A NEW APPROACH TO DYNAMIC ALLOCATION OF
HOSPITAL ELECTIVE ADMISSIONS USING MARKOV
DECISION PROCESSES

Amin Khoshkenar

A Thesis Submitted to the
Graduate School of Sciences and Engineering
in Partial Fulfillment of the Requirements for

the Degree of
Master of Science
n

Industrial Engineering

Kog¢ University

August 14, 2014



Kog¢ University

Graduate School of Sciences and Engineering

This is to certify that I have examined this copy of a master’s thesis by

Amin Khoshkenar

and have found that it is complete and satisfactory in all respects,
and that any and all revisions required by the final

examining committee have been made.

Committee Members:

Associate Professor Lerzan Ormeci

Assistant Professor Onur Kaya

Assistant Professor Evrim Didem Giines

Date:




To my family

111



ABSTRACT

Uncontrolled patient flow and variability in hospital occupancy cause treat-
ment delays, emergency blockages, cancellations, diversions and patient elope-
ment. Efficient bed management through controlling inpatient admissions plays
a significant role in decreasing waiting time, maintaining lower system occupancy
and improving service delivery. Currently, for the sake of tractability, most re-
searchers focus on a single ward, but unfortunately, in highly utilized hospitals,
transferred patients from other wards make the admission gateway undesirable or
infeasible both for patients and hospital managers. In this research, to obtain a
better result, we allow two hospital wards to interact with each other and transfer
their patients to the other’s ward while there is no free bed in their own ward. We
first present an optimal admission policy using a Markov decision process model,
and then show some monotonicity results for optimal policies. In addition, we
develop a set of sufficient conditions, which ensure that a patient type should
be admitted or not, regardless of the system congestion level. Using the Markov
decision process framework on inpatient admission, we show that leveraging con-
trols to stabilize patient flow through the hospital wards can mitigate variability
in hospital occupancy. This work is based on an actual private hospital concerned

with resource allocation decisions and patient satisfaction improvements.

Key words: health care, hospital inpatient services, Markov decision processes,

hospital admission control, bed occupancy, control of queuing systems.
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Chapter 1

INTRODUCTION

In recent years, the need for managing hospital beds and other healthcare
resources has increased considerably. Demand for medical care with high quality
has been rising for years. Increasing numbers of admissions have put pressure
on hospitals, and it can result in canceled operations, longer waiting lists and
lower quality of care. Thanks to technological improvements in hospital services,
lengths of stay have been decreasing and new ways of treating patients faster and
in different settings are developed. The management of admission can be more
effective in ensuring that beds are available for admitted patients, the quality of

care is high and beds are used efficiently.

Admission to a hospital may be planned (elective) or urgency (emergency).
Elective admissions are those who enter hospital through a medical consultant,
a visit to the hospital outpatient department or a planned transfer from another
hospital. Almost 40% of hospital admissions involve elective patients who have
been on a waiting list, mostly for a surgical operation. While patients are waiting,
they may be in pain and discomfort that interferes with their normal condition.
Moreover, uncertainty can cause additional worry and in some cases, the patient’s

condition may deteriorate.
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1.1 Variation and unpredictability

Unfortunately, the rising number of emergency admissions is only one of the
sources of difficulty in controlling elective admissions. It is more problematic
when there is variation in the number of patients seeking admission over time,
and the unpredictability of this variation. This makes the management of elective
admissions extremely complex and that is why admission scheduling and resource
allocation in hospitals and medical centers is not an easy task. Admissions vary
according to the time of day, or day to day with seasonal fluctuations (see Figure
5.1). For example, scarcity of beds is higher in winter than in summer, due to

increased emergency admissions and longer lengths of stay.

The differing patterns of emergency and elective admissions offer different meth-
ods for managing hospital resources. If elective admissions can be controlled in
a way that they are higher when emergency admissions are likely to be lower
and vice versa, then the overall demand will be leveled. Managing the scheduled

admissions is the first step in improving the admissions process.

1.2 Bed management

This work aim to evaluate inpatient admissions and bed management in a
private hospital in Istanbul, Turkey. In this case, hospitals beds are considered as
the main limited resource in the process of examination and treatment. Hospital
managers are confronted with challenging questions such as: Are there available

beds in the ward assigned to a department? What about other wards?

One of the most significant global healthcare issues relates to maximizing the
efficiency of patient flow, while improving healthcare outcomes. We attempt

to ensure bed availability for emergency patients who cannot wait by managing
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elective patients with respect to the emergency demand and allocating patients to
their special or most appropriate unit. It requires to build a model, which enables
us to have a smooth, safe, timely flow of patients through the hospital system and
maximizing bed capacity without compromising patients’ health. According to
Figure 1.1, the right balance of capacity and process management achieves good

patient outcomes (NHS, 1992).

| Number of beds | Good patient outcomes
= @ Short waits for emergency
admission

| Availability of beds | D [Tt =

Appropriate beds
® Single-sex accommodation

y

| Efficiency of use |

Figure 1.1: Effective bed management

In ward capacity allocation, most hospitals have to provide both for emergency
admissions and elective admissions. Demand for emergency admission varies, so
some spare capacity has to be available to meet the peaks in demand. Otherwise,
on busy days, emergency admissions may displace elective admissions, leading to
cancellations, disruption and inconvenience for patients. Patients cannot always
be placed in the first available bed, or transferred to another ward. They must
be directed to a ward, which matches their needs. Therefore, efficient managing

of elective patients can make the situation better for all patients.

This research attempts to manage the hospital beds by optimizing patient ad-
missions. Here, we allow two hospital wards to interact with each other. We

present an optimal admission policy using a Markov decision process model and
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develop a set of sufficient conditions, which ensure that a patient type should be
admitted or not, regardless of the system congestion level. Chapter 2 explores
literature on health services, which uses the techniques like simulation, mathe-
matical modeling, stochastic modeling and dynamic programming. Chapter 3
introduces the main model. Chapter 4 focuses on the structure of an optimal
policy and shows certain properties of the model. Chapter 5 implements the
model using a dataset from a Turkish private hospital and discusses the numeri-
cal results. Finally, chapter 6 concludes with the main findings and reviews the

important contributions of the work.



Chapter 2

LITERATURE REVIEW

In recent years, the importance of healthcare systems has increased dramati-
cally. The need for high customer satisfaction, improved healthcare quality and
cost effective policies have attracted a considerable amount of researchers to work
on this area. According to a survey conducted in 2004 on U.S. civilian non-
institutionalized population, the inpatient stay in a hospital accounts for approx-
imately one-third of all medical expenses, which is an important source of cost

(Machlin and Carper, 2007).

2.1 Emergency Department

Hospital emergency departments (ED) play an important role in health care
system, accounting for a increasing proportion of hospital admissions and serv-
ing as an advanced diagnostic center for primary care physicians. Although it
is known as the most expensive place to obtain medical care, emergency rooms
remain an important safety net for most people and may play a role in slowing
the growth of health care costs. Some patients in ED need an inpatient care.
However, because of a situation called access block, they are unable to access
an appropriate care in a shorter period of time. Such situation results ED over-
crowding (Fatovich et al., 2005). ED overcrowding threatens patient safety and
originates from health care system failure and needs a multidisciplinary system

approach to be less intense (Trzeciak and Rivers, 2003).



6 Chapter 2: Literature Review

According to a review conducted by Hoot and Aronsky (2008) on articles related
to ED crowding, commonly studied causes of crowding includes non-urgent visits,
frequent-flyer patients, influenza season, inadequate staffing, inpatient boarding,
and hospital bed shortages. Also, they find patient mortality, transport delays,
treatment delays, ambulance diversion, patient elopement, and financial factors as
important effects of crowding. An observational study was conducted by Forster
et al. (2003) to identify the effect of hospital occupancy on ED length of stay.
They conclude that increased hospital occupancy is strongly related with ED
length of stay (LOS). ED overcrowding can also increase total admission LOS

(Han et al., 2007).

Bed management plays an important role in improving service delivery, de-
creasing waiting time and maintaining lower bed occupancy (Proudlove et al.,
2003). According to Sprivulis et al. (2006) analysis, there is a direct connection
between efficient inpatient flow and appropriate bed usage. They also identify
a linear relationship between the ED overcrowding and patient mortality rate.
Based in an Erlang loss model, Bekker and Koeleman (2011) analyze the impact
of variability in admissions and LOS on variability in bed occupancy. They apply
a time-dependent analysis to determine the optimal number of admissions per

day in such a way that average daily bed occupancy is obtained.

2.2 Simulation

Discrete-event simulation is a powerful tool in system analysis, which can be
used to assess the efficiency of health care delivery systems, to explore possible
relations among system variables, to design a new patient flow and to forecast the
impact of some changes in the system in order to improve system performance

and patient flow. New developments in simulation software technology have cre-
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ated numerous opportunities, including more sophisticated and valid analyses.
Simulation models allow the end user (namely, hospital administrators or clinic
managers) to assess the efficiency of the existing health care delivery systems, to
ask 'what if?’ questions, and to design new systems. In recent years, the appli-
cation of discrete-event simulation in health care has become increasingly wide
spread. Here, we review some of the articles that use simulation to analyze the

patient flow.

