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ABSTRACT

P. Ozsvath and Z. Szabé recently introduced Heegaard Floer homology, an invariant for
closed oriented 3-manifolds associating to each such manifold a sequence of finitely generated
abelian groups. The construction has also been extended to an invariant for knots, and then
for links.

The definition of Heegaard Floer homology involves many steps, such as Heegaard de-
compositions and pointed Heegaard diagrams of 3-manifolds, symmetric products of surfaces
and counting some holomorphic representatives of disks on the symmetric product. Certain
variations concerning these steps lead to four different types of homologies.

With additional basepoints in the Heegaard diagram, one can obtain knots or links in
a 3-manifold and consequently the Heegaard Floer homologies become invariants for knots
and links. They are called knot (or link) Floer homologies. In this thesis, only knots and
links in the 3-sphere are studied, but it should be noted that the ideas are applicable for
knots and links in an arbitrary closed oriented 3-manifold.

In the final chapter, we analyze a combinatorial way of computing knot and link Floer
homologies, due to C. Manolescu, P. Ozsvath, and S. Sarkar. The idea is to use some
special Heegaard diagrams, in order to project the knot to a grid diagram and compute the
differential map in a purely combinatorial way. We also include computations of knot Floer

homologies for the trefoil and the figure eight knot with the help of the MATLAB software.
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OZETCE

Heegaard Floer homolojisi, yakin gecmiste ortaya ¢ikan, kapali ve yonlii 3-cokkatlilara
sonlu iiretecli degismeli grup dizisi esleyen bir degismezdir. Kullanilan yapilar diigiim ve
zincirler icin de genisletilebilir.

Heegaard Floer homolojisinin tanimlanmas: bir¢ok teknik detay gerektirmektedir. Bun-
lardan bazilar1 bir 3-gokkatlinin Heegaard ayrigimlar: ve Heegaard diyagramlari, yiizeylerin
simetrik carpimlar: ve bu simetrik carpim uzaylarinda birtakim disklerin holomorfik temsil-
lerinin sayilmasidir. Bu iglemlerin bazilarinda yapilacak kiiclik degisiklikler, farkli homoloji
gesitlerinin tanimlanmasina olanak tanir.

Bu yapilara birkag ek veri ekleyerek, bir 3-cokkatlinin igerisinde diigiim ve zincirler
belirlenebilir. Bdylece, yukarida bahsi gecen yapilar diigiim ve zincirler i¢in degismezler
olurlar. Bunlara diigiim (veya zincir) Floer homolojileri adi verilir. Bu galigmada sadece 3
boyutlu kiiredeki diigiim ve zincirler incelenmistir, ancak yapilanlar genel kapali ve yonli
3-¢cokkatlilar icin de gegerlidir.

Son boliimde ise, baz1 6zel Heegaard diyagramlar: kullamlarak, digiim ve zincir Floer
homolojilerine kombinatoryal bir bakig agis1 sunulmugtur. Ayrica, yonca ve sekiz sgekli

diigiimlerinin homoloji gruplarina dair hesaplar yapilmigtir.



ACKNOWLEDGMENTS

I would like to thank first my supervisor Assoc. Prof. Tolga Etgii for accepting me as
his student, and his wise and balanced approach throughout my studies. He has been a
great source of inspiration. I also thank the professors in my thesis committee Assoc. Prof.
Burak Ozbagci and Assist. Prof. Ferit Oztiirk for carefully examining my work.

I should express that I am grateful to my parents and my grandparents for their support,
not just during my thesis work but my entire life. I am also thankful to my girlfriend
Ilke Bereketl, my room mates Bugra Toga, Ilker Ocakli, Murat Senan, Tarkan Giclu,
Emre Kalafatlar, and my friends Habiba Kalantarova, Cihan Bilir, Zekiye Sahin, Ramazan
Erduran, Barig Tiimerkan and Eren Biiyiikevin (special thanks go to the last two for the
computer support) who all made the Kog University experience much more enjoyable.

Finally, I would like to express my gratitude to Professors Ali ["Jlger, Varga Kalantarov,
Burak Erman and Mine Caglar and any other people who all eased my way in switching

from Computational Sciences and Engineering department to Mathematics.

vi



TABLE OF CONTENTS

[List of Tables| ix
|[List of Figures| b
(Nomenclature xi
|[Chapter 1: Introduction| 1
|[Chapter 2: Heegaard Floer Homology| 3
2.1 Preliminaries] . . . . . . . . . L 3
[2.1.1  Heegaard Decompositions and Heegaard Diagrams| . . . . . . . . . .. 3

[2.1.2 A Morse theoretic approach| . . . . . ... ... ... L. 6

[2.2 Symmetric Products| . . . . . . ..o 9
[2.2.1  Intersection points and disks in symmetric products| . . . . .. . ... 14

[2.3  Spin® Structures| . . . ... L 19
[2.4  Holomorphic disks and the Maslovindex|. . . . . . .. ... ... ... . ... 20
[2.5  Chain Complexes and Homology Groups|. . . . . . . . ... ... ... .... 21
251 HEY, 0| ... 22

2.5.2 HF>®(Y,t), HF~(Y,t), HFT(Y,t)| . . . ... ... ... .. .. .... 25

[2.5.3 Heegaard Floer Homologies when b1(Y) #0/ . . . . .. ... ... ... 26
[Chapter 3: Knot Floer and Link Floer Homologies| 28
3.1 Knot Floer Homology| . . . . . . ... .. .. ... ... .. ..., 28
311 HFK(K) .. o 29

B.1.2 HFK (K)| . . o oo e e e e 31

3.2  Link Floer Homology|. . . . . . . ... ... . ... ... .. 32
[3.3  Link Floer Homology with Multiple Basepoints| . . . . . . ... ... ... .. 34

vii



[3.3.1  Multiple Pointed Surtace| . . . .. .. .. .. ... .. ... ... .. 35
[3.3.2  Chain Complex| . . . . . . . . . . .. 36

|Chapter 4: Combinatorial Approach to Heegaard Floer Knot and Link |

| Homologies| 39
4.1 Grid Diagrams| . . . . . . ... Lo o 39
[4.2 The Chain Complex|] . . . . . . . ... . 42

[4.2.1  Grading and Filtration|. . . . . . .. ... ... 0000, 43
[4.2.2  Difterential Map| . . . . . . . . .o 47
4.3 Relation Between Combinatorial Link Floer Homology and Link Floer Ho- |

| mology with Multiple Basepoints| . . . . . . .. ... ... ... ... ..... 54

M4  Computation of H| . . . . . . .. . 56
HAT Trefolll . . . . . 56

[4.4.2  Figure Eight Knot| . . . . . . . ... ... .. ... ... ... ..... 58

[Vital 63
|Bibliography| 64

viii



LIST OF TABLES

4.1 Homology ranks for the trefoil.|

ix



LIST OF FIGURES

2.1 A Heegaard diagram for the 3-sphere.| . . . . . . ... ... .. ... ..... 5

4.1 A grid diagram for a 2-component link with each component being a trefoil.|. 41

4.2 A stabilization movel. . . . . . .. L L L 41
|4.3  Constructing the link from the dots on the grid diagram.. . . . . . . . . . .. 42
4.4 The generator corresponding to the permutation (iggg?g;gg) ......... 43
[4.5  The two rectangles in Rect(x,y).| . . . . . . . . ... L. 48
[4.6  The two rectangles in Rect(y,x).| . . . . . . . .. .. ... ... 48
|4.7  'The 3 possible types of domains that can be decomposed as two empty rect- |

angles, in the case where x #w.| . . .. ... .. ... ... ... ... ... 51
4.8 'The 2 possible decompositions of the third domain type into two empty rect- |

angles.| . . . . 52
4.9 A grid diagram for the trefoil.|. . . . . . . . ... o000 96

[4.10 Chain complex for the grid diagram ['; in Figure |4.9| representing the trefoil.| 58

|4.11 Another grid diagram for the tretoil| . . . . . ... ... ... ... .. .... 59

|4.12 Chain complex for the grid diagram I'9 in Figure |4.11] representing the trefoil.| 60

4.13 A grid diagram for the figure eight knot.| . . . . . . . . ... ... ... ... . 60

[4.14 Chain complex for the grid diagram ['s in Figure [4.13|representing the figure |

eight knot.|. . . . . . . 62




>
CF,CF>®,CF+,CF~
HF,HF>® HF+ HF-
HFK,HFK-

HFL, HFL®
HFL,HFL' HFL,,
r

NOMENCLATURE

Heegaard surface

Heegaard Floer chain complexes

Heegaard Floer homologies

Knot Floer homologies

Link Floer homologies

Link Floer homologies with multiple basepoints

Grid diagram

xi



Chapter 1: Introduction 1

Chapter 1

INTRODUCTION

Floer initially introduced the “Floer homology” in order to study some problems in Hamil-
tonian dynamics, and used it in his proof of Arnold conjecture in symplectic geometry
[12]. Since then, various adaptations of Floer homology emerged, such as “Instanton Floer
homology”, “monopole Floer homology”, and finally “Heegaard Floer homology”.

Heegaard Floer homology is an invariant for closed oriented 3-manifolds, recently in-
troduced by Peter S. Ozsvath and Zoltan Szabé in [16]. It is conjecturally equivalent to
Seiberg-Witten theory [11]. Some of the applications of Heegaard Floer homology include
knot and link invariants, invariants for 3-manifolds with boundary and also 4-manifolds,
and certain results in contact geometry [13].

We will initially review the definition of the Heegaard Floer homology for a closed
orientable 3-manifold, and later knot Floer and link Floer homologies for knots and links
in $3. Once we define these invariants, a combinatorial description of link Floer homology
will be reviewed, along with some examples.

In Chapter [2, we proceed into the preliminaries and the other steps which are necessary
for defining the Heegaard Floer homology. We first explain Heegaard decompositions and
(pointed) Heegaard diagrams of 3-manifolds. Then we will focus on the symmetric prod-
uct of the Heegaard surface (the surface arising from the Heegaard decomposition). Using
this symmetric product, we define the generators of a graded chain complex and homotopy
classes of the disks connecting these generators. A crucial ingredient in defining the dif-
ferential map of the chain complex is counting the pseudo-holomorphic representatives of
those disks which have zero dimensional moduli space of representatives (after modding out
a certain R-action). In the final section of Chapter [2 we define four types of Heegaard
Floer homologies for rational homology spheres, all obtained in similar ways, with only

small differences in the way they count the disks connecting the generators.
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In Chapter [3] we review the modification of the construction by adding more (an even
number of)) basepoints into the Heegaard diagram and dividing them into pairwise disjoint
subsets each containing two points. Every such subset determines a knot, and consequently
the constructions of Chapter |2 induce a knot or link (based on the number of basepoints
in the diagram) invariant. This is called knot or link Floer homology. In this case, we have
also a filtration on the chain complex. We present two different versions of knot and link
Floer homologies. Finally, the Heegaard diagrams are modified further to define “link Floer
homology with multiple basepoints” to be used in the definition of combinatorial link Floer
homology afterwards.

In the final chapter, we review an algorithm of C. Manolescu, P. Ozsvath, and S. Sarkar
[8], which computes knot and link Floer homology. Unfortunately this algorithm comes
with a high computational complexity. This combinatorial approach can be considered
independent from the previous subjects, since it can be defined purely combinatorially
without making reference to any of the previous constructions. Nevertheless, we tried to
stress the relations between combinatorial and classical approaches in the text.

