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ABSTRACT

GRÖBNER BASES AND INTEGER PROGRAMMING
M.S. THESIS

ZÜBEYDE DİNÇ,
ABANT IZZET BAYSAL UNIVERSITY GRADUATE SCHOOL OF

NATURAL AND APPLIED SCIENCES
DEPARTMENT OF MATHEMATICS

(SUPERVISOR : ASSOC. PROF. DR. EROL YILMAZ)

BOLU, DECEMBER 2017

Solving integer programming problems using Gröbner bases are investigated. The main
tool of this process is the toric ideals. A new method for computation of the toric ideals is
proposed.

KEYWORDS: Integer programming problems, Gröbner bases, toric ideals, saturation,
pseudo division
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ÖZET

GRÖBNER TABANLARI VE TAMSAYI PROGRAMLAMA
YÜKSEK LİSANS TEZİ

ZÜBEYDE DİNÇ,
ABANT İZZET BAYSAL ÜNİVERSİTESİ FEN BİLİMLERİ ENSTİTÜSÜ

MATEMATİK ANABİLİM DALI
(TEZ DANIŞMANI : DOÇ. DR. EROL YILMAZ)

BOLU, ARALIK 2017

Gröbner tabanları kullanılarak tamsayı programlama probleminin çözümü araştırılmıştır. Bu
işlemin ana aracı torik idealleridir. Torik ideallerin hesaplanması için yeni bir yöntem öne-
rilmiştir.

ANAHTAR KELİMELER: Tamsayı programlama problemleri, Gröbner tabanları, toric
idealleri, doyum, sahte bölme
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1. INTRODUCTION

The concept of Gröbner basis for polynomial ideals was first introduced by Buch-

berger (1965) in his Ph.D. thesis and named after his advisor Gröbner. Buchberger did not

only define the concept, he also described an algorithm to obtain a Gröbner basis from any

given set of generator of a polynomial ideal. Gröbner basis is a powerful tool solving many

problems in polynomial rings. After implementation of Buchberger’s algorithm on most

computer algebra systems, it was shown that Gröbner basis can help to solve problems in

different areas such as robotics, cryptography, signal processing and petroleum industry.

The basic idea is to reformulate a particular problem as a question about polynomials, then

solve it by Gröbner bases.

The general linear programming problem is a special kind of optimization problem

in which a linear objective function is either maximized or minimized subject to some con-

straints. An integer program problem differ from a linear program problem in that the coef-

ficients and solutions are required to be integer. In fact, it is difficult to find integer solutions

to an optimization problem. There are several algorithms for solving integer programming

problems. The most of them are extensions of algorithms for linear programming problems.

For a detailed information for integer programming problems see (Taha, 2003).

The Gröbner basis techniques gave a new perception into integer programming prob-

lems. The connection between integer programming and Gröbner bases was first given by

(Conti and Traverso, 1991). They found a Gröbner basis of certain ideal related to coeffi-

cient matrix of a given integer programming problem. These ideals are called toric ideals of

integer matrices. Detailed explanation of this method can be found in (Adams). The main

shortcut of this idea is the size of Gröbner basis to be computed. Because they needed extra

variables to obtain a generating set for the corresponding toric ideal. Since Buchberger’s

algorithm is very sensitive to the number of variables, their method is not efficient for the

large integer programming problems. Hosten and Sturmfels (1995) design a new method,

so called GRIN, to avoid additional variables. We can refer to Sturmfels (1996) for the

complete treatment of this method. Thomas (1995) aproached the same problem in geo-

metric point of view. Thomas and Weismantel (1997) defined the truncated Gröbner bases

for integer programming. Then Li et al (2001) combined these two methods and found
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a new algorithm for integer programming problems. Ikegami and Kaji (2003) extended

Conti’s algorithm to solve integer programming with modulo arithmetic conditions. Blanca

and Puerto (2009, 2011) use same techniques for solving integer programing problems with

several objective functions.

In this thesis, we will explain Gröbner basis techniques for integer programming

problems. We give some basic terminology about Gröbner bases in the second chapter. Toric

ideals which connects integer programming problems to Gröbner bases are considered in the

third chapter. We will give a new method for computing toric ideals there. This is the most

important contribution we made to the subject. Solution of integer programming problems

using Gröbner basis techniques illustrated with examples in the following chapter. We use

the computer algebra system Mathematica for the computations throughout the thesis.
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2. GRÖBNER BASIS

Monomial Ordering

Let k be a field. The division algorithm in k[x] is a well-known process. In order

to generalize this division algorithm into multivariable polynomial ring k[x1, . . . , xn] , we

have to define an ordering on monomials.

Definition 2.1.1. A monomial ordering is a total order relation> on the set of mono-

mials xα1
1 x

α2
2 . . . xαn

n in k[x1, . . . , xn] such that

(i) > is compitable with multiplication.

(ii) > is a well-ordering. That means every non-empty set of monomials has a small-

est element under >.

There are infinitely many monomials orderings. We introduce three of them.

Definition 2.1.2. (Lexicographic Order) Let m1 = xα1
1 x

α2
2 . . . xαn

n and

m2 = xβ11 x
β2
2 . . . xβnn be two monomials. We say m1 >lex m2 if the first nonzero αi − βi is

positive for i = 1, 2, . . . , n.

For example x31x
2
2x3 >lex x

2
1x

5
2x

9
3.

Definition 2.1.3. (Degree Reverse Lexicographic Order) Let m1 = xα1
1 x

α2
2 . . . xαn

n

and m2 = xβ11 x
β2
2 . . . xβnn be two monomials. We say m1 >grevlex m2 if α1+α2+ . . .+αn >

β1 + β2 + . . . + βn or if α1 + α2 + . . . + αn = β1 + β2 + . . . + βn then the last non-zero

αi − βi is negative for i = 1, 2, . . . , n.

For example, x1x42x3 >grevlex x
2
1x

2
2x

2
3, since {1+4+1 = 2+2+2}, but the difference

of exponents of x3 is {1− 2 = −1}, negative.

Definition 2.1.4. (Weighted Lexicographic Order) Given w = (w1, . . . , wn), each

wi is non-negative integers. Let m1 = xα1
1 x

α2
2 . . . xαn

n and m2 = xβ11 x
β2
2 . . . xβnn be two

monomials. We saym1 >wlex m2 if w1α1+w2α2+ . . .+wnαn > w1β1+w2β2+ . . .+wnβn

and ties broken by lexicographic order.
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For example, let w = (1, 2, 4). Then x1x23 >wlex x
2
1x2x3, since {1 × 1 + 4 × 2 >

1× 2 + 2× 1 + 4× 1}.

Once a monomial ordering is chosen, then precisely the terms of any polynomial can

be ordered with respect to this ordering. For example, let

f = 7x1x
2
2x3 − 3x23 + 4x31 + 2x21x

2
2.

We would like to reorder terms of f in decreasing order. Therefore, with respect to lexico-

graphic order,

f = 4x31 + 2x21x
2
2 + 7x1x

2
2x3 − 3x23,

with respect to degree reverse lexicographic order,

f = 7x1x
2
2x3 + 2x21x

2
2 + 4x31 − 3x23

and with respect to weighted lexicographic order is

f = 7x1x
2
2x3 − 3x23 + 2x21x

2
2 + 4x31

where w = (1, 2, 4).

Definition 2.1.5. Let f ∈ k[x1, . . . , xn] be a non-zero polynomial and < be a mono-

mial ordering. Then f can be uniquely written as

f = c1m1 + c2m2 + . . .+ csms

where m1 > m2 > . . . > ms and ci ∈ k. The leading monomial of f is LM(f) = m1, the

leading coefficient of f is LC(f) = c1 and the leading term of f is LT (f) = c1m1.

For example, let f = 4x31 + 2x21x
2
2 + 7x1x

2
2x3 − 3x23 as before. Then LM(f) = x31,

LC(f) = 4 and LT (f) = 4x31 with respect to lexicographic order.

Division Algorithm

In this section we introduce a division algorithm in k[x1, . . . , xn] which is a general-

ization of the division algorithm in one variable polynomial ring k[x]. The main difference

is that we can divide a polynomial f ∈ k[x1, . . . , xn] by more than one polynomial simulta-

neously. Let us illustrate this with an example.
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Example 2.2.1. Let f = x21x2 + x1x
2
2 + x22, f1 = x1x2− 1 and f2 = x22− 1. We will

use lexicographic order. Hence LT (f) = x21x2, LT (f1) = x1x2 and LT (f2) = x22. Since

LT (f)/LT (f1) = x1, we redefine f as

f := f − x1f1 = x1x
2
2 + x1 + x22.

