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ABSTRACT

ALGORITHMS FOR H-BASES COMPUTATIONS
PHD THESIS
OZLEM ALTUNBEZEL
BOLU ABANT iZZET BAYSAL UNIVERSITY
INSTITUTE OF GRADUATE STUDIES
DEPARTMENT OF MATHEMATICS
(SUPERVISOR: ASSIST. PROF. DR. SIBEL CANSU )

BOLU, 28 JULY 2025
IX + 66

H-basis algorithms that do not rely on Grdobner basis calculations consist
of two fundamental stages: the computation of a basis for a syzygy module and
the reduction process. This thesis presents enhanced methods that utilize two
distinct linear algebraic techniques, namely row reduction and QR
Decomposition, for both stages. The efficacy of these methods is demonstrated
through examples.

KEYWORDS: Grébner basis, Syzygy module, H-basis, Homogeneous
polynomial, QR decomposition techniques, Extended row reduction, Leading

form of polynomial, Extended syzygy.



OZET

H-TABAN HESAPLAMALARI ICIN ALGORITMALAR
DOKTORA TEZI
OZLEM ALTUNBEZEL
BOLU ABANT iZZET BAYSAL UNIVERSITESI
LiSANSUSTU EGITIiM ENSTITUSU
MATEMATIK ANA BiLiM DALI
(TEZ DANISMANI: DR. OGR. UYESI SiBEL CANSU)

BOLU, 28 TEMMUZ 2025
IX + 66

Grobner taban hesaplamalarina dayanmayan H-taban algoritmalart iki
temel agamadan olusur: syzygy modiilii i¢in bir taban hesaplamasi ve indirgeme
stireci. Bu tezde, her iki agama i¢in de satir indirgeme ve QR Ayristirma olmak
iizere iki ayr1 lineer cebirsel teknigi kullanan gelismis yontemler sunulmustur.
Bu yontemlerin etkinligi 6rneklerle gosterilmistir.

ANAHTAR KELIMELER: Grébner tabani, Syzygy modiil, H-tabani, Homojen
polinom, QR ayrisim teknikleri, Genisletilmis matris satir indirgemesi, Polinomun
onciil formu, Genisletilmis syzygy.
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1. INTRODUCTION

The concept of Grobner bases, introduced by (Buchberger, 1965), has
emerged as a significant component in addressing various issues in computational
algebra; for a comprehensive overview, refer to the extensive survey provided in
(Bose and Bose, 1995).

Grobner basis serves as an invaluable tool for the study and resolution of
numerous challenges across diverse disciplines, including optimization, coding
theory and cryptography, signal and image processing, robotics, statistics, and
beyond. One of the primary disadvantages of Grobner bases is that their structure
relies on a monomial ordering, which disrupts the symmetry among the variables.
As a result, this approach may also obscure the symmetries inherent in the
underlying problem, unless additional measures are taken to preserve them.
Furthermore, Grobner bases typically exhibit a lack of numerical stability, as even
minor perturbations in the coefficients of the polynomials that generate an ideal
can result in significant alterations to the Grobner basis of the corresponding ideal
(see Cox et al., 2007)). On the other hand, the concept of H-bases, which was
introduced by Macaulay (1916) many years ago, relies exclusively on the
homogeneous terms of a polynomial. Macaulay computed an H-basis exclusively
for a particular example by identifying syzygies among the maximal degree
homogeneous components of the polynomials, referred to as leading forms;
however, he did not provide a general algorithm for this purpose. The significance
of this concept was not fully comprehended, likely due to the absence of facilities
for symbolic computations. On the other hand, Buchberger does not only define
the concept of Grobner bases he also gives an algorithm, called Buchberger’s
algorithm, to compute them. Buchberger’s algorithm is implemented to many
computer algebra systems. Thus, while Grobner Bases have been applied to
numerous fields, the concept of H-bases did not receive as much attention.
However numerous problems in applications that can be addressed using Grobner
techniques can also be effectively resolved with H-bases. Given that H-bases are
independent of monomial ordering, numerous application-related problems that
arise from the use of Grobner bases can be effectively addressed using H-bases.

An overview of these problems was provided in (Mdller and Sauer, 1999) and



(Moller and  Sauer, 2000). Therefore, it has become essential to develop
algorithms for calculating H-bases.

A Grobner basis is also an H-basis when the monomial ordering is degree
compatible (see Moller and Mora, 1986). Nonetheless, a proper subset of this
Grobner basis may still qualify as an H-basis. Yilmaz and Kiligarslan (2004)
adapt the classical Buchberger’s algorithm for the purpose of deriving a minimal
H-basis as a subset of a Grobner basis. However, finding the H-basis in this way
requires calculating the Grobner basis. The structure of H-bases was initially
examined in a constructive manner in (Mo6ller and Mora ,1986).

Sauer (2001) provided an algorithm for constructing H-bases without
employing any monomial ordering. This algorithm serves as a direct
generalization of Buchberger's algorithm and is dependent on a reduction
algorithm. This reduction facilitates a characterization of H-bases, which is
predicated on the reduction of a generating set of the syzygy module of leading
forms. Consequently, determining a basis for the syzygies of finitely many
homogeneous forms is essential for constructing the H-basis. However,
identifying a basis for the syzygies among homogeneous forms is significantly
complex problem. One of the primary methods for constructing a basis for the
syzygy module of an ideal involves the computation of Grobner bases, as
described by (Adams and Loustaunau, 1994). However, a Grobner basis for the
given ideal is computed as a byproduct of this method. This Grobner basis
qualifies as an H-basis if the ordering is degree compatible. Consequently, it
appears more efficient to compute an H-basis using Buchberger’s algorithm with
a degree compatible ordering, rather than employing the previously outlined
procedure and utilizing Grobner techniques for the calculation of syzygy modules.
On the other hand, the generating set for the syzygy module obtained through this
method is generally not minimal. The presence of unnecessary generators within
the syzygy module leads to several redundant reductions, thereby rendering the
algorithm inefficient. Consequently, identifying a minimal generating set for the
module of syzygies associated with a finite number of homogeneous forms is
essential for enhancing the calculation of H-bases.

An improved algorithm for computing H-bases of polynomial ideals by
leveraging linear algebraic techniques is presented in (Hashemi and Javanbakht,

M., 2018). An H-basis is a particular type of generating set whose computation



necessitates prior knowledge of a generating set for the associated syzygy module.
The proposed method constructs syzygies incrementally, degree by degree, and
systematically eliminates redundant generators at each stage, thereby enhancing
computational efficiency and structural clarity. Javanbakht and Sauer (2019)
present a numerically stable method for computing the H-basis, which is
predicated on determining a minimal basis for the module of syzygies through the
application of singular value decomposition.

The primary objective of this thesis is to introduce algorithms based on
linear algebraic techniques for the computation of H-bases. In Chapter 2, we give
the necessary concepts and terminology in linear algebra. In Section 3.1, we use
extended row reduced echelon form to obtain the syzygy basis for homogeneous
polynomials. We are able to define a reduction procedure depends on the row
reduced form of the matrix we used in syzygy computation. Consequently, the
algorithm for calculating H-bases that we have developed relies solely on the row
reduction of matrices and does not incorporate any monomial ordering. In Section
3.2, H-basis algorithm is studied by using QR Decomposition techniques. In
Chapter 4, the linear algebraic H-basis computation methods available in the
literature were compared with the methods given in the thesis.



2. MATERIALS and METHOD

In this section, the definitions of linear algebraic tools which we used for

our study are given.

2.1 The Fundamentals Subspaces of a Matrix
The following three operations change one matrix into another while

keeping its size, and each is known as a row operation.

Definition 2.1.1.

1.Swap Rows (R; < R;): Interchange the positions of rows i and j in the
matrix.

2.Multiply Row by a Constant (aR;): Multiply every element of a row
by a non-zero constant a.

3.Row Addition (aR; + R;): Multiply each element in row i by a non-
zero constant a, and add these values to the corresponding elements in row
j. Leave the row i same after this operation, but write the row j with the

new values.

Definition 2.1.2. Two same size matrices are called row equivalent if one can be

obtained from the other by applying a finite series of row operations.

Definition 2.1.3. A row of a matrix in which all elements are zero is called a zero

row.

Definition 2.1.4. The leading entry in a row of a matrix is the first non-zero entry

starting from the left.

Definition 2.1.5. A matrix is in row reduced echelon form, RREF for short, if:
1. If there exists a row containing only zero entries, then this row should
be positioned below the others.
2. All leading entries are 1.
3. If a column contains a leading entry, every other entry in that column
is 0.
4. Any leading entry is strictly to the right of any leading entry in the row

above it.



Definition 2.1.6. A column of a matrix in row reduced echelon form containing a

leading entry 1 is called a pivot column.

Definition 2.1.7. Let A be an m X n matrix. The nullspace of A, written as N(4),
is the set of all vectors x which satisfies the homogeneous system Ax = 0. It is
well known that a basis for nullspace of a marix can be easily obtained from its
row reduced echelon form. The following theorem gives a method to obtain the

basis for nullspace of a matrix.

Theorem 2.1.8. (Beezer, 2015, Theorem SSNS) Let A be an m X n matrix, and
B = (b;;) be its row reduced echelon form with r pivot columns. Let D =
{di,d,,ds,...,d,} be the set of pivot columns’ indices, and
F ={f1, 12 f3, -, f[n_r} b€ the set of non-pivot columns’ indices. For 1 <j <n —

r construct the n — r column vectors zj with size n as below:

1, ifieEF,i=f;
[Z]i =4 0, if iteEF,i+f};
_bk,fj' lfl € D,l = dk'

S ={Z,2,, 23, ..., Zn_r} IS a basis for the nullspace of A.

Notice that since the matrix B is in row reduced echelon form by ¢, = 0
if k > f;. Therefore in each basis vector Z;, [Zj]fj = 1is the last non-zero entry

from the top.

Definition 2.1.9.Let A be an m X n matrix. The column space of A denoted by
C (A) is the spanning set of columns of A.
The following is a well known theorem for obtaining a basis for column

space of a matrix.

Theorem 2.1.10. Let A be an m X n matrix with columns A;, A,, As, ... A,,.
Suppose B is the row reduced echelon form of A, with r pivot columns. Define
D ={d,,d;,ds, ...,d,} as the set of pivot columns’ indices. Let T be the set of
columns corresponding to the pivot columns, i.e., T = {Ag4,,Aq,, Adys -+ Aq,}-

Then T is a basis for column space of A.



Definition 2.1.11. Let A be an m X n matrix. The row space of A is the spanning
set of rows of A. Notice that, R(4) = C(AT).

Theorem 2.1.12. Suppose that A is a matrix, and B is a row equivalent matrix in
row reduced echelon form. The non-zero rows of B give a basis for the row space
of A.

1 0 0 0 O
01 0 1 0
Example 2.1.13. Let A = 10101 be 6 X 5 matrix, its row reduced
0 0 0 0 O '
01 0 1 1
0 0 1 0 O
echelon form is
1 0 0 0 O
0 1.0 1 0
10 01 0 O
B=10 0 0 o 1/
0O 0 0 0 O
0 0 0 0 O

Pivot elements are in 15¢,274, 374 and 5" columns. So, the set of pivot columns’
indices is D = {1,2,3,5} and the set containing non pivot columns’ indices is
F = {4}.

