr1 w306 — trg 050672, tT104 — L2576}

Then, we retain the polynomials which includes only x; terms. After that we divide

each polynomial with highest possible power of ©1Tsx3x405T62728. Finally, we obtain

7. o _ /22,2 .3 2 2 2.2 .2
Iy=Jo:(xy-- - 1) = (xi05 — Tx6, T3T7Ts — Tile, T3TsTg — TyT7, T3Lg — T4T5L¢, To —

2 2 2 2
Ley, L1X5 — TqXl7, 1Ty — T5L6, L1X3L8 — LyLel7, L1T5 — $6$7>

by Lemma[3.1.8]

Notice that we compute a Grobner basis in n + 1 variables. If [ is a homogeneous
ideal, then Sturmfels(1995) suggested an algorithm which involves computing several Grob-

ner bases in n variables. It depends on the following observation.

Ii(zy.ooxp)®=((..(I:27°) :23°)...)x°.

Sturmfels(1995) also gave the following lemma.

Lemma 3.3.3. (Sturmfels, 1995, Lemma 12.1 ) Fix the degree reverse lexicographic
monomial order with x; > x; for j # i and let G be the Grobner basis of a homogeneous
ideal I. Then a Grobner basis of I : x3° is obtained by dividing each element f € G by the
highest power of x; that divides f.

Hence, this lemma and the above observation gave a method for computing the sat-

uration I : (x...x,)> when [ is a homogeneous ideal. Let us illustrate this method by
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finding a generating set for the toric ideal of the matrix given in Example [3.2.§]

Example 3.3.4. We form the ideal Jo = <x3m7x8—m2x§, Te—To, xix%—xﬂg, T1T4—
xows) in Example The Grébner basis of Jo relative to degree reverse lexicographic

order with xg > T7 > Tg > T > T4 > XT3 > Lo > X1 1S

— 2,.2 2 3 2 2,4
G1 = {QIG—IQ,$21’5—$1$4,$3$7$8—ZL’1I4LE5,$4I7—$1Q34l’5,561I4LU5$7—I1$3$4I5138,I1$4IE7—

2 2 2 2.2 24,2 .2..2,..2 2 3.5 3232 4,.6

If we divide each polynomial in Gy by highest power of x, that divides the polynomial, then

_ . _ 2,2 2 .3
Ji = Jo o xP = (g — X9, TaTs — T 1Ty, T3T7Lg — T1T4T5, T4L7 — T1T4TE, TT5T7 —

2 4 2 2 2,.2 4.2 .2,.2 2 5 2,.3..2 6

The Grobner basis of Jy relative to degree reverse lexicographic order with xg > x7 > xg >
Ty > Ty > XT3 > T > Ty IS

_ 2 2.2 3 2 3 .4
G2 == {IL’(; — X2, T1X4 — T2X5,X3L7T8 — Xoxy, Lyly — Loxy5, LoX4lsly — T1X2X5, Tyl7 —

2 3 2 2. 32,22 2,2 3 3 2. .3
L3LLL5L8y LyX5 X7 —L3L4LELR, X{X2X5—LyX 5Ly, LoX L5l —L2X3L5LR, L1X2X3ITL 5L —LoX gLy,

2,.3..2 5 2,.2 2 4,2 .2 2.2 3.3 2,.3,.2 2..2,.4

If we divide each polynomial in G4 by highest power of xo that divides each polynomial,

then

_ 7. _ 7. _ 2 2.2 3 2
Jo=Jp 2P = Jo 1 (x129)° = (Te—Ta, T1T4—Tols, T3T7Ts—ToTs, TaLs—ToXs, TyTsla—
3 .4 2 3 2 2.3 2,2 2.2 3 3
X1Tg, Lyl — L3X 4 T5L8, TyX5X7 — XL3LYL5L8, L1Ly — LoX 5Ly, Lylsly — L3Lg5Lg, L1XL3L5Lg —

3 2,..3..2 5 2.2 2 4,2 .2 2.2 3.3 :2..3,.2 2,4

The Grobner basis of Jo using degree reverse lexicographic order with xs > x7 > 1 >
Ty > Ty > X1 > Ty > T3 IS