Since again LT (f)/LT (f1) = x2, we have

f := f − x2f1 = x1 + x22 + x2.

Now, LT (f) = x1 is divisible neither LT (f1) nor LT (f2). Therefore, we move x1 to the

remainder and continue by

f := f − x1 = x22 + x2.

Then LT (f)/LT (f2) = 1 and

f := f − f2 = x2 + 1.

Since LT (f1) and LT (f2) do not divide x2 and 1, the remainder is x1 + x2 + 1. Hence

f = (x1 + x2)f1 + f2 + x1 + x2 + 1.

This is a good illustration of the multivariable division algorithm. We are now ready

to give the statement of the division algorithm.

Theorem 2.2.2. (Division Algorithm in k[x1, . . . , xn]) For a given monomial order-

ing >, F = (f1, . . . , fs) ∈ k[x1, . . . , xn]
s and f ∈ k[x1, . . . , xn], there exist polynomials

a1, a2, . . . , as, r ∈ k[x1, . . . , xn] such that

f = a1f1 + . . .+ asfs + r

where no term of r is divisible by any LT (f1), . . . , LT (fs). Furthermore, if aifi 6= 0,

LM(f) ≥ LM(aifi) for i = 1, . . . , n.

There are however some shortcomings of this algorithm. The most important one

is the remainder is not unique. For example, let I = (f1, f2) = (x21, x1x2 − x22) and let

f = x21x2. If we divide f first by f1, f = x2f1. So remainder is 0. On the other hand, by

dividing first by f2, we have

f = (x1 + x2)f2 + x32.

The Gröbner basis which we define in the next section solves this problem.
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Gröbner Bases

Definition 2.3.1. Let I ⊆ k[x1, . . . , xn] be an ideal. Fix a monomial ordering in

{g1, g2, . . . , gn} is called Gröbner basis for I if

< LM(g1), . . . , LM(gs) >=< LM(f) : f ∈ I > .

A generating set of an ideal is not always a Gröbner basis.

For example, let I =< g1, g2 >=< x21 − x2, x31 − x3 >. Clearly,

f = x1g1 − g2 = −x1x2 + x3 ∈ I

but LM(f) = x1x2 /∈< LM(g1) = x21, LM(g2) = x31 > with respect to lexicographic

order.

Now, we give two important properties of Gröbner bases.

Proposition 2.3.2. If {g1, . . . , gs} is a Gröbner basis for an ideal I ⊆ k[x1, . . . , xn],

then I =< g1, . . . , gn > .

Theorem 2.3.3. LetG = {g1, . . . , gs} be a Gröbner basis for an ideal I ⊆ k[x1, . . . , xn].

If f ∈ k[x1, . . . , xn], then the remainder of f upon division by G is unique.

The next step is to give a criterian for a Gröbner basis. First, we have to define a

special polynomial which is called as S-polynomial.

Definition 2.3.4. Let f1, f2 be two polynomials. The S-polynomial of f1 and f2 is

defined by

S(f1, f2) =
LCM(LM(f1), LM(f2))

LT (f1)
f1 −

LCM(LM(f1), LM(f2))

LT (f2)
f2. (2.1)

Example 2.3.5. Let f1 = x21x
3
2−x1x42 and f2 = x41x2+x

2
2 with lexicographic order.

Hence LM(f1) = x21x
3
2, LM(f2) = x41x2 and LCM(LM(f1), LM(f2)) = x41x

3
2.

Then
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S(f1, f2) =
x41x

3
2

x21x
3
2

f1 −
x41x

3
2

x41x2
f2

= x21f1 − x22f2

= −x31x42 + x42

(2.2)

Buchberger introduced the concept of Gröbner bases in his dissertation. He also gave

a criterion for a generating set being a Gröbner basis for an ideal.

Theorem 2.3.6. (Buchberger’s Criterion) SupposeG = {g1, . . . , gs} is a generating

set for an ideal I . Then G is a Gröbner basis of I if and only if for all i 6= j, the remainder

of S(gi, gj) upon division by G is zero.

Buchberger Algorithm

Buchberger’s criterion suggests the following algorithm for finding a Gröbner basis

of an ideal from a given generating set of this ideal.

Theorem 2.4.1. (Buchberger’s Algorithm) Let G = {f1, . . . , fs} ⊆ k[x1, . . . , xn]

and I be the ideal generated by G. Compute an S-polynomials S(fi, fj) for i 6= j, and

divide it by G. If the remainder is not zero, then enlarge G by the remainder. Repeat this

process until all of the remainders of the S-polynomials are zero. The result is a Gröbner

basis for I .

Using the ascending chain condition of ideals in k[x1, . . . , xn], one can show that

this algorithm terminates after finitely many steps.

Definition 2.4.2. A Gröbner basis G of an ideal is called minimal if for each f ∈ G,

LM(f) 6= LM(g) for all g ∈ G \ {f}. A minimal Gröbner basis G is called reduced if for

each f ∈ G, no term of f is divisible by LM(g) for all g ∈ G \ {f}.

A minimal Gröbner basis can be obtained from a Gröbner basis by simply keeping

only one of the polynomials with same leading monomial and droping other from the bases.

A reduced Gröbner basis can be obtained from a minimal Gröbner basis by dividing each

polynomial in the basis by other polynomials of the basis and replacing original polynomial

by the remainder.
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Example 2.4.3. Let I = 〈f1 = x4x5 − 1, f2 = x2 − x3x
3
5x6, f3 = x1 − x23x5x6〉

and w = (2, 3, 0, 0, 5, 5). We will find the reduced Gröbner basis with respect to wlex order.

Then, LT (f1) = x4x5, LT (f2) = −x3x35x6, LT (f3) = −x23x5x6.

Now, we can compute S- polynomials;

S(f1, f2) = x3x
2
5x6f1 − (−x4)f2 = x2x4 − x3x25x6 = f4.

S(f1, f3) = x23x6f1 − x4f3 = x1x4 − x23x6 = f5.

S(f2, f3) = x3f2 − x25f3 = x2x3 − x1x25 = f6.

Similarly, f6 = x2x3 − x1x25.

S(f1, f4) = x3x5x6f1 − x4f4 = x3x5x6 − x2x24 = f7.

S(f2, f4) = f2 − x5f4 = x2 − x2x4x5 = −x2f1 + 0.

So, there no new polynomial to add generating set of the ideal.

S(f3, f4) = x5f3 − x3f4 = x1x5 − x2x3x4 = f8.

S(f1, f5) = x23x6f1 − x4x5f4 = x23x6 − x1x24x5 = −f5 + 0.

Therefore, there is no polynomial to add generating set of the ideal.

S(f1, f7) = x3x6f1 − x4x5f7 = −x3x6 + x2x
3
4 = f9

S(f3, f7) = f3 − x3f7 = −x1 + x2x3x
2
4 = f10.

S(f1, f8) = f1 − x3f8 = −x1 + x2x3x
2
4 = −x2x24f10 + x22x

5
5 − x1x5.

So, f11 = x22x
5
5 − x1x5. One can show that the remainder of other S-polynomials are zero.

Hence G = {f1, f2, f3, f4, f5, f6, f7, f8, f9, f10, f11},

G = {x4x5 − 1, x2 − x3x35x6, x1 − x23x5x6, x2x4 − x3x25x6, x1x4 − x23x6,

x2x3 − x1x25, x3x5x6 − x2x24, x1x5 − x2x3x4, x2x34 − x3x6, x1 − x2x3x24, x22x54 − x1x6}.
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Since leading terms of f2, f3, f4, f5, f6, f7 and f8 are divisible by the leading terms of others,

they can be droped from the basis. Thus, the reduced Gröbner basis is

G = {x2x3x24 − x1, x4x5 − 1, x1x5 − x2x3x4, x3x6 − x2x34, x1x6 − x22x54}.

There are several applications of Gröbner basis theory. One of them is so called

Elimination Theorem.

Definition 2.4.4. Let I = 〈f1, . . . , fs〉 be an ideal in polynomial ring k[x1, . . . , xn].