By using Theorem 2.1.8, for 1 <j < (5 —4) construct the 1 column

vector Z; with size 5,

0
-1
Then, S = { 0 ‘ is a basis for the nullspace of A.
1
Lol

T is the set of columns corresponding to the pivot columns, and gives a

basis for column space of 4,



|

The non-zero rows of B give a basis for the row space of A, which are

CooRroR
Io»—\o‘o»—\cla
»'—\oc;r—xocb
o»—\o‘»—\oo

{ft o 0 0 0,[o 1 0 1 0,0 0 1 0 O0L[0O 0 0 O 1]}

In the rest of this section, we consider extended row reduced echelon form
of a matrix. Thus we will be able to extend a column space basis of anm x n
matrix A to whole basis of R™ and we also give an alternative method for
obtaining a basis for column space of a matrix. These results will be very useful to

us in construction of H-bases of polynomial ideals.

Definition 2.1.14. Consider an m X n matrix A. Extend A on its right side with
the addition of an m x m identity matrix to form an m X (m + n) matrix denoted
as M. By using row operations, bring M to row reduced echelon form and denote
the result as N. N is referred to as the extended row reduced echelon form of A. In
this process, five submatrices (B, C, J, K, L) of N are named as follows:

1. B: Denotes the m x n matrix formed from the first n columns of N.

2. C: Represents the r x n matrix formed from all the nonzero rows of B

(where B has r nonzero rows).

3. J: Denotes the m x m matrix formed from the last m columns of N.

4. K: Represents the r x m matrix formed from the first r rows of J.

5. L: Denotes the (m — r) X m matrix formed from the bottom (m —r)

rows of J.
Visually,

RREF C K
M=[AlLl—N=[B11=]; ||

1 0 0 0 O

01 0 10

|10 1 0 1

Example 2.1.15. Let A = 000 o of

01 0 11

0 0 1 0 O



Then, the extended matrix M = [A | I,,,] will be

1 0 0 0 O 1 0 0 0 0O
01 0 1 O 01 0 0 0 O
M= 1 0 1 0 1 0 01 0 0O
0O 0 0 0 O 0O 0 01 0 O
01 0 1 1 0O 0 0 01 O
0 01 0 O 0 000 0 1
The row reduced echelon form of M, called N will be
1 0 0 0 O 0 1 1 0 -1 -1
01 0 1 O 0 1 0O 0 O 0
N = 0 01 0O 0 o0 0O 0 O 1
0O 0 0 0 1 o -1 0 0 1 0
0O 0 0 0 O 1 -1 -1 0 1 1
0 0 0 0 O 0 O 0 1 0 0
Submatrices are
1 0 0 0 O
01 0 1 O 1 0 0 0 O
B = 0 01 00O C = 01 0 10
0O 0 0 0 1V 0 01 0 of
0O 0 0 0 O 0O 0 0 0 1
0 0 0 0 O
0 1 1 0 -1 -—1j
0 1 0O 0 O 0 0o 1 1 0 -1 -1
j=|000 0 0 0 1} 4, 01 00 0 0
0o -1 0 0 1 (I 0O 0 0 0 O 1/
1 -1 -1 0 1 1 0O -1 0 0 1 0
0 0 0O 1 O 0

Theorem 2.1.16. Consider an m X n matrix A. Let N be extended row reduced
echelon form of A. If {d,,d,, d5, ..., d,} is the set of indices of pivot columns of C
and {iy, iy, i3,...,Lm—r} iS the set of indices of pivot columns of L, then
{Aq4,, A4, Aq,, ., Ag,} is a basis for column space of Aand {e; ,e;,,e;,, ... e; _}

is a basis for the complement of column space of A where ey is i;-th unit vector of

R™. Therefore 8 = {A4,, Ay, Aa,, -, Aa, €i,, €, €, ... € }is a basis for R™.



Furthermore, if b € R™, then /b is the coordinate vector of b with respect to basis
3.

Proof. Since the matrix B is row reduced echelon form of A, Theorem 2.1.10
implies that the set {A4,,Aq4,,Aq,, -, Aq } is a basis for column space of A.
Similarly, since the matrix N is row reduced echelon form of the matrix M
B ={A4,, A4, Ad, - Aa. € €€, .., e _} is a basis for R™. Hence
{ei, e, e, .., e, _ }mustbe abasis for the complement of column space of A.
Let b € R™. To find coordinates of b with respect to 3, we have to obtain
row reduced echelon form of augmented matrix [M|b] which will be the matrix

[N| Jb]. Therefore /b is the coordinate vector of b with respect to basis f3.

Example 2.1.17. Consider the matrix A in the previous example. d; = 1,d, = 2,
d3 =3,d4=53ndel= 1, (=5} =4,

Hence
17 01 107 10
o[ [1] |0] [0
1l o] |1] |1
C(A)_<0I0F0I0>F
of |1] 1o} |1
Lol Lo L1] Lol
_1_ _O_
0] 10
«_/lol1lo
(C(A)) —(0 , 1),
ol |o
nimn
and
0 1 1 0 —1 —19[b1] [ bz+b3—bs—bs
0 1 0 0 0 0]|b b,
]b:000001b3: be
0 -1 0 0 1 0]l|b, —b, + bs
1 -1 -1 0 1 1 ||bs by — by, — by + bs + by
o o 0o 1 o oilpl L b,
Then



b1 17 07 07 0
b, 0 1 0 0
b 1 0 1 1
bi = (b + by —bs = be) | | + bz | |+ bs| o[+ (=bz +bs) |
bs 0 1 0 1
b ni ni 1 nl
_1_ _0_
0 0
0 0
+ (by — b, — b3 + bs + by) 0 + b, 1l
0 0
_0_ _()_

The following theorem gives an alternative method for computing a basis for the

column space of a matrix.

Theorem 2.1.18. (Beezer, 2015, Theorem FS) Let A be an m X n matrix with
extended row reduced echelon form N, which is given in Definition 2.1.14. Then,
the column space of A4 is the nullspace of L, C(A) = N(L).

According to the above theorem the alternative basis for the column space

of the matrix A in the previous example is given

—11 1—17 17 11
0 01]1]0]]|1
0 0| [1]]0
0 1110]10
1 04 Ltolto

2.2 QR Decomposition

In this section the primary knowledge and calculation methods in QR
Decomposition are given. The detailed information can be found in (Borgers,
2022).

Let ay,a,,as,...,a, € R™ be independent vectors. Then the Gram-
Schmidt Procedure finds orthonormal vectors qi,92,9s,...,q, Such that
span(aq, a,, as, ..., a,) = span(qy, 42,93, -, q-) forr < n.

The following algorithm shows how Gram-Schmidt Procedure works.

Algorithm 2.2.1. (Gram — Schmidt Algorithm)
Input: Vectors a4, a,, ..., a,

Output: Vectors g4, g5, ..., qn

10



Fori=1Ton

_ i—1
§i = a; — Xj=1 < qj,a; >q;

U= g
End For

Return q1,92, -, q9n

Theorem 2.2.2. Let A be an m x n matrix with linearly independent columns.
Then A can be factored as A = QR where Q is an m X n matrix whose columns
are orthonormal and R is an n X n invertible upper triangular matrix.
The columns of Q can be obtained by applying Gram-Schmidt Procedure
to the columns of A.
The entries of R, r;; can be calculated by
w_ { 0, Jj<i
y— <aj,q; >, Jj =i
Where g; is the j™* column of 4 and g; is the i*" column of Q.
Notice that the columns of Q is an orthonormal basis for the column space
of A.
Let A be an m x n matrix. If the columns of A are linearly dependent, in
the given Gram-Schmidt Procedure some of the vectors will be zero vector.
The following General Gram-Schmidt Procedure finds r < n orthonormal

vectors which form a basis for column space of A.

Algorithm 2.2.3. (General Gram-Schmidt Algorithm (GenGS))
Input: Am X nmatrix

Output: (Q,r,C,index)

r=0

index =[]

Fori=1Ton

§i = a; — X1 < qj,a; > g

If §; # 0 Then
r=r+1
ai

@ =

N

¢, = a;, append i to index

11



End If
End For

Q =191,92 9+, C = [c1,C2, o) Cr]
Return (Q,r, C, index)

Example 2.2.4. Let A= be 4 X 5 matrix.

O R O R
_ O R o
=
R S
coRr o

The columns of A are represented by a; where 1 < i < 5. Since the number of
columns of A is greater than the number of rows, it is clear that the columns of A
are linearly dependent. So, we will apply GenGS Algorithm to A.

Now,r =0andn =75

Since §; # 0,
1
i
q, = ”21” = | (1) | then r = 1 and ¢; = a,, index = [1].
d
0

0
~ 1

® (;=0a;—<({,0; > (1 = ol
1

Since g, # 0,
0
H
92 = ||Zz|| = \/OE andr = 2,¢, = a,, index = [1,2].
L
V2

® (3 =0a3—<(y,a3>q1—<(2,a3>q; =0

Since §; = 0, r is again 2. So,

S = O

(3 = ,—< Q1,04 > q1—< (2,04 > 3 =

12



Since gz # 0,

[7]

_ 43 __
EERTPAT

oglro

0]
15l

Now, r = 3, c; = a4 and index = [1,2,4]

N

® §y,=05—<(q1,a5> q1—< (2,5 > q,—<(3,a5 > q3 = 0.

By applying the General Gram-Schmidt Procedure we evaluate the

matrices Q and R as below:

4 )
— 0 0
o 1?0
0__
a=or=|, \/z\/ilo \/?\/Eﬁﬁl
EOO[OOOLLJ
y_ 2 2
5 &

Even if A = QR, in the above example, the number of columns of Q is less
than the number of columns of A and R is not a square matrix. Therefore, we will

give a new definition for QR Decomposition.

Definition 2.2.5. Let A be an m X n matrix and rank(4) =r <n, Full QR

Decomposition of A is

a=10 @[]
where A = Q,R; is the QR Decomposition as in General QR Decomposition, Q,is
anmXxr,R;isanr X nand Q, isan m X (m — r) matrices.

In the Full QR Decomposition Process, the main idea is to use a matrix
which has full rank. In fact, we will get this matrix by adding unit vectors to the
columns of A untill getting a full rank matrix.

Let e; be the j** unit vector in R™. Then u; = e,,—;. We will use this

notation in the following algorithm.

Algorithm 2.2.6. (Full @R Algorithm)
Input: A m X n matrix, such that rank(4) < m

Output: Q4, Q,, vectorIndex
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(Q,,7,C,index) = GenGS(A)
vectorindex=0
Ifr =m Then
Return Q,
i=1
k=1
Whilek <m —r

_— k-1
P =u — Ximq <uyq; >w — Xjo <uppr >y

If o, # 0 Then
Pr = ”Zﬁ
k=k+1
Add m — i to vectorindex
i=i+1
Else
i=i+1
End If-Else
End While
Q, = [P1 Py e e pm_r]

Return (Q4, Q,, vectorindex)

Example 2.2.7. In the previous example, we found that Q; = Q and r = 3. Now

we will find Full QR Decomposition of

1 01 10
o111 1
A=11 01 1 of
0 1.1 0 O
Sincer=3<4,takei=1,k=1landm—-r=4-3=1.
0
_10
u, = Oandso,
1
1
D1 = U—<Up,q1 > U—<Up, G > U—< U3 > U = 1l
0

Since p; # 0,

14



=2 Sl

L

N

[
|
PL= g |
Then k = 2,i = 2.Since k = 2 < 1 is not true, Q, = [P1].
Thus
1
N
=Y
Ve
[ o |
and
r 1
ﬁ 0
T L.
Q= vz
1
ﬁ 0
1
1’ 7

Note that the columns of Q; form an

orthonormal basis for the column

space of A, and the columns of Q, form an orthonormal basis for the complement

of column space of A. Hence, they together form an orthonormal basis for R™.