We also included computations of combinatorial knot Floer homology for the trefoil and
the figure eight knot. The complexity of the algorithm required computer assistance, for
which we made use of the software MATLAB. The code is available in the CD version of

this thesis, or via e-mail (taylanbil@gmail.com).
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Chapter 2

HEEGAARD FLOER HOMOLOGY

Heegaard Floer homology is a closed oriented 3-manifold invariant, associating to each such
manifold Y a chain of finitely generated abelian groups. It has four most common versions,
denoted by ﬁ(Y),HFOO(Y),HFJF(Y),HF’(Y). Many constructions will be needed in
order to define this homology, such as Heegaard decompositions of 3-manifolds, symmetric
products of surfaces, spin®-structures, Maslov index, etc.

From now on, Y will denote a closed, oriented, connected 3-manifold unless otherwise

stated.

2.1 Preliminaries

In this section we will give the preliminaries necessary for the definition of the Heegaard

Floer homologies.

2.1.1 Heegaard Decompositions and Heegaard Diagrams

A 3-manifold U is said to be a genus g handlebody whenever it is diffeomorphic to some
regular neighborhood of a bouquet of g circles in R3. Observe that the boundary of U is
a closed oriented surface of genus g. Heegaard decomposition of a 3-manifold Y uses the
idea of obtaining the manifold Y by gluing two genus g handlebodies along their common

boundary. Namely, whenever we have
Y =UygUx Uy (2'1)

where Uy, U; are genus g handlebodies and ¥ is their common boundary, this is called a
genus g Heegaard decomposition of the manifold Y. Observe that the same manifold Y can
have many different Heegaard decompositions. More specifically, two decompositions of Y
may have different genera, conversely, two decompositions of Y with same genus are not
necessarily identical. Note that X will be called the “Heegaard surface” associated to the

decomposition.
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A Heegaard diagram associated to a Heegaard decomposition is a triplet (X, a, 3)
where ¥ is a Heegaard surface of genus g, and «, 3 are g-tuples of simple closed curves (i.e.
a=(o,...,0q), B=(b1,...,0,) for some simple closed curves o;’s and §;’s) embedded

in ¥, satisfying the following:

a;Naoj=G;NE; =0 for all distinct i, j’s

[a;]’s are linearly independent in H; (X, Z)

[Bi]’s are linearly independent in H; (%, Z)

«;’s bound disjoint embedded disks in Uy

Bi’s bound disjoint embedded disks in U

a; and 3; meet transversally if they are not disjoint.

It is clear that similar to Heegaard decompositions, a manifold Y admits many different

Heegaard diagrams.

Example 2.1. Here is a genus 1 Heegaard decomposition of S3; think of S% as R3 U {oo},
and the Heegaard surface ¥ as a torus sitting in R3. Then, the closure of the bounded
component of R?\ ¥ is a handlebody. Call it U;. Observe that the closure of S3\ U; is also
a genus 1 handlebody, and here it corresponds to Uy. Then, a choice of the a curve may be
a circle on ¥ bounding a disk in the unbounded component of R?\ ¥ | and a choice of the

{8 curve may be a circle on ¥ generating HiEZ)  Gae Figure 2.1
[o]

Given a Heegaard diagram (X, a, 3), we say that a (resp. 3) is a collection of attach-
ing circles for Uy (resp. Uj). Indeed, this is justified by looking at the properties listed
above; curves satisfying these 5 conditions determine uniquely the way Uy and U; are glued
together. See the Subsection below. Therefore, the triplet (X, o, B) contains all the
information of the Heegaard decomposition of Y = Uy Uy, Uj.

In general we will consider Heegaard diagrams with a basepoint z chosen from X\ (a U

B). The diagram (X, «, 3, z) will be called a “pointed Heegaard diagram”, although we
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Figure 2.1: A Heegaard diagram for the 3-sphere.

may occasionally refer to it as a Heegaard diagram, given that it will be used much more
frequently than diagrams without a basepoint.

It should now be clear that from a given Heegaard diagram, we can recover the han-
dlebodies and consequently, the underlying 3-manifold. What about the converse? Do all

closed oriented 3-manifolds admit a Heegaard decomposition?

Proposition 2.1. FEvery closed oriented 3-manifold Y admits a Heegaard decomposition.

Proof. Take any triangulation of the manifold Y. Observe that a triangulation exists since
Y is 3-dimensional, closed and orientable. Let F' denote the set of vertices and edges of the
triangulation. Pick a small regular neighborhood of F'. That neighborhood is a handlebody.
Call it Up. Y \ Uy is also handlebody, with the same boundary as U. ]

Another way to prove the proposition above is through Morse theory. See Subsection
212
We have already remarked that Y has infinitely many Heegaard diagrams associated to

it. Fortunately, we have a way to link all of those Heegaard diagrams together.

Heegaard Moves

There are 3 basic moves on a pointed Heegaard diagram, called “Heegaard moves” that do

not change the diffeomorphism class of the underlying manifold. These are the following;

e pointed isotopy
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e pointed handle-slide

e stabilization

Pointed isotopy moves the « or the 8 curves along with the basepoint in a one-parameter
family such that the curves remain disjoint from each other and from the basepoint. Handle-
slide is an operation of replacing an a; (or resp. [3;) by a representative of [o;]+ [a;] (or resp.
[8i] + [B;]), under the condition that the representative must be a simple closed curve of
course. What makes a handle-slide operation “pointed” is that the basepoint in the pointed
Heegaard diagram should not lie in the pair of pants bounded by «;, a;; and the represen-
tative of [oy] + [a;]. The last Heegaard move is the stabilization move, which is basically
splicing a 3-sphere to the underlying manifold. Consequently, the obtained manifold is dif-
feomorphic to the old underlying manifold Y. This happens in terms of Heegaard diagrams
in the following way; recall that in Example we have given the description of the genus
1 diagram of S3. Applying stabilization to a diagram (¥, aq, ..., ag, B, .., 0y, %) yields a
new diagram (X', a1, ..., aq, ag41, 01, - - -, By, Bg+1, 2), where ¥/ is the surface obtained from
adjoining a torus to ¥ and aygy1, By41 are exactly as described as in Example

Under Heegaard moves, the underlying manifold does not change [16]. Moreover, given
two different pointed Heegaard diagrams for the same manifold Y, they can be joined with
a finite sequence of Heegaard moves. This will be a fundamental result in the construction

of Heegaard Floer homologies.

2.1.2 A Morse theoretic approach

Perhaps a more useful approach to existence of Heegaard diagrams is by using Morse theory.

Let Y be a differentiable manifold and f be a smooth function f : ¥ — R. The points on
Y where the exterior derivative of f vanishes are called critical points of f. If the Hessian
matrix (the matrix of second partial derivatives of f) at a critical point P is non-singular, P

is called a non-degenerate critical point (otherwise it is called a degenerate critical point).

Definition. A Morse function on a differentiable manifold Y is a smooth function f : Y —
Rwhose critical points are non-degenerate. The index of f at the non-degenerate critical
point P is the dimension of the largest subspace of the tangent space at P on which the

Hessian matrix at P is negative definite.
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Proposition 2.2. (see [9])(The Morse lemma) Given a Morse function on Y™ and an
index i critical point P, there is a diffeomorphism h between a neighborhood W of P and a

neighborhood W' of 0 € R™ such that h(0) = P and

A n

foh(my,. .. .xn)==> ai+ > 2+ f(P) (2.2)
j=1 j=it1

Elementary Morse theory states that if y is a critical value of f with index i, the manifold

f~Y(—o00,y +¢€) is topologically equivalent to f~!(—o0,y — €) with an i-handle attached. A

simpler way to state that is, crossing a critical value with index i is equivalent to attaching

an 7 handle to the preimage.

Definition. A Morse function f is said to be “self-indexing”, if for every critical point P,

the value of the Morse function f at P is equal to the index of f at P.

There exists a self-indexing Morse function f on any 3-manifold Y to [0,3]. See [9] for
more background on Morse theory. By the argument above, f~1[0,3/2] corresponds to a
3-ball with a 1-handle attached for each critical point of f of index 1. That is precisely a
handlebody. Observe that f~1(3/2) is the Heegaard surface, and f~1[3/2,3] is the other
handlebody with the same boundary.

It is customary to visualize a Morse function using the classical example of “height
function”. Referring to the terminology of that example, we can obtain a Heegaard diagram
from a self-indexing Morse function and a Riemannian metric on Y as follows;

First, modify the Morse function so that it contains only 1 index 0 and only 1 index 3
point. This can be done if Y is connected, as shown in [9]. Recall that there are as many
index 1 critical points as index 2 critical points, and there are exactly g of each, where g is
the genus of ¥. Denote the index 1 critical points of f by Pi,..., P, and index 2 critical
points by Q1,...,Q,. Then, f~1(3/2) is the Heegaard surface, o; is the set of points in ¥
that flow ‘down’ to P; (after some rearrangement of the points) with the flow of the vector
field —V f, and similarly 3; is the set of points in ¥ that flow ‘up’ to @; with Vf. Using
Morse lemma, we can show that a;’s and 3;’s are simple closed curves. It suffices to prove

the claim locally, so assume @); is the origin and f is given as in the Morse lemma. Then,
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the points (71,2, 73) belonging to f~1(3/2) that flow to 0 € R with V£ satisfy

dr:
CZ; = —2z; fori=1,2
dxg
— = 2x3.
dt s
Then, we have
z; = Cje? fori= 1,2
r3 = 03 6+2t,

where C;’s are constants and we parametrize such that when t = 0, we are at the point
P. The constraint of flowing to the origin implies that as ¢ goes to infinity, x;’s go to zero.
Hence, we immediately see that C3 = 0. Since x1,x2,x3 has to satisfy f(z1,z2,23) = 3/2
when ¢t = 0, we observe that the desired set of points is the solution set for the equation
C? 4 (C2 =2 —3/2. This is a simple closed curve. Consequently, its diffeomorphic image Bj
is a simple closed curve. For the a curves, we proceed in the same manner, except that we
solve for the vector field —V f.

It is clear that the Heegaard diagram obtained this way is compatible with the Heegaard
decomposition induced by the same Morse function.

Let’s return for a brief explanation of recovering the 3-manifold Y from a given Heegaard
diagram (X, a, 3). Consider the 3-manifold-with-boundary X x [0, 1]. Think of the « curves
as lying in ¥ x {0}, and the 8 curves in ¥ x {1}. We will try to complete this object to a
closed 3-manifold. It is readily seen that we need to attach two 3-manifolds-with-boundary
to 0 (2 x [0,1]), more precisely, one to ¥ x {0}, and another to ¥ x {1}. For the resulting
manifold to have no boundary, the attached 3-manifolds-with-boundary must have boundary
diffeomorphic to ¥ x {0} 2 ¥ x {1} = 3. Therefore, they are genus g handlebodies, which
we denote by Uy and Uy. It is now a question of how to attach those handlebodies. We
know that the a curves must bound disks in Uy and similarly for the 8 curves in Uy. After
attaching a 2 handle D? x S! to one of the g a curves, we are reduced to a boundary
diffeomorphic to a genus g — 1 surface. Repeating this process g — 1 more times, we will
have boundary diffeomorphic to S2. Attaching D?, we get rid of the boundary. Doing the
same for ¥ x {1}, we have recovered Y. Observe that the process is well-defined, i.e. the

resulting manifold Y is uniquely determined up to diffeomorphism.
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2.2 Symmetric Products

From now on, we will work with a given Heegaard diagram (%, a, 3, z) of a manifold Y. The
g-fold symmetric product of the Heegaard surface ¥ is denoted by Sym9(3) and defined to
be the quotient space of the g-fold Cartesian product of ¥ under the action of the symmetric
group of g letters Sy. That is, points in Sym?(X) are unordered g-tuples of points in 3.
The topology of the symmetric products is studied in [6]. We state here that Sym9(X) is a
smooth manifold of dimension 2¢g and a complex structure on ¥ induces a complex structure
on Sym?(¥) in such a way that the projection map from 9 onto Sym9(X) is holomorphic.
We define the diagonal D in Sym9(X) to be the g-tuples of points in ¥ where the entries
are not all distinct.