For a general review on the use of discrete-event system simulation in health-
care facilities we refer to Jun et al. (1999). Their work shows that a large number
of papers focus on the areas of resource allocation and patient flow. The use of
computer simulation in the development of hospital systems, has a major effect
on the cost and quality of operations. Harrison et al. (2005) use a multi-stage
stochastic simulation model to find the daily occupancy distribution, to deter-
mine the range of normal fluctuations, and to investigate the trade-offs between
frequency of overflows and the percent occupancy for bed allocations. They find
seasonal variations and variable discharge rates to be significant factors in con-

trolling overflow.

VanBerkel and Blake (2007) use a discrete event system simulation model to
help the capacity planning of a division and to evaluate its performance. The
model shows that long waiting times mainly depend on bed management and re-
source allocation. In another study using simulation methodology, Harper (2002)
investigates how to manage the available hospital resources. His model is proved
to be very helpful in the planning and management of hospital beds, operating

theatres and workforce needs.
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Harper and Shahani (2002) present a simulation model to evaluate the conse-
quences of planning policies. Based on bed occupancies and refused admission
rates, their model was able to effectively allocate the available beds. Lowery
(1996) constructs a simulation model of patient flow in a hospital. The model is
able to evaluate the effects of different scheduling systems, to determine appro-
priate allocations of beds and to provide a mechanism for making the hospital

planning process.

2.3 Mathematical Modeling

Blakea and Carterb (2002) use linear programming for allocating resources in
hospitals. The model was able to make decisions regarding the number, type
and prices of services delivered by hospitals. Arenas et al. (2002) also construct a
mathematical model to study the possibility of decreasing the LOS on the waiting
list of a hospital. Belien and Demeulemeester (2007) use a mixed integer program-
ming based heuristics and a meta-heuristic model to minimize the expected total
bed shortage in a hospital. Their model is able to predict performance measures
such as the daily expected bed occupancy, the variance on this occupancy, the

expected bed shortage and the probability of a shortage on each day.

Roland et al. (2006) propose a mathematical model that takes into account
resources and generates optimized plans. The objective of the model is to min-
imize the cost of opening new rooms and the overtime cost. They also develop
a solution approach based on genetic algorithms. Vissers et al. (2005) develop
a mixed integer linear model to evaluate scenarios for surgery planning in both
tactical and strategic levels. The model is able to produce results in terms of

resource utilizations and performance score.
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2.4 Stochastic Models

Generally, many health service activities are best viewed as stochastic rather
than deterministic processes. Basically, the reasons lie in the variability associated
with the processes of illness and recovery. Consequently, stochastic modeling
approach has predominated in, for example, studies of the admission, discharge
and utilization of hospital inpatient facilities. Stochastic nature is the inherent
part of a service system. Uncertainty in arrival and LOS is very common and
stochastic models attempt to incorporate it. Mainly, these studies are based
on some popular techniques like stochastic programming, queuing networks and

Markovian models.

A queuing model was developed by Gorunescu et al. (2002a) to study the move-
ment of patients through a hospital department, optimizing resources and control-
ling the bed occupancy. The model was able to optimally determine the number
of beds in each ward given an acceptable level of patient rejection. Kao and Tung
(1981) use a queuing approach to approximate the patient population dynamics
with admission rates provided by forecasts. The model aims to minimize expected
total average overflow and is validated by an empirical data set. The simplicity
of the model and usefulness of the results make it a suitable approach to manage

hospital wards.

Using queuing theory and data analysis, McManus et al. (2004) construct a
model to evaluate the performance of a unit and manage its resources. Their
model demonstrates that the required capacity of an intensive care unit (ICU)
is significantly overestimated by managers. Moreover, the model is able to give
a proper feedback whenever a sudden change occurs in the system. N. Koizumi

(2005) use a queuing network with blocking to analyze the congestion in hospital
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facilities. They compare their mathematical model with a simulation model to
find out the most critical facilities, in the sense that their shortage in the hospital

may create significant problems in resource utilization.

de Bruin et al. (2007) explore how OR techniques have been applied in modeling
the emergency cardiac inpatient flow. They show refused admissions are primar-
ily caused by unavailability of beds in the hospital. Gorunescu et al. (2002b)
propose an integrated model using queuing theory and computational techniques
to improve the performance of bed allocation in such a way that the total cost
is minimized. Generally, it enables decision makers to introduce different poli-
cies and to assess the benefit of providing extra beds to minimize the number of

rejections when the demand increases.

2.5 Dynamic Programming

Markov decision processes (MDPs) are widely used in many industrial and man-
ufacturing applications such as logistics, finance and inventory control (Puterman,

1994). We review the papers in this area that are close to ours.

Ross (1995) introduces basic stochastic knapsack which consists of s servers
with no waiting room to give service to k classes. Each class is distinguished by

its size, its arrival rate and its mean service time.

Hajek (1984) presents a cost-based MDP model to describe a service system,
where two stations are interacting with each other. They proved the existence of
optimal controls which have a switch curve structure. Ghoneim and S. Stidham
(1985) consider two queues in series with input to each queue, which can be

controlled by accepting or rejecting arriving customers. They maximized the
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discounted or average expected net benefit over a finite or infinite horizon, and

proved that their model is monotonic in some senses.

Miller (1969) considers a reward-based multi-server queuing system, which
serves different customer classes. For a single server with 2 customer types, he
showed it is optimal to accept class-1 customer whenever there is an idle server
and to admit class-2 customer if and only if the total number of customers in the
system is less than a certain threshold. Lippman (1975) studies the problem of
controlling M /M/c queuing systems and obtained the optimal policy for a system,

which serves different customer classes.

Altman et al. (1998) consider call admission control of multiple classes to a
group of servers without waiting room and presented some structural results.
Ormeci et al. (2001) study the problem of dynamic admission control system in a
two class loss Markovian queueing system by considering different service rates for
each customer type. They determined an optimal admission policy and developed
a set of sufficient conditions which ensure that a customer class should be admitted
or not. Savin et al. (2005) construct a queueing control model to study the
allocation of capacity in a system in which rental equipment is accessed by two
classes of customers. They use dynamic programming to characterize properties
of optimal capacity allocation policies and find preferred customer classes under

some specific conditions.

Ormeci (2004) investigates the admission control of a call center with two classes
of calls and three stations, one dedicated for each class, and one shared station.
She shows that serving a call in its dedicated station, whenever possible, is op-
timal and proves the existence of optimal monotone thresholds under certain

conditions. Helm et al. (2011) use MDP to design an admission control system
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for cost effectiveness.

Carrizosa et al. (1998) consider a loss model, where different types of customers
arrive according to a Poisson process with different rates (heterogeneous arrivals).
They assumed duration of service for each customer is a random variable with a fi-
nite mean, and presented an optimal static control policy for acceptance/rejection
of different types of customers. Ku and Jordan (1997) analyze access control poli-
cies for two stations in tandem each with no waiting room and parallel servers.
They also found the optimal policy is monotonically decreasing threshold and

proved monotonic variation of the threshold for most system parameters.

Lewis et al. (1999) present a finite capacity reward system to describe the struc-
ture of stationary, deterministic and optimal policies.Hordijk and Koole (1992)
use a dynamic model to describe parallel queues in which each queue has its own
single server, and service times are exponential with non-identical parameters.

They also showed some optimality results for their cost-based model.

Green et al. (2006) formulate a finite-horizon dynamic programming to allo-
cate the impatient into a diagnostic medical facility. Gerchak et al. (1996) use a
stochastic dynamic programming for elective surgery scheduling regarding uncer-
tain capacity of operating room. Patrick et al. (2008) propose a Markov Decision
Process model to dynamically allocate available capacity to patients with different
priorities. Because the state space was too large, they used approximate dynamic
programming approach to solve the model. Dobson et al. (2011) formulate a MDP

to analyze the effect of reserving slots for urgent patients in a healthcare setting.
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MARKOV DECISION PROCESS MODEL

3.1 Markov Decision Processes

Markov Decision Processes (MDPs) have attracted the attention of many re-
searchers because they are important both from the practical and the intellectual
points of view. MDPs or stochastic dynamic programs provide a general frame-
work for modeling dynamic systems under uncertainty. These models provide
tools for the solution of important healthcare problems. In particular many busi-
ness and engineering applications use MDP models. Analysis of various problems
arising in MDPs leads to a large variety of interesting mathematical and compu-

tational problems.

One of the popular applications of MDPs is to control the patient flow in hos-
pitals and medical centers. The purpose of controlling patient admissions is to
promote a more efcient utilization of hospital resources. In some hospital admis-
sion systems, decisions must be made sequentially in an uncertain environment.
Hospital manager must consider the currently available resources as well as the
potential future. Often decisions are to be taken in a dynamic environment. MDP
is an appropriate technique that is useful in a class of problems involving complex,
stochastic and dynamic decisions for which it can reveal optimal solutions. The
goal of a MDP model is to provide an optimal policy that optimizes a particu-
lar criterion such as maximizing total discounted reward or minimizing the total

discounted cost.
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MDPs link previous, current and future decisions through the proper definition
of system states defined as variables that contain the relevant information for
making decisions. The decision model evolves in the following manner: The state
of the system, say capacity, is observed (or partially observed), an action is taken,
a cost is incurred (or a reward is received) and the system move into a new state
according to a known probability distribution, which depends on the state and the
action. In general, a decision rule can depend not only on the current state of the
system, but also on all previous states and actions. However, in a MDP model the
future transitions are independent of the past, which is the standard assumption

of a Markov process. The key ingredients of this model are the following:

a set of decision times (epochs),

a set of system states (state space),

a set, of available actions,

the state- and action-dependent rewards or costs,

the state- and action-dependent transition probabilities on the state space.