_ 2 2,2 2 3 ,.2.3
G3 = {.136 — T2, T1Ty — X255, LoXy — T3L7Xg, LyLy — T3TX5X7XR, LaXlsXy — L1y, T{X5 —

3 4 2 3 2 2,2 3 2 3
X3L7Tg, Lyl7 — X3LLL5XG, Lyl5L7 — L3X4X5LR, Lyl5X7 — XL3L 5L, L1X3L5L 7L — L2X3L 7Ty,

3 2 5 23,2 .2 3 22,22 .3 5 4,.2,.2,.2
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If we divide each polynomial in GG3 by highest power of x3 that divides the polynomial, then

_ D0 ) o _ 2 2,.2
J3 = Jo 1 xP = Jo i (x12223)° = (T — X9, T1T4 — Toly, ToXs — T3T7lg, T4T5 —

2 3 2,3 3 4 2 3 2 2.2
X3T5T7X8, LaXs5Ly — L1L5, XLy — 3L 78, LyX7 — X3X X 5T8, LyX5L7 — X3LAL 5L, LyL5l7 —

3 2 3 3 2 5 23,2 .2 3 2 2.2
T3T5Xg, L{X5L7Lg — LoXL7Xg, LaXlyXg — L1 X5L7Xg, Lol yly — L3LyLg, LoX5TrIg — L{X3L7Tyg,

3,5 4. 2,2
THX2TY — T]T3TATS).

The Grobner basis of Js relative to degree reverse lexicographic order with xg > x7 > xg >

Ty > T1 > XTg > T3 > Ty LS

Gy = {26 — To, ToTs — T1T4, T3V7Tg — T1T4Ts, V1 T4T2 — X302, 0128 — 40572, 13230508 —
4 — 46 2, L2455 144, L3L7L8 14445, L1444l 4r7y L1y 457, L3LYyL5L8
4 2,.2 2,.2 2 3 3 2,.2 2 3 2

Ly, LIX L5 —LoX g L7, L3XLAL X — X yX5L7, L3X 5L — Ly L5L7, L1 X5L 7L —XL2X 78, L1X5X7LR—

3 3 4 2,.2,.2 3.3 22,3 3 2,.3..2 6

If we divide each polynomial in G4 by highest power of x, that divides each polynomial,

then

_ . r a _ 2
Jy = J3 1 xP = Jo o (x1@e3x4)® = (T — T2, Toly — T1Tq, T3T7Tg — T1T4T5, T1T5 —
2 3 2 2 2 2 2 2 3 2,2 2
LgZ7, L1X5—X4T5L7, T3XL5XL— L L7, L1X5—Lo2L7, L3XL5L—LyL5L7, L3L5L— Ly L5L7, L1 L5TL 7L —

3 2 3 2,.2 3 2,.3 3 2,.2 3
XoX7dg, T1X5L 7L — L 4L7lg, L1X3X — L oL 4L 7, XoL7 — X 1LY, ToX7 X8 — XX 4L 7T, L3XL3— L1 T >

The Grobner basis of J, relative to degree reverse lexicographic order with xg > x7 > x4 >

Ty > Tg > X3 > Ty > Ty IS

_ 2 2 2
Gs = {336 — X2,T1T4 — T2T5,TyT7 — T3X5X8, LyXly — XT1T5, L1X3Tg — T2X4L7, T3T7LY —

2 2 2 2.2 2
Tols, Toks — TiX5, T3TE — ToliTs}.

Notice that no polynomial in Gy is divisible by x5. Hence Js = Jy : x° = Jo : (x1 -+ 25)>° =
(G5). The Grobner basis of Js relative to degree reverse lexicographic order s > w7 >

Ty > To > T3 > Ty > Ty > Tg S

_ 2 2 2 2 2
Ge = {902 — T, L1X4 — T5Tg, LgLy — T1X5, Tyl7 — T3TX5X8, Laly — L1y, T1X3TY — Lalel7,

2 2.2 .2
T3T7Xg — T3Lg, T3L5 — T4T5L6 )
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Since no polynomial in Gg divisible by x¢, Jo = J5 : 8 = Jo @ (v1 -+ 26)>° = (Gg). The
Grobner basis of Jg relative to degree reverse lexicographic order xg > 1 > x5 > 13 >

