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of Bolu Abant İzzet Baysal University in 09.01.2023 by

Examining Committee Members Signature

Supervisor

Assist. Prof. Dr. Arzu KURT
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ABSTRACT

EFFECT OF NOISE ON QUANTUM COHERENCE AND

NON-MARKOVIANITY

MASTER OF SCIENCE

NISREEN MOHAMMED MAHDI

BOLU ABANT IZZET BAYSAL UNIVERSITY

INSTITUTE OF GRADUATE STUDIES

DEPARTMENT OF PHYSICS

(SUPERVISOR: ASSIST. PROF. DR. ARZU KURT)

BOLU, JANUARY 2023

(ix+40)

In this thesis, we have studied the quantum coherence and non-Markovianity

of a two-level system whose energy level is modulated by Gaussian noise, and

also its tunneling barrier is fluctuated by a random telegraph noise (RTN). We

have investigated the system dynamics by solving the Liouville-von Neumann

equation. Using analytical methods, we have obtained the exact solution of

the two-level system considered in the thesis for very limited parameter values.

We can summarize the important findings of the thesis as follows; (i) for two

different initial states, the coherence is found to exhibit damped oscillation

behavior, (ii) in the presence of a high Kubo number (K), we discover non-

Markovian dynamics, (iii) It is also found that there is no strong relationship

between system coherence and non-Markovianity dynamics, with the exception

of a region where these two quantities start to change their characters atK = 1

for two initial states.

KEYWORDS: Quantum Tunneling, Quantum Coherence, non-Markovianity

Measure, Random Telegraph Noise
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ÖZET

GÜRÜLTÜNÜN KUANTUM EŞEVRELİLİK VE MARKOVYAN

OLMAMA ÜZERİNDEKİ ETKİSİ

FEN BİLİMLERİ

NISREEN MOHAMMED MAHDI

BOLU ABANT İZZET BAYSAL ÜNİVERSİTESİ

LİSANSÜSTÜ EĞİTİM ENSTİTÜSÜ

FİZİK ANABİLİM DALI

(TEZ DANIŞMANI: DR. ÖĞRETİM ÜYESİ ARZU KURT)

BOLU, OCAK - 2023

(ix + 40)

Bu tezde, tünelleme bariyeri bir rastgele telgraf gürültüsü (RTN) ve en-

erji aralığı ise Gaussian gürültüsü tarafından rahatsız edilen bir kuantum

tünelleme sisteminin eşevrelilik ve Markovyan olmama durumunu çalıştık. Sis-

temin dinamiğini Liouville-von Neumann denklemini çözerek inceledik. Tezde

bahsi geçen iki seviyeli sistemin matematiksel çözümü analitik yöntemler kul-

lanılarak çok sınırlı parametre değerleri için elde ettik. Tezin önemli sonuçlarını

şu şekilde sıralayabiliriz; (i) iki farklı başlangıç durumları için, eşevrelilik ölçütü

Cl1(ρ) sönümlü salınım davranışı gösterdiği bulunmuştur, (ii) Markovyan ol-

mayan dinamikler Kubo K sayısının yüksek olduğu durumda gözlemlenmiştir,

(iii) sistemin eşevreliliği ile Markovyan olmayan dinamikler arasında, bu iki

niceliğin her iki başlangıç durumları için davranışlarını değiştirme eğiliminde

olduğu K = 1 bölgesi dışında, güçlü bir ilişki olmadığı da bulunmuştur.

ANAHTAR KELİMELER: Kuantum Tünellemesi, Kuantum Eşevrelilik,

Markovyan Olmayan Ölçüt, Rastgele Telgraf Gürültüsü
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INTRODUCTION

Understanding and controlling the two-level system–the simplest quantum

system–plays a critical role in advancing quantum technologies [1]. Quantum

tunneling has essential applications, for example, in nanotechnology, tunnel

diodes, quantum computing, and scanning electron microscopy [2, 3, 4]. The

tunneling effect may also restrict some nanotechnology devices’ minimum size

and functioning [2, 3, 4].

The two-level system gives the simplest description of quantum tunnel-

ing [5, 6]. Whereby only the lowest two energy levels are well localized. The

two-level approximation makes sense when the energies of the two localized

levels are much smaller than the higher energy levels and the height of the

barrier. When the system is isolated, only two parameters are sufficient to de-

scribe the quantum tunneling problem. The first one is the tunneling matrix

element ∆ which couples the two effective energy levels and gives informa-

tion about the barrier height. The other is the bias parameter ϵ, which offers

the energy difference between the two lowest energy levels. The bias param-

eter also corresponds to the measure of the asymmetry of the system. On

the other hand, quantum systems are unavoidably exposed to environmen-

tal noise or external perturbations, which leads to dissipation and decoher-

ence [5, 6, 7]. Here, we model the open system leading to a stochastic energy

bias ϵ(t) and the barrier to random fluctuations, ∆(t) [5].The tunneling prob-

lem with time-dependent bias and barriers has been focused on in a number

of studies [8, 9, 10, 11, 12, 13, 14, 15, 16]. The studies [9, 10] have exposed

the tunneling system to external fields, for example, to a strong laser field,

which results in the time dependence of the bias, ϵ(t). On the other hand, the

studies [8, 11, 12, 13, 14, 15, 16] have also considered the barrier parameter

∆(t) to be time-dependent by either driving the barrier with periodic signals
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or exposing it to a stochastic perturbation. The tunneling problem with time-

modulated parameters has been known to occur in several physical situations,

for example, long-range electron transfer reactions [17, 18], some problems in

semiconductor physics [19], polarization of a multilayer structure [20, 21] and

the scattering problem [22, 23].

In the present study, we focus on the same problem of quantum tunneling

in the presence of a stochastic bias and a fluctuating barrier under the two-

level approximation. We consider here that the fluctuations in the barrier are

induced by dichotomous noise, while coupling to a high-temperature reservoir

causes the dissipation of the bias. The correlation time of barrier fluctuations

has been studied in relation to tunneling dynamics between two localized en-

ergy levels [5]. Resonant damping of tunneling has been observed due to noise

in the system. On the other hand, our main interest is to analyze the depen-

dence of quantum coherence dynamics on the correlation time of the barrier

fluctuations and elucidate its non-Markovian character.

Quantum coherence is one of the unique features of quantum mechanics,

indicating the capability of a state to exhibit quantum interference effects.

Other quantum properties such as quantum entanglement, non-locality, dis-

cord, and steering are essentially quantum mechanical properties. Quantum

coherence plays an instrumental role in the protocols of quantum information

and computation [24], and also in the emergent areas, such as quantum thermo-

dynamics [25], biology [26], and metrology [27]. Only very recently, a rigorous

theory for measuring quantum coherence has been proposed to use coherence

as a physical resource [28, 30]. After development, its intimate connection to

entanglement and quantum correlations has been given in [31, 32, 33, 34, 35].

Besides, properties such as freezing and distillation of coherence have been

investigated in Refs. [30, 36, 37, 38]. The non-Markovian effect, on the other

hand, is a quantum mechanical effect that reflects the environment back onto

quantum systems. Exploring non-Markovian features can be helpful in the

2



fabrication of nano-scale machines [39, 40, 41, 42, 43, 44]. In the context of

quantum thermodynamics, non-Markovianity is used as an extra fuel to supply

a quantum thermal machine [43, 44]. Along similar lines, a measure for the

degree of non-Markovianity, which accounts for non-zero values for informa-

tion flow back to the system, has been given very recently [45, 46]. Using the

aforementioned quantifiers, we analyze the quantum coherence dynamics in

terms of the barrier parameters and show the non-Markovian character of the

barrier fluctuations. We show here that both measures display special struc-

tures at specific system parameters. Since we consider the tunneling problem

with well-defined discrete energy levels, it is reasonable to discuss quantum

coherence between localized energy states and their suppression due to noise

in the barrier and bias.