Definition 2.2.8. A matrix R is in upper staircase form if each of its rows starts a

certain number of leading zeros and the number of leading zeros increases as you

move down to rows.

zZero entries

Figure 2.1 Upper Staircase Form
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Notice that, in Full QR Decomposition the matrix R, is in upper staircase

form.

Definition2.2.9. Let A =[Q:1 Q-] [13)1] be Full QR Decomposition of A. We can

write R, as
[Rll RIZ]

where Ry, IS r X r upper triangular matrix by interchanging columns of R,. Hence

A=1[0Q1 Q] [R(l)l Réz] pT

where P is an n X n permutation matrix. This form is called Pivoted QR

Decomposition of A.

Example 2.2.10. For the previous example, if we continue by evaluating matrix

R, the Full QR Decomposition of the matrix A will be

101 1 0
o111 1
A‘10110
011 0 0
V2 V2
z Y T | V2 0 VB VE 0]
2 42
SETT %Oﬁ\/ﬁﬁ%m
= |2 0 0 -2 0o 0 o ¥ £
0 @ _% U - . - . w LR ) - . o. . .o .
o 0 o0 0 0] o
Q1 Q2

In this example, interchanging third and fourth columns of R allows us to write R

as [R61 RSZ] where R, is upper triangular. For this purpose, our permutation

matrix will be
[1 0 0O 0]
|0 1 0 O 0|
P=10 0 0 1 ol
lO 0 1 0 OJ
0 00 0 1
Then

16



R Rz -
Vi oo vEivE o] oo R
0 v2 # 1 v2 Z| g1 9 0 o0 f\%ﬁ\/ff%
0 0 £ o§00010=000_j2ﬁ
M R A
0o 0 o0 0 0

and the Pivoted QR Decomposition of A is

A=[0; Q] [Rél Réz] PT.

Theorem 2.2.11. For an m X n matrix A with rank(A4) =r < n let
R R
A=[Q Q"3 “u2|eT
be Pivoted QR Decomposition of the matrix A. Then the columns of

P [ R11 R12 ]
I(n -r)X(n-r)

form a basis for the nullspace of A.

Proof.

AP[ R11R12] [0, 0] [Rn Ry, pTp [—RﬂlRlz]
1

—[0; Q,] [Rél Ry, [ R11R12]

Since PTPp =1

[0 Q] [_R11R1_11R12 + Ryal
0

=10 QI[P =10 @] =o.

R12

By construction of P[ Riy ] the columns are linearly independent. So they

form a basis for the nullspace of A.

Example 2.2.12. In Example 2.2.10, we found

17



Oﬁ' "\/5\7_' 00 0 0
2 2 01 0 0 O
0 V2 —|p V2 = _| |
Rll_ 2 1R12_ 2 ,P—|0 0 0 1 OI
NG N 00100
0 0o — 0 — lO 0 0 O 1J
2 2
Then
[\/2
- 0 V2 -1 1
Ry = V2 \/E,—R11R12—[—1 0]
° 7 7 0 -1
Lo 0 V2
and
[—1 1] [—1 1]
|1 0] |-1 0|
Plo -1l=l1 ol
l1 oJ [o —1J
0 1 0 1
(m—1 17
|f_11 [01|
[=1] 10 || _
Hence JI 11, 1o |¥ is a basis for the nullspace of A.
|0| |_1||
ol 1)

Theorem 2.2.13. For an m X n matrix A with rank(4A) =r and r <n, let

A=1a @[y Rzl

be Pivoted QR Decomposition of the matrix A. Suppose AP =[B (] where B

iIsm X rand Cism X (n—r) matrices. Then

Q= BR11_1-
Proof. Since PTP =1,
_ _ Ri1 Rip] _
AP =[B (C]=1[01 Qz][ 0 01~ [Q1R11  Q2Ri2].

Therefore B = Q,R,, implies Q; = BRy; .

2.3 H-Bases and Syzygies
In this section we review some definitions and the basic facts related to H-

bases. Throughout this thesis, the polynomial ring in variables x4, x5, ..., x,, Over a

18



field K will be denoted by P = K[x4,x;,...,x,] . For a monomial x% =
x*1x%2 ... x% the total degree of x* is defined as |a| = ay + @, + -+ + a,,. The
total degree of a polynomial f € P, denoted by deg(f), is the highest degree of
the monomials of f. The vector space of homogeneous polynomials of degree d is
denoted by P,. It is clear that the set of monomials of degree d is a basis for Pg.
Therefore the dimension of P, is

(o)

Definition 2.3.1. For a polynomial f = f° + f! + .-+ f¢ whered = deg(f),
f' € P; with f¢ = 0, the leading form of f is defined as LF(f) = f¢.

Definition 2.3.2. For an ideal I = (fy, f5, ..., f;) € P the leading form of I is

defined as the set homogeneous polynomials

LE(D) = {LF(OIf € 13}.

Definition 2.3.3. Given (py,p,,...,ps) € PS, a syzygy basis of polynomials
(p1,p2, -, ps) isatuple (q4, 95, ..., qs) € PS such that

S
ZCIJPJ' =0.
=

The syzygy module of py,p,, .... ps, denoted by Syz(p4, s, -.--ps), is the
set of all syzygies of p,,p,, ....ps .

Now we ready to give the definition of H-basis.

Definition 2.3.4. The set {fi,f5,....fs} cP is called an H-basis for the ideal

I =(fi, ... f5), if one of the following equivalent conditions holds:

1. If f € I, then LF(f) € (LF(f1), ...., LF(f;)).
2. Any f € I can be witten as

S
f = Z hl' fl', hi € Psdeg(f)—deg(fi) ,i = 1, ee S
i=1

3. If (hy, hy, ... hs) € Syz(LE(fy), ..., LE(f;)) then there exists
91, -, gs € P such that

S S S
D hfi= gifi,  deglgif) = deg (Z hl-fi>, i=1,..5
i=1 i=1 i=1
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To give an algorithm for computation of an H-basis, we first define a
reduction procedure which is extension of the division algorithm in polynomial

rings.

Algorithm 2.3.5. (Reduction Procedure Algorithm)
Input: F ={f1, o, ... fs}, g EP

Output: g = X qr.fi + 7, q5,/; EP
r=0,q9r=0,q;,=0,..q5,=0

d = deg(g)
For e = d To min{deg(f;)}

LF(g) =X Ae,f; LE(f) + 7.

9 ::g_zqe,fifi_re

r=r+4+r,
A= A T e
End For
Return g

We will denote this procedure as g ki r. By Definition 2.3.4. part (3),
{f1, f2, . fs} is an H-basis for the ideal I = (f;, ... ;) if and only if for each

(hy, by, ..., hs) € Syz(LF(fy), ..., LF(£y)),

F
Zhifi—>0.

Hence we can compute an H-basis of an ideal generated by {fi, f>, ..., f}

using the following modified Buchberger’s Algorithm.

Algorithm 2.3.6. (H-Basis Algorithm)

Input: F = {f1, f>, ... fs}CP
Output: An H-basis for (F)

G = abasis for Syz(LF(f,), ..., LF(f;))
While G = @

Select (hy, hy, ...,hs) €EG

G =G — (hy, hy, ., hy)

Let 3 hif; > h

If h # 0 then
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F:=FuU{h}
G = A basis for Syz(LF(F))
End if
End While
Return F
To find an H-basis for a given ideal, we have to compute a syzygy basis
for leading forms of generators of the ideal and we need to apply reduction
procedure to polynomials. We will show that we can do these both operations
using linear algebraic methods. To do this, we need to define a matrix
correspondence for a set of homogeneous polynomials.

Definition 2.3.7. Given a set of homogenous polynomials F = {fi, f>, ..., fs} © P,
define the ideal I = (f}, f2, ..., fs). The set of homogeneous polynomials of degree
doflis
Va(F) ={f € I'|deg(f) = d}.
It is well known that V;(F) is a subspace of P,; and
My(F) = {x%f; | |x%]| =d —deg(f),i = 1,2, ..., s}

IS a spanning set for V; (F).

The number of elements of M, (F) is

° n+d—deg(f;) —1

Z( d — deg(f)) )

Since each polynomial x%if; can be written as a linear combination of
monomials of degree d, we can obtain coordinate vector of x% f; with respect to
any given order of monomials of degree d. Writing each coordinate vector as a
column, M, (F) can be interpreted as a matrix also. We use M, (F) to represent
both the set of polynomials and their matrix representation. Notice that different
orders of polynomials x%i f; and monomials of degree d gives different matrix
interpretations. We will always use lexicographic order in monomials of degree d,
but we will specify which orderings in polynomials x%if; are used when

necessary.

Example 2.3.8. Let F = {f1, f>, f3}, where

fi =x1+x3, fo = x1%; + XX3, f3 = x1x3 + X%3 IN R[xq, x5, x3].
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Then M, (F) = {x1f1, x2f1, X3f1, f2, f3}. The matrix represantation of M, (F) is

_$1f1 o f1 mfi fo fs

2 [ 1 0 0 0 0]
X 0 1 0 1 0
zz3 | 1 0 1 0 1

2 o 0 0 0 0
Talky 0 1 0 1 1

2 [0 0 1 0 0

22



3. RESULTS

3.1H-Bases Computation via Row Reduction

3.1.1 Syzygy Computation

Calculating a basis for a syzygy module is a fundamental aspect of the
methodology involved in constructing H-bases. However, the conventional
approach to accomplish this task primarily relies on computations involving
Grobner bases, which renders the H-bases algorithm less than optimal in terms of
efficiency. In this section, we present an algorithm designed to compute a basis
for the syzygy module associated with a sequence of homogeneous polynomials,
utilizing techniques from linear algebra.

Let F = {fi, f>, ..., f5} be a set of homogeneous polynomials, and d € N.

If u € nullspace(M,;(F)), then

N

Uigx®f; = 0.
i=1 |a|=d-deg(fy)
Therefore
S
> hifi=0
i=1
where

hi = z uiax“.
la|=d—deg(f})
Hence an element of nullspace of M, (F) corresponds to a syzygy in
syzq(fi, f2, -, f5). Finding a basis for the nullspace of M, (F) gives us a basis for

the subspace syz; (f1, f2, - f5)-

Example 3.1.1. Let F = {f11f21f3} Where fl = X1 + X3, fz = X1X2 + X2X3 ,
f3 = x1x3 + X2x3 IN R[xq, X5, x3]. Then M, (F) = {x1f1, X2 f1, X3f1, f2, f3}, and the
matrix representation of M, (F) is
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_$1f1 zofi mfr f2 fs

2 1 0 0 0 0]
T1T9 0 1 0 1 0
I1Xs 1 0 1 0 1
x3 0 0 0 0 0
XoZy 0 1 0 1 1
a2 | 0 0 1 0 0]
and its row reduced echelon form is
1 0 0 0 O
01 01 0
0 01 0 O
0 0 0 0 1f
0 00 0 O
0 0 0 0 o
The basis for the nullspace of M, (F) is
{[ 0 ]\
el
1 1]
sl

The corresponding syzygy is
—X2f1 + fo.