It was no coincidence that we used the same letter as the genus of ¥ when describing the
symmetric product. For purposes to be clear later, we consider the g-fold product where
g is the genus of ¥. In Sym9(X), we have the g-dimensional tori Tq, and T,@’ defined to
be the quotient of the (a; X ... X ay) and (B X ... X 4) in the symmetric product. The
tori Ty and T J&; play a critical role in the construction of Heegaard Floer homology, such
as yielding the generators of the chain complex. Namely, the generators will be the points

Proposition 2.3. Let ¥ be as above. Then, m(Sym9 (X)) = H1(Sym? (X)) = H1(X)

Proof. First, observe that there is a map

Hi(X) — Hi(Sym?(¥))
M = .. 2)

where x is a generic point in X. It is easy to see that this map is well defined. The inverse
mapping can be found in the following way; a closed curve (in general position, i.e. missing
the diagonal) in Sym9(X) corresponds to a map from a g-fold cover of S! to ¥, thus gives
a collection of closed curves in 3. Consequently, each homology class in the symmetric
product gives a homology class in H;(X). For the well-definedness of this map and the
identification 71 (Sym?(X)) = H1(Sym9 (X)), see [16]
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Note that any cycle in Y can be deformed into a cycle in ¥. Recall that the curves
ai,...,0q,01,. .., 34 bound disjoint embedded disks in Y. Using the proposition above, we

conclude the following.

Corollary. Let (3, o, 3) be a Heegaard diagram associated to a manifold Y. Then,

H\(%) ~  Hi(Symi(%))
[041],.. o) [a9]7 [ﬁl]" . '7[59] B Hl(Ta) @Hl(TIB) ,

H(Y)=
where g is the genus of 2.
The following definition will be useful.
Definition. Let z be a point on . Define V, := {z} x SymI~1(%).

We will generally consider V, where z is the basepoint in the given Heegaard diagram.
Note that the basepoint is disjoint from ac and 3, s0 V, NTq = V. N T,@ = 0.

We are going to work with the disks in the symmetric product. To this end, we introduce
a notation and present another result concerning the topology of Sym9(X). But first, let
us define the action of 71 (X) on m,(X), where X is a path-connected space.

Let z € X be any basepoint. Recall that the choice of basepoint is irrelevant since X is
path-connected. Let then v be a loop based at x. We associate, to each continuous mapping
f :(B" S"!) — (X,x), another continuous mapping v - f : (B", 8" 1) — (X, z),
obtained by shrinking the domain of f into a smaller disk and completing it to B™ by

adjoining v (with a shrunk domain too) to each radial segment. Then, we set

By (X)) — mp(X)

1 = Al

This may be remodeled as follows. We can think of v - f as a map from S™ to X, sending
the north pole to x, while at the northern hemisphere, it makes v along each portion of
great circles containing the north pole. Hence, the equator is mapped to x. The southern
hemisphere with the equator is diffeomorphic to B™, and « - f restricted to that ball is the
same map as f. We can then identify the equator to get a map from S™ VvV S™. The northern
n-sphere can be replaced by a B!, with one boundary point at the north pole of the northern
hemisphere, and the other one at the south pole of the northern hemisphere, which is also

the point where B! is wedged to the southern n-sphere. And since the boundary points are
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mapped to the same point under v, B! may further be replaced by an S, taking the free
boundary point and identifying with the wedge point, i.e. the north pole of the southern
n-sphere. Hence, - f can also be viewed as a map from S*V S™ to X. See also Proposition
24

It is easy to check that 3, is a well-defined group isomorphism, and 8,8y, = By,+.-
Moreover, [y1] = [y2] implies 3,, = B,,. Consequently we get a group homomorphism
m1(X) — Aut(m,(X)). That is, each class in the fundamental group of X acts on m,(X).

Let my(X) denote the quotient of (X, z) under the action of 71 (X, z). Note that the
quotient group 77/2 (X)) does not depend on the choice of x € X. This is only for dealing with
the case where g = 2, since when g > 2, m1(Sym9(X)) acts trivially. This is also proved in

the next proposition.

Proposition 2.4. Let X be a Riemann surface of genus g > 2. Then,

12

ﬂ;(Symg(Z)) Z.

Moreover, when g > 2, the action of m1(Sym9(X)) is trivial, hence

ma(Sym? (X)) = Z.

Proof. Let z, 2’ be distinct generic points in X, and 7 be an orientation preserving involution
of ¥ such that ¥ /7 =2 S2. Let S := {(y,T(y),x,, LT )y e Z} . S'is a sphere in Sym9 ().
S turns out to be the generator of my(Sym9(X)), via the use of the following map counting

the algebraic intersection number:

o my(Sym? (X)) — Z

¢ = #{oNVz}

This map is invariant under homotopy, which can be seen by intersecting the homotopy
with the subvariety {z} x Sym9~!(XZ). The intersection will consist of 1-manifolds-with-
boundary (since the homotopy is 3 dimensional and the subvariety is 2g9—2 dimensional), and
the boundaries of the 1-manifolds (which correspond to the intersection of the homotopic
disks with the subvariety) will cancel out to give zero. Since one of the homotopic disks is

then counted with the reverse orientation, the intersection numbers of the two disks with
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the subvariety must then be the same. Furthermore, given a loop in the symmetric product,
the generic intersection number with V,, is zero. Thus, the map above is also invariant under
the action of the fundamental group. Therefore, the map ¢ is well-defined.

It is clear that ¢(S) = 1, since (z,7(z),z,...,2 ) and (7(z),7%(z),z,...,x ) are the
same points in the symmetric product. So, given n € Z, ¢(nS) = n, where nS is obtained
by splicing S to (n —1)S for n > 2, and —nS is n.S with the reverse orientation. Note that
the splicing here does not specify any basepoints, so it takes place in 75 (Sym9(X)).

We will now separate the cases g = 2 and g > 2. First, let g > 2 and 6 be a sphere in the
kernel of . Then, if @ misses {z} x Sym9~1(X) already, we can say that § € Sym9(X\ {z}).
If not, then moving 6 in general position, we can assure that 6 meets {z} x Sym9~1(¥) in
finitely many points. We want to obtain a sphere homotopic to 6 but missing the diagonal.
For that, we splice homotopic translates of S with appropriate signs to 6 at those points.
Namely, if at some point (z, z2,...,x4) € Vy, 0 intersects V,, positively (resp. negatively), we
splice —S (resp. S) to 6 at that point. The algebraic count of intersections is zero, therefore
total number of S spliced to 6 is equal to that of —S. Since S (—.S) is homotopically trivial.
The new sphere obtained represents the same homotopy class as 6 and is disjoint from V.
Therefore, it lies in Sym9(X \ {x}). It only remains to see that ma(Sym9(X \ {z})) = 0.
Note that ¥ \ {z} is homotopically equivalent to C\ {z1,..., 224} where z; are distinct
points. Then, Sym?(X \ {z}) is homotopically equivalent to SymJ(C\ {z1,...,224}), and
SymI(C \ {z1,...,224}) can be seen as the space of monic degree g polynomials p in one

variable, with p(z;) # 0 for all i € {1,...,2g}, via the map
(a1,...,aq) — (x —a1) ... - (x —ay).

This is nothing but CY9 minus 2¢g generic hyperplanes. A theorem of Hattori states that the
homology groups of the universal covering space of this complement are trivial except in
dimension 0 or g [16]. The claim follows. In the case where g = 2, Sym?(3) is diffeomorphic
to the blowup of T* [16]. Then, the claim in the proposition holds.

Finally, we prove that the action of 71 (Sym9(X)) is trivial for g > 3. Let (z,...,x) be

a generic point in the symmetric product. Let

v: 8t — SymI (%)

o:5% — SymI (%)
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be given maps based around (z,...,x). We want to prove that the map
yVo:Stv§%— SymI(%)
is homotopic to the map
Clzya) VO Stv 2% .— Sym? (%),

where S' and S? are wedged at a point which is mapped to (z,...,z) € Sym9(%), and
Cla,....z) 1s the constant loop. By Proposition @ we can replace v by a homotopic curve
in the form (y1,x,...,z) for some v, : S* — Y. Similarly, since 75(Sym9(3)) = Z, by
choosing x as a fixed point of the involution when creating the generator .S, we can find a map
o1 : 8% — Sym9(¥) such that o is homotopic to (o1, ) for some oy : S? — SymI~1(D).
Therefore, we get a map

1 % o1 : St x 8% — Sym9(D),

and the composition S'V §%2 — S x §2 — Sym9(X) is equal to v V o, where the first
arrow is the map taking t € St to (t,ws), and z € S? to (w1, z), with w;’s being the points
at which the 1 and 2-spheres are wedged. Observe that 1 (wy) = o1(w2) = (z,...,x).

But the action of m1(S! x S?) on ma (S x S?) is trivial, so the first map in the above
composition is homotopic to {w;} V 2, which takes all t € S* to (w1, ws), and z € S? to
(w1, z). Consequently, they are still homotopic when composed with ~; x o1, and this is

exactly what we wanted to prove. O
We close this subsection by mentioning a structural property of Tg and T 8 -

Definition. Let Z be a complex manifold and J a complex structure on it. A submanifold
L C Z is called totally real if for all A € L, T\L N JT\L = {0}, i.e. if the tangent spaces of

L does not contain a J-complex line.

Proposition 2.5. Let (3, o, 3) be a Heegaard diagram. Then, T and TB are totally real
in Sym9(%).

Proof. 1t is easy to see that T, and T B are totally real in 39 with respect to the product
complex structure. Since the «a;’s are disjoint, the tori T and Tﬂ miss the diagonal D.

Therefore, the inverse image of some neighborhood of Tq, consists of disjoint copies of this
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tori, and it restricts to a diffeomorphism at one of these copies. Similar for Tﬁ' The claim

follows. [

2.2.1 Intersection points and disks in symmetric products

The aim of this subsection will be to prove Proposition [2.6] For that, we now introduce
some definitions, after which the reader is advised to glance at Proposition [2.6] on page [I7]
for motivation.

Let x,y € TaNTg be two intersection points. Let a : 0,1] — T, b:[0,1] — Tg be

two paths from x to y in T and T 3 respectively. Note that a — b is a loop in Sym9(X).

Definition. Let ¢(x,y) denote the image of a — b in H1(Y,Z) under the map presented in
the corollary to Proposition

If a/, b are other paths from x to y in T, and T 3 respectively, then
(a—b)—(@ —b)=(a—d)—(b-1),

and (a —a') and (b —b') are loops in Tg and Tg respectively, which are killed when
working in H;(Y,Z). Therefore, €(x,y) is independent from the choice of the paths a, b.

This immediately implies that e is additive, i.e. if z is another point of intersection, then

€(x,2) = €(x,y) + €(y, z)

Let D denote the unit disk in C. Let p, denote the arc 9D N{z € C; Re(z) > 0}, and p;
denote dD N {z € C; Re(z) < 0}.