The outline of the thesis is organized in the following way. We introduce the

mathematical tools for the noisy two-level system in chapter 2 that includes the

noise properties we use in the thesis and also presents the quantum measures.

In chapter 3 we present the set of solutions of the averaging over Gaussian

noise as well as the RTN signal of the models. The main results of the thesis

are discussed accordingly to the models in chapter 4 and finally, we conclude

with a summary of the main results in chapter 5.

3



MATHEMATICAL TOOLS FOR NOISY TWO-LEVEL

SYSTEMS

In this chapter, we present how the dynamics of the two-level system evolve

in time in the absence of external noise by associating with the population dif-

ference and quantum coherence quantities. We then introduce the characteri-

zation of the noises used in the thesis and the definition of quantum measures

at the end.

2.1 Two-Level System

We consider a two-level system which is described by the following Hamil-

tonian:

H =
ℏ ϵ
2
σz, (2.1)

where σz is the Pauli matrix and ℏϵ is the energy difference between two levels.

The dynamics of the system describe the Hamiltonian in the equation (2.1)

is governed by the Liouville-von Neumann equation:

d ρ

dt
= − i

ℏ
[H, ρ] , (2.2)

where [A,B] = A · B − B · A is the commutator of operators A and B. We

will find the commutator of the Hamiltonian and the density operator and use

it in the Liouville-von Neumann equation (2.2):

dρ

dt
= − i

ℏ


 ℏ ϵ/2 0

0 −ℏ ϵ/2

 ,

 ρ11 ρ12

ρ21 ρ22




=

 0 −i ϵρ12

i ϵρ21 0

 . (2.3)
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One can see from equation (2.3) that the diagonal elements of the density

matrix are constant, while the off-diagonal elements, called coherence, change

at a rate proportional to the transition energy ϵ of the system. The components

of the Bloch vector of the system are defined from the density matrix– ρ =

(I +
∑

i Pi σi) /2– where σi are the Pauli matrices, i = x, y, z, I is the identity

operator, and Pi are the components of the Bloch vector. This means that

the population difference is Pz = ⟨σz⟩ = ρ11 − ρ22 and the real and complex

components of the coherence term are Px = ⟨σx⟩ = (ρ12 + ρ21)/2 and Py =

⟨σy⟩ = i(ρ12 − ρ21)/2, respectively. Based on equation (2.3) in the form of the

Bloch vector equation, one can obtain the set of first-order coupled differential

equations:

Ṗz(t) = 0

Ṗx(t) = −ϵ Py(t) (2.4)

Ṗy(t) = ϵ Px(t),

where Ȯ indicates the first order derivation of O in terms of time. It is obvious

that the population difference is constant in time, while the coherence terms

Px(t) and Py(t) depend on each other, which means that they oscillate with

the frequency ϵ if there is any initial coherence in the system.

We now generalize the model by adding a tunneling term ∆ which would

allow one to couple the two states of the system and its Hamiltonian is given

by:

H =
ℏ ϵ
2
σz +

ℏ∆
2
σx, (2.5)

where ϵ is the energy difference between two levels, while ∆ is the tunneling

matrix element of the system. It is straightforward to obtain the solution by
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using the Liouville-von Neumann equation in equation (2.2):

dρ

dt
= − i

ℏ


 ℏ ϵ/2 ℏ∆/2

ℏ∆/2 −ℏ ϵ/2

 ,

 ρ11 ρ12

ρ21 ρ22




=

 i∆(ρ21 − ρ12)/2 −i ϵ ρ12 + i∆(ρ11 − ρ22)/2

i ϵ ρ21 − i∆(ρ11 − ρ22)/2 −i∆(ρ12 − ρ21)/2

 (2.6)

Based on the equation (2.6), one can obtain the set of equation family:

Ṗz(t) = ∆Py(t),

Ṗx(t) = −ϵ Py(t), (2.7)

Ṗy(t) = ϵ Px(t)−∆Pz(t).

As can be seen from the set of equation (2.6), population difference and coher-

ence along x-direction depends on coherence along-y direction with the rate

of ∆ and ϵ, respectively. However, coherence along-y direction changes with

Px(t) and Pz(t).

2.2 Noise

In this section, we introduce the noises affecting TLS dynamics as well as

their correlation functions. We first start with the Gaussian noise–a random

signal–whose probability density function obeys the Gaussian distribution. In

the thesis, however, we use a special case of Gaussian noise –Gaussian white

noise with zero means–in which its amplitude values at any two points in

time are uniformly distributed and statistically independent i.e., it has un-

correlated characteristics. We display an example of a Gaussian white noise

signal with zero mean-µ = 0-and standard deviation (σ) is equal to 4–σ = 4–in

figure (2.1-a) and its probability density function figure (2.1-b). The yellow

histogram depicts the empirical probability density for a sample size of 1000,

while the blue line shows the theoretical correspondence. White noise is named

6



after white light, which has a flat power spectrum, which refers to the Fourier

transform of the auto-correlation function of the noise, at all frequencies. So,

the noise we plot in the figure (2.1-a) whose the auto-correlation function is the

delta-correlated function as can be seen from figure (2.2-a). The power spec-

trum of a signal is how much strength of the signal is at the given frequency.

Its spectrum of Gaussian white noise–S(ω)–is plotted in figure (2.2-b). It is

found that as expected S(ω) is constant at all ω’s.

(a) (b)

Figure 2.1: Gaussian white noise signal with zero mean-µ = 0-and standard
deviation–σ = 4–(a) and its probability density function P (x) (b)

(a) (b)

Figure 2.2: Correlation function C(t− t′) of Gaussian white noise as function
of time difference t− t′ (a) and its power spectrum S(ω) (b).

Another noise used in the thesis is random telegraph noise, which is con-

sidered a non-equilibrium one. In contrast to equilibrium noise, a harmonic

thermal bath (Gaussian noise) has been used to describe more natural envi-

ronments in many studies and in different aspects. For instance, RTN-like

disturbances in photosynthetic complexes, such as side-chain rotation and the

7



conformational motion of the protein scaffold [69] for the different protein mo-

tions, Ref. [72] for the noisy character of those motions and Ref. [73] for the

possibility of modeling those noises as RTN.

Such noise is a dichotomic process that flips between two possible values

+1 and −1 with a frequency ν and is characterized by the following funda-

mental properties: zero mean–⟨η(t)⟩ = 0–and the exponential auto-correlation

function–C(t − t′) = ⟨η(t)η(t′)⟩ = e−2 ν|t−t′|–where the inverse of ν relates to

the correlation time of the noise. Figure (2.3-a) displays an RTN signal with

the switching frequency ν = 1 in the time t ∈ [0, 10] and the auto-correlation

function of such a noise as expected shows the exponential function in the

absolute time difference |t− t′| as can be seen from the figure (2.3-b).

(a) (b)

Figure 2.3: Random telegraph noise with the flipping frequency ν = 1 in the
time interval t ∈ [0, 10] (a) and its auto-correlation function C(t− t′).