Given such a model, we would like to know how the admission manager should
act so as to minimize the costs, possibly subject to some constraints on the allowed
states of the system. To this end, we will be interested in finding optimal decision

rules, which specify the action be chosen at a particular epoch in each state.

MDPs also have drawbacks. As the size of the problem increases, MDPs be-

come harder to solve exactly. However, many techniques for finding approximate
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solutions to MDPs exist. Perhaps the largest problem to the broader applica-
tion of MDPs is the data. Obtaining quality medical data is very difficult and
expensive (Schaefer et al., 2004).

3.1.1 Finite-horizon MDPs

Following the notation of Puterman (1994), the basic model of a finite horizon,
discrete-time MDP is defined by (S, A, pi(.|.,.), c(.,.), N), where S is the set of
state s € S, A is the set of all feasible actions or decisions and A, are those actions
available at state s. The system progresses to state s’ from state s when action
a € Ay is chosen at decision epoch ¢, (t = 1,2,...,N), with a known transition
probability p,(s'|s,a). When action a € Ay is chosen in state s at decision epoch
t, a cost ¢i(s,a) is incurred. We define a policy m = {d1(s),da(s),...,dn_1(s)} as
a sequence of decision rules, where a decision rule is a mapping from states to
actions, so that d;(s) € As. The application of a policy 7 induces a probability
distribution over the states at various stages, where the state of the system after ¢
transitions is X; and the action chosen, Y}, is a function of this state. The objective

is to compute the policy that minimizes a given criterion in expectation.

There are mainly three commonly used method to solve a MDP model: total
expected average cost, total discounted expected cost and linear programming.

Here we focus on the total discounted expected cost, which is defined as follows:

N-1
Vi(s) = EJ {Z B (X, V) + »BN_ICN(XN)} ,

t=1

where 0 < 8 < 1 is a discount factor.

The separability of the MDP decisions and costs can be exploited to decom-
pose this N-period problem into a sequence of N — 1 single-stage problems, by
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recursively solving backward from stage N — 1 to 1:

Vn(s) = en(s) for every s € S, and

‘ﬁﬁzmm{ﬂ&@+§:M@%ﬂﬂ@ﬂﬂ},

a€As seS

fort =N —1,...,1 and s € S. Here V,(s) is the total discounted expected cost of
the N —t stage problem beginning in state s at stage ¢t or as a single-stage problem
with terminal costs V;;1(s’) , which are known at the time V;(s) is computed. This
is the true computational benefit of MDPs, the ability to reduce a problem into
manageable subproblems and still attain the optimal solution. The optimal policy
is defined to be the sequence of decision rules, mapping states to the actions that
minimize the above recursion, i.e.

dm:wm%wW+memmw$

acds es
S

fort = N —1,...,1 and s € S. In the above solution and model we assumed
that the decision horizon was a finite N. Often there is no defined horizon or the

number of stages is so high that it can be approximated by an infinite horizon.

3.1.2  Infinite-horizon MDPs

Infinite-horizon models require an infinite amount of data. Therefore, it is
typically assumed that data are time-homogeneous or changing so slowly that
homogeneity is a reasonable assumption. As a result, the state of an infinite
horizon MDP must be carefully defined to ensure that the system transitions
are stationary. If the data are naturally time-dependent, the time-homogeneity
assumption can be satisfied by properly augmenting the state definition with the
time at which a system transition occurs. The presence of stationary system

transitions allows for the use of several elegant solution techniques and easily
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characterized optimal policies. We replace the above finite-horizon criteria with
an infinite-horizon variant by taking the limit of each measure as N goes to

infinity.

One of the key insights into infinite-horizon MDPs is that as a result of the
assumptions of an infinite horizon, time-homogeneity, and Markov property, under
a stationary policy =, i.e. di(s) =d(s) for all s € S and t = 1,2, ..., the expected

reward vector is also stationary.
Vi (s) =V™(s) for t=1,2,...,and s € S,
and V7 (s) is the unique solution to the set of equations:
V7(s) = c(s,d(s)) + Y _ Bp(s'|s,d(s))V(s) for s €S

s'esS

It is well known that a stationary policy is optimal for these MDPs (Puterman,
1994). In addition, the optimal vector V* is the solution of the following equations,

known as Bellmans equations:

V*(s) = min(aea,) {c(s,a) + Zﬂp(s’|s,a)\/*(3/)} for s € S.

s'Es

Given any initial bounded vector Vj, it can be shown that the following sequence

converges to a solution of Bellmans equations:

Vi(s) = minea,) {c(s,a) + Zﬁp(s/‘s,a)vk*_l(3/>} for se S and k=1,2,...

s'es

However, this solution procedure, known as value iteration, may require an infinite
number of iterations. As a result, another technique, policy iteration, is typically

used to search over the finite space of policies.
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3.2 A Markov Decision Process Model for Hospital Bed Manage-

ment

Beside the modeling part, we provided a comprehensive data analysis to analyze
the admission and length of stay (LOS) processes. Outputs are based on the
computerized records of all admissions to a private hospital over the years 2011

and 2012. We covered the following departments:

e Cardiovascular Surgery,

e ENT,

e General Surgery,

e Neurosurgery,

e Obstetrics and Gynecology,
e Orthopedics,

e Pediatrics,

e Plastic surgery,

e Transplantation,

e Urology.

In this part we attempt to construct a model to control the patient flow in these
departments. There are mainly two source of arrivals to each department; arrivals
from outside and transferred patients from other wards. Building a comprehensive

model to cover all of the departments and control their admission process is not
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an easy task; however, it is possible to construct some useful models. In this work,
we grouped all of the hospital wards into two parts. One group only contains a
single hospital ward, which we want to focus on, and the other one consists of the

remaining wards. Each group works as a service station in the model.

The model mainly contains two hospital wards. One of them is a particular
ward, and the other one is a dummy ward that includes all the other potential
wards that a patient can transfer. Figure 3.1 shows that patients are separated
into two groups. Type 1 patients are served in ward 1, and the other group in Ward
2. When an elective type i patient arrives, he/she would be either rejected with a
cost of ¢; , or would be accepted in his/her own ward, or would be transferred to
the other ward with a cost of ¢; (per time unit when he/she stays there) if there is
no free bed in his/her own ward. Also, when an emergency patient arrives, with
probability p;, he/she is characterized as type ¢ patient, and directly accepted in
his/her own ward, or would be transferred to the other ward with a cost of ¢; if
there is no free bed in his/her own ward. Note that p; + p, = 1. We always want
to accept the emergency patients, so if there is no free bed in the hospital upon

a emergency arrival, it will cost M (large number).

Emergency and elective type ¢ patients arrive to the hospital according to a
Poisson process with rates A, and \; respectively. Once he/she is admitted to
his/her own ward, he/she will stay there according to an exponential distribution

with rate p;. If he/she is admitted, but transferred to the other ward, then he/she

will stay in hospital according to an exponential distribution with rate lljriw'

Let X7(t) = (27(t),25(t)) denotes the state of the system at time ¢ under
policy m, where a7 (t) € Z* is the number of type ¢ patients in the hospital for

i =1,2. We will use X = (z1,23) instead of X™(t) = (z7(t),25(t)). Let B;
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Cancel (Cl)
Type 1 Patient /11 / Ward1 (ﬂl ,1L j Discharge
+y

Type 1 Patient
Type 2 Patient

Emergency Patient

Type 2 Patient

Ward 2 (,uZ , 1& ] Discharge
+y

7

Cancel (Cz)

Figure 3.1: Admission control system

denote the active capacity of the ward assigned to type i patients. The state
space is U = {X : x; + 29 < By + Bo}. Our goal is to analyze the structure of
the optimal policy for this model and to gain insights from this analysis into

hospital management practice.

3.3 Assumptions and definitions

Generally, the arrival rates vary in a non-stationary manner by the time of
day and day of week. However, it has been widely accepted that arrival process,
especially unscheduled arrivals, behaves according to a Poisson process (Harrison
et al., 2005; Young, 1965; Bruin et al., 2010). In our case, for each department
the admission pattern is compared with the Poisson distribution and for most
of the departments many arrivals have been shown to be well approximated by
a Poisson process (See section 5.1). Additionally, the following assumptions are

considered.
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e Canceling an operation is more costly than admitting by transferring, so

c; > t;; for i = 1,2. Note that ¢; is incurred per patient per time unit.

e Type 1 patients are more serious than the type 2 patients, so that type
2 patients leave the ward faster than type 1 patients, so we assume that

2 2 M1 for ¢ = 1727

e The previous assumption even when a type 2 patient is transferred holds.

Therefore, I‘jr—%y > 1,

e Patients are moved to their own ward when there is a free space there.
e We set [a — b]" = max(a —b,0),
e ¢; represents i'" unit vector,

e ¢ denotes {1,2} —i.