The ideal Ik = I ∩ k[xk+1, . . . , xn] is called the k-th elimination ideal of I .

Theorem 2.4.5. (The Elimination Theorem)

Let G be a Gröbner basis of an ideal I with respect to lex order where x1 > x2 > . . . > xn.

Then

Gk = G ∩ k[xk+1, . . . , xn]

is a Gröbner basis of Ik.
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3. TORIC IDEALS

Toric ideals are main tool to translate an integer programming problem into a prob-

lem about polynomials. This chapter devoted to computations of toric ideals. There are

several algorithms in the literature for finding a generating set for a toric ideal. They all

involve one or more Gröbner bases computations. Since Buchberger’s algorithm is sensitive

to the number of variables, the main purpose is to find a method which computes Gröbner

bases with fewer variables.

Computation of Toric Ideals

Definition 3.1.1. Let k be a field. For a given m × n matrix A = (aij) of integers,

the toric ideal IA associated to A is the kernel of the k-algebra homomorphism

φ : k[x1, x2, . . . , xn] −→ k[t1, t2, . . . , tm, t
−1
1 , . . . , t−1m ]

given by

φ(xi) = tai11 · · · tainm

for i = 1, 2, . . . ,m.

We give a couple of example of toric ideals.

Example 3.1.2. Let

A2 =


2 1 2 1 0 0

1 2 0 0 2 1

0 0 1 2 1 2

 .

We have the homomorphism

φ : k[x1, x2, x3, x4, x5, x6] −→ k[t1, t2, t3, t
−1
1 , t−12 , t−13 ]

defined by

x1 7→ t21t2, x2 7→ t1t
2
2, x3 7→ t21t3, x4 7→ t1t

2
3, x5 7→ t22t3, x6 7→ t2t

2
3.
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The followings are some elements of IA2:

{x1x6 − x2x4, x22x3 − x21x5, x4x5 − x2x3x6}.

Example 3.1.3. Let

A3 =

 3 −2 1 0

4 1 −1 −1

 .

Hence

φ : k[x1, x2, x3, x4] −→ k[t1, t2, t
−1
1 , t−12 ]

defined by

x1 7→ t31t
4
2, x2 7→ t−11 t2, x3 7→ t1t

−1
2 , x4 7→ t−12 .

For example, x2x23 − x4 ∈ IA3 .

We can not describe all elements of a toric ideal in this way. We need to find a

generating set. The first idea of finding generating sets for toric ideals by using Gröbner

bases due to (Conti and Traverso, 1991). We give a different treatment of this idea. First,

we consider the case when all entries of the matrix A is non-negative.

Theorem 3.1.4. Let > be lexicographic monomial order in k[t1, . . . , tm, x1, . . . , xn]

in which all ti’s precedes all the xj’s. If G is the Gröbner basis for the ideal

J = 〈x1 − ta1 , x2 − ta2 , . . . , xn − tan〉

with respect to >, then the set of polynomials in G involving only xi’s is a Gröbner basis for

IA.

Proof. Definition of toric ideal and Theorem 2.4.2 of Adams and Loustaunau (1994) implies

that IA = J ∩ k[x1, . . . , xn]. The conclusion easily follows from Elimination Theorem.

Example 3.1.5. Consider the above matrix A2. Define the ideal

I = 〈x1 − t21t2, x2 − t1t22, x3 − t21t3, x4 − t1t23, x5 − t22t3, x6 − t2t23〉.

Gröbner basis of I relative to lexicographic order with t1 > t2 > t3 > x1 > x2 > . . . > x6

is
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{x3x26−x4x25, x2−x3, x1x6−x3x4, x1x25−x23x6, t33x5−x26, t33x3−x4x5, t63x1−x24x6, t2x6−
t3x5, t2x4x5−t3x3x6, t2x24−t43x1, t2x3x4−t3x1x5, t2x1x5−t3x23, t2t23−x6, t22x4−t23x3, t22t3−
x5, t

3
2x1−x23, t1x6−t2x4, t1x5−t3x3, t1x3−t2x1, t1t23−x4, t1t2x4−t23x1, t1t22−x3, t21t2−x1}.

Hence

IA2 = 〈x3x26 − x4x25, x2 − x3, x1x6 − x3x4, x1x25 − x23x6〉.

If some of the entries of the matrix A are negative, then tai cannot viewed as a

monomial in k[t1, t2, . . . , tm]. In this case we introduce a new variable w = t−11 . . . t−1m .

Hence each term

tai = tai11 tai22 . . . taimm

can be rewritten in the form

wej t
ai1+ej
1 tai2+ej2 . . . taim+ej

m

where ej = max{|aij|, aij < 0}.

Now, we can give a new version of Theorem 3.1.4.

Theorem 3.1.6. Let > be the lexicographic order in k[t1, . . . , td, w, x1, . . . , xn] in

which all ti > w > xj for i = 0, 1, . . .m and j = 1, . . . , n. If G is the Gröbner basis for the

ideal

J = 〈wt1t2 . . . td − 1, x1 − wej ta1+ej , x2 − wej ta2+ej , . . . , xn − wej tan+ej〉

with respect to > , then the polynomials in G involving only xj’s is a Gröbner basis for IA.

Example 3.1.7. Consider the A3 given above. Construct the ideal I ,

I = 〈wt1t2 − 1, x1 − t31t42, x2 − w2t32, x3 − wt21, x4 − wt1〉.

A Gröbner basis of I relative to lexicographic order with t1 > t2 > w > x1 > x2 > x3 > x4

is

G = {x2x23−x4, x1x74−x33, x1x2x64−x3, x1x22x3x54−1, w−x2x3x4, t2−x1x22x3x44, t1−x1x2x54}.

Hence

IA = 〈x2x23 − x4, x1x74 − x33, x1x2x64 − x3, x1x22x3x54 − 1〉.
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Unfortunately, this method cannot handle the problem if the number of variables be-

comes larger. Sturmfels (1995) gave an example toric ideal of (4×8) matrix whose Gröbner

basis contains more than 200 polynomials. A more effective algorithm which computes sev-

eral Gröbner bases in n variables x1, . . . , xn is due to (Sturmfels 1995). Before explanation

of this method we need more technical results about toric ideals.

The lattice kernel of the toric ideal IA is

ker(A) = {v ∈ Zn|Av = 0}.

For v ∈ ker(A), let v+ = (u1, . . . , un) where ui = vi if vi ≥ 0 and ui = 0 if vi < 0 ,

and u− = (w1, . . . , wn) where wi = −vi if vi < 0 and wi = 0 if vi ≥ 0. Then we can give

an infinite set of generators for IA.

IA =< {xu+ − xu− |u ∈ ker(A)} >

where x = (x1, . . . , xn). The following lemma gives a finite generating set for a toric ideal.

Lemma 3.1.8. (Sturmfels, 1995, Lemma 12.2)

For any subset C of the lattice ker(A) define the ideal

JC = 〈xv+ − xv−|v ∈ C〉.

The subset C spans the ker(A) if and only if

JC : (x1 · · ·xn)∞ = IA.

Hence the computation of a toric ideal has two steps. The first is the computation

of lattice kernel basis C and then finding JC : (x1 · · · xn)∞ which is called saturation. The

classical techniques of the linear algebra is not enough to solve the first step of the problem.

Since a basis for nullspace of a matrix with integer entries may contain non-integer vectors.

This step has a solution by computing the Hermite normal form of A (see Schrijver 1986,

section 5.3).

Hermite Normal Forms

Definition 3.2.1. Let B = (b1, b2, . . . , bk) be a set linearly independent vectors in

Rn. The set

L(B) =
k∑
i=1

λibi : λ1, λ2, . . . , λk ∈ Z

13



is called a lattice generated by B and we say the lattice L(B) has dimension k. If k = n,

the lattice L(B) is called full-dimensional.

Recall that a square matrix U with integer entries is called unimodular if

det(U) = ±1.

Lemma 3.2.2. Let A and B be two n×k matrices. If B = AU for some unimodular

matrix U , then L(A) = L(B) where L(A) and L(B) are lattices generated by columns of

A and B respectively.

Proof. Let U be a unimodular matrix such that B = AU . Then for every y = Bx with

x ∈ Rn, y = A(Ux). Furthermore, x is an integer if and only if Ux is an integer. This

implies that L(A) = L(B).