2.3 Quantum Measures

2.3.1 Measure of Quantum Coherence and Quantum Relative En-

tropy

A complete theory for the quantification of quantum coherence has been

given very recently based on the conditions in analogy to the entanglement

theory [28, 29, 30]. The fundamental goal of such an endeavor is to lever-

age quantum coherence as a beneficial resource in quantum information and

computing protocols. The distance between two quantum states, ρ and σ is

8



quantified using a valid metric, ∆(ρ||σ). It is possible to write it as [28]:

C∆(ρ) = min
σ∈ I

∆(ρ||σ). (2.8)

Here σ =
∑d

i=1 σii|i⟩⟨i| is the density operator in the space I representing

the incoherent quantum states defined in terms of a particular fixed basis

|i⟩–in our case, the eigenstates of σz are chosen as the fixed basis. For a

given metric ∆(ρ||σ), C∆(ρ) determines the minimal distance between the co-

herent state ρ and the set of all incoherent quantum states defined in the

subspace I. Refs. [28, 29, 30] set the necessary conditions to qualify C∆(ρ)

as a coherence monotone. It has been demonstrated that not all metrics be-

come a proper coherence measure [28, 29, 30, 64, 65]. On the other hand,

l1-matrix norm ∆l1(ρ||σ) = ||ρ− σ||l1 = Σij|ρij − σij| and the relative entropy

∆rel.ent(ρ||σ) = Tr(ρ log2 ρ − ρ log2 σ) have been shown to satisfy all the re-

quirements for qualifying C∆(ρ) as a coherence measure. Furthermore, the

minimum in equation (2.8) for both metrics can be obtained for the diagonal

density operator σ ≡ ρdiag =
∑

i ρii|i⟩⟨i|, where ρii = ⟨i|ρ|i⟩. Therefore, the

quantifiers which are called the l1-norm of coherence–Cl1(ρ)– and the relative

entropy of coherence–Crel.ent(ρ)– have the explicit forms [28]:

Cl1(ρ) =
∑
i ̸=j

|ρij|, (2.9)

Crel.ent(ρ) = S(ρdiag)− S(ρ), (2.10)

where S(ρ) = −Tr(ρ log2 ρ) is the Liouville-von Neumann entropy. It is worth

noting that in our calculations we have observed that Cl1(ρ) and Crel.ent.(ρ)

give qualitatively the same predictions. Therefore, we will restrict our at-

tention to only Cl1(ρ). Furthermore, the l1 norm of coherence serves as a

very intuitive quantification of coherence, since it is directly connected to the

off-diagonal elements of ρ in a fixed basis |i⟩. Recently, some established coher-

ence monotones based on different metrics, such as the (modified) trace norm

9



and fidelity, have been found to be increasing functions of Cl1(ρ) [65, 66, 67].

Non-zero Cl1(ρ) is an indication of quantum interference phenomena between

two localized potential wells which are represented by the eigenstates of σz.

The role of the barrier and its fluctuations in this phenomenon will be investi-

gated for two initial states; one of them is the incoherent state ρ1(0) = |1⟩⟨1|

where the particle is localized in one of the wells and the other is the maximal

coherent one ρ2(0) = |ψ(0)⟩⟨ψ(0)| where |ψ(0)⟩ = (|1⟩+ i |0⟩) /
√
2.

2.3.2 Non-Markovianity Measure

The quantification of the degree of non-Markovianity is also based on a

metric that requires contraction under all completely positive trace-preserving

maps. The trace distance might serve this purpose, which is given as [24]:

∆tr(ρ1||ρ2) =
1

2
Tr |ρ1 − ρ2| , (2.11)

where |A| =
√
A†A. Based on the trace distance, the measure of non-Markovianity

is defined as [45, 46]:

N = maxρ1,ρ2

∫
σ>0

σ(t) dt, (2.12)

where σ(t) = d
dt
∆tr(ρ1||ρ2). Such quantification is based on the distinguisha-

bility of quantum states. Markovian dynamics can always be represented by a

dynamical semigroup which is completely positive and trace-preserving. Un-

der Markovian dynamics, the trace distance always contracts, demonstrating

the reduction of distinguishability between two arbitrary quantum states. The

flow of information is then considered outside the system of interest. The

rate of change of σ(t) is negative, with the result that N in equation (2.12) is

zero. On the other hand, non-Markovian dynamics can not be described by

any completely positive and trace-preserving map. In a map of this kind, the

distinguishability of two arbitrary states may increase for some time interval,

indicating the flow of information back to the system. In this time domain,

10



σ(t) > 0. Please note that the non-Markovianity measure in equation (2.12)

accounts for the whole regions where σ(t) > 0. Therefore, if N > 0, then

the dynamics is always non-Markovian. In general, a numerical discretization

method is employed over the overall pair of initial states to determine non-

Markovianity. Instead, in our calculations, choosing the orthogonal pair ρ1(0)

and ρ3(0) = |0⟩⟨0| would be sufficient to show the non-Markovian character

that arises in our framework [45, 46].
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AVERAGING OVER NOISE OF DRIVEN

TWO-LEVEL SYSTEM

We here report the results of the averaged time evolution equation of a

driven two-level system carried out over the Gaussian noise and RTN signal by

using the Liouville-von Neumann equation. For the model modulated by Gaus-

sian noise, we take the partial trace over the noise of the von-Neumann equa-

tion, while we use the Bourret-Frisch [63] and Loginov-Shapiro theorem [62] to

allow us to obtain a factorization for the correlation function of the dichoto-

mous process and to take the average of the time evolution operator of the

random telegraph noise, respectively.

3.1 Driven Two-Level System: Gaussian Noise

We consider a system whose energy levels are modulated by time-dependent

Gaussian noise ξ(t) and the system Hamiltonian contains constant and time-

dependent terms:

H = H0 +HI(t)

=
ℏ ϵ
2
σz +

ℏ ξ(t)
2

σz, (3.1)

whereH0 =
ℏ
2
ϵσz is the bare system Hamiltonian andHI(t) =

ℏ
2
ξ(t)σz indicates

time-dependent Hamiltonian of the two-level system. Here ξ(t) is the Gaussian

white noise process and which can be characterized by zero averaging ⟨ϵ(t)⟩ = 0

and delta-auto correlation function ⟨ξ(t)ξ(t′)⟩ = 4κδ(t − t
′
) in which κ is the

indication of the interaction of the system to the environment. Since the

Hamiltonian in equation (3.1) consists of a stochastic fluctuation term, we

transform H into the interaction picture so that one can isolate the effect of

the Gaussian noise ξ(t) term. In the interaction picture, system quantities can

12



be given as:

HI(t) = U †(t)H(t)U(t), (3.2)

ρI(t) = U †(t) ρ(t)U(t), (3.3)

where U(t) = T e− i
ℏ
∫ t
0 dτ H0(τ) is the unitary transformation operator with the

time ordering term T . The dynamics of the density matrix ρI(t) in the inter-

action picture is governed by

d

dt
ρI(t) = − i

ℏ
[HI(t), ρI(t)] . (3.4)

In order to solve such a system one can take a formal integral an both sides of

equation (3.4)

∫ t

0

d ρI(t) = − i

ℏ

∫ t

0

dt1 [HI(t1), ρI(t1)] , (3.5)

After taking the integral, the solution of ρI(t) is easily found as follows:

ρI(t) = ρI(0)−
i

ℏ

∫ t

0

dt1 [HI(t1), ρI(t1)] . (3.6)

Plugging equation (3.6) into equation (3.4) one can read:

d ρI(t)

dt
= − i

ℏ
[HI(t), ρ(0)]−

1

ℏ2

∫ t

0

dt1[HI(t), [HI(t1), ρI(t1)]], (3.7)

where since HI(t) = ℏξ(t)σz/2 includes Gaussian noise term, one should take

an average over the noise. It is given by

⟨d ρI(t)
dt

⟩ = − i

ℏ
⟨[HI(t), ρI(0)]⟩ −

1

ℏ2
⟨
∫ t

0

dt1[HI(t), [HI(t1), ρI(t1)]]⟩. (3.8)