Definition. Let x, y be a pair of intersection points. A Whitney disk connecting x toy is

defined to be a continuous map
¢:D— SymI (%)
satisfying the following;:
o ¢(i) =x, ¢(—i) =y

* ¢(p) C Tav, 9(pr) C Tg,



Chapter 2: Heegaard Floer Homology 15

We also define m(x,y) to be the set of homotopy classes of Whitney disks connecting x

and y.

The set ma(x,y) is endowed with a multiplication;
7I-,Q(Sg/?ng(z)) * WQ(Xa y) — T2 (Xv y)

which splices the sphere n.S to ¢ in order to get a new Whitney disk connecting x to y.

Furthermore, if z is another point of intersection, we have another multiplicative operation

* 1 772(XaY) X WQ(Y7Z) B 7T2(X7Z)

(b1,02) +—  ¢3

where ¢3 is the disk obtained by gluing ¢, to ¢o at y.

We remark that if there is a Whitney disk ¢ connecting x to y, then €(x,y) = 0, since
the boundary of that disk (which is homologically trivial of course) maps to €(x,y) under
the homomorphism in the definition of €(x,y). Therefore, we can introduce the following
equivalence class; We define the equivalence relation ~ on T, N T B where we declare two
points x and y to be equivalent iff ¢(x,y) = 0. Note that transitivity of ~ follows from the

additivity of e.

Domains

We will now in some sense “project” the disks in the symmetric product to the Heegaard
surface. Let x,y € T N'T 8 In Proposition , we used a function giving the algebraic
intersection number of the spheres with the subvarieties determined by a basepoint. The

following additive assignment does the same for Whitney disks.
Definition. Pick w € ¥\ a U 3. Let
Ny : m(X,y) — Z
¢ — #{onVu}
be the map giving the algebraic intersection number of the disk ¢ and the submanifold V,,

For instance, ¢ and V,, are intersecting +1 (—1 resp.) at a point (w,x2,...,z4) if their

orientation add up to give the canonical orientation (opposite orientation resp.) of Sym9(X).
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To justify the claim we have made that n,, is additive, observe that ¢; * ¢o intersects V,
exactly at the points of intersection of ¢; and V,, and the points of intersection of ¢o and
Vw. That is because we splice the two disks together to obtain ¢ * ¢o. This assignment
has also another property for the sphere splicing operation; observe that #{SNV,} =1

for any point w, so we have

N (S * @) =1+ ny ().

Definition. Let D;,...,D,, denote the closures of the connected components of
Y\ (a1 U...UagU B U...UfPBy). For any ¢ € my(x,y), we define the domain associated to

¢ to be the formal sum
m
D(¢) =) n:(8)Ds,
i=1
where z; is a generic point of interior of D; for any i € {1,...,m}.

Recall that the boundary of ¢ is on T UT 3> 50 the domain associated to ¢ does not
depend on the choice of points z;. We write D(¢) > 0 if all the coefficients n,(¢) in the
formal sum are nonnegative.

The results that n,, is additive and n,,(S) = 1 imply immediately the following.

D(¢1*¢2) = D(¢1)+ D(¢2) (2.3)
D(S+¢) = D(¢)+ > D (2.4)
i=1

Now, let’s see what happens in terms of the boundaries of the domains. Let

x=(x1,...,29), Yy = (Y1,..-,yq) be two points of intersection, where

T, € NG
yi € ;N By

for all ¢, with ¢ being a permutation in S,,. Note that we have not specified anything
upto this point, since, the conditions above can be obtained by a simple re-indexing of the
coordinates of x and y. If ¢ € my(x,y), recall the notations in the definition of a Whitney
disk, and observe that ¢(i) = x, ¢(—i) =y, and ¢(p;) C Ta, ¢(pr) C Tg imply that the
restriction of ¢(p;) to «; starts from z; and ends at y;. Similar for 3;, with the exception

that it starts at y,(;) and ends at ;. Therefore, we have established the following.
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1. 0D(¢)|q, is a 1-chain with boundary y; — ;.

2. OD(¢)|g, is a 1-chain with boundary x; — y, ;).

We say that a formal sum A =" a;D; connects x to y if JA connects x to y along
the a curves and y to x along the 3 curves. The properties above state that D(¢) connects
x toy.

Finally, we have arrived at the following.

Proposition 2.6. Assume g > 3, let x, y be two intersection points. Then, €(x,y) # 0

implies ma(x,y) = 0, otherwise,
Ta(x,y) 2 Z & H'(Y,Z)
When g = 2, we have the same result except that e(x,y) = 0 implies
m(x,y) 2 Z& H'(Y,Z),
where 7r/2(x, y) can be constructed by modding out wo(x,y) with the relation: ¢1 is equivalent

to ¢z iff D(¢1) = D(¢2).

Proof. Let Q(SymY9(X)) be the space of paths in Sym?(X) with fixed endpoints, and Q(T ¢, T,B)
be the subspace consisting of paths connecting T to T B Note that the space ma(x,x) is
naturally identified with the fundamental group of the space Q(Tq, Tﬁ) based at (x), the
constant path at the point x.

There is a natural evaluation map from Q(Tq, T /3) to Toq x T B sending the path to its

endpoints. This map induces a fibration with fiber space Q(Sym9(X)).
Q(Sym? (X)) — Q(TQ,TI@) — Ta xTg
Looking at part of the associated homotopy long exact sequence, we obtain;
T2 (T X T,@) — m (Q(Sym? (X)) — Wl(Q(Ta,TIB)) — 71 (T X ']I‘,@) — mo(Q(Sym?(%))).

Observe that m1(Q2(Sym?(X))) is the space of loops of paths based at the constant path x,

and the symmetric product is path connected, so this space is isomorphic to me(Sym9 (%)),
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with the notation of Proposition Additionally, we already have the three identifications

below.

Wz(TaXTﬂ) = WQ(TQ)@TI'Q(TB) = 0
Wl(TaXTﬂ) = Wl(Ta)@T['l(TB)

Wl(Q(Tav TI@)) = 7T2(X7X)
Hence, the exact sequence above becomes;
0— ﬂg(Symg(E)) — 7T2(X,X) — Wl(Ta) & WI(TB) — wl(Symg(Z))

Suppose now g > 2. Recall, by Proposition we have 7o (Sym9(X) = Z. Moreover, by
Proposition the fundamental group m (Sym9 (X)) is equal to the first homology group,
which in turn is isomorphic to first cohomology group H'(X) by Poincaré duality. Under
that identification, 71(T¢q) and wl('I[‘I@) correspond to H'(Up) and H'(Uy) respectively.

Hence, we have
0 — Z — ma(x,x) — H' (Up) @ H'(U1) — H'(%).

It now remains to see that the kernel of the map H'(Uy) ® H*(U;) — H'(X) is isomorphic

to H'(Y). But this map is the direct sum of the maps induced by the inclusions

X — U

Y — Ul.
Considering also the inclusions of Uy and Uy in Y, we obtain a cohomology exact sequence
HO(Uy) & HO(UL) — HO(S) — H'(Y) — H'(Uy) @ H'(U)) — H'(Z)

The map on the very left is easily seen to be onto, therefore H!(Y') injects onto the kernel
of the required map.
When g = 2, the proof is the same, but we need to mod out the action of m (Sym? (X)) [16][11].
For the general case, whenever we have m(x,y) # 0, e(x,y) = 0, i.e. it bounds a
disk D in the symmetric product. Then, we have a map from ma(x,x) to ma(x,y)which
concatenates the disk D, and another map from my(x,y) to ma(x,x) splicing —D, where
—D is the disk obtained by rotating the plane by an angle of 7. It is easy to see that these

maps are inverses of each other, so the two groups are isomorphic. ]
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Here, the summand Z corresponds to the subset “generated” by the sphere S, and the
summand H!(Y,Z) is related to the homology classes of 2-cycles in Y by the Poincaré
duality.

Moreover, when g > 2, we have the following;

Proposition 2.7. [11] Let g > 2. Suppose A is a domain connecting x toy. Then, there is
a homotopy class ¢ € ma(X,y) such that D(¢) = A. Furthermore, ¢ is uniquely determined
by A when g > 2.

Therefore, homotopy classes ma(x,y) are in 1-1 correspondence with domains connecting

x toy.

2.3 Spin¢ Structures

In this section, we will attempt to derive a Spin¢ structure from each point of intersection
in Toy N Te. For this, let’s first introduce the concept of a Spin¢ structure.

There are various ways to define a Spin® structure, among which we will use the refor-
mulation for 3-manifolds due to Turaev.

Our ambient manifold Y is three dimensional, so it has Euler characteristic zero, there-

fore Y admits nowhere vanishing vector fields. Let v1,v9 be two such vector fields.

Definition. We say that v1 is homologous to vy if there is a ball B such that vi|y\p is

homotopic to va|y\ g

“Being homologous to” is a transitive relation, because given two balls, we can always
find a bigger one containing both of these balls, and transitivity of homotopy is carried on

to the desired transitivity outside the big ball.

Definition. We define the Spin® structures over Y to be the set of nowhere vanishing vector

fields over Y modulo the equivalence relation above. We denote this set by Spin®(Y).

Given a Heegaard diagram (X, a, 3, 2), we can now introduce the method to obtain a

Spin® structure from an intersection point. Namely, we define here a map
s:: TaNTg — Spin(Y)

in the following way.
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Take a self indexing Morse function f compatible with the diagram (3, o, 3, z), with
only 1 index zero and only 1 index three point. Recall the discussion about the Morse
theoretic approach to Heegaard diagrams. For convenience, we re-state here that a point
x € X in the intersection of a; and 3; flows from an index 1 point P; to an index 2 point Q);
with Vf. Then, any x = (x1,...,z4) specifies a g-tuple of trajectories flowing from distinct
index 1 points to distinct index 2 points. Similarly, since z ¢ U f3, it specifies a trajectory
connecting the index 0 point to the index 3 point. Then, delete tubular neighborhoods of
these g + 1 trajectories. Observe that in the boundaries of these tubular neighborhoods,
the vector field V f has index zero because they all contain two singular points of different
parities. It follows that the vector field can be extended to a new non-vanishing vector field
over Y. Define s,(x) to be the homology class of this nowhere vanishing vector field. Observe
that s,(x) is uniquely determined because we can find a ball B containing all the tubular
neighborhoods we have deleted and re-filled, so any two extensions of V f are homotopic.

It is proved in [16] that s,(x) — s.(y) = PD [e(x,y)].

2.4 Holomorphic disks and the Maslov index

Recall that a complex structure on ¥ induces a complex structure on Sym9(%). Given a
homotopy class ¢ € ma(x,y), define M(¢) to be the moduli space of holomorphic represen-
tatives of ¢. One uses appropriate perturbations described in [3], [4], [5] in order to prove
that M(¢) is a smooth manifold.

We will make use of an R-action on M(¢) described as follows: Using Riemann Mapping
theorem, map the unit disk D to the infinite strip [0, 1] x iR C C, such that p; is transformed
to {0} x iR and p, is transformed to {1} x iR. Then, r € R acts as a vertical translation
by 7. It is the action of the group of complex automorphisms preserving ¢ and —i [11]. We
will divide M(¢) by that action to get the unparametrized moduli space:

M(9)
R

M(¢) =
By definition, the R action above is free, except the case where ¢ is constant, i.e. ¢ €
mo(x,x) with D(¢) = 0. In that case, M(¢) is a singleton corresponding to the constant

map.