3.4 Markov Decision Process Formulation

We develop a discounted discrete time MDP model over a finite horizon. We
apply uniformization (Lippman, 1975). As we assume, without loss of gener-
ality, uo > p1 and 1‘_:—{{ > 1y (patient type 1 stays more than type 2). Then,
the maximum possible rate out of any state is \; + Ay + A, + (ﬁBl + Ba)pa.
However, certain parts of the analysis requires a symmetric model. Accordingly,
the uniformization factor is defined as ¢ = A\ + Ay + Ao + (p1 + p2)(B1 + Bs).
Since the time between transitions is always exponentially distributed and the
uniformization factor is finite, we can use uniformization and normalization to

build a discrete time equivalent of the original system. We assume, using the

appropriate time scale, A\; + Ay + Ae + (1 + p2) (B1 + B2) = 1, so that the system
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will be observed at exponentially distributed intervals with mean 1. There will
be an arrival with probability A\; + Ay + A. and a potential service completion
with probability (11 + pe)(B1 + Bs). Let  be the continuous time discount fac-
tor. Now we can formulate the finite-horizon optimal expected discounted cost

recursive optimality equation as:

2 2
Vor18(X) = Zt,[wz — Bj* + B{Z/\, min {Vnﬁ(X) + %, Vos(X + ei)}
i=1 i=1

2

+3 pideVis(X +e)
=1
2

2
+ 3 min(es, B)piVas(X —e) + > [z — Bi]+<1‘+‘—’7)vn,5(x — &)
=1 =1

+ <Z<Bz’ + Bic) i — g (min(% Bi)pi + [x; — Bz‘ﬁﬁ)) Vn,B(X)}a

i=1 i=1

(3.1)
where V}, 5(X) represents the optimal cost of the n-period -discounted problem
starting in state X = (x1,x2). According to Eq. (3.1), the first term of the
value function is the one period instantaneous cost. The system incurs a cost of
t; when a type ¢ patient stays in the other ward. The second term represents
the arrival of elective patients. When this event occurs, the controller either
admits the incoming patient to the hospital and assigns a bed upon arrival (term
2 of the minimization) or rejects them (term 1). The third term represents the
arrival of emergency patients, which are always accepted if there is a free bed in
the system. The fourth term represents the regular discharge of a patient from
his/her own ward. The fifth term represents the discharge of a patient from the
other ward. When a patient is discharged, number of occupied beds by type i
patients decreases from x; to x; — 1. Finally, the last term corresponds to the

fictitious events according to the uniformization factor .
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3.5 Event-Based Dynamic Programming

Event-based dynamic programming (EBDP) deals with event operators, which
can be seen as building blocks of the value function. Typically, we associate
an operator with each basic event in the system, such as an arrival at a queue,
a service completion, etc. EBDP focuses on the underlying properties of the
value and cost functions, and allows us to study many models at the same time.
According to Koole (1998), reformulation of problem using EBDP is suggested
for convenience of analysis. Using EBDP we proceed as follows. For any function
f :Ng = R, Let uniformization operators Tii¢[f1, f2, f3, f1, f5](X) and Tppse f(X)

as:

Tuniglf1, f2, f3, far [5)(X) = MBF1(X)FX2B fo (X )+ B f5(X) Ap01 B fa(X )+ p28 f5(X),

(3.2)
Tcostf(X) = C(X) + f(X)7 (33)
where C'(X) is defined as:
2
C<X) = Ztl[wl - Bz]Jr
i=1
For the elective arrivals, we define operator Tyg, f(X) for i = 1,2 as follow:
. Ci
Tar f(X) = min{ f(X) + =, f(X +ei)}, (3.4)

Ea
and for emergency arrivals, we define operator T f(X) as follow:
pf(X +e) +paf(X +ea) if 1429 < B+ By,

Tpf(X) = | (3.5)
M+f(X) Zf $1+ZE2:B1+BQ,
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which M is a big number. Tinif, Tiost; Tar, and Tgf(X) are four standard
operators introduced in Koole (1998). Moreover, we want to define a discharge

operator. According to (3.1), for discharge part we have:

i B 1 X —e: ._B.+L X —e:
min (v, B;) i Vi, p( ei) + [ i) 1+7) Vas( ei)

+ <(Bl + Bo)pi — (mm(% Biui + [ — B =L >) a0

i=1 (1+7)

By replacing V,, g with f, we have:

For case x; < B;, we have:

i f(X — ;) + ((By + B2)pi — zip;) f(X)

= i (2 f(X —€;) + ((B1 + By) — ;) f(X)).

(.

TD:J:(X)

Similarly, for case x; > B; we have:

. e i — Bi) e o . pi(x; — B;)
Buf (X = e + P00 = e (8 B = (B ) ) 500)
— \(—ﬂfffiﬂx —e)+ ((1 * ”f’vai - “”) f(X))> .
TD:]:(X)

Therefore, we define T, f(X) for all X € ¥ and i = 1,2 as:

yBi+z; o (I4+v)Bic+Bi—x; . ) )
1y po0) - | S e+ (SEEES2) S0, i 2> B

(3.6)

These T's are called the event operators. Using these operators, we can rewrite

the value function as:
7;+17,B(X) = Tcost-Tunif [TARl Vn{,ﬁ7 TAR2Vn/,ﬁ7 TE‘V7:/75, 7—‘])1 7;75, TD2 ,,;75] (X) (37)

These operators can be used to study all kinds of monotonicity results.
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STRUCTURE OF AN OPTIMAL POLICY

The following sections derive the structure of an optimal policy using the n-
period discounted model described in (3.1). We analyze the model to gain insights

for a policy that balances the hospital’s needs for operational efficacy.

4.1 Basic properties

We first show the monotonicity of the value function. We want to see how the
value function changes by adding an additional patient to the system. Intuitively,
by increasing the number of patients in the system, cost function V,, increases as

well as shown in the next Theorem.
Theorem 4.1. For all X, j and n, V(X +e¢;) > V,(X).

Proof. For j = 2, Vy3(X) = 0 VX, so it satisfies the inequality. Let f be a
function with f(X +e¢;) > f(X). Now we show that T f(X +e;) > T f(X) for all
of the operators defined in the last chapter. For operator Tyg,, we consider the

following two cases:

Case 1: mz’n{f(X+62)+%,f(X+€2+€i)} =f(X +e)+%

B
Tar, f(X) = min{ f(X) + 5, (X + e} < J(X) + 5
< f(X +er)+ %
= min{f(X + e2) + %, F(X +es+e)}

= TARZf(X + 62)
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= Tar, f(X) < Tup, f(X +e2)

min{ f(X) + %, f(X + ¢;)} is always less than or equal to f(X) + 5. Since we
assumed f(X +e;) > f(X), sofor j =2, f(X)+F < f(X +e2)+ 5. Finally, ac-
cording to case 1 assumption, f(X +e2)+% = min{f(X+e2)+5, [(X+eate)},
which is Tag, f(X + e3). Similarly, for Case 2 we have:

Case 2: min{f(X + &)+ G, [(X +teat+€)} = [(X +e2+€)

SR ) < fX +e)

Tar, f(X) = min{f(X) + 3

< f(X e te)

=min{f(X +e) + ﬁ,f(X+€2 +ei)}

B
= TARif(X + 62)
= Tar f(X) <Tar (X +e2)
Hence, Tag, f(X + e3) > Tag, f(X); for i = 1,2.
For operator T, , we have:
Case 1: z1 > B, X € ¥
"}/Bl—Ffﬂl (1+")/)BQ+Bl — T
Tp, f(X) = ——f(X — X
0 ) = RS ey g (R TR
’yBl+l’1 (1+7)BQ+31—$1)
<——f(X —eg +e2) + X +e
< PN e+ (EEREREN) x4 g

=Tp1f(X +e3)
= Tp, f(X) <Tpif(X +e2)

The first term is Tp, f(X) when zy > By, X € W. Since f(X —e1+e3) > f(X —ey),
o 7B1+z1 FX —e1+e) > wB1+x1 F(X —e1), and similarly (W%) f(X +
62) > ((1+’Y)BQ+B1 561) f( )
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Case 2: 2, < B, X € U
Tp, f(X) = a1 f(X —e1) + (By + B2 — 11) f(X)
<xif(X —ey +e)+ (B + By —21) f(X + e2)
=Tp1f(X +e2)
=  Tp, f(X) <Tpi1f(X +e2)
Therefore, Tp;f(X + e3) > Tp;f(X), for i = 1,2. For rest of the operators, we

can simply prove the inequality. O

We also need to present the following theorem. It indicates that V,(X) —
V(X + ¢;) is bounded for i = 1, 2.

Theorem 4.2. If f(X) — f(X +¢€;) < M, then Tf(X)—-Tf(X +e;) <M for
i=1,2.

Proof. We need to show this for all of the operators. For operator Tg, let’s
consider case i = 1. We have two possible cases:

Case 1: accept in X + ¢
Tef(X)=Tpf(X+e1) = pif(X+e)+p2f(X+e2)—p1f(X+2e1)—po f (X +er1+er)
=pi(f(X +er) = f(X +26e1) + p2f(X + e2) = f(X +e1+e2))
<pi(f(X) = f(X +e1)) +p2(f(X) = f(X + 1))
= f(X) - f(X +e) <M
Case 2: reject in X + e
Tef(X) =Tef(X +e) =pif(X +e1) +paf(X +e2) = M — f(X + 1)
— po(F(X +e2) — f(X +e)) =M< M.