Ty > Ty > Tg > Ty iS

— 2 2 2 2 2 2
G7 = {IL‘Q—ZE67 1Ty —T5T6, L5Le—L3L7L8, L1X5— L 4Ly, L3X5L8— L yX7, L{X5—LeLy, L1X3T8—

2.2 .2
TyTT7, T35 — TyT5T6 )

Again no polynomial in Gy is divisible by f7. So J; = Jg : 2 = Jo @ (1 -+ 27)> = (Gy).
Finally, the Grobner basis of J; using degree reverse lexicographic order with ©1 > x5 >

T3 > Ty > Ty > Tg > Ty > Tg S

_ 2 2 2
Gg = {$2 — X6, X1T4 — T, Lalely — T1X3XQ, LyXl7 — X3Tplg, Lygle — L3L7L, L1y —

2 .2 2 2 2 2 2.2 2.3,..3 4
TgZ7, {5 — L7, LsXgly — T1X3X8, LyTsle — X3y, Lgly — l’ll’gﬂfg}.

Since no polynomial in Gy is divisible by xs, Js = J7 : 222 = Jo @ (x1---25)™ = (Gy).

Hence 14 = (Gg) by Lemma[3.1.8

Two examples produce two different generating set for the same toric ideal. It is not
however difficult to see that they are equivalent. Notice that Sturmfels’ method involves n
Grobner basis computations in n variables. The Cox’s method computes only one Grobner
basis in n + 1 variables. It seems Sturmfels’ method does more computations. This is
not the case because Buchberger’s algorithm for computation of Grobner bases is variable
sensitive. That means that in general computing n Grobner basis in n variables takes less
time than computing a Grébner basis in n + 1 variables. Also notice that if given ideal is
not homogeneous, then it can be homogenized with an extra variable. In the next section,
we suggest a new method for computing the saturation. Our method will involve n Grobner

basis computations in fewer variables.

A New Method for Saturation Computation

Let A be m x n matrix. In order to find a generating set for the toric ideal /4, we

need to compute a saturation



for an ideal J C k|[xy, ..., z,] of the form

<z —gPh o a — P>

This kind of ideals are called difference binomial ideals.

Using properties of difference binomial ideals, we try to give a new method for the

saturation computation.

Definition 3.4.1. Let ¢; : k[z1,...,x,| — k[xi,. .., x| be a map given by

¢z(f) = f ‘xlz...:azi:l .

This map is called i-th projection map.

Lemma 3.4.2. (Pseudo Division Algorithm)

Fix a monomial ordering in k[x;y1, . .., x,). Given the difference binomials f, fi,. .., fs €
klxy, ..., x,] such that ¢;(f) # O, there exist polynomials hy, . . ., h, a difference binomial

r and a monomial 1" ... x}" such that

et oxlif=hfi+. .+ hofs+

where

¢i(f) = ¢i(h1)di(f1) + - .. + Gi(hs)di(fs) + di(r)

is the standard expression obtained by division algorithm in k[z;y1, . .., Z,].

Proof. If LT(¢;(f)) is not divisible by any LT (¢;(f;)) for j = 1,...,s, then r = f and

hy = hy = ... = hy = 0. Suppose that LT'(¢;(f;)) divides LT (¢;(f)) for some j. There-
fore there is a term cz; ;" ...z such that

LT(6i(f)) = ey ... an" LT (¢i(f;)).

Furthermore the polynomials f and f; contains monomials of the form =" . .. 2 LM (¢;(f))

and =" ... x)" LM ((f;)) respectively. Then the construction

T _.m Vi B1 Bi . it1 a
f=ap . x] f—cxi' . oxe

is a difference binomial. Now, we can apply same process to f . Continuing this way until

reaching a binomial n such that h = 0 or LT'(¢;(h)) is not divisible by any LT'(¢;(f;)), one

26



can get desired expression. Termination of this process after finitely many steps guaranteed

by the division algorithm. 0

tab Let us express the process with an example.

Example 3.4.3. Let f = x%mxém—xw%x%xi, fi= xi’xgmgxﬁ—xlxgm%m, and fy =

rix9x37y — 117373 be polynomials. Hence ¢o(f) = w3wy — 2323, do(f1) = w315 — 2324,

$2(f2) = w34 — 27

Let > be the lexicographic order in k[x3,x4]. LT(¢2(f)) = zazs, LT (do(f1)) = —x324
and LT (po(f2)) = wswy. Clearly LT (po(f1)) divides LT (po(f)). Then we can calculate
pseudo division, since LT (¢o(f)) = x5LT (¢a(f1))

2 2 2 523 9 2 4.2 9
g1 = T122" f + 21" 0x3” f1 = 225757 — T{XLx57.