Here ⟨. . . ⟩ represents the averaging over the noise realization. We will present

and compute each term in equation (3.8) below. One can easily show that

13



the average of the unitary term over the degree of freedom of environment is

zero–see the first term of equation (3.8)–, which is given by

− i

ℏ
⟨[HI(t), ρI(0)]⟩ = − i

ℏ
⟨[ℏ
2
ξ(t)σzρI(t)− ρI(t)

ℏ
2
ξ(t)σz]⟩

= − i

2
σzρI(t)⟨ξ(t)⟩+

i

2
ρI(t)σz⟨ξ(t)⟩

= 0 (3.9)

It is obvious to show that equation (3.9) is zero because of zero averaging

Gaussian noise i.e.,⟨ξ(t)⟩ = 0. Here if one can consider the time-convolution-

less (non-local) master equation for the simplicity [57], which means ρI(t1) →

ρI(t), then the second term of equation (3.8) can be averaged as follows:

− 1

ℏ2
⟨
∫ t

0

dt1[HI(t), [HI(t1), ρI(t1)]]⟩ = − 1

ℏ2
⟨
∫ t

0

dt1[HI(t), [HI(t1), ρI(t)]]⟩

= − 1

ℏ2

∫ t

0

dt1⟨HI(t)HI(t1)ρI(t)⟩

+
1

ℏ2

∫ t

0

dt1⟨HI(t)ρI(t)HI(t1)⟩

+
1

ℏ2

∫ t

0

dt1⟨HI(t1)ρI(t)HI(t)⟩

− 1

ℏ2

∫ t

0

dt1⟨ρI(t)HI(t1)HI(t)]⟩(3.10)

It is important to note that the above equation (3.10) has four terms that

we carry out separately and then substitute the Hamiltonian value into the
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interaction picture in each part in the following way:

− 1

ℏ2

∫ t

0

dt1⟨HI(t)HI(t1)ρI(t)⟩ = − 1

ℏ2

∫ t

0

dt1⟨U †(t)
ℏ
2
ξ(t)σz U(t)U

†(t1)
ℏ
2
ξ(t1)σz U(t1)ρI(t)⟩

= −1

4

∫ t

0

dt1 U
†(t)σz U(t)U

†(t1)σz U(t1)ρI(t) ⟨ξ(t)ξ(t1)⟩︸ ︷︷ ︸
↓

= −1

4

∫ t

0

dt1 U
†(t)σz U(t)U

†(t1)σz U(t1)ρI(t)
︷ ︸︸ ︷
4κ δ(t− t1)

= −κ U †(t)

1︷ ︸︸ ︷
σz U(t)U

†(t)︸ ︷︷ ︸
I

σz U(t)︸ ︷︷ ︸
I

ρI(t)

= −κ ρI(t) (3.11)

1

ℏ2

∫ t

0

dt1⟨HI(t)ρ(t)HI(t1)⟩ =
1

ℏ2

∫ t

0

dt1⟨U †(t)
ℏ
2
ξ(t)σz U(t) ρI(t)U

†(t1)
ℏ
2
ξ(t1)σz U(t1)⟩

=
1

4

∫ t

0

dt1 U
†(t)σz U(t) ρI(t)U

†(t1)σz U(t1)⟨ξ(t) ξ(t1)⟩

=
1

4

∫ t

0

dt1 U
†(t)σz U(t) ρI(t)U

†(t1)σz U(t1) 4κ δ(t− t1)

= κU †(t)σz U(t) ρI(t)U
†(t)σz U(t) (3.12)

1

ℏ2

∫ t

0

dt1⟨HI(t1) ρ(t)HI(t)⟩ =
1

ℏ2

∫ t

0

dt1⟨U †(t1)
ℏ
2
ξ(t1)σz U(t1) ρI(t)U

†(t)
ℏ
2
ξ(t)σz U(t)⟩

=
1

4

∫ t

0

dt1U
†(t1)σz U(t1) ρI(t)U

†(t)σz U(t)⟨ξ(t1) ξ(t)⟩

=
1

4

∫ t

0

dt1U
†(t1)σz U(t1) ρI(t)U

†(t)σz U(t) 4κ δ(t− t1)

= κU †(t)σz U(t) ρI(t)U
†(t)σz U(t) (3.13)

− 1

ℏ2

∫ t

0

dt1⟨ρI(t)HI(t1)HI(t)]⟩ = − 1

ℏ2

∫ t

0

dt1⟨ρI(t)U †(t1)
ℏ
2
ξ(t1)σz U(t1)U

†(t)
ℏ
2
ξ(t)σz U(t)⟩

= −1

4

∫ t

0

dt1ρI(t)U
†(t1)σz U(t1)U

†(t)σz U(t)⟨ξ(t1)ξ(t)⟩

= −κ ρI(t) (3.14)

The obtained results from equations (3.11)-(3.14) and equation (3.8) allow us

to obtain the master equation equation (3.10) in the interaction picture as
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follows:

⟨d ρI(t)
dt

⟩ = −2κ ρI(t) + 2κU †(t)σz U(t) ρI(t)U
†(t)σz U(t)

= 2κU †(t)(σzρ(t)σz − ρ(t))U(t). (3.15)

Since the master equation in equation (3.15) is in the interaction picture, we

need to transfer it to its original frame–Shrödinger picture–by utilizing the

relation ρI(t) = U †(t) ρ(t)U(t) in equation (3.3) and taking the derivative of

ρI(t) in terms of t i.e.,

d

dt
ρI(t) =

dU †(t)

dt
ρ(t)U(t) + U †(t)

dρ(t)

dt
U(t) + U †ρ(t)

dU(t)

dt
, (3.16)

where the derivative of U †(t) and U(t) in terms of t can be computed readily

based on the definition of the unitary operator:

U(t) = T e−
i
ℏ
∫ t
0 dτ H(τ) → dU(t)

dt
= − i

ℏ
H(t)U(t), (3.17)

U †(t) = T e
i
ℏ
∫ t
0 dτ H(τ) → dU †(t)

dt
=
i

ℏ
H(t)U(t). (3.18)

Plugging equation (3.17)-(3.18) into equation (3.16) gives:

dρI(t)

dt
=

i

ℏ
U †(t)H0(t)ρ(t)U(t)−

i

ℏ
U †(t)ρ(t)H0(t)U(t)

+ U †(t)
dρ(t)

dt
U(t)

=
i

ℏ
U †(t)[H0(t), ρ(t)]U(t) + U †dρ(t)

dt
U(t). (3.19)

We now equalize equation (3.15) with equation (3.19) and use equation (3.3),

one can obtain as follows:

i

ℏ
U †(t)[H0(t), ρ(t)]U(t) + U †dρ(t)

dt
U(t) = 2κU †(t)(σzρ(t)σz − ρ(t))U(t)

i

ℏ�
��U †(t)[H0(t), ρ(t)]���U(t) +�

��U †(t)
dρ(t)

dt ���U(t) = 2κ���U †(t)(σzρ(t)σz − ρ(t))���U(t)
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After deleting U †(t) and U(t) on both side of the above equation and leaving

dρ(t)
dt

alone the left-hand side of the equation, one can obtain the following

equation in the Shrödinger frame:

dρ(t)

dt
= − i

ℏ
[H0(t), ρ(t)] + 2κ(σzρ(t)σz − ρ(t)). (3.20)

Hence equation (3.20) shows the master equation averaged over Gaussian noise,

in which the first term is the unitary dynamics, while the second one refers

to the dissipation terms which is responsible for losing the energy out of the

system.