As above example, for each degree ,d, we can find a basis of
syz4(LF(f,), ..., LE(f,)); to find the basis of Syz(LF(fy), ... LF(f;)) we will take
the union of these basis for an appropriate choice of d. So, we need to know up to
for which values of d we will compute syzd(LF(fl), ...LF(fS)). To find such a

degree bound we need the following definitions.

Definition 3.1.2. For a polynomial f € P, the leading monomial of f, denoted by
LM(f), is the largest monomial with respect to given monomial order < in
X1, X, ey X

For a given set F = {f}, f5, ..., fs} and the ideal I = (fy, f5, ..., fs), we
define

LM(F) = {LM(N)If € I}
and for a non-negative number d,
LM4(F) = {LM(f)|f € F anddeg(f) = d }.
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To find an appropriate bound, we need to find this set. Since each column
of M, (F) corresponds an element of V,;(F), basis for the column space of M, (F)
gives a basis for V;(F).

In the above example, pivot elements are in 15¢, 274, 374 gnd 5"
columns. So, corresponding columns of M, (F) gives a basis for column space of
V,(F) which are

(117 197 107 [O7)
110 [1] [o] [0]]
1| o] |1] |1
ol'lol’lo]"lol(
\HTRISIRI
Lol Lol L1] Lo

If we construct a matrix which takes these vectors as rows, and find its

row reduced echelon form, that will be

1 0 0 0 0 -1
01 00 0 1
0 01 0 0 1
0 000 1 -1

The rows of the above matrix form a basis for V,(I). The corresponding
polynomials are
{x? — x5, %1, + x5, x1x3 + x5, X503 — x5},
Hence LM, (F) = {x%,x,x,, X, X3, X;X3} With respect to lexicographic order.
In the above example, to find a basis for syz, (F) and the set LMy (F), we
found row reduced echelon form of two different matrices separately. Instead of
this, we can find a basis for syz,;(F) and LMy(F) from extended row reduced

echelon form of M, (F).

Definition 3.1.3. Let x% xf e P, where a=(a;,ay..,a,) and B =
(by, by, ..., by). Then we define inverse lexicographic (invlex) order in P, as
X% <inpiex P if and only if there exists 1 < i < n such that

a, = bn, v, Ajp1 = bi+1,ai < bi'

Theorem 3.1.4. Let N = [g IL{] be extended row reduced echelon form of

M, (F). The set LM4(F) can be found by the basis of nullspace of L.

Proof. Theorem 2.1.17 implies that N(L) = C(My4(F)).

Each column in the basis of N(L) corresponds a polynomial
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f = x% + lower term
with respect to invlex order. So LM4(f) = x*. Hence, the assertation easily

follows.

Example 315 Let F = {fl = X1 + X3,f2 = X1X2 + X2X3, f3 = X1X3 + xZX3} and

I ={(f1, f2, f3), then

1T 0 0 0 O 1 0 0 0 0 O
01 0 1 0 01 0 0 0 O
|11 0 1 0 1 0 01 0 0 O
[MZ(F)IIG]_OOOOO 000100
01 0 1 1 0 0001 O
Lo 01 0 0 000 001
The extended row reduced echelon form of this matrix is
1T 0 0 0 O 0 1 1 0 -1 -1
01 0 1 0 0 1 0O 0 O 0
N = 0 01 0 O 0 O 0O 0 O 1
0 0 0 0 1 0O -1 0 0 1 0
0 0 0 0 O 1 -1 -1 0 1 1
0 0 0 0 O 0 O 0 1 0 0

Here, the nullspace of

is
=11 111 14 117
0 0 o |1
0 0 1110
ol'tol’'tol’to
k 0 1 0 O}
L1 1 Lol 1ol Lo

It implies that V,(I) = {x5 — x%, x3%, — x%, x3x; + x%, x,%x; + x%}.
Hence LM, (F) = {x3, x3x,, x3x;, X, X, } With respect to invlex order.

For each x* € LM,(F), there is a polynomial f € (V;(F)) such that
LM(f) = x®. Then for any monomial x#, xff € (V,(F)) where e = |x%| + |x#|,
x*xP € LM, (F). For each x* € LM4(F) and e > d we define the following set

Aé = {x“xﬁ | |x%| + |xﬁ| = e}.
Lemma 3.1.6. For each x* € LMy(F) and e > d, the number of elements of A5,
is
45| = (n+e—d—1>.
e—d
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Proof. For each x*x? € A%, |xP| = e —d. Since the number of monomial of
degree e — d is
(n +e—d-— 1)
e—d ’

the assertation easily follows.

In the above example, LM, (F) = {x2, x3x,, x3X1, X,x; }. The monomial x2
gives the set

A%, = {23, xixp, x50,
On the other hand the monomial x5x, gives the set
Ag’cz = {x32.x2, x3x%, X3X2%1}

Notice that xZx, is common in both sets. Hence we count this monomial

twice when we tried to find LM5(F). The Inclusion-Exclusion Principles solves

this problem.

Lemma 3.1.7. Let LM4(F) = {x%,x%,..,x%}and e > d. Then

S m
Jae|=Dcom ()
i=1 i=1

1j,<-<jiss
Proof. It is easily follows from Inclusion-Exclusion Principle. Notice that if
x¥ = LCM(x%, x%)

ILMe(F)| =

e e
A N .LNAY

Ag. N Ag]. = {x”xﬁ|lx”| + |xﬁ| = e}

Example 3.1.8. In the above example
LM, (F) = {x%,x%, x%3, x%} = {x2, x3X,, X3X1, X2X1 }.

Fore > 2,

3+e—2-1 e
Jag,| = 142, ] = lag,| = Jae, | = (TS0 T )= (5

Since
LCM(x%1,x%2) = x2x,, LCM(x%1, x%3) = x2x;, LCM(x%1,x%) = xZx,x;
LCM(x%2,x%3) = x3x,%,, LCM(x%2, x%) = x3x,x;, LCM(x%3, x%) = x3x,X4,
we have

A, 0 A%, | = |45, 0 45| = A, 0 45| = |ag, 0 45| = |4z, 0 4z,
_ 3+e—3-1 _ e—1
-(" sy =6y
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|Ae N e |_(3+e—4—1)_(e—2>
o @l ™ e—4 " \e—4/)

For three sets,
LCM (x%1, x%2, x%3) = xZx,x,, LCM(x®1, x%2, x%) = x5x,x4,

LCM(x%2, x%, x%) = x3x,X;

we have
Ae Ae Ae — Ae Ae Ae i e— 2
Ulln azn a3|_|a1n azn 0‘4|_e_4
Ae Ae Ae —_ €— 1
| 6fzﬁ a3n a4|— e—3/)
Finally
LCM(x %1, x%, x%3, x%) = x2x,x,
e e e e 2 g 2
|48, n Ag, N A5, n A%, | = o)
Hence

s uag e une, =4 ¢ )—a( ]

|051U a, Y Agy U 6(4|_ (6—2)_ e—3/)

Notice that we select (') = 0 if m < 0 for convenience. For example, if e = 3,
then LM;(F) has a basis containing 4(3) — 4(7) = 8 elements. If e =4, this

number is equal to 12.
Now, let us go back to syzygies.

Definition 3.1.9. Let x%f;, xﬁfj € My. Then we define inverse lexicographic
(invlex) order in My (F) as x%f; < xPf; if i > jorifi = j,x% <gpiex x°.

By construction of the nullspace of My(F), each syzygy
s € syzy(f1, f2, -, fs) can be written as s = (x*f; + lower terms) with respect

to the order given in Definition 3.1.9. On the other hand each syzygy s €

syzq(fi, f2, -, fs) produce an equation

S
z hif; = 0.
i=1

Since for any monomial x#

S
X z hif, = 0,
i=1

xPs € syz,(fy, for -, fs) where e = d + |xF|.
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Now, we group the syzygies in syz,(fy, f2, ---, fs) into groups according to
the polynomial that their highest term multiplied. Therefore we define the set of

monomials.

Definition 3.1.10. Let F = (fy, f2, ..., f) be s-tuple of homogeneous polynomials
and d € Z*. Define

JE = { x* | x*f, is the highest term of some s € syz;(fi, f2, -, fo) }-
For each group of syzygies of degree d, we want to count the total number

of syzygies of degree e > d.

Definition 3.1.11. Lete > d and J& = {x*,x%, ...,x%n} for k = 1,2, ...,s. The
extension of J¢ to degree e is defined as

Je = {xPx% | |8l + |yl =e,1 < i <m}fork=12,..,s.
The number of monomials in ],f’e can be found by the Lemma 3.1.6. Notice that
we may have more than one syzygies whose highest term is x#x%f,. In this case,
suppose we take one of them. Let N, be the matrix such that each row is the
coefficient vector of some syzygy whose highest term is x#x% € J¢. Assuming
columns of N, is sorted according the order given Definition 3.1.9, it is easy to
order rows of N, so that it is of the row echelon form. Let
Nes T
N, = INe,f—l I

[ R, J

Clearly N, is also of the row echelon form. Therefore we have at least

N
> ]
k=1

 —

linearly independent syzygies.

Example 3.1.12. Consider F = {f; = x2 + x1%5, f> = x2 — x5, f3 = x; + x5 }

fi fo =mfs mafs
22 [1 1 1 0
My(F) = Tixg |1 0 1 1
22 |0 -1 0 1
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The row reduced echelon form of M, (F) is

1 0 1 1
0 1
0 0 0 0

The nullspace of M, (F) is generated by
1] [-1
0 1
1('fo]l
0 1

zofs z1fs o fu
N— [1 0 1 -1
0 1 0 -1

o
[
Juy

Hence

The corresponding syzygies are
S1=%fz3+f—fus:=x/f; - fir
So, /2 = {x,, x,}. Since LCM (x5, x;) = x,x; We have at least

) 2+e—-2-1 2+e—-2-1 2+e—-3-1
)= ( )+ )= )
3 e—2 e—2 e—3

=2(e—-1)—(e—2)=e
linearly independent syzygies of degree e > 2.

For example for e = 3,J2° = {x2, x,x,, x?}.

23fs xoxify 2ifs xofe xife x2fi i fi

. a8y 1 0 0 1 0 -1 0
Nsz= 28, | 0 1 0 0 1 (|
Xi859 0 0 1 0 0 0 -1

The matrix is of the row echelon form as we expected. One may construct
N; . for any e > 3 to observe the matrix is of the row echelon form.
Notice that we have one more extended syzygy
X282 = XX1f3 — X2 fi-
We do not take this syzygy in the construction of N5 ; because its highest term is

same as that of x,s,. If we add its coefficients as a new row to the bottom of N 5,

1 0 0 1 0 -1 0
0 1 0 0 1 0 -1
0 0 1 0 0 0 -1
0 1 0 0 0 -1 0
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If we add -1 multiple of row 2 to row 4, and the multiply row 4 by -1, the last row
becomes
[0 0 0 0 1 1 -1]
which corresponds to the syzygy
S3 =x1f2 + x2f1 — X1 /1
This is not a new syzygy of degree 3, it is only a linear combination of extended
syzygies of s; and s, of degree 3.
Since
24+e—3-1

S3 = x1fs + X2f1 — x1f1,J2 = {x1} and |]23,e| = ( e —3 ) =e—2.