Then ¢5(g1) = 325 — 2323 and LT (p9(g1)) = x323% is divisible by LT (¢a( f2))-

We apply pseudo division again, since LT (¢2(g1)) = z3x4LT (p2(f2))

2 5.9 92 6 4 2 3 4.5 2 9
G2 = T1°Tag1 — T1° T2 W3 Ty fo = T]XHw5TY — T{XHw5Ty.

Hence ¢3(g0) = 2373 — 2323, LT (p2(g2)) = 33 is divisible by LT (¢2(f1)).
The next step is, since LT (¢2(g2)) = —x4>LT (d2(f1))

2 6, 4. . 2 9,..5 4 5,.7..2,..2

b2(g3) = z3x — 2223, LT(d2(g3)) = wsx] is divisible by only LT (po(f2))-
We apply pseudo division again, since LT (p2(g3)) = x4 LT (¢2(f1))

2 5.7 10,7, 4 8 8 3
g4 = T1X2°g3 + 217 %2 Ta f1 = ] ToX3T, — TITHT3TY

$2(gs) = 32 — w323, LT (d2(g4)) = w3} is divisible by any LT (¢o( f2)).
The next step is, since LT (¢2(g4)) = x> LT (¢2(f2)) ,

2 0. 7.3 11.9.5 109 3
g5 = T1Tags — X1 T2' X4 fo = 27 X0y — T THT3TY

b2(g5) = —w3x3 + a3, LT (¢2(gs)) = —x33 is divisible by only LT (¢2(f2)).

27



We apply one more pseudo division, since LT ($2(gs)) = —x4>LT (¢p2(f2))

2 0.9 .2 13105 1111, 4
J6 = T1T2g5 — X1 T2 Ta” fo = 371Xy Ty — X Ty Ty

b2(g6) = x5 — 23, LT (¢(gs)) = x5 is not divisible by LT (p2(f1)) or LT (d2( f2)).
The algorithm came to end.

Now, we use back substition,
2 10, 9.2
g6 = T1T205 — T1 T2 T4 fo
2 2 0. 7.3 10, 9. 2
= X\ToX TaGs — T1° T2 4" fo — T1 T2 4" fo
3.2 128 .3 0.9 2
= 2102704 — (T17722°ws” + 21 2 wa” fo) fo (3.1
_ 3.2 2 5.7 12, 8. 3 10,. 9.2
= 272" (0172°g3 + 21" T2 W f1) — (217272 + 11 T2 T4 fo) fo
4.4 8.9 12,8 .3 10.. 9., 2
= 212" g3 — 7% Tafr1 — (017702 0" + 217 T2 T4 fo) fo.
Contiuning this way,
9 .9 10 8. 2 9 .9 1.8 2 11, 8 0. 9.2, .12 8 3
g6 = 12" fH (21 T wows = P wo kg w5xs”) fr— (1w ra—xy my wy  t 5wy’ ) fo.
Hence

9.9 10, 8. 2 9 .9 11,8 2 1.8 0.9 .2, 12 8 . 3
210" f = —(x1 w2 w3 — w1 T kgt waxs”) frH (T w0 ry—xy VX s x x5x4”) fotge-

is the desired expression.

Definition 3.4.4. Let f and g be two binomials. Given a monomial ordering in

klxii1, ..., Ty, compute the S- polynomial

S(@i(f), ¢i(g)) = m1gi(f) — comadi(g).

Since one of monomials f and g must be of the form x{* ... x5 LM (¢;(f)) and
a2 2P LM (¢;(g)) respectively, we define pseudo S-polynomial as

Sy, (f,9) = crxt . alimyf — coxSt .. a%imyg.

3.3
2Ly

Example 3.4.5. Let [ = z3wox37, — 17037375 and g = v3w373 — x
Computing projections

Oo(f) = 2324 — w37}
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and
P2(9) = 353372 - 5"2-

Then
S(P2(f), 92(9)) = waga(f) — w32(g) = 0.