3.2 Driven Two-Level System: Telegraph Noise

We study here the effect of random telegraph noise only on the two-level

system whose Hamiltonian is given by

H =
ℏ ϵ
2
σz +

ℏ∆(t)

2
σx, (3.21)

where ∆(t) is the fluctuating tunneling term of TLS, and has a form: ∆0 +

∆1η(t). Here ∆0 is the static tunneling rate, while the ∆1 is the amplitude of

the noise that affects the tunneling rate. η(t) is the random telegraph noise

which is discussed in a detailed in section (2.2).

In order to solve dynamics of such a system, it is customary to use von-

Neumann equation (2.2). Here it would be convenient to write the evolution

density matrix in the Bloch vector (see the section (2.1)). It is worth noting

that we can either use an ensemble averaging approach to achieve the noise

averaged equations by solving equations (3.22-3.24) for a convenient number

of different realizations of RTN noise and averaging solutions, or use the prob-

ability density of the RTN signal to average the coupled differential equations

and solve those averaged equations. However, since the system contains a di-

chotomous process, one can utilize two theorems to solve analytically such a
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model. These are Bourret-Frisch [63] and Loginov-Shapiro [62] theorems. The

former theorem allows us to factorize the multi-time correlation functions of

the dichotomous signal, while second provides the average of the time-evolution

operators of the noise with that of the system operators. Based on the above

procedure, one can obtain the master equation and its Bloch vector expressions

in the following way:

dρ

dt
= − i

ℏ


 ℏ ϵ/2 ℏ∆(t)/2

ℏ∆(t)/2 −ℏ ϵ/2

 ,

 ρ11 ρ12

ρ21 ρ22




=

 i∆(t)(ρ21 − ρ12)/2 i∆(t)(ρ11 − ρ22)/2− i ϵ ρ12/2

−i∆(t)(ρ11 − ρ22)/2 + i ϵ ρ21/2 −i∆(t)(ρ12 − ρ21)/2

 .

Above equation can be written in the Bloch vector form (see the section (2.1)):

Ṗx(t) = −ϵ Py(t), (3.22)

Ṗy(t) = ϵ Px(t)−∆(t)Pz(t), (3.23)

Ṗz(t) = ∆(t)Py(t). (3.24)

Equations (3.22)-(3.24) indicate the set of first order coupled differential equa-

tions that include the time dependent noisy term ∆(t). Let us first state the

description of the Loginov-Shapiro theorem [62]:

d

dt
⟨η(t)Pi(t)⟩ = −2 ν⟨η(t)Pi(t)⟩+ ⟨η(t) d

dt
Pi(t)⟩ (3.25)

where ⟨. . . ⟩ refers the averaged over RTN signal. Pi(t) are the system opera-

tors: Px,y,z(t) and the terms ⟨η(t)Pi(t)⟩ are the noise correlator operator which

might illustrate how much correlated the noise and the system operators are.

We should note that the average of the above equation family can be obtained

analytically by using two theorem we present above. By using the theorem, av-

eraging over the noise ∆(t) in equations (3.22)-(3.24) would make the coupled

18



differential equations doubled and as follows:

d

dt
⟨Px(t)⟩ = −ϵ ⟨Py(t)⟩, (3.26)

d

dt
⟨Py(t)⟩ = ⟨ϵ Px(t)− (∆0 +∆1η(t)Pz(t)⟩

= ϵ⟨Px(t)⟩ −∆0⟨Pz(t)⟩ −∆1⟨η(t)Pz(t)⟩, (3.27)

d

dt
⟨Pz(t)⟩ = ⟨∆0 +∆1η(t)Py(t)⟩

= ∆0⟨Py(t)⟩+∆1⟨η(t)Py(t)⟩, (3.28)

d

dt
⟨ η(t)Px(t)⟩ = −2ν⟨η(t)Px(t)⟩+ ⟨η(t) d

dt
Px(t)︸ ︷︷ ︸
↓

⟩

= −2ν⟨η(t)Px(t)⟩+ ⟨η(t)
︷ ︸︸ ︷
(−ϵPy(t))⟩

= −2ν⟨η(t)Px(t)⟩ − ϵ⟨η(t)Py(t)⟩, (3.29)

d

dt
⟨η(t)Py(t)⟩ = −2ν⟨η(t)Py(t)⟩+ ⟨η(t) d

dt
Py(t)︸ ︷︷ ︸
↓

⟩

= −2ν⟨η(t)Py(t)⟩+ ⟨η(t)
︷ ︸︸ ︷
(ϵ Px(t)−∆(t)Pz(t))⟩

= −2ν⟨η(t)Py(t)⟩+ ⟨η(t)(ϵPx(t)− (∆0 +∆1η(t))Pz(t)⟩

= −2ν⟨η(t)Py(t)⟩+ ϵ⟨η(t)Px(t)⟩ −∆0⟨ηPz(t)⟩ −∆1⟨η(t)η(t)Pz(t)⟩

= −2ν⟨η(t)Py(t)⟩+ ϵ⟨η(t)Px(t)⟩ −∆0⟨ηPz(t)⟩ −∆1⟨Pz(t)⟩, (3.30)
d

dt
⟨η(t)Pz(t)⟩ = −2ν⟨η(t)Pz(t)⟩+ ⟨η(t) d

dt
Pz(t)︸ ︷︷ ︸
↓

⟩

= −2ν⟨η(t)Pz(t)⟩+ ⟨η(t)
︷ ︸︸ ︷
(∆(t)Py(t))⟩

= −2ν⟨η(t)Pz(t)⟩+ ⟨η(t)(∆0 +∆1η(t))Py(t)⟩

= −2ν⟨η(t)Pz(t)⟩+∆0⟨ηPy(t)⟩+∆1⟨η(t)η(t)Py(t)⟩

= −2ν⟨η(t)Pz(t)⟩+∆0⟨ηPy(t)⟩+∆1⟨Py(t)⟩. (3.31)

Here, we obtain a set of six coupled differential equations for the popula-

tion difference and the coherence of the TLS averaged over the RTN noise

and the product of these quantities and the noise, again averaged over the

same noise, namely ⟨η(t)Px,y,z(t)⟩. Note that this doubling of the number of
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differential equations is one of the distinguishing properties of the Bourret-

Frisch and Loginov-Shapiro theorems applied to system of differential equa-

tions that contain random telegraph noise terms. The existence of terms of

the form ⟨η(t)Px,y,z(t)⟩ is due to the fact that RTN is not Gaussian. From

equations (3.26)-(3.28), one can see that Py(t) coherence connects the popula-

tion difference Pz(t) and coherence Px(t) in the absence of external noise which

means that the systems exhibits non-zero Px(t) and Py(t) whenever the initial

population difference is nonzero and/or y coherence is initially nonzero. The

effect of noise is to enhance the connection between the population difference

and y coherence through the terms ⟨η(t)Py,z(t)⟩.

3.3 Driven Two-Level System: Gaussian and Telegraph Noise

In this section, we consider the combined effect of two external noises on

the dynamics of the TLS. The Hamiltonian of the system with Gaussian noise

disturbing energy levels and transition rate fluctuations as random telegraph

noise is given by

H =
ℏϵ
2
σz −

ℏ∆(t)

2
σx +

ℏϵ(t)
2

σz. (3.32)

Here we use two different independent noises that influence the static parame-

ters, namely the transition energy and the coupling constants, of the tunneling

model. We have presented a review of the noises–ϵ(t) and ∆(t)–in section (3.1)

for Gaussian and section (3.2) for telegraph noise, respectively. In order to

solve such a system one attempt is to first isolate the effect of the Gaussian

noise ϵ(t), and to transform H in equation (3.32) into the interaction picture

by utilizing the unitary evolution operator U(t) in equation (3.2), which re-

sults in employing the average over the ϵ term and obtaining the Liouville-von
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Neumann equation we already obtained in section (3.1):

d⟨ρ⟩
dt

= − i

ℏ
[H0(t), ⟨ρ⟩] + 2κ(σz⟨ρ⟩σz − ⟨ρ⟩), (3.33)

Where ⟨. . . ⟩ represents the averaging process over the ϵ(t) term. Here, the

Hamiltonian consists of static and time-dependent RTN noise terms: H0(t) =

ℏ ϵσz/2− ℏ∆(t)σx/2.