Hence we have at least
|]§'e| + |]23’e| =e+(e—2)=2e—2

linearly independent syzygies for e > 3.

Now consider

2?1f1 $2f1 $1f2 $2f2 Iﬂffs $12?2f3 $§f3

@ [1 0 1 0 1 0 0
2
Ty | 0 1 -1 0 0 1 1
x5 0 0 0 -1 0 0 1
and its row reduced echelon form is
1 0 1 0 1 0 0
0 1 -1 0 0 1 1
0 0 0 1 0 0 -1
0 0 0 0 0 0 0

A basis for the nullspace of M5(F) is

M 01707 =17 —17)
—1[|-1]|o|]| 1
ollo||lo]]1

J1llol,lol]ol}
ollol|l1]]o0
oll1]lo]]o

L1llollollol

The corresponding syzygies are
X5 fs + Xofy — X2 f1 = X354,
X1X2f3 — Xoft = X283,
Xifs = X1y = %18,

X1f2 + X2 f1 — X1f1 = S3.
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All syzygies are extended syzygies. Hence {s;,s,} is still a basis for
syzs(f1, fo, f3) . Recall that, we obtained row echelon form of the matrix of
extended syzygies of degree 3. It is easy to obtain row reduced echelon form of
this matrix. Notice that during this calculation pivot columns do not change.
Furthermore we can write each pivot column as a linear combination of non pivot
columns. Hence deleting corresponding columns in M5(F) do not effect column
space of M5 (F).

Therefore let us delete the columns x2f5, x,x, f3, X2 f5, x1 f> from M;(F).

Call this matrix M;(F).

21 fi Tofi x2fo

1 0 0
~ 1 1 1
My(F) =
3(F) 0 ) 0
0 0 -1
and its row reduced echelon form is

1 0 0

0 1 0
0 0 1|

0 0 0

The nullspace is empty set as we expected.
Before giving general algorithm for finding syzygy basis, we should have

the following.

Algorithm 3.1.13. (Extended Syzygy Algorithm)

Input: syzy(f1, f2, -, f5)
Output: J4, /5, .o\ Js
Fork=1Tos
Find j**
End For
Obtain the matrix N4
Obtain the matrix ﬁdﬂ , coefficient matrix of other extended syzygies
Ngy1

Define Ny, = [:: l
d+1

Obtain R4, the row echelon form of N, ;
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Fork=1Tos
Return J, = {x% |x%f is pivot column in Ry, }

End For

We know that the number of columns of M, (F) is
° n+e—deg(f) —1
rZ;( e — deg(fi) )

The well known theorem of Linear Algebra indicates that rank of a matrix
plus nullity of that matrix is equal to number of the columns of the matrix. After
computation of extended row reduced echelon form of M, (F), we know the rank
of M, (F) is at least LM (F)| and nullity of M, (F) is at least ¥3_,|J&¢| for every
e > d. Therefore if r = [LMq(F)| + Y51 [/°|, then there is no new syzygies to
add Syz(F).

After this observation, we are ready to give an algorithm to find a basis for

Syz(fu, for s f5)-

Algorithm 3.1.14. (Syzygy Algorithm)
Input: F = {f3, f5, ..., fs } Ck[x1, X3, ..., X, ], a set of homogeneous polynomials

Output: S, a minimal basis for Syz(fy, f2, .-, fs)

§=0
=5t (")
Fork=1Tos
Je =9
End For
Do
Obtain M, (F)
Fork=1Tos
Delete the columns {x*f; |x® € J;.} from M, (F)
End For
Find row reduced echelon form of [M;(F)|I]
Find LMy (F)

Find syz,(F)
S=SUsyz;(F)
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Fork=1Tos
Je =J¢
End For
If [ILM(F)| + %5, |[/¢| =  Then Exit
{J1,J2, -, Ji} = Extended Syzygy(S)
d=d+1
While [LM(F)| + X5_, [/ < r

Example 3.1.15. Let F = {f; = x3,f, = x1X, — X2, f3, = x2 + x2,f, = x, + X, }.
Then
r=(2+e—3—1)+2(2+e—2—1)+<2+e—1—1
e—3 e—2 e—1
d = min{deg(f;),i = 1,2,3,4} = 1 and

>=4e—4,

Ja

My(F): L= & [1 L1 0]
z2 [1 0 1

The row reduced echelon form is
[1 0 1 ]
0o : 1 -1r
SoL=[1 -1]. The nullspace of L is generated by {[ﬂ} So LM, (F) = {x,}.

Therefore
24+e—-1-1
MP) = ("7 T ) =e
The nullspace of M, (F) is empty set.

Sincee < 4e—4,d = 2.

o fs mfy mofs
:.r:% 0 1 1 0 1
[A‘I{Q(F) :13] = r1Zo ]. 0 ]_ ]_ 0
:r:% -1 1 0 1 0

=
- o o

and its row reduced echelon form is
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[ 114
|1010 : 2 ]
0110 1 0 0]
[0001 111J
2 2 2

-1
The basis for the nullspace of M, (F) is l_lll . The corresponding syzygy is
0

si=x1fa—fz—fzand S = {s;}.
Therefore

24+e—-2-1
Je= G = ("7 ) =e-1,

Since the matrix L did not occur at this step, LM, (F) = {x%, x;x,,x2} and
ILM.(F)| = e + 1.
Since (e + 1) + (e — 1) = 2e < 4e — 4, we apply extended syzygy algorithm.
23fs mawifa xlfs wafs aifs w2fs mfa S

Ny— 2251 [ O 1 0 -1 0 -1 0 0
z1s1 | 0 0 1 0 -1 0 -1 0

It is already in row echelon form. Then
Ja = {x2x1,xf} and |]ie| =e—1

Now d = 3. We drop columns x,x; f, x?f, from M;(F). So we have the matrix

fi zife zafs mfs 2afs 23f4

:.r:i’ 0 0 0 1 0 0 1 0 0 0
2
iz [0 -1 1 1 0 1 0010
z L1 0 -1 0 1 1 00 01
and its row reduced echelon form is

1 0 0 0 2 2 -1 1 1 1

0 1 0 0 1 0 0 1 0 0

0 0 1 0 1 1 -1 1 1 ol

0 0 0 1 0 0 1 0 0 0

A basis for the nullspace is
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0][-1
-1]1-1
ofl'lo

Lol l:)

The corresponding syzygies are s, = x,2f, — X, f> — 2fy and s3 = x,f5 — X2/, —
xX1fs — 2f;. Hence S = {sy,5,,53}. Then J3 = {x,}, J» = {x%, x1x,, x5} and so
I3l =e—2,1/4] =e.
On the other hand, |[LM.(F)| = e + 1 remains the same. Since

e+ +(e—2)+e=3e—-1<r,
we apply extended syzygy algorithm

o3fs Thzafi Tozifs Tifs 3hfy zemifs Tifs Thfe Temife Tife Tofi TS

Iosy | 1 0 0 0 0 0 0 -1 0 0 -2 0
T8y 0 1 0 0 0 0 0 0 -1 0 0 -2
TqZ181 0 0 1 0 0 -1 0 0 -1 0 0 0
:L'%Sl 0 0 0 1 0 0 -1 0 0 -1 0 0
Insy 0 0 0 0 1 0 0 -1 -1 0 -2 0
Z183 0 0 0 0 0 1 0 0 -1 -1 0 -2
1.'%51 0 1 0 0 -1 0 0 -1 0 0 0 0 i

Except the last row, the matrix is in row echelon form. After some row operations,
the last row becomes

[0 0 0O0OO0O 0010 0 1 —1]
The corresponding syzygy is x3f, + x,f; — X1 fi.
Then J, = {x3} so |J,] = e — 3. The sets /5 and J, remain same. Since
2l + sl + Jal + ILTe(F)| = (e =3) + (e—2)+e+(e+1) =4e—-4 =,
the algorithm terminates. Hence

Syz(F) = {s1,52,53}.

3.1.2 Reduction Procedure

The second component essential to the H-basis construction is reduction,
which serves as a multivariate analogue of the Euclidean division process. In this
section we will describe a reduction algorithm based on linear algebraic
techniques.

During this subsection, let H = {f;, f>, ..., fs}cP and g € P with deg(g) =
d. Define F = {LF(f;), LF(f), ..., LF(f;)}.
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Let N = [B | J] be the extended row reduced echelon form of the matrix
M, (F). Furthermore let {x®“aLF(f;, ), x*zLF(f;,), ..., x“mLF(f; )} be the pivot
columns of B and {x#1, x5, ..., xPin} be the pivot columns of J.

The following lemma is a consequence of Theorem 2.1.16.

Lemma 3.1.16. If v is the coefficient vector of LF(g), then

m n
LF(g)=h+r = Z cl-k(x“"kfik) + Z djkxﬁfk
k=1 k=1

where h € V;({(F)), r € V;({(F)¢ and
(Cil, Cim, djl’ . d]n) = ] v

The r is called remainder of LF(g) with respect to F.

Example 3.1.17. Let
H={fi =x1 +x3,f5 = %1%, + X33 + X1 + 2x5, f3 = X135 + X,%3 + x3 + 1}
and g = x? + x;x3 + x3 + x, + x3 + 1. Therefore
F ={LF(f1) = 21 + x3, LF(f2) = x1x; + x5x3, LF(f3) = x125 + x5x3},
deg(g) = 2 and

LF(g) = x? + xyx5 + x2.

Then
k2 LFE(f1) zoLF(fi) «:lF(fi) f2 fs 22 rixs T3 T3 Tada xg_
a? 1 0 0 00 :1 0 0 0 0 0
P 0 1 0 1 0 0 1 0 0 0 0
(My(F) | I = ©173 1 0 1 o010 0 1 0 0 0
a2 0 0 0 0 0 0 0 0 1 0 0
a? 0 0 1 0 0 0O 0 0 0 0 1]
and the row reduced echelon form is
! 0 0 0 0 0 1 1 o -1 -1
0 1 0 1 0 0 1 0 0 0 0
0 0 1 0 0 0 0 0 0 0 1
N=[B[]] 0 0 0 0 1 0 -1 o0 0 1 0
0 0 0 0 0 : 1 -1 -1 0 1 1
L0 0 0 0 0 : 0 0 0 1 0 0 -

Pivot columns of B are (x; LF(f;), x,LF(f1), x3LF(f1), f3) and the pivot columns
of J are (x2, x2).

LF(g) = x? + x,x3 + x2 can be represented as v = (1,0,1,1,0,0)7.
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Then Jv = (1,0,0,0,0,1)7. Therefore
LF(g) = x,LF(f;) + x2 where r = x2 € (M, (F))".