Similarly, we can prove for case ¢ = 2. The same procedure can be used to prove

for other operators as well. O
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4.2 Supermodularity

In order to show that there exists an optimal policy that is of threshold type, we

need to prove the following property, which is called supermodularity.

Theorem 4.3. The value function V, 3(X) is supermodular, i.e.,
Vag(X) = Vap(X +er) = Vig(X +€2) + Vig(X + €1+ e2) > 0.

Proof. In order to show the supermodularity for V;, 5(X), it has to be shown that
this property is satisfied by all of the operators. Since V; 3(X) = 0 for all X, V; 5

is trivially supermodular.

Supermodularity of T, :

First assume f1, fo, f3, f4 and f5 are suppermodular. We have:

Tunirlf1, f2, f3, fa fs)(X)=Tunig[f1, fo, f3, fa, fs)(XHe1)=Tuniglf1, f2, f3, far f5](X+e€2)

FLunif [ 15 f2, f3, fas [5](X + €1 +e2) >0,

which can be written as follows:

MBA(X)HF 2B f2(X)HAB f3(X )+ 11 Bfa(X) 128 f5(X) =M B fr(X +e1) =X f2( X +e1)

—ABf3(X4e1) —pBfa(X +e1) —peBfs(X +er) = MBfi(X +ez) = A fa( X +e2)
—ABf3(X+ea) = Bfa(X+ex)—paf fs(X+ex)+Ai B f1(X+er+er) +Aaf fo( X +eites)
FABf3(X +e1+e2) + i ffa(X +e1 4 ex) + paBfs(X + e +eg) > 0.

After rewriting, we have:
A (X)) = A(X +er) = filX +e2) + filX 4 €1+ e2))

+A2 (fo(X) — fa(X +e1) — fo(X +e2) + fo( X + €1 +e2))
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FAe (f3(X) = f3(X +e1) = f3(X +e2) + f3(X +e1 +e2))
o1 (fa(X) = fa(X +e1) = fa(X + e2) + fa(X + €1 + €2))

z (fs(X) = fs(X +e1) = f5(X +e2) + f5(X +e1+e)) >0,

which holds true from supermodularity of fi, fo, f3, f4 and f;.

Supermodularity of T,,:

Tcostf(X) - Tcostf(X + 61) - Tcostf(X + 62) + Tcostf(X + €1 + 62) 2 O

C(X)+f(X)=C(X4e1)—f(X+e)—C(X4eg)—f(X+er)+C(X+er1+es)+f(X+ei+e3) > 0.

C(X)=C(X+e1)—C(X+e2)+C(X+erter)+f(X) — f(X +e1) — (X +e2) + f(X +er+er)

N

this is positive because of supermodularity of f.

>0

?

so it remains to show:
CX)—C(X+e)—C(X+e)+C(X+e+e)>0.
The cost term for class-i patient can be written as follow:
tilwi — BT —tilw; + 1 — BT — ti[w; — BT + tilei + 1 — Bi]" =0,

which satisfies the inequality. Therefore T, is supermodular.

Supermodularity of Typ;:

For ¢ = 1, each one of Tyg, f(X) and Tag, f(X + €1 + e2) can either accept

or reject an incoming patient. Therefore, we have four possible cases, which are
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as follows:
Case 1: accept in X, accept in X + e; + es:
Tap, [(X +e1) + Tur, f(X +e2) < (X +2e1) + f(X +e1+e)

<f
S S(X+e)+ F(X +2e + €3)
aczgpt aczgpt

= Tap, [(X) + Tar, f(X +e1 + €2)

The first inequality is true since accept is a feasible action in both states X + e;
and X + ey. The second inequality follows from the supermodularity of f, and

since the Case 1 accepts in X, and X + e; + ey, so f(X + e1) = Tag, f(X) and
f(X + 261 + 62) = TAle(X + e+ 62).

Case 2: reject in X, reject in X + e; + ea:

s

gﬂm+%+ﬂX+q+@+;

= Tup, [(X) + Tar, f(X +e1+e2)

Tan f(X 4+ e1) + Tam, f(X +e2) < F(X +e1) + b F(X 4 e9) + %

Similarly, in this case, the first inequality is true since reject is a feasible action
in both states X 4+ e; and X + ey. Also, the second inequality follows from the

supermodularity of f. For Case 3, we have:
Case 3: accept in X, reject in X + e; + eq:

Tam, f(X +e1) + Tan f(X +e5) < f(X +e1) + E +F(X +e1+e)

= Tup, [(X) + Tar, f(X +e1+e2)
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Case 4: reject in X, accept in X + e; + es:

Tap, f(X +e1) + Tap, f(X +e2) < f(X +2e1) + f(X +eg) +%

Sf(X)+%+f(X+261+€2)

= Tap, [(X) + Tar, f(X + 1 + e2).

In this case, the first inequality is true since accept is a feasible action in state
X + e1, and also reject is a feasible action in state X + e;. The second inequality

follows by using supermodularity of f twice.

Supermodularity of Tg:
We have two possible cases, which are as follows:

Case 1: accept in X + e1 + es:

Tef(X +e1)+Tpf(X +e2) =pif(X +2e1) + pof(X + €1 + €2)
+ 1 f(X +e1+e2) + paf(X + 2e9)
=pi(f(X +2e1) + f(X +e1+e2))
+p2(f(X + e+ e2) + f(X +2¢2))
<pi(f(X +er) + f(X +2e +e2))
+p2(f(X +e1+2e2) + (X +e2))

=pif(X +e1) +paf(X +e2)
+ 01 f(X 4 2e1 + e2) + pof(X + €1 + 2e9)
=Tpf(X) +Tpf(X +e1 +e9)

The first inequality is true since we accept in both states X + e; and X + es.

The second inequality follows from the supermodularity of f, and since the Case

1 accepts in X, and X + e; + ez, so p1f(X +e1) + pof(X + e2) = Tef(X) and

PLf(X +2e1 +eg) +paf(X +er 4 2e5) =T f(X + e +ey).
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Case 2: reject in X + e + eg:
According to Theorem 4.2, assume M > f(X + 2¢;) — f(X 4+ e1) and M >
f(X +2e9) — f(X + e2). We have:

p1f(X4e)+pof(X+e2)—p1 f(X+2e1)—po f (X +ei1+ez) —pi f(X+er+er)—pa f (X +2es)

+M+f(X+€1+€2)ZO.

After rewriting we have:
pi(f(X +er) = (X +2e1) + M) +pa(f(X + e2) — f(X +2e9) + M) >0,

which holds true. Therefore, Tf is supermodular.

Supermodularity of Tp,:

For i = 1, operator Tp; was defined as:

Tle(X) _ 7811++'yzlf(X — 61) + <(1+7)?2$> f(X), Zf o> Bl,
o1 f(X —er) + (B + By — 21) f(X), if 71 < B.

In general, we need to show:
Tp, f(X +e1+e2) +Tp, f(X) —Tp, f(X +e1) —Tp, f(X +e2) >0.  (4.1)

In order to check the property, we should examine it for {z; > B;, X € ¥},
{z1 < B;, X € ¥} and a boundary like {27 = B, z2 < By}.

Case 1 ZE1>B1,IL‘1—|—$2§B1+B2

After rewriting property 4.1, we have:

’7314‘(1’1‘}‘1)
1+~

(1+’7)BQ+B1—(ZL‘1+1)
1+

f<X+€2)+( )f(X+€1—|—€2>
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vB1 + x4 (14+7v)By+ By — 14
+ﬁf<X—€1)+< 1+’)/ >f(X)
B D e - ( e ) £ e

’)/Bl—i‘xl (14"7)324‘31 — I
——1+7 f(X—el-l-ez)—( T+~ )f(X+€2)20'

By taking the terms in the same parenthesis, we have:

B + x4

T (P ) (X =) = F(X) = (X =1+ €2)

(14 ~)By+ By — (x1 + 1)
147

+ (f(X +er+e)+ f(X) = f(X +e)— f(X+ez)) >0.

: 14+) Bo+ By —(z1+1 . ..
Coefficients % and 1+ 21;71 @+ are positive, and the remaining terms

directly follow the supermodularity of f.

Case 2 xlgBl,x1+x2§Bl+BQ

According to property 4.1, we have:
(#1+1)f(X 4+e)+(Bi+By— (14 1)) f(X +e1 +e2)
+o1f(X —e1) + By + (B + By — 1) f(X)
—(x1 + D) f(X) = (Bi+By— (1 + 1) f(X +e1)
—21f(X —e1+e2) — (B1+ By — 1) f(X +e2) >0.
By taking the terms in the same parenthesis, we have:
v (f(X 4 e2) + f(X —e1) = f(X) = (X —e1+e2))

+(Br+ By — (1 + 1)) (f(X +er+e2) + f(X) = f(X +e1) = f(X +e)) >0.