Since the master equation in equation (3.33) includes another external

noise, i.e., RTN signal, we use the Loginov-Shapiro theorem [62] in the Bloch

vector representation of the density matrix. One can obtain the first-order

coupled differential equation:

d

dt
⟨Px(t)⟩ = −4κ⟨Px(t)⟩ − ϵ⟨Py(t)⟩, (3.34)

d

dt
⟨Py(t)⟩ = ϵ⟨Px(t)⟩ − 4κ⟨Py(t)⟩+ (∆0 +∆1η(t))⟨Pz(t)⟩, (3.35)

d

dt
⟨Pz(t)⟩ = −(∆0 +∆1η(t))⟨Py(t)⟩. (3.36)

According to Loginov-Shapiro theorem [62] (see equation (3.25)) one can find

the set of six first-order coupled differential equations by using the findings of

equations (3.34)-(3.36) as follows:

d

dt
⟨⟨Px(t)⟩⟩ = −4κ⟨⟨Px(t)⟩⟩ − ϵ⟨⟨Py(t)⟩⟩, (3.37)

d

dt
⟨⟨Py(t)⟩⟩ = ϵ⟨⟨Px(t)⟩⟩ − 4κ⟨⟨Py(t)⟩⟩+∆0⟨⟨Pz(t)⟩⟩

+ ∆1⟨⟨η(t)Pz(t)⟩⟩, (3.38)

d

dt
⟨⟨Pz(t)⟩⟩ = −∆0⟨⟨Py(t)⟩⟩ −∆1⟨⟨η(t)Py(t)⟩⟩. (3.39)

Note that ⟨⟨. . . ⟩⟩ stands for the average equations over both noises. Since

above equations (3.38)-(3.39) contain noise correlator terms–⟨⟨η(t)Py,z(t)⟩⟩–

one should compute the average of correlators ⟨η(t)Pi(t)⟩ with i = x, y, z by
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using the relation in equation (3.25):

d

dt
⟨⟨η(t)Px(t)⟩⟩ = −2ν⟨⟨η(t)Px(t)⟩⟩+ ⟨⟨η(t) d

dt
Px(t)︸ ︷︷ ︸
↓

⟩⟩,

= −2ν⟨⟨η(t)Px(t)⟩⟩+ ⟨⟨η(t)
︷ ︸︸ ︷
(−4κPx(t)− ϵPy(t))⟩⟩,

= −2ν⟨⟨η(t)Px(t)⟩⟩ − 4κ⟨⟨η(t)Px(t)⟩⟩

−ϵ⟨⟨η(t)Py(t)⟩⟩, (3.40)

d

dt
⟨⟨η(t)Py(t)⟩⟩ = −2ν⟨⟨η(t)Py(t)⟩⟩+ ⟨⟨η(t) d

dt
Py(t)︸ ︷︷ ︸
↓

⟩⟩,

= ⟨⟨η(t)
︷ ︸︸ ︷
(ϵPx(t)− 4κPy(t) + (∆0 +∆1η(t))Pz(t))⟩⟩

−2ν⟨⟨η(t)Py(t)⟩⟩,

= −2ν⟨⟨η(t)Px(t)⟩⟩ − (2ν + 4κ)⟨⟨η(t)Py(t)⟩⟩

+∆0⟨⟨η(t)Pz(t)⟩⟩+∆1 ⟨⟨η(t)η(t)Pz(t)⟩⟩︸ ︷︷ ︸
⟨⟨Pz(t)⟩⟩

, (3.41)

where the last term of equation (3.41) would be ∆1⟨⟨Pz(t)⟩⟩ due to the re-

markable property of the dichotomous Markov process i.e., η(t)2 = 1 [61]. The

rest of the equations can be obtained by using the above procedure:

d

dt
⟨⟨η(t)Pz(t)⟩⟩ = −2ν⟨⟨η(t)Pz(t)⟩⟩+ ⟨⟨η(t) d

dt
Pz(t)︸ ︷︷ ︸
↓

⟩⟩,

= −2ν⟨⟨η(t)Pz(t)⟩⟩ − ⟨⟨η(t)
︷ ︸︸ ︷
(∆0 +∆1η(t))Py(t))⟩⟩,

= −2ν⟨⟨η(t)Pz(t)⟩⟩ −∆0⟨⟨η(t)Py(t)⟩⟩

−∆1⟨⟨Py(t)⟩⟩. (3.42)

One can write the set of equations (3.37)-(3.42) in the column vector form as

functions of the averaged system parameters ⟨⟨Pi(t)⟩⟩ and the noise correlators

⟨⟨η(t)Pi(t)⟩⟩:
d
−→
Y

dt
=M

−→
Y . (3.43)
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Here

−→
Y =



⟨⟨Px(t)⟩⟩

⟨⟨Py(t)⟩⟩

⟨⟨Pz(t)⟩⟩

⟨⟨η(t)Px(t)⟩⟩

⟨⟨η(t)Py(t)⟩⟩

⟨⟨η(t)Pz(t)⟩⟩


andM =



−4κ −ϵ 0 0 0 0

ϵ −4κ ∆0 0 0 ∆1

0 −∆0 0 0 −∆1 0

0 0 0 −2ν − 4κ −ϵ 0

0 0 ∆1 ϵ −2ν − 4κ ∆0

0 −∆1 0 0 −∆0 −2ν


It is important to note that the solution in equation (3.43) is exact and com-

pletely describes the dynamics of the system.

(a) ϵ = 0 (b) ϵ = 2

Figure 3.1: The dynamics of the population at four different κ values which are
0.01, 0.1, 1.0 and 100 (a) ϵ = 0 (b) ϵ = 2 with the other parameters: ∆0 = 1,
∆1 = 0 and ν = 0.

We will present and discuss the solutions to equation (3.43) for a number

of representative parameters set below. First, we start with a system that

has only Gaussian noise and present the population–P (t) = (1+ ⟨⟨Pz(t)⟩⟩)/2–

dynamics for four distinct values of the noise strength κ for the biased and

biased cases. The expectation is that as κ is increased, the population will

approach the stationary value of 1/2 faster. Figure 3.1(a) indicates that the

expectation is satisfied until a specific value of κ (=1 in the graph), but further

increase in κ causes the system to transition to a different dynamical regime

which is an exponential decay with much smaller decay constant. A further

increase in κ might even cancel the whole tunneling dynamics. Figure 3.1(b)
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shows that biased and unbiased dynamics are qualitatively similar except that

P (t) at the lowest κ display damped oscillatory dynamics centered around not

1/2 but a decreasing value.

(a)ϵ = 0 (b) ϵ = 2

Figure 3.2: Same as figure 3.1 except the noise amplitude ∆1 = 0.1.

Figure 3.2(a)-(b) displays the population dynamics of the system driven

by both noises ϵ(t) and ∆(t) for unbiased and biased, respectively. Noise

frequency is in the limit case ν = 0, which causes the superposition of the two

solutions with two static tunneling matrix terms ∆± = ∆0±∆1. Figure 3.2(a)

with unbiased case illustrates that the dynamics of P (t) has a richer behavior

than the finding of figure 3.1, which is called a beating phenomenon [5]. For

the biased case, one can observe the same phenomenon in a much smaller

decay constant. At the low value of κ (= 0.01), such a tendency is prominent

irrespective of the value of ϵ in figure 3.2(a)-(b), while further increasing κ

dominates the oscillations, which results in observing exponentially decaying.