The next algorithm gives the polynomials a4, a,, ..., as and r such that

N

g=2aifi+r (3.1

i=1
where deg(a;f;) < deg(g) and r = 0 or deg(r) < deg(g). In this case we say g
H
is reduced to the remainder » modulo H and write g—r. The following

algorithm outlines the steps of the reduction process.

Algorithm 3.1.18. (Reduction Algorithm)
Input: H = {f3, f5, ..., fs}<P;, g € P
Output: {ay, ay, ..., as, r}CP satisfying (3.1)
r=0,a,=0,a,=0,..,a, =0,

F = {LF(f1),LF(f2), ..., LF(f)}

d = deg(g)
While d > 0

Find N =[B | J] (the extended row reduced echelon form of M, (F))
Write LF(g) = Xi-; b;LF(f;) + 7 using N

Fori=1Tos
a; =a; + b;

End For

r=r+rv

g=9—Qizbifi +7)

d = deg(g)
End While
One of the output of the algorithm is the remainder r. We denote this process by
g i T

Example 3.1.19. Continuing from previous example, a; = x;,7 = x2.
g=9—-(fitxd)=x+x;3+1,
d=deg(g) =1
LF(g) = x, + x5
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LF(f1)
x4 1
[My(F):Is]= 4, | 0

fon R R
o = O
[ = R

Row reduced echelon form is

1 : 0 0 1
N=[B|]]=[O : 1 0 —1].
0 : 01 O

The pivot column of B is {LF(f;)} and the pivot columns of ] are {x;, x,}.
Then
LF(g) = x, + x; can be represented as v = (0,1,1)7 and Jv = (1,—-1,1)7.
Therefore

LF(g) = x; + x3 = LF(f1) — x1 + x5.

So,a; =x;, + 1,7 = x5 — x; + x5,

g=9—-(fi—x1+x)=x+x3+1-0g+x3—x +x)=1

d = deg(g) = 0.

Mo(F) =0 impliessg=0+r=0+1.S0r =x2 —x; + x, + 1.

H
Hence g —» x2 — x; + x, + 1.

3.1.3 H-Basis Algorithm

In this section, we detailed Algorithm 2.3.6 using degree by degree
approach. Basically, given H = {f, f5, ..., fs}cP, we will find a basis for
syzq4(F) = syzy(LF(f1), LF(f2), ..., LF(f;)) degree by degree starting from

d = min{deg(f;);i = 1,2, ..., s}
For each syzygy (h4, h,, ..., hy) € syz,;(F), we apply reduction procedure to
h=hifi + hafs + -+ hefs

to obtain h ir. If r # 0, we extend H by r and F by LF(r). If r =0, we do
nothing and pass the next syzygies. We repeat this process for each basis elements
of Syz(F) and then

h=hyfy+ hofy 4+ hofy = 0forall (fy, fy oo, £.) € Syz(F).

39



Notice that if the set F = {LF(f;),LF(f;),...,LF(f;)} is extended by
f = LF(r), then we will not compute the extended row reduced echelon form of
new F from scratch.

If N;y =[Bg | J4] is row reduced echelon form of old F and K is the
matrix representation of {x*f : [x%| + deg(f) = d }, then row reduced echelon
form of [(B4lJxK) | J4] will be the extended row reduced echelon form of

(F, f). This observation is easily followed by Theorem 2.1.16.

Algorithm 3.1.20.
Input: d,F = (fi, for o o f
Output: N; = [Bg | J4], the extended row reduced echelon form of M, (F)
If f =0 Then
Ny = [Bg | Ja] = The row reduced echelon form of [M4(F) | I]
Else
K is the matrix representation of {x*f : |x%| + deg(f) =d }
L=J,K
M = [B4L | Jal
N, = The row reduced echelon form of M

End If-Else

Algorithm 3.1.21. (H-Basis Algorithm)

Output: an H-basis for the ideal (H)
F = {LF(f1): LF(fz), sy LF(fs)}
S=0,S=¢
. _ +e—d (fi)—l
dim = Xi-, (n e—deg(f) )
Fork=1Tos
Jk=0

End For
LTe(F) =0

f=0

r=20
While |LT.(F)| + Xi=1l/5l < dim
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d = min{deg(f;);i = 1,2, ..., s}
Obtain My (F)
f=LF()
Fork=1Tos
Remove the columns {x*f |x* € Ji; k = 1,2, ..., s} from M, (F)
End For
(*) Ny =[Bg | Ja]l = Reduction(d,F,f)
Find LT4(F)
Find Syz,(F)
S=SUSyz;(F),S =SUSyz;(F)
Fork=1Tos
Jk =%
End For
Ifr #0,ThenH = (H,r)
If f+0,ThenF = (F,s),s=s+1
While S # @
Select (hy, h,, ...,hs) €S
h=XYi-1hifi
h-r
If r # 0 Then
f =LF()
d = min{deg(f,), deg(f2), ..., deg(fs), deg(f)}
Go To Line (*)
S =5—{(hy, hy,...,hs)}
End While
If |ILTo(F)| + X5 _,1/¢| = dim Then Exit
{1, ]2, ... Js} = Extended(S)
d=d+1
End While
Return H

Example 3.1.22. Let

H ={h; = x3x2 + 2x,x3, hy = x1X, h3 = x,x5 + x1x, + 3x3}.
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Then
LF(H)=F ={f, = xfx% + 2x1x§,f2 = X1Xg, f3 = x1x23}.
We start with the minimum degree, d = 2

f2
22 |0 1 00
[lb‘f?(F)lfg]: X1ZLo 1 0 1 0
z2 |0 0 01
the row reduced echelon form of [M,(F) | I5] is
1 : 0 1 0
0 : 1 0 O].
o : 0 0 1
1 o0 o0
So,L—[0 0 1]
0
hence nullspace(L) = |1|. Then LM, (F) = {x;x,}.
0
Continue with d = 3
z1fa Zafo
2 [0 0 1 0 0 0
2
(My(F) | I,] = iz | 1 0 01 0 0
xlx% 0 1 0 01 0
zs L0 0 : 0 0 0 1]
The row reduced echelon form of [M5(F) | 1] is
1 0 : 0O 1 0 0
0 1 0O 0 1 O
0 0 1 0 0 of
0 0 0O 0 o0 1
1 0 o0
soL=[y o o 1F

0
1
0] [O
Hence nullspace(L) = (1) ) (1) . Then LM3(F) = {x;x2, x?x,}.
01 LO

Ford = 4,
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zife zizafa 23f f3

x“ll 0 0 0 0 1 0 0 0 0
23ry | 1 0 0 0 01 000
[Ma(F) | Is] = 2242 | o 1 0 0 0010 0
Tz | 0 0 1 1 00 010
2 |0 0 0 0 00 0 0 1]
and row reduced echelon form of [M,(F) | I5] is
1 0 0 O : o 1 0 0 O
[0 1 0 0 0 0 1 0 0]
lo 0o 1 1 0 0 0 1 ol
lo 0 0 0 1 0 0 0 OJ
0O 0 0 O o 0 o0 0 1
1 0 0 0 0
SOL_[O 0 0 0 1]'
( O] [0' [O]\
1101 10] |||
and nullspace(L) = 4 ol,11],10] & Then LM, (F) = {x;x3, x?x2%, x3x,} and
Lll |0 |0||
ol Lol 1ol)
(T 0 T
nullspace(M4(F)) =< l_ol >,
\L 1

The corresponding syzygy is

fs = x3f

hy — x5hy = x.%5 + x1%, + 3x2 — x.%3

= x1%, + 3x2 5 3x2.
Then
h, = 3x3,and so f, = 3x2.
Thus F =F U f, and
r=(e—4)+(e—1)+(e—-3)+(e—1)=4e—09.

Since deg(f,) = 2, we turn back to second degree. Now d = 2. Therefore

x1r1t 0 : 0 1 0
[My(F) | L] =xix2]0 0 ¢ 1 0 0
x21lo 3 : 0 0 1

and the row reduced echelon form of [M,(F) | I,] is
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1 0 ¢ 0 1 O

0 1 0 o0 !
3|

0 O 1 0 O

SoL=[1 0 oO]and

01 [0
nullspace(L) = {[0], 1 } Then LM, (F) = {x2, x,x,}.
11 10
Now d = 3.
x1fe wafs x1fs m2fa
[ 1 0 0 0 0 1
~ 0 1 3 0 0 0
[M3(F) | 1] =
0 0 0 0 1 0
| 0 0 0 3 0 0
and the row reduced echelon form of [M,(F) | 1,] is
[1 o o o : 0 1 O O]
I 0O 1 3 0 : 0o 0 1 OI
1]
lo 0o o0 1 o 0 0 <
I o
0O 0 0 o 1 0 0 O
SoL=[1 0 0 0] Then
0] [O] [O
)1 [of |o (2 2 .3
nullspace(L) = ol 11l o and LM3(F) = {x{x,, x,x5,x5}. Then
0l Lol 11

0
nullspace(Ms(F)) = 1_13‘ )
0

the corresponding syzygy is

X1fa — 3%2f5
and

x1hy — 3x,hy = 3x,x2 — 3x,x% = 0.
Letd = 4.
Extended syzygies are
x2h, — 3x,x5h,,
x1X3hy — 3x2h,.

We can delete the columns corresponding to x2h, and x;x,h,.
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[1 0O 0 O O 1 0 O 0]
- o 1 0 o 0 0 1 0 0
IM,(F) 1Is]=10 0 1 o0 0 0 0 1 ol
IO 0O 0 O 1 0 0 0 OI
lO 0 0 3 0O 0 0 0 1
The row reduced echelon form of [M,(F) | Is] is
1 0 0 0 : 0 1 0 0 O
O 1 0 O O 0 1 0 O
O 0 1 o0 O 0o o0 1 O
1l
0O 0 0 1 0O 0 0 O 3
L0 0 0 O 1 0 0 0 O
SsoL=[1 0 0 o0 0]
and
(1191 121 1°1
[1]10] [O] [O]
nullspace(2) = {|o,|1],l0],|0|!
UO||0||1||0||
Lol Lol Lol L11)
Therefore LM, (F) = {x3x,, x?x2, x,x3, x3}. The extended syzygies are

Ford =5

_f1 x%f2

5
T

4
T2

3

xizf

[Ms(F) | Ig] =

2175

5
T

L}
D N O = O D

0

o o o o =

X1f3 — x1x§f2:

X2 f3 —ngz'

xfﬁt - 3xfx2f2,

x12x2f4 - 3x1x§f2,
x1x§f4, - 3x§f2.