We will count holomorphic disks in the unparametrized moduli space m For that
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to be significant, or non-trivial one might say, we will be interested in the cases where the
moduli space M(¢) is 1-dimensional, so that when we mod out the R action, we get a
zero dimensional manifold, i.e. a signed collection of points. The signs are induced by the
orientations. It is proved in [16] that there is a natural choice of orientations for all moduli
spaces which is coherent.

The moduli space M(¢) has an expected dimension called the Maslov index, denoted
by p(¢). See [18] for details. The Maslov index is additive, i.e.

(1 * d2) = p(d1) + p(d2)

and it is zero for the homotopy class of the constant disk. Furthermore, it satisfies the

following.

Proposition 2.8. [11] Let ¢ € ma(x,y), then the Maslov index satisfies

u(kS * ) = u(9) + 2k

Using properties of holomorphic disks, we establish,

Proposition 2.9. Let ¢ € ma(x,y), then M(¢) # 0 implies that D(¢) > 0.

Proof. Pick a generic point z; in each D;. Since V,, is a submanifold with the induced
complex structure, the holomorphic disk ¢ must meet it with correct orientation, given that

it does meet it. O

The next result is proved in [16].

Theorem 2.1. There is a family of perturbations with the property that if u(¢) = 1 then

M(¢) is a compact zero dimensional manifold.

2.5 Chain Complexes and Homology Groups

We will define the Heegaard Floer homology groups for the cases where Y is a rational
homology sphere, i.e. the rational homology groups of Y are the same as the three sphere
S3. This will be sufficient in order to proceed to knot and link invariants in the next chapter.
Let Y be a rational homology sphere, (X, e, 3, z) be a genus g Heegaard diagram, and ¢ be

a Spin® structure over Y.



Chapter 2: Heegaard Floer Homology 22

2.5.1 HF(Y,t)

Let 6’?‘(2, a,3,t) denote the free Z-module generated by the intersection points
x €T N ']TB such that s,(x) = ¢t. We define a relative grading called the Maslov grading

on the generators as follows:

gr(x,y) = u(¢) — 2n.(¢),

where ¢ is any homotopy class in ma(x,y).

On the other hand, a relative grading is by definition additive, which in this case follows
easily from the additivity of the Maslov index and the function n,. To see that this relative
grading is independent of the choice of the homotopy class, recall propositions and
Since Y is a rational homology sphere, H!(Y,Z) = 0, therefore m(x,y) = Z. So, any other
choice of homotopy class would be of the form kS * ¢, and the result follows.

Definition. Given a homotopy class ¢ € ma(x,y), we define c¢(¢) to be the signed number

o —

of points in M(¢). If u(¢) is different from 1, we declare ¢(¢) to be zero.

We remark that the definition above makes sense in view of Theorem Second part
of the definition is just a convention in order to ignore unparametrized holomorphic disks
with bigger or no dimension in the definition of the differential operator below. This count
geometrically is a signed count of points in a compact oriented 0-dimensional manifold.

We endow C'F (3, o, B,t) with the following differential map which is extended linearly:

8:CF(S,a,B8,t) — CF(Z, 8,1
x = 0x = > c(¢) -y

yETaﬂTg _
{¢EW2(X,y) | n2(¢)_0}

First of all, note that we always encounter finite formal sums since there is a unique
homotopy class ¢ satisfying n.(¢) = 0 since < S > = ma(x,y) = Z. Moreover, the count
in the definition of the map 0 does not exceed CF (2, e, B, t), since the existence of a disk
connecting x to w implies s,(w) = s,(x) = t.

Of course, we need to justify that the map defined above is a differential, i.e. 8% = 0.

The next theorem establishes that and contains arguments that will be referred later.

Theorem 2.2. The pair (ﬁ(E,a,,@,t), 8) is a chain compler.
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Proof. First of all, applying the map J twice, we obtain the following.

Px= Y > c(dr)e(n) - w

w,yeTaﬁTﬁ} ¢1 € T2(x,y) na(¢1) =0
{ ¢ € ma(x,w) {@1 emaly.w)| Z’iﬁ?: ¢?

(@) # 1 implies that ¢(¢) = 0, therefore the generators y appearing in the expression of dx
all satisfy gr(x,y) = 1, since we only count classes ¢ with n.(¢) = 0. Therefore, using this
argument twice, we conclude that the generators w appearing in the expression of §%(x)

are in relative grading —2 with respect to x. That is,
gr(x,w) = pu(x, W) = 2.

Therefore, For any fixed ¢ € mo(x, W), m is 1-dimensional. Hence, we will analyze

the “ends” of the compactification of the moduli space M(¢). By Floer theory, this space
has 3 kinds of ends;

1. “broken flow-lines”, i.e. a concatenation of two classes ¢1 € ma(x,y), ¢2 € ma(y,w)

with p(¢g1) = pu(g2) = 1.

2. those which correspond to a sphere “bubbling off”, i.e. a ¢ € ma(x,w) and a holo-

morphic sphere © in the symmetric product that meets ¢.

3. those which correspond to “boundary bubbling”, i.e. a ¢ € my(x,w) and a holomor-
phic map u from the disk whose boundary is mapped into Tq or T B which meet in

a point on that boundary.

We will see that “bubbling off” and “boundary bubbling” cannot occur in our case.
First, By Proposition a holomorphic sphere satisfying n,(¢) = 0 can be considered as
lying in Sym9(X \ {z}) . Therefore, we only count disks in Sym9(X \ {z}) when applying
the differential map above. But in view of an argument used in the proof of Proposition
there are no nontrivial spheres in Sym9(X \ {z}). Therefore “bubbling oft” of a sphere
is ruled out. Also, a disk u with boundary lying in Tg or in T 3 will admit a domain D(u)
greater than or equal to ¥ [16] (the boundary of the domain will be in the a curves, but
¥\ « is connected). This similarly is not the case since a degeneration of our type of disks

cannot intersect V,. Hence, only boundary components are the broken flow-lines. That is,
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—

the boundary of the compactification of M(¢), which is a 1-dimensional compact manifold
(therefore has zero dimensional boundary, i.e. isolated points with signs, whose algebraic
count is zero), consist of all the broken flow-lines disjoint from V, and nothing else (since
if there is a flow between two points of intersection, they produce the same Spin® structure

via the method given in . That is, for any ¢ flowing from x to w, we have

> c(pr)e(¢2) -w =0

{ ¢1 €2 (X,Y) | = (d)(lz))l *_¢Zz:((é¢2) _O}

¢2 €Ema(y,w)

Then, summing over all possible flows from x to w, we get

> > c($1)e(¢e) - w =0

yeTamTﬁ{% € m(x,y) nz(¢1)=0}
P2 €ma(y,w) ' nz(¢p2)=0

Finally, to include all the terms in the expression of 9%(x), summing over all intersection

points in 6?'(2, a, 3,t) gives the desired result;

x = Y > c(¢1)e(p2) - w =0

{w,y ETaﬂ'ﬂ‘g} {¢>1E7r2(x,y) nz(¢1)=0}

¢ Em (X’W) P2 E T2 (va) | 7(;?&(3322)::2

O]

Definition. The Heegaard Floer homology groups ﬁ’(E, a, 3,1) are the homology groups
of the chain complex (6’?’(2, a, (3,1), 8).

It is proved in [I6] that the Heegaard Floer homology constructed this way remains
invariant under the Heegaard moves explained in the paragraph More explicitly, an
other choice of any of the constructions used in the definition such as the Heegaard diagram,
complex structure, etc., yields a chain homotopy equivalent complex. Recall that any two
different pointed Heegaard diagrams for the same manifold Y can be joined with a finite

sequence of Heegaard moves. Hence, we have the following theorem:

Theorem 2.3. Let Y be a closed orientable 3-manifold, (3, ., B3,2), (X, a/,3,2") be two
Heegaard diagrams of Y, t € Spin®(Y') be a Spin® structure over Y. Then, the Heegaard
Floer homology groups ﬁz\?(z, o, 3,t) and ﬁ’(Z, o', 3 ,t) are isomorphic.

Therefore, we are allowed to drop out X, a, B in the expression of the Heegaard Floer

homology groups and write ﬁ(Y, t) instead of ﬁ(z, o, (3,1).
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2.5.2 HF>(Y,t), HF~(Y,t), HFT(Y,t)

Recall that when defining HF (Y,t), we only took into account the holomorphic disks disjoint
from the subvariety V, determined by the basepoint z € ¥. On the other hand, another
construction without this preliminary elimination is possible. However, the basepoint z will
still play a role.

Let U be an indeterminate over Z. Now, in contrast with the previous subsection, we
will define CF* (X, a, 3, 1) to be the free Z(U)-module generated by the intersection points
x € T N T,@ with s,(x) = t. We will give the generators the same Maslov grading as
before, and add the condition that multiplication by U drops the grading by two. That is,

we extend the previous grading as follows;
gr(U'x,U7y) = gr(x,y) +2(j — )

We introduce the differential map 0°° on generators below. Note that this map is

extended linearly, so we have 0% (U'x) = U 0° x.

0® :CF>*(%,a,B,t) — CF®(X,a,B,t)
x +— 0¥x = Z c(p) - U=y
{ NS TaﬁTﬁ }
¢ € m2(xy)
Observe that the sum is again finite, since, similar to the previous subsection, if p(¢) # 1,

¢(¢) vanishes, and there is only one homotopy class ¢ € ma(x,y) satisfying u(¢) = 1.

Moreover, if U7y appears in 9°x, we have j = n.(¢) for some ¢ € mo(x,y), and then

gr(x, U7 y) = pu(¢) — 2n.(¢) +2j = p(¢) = 1

so each term in 0°°x is in relative Maslov grading —1 with respect to x.
The proof for 909> = 0 is similar to Theorem [2.2] but requires further technical detail,

so we skip it here.

Definition. Let CF~ (X, a, B, t) be the subgroup of CF* (X, e, 3,t) generated by the same

intersection points as before, but over Z[U]. Define CF™ (X, e, 3,t) to be the quotient group
CF*(%,a,8,t)/CF (3, o, 3,1)

We will denote the induced differential maps by O~ and 91 respectively.
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In view of Proposition and assuming that CF*°(3, o, 3,t) is a chain complex we

prove the next result;

Proposition 2.10. The subgroup CF~ (X, ¢, 3,t) is a subcomplex of CF> (X, a,3,1).

Moreover, the sequence
0~ CF (S, a,B,t) — CF™(S,a,B,t) — CF*(L,a,B,1) — 0

of chain complexes, where the first map is inclusion and the second is projection, is exact.

Proof. The related result on the boundary maps of CF~ (X, «, B,t) and CF* (%, o, 3,1)
follows from the skipped fact that 9°° 0 9> = 0. We only need to see that CF~ (X, o, 8, )
is closed under the differential map 9= = 9°°.

Assume U7y appears in 9°(U?x). Then, there is a homotopy class ¢ € m2(x,y) with
c(¢) # 0, such that n,(¢) = j — i. Moreover, by Proposition n.(¢) > 0. Therefore,

Ulx e CF (Z,a,B,t) < i>0 = j>0 < Ulyec CF (Z,a,B,t)

so CF~ (%, e, B,1) is a chain complex.