(a)ϵ = 0 (b)ϵ = 2

Figure 3.3: Same as the figure 3.2 except the noise amplitude ∆1 = 0.95.

We also plot the graph of the dynamics P (t) at high noise amplitude ∆ =
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0.95 in figure 3.3 compared to that of figure 3.2. The most important finding

is that when ∆1 ≈ ∆0, which means ∆− is much different than ∆+, it is

found to be more like a localization phenomenon in a potential double well,

namely the system tends to stay one of the wells having only fast oscillations

in it (see figure 3.3(a)). For the biased case (ϵ ̸= 0) one can observe that

P (t ≈ ∞) > 1/2.
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RESULT AND DISCUSSIONS

In this chapter, we present and discuss the main findings of the thesis on

the effect of two different noises on three quantum measures: namely, quantum

coherence, relative entropy, and non-Markovianity measures. These results are

presented in two sections: static and fluctuating barriers (see Ref.[70]).

Since we analyze the tunneling problem, there should always be a constant

tunneling rate between two wells, that is, ∆0 = 1. The remaining parameters

are free to choose which are scaled with respect to ∆0 and presented in dimen-

sionless units (ℏ = kB = 1). In the following, we will investigate the barrier

and its random disturbance on the coherence dynamics and non-Markovianity

for the unbiased (ϵ = 0) and biased (ϵ = 2.0) cases. Since we neglect any quan-

tum features of the environment leading to stochastic energy bias, we consider

that it always exists but plays a secondary role, so we fixed κ = 0.1 in our

calculations.

4.1 Static Barrier

In the first analyzed case, we assume that the barrier is static (that is,

∆1 = 0). The dynamic equations presented in equation (3.43) can be solved

analytically. For the unbiased case (ϵ = 0) and the initial states considered

ρ1(0) and ρ2(0), the l1 norm of coherence takes simple forms.

Cl1(ρ1(0)) =

∣∣∣∣e−κ t sin (Ω t)

Ω

∣∣∣∣ ,
Cl1(ρ2(0)) =

∣∣∣∣e−κ t∆0

Ω
cos (tΩ + θ)

∣∣∣∣ , (4.1)

Where Ω =
√

∆2
0 − κ2 and θ = arctan (κ/Ω). It is obvious from equation (4.1)

that l1 norm of coherence exhibits damped oscillations. However, for the bi-

ased case, the analytical equations are too long and uninspiring. Therefore, in
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figure 4.1, we plot the dynamics of coherence for the biased and unbiased cases

and the initial states ρ1(0) (figure 4.1(a)) and ρ2(0) (figure 4.1(b)). To eluci-

date the influence of the barrier on coherence dynamics, we first consider the

case where there is no barrier (that is, ∆0 = 0). In this scenario, there is only

bias and its damping induced by its coupling to the high-temperature thermal

environment. Therefore, Cl1(ρ) simply decays exponentially in time for the

initial coherent state ρ2(0), while it always stays zero for the initial incoherent

one ρ1(0) (see also equation (4.1)). Introducing a barrier, on the other hand,

substantially changes the coherence dynamics. As shown in figure 4.1(a), co-

herence is induced in the initial incoherent state ρ1(0). For both initial states,

Cl1(ρ) shows damp oscillatory behavior. The damping is raised by its coupling

to the thermal environment where the parameter κ just controls how fast the

coherence decays. In figure 4.1, unbiased (ϵ = 0) and biased (ϵ = 2) cases are

also presented. It is clear from the figure that ϵ decreases the amplitude of

oscillations. Note that, non-zero bias makes tunneling more difficult, since it

introduces a gap between two localized potential wells [5]. On the other hand,

as shown by the comparison of figure 4.1(a) with figure 4.1(b), the coherence

dynamics exhibit adverse behavior for the two initial states. Even though the

induced coherence (figure 4.1(a)) is more robust to dissipation for the biased

case (green dashed line) compared to the unbiased one (red solid line), the

behavior is reversed for the initial coherent state (figure 4.1(b)).

We should emphasis that for the static barrier case, the Gaussian noise

ϵ(t) modeled as the delta correlated function acts only as the source of the

environment. Such noise can mimic the interaction of a system with quantum

oscillators of a reservoir in the high temperature limit [59]. Under the approx-

imation, the environment would be classical, and there would be no back-flow

of information from the environment to the system. After a straightforward

calculation, the non-Markovianity measure in equation (2.12) for the initially

orthogonal pair states ρ1(0) and ρ3(0) is found to be exactly zero. The re-
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(a) Initial state: ρ1(0) (b) Initial state: ρ2(0)

Figure 4.1: l1 norm of coherence Cl1(ρ) is plotted as a function of time t for
the static barrier case (∆1 = 0) and the parameters ∆0 = 1, κ = 0.1, ϵ = 0
(red, solid line) and ϵ = 2.0 (green, dashed line). (a) is plotted for the initially
non-coherent state ρ1(0), while (b) is for the initially coherent one ρ2(0).

sult can also be interpreted from the master equation (3.33) which is obtained

after averaging over Gaussian noise ϵ(t). The master equation is in the Lind-

blad form and can always be represented by a completely positive and trace-

preserving map [46]. The distinguishability is therefore reduced monotonically

during the dynamical evolution. The only effect of κ is to increase dissipation

which may reduce the amplitude of oscillations and to speed up the decay.

4.2 Fluctuating Barrier

We next investigate the role of the barrier fluctuations on quantum coher-

ence and elucidate its non-Markovian character. There are two parameters

that characterize the fluctuations in the barrier. One of them is ∆1 which

gives the amplitude of the noise. The other one is ν, which determines the

fluctuation frequency. Instead of focusing on these parameters separately, we

will consider the ratio known as the Kubo number K = ∆1/ν [8]. It is a

proper measure of the color of the noise. For example, when the amplitude ∆1

is fixed, K ≪ 1 indicates a weakly colored noise due to the very fast barrier

fluctuations, while K ≫ 1 dictates strongly colored (slow) noise. In the case

of K ≪ 1, the system barely feels the effect of noise. In this scenario, the

barrier can be considered to be almost static and the results presented in the

previous sections are the same. On the other hand, in the case where K ≫ 1
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the system dynamics is governed by the superposition of two solutions with

tunneling rates ∆0 +∆1 and ∆0 −∆1.

(a) ϵ = 0 (b) ϵ = 2

(c) ϵ = 0 (d) ϵ = 2

Figure 4.2: Contour plot of Cl1(ρ) as a function of dimensionless time and
Kubo number K = ∆1/ν for the parameters ∆0 = ∆1 = 1.0, κ = 0.1, ϵ = 0
((a) and (c)) and ϵ = 2.0 ((b) and (d)). While the sub-figures (a) and (b)
are plotted for the initial incoherent state ρ1(0), (c) and (d) are for the initial
coherent state ρ2(0). In the plots 10 equidistant contour lines are considered
between zero and the maximum value.