Like the previous case, in this one also coefficients x; and By + By — (1 + 1) are

positive, and the remaining terms directly follow the supermodularity of f.
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Case 3 1 =B1,19 < By +1
After rewriting property (4.1), we have

YBy + (71 + 1)
I+~

(1+"}/)BQ+Bl—
I+~

f(X+eQ)+( (x1+1>)f(X+el+eQ)

21 f(X —e1) + (B1 + By — 1) f(X)

YBy + (z1+ 1) (14+7)By + By — (21 + 1)
B D - ( L ) s e

—l'1f<X —e1 + 62) — (Bl -+ BQ — l'1>f<X + 62) Z 0.

Collecting all terms with coefficients xq, y(By — 1)1 + v and (H”)Bzirf; (z1+1)

gives:
f(X +e)+ f(X —e) X —e;+e))
Bl—xl (/ Bl—xlg,/
+7
+(1+7)BQ+Bl x1+1
I+~

_1_7(B1+—7£E1 %‘/(X) (B —71'1) HX 4 2) > 0

Some terms cancel out, and finally, it reduces to:

(f(X +erte) + f(X) - f(X +er) = f(X +e))

1 (f(X +e2) + f(X —er) = f(X) = f(X —e1+e2))

+(1+’7)BQ+B1—($1+1)
14+~

(f(X+er+e)+ f(X)— f(X+er)— f(X +e)) >0,

which as discussed in the previous cases, is nonnegative. Therefore operator T,
is supermodular. Also, supermodularity of operator Tp, can be shown like the

same procedure discussed above. O

The following proposition establishes a monotone admission policy as stated

in the next theorem.
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Proposition 4.4. A class i patient is rejected (accepted) in state X = (x4, T );
he/she will be rejected (accepted) in all X = (x;, h) with h > x;e (h < x;).

Proof. For i = 1, since the system rejects the type 1 patient in state X = (21, x9),
we have

FX) + % < (X +ep)

, SO
C1
5

It can be easily obtain from supermodularity of f that

< f(X +e) = flo).

flx+er+e)— flx+e) > flw+er)— flx).

Hence,
C1
p

Therefore it would also reject the coming type 1 patient if the state increases to

§ f(.’E +e1 + 62) — f($ + 62).

X = (x1,79 + 1). It can be proved for ¢ = 2 similarly. O

4.3 Existence of a preferred class
We accept a type i patient at state X if:

FX +e) < F(X)+ %

Equivalently, it means if f(X +€;) — f(X) is less than a certain value (%), the
patient is accepted. As a result, finding a proper upper-bound can help us to
ensure that a patient type should be always admitted, regardless of the system
congestion level. Note that here we assume there is no transfer cost, which means
t; = 0 for ¢ = 1,2. To this end, like Ormeci et al. (2001), we define D, (ij)(X)

as the difference in the total expected n-period discounted cost between system
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A and system B if system A starts in state X plus one class-i job and system B

starts in X plus a class 7 job. Therefore, we have

Dn(10)(X) = Vi s(X + 1) = Vi p(X),

Dn(QO)(X) = Vnﬁ(X + 62) - Vnﬁ(X),

D, (12)(X) = =D, (21)(X) = Vo s(X + 1) — Vi g(X + ea).

Let d; and di2 be upper-bounds for D, (10) and D,,(12) for all x € ¥, and for
all n, respectively. We will consider two pairs of coupled systems, one for D,,(12)

and the other for D,,(10).

We face three different cases (1) x1 < By, 3 < Ba, (2) 1 > By, x5 < By and
(3) 1 < By, 3 > By, from which the greatest upper-bound will be picked as the
upper-bound. For case (1) 1 < By, 2 < By, Let system A’ be in state X + e;
and system B’ in X + e;. System B’ takes the optimal actions and system A’
imitates all the actions of system B’ in the next transition and afterwards follows
the optimal policy. We couple the additional type-2 patient in system B’ with
the additional type-1 patient as well as all other service and inter-arrival times.
So, if type-1 patient leaves the system, which happens with probability u, type-2
patient also leaves. The departure of type-2 patient alone, which happens with
probability uo — puq, takes the systems to two different states, X +e; and X. If
there is any other transition, both systems continue to have their additional jobs.

For these coupling pairs, letting Vn“il(X + €1) be total expected discounted cost
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of system A’, we have:
D1 (12)(X) = Vaa (X + 1) = Vot (X + e2) S VA (X +e1) = Vi (X + e3)

< ma:c{ﬁ(l ) Da(12)(X) + Bz — 1) Da(10)(X) + Bpr x 0,

B
147

B - 2D, (12)(x) + (M,Y—m)Dn(lO)(X)Jrﬁule}
)

B(1 — 1) Do(12)(X) + B2 — —2—) D, (10)(X) +

x 0,
1+~

I+~

:max{ (k2 — p1) Dn(10)(X)  B(p2(1 +7) — 1) D (10)(X)
L+ B(p2 —1) T+ )A+B(pe—1))
Blur(1+7) — MQ)Dn(lo)(X)}
B+ —p2) — (1+7)
_ Blua(1+7) — 1) D (10)(X)

(L+7)(1+ Bu2 — 1))
(4.2)

The same explanation can be used for other cases. We only note that in Case 2

the LOS of the additional type 1 patient has a mean of and in Case 3, the

;
+Y)m

LOS of the additional type 2 patient has a mean of a +A/)

For D,,11(10)(X), we have two different cases (1) 1 < By, (2) x1 > By, 3 < Bs,
which (2) 21 > Bj, zo < B gives the greatest upper-bound. We couple two
systems: Let system A be in state X + e; and system B in X. System A follows
the not necessarily optimal policy and rejects all incoming patients in the next
arrival transition, and follows the optimal policy afterwards, whereas system B
always takes the optimal actions. Consider an arrival. If system B also rejects
either of the two types, both systems remain in their current states. Acceptance
of a type-2 patient to system B leads two systems to two different states X + e;
and X + e;. If a type-1 patient is admitted to system B, then the two systems
couple with no difference in cost. With probability (1 — A\ — A — 1) there is no
departure for additional type 1 patient and with probability p; additional type 1
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patient leaves the system. We have:

Dri1(10)(X) = Vi (X + 1) = Vo (X)

<mar{pumarl DY) a )
—_— 8
A and B reject the type 1 patient. ~~~
A rejects and B accepts the type 1 patient.
C
+ Agmaz{ D,,(10)(X) 7 =+ D,(12)(X) ¥
—_— s

(. J/

A and B reject the type 2 patient. ~~
A rejects and B accepts the type 2 patient.

+ (1= A = A = 1) Dy (10)(X) 4 py x 0},

B{Amaz{D,(10)(X), %
+ Agmaz{D, (10)(X), %2 + D, (12)(X)}
Ha Ha

— B{\maz{D,(10)(X), %}

+ Nomaz{ D, (10)(X), %2 + D, (12)(X)}

+ (1 D D 1? ) D, (10)(X)}.

>
(4.3)

The following inequality follows from the definition of d; and d;s.

Cc C
6>\1ma${d1, El} -+ Bkgmax{dl, EQ + dlg} + ﬂ (1 — )\1 — )\2 — 1/_117) dl < dl.

In order to find the minimal d,, satisfying (4.2) and (4.3) we need to distinguish
two cases. We focus on d; < % to find conditions under which type 1 patients

are preferred.

Case 1: d; < %2 + di12 In this case, we have:

Co H1
A Mo(—= +d 11— — Xy — dy <d
e+ 2(5+ 12)‘1‘5( 1 2 1+7> 1 < dy,
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so that:

4y > ot (G +di)

ik P VP EE o o

It can be shown that the minimal bounds, are found when both d; and d;5 satisfy

Bp2(1+v)—p1)d

(L) (Ao -1y e have:

the above inequality as equality. Since dis <

Aic c B(p2(14y)—p1)d
7 %G+ Toar )

R APV P CE o e

1=

)

from which we set:
dy =
(L+y) (A (1 + Bpa — 1)) + cado(1 + B(p2 — 1))
(L+7) X+ B(=24 At Ao + pa + pi2)) + B2 Ai(p2 = (L +9) + (1 — L =) (=1+ Ao + p2))’
We first check whether d; < %2 + dya:

g <2 Blpa(l+7) —p)dr (1 +7)(ca(l + Bpe — 1))

B (A+y)A+Bpe—1)  BA+y—=L1+y—pm))

This gives the following condition:

< o1+ + B(=14+v(=1+ A1) + A+ ) (1 + B(p2 — 1))

c . 4.4
L= BAM(1+~—B(1+7— ) (44)
Now we check if
c
dl S Elv
which is satisfied if

(T+y =B 4y =) (L4 B(=14 Ao + p2))

Not that we obtain these terms using Wolfram Mathematica since it involves a

straightforward but tedious algebra.

Case 2: %2 4+ dip < dy
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This case gives the following inequality:

)\101+ﬁ/\2d1+5<1—/\1—/\2— el )dlﬁdl,
1+~

from which we have:

g — (1 +7)(e1h)
= 1-B+41=B) + ML +7) + B’

Checking %2 + dyg < dy gives:

14+7) — p1)d
2 Bl +7) = m)ds < d,.