Definition 3.2.3. ( Elementary Column Operations ) Let B be a matrix. We define

the elementary column operations on B :

(i) Swap two columns in B (ci ↔ cj);

(ii) Multiply a column by (−1) (ci → −ci) and

(iii) Add an integer multiple of a column to another column (ci → ci +mcj).

Notice that we can specify an appropriate unimodular matrices for each of elemen-

tary column operations. Hence if the matrix A is obtained from B by a sequence of the

above elementary column operations, then there exists a unimodular matrix U such that

A = BU .

Definition 3.2.4. (Extended Euclidean Algorithm) Suppose a0 and a1 are positive

integers. The Euclidean algorithm finds the greatest common divisor of a0 and a1, written

as gcd(a0, a1). This algorithm mainly computes the remainder sequence a0, a1, a2, . . . , ak

where ai−2 = ai−1ai−1 + ai, ai ∈ N, 0 ≤ ai < ai−1 for i = 2, . . . , k. Furthermore, if

ak divides ak−1, then ak = gcd(a0, a1). The extended Euclidean algorithm keeps track of

unimodular matrices

Uj =

j∏
i=1

 0 1

1 −qi

 .
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Then

(a0 a1)Uk = (ak 0).

Let us explain this with an example.

Example 3.2.5. We will find a unimodular matrix U such that

(1398 324)U = (gcd(1398, 394) 0).

The Euclidean Algorithm implies

1398 = 4× 324 + 102

324 = 3× 102 + 18

102 = 5× 18 + 12

18 = 1× 12 + 6

12 = 2× 6 + 0.

Hence gcd(1398, 324) = 6.

If we write these calculations in terms of matrix multiplications

(1398 324)

 0 1

1 −4

 = (324 102)

(324 102)

 0 1

1 −3

 = (102 18)

(102 18)

 0 1

1 −5

 = (18 12)

(18 12)

 0 1

1 −1

 = (12 6)
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(12 6)

 0 1

1 −2

 = (6 0).

Since

 0 1

1 −4

  0 1

1 −3

  0 1

1 −5

  0 1

1 −1

  0 1

1 −2

 =

 −19 54

82 −233

 ,

(1398 324)

 −19 54

82 −233

 = (6 0).

We may extend to this technique beyond to two positive integers.

Definition 3.2.6. (Hermite Normal Form)

A n × n matrix B is called in Hermite normal form if it has the form B = [H | 0]
where H = (hij) is a square matrix such that

(i) H is lower triangular;

(ii) H is non-negative and each row has a unique maximum entry which is on the

main diagonal.

Notice that these conditions implies that H is an invertible matrix.

Theorem 3.2.7. LetA be n×k matrix of rank n with rational entries. ThenA can be

transformed into the Hermite normal form by a sequence of elementary column operations.

In other words, there exists a unimodular matrix U such thatAU = B whereB is a Hermite

normal form.

Proof. We may assume all entries of A are integers. Otherwise, we can proceed with the

matrix δA where δ is the least common multiple of all denominators of A. The following

algorithm converts A into a matrix in the Hermite normal form. Let D0 = A. Produce a

sequence of matrices B1, B2, . . . , Bn of the form

Bk =

 Hk 0

Ck Dk


16



where Hk is k × k matrix in the Hermite normal form as follows:

Let d1, d2, . . . , dn−k be entries of the first row of Dk. By multiplying necessary

columns by −1, we may assume that all di’s are non-negative. Then using the technique

of extended Euclidean algorithm we can find a unitary matrix U such that when multiply-

ing this row by U produce only one non-zero entry, say d, in the new row vector. After

interchanging columns we guarantee that d is in the first column.

Let c1, . . . , ck be the entries of the first row of ck. Then we add bci/dc times (k+1)-

th column to i-th column of Bk. Thus, all entries in the first row of ck are non-negative and

smaller than d.

Example 3.2.8.

A =


1 2 0 1 0 2 0 2

2 1 1 0 1 1 2 0

0 0 1 2 2 0 1 2

1 1 2 1 1 1 1 0

 .

Let D0 = A. Extended Euclidean algorithm gives

U1 =



1 −2 0 −1 0 −2 0 −2
0 1 0 0 0 0 0 0

0 0 1 0 0 0 0 0

0 0 0 1 0 0 0 0

0 0 0 0 1 0 0 0

0 0 0 0 0 1 0 0

0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 1


.

Then

B1 = D0U1 =


1 0 0 0 0 0 0 0

2 −3 1 −2 1 −3 2 −4
0 0 1 2 2 0 1 2

1 −1 2 0 1 −1 1 −2

 .

Now, we can identify D1 and C1 as
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D1 =


−3 1 −2 1 −3 2 −4
0 1 2 2 0 1 2

−1 2 0 1 −1 1 −2


and

C1 =


2

0

1

 .

Again using extended Euclidean algorithm, we can find B2 as follows:

U2 =



−1 −1 0 0 −1 0 −1
0 −1 0 −1 0 0 1

1 1 1 0 0 1 0

0 0 2 1 0 0 0

0 0 0 0 1 0 0

0 0 0 0 0 1 0

0 0 0 0 0 0 1


and

B2 = D1U2 =


1 0 0 0 0 0 0

2 1 6 1 0 3 3

1 −1 2 −1 0 1 1

 .

Therefore

D2 =

 1 6 1 0 3 3

−1 2 −1 0 1 1

 .

C2 =

 2

1

 .

Applying same process one more times
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U3 =



1 −6 −1 0 −3 −3
0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1



and

B3 = D2U3 =

 1 0 0 0 0 0

−1 8 0 0 4 4

 .

Therefore

D3 =
[
8 0 0 4 4

]
, C3 = [−1].

Similarly

U4 =



1 0 0 −1 0

0 1 0 0 0

0 0 1 0 0

−1 0 0 1 −1
0 0 0 1 1



and then

B4 = D3U4 =
[
4 0 0 0 0

]
.

Since the entry of C3 is negative, we must add element of C3 to first column of B4, then

recalculate it. Hence
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U5 =



1 0 0 0 0 0

1 1 0 0 0 0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1


and

B4 =
[
−1 4 0 0 0 0

]
, U4 =

[
3 4 0 0 0 0

]
.

Combining the results,

B =


1 0 0 0 0 0 0 0

2 1 0 0 0 0 0 0

0 2 1 0 0 0 0 0

1 1 3 4 0 0 0 0

 .

Hence the corresponding unimodular matrix is

U = U1U2U3U4U5 =



0 0 0 0 0 0 0 1

1 1 0 1 −1 −1 −1 −1
0 0 0 0 1 0 0 0

3 2 4 4 0 0 2 1

−1 0 −2 −1 −2 0 −3 −1
0 0 0 0 0 1 0 0

0 0 1 0 1 0 2 0

−2 −2 −2 −3 1 0 0 0


.

It is easy to see that AU = B where U is unimodular and the first 4 columns of B is

in Hermite normal form.

Notice that multiplying A by the last four column of U gives 4× 4 zero matrix. This implies

that the last four columns of U are lattice basis for ker(A).
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Hence we obtain a method to find lattice basis for ker(A) whereA is anm×nmatrix

of integers. First find a unimodular matrix U such that

AU = B = [Hk|0]

where Hk is in Hermite normal form. Then the last n − k columns of U is the lattice basis

for ker(A).

Saturation

Let I ⊆ k[x1, . . . , xn] be an ideal and g ∈ k[x1, . . . , xn] be a polynomial. Then the

quotient ideal is defined as follows

I : g = {f ∈ k[x1, . . . , xn] : gf ∈ I}.

An algorithm for finding a generating set for quotient ideal is described in (Cox et

al, 1996, Section 4.4).

If I =< f1, . . . , fs >, then find a Gröbner basis of < tf1, . . . , tfs, (1 − t)g > with respect

to lexicographic order in which t > xi. Retain all basis elements which do not depend on t.

Then divide each of these elements by g to get a generating set for I : g.

Definition 3.3.1. The saturation of I with respect to g is defined as follows

I : g∞ = {f ∈ k[x1, . . . , xn] : gmf ∈ I for some m > 0}.

Hence an algorithm for finding a generating set for saturation can be same as above

algorithm except in last step we must divide each element by highest power of g which

divides this element. Recall that we need to compute I : (x1 . . . xn)
∞. Let us illustrate this

with an example.