For the fluctuating barrier case, it is not possible to obtain a simple ana-

lytical expression for the coherence measure. Therefore, we only analyze the

results numerically. In figure 4.2, we present contour plots of the l1 norm of

coherence as a function of the Kubo number K and the dimensionless time

for the initial coherent and incoherent states. Both unbiased and biased cases

are considered. The general observation from figure 4.2 is that the Cl1(ρ)

displays a damped oscillating time dependence irrespective of the properties

of the RTN noise. This finding can be accounted for by noting that both the
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thermal dephasing noise and RTN on the barrier height lead to the destruction

of the coherence in the long time limit. For the initial incoherent state ρ1(0)

(figure 4.2(a) and figure 4.2(b)), the maximum coherence is observed in regions

where Kubo number K ≪ 1 corresponds to weakly colored noise. However,

there is an exceptional region where Cl1(ρ) is independent of the value of K in

a very short time limit for the coherent initial state ρ2(0) (see figure 4.2(c) and

figure 4.2(d)). It can also be seen from figure 4.2 that the boundary K ≈ 1

divides the dynamics of coherence into two different regimes with respect to

the noise color, i.e., in the limit of K → 1 (intermediate colored noise), coher-

ence decays exponentially, while for weak and strong colored noise, one can

observe a strong death-rebirth cycle for coherence with the damping rate ν

for all sub-figures of figure 4.2. Regardless of the value of ϵ and the initial

state, the decoherence lifetime strongly depends on the Kubo number and has

a resonance-like behavior that decreases with increasing K until the critical

value K = 1 and then tends to increase.

Finally, we discuss the non-Markovian effects of random barrier fluctuations

on quantum coherence. In this sense, we present some analytical results for the

non-Markovianity measure (equation (2.12)) when only RTN parameters are

non-zero (i.e., ϵ = κ = ∆0 = 0). Here, we are able to show the non-Markovian

property of barrier fluctuations. By solving the dynamical equations in equa-

tion (3.43) for the initial states ρ1(0) and ρ3(0), one can easily obtain the

distinguish-ability as

∆tr(ρ1, ρ3) =

∣∣∣∣e−ν t

γ
(γ cos(γ t) + ν sin(γ t))

∣∣∣∣ . (4.2)

The trace distance exhibits damped oscillating behavior with noise frequency

ν and γ = −
√
∆1 − ν. Note that, when ν > ∆1, γ is purely imaginary,

so ∆tr(ρ1, ρ3) is a uniformly decreasing function of time, so N = 0. Using

σ(ρ1, ρ3) of equation (4.2) and the non-Markovianity in equation (2.12), N for
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∆1 > ν can be obtained as follows:

N =
1

−1 + e
π√

K2−1

. (4.3)

The obtained expression N strongly depends on the square of the noise color

K. One can note that when K ≪ 1 (almost static barrier), N = 0. For a

more general case, it is not possible to give an analytical expression for non-

Markovianity. Instead, for the general case, we display the results of numerical

solutions in figure 4.3 as the contour lines of N as the functions of the Kubo

number K and the thermal noise strength κ for the system including both

the thermal and external noise for the unbiased (figure 4.3(a)) and biased

(figure 4.3(b)) cases. The most prominent observation from figure 4.3 is that

N increases with increasing K and with decreasing κ for unbiased and biased

cases. Ref. [68] has been found that N increases with increasing Kubo number

for the non-equilibrium dephasing model. It is obvious from figure 4.3 that

the system dynamics is Markovian at high κs. It can also be deduced from

figure 4.3(a) (figure 4.3(b)) that Markovian-non-Markovian transition is (not)

abrupt atK = 1 line for unbiased (biased) case. This transition is also reported

for a pure dephasing model with non-equilibrium noise by Cai and Zeng [71].

At the limit K → 0, RTN approaches the white-noise [8], which can create

only Markovian dynamics. Therefore, as expected, we find that the dynamics

are also Markovian in this parameter regime (see figure 4.3). On the other

hand, the time dependence of coherence displays an opposite trend to the

noise color. For small K, the decoherence time is longer for both initially

coherent and incoherent states (see figure 4.2), which can be understood by

examining the low and high-frequency limits of RTN.

One of the general insights from the above findings is that the decoherence

time does not show a monotonous trend with respect to the Kubo number.

That is, it decreases with increasing K until K = 1, and then starts to in-

crease with increasing K for initially coherent and non-coherent states in both
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unbiased and biased cases (see figure 4.2). K = 1 seems to play an essential

role in both the existence of non-Markovianity and decoherence time. The

noise color dependence of the decoherence rate displays a resonance structure

with a peak at K = 1 if decoherence rate is defined as the inverse of deco-

herence time. Also, at K = 1 the coherence decays exponentially without

any oscillations (see figure 4.2(a-d)). Hence, although there is no direct re-

lation between coherence and non-Markovianity, both properties have special

structures around K = 1.

In some studies of the coherence-Markovianity relation, authors report a

direct connection between those two quantities for the model systems they

investigate. For example, Ref.[54] found that the stationary coherence is max-

imized for non-Markovian dynamics in an Ohmic spin-boson model at low

temperatures. As we study the effect of classical noise which is an infinite

temperature limit, the stationary value of coherence is zero. But, figure 4.2

and figure 4.3 indicate that one can observe the decoherence rate is higher

when the dynamics is non-Markovian, which seems to contradict the findings

reported in Ref. [48, 53, 54, 55]. Ref.[55] studied a global system–bath in-

teraction in the both absence and presence of non-Markovian noise. Also,

our findings are in contrast with those reported in Ref. [53] which studied a

collisional model where both the system and environment are composed of

spin-1/2 particles and found that the higher non-Markovianity leads to a low

decoherence rate. On the other hand, Chanda and Bhattacharya [52] analyzed

the dephasing channel and found similar coherence-non-Markovianity relation

to our results. Hence, our findings apparently indicate that the connection

between non-Markovianity and decoherence is system-dependent and is not

universal.
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(a) ϵ = 0 (b) ϵ = 2

Figure 4.3: Non-Markovianity N is plotted as functions of κ and Kubo number
K = ∆1/ν for the parameters ∆0 = ∆1 = 1.0, ϵ = 0 (a) and ϵ = 2.0 (b). 6
contour lines are chosen between the minimum and maximum values of N .
Note that, N is computed for ρ1(0) and ρ3(0).
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CONCLUSIONS AND RECOMMENDATIONS

In this thesis, we have reported the results of an in-depth study of the effect

of noise on the quantum tunneling system in which there exist stochastic bias

and a fluctuating barrier under the two-level approximation. The main goal

of this thesis was to examine the dependence of quantum coherence dynamics

on the correlation time of the barrier fluctuations and to explain their non-

Markovian nature. The prominent findings of the thesis on the influence of

two distinct noises on three quantum measures–quantum coherence, relative

entropy, and non-Markovianity–are presented in chapter 3 and discussed in

chapter 4 in a way of two distinct sections: static and fluctuating barriers. We

have obtained the analytical solutions for coherence measure–Cl1(ρ)–and non-

Markovianity–N –for non-coherent and completely coherent beginning states

for a constrained range of system and noise parameters, which is the one of

the main findings of the thesis. The dynamics of the system are determined

to be non-Markovian only when the RTN barrier fluctuations fulfill K ≫ 1,

which means that the noise amplitude is greater than the noise frequency.

We have discovered that there is no direct relationship between system co-

herence and non-Markovianity of system dynamics, except that both N and

Cl1(ρ) change character around K = 1. However, for both biased and non-

biased two-level systems, a consistent relationship between the decoherence

rate and non-Markovianity could be demonstrated for all of the distinct ini-

tial states. Surprisingly, we have shown that the decoherence rate of non-

Markovian dynamics is greater than that of Markovian dynamics. Because

the non-Markovianity we utilized is dependent on information flow from the

environment to the system, one would anticipate coherence to decay slower in

such a setting, as observed for a number of systems [48, 53, 54, 55].

We hope the main findings of the current thesis might contribute to the
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development of quantum computer technologies. All of these technologies rely

on properties of quantum mechanics, such as quantum entanglement, quan-

tum superposition, and quantum tunnelings, such as quantum cryptography,

quantum simulation, quantum metrology, and quantum imaging.
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