The exactness of the sequence is trivial. ]

Definition. The Heegaard Floer homology groups HF>® (3, o, 3,t), HFt (X, o, B,1), HF~ (2, o, 3, 1)
are defined to be the homology groups of CF>®(X, e, 3,t), CF " (3, a, 8,1), CF~ (3, «, B, )

respectively.

It is proved in [I5] that for rational homology spheres, HF > (3, o, 3,t) is always iso-
morphic to Z(U). We also have an invariance result as in the previous case of HF , proved
n [16], allowing to drop ¥, «, 3 from the notation and define

HEY(Y,t) = HF" (3, a, B, 1)

HF~(Y,t) = HF (S, a, 8, ).

2.5.8 Heegaard Floer Homologies when bi(Y) # 0

We have constructed several homology groups for rational homology spheres. These mani-

folds Y satisfy b1(Y) = 0, and consequently we obtained m3(x,y) = Z in view of Proposition
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For manifolds with nonzero b1(Y), ma(x,y) is larger. The arising difficulties in this

case is solved using special Heegaard diagrams. The only difference is the Floer homologies

may not admit relative grading [11].
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Chapter 3

KNOT FLOER AND LINK FLOER HOMOLOGIES

The homologies constructed in the previous chapter can be extended to obtain knot or link
invariants for knots or links in closed oriented three manifolds via use of extra basepoints on
the Heegaard surface. In this chapter, we will establish the adaptation of these invariants,
which will also include an alternate way to define the same homologies. More details on

this subject can be found on [I1], [§].

3.1 Knot Floer Homology

A knot in S® is an oriented embedding of S' into S3. It is by definition a 1-dimensional
closed submanifold of S3. Two knots are said to be “isotopic” if there exists a continuous
transformation between them.

Recall the discussion in Section In the definition of the function s., where z € X
is a basepoint, using a compatible Morse function, we described a way to obtain a flow
connecting the index 0 point to the index 3 point. Therefore, if we consider the Heegaard
diagrams (X, o, 3, z, w) with an additional base point w, we get two such flows. Then, it is
obvious that these two flows piece together to form a knot in Y.

Knot Floer homology deals with knots in 3-manifolds, but we will only work in S? in
order to simplify the discussion. Let (X, a, 3, z,w) be a 2-pointed Heegaard diagram for
S3. Another way to obtain a knot using the basepoints w, z is as follows. Let a be a path
joining w and z in ¥ \ «, and b be another path connecting the basepoints in ¥\ 8. Push
a and b into Uy and Uy, respectively. The result is a knot K in S3, which is isotopic to the
one explained in the previous paragraph. We say that the 2-pointed diagram (X, at, 3, z, w)
is compatible with the knot K.

Note that we will not mention Spin® structures when defining Knot Floer homology. It
is proved in [I1] that Spinc(Y’) is in one-to-one correspondence with H?(Y,Z). Therefore,

H?(83,7) = 0 implies that there is a unique Spin® structure on S°.
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Using Morse theory, one can show that every knot in S® has a compatible 2-pointed
Heegaard diagram. Namely, let f be a self-indexing Morse function on K with only two
critical points, one index 0 and one index 3. Then, extend f to a self-indexing function f
on 5% in such a way that the index 1 and index 2 critical points of f are disjoint from K.
Consider the Heegaard diagram induced by f. Let the basepoints be the two intersection
points of K with f~1(3/2). Note that there are no more than two intersection points since

then we would obtain another critical point of f.

3.1.1 HFEK(K)

Let (X, o, B, z,w) be a Heegaard diagram compatible with the knot K, and let Cx (3, ¢, 3, 2z, w)
be the free Z-module generated by the intersection points x € T,NTz. An immediate adap-
tation of the Heegaard Floer homology group HF (Y, t) is the following.

Consider the map
aK:CK(E,a,ﬁ,Z,U)) — CK(E,a,ﬁ,Z,"LU)
X > (o) -y,

{y € TaNTg () =1 }
¢ em(xy) ' nz(¢) =nw(¢) =0
where ¢(¢) is as defined in Section
Observe that we merely apply the natural use of the extra basepoint here, i.e. we only

count holomorphic disks disjoint from the subvarieties V,, as well as V.

Proposition 3.1. dx 00 =0

o —

Proof. Recall the proof of Theorem ﬁ The 1-dimensional moduli space M(¢), where
¢ € ma(x,2), has 3 kinds of ends, “broken flow-lines”, “boundary bubbles”, “bubbling offs”.
By the same argument in the proof, there are no “bubbling off” of a sphere, nor there
are “boundary bubbles”. Hence, we only encounter broken flow-lines. Since a compact

1-dimensional manifold has zero dimensional boundary with algebraic count zero, we have

0 = > c(p1)c(2) - 2

b1 Ema(xy) "2 (@1) =12(2) =0
nemtiia e

Summing over all possible flows from x to z, and then summing over all intersection

points z, we obtain the desired result. O
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Consequently, the pair (Ck (%, a, 3, z,w), 0k ) is a chain complex. It is also true that
the induced homology is invariant under Heegaard moves. Consequently, it is independent

from the Heegaard diagram representing K.
Definition. Let }Tﬁ((K) denote the homology of the chain complex (Cx (%, e, 8, z, w), Ok ).

We introduce here a bigrading on the generators of Cx (3, o, 3, z, w), both relative.

Let x and y be two intersection points and let ¢ be a holomorphic disk in 7 (x,y).

Definition. We define the relative Alexander grading by

A%, y) = n2(8) — nuw(9).

We also have a natural extension of the Maslov grading in CF.

Definition. We provide the generators of Cx (%, a, 3, z, w) with another relative grading,

called the Maslov grading, by

gr(x,y) = u(9) — 2nw(9).

We observe at once that these gradings are independent of the choice of the homotopy
class, in virtue of the Propositions [2.6] and

It should be remarked here that a generator appearing in Ox(x) is in relative Maslov
grading —1 with respect to x. On the other hand, it is in the same Alexander grading.
From this point of view, the Alexander grading does not seem to help matters, but it will
come into play once we will start counting holomorphic disks intersecting V, or V.

Another remark would be in the roles of the basepoints z and w in these gradings. It
is clear that interchanging z and w, we get the same knot with the reverse orientation. In
this case, there is no problem there since we only count holomorphic disks that are disjoint
from both V, and V,,.

Similarly, we can mimic the construction of the homology groups CF*, CFT and CF~
to obtain analogues for the knots. However, we will only make room for HF K~ (K), the
adaptation of HF'~, since the recipe for the other groups can be easily derived from the

data already present.
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3.1.2 HFK-(K)

This subsection presents a direct way to define the homolog group HF K~ (K). The idea is
easily applicable to the previous chapter.

Let (X, o, B, z, w) be a Heegaard diagram for the knot K. This time, let C (3, o, 3, 2, w),
the free Z [U]-module generated by all the intersection points, where U is an indeterminate.
We will introduce a new differential map, and modify the relative gradings accordingly.

As before, this is to put the disks intersecting V,, into play. For doing so, we have to
keep track of the intersection numbers by the use of the indeterminate U. On the other
hand, we will force the intersection number of V, with the holomorphic disks that we count
to be zero, for the vanishing of the square of the differential map.

We introduce the differential map 0~:

0 :Cx(¥,0,8,2,w) — Cr(¥,0,8,z,w)

X Z o(¢) - U™y .
{yETaﬂTﬁ | u(¢)=1}
pem(xy)  n(¢p)=0

Next, we extend the Maslov grading on the generators of C (X, o, 8,2, w) with the

formula below;
gr(U'x,U7y) = gr(x,y) +2(j — i)

Consequently, whenever a term U7y appears in 0~x, we have j = ny,(¢) for some

¢ € ma(x,y), and then

gr(x, U7 y) = pu(¢) — 2n4(¢) + 25 = p(¢) = 1

so all the terms appearing in the differential of x are in relative Maslov grading —1 with
respect to x.
In similarity with the extension above, the relative Alexander grading is now given by

the formula below.
AU x, U7 y) = A(x,y) + (j — )

Therefore, if U7y appears in 0~ (U’ x), keeping in mind that there exists a holomorphic

disk flowing from x to y with the property n,(¢) = j — i, we have

A(UiXanY) =n:(¢) —nuw(@) +j—i=nuw(@)+j—i=0
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One may also affirm equivalently that the indeterminate U drops Maslov grading by 2,

while it drops Alexander grading by 1.

Definition. We define HF K~ (K) to be the homology of the chain complex (C’;{(Z, o, (3, z,w), 8*),

which is independent of the Heegaard diagram compatible with K.

It is possible to advance one step further with these ideas in order to obtain link invari-

ants. This is the subject of the next section.

3.2 Link Floer Homology

A link in S3 is a 1-dimensional closed submanifold of the 3-sphere whose connected com-
ponents are knots. We say that L is an “[-component link” if the number of connected
components of the link L is equal to [.

Recall that two distinct basepoints in the Heegaard surface X yield a knot in S®. The
idea here is to allow more basepoints, partitioned into groups of 2, where each group gives
a knot in S3. Then, for instance, if z1,w1,..., 2, w; are 2g distinct points on ¥\ (a U B),
we get an [-component link in S? following the same method in the previous section. The

result concerning the existence of a Heegaard diagram for an arbitrary knot K is also valid

for links.
Let now (3, ¢, 3, 21, w1, ..., 2;,w;) be a Heegaard diagram for an [-component link L.
For convenience, let Z and W denote the set of basepoints 21, ..., 2 and w1, ..., w; respec-

tively. The adaptation of the concepts of the previous section is then almost straightfor-
ward. However, we will now proceed in a slightly different way, first establishing the group
HFL~ (L) and then acquiring Fﬁ(L) Even so, the only significant modification will be
the one concerning the Alexander grading. In fact, it will be a “filtration” (see the definition
below) instead of being a grading.

Let Uy, ..., U, be indeterminates over the ring Z. Consider the partial ordering “<” on
7!, where (a1,...,a;) = (by,...,b) if for all i = 1,...,1 we have a; < b;. We remark here
that (a1,...,a;) < (b1,...,by) iff (a1,...,a;) = (b1,...,b;) and for some i, a; # b;. For the
sake of simplicity, let n be a positive integer, g be a function g : {1,...,n} — Z' such that

(0,...,0) = g(7) for all i € {1,...,n}.
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Definition. A Z! filtration on a Z[Uy,...,Uy,]-module M is a collection of Z[Uy,...,Uy,]-

submodules {Fs(M)}, ., satisfying the properties:
o Fy(M)C F(M)ifs=t
e there exists s € Z' such that Fs(M) = M.
o U'Fy(M) C Fy_yiy(M)

Moreover, we define “the filtration level” of x € M to be s € Z! such that 2 € Fs(M) and
x ¢ F:(M) whenever t < s.

Definition. We say that a chain complex C is “filtered” if there is a filtration on C.

The additional data n is digressive for now (we will set n to be equal to ), though it
will be necessary in the next chapter. We had to introduce numerous technical details for
a relatively easy concept, but we are ready to start now.

Let C[ (¥, a,8,Z,V) be the free Z[Uy,...,Uj]-module generated by the intersection

points. The differential map 0~ is given by:

0 : CZ(E,O&,,@,Z, W) — CZ(Z,Q7B’Z7W)
X > c(e) - U ) U @y
{yGTaﬁTﬁ () =1 }
peEmAx,y) ' N2y (¢) =+ =nz(4)=0

In terms of the Maslov grading, we have a straightforward extension;

l
gT(X7Y) = /1’((;5)_227741111‘(45)
=1
gr(U - U x, U U y) = gr(x,y) +20+ .-+ 5) — 200+ ... +it)

Again, all the terms appearing in d~x are in relative Maslov grading —1 with respect
to x.