The pseudo S- polynomial is

S¢2 (f7 9) = x%uf - xfxgxg,g (3.2)

_ 2,4 3 3,.2 3

Theorem 3.4.6. Let [ =< f1,..., fs >C klxy,...,x,| be an ideal. The following

algorithm obtains a generating set for the saturation ideal I :< x,...,T, >.
Input FF' = f,..., f,t=s
Fori=n—1to1
For each pair (j, k), (7 # k)
Pseudo divide Sy,(f;, fr) by F
r = remainder of division
Ifo(r) #0
t=t+1,fi=r/z F=FU{f}
F =F/x°

Return F

In the algorithm F'/z$° means divide each element of / by the highest power of z;.

Proof. Notice that in each step of algorithm, we compute a Grébner basis for ¢;(I). By
construction, each new f; € [ :< zy,...,z; >*. Hence, if F = {fi,..., fx} is the set of

polynomials at the end of the algorithm, < F' >C [ :< xq,...,2; >,

Conversely, if f € I :< xq,...,2; >, then ¢;(f) € ¢;(I) for some i. Since ¢;(F')
contains a Grobner basis for ¢;(I) ,f €< F >. Hence < F >=1 :< zy,...,x; >°. O
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Example 3.4.7. Let [ =< f, = 117035 — X2y, fo = 1309 — x375 >.

Start with i = 3. ¢3(f1) = x4, ¢3(f2) = —a3.

Compute S-polynomial,

S(¢i(f1), di(f2)) = Tads(f1) — ¢s(f2) = 23 — 25 = 0.

Hence pseudo S-polynomial is

S¢>3(f17 f2) = 1374 f1 — T2 f>

= I1$§I4 — ZE%I% =Ji.
¢3(g1) = x4 is divisible by LT (¢3(f1)).

Then, we can apply pseudo division

g2 = S¢3(91a fl) = T2g1 + 5B135;2>,f1 == fﬁfiﬂg - x%é’, ¢3(92) =0.

Therefore, there is no new polynomial to generating set of ideal.
Leti = 2,
$2(f1) = w3 — 24, $a(f2) = —w37]

S(p2(f1), 2(f2)) = 372(333 —Ty) — 5173-%21
= —x1 #0.
S¢2(f1:f2) = ﬁfl —T1fy = x‘i’xz - $2$Z =01

¢2(g1) = 3 is not divisible either LT (¢2(f1)) = z3 or LT (¢2(f2)) = —x373. We have

a remainder, so we divide elements of g, with highest power of x5. Hence f3 = g1/x9 =

23 — 23 and ¢o(f3) = —x3, s0 add new element fs to the generating set of ideal.

Finally, let us consider the case i = 1,

$1(f1) = v3 — Tom4, $1(f2) = 22 — 903%217 ¢1(f3) = —Ii'

Applying pseudo division,
S(¢1(f1): d1(f2)) = w3a(wy — w2wa) — w2(w0 — w37])
= x374 — 25 # 0.
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Sey(f1, f2) = x3xafi — Tofo = Ti2ims — 2325 =

¢1(g1) = 23xg — 23, LT (p1(g1)) = 234 is not divisible by any LT (¢1(f;)) for j = 1,2,3.
We have a remainder, divide elements of g, with highest power of x1.
Hence f; = g1/x1 = 23x4 — x123 and ¢1(f1) = x3x4 — 75 # 0. We will add new element

f4 to generating set of ideal 1.
The next step is,
S(¢1(f1), ¢1(fa)) = @3(ws — 22w4) — wa(2524 — 23)
=5 — x5 # 0.

Se, (f1, fa) = B2 f1 — 2o fy = 1125 — 2103,

¢1(g1) = 23 — a3, LT(p1(g1)) = —a3 is not divisible by any LT (¢1(f;)) for j = 1,2,3. We
have a remainder, divide elements of g, with highest power of x1.

Therefore f5 = g1/x1 = x5 —x3 and ¢1(f5) = f5. We will add new element f5 to generating
set of ideal I.

One can show that the other pseudo S-polynomials give zero remainders. Hence

F = F/x5° = {f1, fa, f3, fa, [5} is a generating set for ideal I :< xyx92374 >.