So, we can delete the columns x; f3, X, f3, X3 fo, X2 x5 fa, X, X3 f, in [Mg(F) | I].

irafy maifs zifs 23fs

0

(==l

0

o O = O O

0

Lo B = T < T

and the row reduced echelon form of [Ms(F) | I4] is
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1 1 ]
1 0 0 O > 0 0O 0 0 O > 0
0O 1 0 o 0 0 0O 1 0 0 0 0
1 1
0O 0 1 o —3 0 o 0 1 0 —3 0'
0O 0 o0 1 0 0 o 0 o0 1 0 0
1
0O 0 o0 o 0 1 0O 0 0 O 0 3
0O 0 o0 O 0 0 : 1 0 0 O 0 0
Therefore L=[1 0 0 0 0 0]
107 107 107 107 07
1110]110]10] 10
_Jiop 11 1of oy |o
and nullspace(L) = ol'lol11l ol 1ol So
LO 0110} 11 OJ
Lol Lol Lol Lo L4]
LMs(F) = {x{xp, %7 %3, x{x3, %165, X3 }.
Then
117
2
0
nullspace(Ms(F)) = < % .
0
1
\L 0 UV

Corresponding syzygy is

2 + l 2 —_ 1
x5 f2 2X1X2f2 2f1-
Therefore
Jo = {x2},J; = {1} and J, = {x;}. This set produce

|]15,e|:<2+e—5—1):e_4,

e—5

2+e—4-1
4.e
T = = —3,
2| ( e—4 ) ¢

and

24+e—3-1
3,e
= =e—2.
=", )=e

Since |[LMs(F)| = e,
ILMs(F)| + I8 + 138 | + 3| = e+ (e—4) + (e —3) + (e —2) = 4e — 9.
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As a result, the equation |LM.(F)| + X5-11J7| = r is satisfied at degree 5, so our
calculation terminates here. We have an H-basis as below

H ={h; = x}x2 + 2x,x3,h, = x1X5, h3 = X135 + x1x, + 3x3, hy = 3x3}.

3.2 H-Bases Computation via Full QR Decomposition

3.2.1 Syzygy Computation

Given a set of homogeneous polynomials F = {f, ..., f;}, we will use QR
Decomposition techniques to find a basis for Syz(F). In this section, Algorithm
3.1.15 also constitutes the primary foundation for the Syz(F) computation. The
Algorithm 3.1.15 uses row reduction techniques for the calculations of syz,(F)
and LMy(F) but in this section QR Decomposition will be used for these
calculations.

We intend to develop a recursive method. Because of this, we sort

elements of M, (F) in a different way by using the following definition.

Definition 3.2.1. Let x*f;, xff; € My(F). Then x®f;<xPf; if x% >y xF or if
x% =g xP and i < j.

Notice that using Pivoted QR Decomposition of M;(F), Theorem 2.2.11
gives the matrix N such that columns of N form a basis for the nullspace of
M4(F). Then the corresponding polynomials of nullspace gives a generating set
for syza(fi, -, fs)-

Let C/ be the set of monomials of degree d. For a polynomial f of degree
d, LM(f) is the largest monomial x* € C/ with respect to lex order.

Let F = (f, fa) 0 f5)
LMy4(F) ={x*€ C} | x*=LM(f),f E<F >}

then the set B; = C}\LMgy(F) is called standart monomials.

Theorem 3.2.2. Let I = {i;,i,,...,i;} be the index set obtained in Full QR
Decomposition of M, (F). Suppose that the monomials in CJ are ordered from the

smaller to larger with respect to lex order. Then,
Bd = {C(;l[ll]f Ctgl[lZ]' L) C(?[lt]}
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Proof. Let J = {C}[i], C}iz], ..., C}i ]} Let x*& . Suppose
CM (i) < x* < CSV(ij4).
By Gram-Schmidt procedure,
x* € span (Md(F), C(gn)(il), . C(g")(ij)).

So, there is a polynomial

f=x%+ alCC(ln)(il) + o+ ajCC(ln)(ij) € span(M4(F)).

So LM(f) = x* € LM4(F). Then x*& Bj.

Conversely, suppose x*¢& By. This implies x* € LMy (F). Therefore there

is a polynomial f € (F) such that f = x“ + lower degree terms. Therefore

during the Gram-Schmidt Procedure corresponding x“ gives zero vector. Hence

x%¢]. Thus, we may conclude that By = {C}[i,], C}[i5], ..., C}lic]}-

Example 323 Let F = {x1 + X3 ,fz = X1X2 + XyX3 ,f3 = X1X3 + XZX3} we W|”

find a basis for the vector space Syz(F).

3+e—1-1 3+e—2-1 3+e—2-1
r=( )+ ( )+ (

e—1 e—2 e—2

e+1 e
_(e—1)+2(e—2)'
d = min{deg(f;),i =123} =1
Start with d = 1. M, (F) = {f;}. Then the corresponding matrix is

S

My (F) =

==

and the Full QR Decomposition of M, (F) is

1 -1

z 2|z .
0 o 1 [0]:[01 : Qz][ol]-
L L olto

V2 V2

The Full QR Algorithm returns the vectorindex={3,2}. Hence
By = {(V1(3),V1(2)} = {x3,x,},and
LM, (F) =V; — By = {x1}.
Therefore fore > 1,
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= (570

The nullspace of M, (F) is empty set. Thus there is no syzygy in degree 1. Since
ILM; (F)| = (¢*]) < r, we will continue with d = 2.
Letd = 2.

My (F) = {x1f1, %2 f1, X3f1, f2, f3}-

Then the corresponding matrix is

e fi wfi whi fo fs

1 0 0 0 0
o 1 0 1 0
1 o0 1 o0 1
MaF)= Lo o o 0 o0
o 1 0 1 1

0 0 1 0 o]

now we need to find the Full QR Decomposition of M, (F). Therefore we find

V1 g U3 (27
(1 g _1 _+2 1 9l
V2 V6 Vi V5
1 V3 1
0% 0 -7%  —xn 0
Bk R
2 [i] 15 5
1 3 1
0 % 0 \/A% % 0
V2 V2 1
00 B -7 7z U
- 1
V2 0 —= 0
V2
0 V2 0 2
V6
R=|0 0 -

0O 0 0 0
L0 0 0 O
The monomials in degree 2 with respect to the lex order

(2 2 2
Vy = {x{, X173, X1 X3, X5, X2 X3, X5 }.
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The Full QR Algorithm returns the vectorindex={6,4}. Hence
BZ = {V2(6)1 V2(4)} = {x%,x%}, and
LM, (F) =V, — B, = {x2x3,x1x3,x1x2,x12}.

Therefore for e > 2,
e+1 e e—1
LM, (F)] = (e — 1) + (e - 2) a (e - 3)
To find syz,(F), we need to obtain the nullspace of M,(F). Let us find Pivoted
QR Decomposition of M, (F).

The matrix R in Full QR Decomposition of M,(F) is not an upper triangular

matrix. So, we need to use

A=1o @[t fielpr

0 0
We need to change 4" and 5" columns of R.
So,
Ru Ry
_ ) . -
V2 0 5 5 0
0 v2 0 % V2
vB 1
o 0 ¥ L 0
Ru Rolpr_ 1o o o ¥ : g
0 0
0 0 0 0 0
0o 0 o0 0 |
where
1 0 0 0 O
[0 10 0 0]
P=|0 0 1 0 O}
0 0 0 0 1
0 0 01 0
Then
0
_ -1
_R-1p. —
Rll R12 0 )
0
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53]
_ 1
[—R111R1z] | 0 |
l 0
1
Theorem 2.2.11 implies
[°]
P[_Rl_llRlZ] o |
I | 1 |
Lo

forms a basis for the nullspace of M, (F). Then

[0] [0]

[—1] [—1]

My(F).| 0 |={afi xafi, xsfu, for f33] O |
1 1

B B

Thus
syz,(F) = {f; — x2f1}-
So,J, ={1}and | J,| = (,°,). Then

| J2| + LM, (F)| = (ii)+2(8iz)‘<

Decomposition of M;,,(F). That means instead of computing the Full QR

Decomposition of the M., (F) from scratch, we will compute it using the QR

Decomposition of the M;(F).

Notice that My, (F) can be written as

M) = M) 4]

Let My(F)=[Q; Q2] [%1] be Full QR Decomposition. Since Q; is an

orthonormal basis for column space of M, (F), we can substitute Q, for M;(F) in

the above matrix. It is enough to find Full QR Decomposition of

5 5]

for our purposes.
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e—1
e—3

X2 f7

)<r

Now, we give a recursive method for computing the Full



Theorem 3.2.4. Let M;(F),Q4,Q,, Ry, M4.4,A, B be matrices as defined above,
and r be the number of column of Q,.
If

%4 =10, 1 0 [R]

is the Full QR Decomposition and

= =~ _[S1 | S
[Ql | QZ]_ 7'v1 | T2:|.
Then
T
[Q1 A]z[Ql Q251 stz] L Ql_A
0 B o 1, T,]|° :

is the Full QR Decomposition of [Qol g]

Proof.
Notice that
I, QT4
Q1 A1_1[Q: Q2 O7f”
[0 B]_[O 0 1]0 Q7Al )
0 B
On the other hand
%=1 1 7
B T, | T,llo
implies
Ir {A IT' 0 0 Ir IA
0 QIa[=]0 S 52[0 R
0 B 0 T, Tdlp o
Hence
L 0 071711 TA
@ A-e e 9l s, s i
o Bl7lo o 1 12210 R
0 T, TJdlp o
1 TA
_[Ql Q25 stz] Tl
“lo 1, T, [0 f;

Corollary 3.2.5. Let

%4 =10, 1 @a|fr Riz]er
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be the Pivoted QR Decomposition and

=15, el

Then
D_CR1_11R12
_[IT | P] E1_11E12
I
gives a nullspace for the matrix
[Q1 A
0 BrF
Proof.
L D
N B
[0 R|=|. M felno|opn
" 0 0 0

The nullspace can be obtained as

e afs g ml=-w o afs R

D — CRIR
==, | PI|” o
R11 RlZ

Example 3.2.6. If we continue Example 3.2.3. Take d = 3. To find M5 (F) we use
recursive method given in Theorem 3.2.4. Since x,f, — x,2f; is an extended

syzygy, we can delete the column x, f,. Then the matrices A and B are

z3fi xomsfi wofs ZZf1 zafs

z [0 0 0 0 0
23Ty 0 0 0 0 0
3T3 0 0 0 0 0
x5 1 0 0 0 0
T1T9xs | O 1 1 0 0 A
Ty 23 0 0 0 1 L _ ...
z3 0 0 0 0 0 =
3T3 1 0 1 0 0
T2l 0 1 0 0 1
23 |0 0 0 1 0

Hence
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o o

sk

=2
o

1_ﬁ o

o

o

o

—

i

(=]

o

o

o

o

SIER et

e o E|es
o 1_ﬁ o Ol_ﬁ o o

|8 o

(=]

(=]

]

A
B

" =[%

M;

As a next step we have to find Full QR Decomposition of

I
A
i
A

I

(=R

Lo
Lo :
Lo

_ LN

o

0 0 0 ofF

0

|

QA
B

|

X

|

S2
T,

51
T

|

1
0
0
0

P o H|l;n —m —|m
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— 1 —
v2 0 — 0 0
V2
0 Ve 1 1 NG
V5 V30 V30 V5
R=]|0 0 E L 0 =E11 Ry,
V3 2Ve6 0 : 0
3
0 0 0 — 0
242
0 0 0 0 : 0
Lo 0 0 0 : 0/

The set of monomials in degree 3 with respect to the lex order is
Vs = {x3, X7 x5, X7 X3, %1 X5, X1 XpX3, X1 X5, %3, X5 X3, X X3, X3 }.
The Full QR Algorithm returns the vectorindex={10,7}. Hence
By = {V5(10),V3(7)} = {x3,x3},and
LM;(F) = V3 — B3 = {x7, X7 X5, X X3, X1 X3, X1 XX3, X1 X5, X5 X3, X,X3}.