Example 3.3.2. Let A be the matrix given in example 3.2.8. Hence a lattice basis of

ker(A) is the rows of the following matrix

C =


0 −1 1 0 −2 0 1 1

0 −1 0 0 0 1 0 0

0 −1 0 2 −3 0 2 0

1 −1 0 1 −1 0 0 0

 .
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Hence JC = 〈x3x7x8−x2x25, x6−x2, x24x27−x2x35, x1x4−x2x5〉. Define the ideal,let

J = 〈t(x3x7x8−x2x25), t(x6−x2), t(x24x27−x2x35), t(x1x4−x2x5), (1−t)(x1x2x3x4x5x6x7x8)〉.

If we find Gröbner Basis of JC using degree lexicographic order with t > x1 > x2 > x3 >

x4 > x5 > x6 > x7 > x8, the result is

{x1x2x3x34x5x6x37x8 − x1x2x3x4x45x26x7x8, x1x2x23x4x5x6x27x28 − x1x2x3x4x35x26x7x8,
x1x2x

2
3x4x

2
5x6x7x

2
8 − x1x2x3x34x5x6x27x8, x1x2x33x4x5x6x7x38 − x1x2x3x34x25x26x7x8,

x1x
2
2x3x4x5x6x7x8 − x1x2x3x4x5x26x7x8, x21x2x3x4x35x6x7x8 − x1x2x3x24x5x6x37x8,

x21x2x3x
2
4x5x6x7x8 − x1x2x3x4x25x26x7x8, x21x2x23x4x5x6x7x28 − x1x2x3x24x5x26x27x8,

x31x2x3x4x
2
5x6x7x8 − x1x2x3x4x5x26x37x8, tx25x66x47 − x51x2x3x4x5x6x7x8, tx35x56x27 −

x31x2x3x4x5x6x7x8, tx
4
5x

4
6 − x1x2x3x4x5x6x7x8, tx4x5x56x47 − x41x2x3x4x5x6x7x8,

tx4x
2
5x

4
6x

2
7 − x21x2x3x4x5x6x7x8, tx24x27 − tx35x6, tx24x35x46x7 − x1x2x23x4x5x6x7x28,

tx3x7x8− tx25x6, tx3x35x6x8− tx24x25x6x7, tx2− tx6, tx1x35x6− tx4x5x6x27, tx1x4− tx5x6}.

Then, we retain the polynomials which includes only xi terms. After that we divide

each polynomial with highest possible power of x1x2x3x4x5x6x7x8. Finally, we obtain

IA = JC : (x1 · · ·x8)∞ = 〈x24x27−x35x6, x3x7x8−x25x6, x3x5x8−x24x7, x23x28−x24x5x6, x2−
x6, x1x

2
5 − x4x27, x1x4 − x5x6, x1x3x8 − x4x6x7, x21x5 − x6x27〉

by Lemma 3.1.8.

Notice that we compute a Gröbner basis in n + 1 variables. If I is a homogeneous

ideal, then Sturmfels(1995) suggested an algorithm which involves computing several Gröb-

ner bases in n variables. It depends on the following observation.

I : (x1 . . . xn)
∞ = ((. . . (I : x∞1 ) : x∞2 ) . . .) : x∞n .

Sturmfels(1995) also gave the following lemma.

Lemma 3.3.3. (Sturmfels, 1995, Lemma 12.1 ) Fix the degree reverse lexicographic

monomial order with xj > xi for j 6= i and let G be the Gröbner basis of a homogeneous

ideal I . Then a Gröbner basis of I : x∞i is obtained by dividing each element f ∈ G by the

highest power of xi that divides f .

Hence, this lemma and the above observation gave a method for computing the sat-

uration I : (x1 . . . xn)
∞ when I is a homogeneous ideal. Let us illustrate this method by
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finding a generating set for the toric ideal of the matrix given in Example 3.2.8.

Example 3.3.4. We form the ideal JC = 〈x3x7x8−x2x25, x6−x2, x24x27−x2x35, x1x4−
x2x5〉 in Example 3.3.2. The Gröbner basis of JC relative to degree reverse lexicographic

order with x8 > x7 > x6 > x5 > x4 > x3 > x2 > x1 is

G1 = {x6−x2, x2x5−x1x4, x3x7x8−x1x4x5, x24x27−x1x4x25, x1x34x5x7−x1x3x4x25x8, x21x44x7−
x21x3x

2
4x5x8, x1x

2
3x4x

2
5x

2
8 − x21x44x25, x21x23x24x5x28 − x31x54x5, x31x23x34x28 − x41x64}.

If we divide each polynomial in G1 by highest power of x1 that divides the polynomial, then

J1 = JC : x∞1 = 〈x6 − x2, x2x5 − x1x4, x3x7x8 − x1x4x5, x
2
4x

2
7 − x1x4x

2
5, x

3
4x5x7 −

x3x4x
2
5x8, x

4
4x7 − x3x24x5x8,x23x4x25x28 − x1x44x25, x23x24x5x28 − x1x54x5, x23x34x28 − x1x64〉.

The Gröbner basis of J1 relative to degree reverse lexicographic order with x8 > x7 > x6 >

x5 > x4 > x3 > x1 > x2 is

G2 = {x6 − x2, x1x4 − x2x5, x3x7x8 − x2x
2
5, x

2
4x

2
7 − x2x

3
5, x2x4x5x

2
7 − x1x2x

3
5, x

4
4x7 −

x3x
2
4x5x8, x

3
4x5x7−x3x4x25x8, x21x2x35−x22x25x27, x2x24x25x7−x2x3x35x8, x1x2x3x35x8−x22x4x35x7,

x23x
3
4x

2
8,−x2x54x5, x23x24x5x28 − x2x44x25, x23x4x25x28 − x2x34x35, x2x23x35x28 − x22x24x45}.

If we divide each polynomial in G2 by highest power of x2 that divides each polynomial,

then

J2 = J1 : x
∞
2 = JC : (x1x2)

∞ = 〈x6−x2, x1x4−x2x5, x3x7x8−x2x25, x24x27−x2x35, x4x5x27−
x1x

3
5, x

4
4x7 − x3x24x5x8, x34x5x7 − x3x4x25x8, x21x35 − x2x25x27, x24x25x7 − x3x35x8, x1x3x35x8 −

x2x4x
3
5x7, x

2
3x

3
4x

2
8 − x2x54x5, x23x24x5x28 − x2x44x25, x23x4x25x28 − x2x34x35, x23x35x28 − x2x24x45〉.

The Gröbner basis of J2 using degree reverse lexicographic order with x8 > x7 > x6 >

x5 > x4 > x1 > x2 > x3 is

G3 = {x6 − x2, x1x4 − x2x5, x2x25 − x3x7x8, x24x27 − x3x5x7x8, x4x5x27 − x1x35, x21x35 −
x3x

3
7x8, x

4
4x7 − x3x24x5x8, x34x5x7 − x3x4x25x8, x24x25x7 − x3x35x8, x21x3x5x7x8 − x2x3x37x8,

x3x4x
3
7x8−x1x3x25x7x8, x2x54x5−x23x34x28, x22x3x5x37x8−x21x23x27x28, x32x3x57x8−x41x23x27x28}.
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If we divide each polynomial in G3 by highest power of x3 that divides the polynomial, then

J3 = J2 : x∞3 = JC : (x1x2x3)
∞ = 〈x6 − x2, x1x4 − x2x5, x2x

2
5 − x3x7x8, x

2
4x

2
7 −

x3x5x7x8, x4x5x
2
7 − x1x35, x21x35 − x3x37x8, x44x7 − x3x24x5x8, x34x5x7 − x3x4x25x8, x24x25x7 −

x3x
3
5x8, x

2
1x5x7x8 − x2x37x8, x4x37x8 − x1x25x7x8, x2x54x5 − x23x34x28, x22x5x37x8 − x21x3x27x28,

x32x
5
7x8 − x41x3x27x28〉.

The Gröbner basis of J3 relative to degree reverse lexicographic order with x8 > x7 > x6 >

x5 > x1 > x2 > x3 > x4 is

G4 = {x6− x2, x2x5− x1x4, x3x7x8− x1x4x5, x1x4x25− x24x27, x1x35− x4x5x27, x3x24x5x8−
x44x7, x

2
1x

2
4x5−x2x24x27, x3x4x25x8−x34x5x7, x3x35x8−x24x25x7, x21x5x7x8−x2x37x8, x1x25x7x8−

x4x
3
7x8, x1x3x

3
4x8 − x2x44x7, x22x24x27 − x31x34, x22x37x8 − x31x4x7x8, x23x34x28 − x1x64}.