This new method uses fewer variable than Sturmfel’s method in each step. Hence it

generally takes less time to compute a generating set for toric ideal.
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4. INTEGER PROGRAMMING PROBLEMS

Introduction

Linear programming problem can be described as finding maximum (or minimum)
value of a linear function subject to given linear constraints. Linear programming emerged
as a discipline in World War II. It is used to solve complex planning problem in military.
Later, it was occured that linear programming have applications in many areas such as com-

merce, military, industry, transportation, agriculture etc.

There are several algorithms to solve linear programming problems. The best known
of these algorithms is the simplex method developed by George Dantzig. In this method,
linear programming problem is converted in a standard form. Then it can be put in a matrix
and solved by using elementary row operations. Hence it is assumed that the values of the
solution variables can be rational numbers. This assumption is however unrealistic in real
life. For example, in a production problem about furnitures, it does not make sense to come

up with answer like "fifty five and a half chairs".

The brunch of linear programming in which all coefficients and variables are inte-
ger is called integer programming. Solving integer programming problems is much more
difficult than solving linear programming problems. The most popular methods are Branch-
and-Bound and Cutting-Plane algorithms. These algorithms involve several execution of
simplex method. For understanding of details are these algorithms and simplex method we

can recommend (Taha, 2006).

In this chapter we present a method for solving an integer programming problem
using Grobner bases. The method depends on defining a toric ideal for each integer pro-
gramming problem. The method is first introduced by (Conti and Traverso, 1991). The
subject further developed by (Sturmfels, 1995). We detailed Sturmfels’ treatment of the

subject.

32



Solving Integer Programming Problems

An integer programming problem in the standard form is
min C1T1 + Coo + ...+ cry,
subject to

a11T1 + a2 + ... + a1,T, = by

a21T1 + a929T9 + ...+ aA9n Ty — bQ

Am1%1 + Q2% + ...+ ATy = bm

ijZZO; jzl,,n

Each n-tuple (z1, x9, . . ., z,) satisfying above equations is called a feasible point of
the integer programming problem. Among the feasible points, a point minimizing of the

value c;z1 + coxy + ... + ¢,xy, 1s called an optimal point.

We will translate an integer programming problem into a problem about polynomi-

als. Let us introduce a new variable u; for each equation above satisfiying

n
Zj:lazjx] _ ubi

% %

for: =1,2,...,m. Hence

( u?z‘j)xj — Huzbl

nom m
=1 =1 =1

J

The following proposition is immediate.

Proposition 4.2.1. Forafieldk, let ¢ : k[wy, ..., wy] — k[u1, ..., U, uyt, ... ul]

be a homomorphism given by

a; a;. .
Wi ut gL ugim
forj=1,2,....n. Then (x1,...,x,) is a feasible point of the standard integer program-
ming problem if and only if
p(wiws? .. w') = ubtul . ube
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Definition 4.2.2. Given a standard integer programming problem, we define a weight
vector as follows. If each c¢; > 0 for j = 1,2,...,n, then w = (c1,¢a, ..., Cy,). Otherwise
we assume that all a;; > 0. In this case, there exists a sufficiently large positive integer \
such that .

w; = ¢j +/\Zaij > 0.

=1

Hence w = (wy,wy, . . ., w,) will be the desired weight vector.

Now, we are ready connect integer programming problem into toric ideals. The

following theorem is basically equivalent to Theorem 5.5 in (Sturmfels, 1995).
Theorem 4.2.3. (Sturmfels, 1996, Theorem 5.5)
Given an integer programming problem in the standard form. Let A = (a;;) be the

coefficient matrix of the integer programming problem. Suppose that w is the weight vector

defined above and G is a Grobner basis of the toric ideal 14 with respect to wlex order. If

(x1,...,2,) is a feasible solution and the remainder of (wi*w3? ... wr") upon division by
G is (wi'wy® ...w™), then (y1,...,7v,) is an optimal solution of the integer programming
problem.
Proof. Since (x4, ...,x,) is a feasible point

pwiws? .. w) = ubtul . ube

Moreover, we know that the toric ideal 1,4 is the kernel of ¢. Since G is a Grobner
basis of 4,

(wi'ws? . wpry,) — (WMwy? L w)r) € T4 = ker (o).