Finally, the Alexander grading of Knot Floer homology now becomes the Alexander
filtration on C; (¥, e, 3,2, W). We set g : {1,...,l} — 7!, where g(i) is the i*" standard

basis vector in Z!.
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Definition. For s = (s1,...,s;) € Z!, we define Fs(Cp (3, a, B, Z,W)) to be the submodule
generated over Z by the points U7 - - - U}" -x where (—az,...,—a;) =< (s1,..., ). Moreover,
we set that multiplication by U; drops the filtration level by g(i), i.e. the i*® term of the
filtration level is dropped by 1. Finally, we define A : C; (3,0, 3, Z, W) — 7' to be the

function giving the filtration level.

It is elementary to check that the Alexander filtration defined above is a filtration. A
simplified but equivalent way to re-describe the Alexander filtration may be to assert that,

for every x,y € Ty N T,B’
1. A(x) — A(y) = (N2 (P) — nwy (@) 5 - .., 1y (@) — Ny, (@) where ¢ flows from x to y
2. A(UM - UM - x) = A(x) — b, ai - g(d)
We define HFL™ (L) to be the homology of the chain complex (CL_(E, a,3), 8‘).

Definition. The associated graded object of a filtered chain complex is defined as the chain

complex

gr(C) = P gr(C),

sezt
where grs(C') is the quotient module of F(C) by the submodule generated by F:(C') for all
t < s. Moreover, gry(C) is endowed with the differential induced from the differential map

in C.

We may recuperate ﬁﬁ(L) , which only counts holomorphic disks disjoint from each
of the subvarieties determined by the basepoints, merely by setting Uy = --- = U; = 0 in
C; (¥, a,B) and taking the associated graded object. It is easy to see that we have the
same generators as in the other way of construction, and the differential map is also the
same since U; = 0 for all ¢ implies we only count disks disjoint from all the basepoints.

It is not difficult to check that link Floer homology becomes knot Floer homology when

[ =1, i.e. when the link L is in fact a knot.

3.3 Link Floer Homology with Multiple Basepoints
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In the process of establishing Heegaard Floer homology and the knot and link invariants
of the previous sections, we needed the o curves that constitute « to span half of the first
homology group of the Heegaard surface, as well as the § curves (recall that there are as
many « (or [3) curves as the genus of ¥ and we required those curves to be homologically
linearly independent). But then, the same span may also be acquired with more curves,
some of them homologically redundant. Of course, if that is the case, the extra a and
0 curves would lead us to an augmented number of intersection points, and consequently
to a seemingly more complicated way to compute Heegaard Floer homology. In Chapter
[ we will see that this method can have its own advantages, such as yielding an easy to
understand, nevertheless computationally expensive algorithm. Note that this formulation
require the coefficients to come from the field Fy = Z/27Z.

The result is the so-called “combinatorial link Floer homology”, studied in the next chap-
ter. From that viewpoint, introducing multiple basepoints is just an auxiliary step, mainly

for establishing the connection between combinatorial and classical link Floer homology.

3.3.1 Multiple Pointed Surface

Let k be a positive integer. Suppose we are given a genus g Heegaard surface X, two sets
of pairwise disjoint simple closed curves a = {a1,...,g4k-1}, B ={B1,..., Bg+k—1} such
that they both span a g dimensional subspace of the first homology group H;(X) which is
2g dimensional. This is in correspondence between the previous setting which included g
linearly independent curves, therefore, the g + k£ — 1 curves specify a genus ¢g handlebody.
The « (resp. () curves are pairwise disjoint, therefore ¥ \ {a} (resp. X\ {8}) have
k connected components. Let {Ai}le (resp. {Bl-}le) denote these components. Now,
let 2z1,..., 2k, w1, ..., w be 2k basepoints on the surface disjoint from a and 3, such that
each connected component contains 2 basepoints, one from the z;’s and the other from the
w;’s. Without loss of generality, after a relabeling, we can assume that for all i = 1,...,k,
zi,w; € A; and Zo (i), Wi € B for some permutation ¢ on k letters. This data determines
a link by a similar manner; connect z; to w; by a path in A;, w; to z by a path in B; for
all . Pushing the paths in A;’s into the handlebody Uy, and the ones in B;’s into Uy, we
get an [-component oriented link L, where [ is an integer satisfying [ < k. We say that the

diagram (X, «t, B, 21, . . ., 2k, W1, . . . ,wg) is a 2k-pointed Heegaard diagram compatible with
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the link L.
In contrast with the previous sections, we will now work in the g+ k — 1 fold symmetric
product of 3. Then, the necessary definitions such as Tq, T 3> intersection points, m (x,¥),c()

are all adapted in a straightforward way. In particular, Tq is now ag X ... X Qgyp—1.

3.8.2  Chain Complex

Consider again the intersection points between the tori Tq and T,@' Let CFL, (¥, a,B3)
be the free module generated by these intersection points over the polynomial algebra
Fo[Un, ..., U], where the subscript m stands for “multiple basepoints”.

We give the generators the generalized versions of Maslov grading and Alexander filtra-

tion. The Maslov grading is generalized in a trivial way.

k
gr(x,y) = w(d)=2) nu(9)
i=1
gr(U™ - U™ - x, Uljl‘--Ukj’“ y) = gr(xy)+2(1 .-+ jk) — 2(mi 4+ ...+ my)

Remember that Alexander filtration contains data about the link components. In Section
there was a one-to-one correspondence between w;’s and the link components. In this
case, more than 1 basepoint may belong to the same link component. In order to deal with
that problem, we relabel the basepoints in the following way. Let k; denote the number
of basepoints on the ** link component, for i = 1,...,k. Then, let S be the index set
consisting of the pairs (i,7) such that ¢ € {1,...,k} and j € {1,...,k;} for fixed i. Then,

Alexander filtration is defined by the following two equalities.

k1 k;
A(X) - A(Y) = Z (nz1,j (¢) = Ny (¢)) y ey Z (nZl’j (¢) — Ny (¢))
j=1 j=1
k1 ky
A (Uf:”f’l U U U .x) =AX) = O mig,.. Y muy)
j=1 j=1

The second equality may be rephrased as, multiplication by U; ; drops the filtration level
by g(i), the i** basis vector.

With this setting, there are various ways of defining knot and link invariants, simply
by changing which disks to count [I4]. First, let’s consider the analogue of CF'L~, whose

differential map is formed by counting disks disjoint from the subvarieties determined by
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the basepoints z; for all j. Let d(¢) denote c(¢) modulo 2, and let 0~ : CFL,, (¥, o, 8) —
CFL, (%, a,B) be defined as

- Naw; (¢)
0 (x) = E d(¢) - H Uu.; " A
{yeTaﬂTﬂ | w(g)=1 } (3.9)€S
pem(x,y) | Nz ;(6) =0 V(ij)esS

It is clear that this map again drops the Maslov grading by 1 and preserves the Alexander
filtration. Moreover, from [I7], it results that this construction is a link invariant. Conse-
quently, let HFL_ (L) denote the homology of the chain complex (CFL,, (%, e, 3),07).
Another invariant is obtained by counting all disks with Maslov index equal to 1. Let
CFL,, (2, a,B) denote again the free module generated by these intersection points over

the polynomial algebra Fa[Uy,. .., Ug]. Define the differential map by

o' (x) = ) @) - | ] v -y,

y €TaNTg _ (4,5)€S
{¢EW2(x7y) | u(¢)71}

and let HFL! (L) denote the homology of the complex (CFL! (¥, a,3),0"). This version
is going to re-appear in Chapter [d] when we review the combinatorial approach.

It is sometimes more useful to make use of the simpler complex (C’/ﬁ/m(E, Qa, B),a),
where C/’F\Lm(E, a, 3) is the free Fo module generated by the intersection points and 9 is
the endomorphism of C/’ﬁm(E, a, 3) given by

9(x) = > (o) -y -
{emaems, u(g)=1 }
pEma(xy) | nuw; ;(#)=nz; ;(¢) =0 V(ij)€S

Let FF\Lm(L) denote the homology of the complex (C/'ﬁm(il, a, (), 8) [17].

Theorem [3.1] conveys the relation between classical link Floer homology and link Floer
homology with multiple basepoints. We are unable to provide proof for this theorem due
to its depth of technical details. Later, we will establish the connection between link Floer
homology with multiple basepoints and the combinatorial link floer homology (see Theorem
, and consequently we will have a bridge connecting classical and combinatorial link

Floer homology.

Theorem 3.1. [§/[1] Let (¥, a, B, 21, ..., wg) be a 2k-pointed Heegaard diagram for the -

component link L, with k; pairs of basepoints for the i link component for all i =1,...,1.
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Then, there are multi-graded identifications
- o !
HFLn(L) = HFL(L) ® R VW,
i=1

where V; is the 2 dimensional vector space spanned by one generator in Maslov grading
and Alexander filtration zero, and another in Maslov grading -1 and Alexander filtration

corresponding to —g(i).
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Chapter 4

COMBINATORIAL APPROACH TO HEEGAARD FLOER KNOT
AND LINK HOMOLOGIES

In this final chapter, we will present another way to construct knot and link Floer
homologies, which is more pleasing to the eye. Essentially, the following could have been
constructed independently from everything we have established up to this point, but then
it would mean to overlook the bridge that led to the goal, which would then be somewhat
mystical.

We will establish the results mostly for a general link, but the reader should know that
when the link in hand is composed of a unique component (itself - a knot), everything boils
down to knot Floer homology.

Recall Example It presented the simplest genus 1 Heegaard decomposition of S3.
This will be our basic data throughout this chapter. More precisely, the underlying Heegaard

surface of our decomposition will always be the torus.

4.1 Grid Diagrams

We will consider several o curves on the torus. Recall that these curves are not allowed
to intersect each other. Hence, if all the curves are homologically nontrivial, there is only
one possibility of placing them up to isotopy and renaming. Note that it is unnecessary to
consider the case where there is a null-homologous curve. The case for the 8 curves is exactly
similar. Consequently, visualizing the torus as a square with opposite sides identified, after
some isotopy, the a and § curves will constitute a so-called “grid diagram”, in which the «
curves are all horizontal and (3 curves are vertical.

Given a link L, we shall try to associate a “sufficiently nice” grid diagram, whose meaning
will be clear soon. Let us specify a couple more notation valid for throughout this chapter;
along the usual notations used up to this point, “I” will stand for the number of components

for the link L, n will denote the number of « curves in the grid diagram. Note that from
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now on, we will only be interested in grid diagrams with an equal number of horizontal and
vertical curves, and this number will be called “the grid number” of the grid diagram. So,
a grid diagram with grid number n has n x n cells.

Let there be a a grid diagram of grid number n, together with a collection of black and

white dots on it, with the following properties;

e cach dot lies in some cell
e there is at most one dot in any cell
e each horizontal strip contains exactly one black and one white dot

e cach vertical strip contains exactly one black and one white dot

Such a grid diagram is called a “toroidal grid diagram”, referring to the fact that the
horizontal (resp. vertical) edges of the grid are identified. However, for the sake of simplicity,
we will use “a grid diagram” to refer to a toroidal grid diagram.