If we divide each polynomial in G4 by highest power of x4 that divides each polynomial,

then

J4 = J3 : x∞4 = JC : (x1x2x3x4)
∞ = 〈x6 − x2, x2x5 − x1x4, x3x7x8 − x1x4x5, x1x

2
5 −

x4x
2
7, x1x

3
5−x4x5x27, x3x5x8−x24x7, x21x5−x2x27, x3x25x8−x24x5x7, x3x35x8−x24x25x7, x21x5x7x8−

x2x
3
7x8, x1x

2
5x7x8−x4x37x8, x1x3x8−x2x4x7, x22x27−x31x4, x22x37x8−x31x4x7x8, x23x28−x1x34〉.

The Gröbner basis of J4 relative to degree reverse lexicographic order with x8 > x7 > x6 >

x1 > x2 > x3 > x4 > x5 is

G5 = {x6 − x2, x1x4 − x2x5, x
2
4x7 − x3x5x8, x4x

2
7 − x1x

2
5, x1x3x8 − x2x4x7, x3x7x8 −

x2x
2
5, x2x

2
7 − x21x5, x23x28 − x2x24x5}.

Notice that no polynomial inG5 is divisible by x5. Hence J5 = J4 : x
∞
5 = JC : (x1 · · ·x5)∞ =

〈G5〉. The Gröbner basis of J5 relative to degree reverse lexicographic order x8 > x7 >

x1 > x2 > x3 > x4 > x5 > x6 is

G6 = {x2 − x6, x1x4 − x5x6, x6x27 − x21x5, x24x7 − x3x5x8, x4x27 − x1x25, x1x3x8 − x4x6x7,
x3x7x8 − x25x6, x23x28 − x24x5x6}.
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Since no polynomial in G6 divisible by x6, J6 = J5 : x
∞
6 = JC : (x1 · · ·x6)∞ = 〈G6〉. The

Gröbner basis of J6 relative to degree reverse lexicographic order x8 > x1 > x2 > x3 >

x4 > x5 > x6 > x7 is

G7 = {x2−x6, x1x4−x5x6, x25x6−x3x7x8, x1x25−x4x27, x3x5x8−x24x7, x21x5−x6x27, x1x3x8−
x4x6x7, x

2
3x

2
8 − x24x5x6}.

Again no polynomial in G7 is divisible by f7. So J7 = J6 : x
∞
7 = JC : (x1 · · ·x7)∞ = 〈G7〉.

Finally, the Gröbner basis of J7 using degree reverse lexicographic order with x1 > x2 >

x3 > x4 > x5 > x6 > x7 > x8 is

G8 = {x2 − x6, x1x4 − x5x6, x4x6x7 − x1x3x8, x
2
4x7 − x3x5x8, x

2
5x6 − x3x7x8, x1x

2
5 −

x4x
2
7, x

2
1x5 − x6x27, x5x26x7 − x21x3x8, x24x5x6 − x23x28, x36x37 − x41x3x8}.

Since no polynomial in G8 is divisible by x8, J8 = J7 : x∞7 = JC : (x1 · · ·x8)∞ = 〈G8〉.
Hence IA = 〈G8〉 by Lemma 3.1.8.

Two examples produce two different generating set for the same toric ideal. It is not

however difficult to see that they are equivalent. Notice that Sturmfels’ method involves n

Gröbner basis computations in n variables. The Cox’s method computes only one Gröbner

basis in n + 1 variables. It seems Sturmfels’ method does more computations. This is

not the case because Buchberger’s algorithm for computation of Gröbner bases is variable

sensitive. That means that in general computing n Gröbner basis in n variables takes less

time than computing a Gröbner basis in n + 1 variables. Also notice that if given ideal is

not homogeneous, then it can be homogenized with an extra variable. In the next section,

we suggest a new method for computing the saturation. Our method will involve n Gröbner

basis computations in fewer variables.

A New Method for Saturation Computation

Let A be m × n matrix. In order to find a generating set for the toric ideal IA, we

need to compute a saturation

J : (x1 . . . xn)
∞
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for an ideal J ⊂ k[x1, . . . , xn] of the form

< xα1 − xβ1 , . . . , xαs − xβs > .

This kind of ideals are called difference binomial ideals.

Using properties of difference binomial ideals, we try to give a new method for the

saturation computation.

Definition 3.4.1. Let φi : k[x1, . . . , xn] −→ k[xi+1, . . . , xn] be a map given by

φi(f) = f |x1=...=xi=1 .

This map is called i-th projection map.

Lemma 3.4.2. (Pseudo Division Algorithm)

Fix a monomial ordering in k[xi+1, . . . , xn]. Given the difference binomials f, f1, . . . , fs ∈
k[x1, . . . , xn] such that φi(f) 6= 0, there exist polynomials h1, . . . , hs, a difference binomial

r and a monomial xα1
1 . . . xαi

i such that

xα1
1 . . . xαi

i f = h1f1 + . . .+ hsfs + r

where

φi(f) = φi(h1)φi(f1) + . . .+ φi(hs)φi(fs) + φi(r)

is the standard expression obtained by division algorithm in k[xi+1, . . . , xn].

Proof. If LT (φi(f)) is not divisible by any LT (φi(fj)) for j = 1, . . . , s, then r = f and

h1 = h2 = . . . = hs = 0. Suppose that LT (φi(fj)) divides LT (φi(f)) for some j. There-

fore there is a term cx
αi+1

i+1 . . . xαn
n such that

LT (φi(f)) = cx
αi+1

i+1 . . . xαn
n LT (φi(fj)).

Furthermore the polynomials f and fj contains monomials of the form xβ11 . . . xβii LM(φi(f))

and xγ11 . . . xγii LM(φ(fj)) respectively. Then the construction

f
′
= xγ11 . . . xγii f − cx

β1
1 . . . xβii x

αi+1

i+1 . . . xαn
n fj

is a difference binomial. Now, we can apply same process to f ′ . Continuing this way until

reaching a binomial n such that h = 0 or LT (φi(h)) is not divisible by any LT (φi(fj)), one
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can get desired expression. Termination of this process after finitely many steps guaranteed

by the division algorithm.

tab Let us express the process with an example.

Example 3.4.3. Let f = x21x2x
4
3x4−x1x32x23x24, f1 = x31x2x3x

2
4−x1x22x23x4, and f2 =

x21x2x3x4 − x1x22x24 be polynomials. Hence φ2(f) = x43x4 − x23x24, φ2(f1) = x3x
2
4 − x23x4,

φ2(f2) = x3x4 − x24.

Let > be the lexicographic order in k[x3, x4]. LT (φ2(f)) = x43x4, LT (φ2(f1)) = −x23x4
and LT (φ2(f2)) = x3x4. Clearly LT (φ2(f1)) divides LT (φ2(f)). Then we can calculate

pseudo division, since LT (φ2(f)) = x23LT (φ2(f1))

g1 = x1x2
2f + x1

2x2x3
2f1 = x51x

2
2x

3
3x

2
4 − x21x42x23x24.

Then φ2(g1) = x33x
2
4 − x23x24 and LT (φ2(g1)) = x33x

2
4 is divisible by LT (φ2(f2)).

We apply pseudo division again, since LT (φ2(g1)) = x23x4LT (φ2(f2))

g2 = x1
2x2g1 − x15x22x32x4f2 = x61x

4
2x

2
3x

3
4 − x41x52x23x24.

Hence φ2(g2) = x23x
3
4 − x23x24, LT (φ2(g2)) = x23x

3
4 is divisible by LT (φ2(f1)).

The next step is, since LT (φ2(g2)) = −x42LT (φ2(f1))

g3 = −x1x22g2 + x1
6x2

4x4
2f1 = x91x

5
2x3x

4
4 − x51x72x23x24

φ2(g3) = x3x
4
4 − x23x24, LT (φ2(g3)) = x3x

4
4 is divisible by only LT (φ2(f2)).

We apply pseudo division again, since LT (φ2(g3)) = x4LT (φ2(f1))

g4 = x1x2
2g3 + x1

5x2
7x4f1 = x101 x

7
2x3x

4
4 − x81x82x3x34

φ2(g4) = x3x
4
4 − x3x34, LT (φ2(g4)) = x3x

4
4 is divisible by any LT (φ2(f2)).