Then

o= () ()= (623

0 0 0 0 : 0
0 ! ! 0 : 0
V2o W2 '
2 2
Q."A=10 Z 1=[c : DI
! 3 3

2 2

o
—_
W
U
ol“"
[N
Ul
[N
Ul

Therefore
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— O -
1
V2
2
i 3
_[D+CR11 Rlzl_
— -1 = - )
Ri1 "Riz E
6
0
-1
0
0 i
_ O -
1
V2
V2
V3
V5 -
5-15 — Y;
Y:P[_R11R12]= Ve |=|.1|
13 ~
0 Y,
-1
0
0
0
0
1 |

The columns of above matrix form a basis for the nullspace of M;(F). The

corresponding polynomials are given by

1
{Ch'CI2'Q3,Q4'x§f1'x2x3f1'x2f2'xzfs,x§f1'x3f2,x3f3} ‘~"
Y,
Using the equation
q1
a: -
qs| = [x:*fi xixafi xix3fi xif3]R
a4
we find the syzygy
RiiY
{2 fr 1% fr, %1311, X f3, X3 fr, XoX3f1, Xa fa, Xa f3, X3 fr, X3 f2, X33} N
Y,

56



(a2 2 2
= {x{ f1, X102 /1, X123 f1, X1 f3, X3 f1, X2 X3 f1, X2 f2, X2 f3, X5 f1, X3 f2, X3 f3}

= X3f 3 — Xx3f1 + x1f3 — X1x3f3.
Hence
syz3(F) = {xafs — xpx3f | + x1f5 —x1x3f,} . Then J3 = {x3} and |J5] = (Z:; .

Therefore

el + Ll )l = (7 ) w2( ) =r

Hence the algorithm terminates here, and the syzygy basis is found as

Syz(F) = {fz — Xa2f1, X3fs — xx3f | + x1f 5 — x1x3f1,}.

3.2.2 Reduction Procedure

Using the same terminology as in the previous section, we denote the
orthogonal complement of M, (F) with W;(F) so that P; = M;(F) @ Wy(F).
These orthogonal vector spaces allow for the decomposition of every
homogeneous polynomials g € P, into two distinct components, one component
is in M, (F) and the other component is in W, (F).

Let Q = [Q;]Q,] be the orthogonal matrix obtained in the Full QR
Decomposition of M;(F). Suppose that the rank of A = M, (F) is k. If v is the

coefficient vector of the polynomial g € P,, then

k m—k
v = ;(v, (Q))(Q1); + ; (v, (Q2):)(Q2); (3.2)

n+zll—1).

Let {s;,s5,+,5,} be the set of index set return in the Full QR

where m = (

Decomposition of My (F) and {e, ,e.,, -, e, _, } be the set of unit vectors used

in the Full QR Decomposition of M, (F) . Define the matrix R with
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0, ifi <j;
fij = <AS]'P (Ql)i); ifi 2],1 S] < k}
(er,_p (@), ifizjk+1<j<m.

Therefore

Q = [Q1]Q2] = [Asl’“"ASk'etl’.“’etm—k]ﬁ_l'

Replacing this matrix equation into equation (3.2) and going back to polynomials

S
g =Zhifi+1’d
i=1

where h; € Py_geg(r,) and r% € W,(F). This is the key computational process of

gives

the reduction algorithm. Now let p € P with deg(p) = d. Therefore we can write
N
LF(p) = ) gify +7°
i=1

where g; € Py_geg(s,) and r% € W,(F). Then we can apply same process to the

polynomial

N
p- Z gihi — 4.
i=1

After at most d steps, this process provides an expression for each polynomial

p € Pas

N
p= Z qih; +r (3.3)
i=1

where deg(q;h;) < d and r € Uj_, W, (F). In this case we say p is reduced to

H
the remainder » modulo H and write p — r. The following algorithm outlines the

steps of the reduction process.

Algorithm 3.2.7. (Reduction QR Algorithm)
Input: H = {hq,..,h, } S P,p€EP

Output: q4, ..., qs, v € P satisfying (3.3).

F ={f, = LF(hy), ..., f; = LF(hy)}
r=0¢=01<i<s.

While p # 0
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g = LF(p),d = deg(g)
Construct M, (F)
If My(F) # 0 Then

Find Full QR Decomposition of M, (F)

Compute the expression g = Y5_, h;f; + ¢

r=r+r¢
p=p—Xisagihi—7
qi=qi+gi,1SiSS

Else
r=r+g
End If-Else
End While

da

Example 328 Let H o {hl = xl + X3 ,hz — xle + x2x3 + xz ,h3 = x1x3 +

xyx3 +x1 +1}, F={f; =LF(hy) = x; + x3,f; = LF(hy) = x1x; + X33, f3 =

LF(h3) = x1x3 + x,x3} and f =x? + x;x3 + x2 + x, + x5+ 1. So LF(f)

x? + x,x5 + x3. Then

_ifflfl o fy x3fi fo f:s_

1
0
My(F) = (‘]
0
0

0
0

— D D e

0 0
1 0
0 1
0 0
11
0 0]

If we apply the Full QR Decomposition to A = M, (F), then it returns index =

{1,2,3,5}, vectorindex = {6,4}. S0 B = [x4f;
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_io_i_ﬁ- 1 ]
V2 V6 V15 ﬁo
V2 NeT) 5 0
ioiﬁ —LO
Q1 =2 V6 Vis |'%2=[ 5 o}
0 0 0 0 (1)1
1 \/§ — 0
e " o E
V2 V2 — 0
0 0 — -—-—— i ]
| N Vs
and
- 11 —
\/Eoﬁﬁoo
1
2 A
O\/_OﬁOO
V3 1 2
e R A
V5 =2
0 0 0 — — 0
V6 /15
1
0 0 0 0 — 0
V5
Lo 0 o o o 1

The vector form of LF(f) is v = (1,0,1,0,0,1). The coordinate vectors of v can be

computed as follows:

V2
<U, (Ql)l) = \/E, <U, (Q1)2> = 0: (17, (Q1)3) = ﬁl
-2 1
(vl (Ql)él-) - Et (vl (QZ)I) - _51 (vl (QZ)Z) - 0
V2 =2 1
u = <\/§, O,E,—,ﬁ,—S,O)

Then the corresponding polynomial is

ulxifi xfi x3fi f x5 x%]ﬁ_l = x1f1 + %5
So a; = x4,7; = x%. Then

f=f—Q@ufi +x3) =% +x3 + LLF(f) = x; + x3.
Since deg(LF(f)) = 1, we need to use
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M, (F) =

=

To find the Full QR Decomposition of M, (F), we find the QR Decomposition of

1 0 0

[0 0 1].

1 1 0

Then we find

1 -1 ]
— — 0
vz vz |[v2 r
|g g 1|[0]:[Ql : Qz][ol]
L L 0
5 5o

index = {1}, vectorindex = {3,2}, B = [LF(f}) x5 x3].
Extended QR Decomposition of M;(F) is [Q; : Q»]R where

[ Lol

V2 5 0I

_| i OI'
V2

lO 0 1J

The vector form of LF(f) is v = (1,0,1). The coordinate vectors of v can be

computed as follows:

y=v2, (v, (_—1,0,1)) =0, (v,(01,0)=0.

1 1
(707 N

Then the corresponding polynomial is

(V2, 00) [LE(fL), x5, %,]R™* = (v/2,0,0) (\/_ 5 +\/_x3,x2>=f1.

Thenf =f—h; =x;+x3+1—h; =1.S0LF(f) = 1. Since My(F) =0
1=0+1landf=f—-1=0.50
f=0q+Df +x%+1.

Hence

H
f-oxi+1.
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3.2.3 H-Basis Algorithm

Upon executing the syz;(F) and LMg4(F) computations as outlined in
Algorithm 3.1.21, using the methodologies described in Subsection 3.2.1, and
subsequently applying the reduction operation as specified in Algorithm 3.2.7, the
algorithm will be transformed into one that conducts the H-basis calculation

exclusively through QR Decomposition techniques.
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4. DISCUSSION

Hashemi and Javanbakht, M. (2018) propose a method for generating a
basis for the syzygies of a finitely many homogeneous polynomials, organized
degree by degree. The fundamental aspect of this approach involves the
generation of a matrix composed of coefficient vectors corresponding to the
leading forms of polynomials. Then using the row reduced echelon forms of this
matrix and its transpose, they obtain a basis for syzygy module. We use extended
row reduced echelon form to obtain the syzygy basis for homogeneous
polynomials. In contrast to approach given in (Hashemi and Javanbakht, M.,
2018), we conduct all necessary computations through a single matrix reduction.
On the other hand, the primary factor in determining the termination degree of the
algorithm presented in (Hashemi and Javanbakht, M., 2018) is the presence of a
Grobner basis within a specific matrix, alongside the application of Schreyer’s
theorem (see Schreyer 1980). In the algorithm we propose, the upper bound is
determined independently of the Grobner basis. Moreover, the reduction
procedure described in (Hashemi and Javanbakht, M., 2018) is based on a very
complicated orthogonalization process through an inner product (see Pena and
Sauer, 2007). However, we are able to define a reduction procedure depends on
the row reduced form of the matrix we used in syzygy computation.
Consequently, the algorithm for calculating H-bases that we have developed relies
solely on the row reduction of matrices and does not incorporate any monomial
ordering.

Javanbakht and Sauer (2019) present a method for computing the H-basis,
which relies on determining a basis for the module of syzygies through the
application of singular value decomposition. It is established that the singular
value decomposition is the most reliable method for determining the rank and
identifying orthogonal bases. Nevertheless, a more computationally efficient
alternative is the QR Decomposition. Because of this, we thought that QR
Decomposition would serve as a viable alternative for the calculation of H-bases.
We give a recursive method for syzygy module computation using QR
Decomposition techniques. We also define reduction process with QR
Decomposition. Thus, we developed an H-bases computation algorithm that relies
exclusively on QR Decomposition techniques. Another advantage of our proposed
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algorithm in comparison to the algorithm given in (Javanbakht and Sauer, 2019)
is the distinct upper bound utilized for the algorithm's termination. Consequently,
there is no necessity for us to conduct any supplementary matrix reduction

operations.
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5. CONCLUSION

In this thesis, we present a discussion of various linear algebraic
techniques aimed at proposing enhanced algorithms for the computation of H-
bases. One potential future research area is the development of a signature-based
algorithm for H-bases through the adaptation of F4-type algorithms designed for
Grobner bases (Faugere,1999).

In one step of the proposed H-basis algorithms, a syzygy is selected from a
group of syzygies. This selection does not compromise the correctness of the
algorithm; however, it can significantly influence performance. Machine learning
techniques may be employed to assist in the development of a selection strategy
within the algorithms.

If the methods established for identifying the syzygy bases of a finite set
of homogeneous polynomials can be applied to modules of homogeneous
polynomials, then the syzygy chain of these homogeneous polynomials can also
be determined, which is called free resolution. This is an essential tool in
commutative and computational algebra that yield significant invariants, including
Betti numbers, Hilbert regularity, and the Krull dimension of the corresponding
ideal.
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