B (T+9)(1+ B2 — 1))

so that:
(1+7)(ca(1 + B(p2 — 1))
BA+y—=B(1+y—m))’

dy >
which is satisfied if

oI+ +B(=1+7y(=1+ M)+ + ) (1 + B(p2 — 1))

c1 > . 4.6
! BAMA 4y =1+~ — 1)) (46)
Finally,
c
dl S Ela
if
c > 0. (4.7)

Not that the condition (4.6) is complementary to (4.4), as expected since we check
two complementary conditions related to d; and di5. Under the given conditions
all of the upper-bounds on D,(10)(z) are non-negative. Thus, it immediately

leads to:

B(1+7)(cara (1+B(=14p2))) ; ;
Theorem 4.5. If ¢; > (H%B(llwfuf))(1+ﬁ(71i2>\2+u2))’ then type 1 patient is a

preferred type for all n > 0.
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Note that every c¢; that satisfies Equation (4.5), also satisfies Equation (4.7).
Therefore, the Theorem 4.5 is feasible. According to Theorem 4.5, by increasing
¢2, the threshold also increases, which means the importance (rejection cost) of

the type 2 patient, can affect the admission process of type 1 patient.

Assume that system A starts in state X + e; and system B in X +e;. We couple
the additional type 1 patient in system A with the additional type 2 patient as
well as all other service and inter-arrival times, so that if type 1 patient leaves the
system, type 2 patient also leaves. Let system A follow the optimal policy and B
imitate all decisions of A. Then the difference in the expected discounted cost of

A and B is always positive, so for patient type 2 we have:
Dit(21)(X) = ~Dun (12)(X) 0 (4.8)

For D,;1(20)(X) also we have two different cases (1) zo < Bs, (2) z; < By,
Ty > By, which (2) 7 < By and x93 > Bs gives the greatest upper-bound. We

have

Dyp41(20)(X) = Vo1 (X + €2) = Vi (X)

1

< B{Almaoan@ow, %+ Du21(Y))

¥
+ (1 D VS 1lf7> D, (20)(X) + 1‘f x 0} (4.9)

+ Aomaz{D,(20)(X)

y
&

= B{)\lma:ﬁ{Dn@O)(X), g + D, (21)(X)}

+ Aomaz{D,(20)(X), %}

+ (1 S D 1‘f7> Dn(20)(X)}.




42 Chapter 4: Structure of an Optimal Policy

The following inequality follows from dy being upper-bound.

c c
BAimaz{ds, El + do1 } + Bramazx{ds, 52} + (1 — A1 — A2 — 1/127) dy < ds.

In order to find the minimal dy, satisfying (4.8) and (4.9) we need to consider the

following case.

Case 1: dy < %2

B <%+d21>+>\202+5<1_)\1_)\2_ i )d2§d2-

)‘2502 + )\1(% + doy)

T .
E—l—i—)\l—i-)\z—i-i%

dy >

Since di5 < 0, we have:

Aac Aic
. L5 -
Y I VI VI H
B 1 27T 1+y
from which we have:
J Aa2C2 + A1y
2 = .
_ 1—ﬁ+ﬂ)\1+ﬁ)\2+%
which is positive. By checking dy < %2, we have:
/\202 —+ /\101 < %
L= B+ B\ +Bh+ {2~ B

which is satisfied if

B(1 +7)(e1\)

Ccy > . 4.10
CT I+ B(-1 (M — D)+ A (4.10)
Finally, it leads to:
Theorem 4.6. If ¢y > Bt (e1h) then type 2 patient i ferred
.6. 2 2 T On sy then type 2 patient is a preferre

type for allm > 0.
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According to Theorem 4.6, by increasing c;, the threshold also increases,
which means the importance (rejection cost) of the type 1 patient, can directly

affect the admission process of type 2 patient.

Remark 4.7. Ift; > 0 fori = 1,2, it can be shown that under certain conditions

type i patients are always admitted to their own ward.



Chapter 5

NUMERICAL RESULTS

5.1 Data Analysis

This is a data analysis provided to analyze the admission and length of stay (LOS)
processes. Outputs are based on the computerized records of all admissions to a
private hospital over the years 2011 and 2012. Minitab 1.6, MS Excel and Wolfram
Mathematica 9 were mainly used to do the statistical analysis. As discussed in

chapter 3, we focus on 10 departments.

Daily variability in the arrival pattern is problematic in admission control and
impacts cost,access, quality and safety in healthcare delivery. The data show a
cyclic daily arrival rate(Figure 5.1). The daily arrival rates do not vary much

except for Sunday, on which only emergency operations are performed.

5.1.1 Admission

Table 5.1.1 shows the admission rate to the departments over the period un-
der consideration. Although it has been shown that many arrival processes can
be approximated by a Poisson process, here we cannot completely draw such a
conclusion. Poisson process does not fit the data with sufficient statistical signifi-

cance. However, we assume that all arrivals are distributed as a Poisson process.

We perform a Chi Square test to check the arrival distribution. The chi-square

statistic is a measure of divergence between your data’s distribution and an ex-
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Thu Fri S
Wed

Figure 5.1: Total daily arrival rate to the hospital with respect to the day of the
week.

pected or hypothesized distribution of your choice. This test compares the ob-
served values to theoretical values to determine whether there is a significant
difference. In this test, p-value is an important factor and helps you determine
the significance of your results. P-value greater than the common alpha level of
0.05, suggests that the data follow the Poisson distribution and can be used with

analyses that make this assumption.

For example, for Neurosurgery department, high p-value (0.128) supports the
claim that the arrival pattern can be approximated by a Poisson process. Fig-
ure 5.2 shows that for more than 550 days, there was no arrival and for near
150 days there was just one arrival and for about 30 days there was more than
one arrival to the Neurosurgery department. Figure 5.3 shows whether the ob-

servations are higher or lower than the expected value. However, for Pediatrics
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department, a low p-value (0.008) suggests that the data do not follow the Poisson

distribution.

Table 5.1: Admission rates to the hospital.

Department Arrival rate | p-value
Cardiovascular Surgery 0.683 0.195
ENT 1.006 ~0
General Surgery 1.006 ~ 0
Neurosurgery 0.292 0.128
Obstetrics and Gynecology 5.399 0.162
Orthopedics 0.915 0.185
Pediatrics 1.383 0.008
Plastic surgery 0.382 ~
Transplantation 0.203 R
Urology 1.081 0.039

5.1.2  Length of Stay

In this part we are trying to find a best fit for LOS data. However, finding a

comprehensive distribution which precisely explains the data pattern, is a difficult

task. If we go through the literature we will see that LOS analysis is one of

the more complicated tasks in data analysis. Most researchers used lognormal

distribution, whereas some others applied gamma distribution. Although these

distributions can be helpful because of their forms, they cannot give a good fit in

some conditions. For the sake of simplicity, exponential distribution and Weibull

distribution were used to present the LOS in the hospital simulation project.
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Figure 5.2: Number of arrivals per day for Neurosurgery department

Chart of Observed and Expected Values
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Figure 5.3: Observed and expected values in Chi Square test for Neurosurgery
department
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However, in order to have a tractable model, we assumed it is exponentially

distributed for all of the departments. Table 5.1.2 shows the LOS rates.

Table 5.2: LOS rates.

Department LOS rate
Cardiovascular Surgery 0.364
ENT 1.030
General Surgery 0.376
Neurosurgery 0.243
Obstetrics and Gynecology 0.603
Orthopedics 0.392
Pediatrics 0.730
Plastic surgery 1.049
Transplantation 0.139
Urology 0.689

5.2 Numerical Study

In this section we implement the model on a private hospital. In this hospital, Ob-

stetrics and Gynecology department serves near 40% of arrivals, and is concerned

with efficient admission management. Therefore, we group hospital departments

into two wards. The second ward contains patients from Obstetrics and Gyne-

cology department, which has 9 beds and the first ward includes the remaining

departments (9 departments) with a total of 47 beds. We could not fit the total

arrival rate of ward 1’s departments with Poisson process; however, we assume

the total arrival rate for ward 2 is Poisson. Note that all of these departments can
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accept patient from each other. The model runs on the following set of parameters:

S = {\ = 6.952, Ay = 5399, pu; = 0.493, ps = 0.603, ¢; = 40, o = 30,
t1:2, t2:28,6:09,7:005, 31:47, BQZQ,MZO}

We use the data to set the arrival and LOS rates. By te way, we used weighted
average to find the average LOS for ward 1. For cost parameters ¢; and ¢y, we
used Helm et al. (2011). We run the model for different cost parameters t; and
to, and finally picked the best ones to use in our model. We analyzed the data to
find out how much the LOS rate changes by transferring a patient to the other
ward, and set v = 0.05. Also, we do not incur a cost when there is no available
bed for emergency patient. Moreover, we perform sensitivity analysis on all cost
figures as well as . Additionally, we change the overall occupancy rate to see its

effects.

We use value iteration algorithm to solve the model. Value iteration formally
requires an infinite number of iterations to converge exactly to an optimal value.
In practice, the algorithm terminates when the value function changes by only a
small amount in a sweep. Figure 5.4 shows how V/ (40, 7) converges to the optimal
level, when initially V4(40,7) = 0.

One of the basic and quite useful properties of a cost function is its convexity.
We are unable to show the convexity of equation (3.1); however we cannot find a
counterexample for it. Figures 5.5 and 5.6 show the convexity of V' (zy, z3) on xy
and x5 respectively, and present how the cost function behaves by changing the
number of patients in the wards.