The next step is, since LT (φ2(g4)) = x4
3LT (φ2(f2)) ,

g5 = x21x2g4 − x110x27x43f2 = x111 x
9
2x

5
4 − x101 x92x3x34

φ2(g5) = −x3x34 + x54, LT (φ2(g5)) = −x3x34 is divisible by only LT (φ2(f2)).
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We apply one more pseudo division, since LT (φ2(g5)) = −x42LT (φ2(f2))

g6 = x21x2g5 − x110x29x42f2 = x131 x
10
2 x

5
4 − x111 x112 x44

φ2(g6) = x54 − x44, LT (φ2(g5)) = x54 is not divisible by LT (φ2(f1)) or LT (φ2(f2)).

The algorithm came to end.

Now, we use back substition,

g6 = x21x2g5 − x110x29x42f2

= x21x2x
2
1x2g4 − x110x27x43f2 − x110x29x42f2

= x31x2
2g4 − (x1

12x2
8x4

3 + x1
10x2

9x4
2f2)f2

= x31x2
2(x1x2

2g3 + x1
5x2

7x4f1)− (x1
12x2

8x4
3 + x1

10x2
9x4

2f2)f2

= x41x2
4g3 − x81x29x4f1 − (x1

12x2
8x4

3 + x1
10x2

9x4
2f2)f2.

(3.1)

Contiuning this way,

g6 = x91x2
9f+(x1

10x2
8x3

2−x19x29x4+x111 x82x42)f1−(x111x28x4−x110x29x42+x121 x82x43)f2.

Hence

x91x2
9f = −(x110x28x32−x19x29x4+x111 x82x42)f1+(x1

11x2
8x4−x110x29x42+x121 x82x43)f2+g6.

is the desired expression.

Definition 3.4.4. Let f and g be two binomials. Given a monomial ordering in

k[xi+1, . . . , xn], compute the S- polynomial

S(φi(f), φi(g)) = m1φi(f)− c2m2φi(g).

Since one of monomials f and g must be of the form xα1
1 . . . xαi

n LM(φi(f)) and

xβ11 . . . xβii LM(φi(g)) respectively, we define pseudo S-polynomial as

Sφi(f, g) = c1x
β1
1 . . . xβii m1f − c2xα1

1 . . . xαi
n m2g.

Example 3.4.5. Let f = x21x2x
2
3x4 − x1x22x3x24 and g = x21x3x

2
4 − x32x34.

Computing projections

φ2(f) = x23x4 − x3x24
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and

φ2(g) = x3x
2
4 − x34.

Then

S(φ2(f), φ2(g)) = x4φ2(f)− x3φ2(g) = 0.

The pseudo S- polynomial is

Sφ2(f, g) = x21x4f − x21x2x3g

= x21x
4
2x3x

3
4 − x31x22x3x34.

(3.2)

Theorem 3.4.6. Let I =< f1, . . . , fs >⊆ k[x1, . . . , xn] be an ideal. The following

algorithm obtains a generating set for the saturation ideal I :< x1, . . . , xn >.

Input F = f1, . . . , fs, t = s

For i = n− 1 to 1

For each pair (j, k), (j 6= k)

Pseudo divide Sφi(fj, fk) by F

r = remainder of division

If φ(r) 6= 0

t = t+ 1, ft = r/x∞i , F = F ∪ {ft}

F = F/x∞i

Return F

In the algorithm F/x∞i means divide each element of I by the highest power of xi.

Proof. Notice that in each step of algorithm, we compute a Gröbner basis for φi(I). By

construction, each new ft ∈ I :< x1, . . . , xi >
∞. Hence, if F = {f1, . . . , fk} is the set of

polynomials at the end of the algorithm, < F >⊆ I :< x1, . . . , xi >
∞.

Conversely, if f ∈ I :< x1, . . . , xi >
∞, then φi(f) ∈ φi(I) for some i. Since φi(F )

contains a Gröbner basis for φi(I) ,f ∈< F >. Hence < F >= I :< x1, . . . , xi >
∞.
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Example 3.4.7. Let I =< f1 = x1x3 − x2x4, f2 = x21x2 − x3x24 >.

Start with i = 3. φ3(f1) = x4, φ3(f2) = −x24.

Compute S-polynomial,

S(φi(f1), φi(f2)) = x4φ3(f1)− φ3(f2) = x24 − x24 = 0.

Hence pseudo S-polynomial is

Sφ3(f1, f2) = x3x4f1 − x2f2

= x1x
2
3x4 − x21x22 = g1.

φ3(g1) = x4 is divisible by LT (φ3(f1)).

Then, we can apply pseudo division

g2 = Sφ3(g1, f1) = x2g1 + x1x
2
3f1 = x21x

3
3 − x21x32, φ3(g2) = 0.

Therefore, there is no new polynomial to generating set of ideal.

Let i = 2,

φ2(f1) = x3 − x4, φ2(f2) = −x3x24

S(φ2(f1), φ2(f2)) = x24(x3 − x4)− x3x24

= −x34 6= 0.

Sφ2(f1, f2) = x24f1 − x1f2 = x31x2 − x2x34 = g1.

φ2(g1) = x34 is not divisible either LT (φ2(f1)) = x3 or LT (φ2(f2)) = −x3x24. We have

a remainder, so we divide elements of g1 with highest power of x2. Hence f3 = g1/x2 =

x31 − x34 and φ2(f3) = −x34, so add new element f3 to the generating set of ideal.

Finally, let us consider the case i = 1,

φ1(f1) = x3 − x2x4, φ1(f2) = x2 − x3x24, φ1(f3) = −x34.

Applying pseudo division,

S(φ1(f1), φ1(f2)) = x3x4(x3 − x2x4)− x2(x2 − x3x24)

= x23x4 − x22 6= 0.
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Sφ1(f1, f2) = x3x4f1 − x2f2 = x1x
3
3x4 − x21x22 = g1

φ1(g1) = x23x4 − x22, LT (φ1(g1)) = x23x4 is not divisible by any LT (φ1(fj)) for j = 1, 2, 3.

We have a remainder, divide elements of g1 with highest power of x1.

Hence f4 = g1/x1 = x23x4 − x1x22 and φ1(f4) = x23x4 − x22 6= 0. We will add new element

f4 to generating set of ideal I .

The next step is,

S(φ1(f1), φ1(f4)) = x23(x3 − x2x4)− x2(x23x4 − x22)

= x33 − x32 6= 0.

Sφ1(f1, f4) = x23f1 − x2f4 = x1x
3
3 − x1x32.

φ1(g1) = x23−x32, LT (φ1(g1)) = −x32 is not divisible by any LT (φ1(fj)) for j = 1, 2, 3. We

have a remainder, divide elements of g1 with highest power of x1.

Therefore f5 = g1/x1 = x33−x32 and φ1(f5) = f5. We will add new element f5 to generating

set of ideal I .

One can show that the other pseudo S-polynomials give zero remainders. Hence

F = F/x∞1 = {f1, f2, f3, f4, f5} is a generating set for ideal I :< x1x2x3x4 >
∞.

This new method uses fewer variable than Sturmfel’s method in each step. Hence it

generally takes less time to compute a generating set for toric ideal.
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4. INTEGER PROGRAMMING PROBLEMS

Introduction

Linear programming problem can be described as finding maximum (or minimum)

value of a linear function subject to given linear constraints. Linear programming emerged

as a discipline in World War II. It is used to solve complex planning problem in military.

Later, it was occured that linear programming have applications in many areas such as com-

merce, military, industry, transportation, agriculture etc.

There are several algorithms to solve linear programming problems. The best known

of these algorithms is the simplex method developed by George Dantzig. In this method,

linear programming problem is converted in a standard form. Then it can be put in a matrix

and solved by using elementary row operations. Hence it is assumed that the values of the

solution variables can be rational numbers. This assumption is however unrealistic in real

life. For example, in a production problem about furnitures, it does not make sense to come

up with answer like "fifty five and a half chairs".

The brunch of linear programming in which all coefficients and variables are inte-

ger is called integer programming. Solving integer programming problems is much more

difficult than solving linear programming problems. The most popular methods are Branch-

and-Bound and Cutting-Plane algorithms. These algorithms involve several execution of

simplex method. For understanding of details are these algorithms and simplex method we

can recommend (Taha, 2006).