Hence

p(wlwP .. wlm) = ulubz . ube

implies that (71, ...,7,) is also a feasible point. We have to show that (,...,7,) is an
optimal point. Suppose the contrary. Hence there exists a feasible point (z1, 2o, .. ., 2,)
such that

C121 +C29 + ...+ Cpin < C1V1 + ...+ CpVn-
This implies wi' w3? . .. W2 <yper W] wy* ... w)™ which is a contradiction to w]*wy” . . . w™
being remainder upon division by G since

(wi'ws? .. wpy) — (wwy? . w)r) € ker(A) = 4.
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This theorem gives a method for finding an optimal solution of an integer program-
ming problem in the standard form. First of all, compute a Grobner basis G of the toric ideal
T4 with respect to the desired weighted order. Then find a feasible solution (x1, ..., z,)
and compute the remainder of (wi'w3?...we") upon division by G. If the remainder is
w]twy? .. w)m, then (71, ...,7,) is an optimal solution. Let us illustrate this method with a

couple of examples.
Example 4.2.4. We will solve the following integer programming problem

min 211 4+ 329 + S5 + D

subject to
211 + 29 + T3 =16
r1 + 319 — x4+ x5 =20
T1+ T2 + zg = 10

xiEZZ, 1=1,2,...,6.

The coefficient matrix of the problem is

211 0 0O
A=1130 -1 10
120 0 01

If we compute a generaring set for corresponding toric ideal using techniques given in the

previous chapter, we have

Iy =< 2425 — 1,29 — 1‘317?)1'6, T — x§x5$6 > .

We found the reduced Grébner basis of I 4 with repect to wlex order where w = (2, 3,0,0,5,5)

in Example

Hence

3 2
G = {x4x5 — 1,29 — 237526, 11 — T3T5T6}
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It is clear that (0,0,16,0,20,10) is a feasible solution of the given integer programming
problem. If we divide v3°22z " by G, then the remainder is 15x5x3. Hence (5,5,1,0,0,0)

is an optimal solution.

Example 4.2.5. Consider the following integer programming problem
max  50x7 + 30z,
subject to
201+ a0 < 14

51 + dxy < 40
T, 4 3y < 18

T1, T > 0 integers.

If we convert this problem into standard form,

min  —50x; — 30x,
subject to
2r1 + w2 + 13 =14
511 + Hxo + x4 =40
1 + 39 + x5 =18

x; > 0 integers.

The coefficient matrix of the problem is

21100
A=155 010
13001

Using computation technique of toric ideals is

5.3 2.5
Iy =< 29 — 237,75, 01 — T3T,05 > .

To obtain weight we must find a positive integer \ such that
—50+8A>0 and —30+4+9X>0.
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So we can take \ = 7. The weight vector is

w = (—50,-30,0,0,0) + 7(8,9,1,1,1) = (6,33,7,7,7).

Then we compute reduced Grobner basis of I 4 with respect to wlex order which is equal

3 2
G = {zyx5 — 1,19 — T30526, 1 — T3X526 )

It is clear that (0,0, 14, 40, 18) is a feasible solution of the given integer programming prob-
lem. If we divide x3*x3°z1® by G, then the remainder become 1$x3x8. Hence (6,2,0,0,6)
is an optimal solution of the integer programming problem. We did not give the details of
the computations in previous examples, we made necessary computations of Grobner bases

using Mathematica.

Notice that in the last example we have negative values in the objective function but
all entries of the coefficient matrix are non-negative. Hence we able to find a non-negative
weight vector. If both objective function and the coefficient matrix have negative entries,
Sturmfel’s method does not work. In this case, the only known solution of the problem is

the classical method of (Conti and Traverso 1991).
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5. CONCLUSIONS AND RECOMMENDATIONS

Using Grobner bases is very effective technique for solving integer programming
problems. The most important part of this technique is the computation of saturation of
the toric ideals. This can be done using Grobner bases. Since Buchberger’s algorithm
for Grobner basis computation is sensitive to the number of variables, the main goal is to
compute Grobner bases with less variable possible. We try to make a contribution in this

direction.

There are special kind of integer programming problems such as transportation prob-
lems, scheduling problems and assignment problems. These problems have special kind of
corresponding matrices. The computation of toric ideals and saturations for this special

matrices can be also investigated in further studies.
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