Using parameters of set &, the optimal admission policy for type 1 and 2

patients is presented in Figures 5.7 and 5.8 respectively. According to Figure
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Figure 5.5: Convexity in x;
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Figure 5.6: Convexity in

5.8, the system rejects the type 2 patient in X = (0,53), and according to super-
modularity of V(X) and Proposition 4.4, it rejects in X = (k,53) for all £ > 1.
However, type 1 patient is always accepted. In the real case, the Obstetrics and
Gynecology department always accepts coming patients. Therefore, to have the

type 2 patient preferred, we need to increase cs.
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Figure 5.7: Optimal admission policy for patient type 1

5.3 Sensitivity Analysis

In this section we want to see how the uncertainty in the output of the model
can be apportioned to different sources of uncertainty in its inputs. In heathcare,

sensitivity analysis can be useful for a range of purposes, including;:

e Testing the robustness of admission policies in the presence of uncertainty,

e Increased understanding of the relationships between input and output vari-

ables in the system,

e Searching for errors in the model (by encountering unexpected relationships

between inputs and outputs),
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Figure 5.8: Optimal admission policy for patient type 2
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e Model simplification by fixing model inputs that have limited effect on the

output, or identifying and removing redundant parts of the model structure.

5.83.1 Sensitivity analysis on cost parameters

Cost parameters are definitely the most important ones in the cost-effectiveness
analysis of a system. Intuitively, by increasing the cost of rejecting a class-i
patient, the system tends to accept the patients of class-i to avoid incurring extra
cost. The results presented in Figures 5.9 to 5.12 show that the system accepts
class-1 patients in more states when c; increases from 10 to 25. Similarly, Figures
5.13 to 5.16 show the same behavior for patient type 2 as ¢y ranges in (10,40).

Note that by increasing c;(cz), the system rejects type 2(1) patients in more states.

Figure 5.9: Optimal admission policy for type 1 patient (¢; = 20).
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95

Figure 5.12: Optimal admission policy for type 1 patient (¢; = 35).
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Figure 5.14: Optimal admission policy for type 2 patient (co = 20).

The second type of cost in the system is transfer cost. Figures 5.17 to 5.20 show
the system rejects patients in more states when the transfer cost ¢; increases from
2 to 11. For low t; (t; = 2), type 1 patients are always accepted. As ¢; increases,
the acceptance region shrinks, and it is restricted to the capacity of ward 1 for
t; = 11. Because by increasing transfer cost, the system wants to admit the
patient just to his/her specified ward and does not allow the patient to go to the
other ward. Figures 5.21 to 5.24 show a similar behavior for patient type 2 as

ty goes from 1 to 4.
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Figure 5.15: Optimal admission policy for type 2 patient (cy = 30).

Figure 5.16: Optimal admission policy for type 2 patient (¢, = 40).
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Figure 5.17: Optimal admission policy for type 1 patient (¢; = 2).
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Figure 5.20: Optimal admission policy for type 1 patient (t; = 11).
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99

Figure 5.23:

Optimal admission policy for type 2 patient (t; = 2.8).
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Figure 5.24: Optimal admission policy for type 2 patient (to = 4).

5.8.2  Sensitivity analysis on load of the system

In the real case, the load of the system is:

At piAe n A2 + paAe

O
By By

~ 55%

which is low. In this part we want to increase the patient load, and see how the
results change. We fix py, puo and ratio :\\—; and change the total arrival rate to
increase the occupancy. To observe how the optimal policy for type 1 patient
evolves with respect to the load of the system, we run the model for parameter
set G except for ¢1, which is set to 30. Figures 5.25 to 5.28 show that the optimal
policy is not very sensitive to the total load of the system. The system rejects
slightly more by increasing arrival rates for type 1 patient. Similarly, for type 2
patient, we run the model for parameter set &. Figures 5.29 to 5.32 show the

same behavior for patient type 2.
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Figure 5.25: Optimal admission policy for type 1 patient (A\; = 6.952, Ay = 5.399
and O = 55%).

Figure 5.26: Optimal admission policy for type 1 patient (A = 25.75, Ay = 20
and O = 172%).



62 Chapter 5: Numerical Results
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Figure 5.27: Optimal admission policy for type 1 patient (A = 64.38, Ay = 50
and O = 414%).
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Figure 5.28: Optimal admission policy for type 1 patient (A, = 128.76, Ay = 100
and O = 816%).

552

Figure 5.29: Optimal admission policy for type 2 patient (A\; = 6.952, Ay = 5.334
and O = 55%).
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Figure 5.30: Optimal admission policy for type 2 patient (A = 25.75, Ay = 20
and O = 172%).

2% )

Figure 5.31: Optimal admission policy for type 2 patient (A\; = 64.382, Ay = 50

and O = 414%).

Figure 5.32: Optimal admission policy for type 2 patient (A; = 128.765, Ay = 100
and O = 816%).
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5.3.8  Sensitivity analysis on transfer parameter

The transfers between wards constitute an essential part of this model. Moving
patients from one ward to another is vital to ensure that they receive the right care,
in the right place at the right time. Any adverse changes in their condition during
intra-hospital transport have the potential to be life-threatening. As discussed
before, we assumed the LOS rate for transfered patient decreases (he/she stays
more). Parameter v controls this change in the model and here we want to see
how the model varies by changing . Figures 5.33 to 5.36 show that the system
rejects in more states by increasing v from 0 to 0.2. Because by increasing ~,
system does not allow the patient who needs to stay more. The results are based
on parameter set & except for ¢; = 30, which is set to 1. Similarly, Figures 5.37

to 5.40 show the same behavior for patient type 2 as v goes from 0 to 0.20.

Figure 5.33: Optimal admission policy for type 1 patient (7 = 0).
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Figure 5.36: Optimal admission policy for type 1 patient (v = 20%).
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Figure 5.38: Optimal admission policy for type 2 patient (7 = 5%).
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Figure 5.39: Optimal admission policy for type 2 patient (y = 10%).
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Figure 5.40: Optimal admission policy for type 2 patient (7 = 20%).

5.4 A discussion on preferred class

In this section we want to evaluate Theorems 4.5 and 4.6. Again we run the model

for parameter set G except for t; =0, to = 0 and M = 0. We have:

B(L+7)(c2A2(1 + B(=1 4 p2)))
I+ =80+ =)+ B(=1+ A2+ p2))

= 32.5863 < ¢; = 40,

and

B +7)(c1A)
L+y4+B8(=14+v(M — 1) + p2 + A1)

Condition 1 is satisfied, so that our results indicate class 1 as preferred. However,

= 36.4103 > ¢y = 30.

Condition 2 is not satisfied, although class-2 patients are preferred. Hence, we
cannot always predict the preferred class correctly from these sufficient conditions.

Figures 5.41 and 5.42 show the results.

5.5 A discussion on emergency arrival

In previous sections we rejected the emergency patients when there was no free
bed. Here, like the real case, we want to always accept the emergency arrival.
As a result, we should always have at least one available bed in the hospital.
Mathematically, we will incur a large cost if the system became full. We run the

model for parameter set & except for M = 1000000. Figures 5.43 and 5.44
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Figure 5.41: Optimal admission policy for type 1 patient (Preferred).

Figure 5.42: Optimal admission policy for type 2 patient (Preferred).
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show the results. As we see, we do not have a preferred class in this case since we

should always have at least one available bed for emergency patients.
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Figure 5.43: Optimal admission policy for type 1 patient.
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Figure 5.44: Optimal admission policy for type 2 patient.
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CONCLUSION

Bed management is a core operational activity in all hospitals; however, many
hospitals have problems with it. In healthcare, bed management systems are
designed to help hospitals control patient flow and meet performance targets. In
many hospitals and health centers, admission departments are often overcrowded
with patients waiting for available rooms. Poor bed management causes some
major impacts on patients like waiting too long for treatment, being diverted to

other hospitals or transferred to other wards and cancellations.

This research develops an analytical tool for managing admissions to reach a
smooth workload, based upon the elective patient flow at a private hospital in
Istanbul, Turkey. We have taken the penalty costs as would be lost profit if
the patient is turned away or transferred from the department. Here we allow
two hospital wards to interact with each other and develop a set of sufficient
conditions which ensure that a patient type should be admitted or not, regardless
of the system congestion level. The MDP model develops a new method for

allocating patients to hospital wards, which helps the hospital

e To decide whether to accept a patient or not,

e To allocate patients to their specified wards,

e To decrease bed occupancy and make the admission process smoother,
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e To increase productivity and generate higher revenue.

This model has been evaluated through a real dataset. The model looks at
the hospital on a strategic rather than a tactical level. It does not focus on the
detailed mechanisms that cause the overall patterns of admissions. The model
attempts to seek patterns directly from the data and hospital work-flow to convert
it into a mathematical structure. The basic simplicity of the model makes it very
flexible and also portable. It could be applied to different wards of a hospital as
well. According to admission parameters, hospital managers can find threshold
policies, and consequently they can decide whether to accept a patient or not. In
long run, this will affect the performance of hospital and can reduce the occupancy

rate in emergency departments and admission gateways.

For future work, we should apply the model to other hospitals and different
settings to test the variance, and consistency of the parameters. We should also
compare the results with other models. Adding more patient classes and waiting

lists can also make the model more feasible.
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