In this chapter we present a method for solving an integer programming problem

using Gröbner bases. The method depends on defining a toric ideal for each integer pro-

gramming problem. The method is first introduced by (Conti and Traverso, 1991). The

subject further developed by (Sturmfels, 1995). We detailed Sturmfels’ treatment of the

subject.
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Solving Integer Programming Problems

An integer programming problem in the standard form is

min c1x1 + c2x2 + . . .+ cnxn

subject to

a11x1 + a12x2 + . . .+ a1nxn = b1

a21x1 + a22x2 + . . .+ a2nxn = b2

...
...

am1x1 + am2x2 + . . .+ amnxn = bm

xj ∈ Z≥0, j = 1, . . . , n.

Each n-tuple (x1, x2, . . . , xn) satisfying above equations is called a feasible point of

the integer programming problem. Among the feasible points, a point minimizing of the

value c1x1 + c2x2 + . . .+ cnxn is called an optimal point.

We will translate an integer programming problem into a problem about polynomi-

als. Let us introduce a new variable ui for each equation above satisfiying

u
∑n

j=1aijxj
i = ubii

for i = 1, 2, . . . ,m. Hence
n∏
j=1

(
m∏
i=1

u
aij
i )xj =

m∏
i=1

ui
bi .

The following proposition is immediate.

Proposition 4.2.1. For a field k, let φ : k[w1, . . . , wn]→ k[u1, . . . , um, u
−1
1 , . . . , u−1m ]

be a homomorphism given by

wj 7→ u
aj1
1 , u

aj2
2 , . . . , uajmm

for j = 1, 2, . . . , n. Then (x1, . . . , xn) is a feasible point of the standard integer program-

ming problem if and only if

φ(wx11 w
x2
2 . . . wxnn ) = ub11 u

b2
2 . . . u

bn
n .
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Definition 4.2.2. Given a standard integer programming problem, we define a weight

vector as follows. If each cj ≥ 0 for j = 1, 2, . . . , n, then w = (c1, c2, . . . , cn). Otherwise

we assume that all aij ≥ 0 . In this case, there exists a sufficiently large positive integer λ

such that

wj = cj + λ
m∑
i=1

aij ≥ 0.

Hence w = (w1, w2, . . . , wn) will be the desired weight vector.

Now, we are ready connect integer programming problem into toric ideals. The

following theorem is basically equivalent to Theorem 5.5 in (Sturmfels, 1995).

Theorem 4.2.3. (Sturmfels, 1996, Theorem 5.5)

Given an integer programming problem in the standard form. Let A = (aij) be the

coefficient matrix of the integer programming problem. Suppose that w is the weight vector

defined above and G is a Gröbner basis of the toric ideal IA with respect to wlex order. If

(x1, . . . , xn) is a feasible solution and the remainder of (wx11 w
x2
2 . . . wxnn ) upon division by

G is (wγ11 w
γ2
2 . . . wγnn ), then (γ1, . . . , γn) is an optimal solution of the integer programming

problem.

Proof. Since (x1, . . . , xn) is a feasible point

φ(wx11 w
x2
2 . . . wxnn ) = ub11 u

b2
2 . . . u

bn
n .

Moreover, we know that the toric ideal IA is the kernel of φ. Since G is a Gröbner

basis of IA,

(wx11 w
x2
2 . . . wnxn)− (wγ11 w

γ2
2 . . . wγnn ) ∈ IA = ker(φ).

Hence

φ(wγ11 w
γ2
2 . . . wγnn ) = ub11 u

b2
2 . . . u

bn
n

implies that (γ1, . . . , γn) is also a feasible point. We have to show that (γ1, . . . , γn) is an

optimal point. Suppose the contrary. Hence there exists a feasible point (z1, z2, . . . , zn)

such that

c1z1 + c2z2 + . . .+ cnzn < c1γ1 + . . .+ cnγn.

This implieswz11 w
z2
2 . . . wznn <wlex w

γ1
1 w

γ2
2 . . . wγnn which is a contradiction towγ11 w

γ2
2 . . . wγnn

being remainder upon division by G since

(wx11 w
x2
2 . . . wnxn)− (wγ11 w

γ2
2 . . . wγnn ) ∈ ker(A) = IA.
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This theorem gives a method for finding an optimal solution of an integer program-

ming problem in the standard form. First of all, compute a Gröbner basisG of the toric ideal

IA with respect to the desired weighted order. Then find a feasible solution (x1, . . . , xn)

and compute the remainder of (wx11 w
x2
2 . . . wxnn ) upon division by G. If the remainder is

wγ11 w
γ2
2 . . . wγnn , then (γ1, . . . , γn) is an optimal solution. Let us illustrate this method with a

couple of examples.

Example 4.2.4. We will solve the following integer programming problem

min 2x1 + 3x2 + 5x5 + 5x6

subject to

2x1 + x2 + x3 = 16

x1 + 3x2 − x4 + x5 = 20

x1 + x2 + x6 = 10

xi ∈ Z≥, i = 1, 2, . . . , 6.

The coefficient matrix of the problem is

A =


2 1 1 0 0 0

1 3 0 −1 1 0

1 2 0 0 0 1

 .
If we compute a generaring set for corresponding toric ideal using techniques given in the

previous chapter, we have

IA =< x4x5 − 1, x2 − x3x35x6, x1 − x23x5x6 > .

We found the reduced Gröbner basis of IA with repect to wlex order wherew = (2, 3, 0, 0, 5, 5)

in Example 2.4.3.

Hence

G = {x4x5 − 1, x2 − x3x35x6, x1 − x23x5x6}.
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It is clear that (0, 0, 16, 0, 20, 10) is a feasible solution of the given integer programming

problem. If we divide x163 x
20
5 x

10
6 by G, then the remainder is x51x

5
2x3. Hence (5, 5, 1, 0, 0, 0)

is an optimal solution.

Example 4.2.5. Consider the following integer programming problem

max 50x1 + 30x2

subject to

2x1 + x2 ≤ 14

5x1 + 5x2 ≤ 40

x1 + 3x2 ≤ 18

x1, x2 ≥ 0 integers.

If we convert this problem into standard form,

min −50x1 − 30x2

subject to

2x1 + x2 + x3 = 14

5x1 + 5x2 + x4 = 40

x1 + 3x2 + x5 = 18

xi ≥ 0 integers.

The coefficient matrix of the problem is

A =


2 1 1 0 0

5 5 0 1 0

1 3 0 0 1

 .
Using computation technique of toric ideals is

IA =< x2 − x3x54x35, x1 − x23x54x5 > .

To obtain weight we must find a positive integer λ such that

−50 + 8λ > 0 and − 30 + 9λ > 0.
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So we can take λ = 7. The weight vector is

w = (−50,−30, 0, 0, 0) + 7(8, 9, 1, 1, 1) = (6, 33, 7, 7, 7).

Then we compute reduced Gröbner basis of IA with respect to wlex order which is equal

G = {x4x5 − 1, x2 − x3x35x6, x1 − x23x5x6}.

It is clear that (0, 0, 14, 40, 18) is a feasible solution of the given integer programming prob-

lem. If we divide x143 x
40
4 x

18
5 by G, then the remainder become x61x

2
2x

6
5. Hence (6, 2, 0, 0, 6)

is an optimal solution of the integer programming problem. We did not give the details of

the computations in previous examples, we made necessary computations of Gröbner bases

using Mathematica.

Notice that in the last example we have negative values in the objective function but

all entries of the coefficient matrix are non-negative. Hence we able to find a non-negative

weight vector. If both objective function and the coefficient matrix have negative entries,

Sturmfel’s method does not work. In this case, the only known solution of the problem is

the classical method of (Conti and Traverso 1991).
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5. CONCLUSIONS AND RECOMMENDATIONS

Using Gröbner bases is very effective technique for solving integer programming

problems. The most important part of this technique is the computation of saturation of

the toric ideals. This can be done using Gröbner bases. Since Buchberger’s algorithm

for Gröbner basis computation is sensitive to the number of variables, the main goal is to

compute Gröbner bases with less variable possible. We try to make a contribution in this

direction.

There are special kind of integer programming problems such as transportation prob-

lems, scheduling problems and assignment problems. These problems have special kind of

corresponding matrices. The computation of toric ideals and saturations for this special

matrices can be also investigated in further studies.
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