A grid diagram supports a link, obtained by connecting black and white dots lying
in the same vertical (resp. horizontal) strip with a vertical (resp. horizontal) segment,
and whenever two of those segments intersect, letting the vertical segment to overpass the
horizontal one. The orientation is specified by orienting the vertical segments from the black
dots to the white dots, and the horizontal segments from the white dots to the black dots.
The conditions above guarantee that the segments add up to form a link. Figure shows
a grid representation of two trefoils linked together.

The starting point of the combinatorial approach is that we can find a grid diagram
representing L with the above properties [8]. This is the point where the presence of a
null-homologous curve on the Heegaard surface becomes uninteresting.

Let now L be an [-component link. By [2], any two grid diagrams representing the same

link can be connected by a sequence of the following three moves.

e Cyclic permutation; permuting the rows and the columns of the grid diagram. This

basically corresponds to changing the way the torus is cut to form a square. See figures

4.9 and 4111
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Figure 4.1: A grid diagram for a 2-component link with each component being a trefoil.

O
O @ o e

Figure 4.2: A stabilization move.

¢ Commutation; we can think of the black and white dot in a column as specifying a
division of the vertical strip into two parts. Then, if both the black and the white dot
in one of the adjacent column belong to the same part, we can interchange the two

columns’ decorations. Note that there is a similar move for rows.

e Stabilization; this is nothing but adding two consecutive breaks to a link component.
This move adds one to the grid number of the diagram, i.e. inserts a new row and a

column. See Figure 4.2

The algorithm we are about to review is independent from these moves, as proved in [7]

using only combinatorial techniques. Independence from cyclic permutation will be easy to

see once we prove propositions and

It turns out that it is possible to construct link Floer homology groups using only that
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Figure 4.3: Constructing the link from the dots on the grid diagram.

grid diagram.

We remark that the dots in this setting correspond in some sense to basepoints in Chapter
because the black dots determine the point in the Heegaard surface (up to diffeomorphism
of a square) where the link passes from Uy to U;. See Figure for an illustration on the

unknot.

4.2 The Chain Complex

From this point, we will work with grid diagrams, and construct a homology with Fy = Z /27
coefficients. We will later see that it will be equivalent to the link Floer homology of the
previous chapter with coefficients reduced.

In link Floer homology, the generators were the intersection points in the symmetric
product. Let us find out the analogue of an intersection point in the symmetric product
in order to have a more clear idea about what the generators will be in the combinatorial
case. Let (x1,...,24) be an intersection point in Sym9(X). After some re-indexing of x;’s
(which does not change the point itself by definition of the symmetric product) , we can
assume that x; belongs to «; for all i € {1,...,g}. Then, there is a permutation o in the
symmetric group with g letters, such that x; € B,(;) for all i € {1,...,g}. This is still true
for the present case. Furthermore, in a grid diagram, any given « curve intersects any (3
curve at a single point. Therefore, the permutation o uniquely determines the intersection
point in a grid diagram. Hence, the generators of the chain complex will be in one-to-one

correspondence with the permutations in g letters. See Figure Given a grid diagram
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Figure 4.4: The generator corresponding to the permutation (}égg?g;gg)

I' with grid number n, let P denote the set of intersection points, and consider the free
Fo[Un,...,Uy,] module generated by P, where Uy, ...,U, are n indeterminates. Each U; is
assigned to one of the n white dots via a one-to-one correspondence. We may denote the
white dot assigned to U; by w;. We denote this module by C~(I"). First, we endow C~(I")

with a grading and a filtration, then we introduce the differential.

4.2.1  Grading and Filtration

The grading and the filtration described in this subsection will be the adaptations of the
Maslov grading and the Alexander filtration of the previous chapter. However, the defini-
tions will not be as straightforward as one might expect. We have to introduce an auxiliary
function.

Note that throughout this subsection, we presume that among the identified top and
bottom horizontal edges, only the bottom one is included in the diagram. Similarly, we
omit the right vertical edge from the diagram in order to leave the left vertical edge as the
only representative.

Given two finite collections of points A, B in the grid diagram, we define Z(.A, B) to be
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the number of pairs (a1, a2) € A, (b1,b2) € B such that a; < by and ag < be. Then, define

J(A,B) = (Z(A,B)+Z(B,A)) /2, and extend it bilinearly over formal sums of subsets.
Let now I' be a grid diagram supporting an [-component link L. Let Z, VW denote the

set of black and white dots in the grid diagram respectively. For a generator x, we define

the (absolute) Maslov grading as follows.

gr(x) = Jx-W,x-W)+1
= J(x,x)—2TW,x)+TW,W) +1

Moreover, we define the filtration level A(x) = (41(x),..., A;(x)) of the generator x in the

following way.
n—1

2

Ai(x):j(x—%(Z+W),Zi—Wi)+

where Z;, W; are the subsets of Z, W corresponding to the i component of L [7. It is
seen that the filtration levels can also take half-integer values.

We also adopt the convention that multiplication by U; drops the Maslov grading by
2, and the Alexander filtration level by the j'* basis vector if w; belongs to the j* link

component. That is, the element U™ -x has grading and filtration level
gr(U"-x) = gr(x)—2-m;
AU -x) = Alx)—m-g(j).

We may then decompose C~(I');

C_(F) = @ Cd_(r’h)a

d€Z,heZl

where C (T, h) is generated by expressions U{"' --- U™ - x, where

gr(U" U %) = d

AU ...UM .x) = h.

n

A priori, it may seem that the grading and filtration levels depend on the choice of how

the torus is cut to form a square. The propositions below show that this is not the case.

Proposition 4.1. The Maslov grading is invariant under cyclic permutation.
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Proof. We can place the grid diagram in R? with the following conventions. The bottom
left corner is at the origin, and the side of each square has length 1, so that the top right
corner has coordinates (n,n). The black and white dots on the diagram have half-integer
coordinates.

Let T be a grid diagram, and I be the one obtained by replacing the bottom strip on
top of the top strip. Let x be the representation of a generator in I', and let x’ be the same
generator represented in IV, Similarly, let W and W'’ be the collection of white dots in T’
and I respectively. We will show that gr(x) = gr(x).

Now, there is a point 2, with coordinates (m,n) in x’. The corresponding point z;,
is at (m,0) in x. Other than that, the components of both representations are the same.
Let x; denote those components for i € {0,...,m,...n}, where the hat denotes as usually
an element omitted from the list, and the indices representing the horizontal projections.
Similarly, VW contains a point with coordinates (I — %, %) When forming W, the only
modification is changing this point with (I — %, n+ %)

For m < i < n, the pair (z,,, ;) contributes 1 to J(x,x), whereas the corresponding
pair (z),, x;) fails to do so for J(x’,x’). On the other hand, for 0 < i < m, the pair (x;, z.,)

does not contribute to J(x,x), but (z},,z;) does add 1 to J(x’,x’). Therefore,
Jx,x)=J,x)+n—-2m—1
Similarly, we find

2j(X, W) == QJ(X/, W) +n-—2m
2T (X', W) = 2J(x,\W)+2l—n
TWW) = FOWVW W) —=2+n+1

Hence, we have obtained;

gr(x)—1 = Jxx)—2T(xW)+ITW,W)
= J,X)-2m+n—-1-27 W) +2m+2—2n
+IW W) =2l +n+1
= J,x)=2T W)+ ITW W)

= gr(x) -1
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Therefore, using the above argument repeatedly, we conclude that the grading is invariant
under vertical rotation. The independence under horizontal rotation can be proved with a

similar calculation. OJ

Proposition 4.2. The Alexander filtration is invariant under cyclic permutation.

Proof. Place the grid diagram T as in the proof of Proposition [£.1] Then, the intersection
points of o and 8 curves correspond to points with integer coordinates. For such a point p,
the numbers Z(Z; —W;, p ) and Z(p , Z; — W;) both give the winding number of the it
component around p.

Suppose p is an intersection point with first coordinate being in between the first coor-
dinates of the black and white dots in the bottom horizontal strip. Then, when the bottom
strip is replaced by a new one added on top of the diagram, the winding number will be
changed by +1 according to the orientation of the link component. The only complication
in verifying this may be for the case where the intersection point is on the very bottom of
the diagram, but keep in mind that when the new strip is added, that very point is also
carried onto the bottom of the new strip. Since the old winding number was zero, and the
new one is +1, the same change takes place. On the other hand, if the point is outside
the horizontal strip determined by the black and white dots, the winding number does not
change. Furthermore, it is clear that for any other link component, the winding numbers
stay the same.

Whereas for a point ¢ with half-integer coordinates, it may be possible for a black or
white dot to lie on ¢, so the number Z(Z; — W;, q ) is not necessarily the winding number
around ¢. Anyhow, it is easy to see that it is always equal to the winding number of the *
link component around the point (¢ — %, q— %) Similarly, Z( q , Z; — ;) is nothing but
the winding number around the point (¢ + %, q—+ %)

We recall here for convenience that A;(x) — 252 = J(x—1(Z+W), Z;— W —1i). Suppose
that there are m vertical segments between the black and white dots to be replaced. Then,
there are m components of x for which the winding number will be changed by +1. The
orientation of the link is constant, so the sign of the change is the same for every such point.
So, the total change is £m. On the other hand, for each such vertical segment, Z and W

contributes a count of 2 intersection points. So, for a fixed segment, they contribute a
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change of —% (£2). Counting the m segments, we find that the total contribution is Fm.
They cancel out, and we get the desired invariance result. A similar reasoning takes care of

horizontal rotation. O

4.2.2  Differential Map

Now we are ready to proceed into providing the chain complex C~(I") a differential map.
In order to do that, we will use analogues of the holomorphic representatives of Whitney

disks connecting two intersection points.

Rectangles

Let r be a rectangle in I' whose edges are 4 of the intersection points of o and § curves.
We remark that r can be split into 2 or 4 sub-rectangles if it is cut up while forming the
grid diagram out of the torus X. Let x, y be two generators. We say that r connects x to y
if all but two of the components of x and y are the same, the remaining 4 components
are the vertices of r, r is traversed by the orientation induced from that of I (that is, the
boundary of r restricted to a connects y to x), and the horizontal components of r connects

the component of x to the component of y.

Definition. The set of all rectangles connecting x to y is denoted by Rect(x,y). A rect-
angle r is said to be empty if Int(r)Nx = (). The set of empty rectangles connecting x to y
is denoted by Rect®(x,y).

Observe that if x and y agree along all but two horizontal segments, then Rect(x,y)
has two rectangles. Otherwise it is empty. See Figures [4.5] and
Differential

Given a pair of generators x,y € C~(I') and a rectangle r € Rect®(x,y), we define w;(r) to
be the number of times w; appears in Int(r). We endow the module C~(I') with the map
0~ : C~(I') — C~(I") defined as follows.

97 (x) = Z Z U;"l(’”) () Lk

{y€P} {r€Rect°(x,y)}
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O
<

O
N

Figure 4.5: The small dark circles are the generator x and the hollow ones are y. The two
rectangles in Rect(x,y) are presented with a dark shading. The rectangle on the left is

empty, whereas the one on the right is not.

O
N

Figure 4.6: The two rectangles in Rect(y,x). Neither of them is empty.
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We will verify that the square of this map vanishes. Before that, we will see the relation

of 0~ with the Maslov grading and the Alexander filtration.

Proposition 4.3. Let x € C~ (') be a generator. Then, 0~ (x) is either zero or a sum of

elements with Maslov grading gr(x) — 1.

Proof. Let y be a generator such that Rect®(x,y) is nonempty, and let r € Rect®(x,y).
Then, form the grid diagram in such a way that the lower left corner of r coincides with
the lower left corner of the diagram. By Proposition the gradings are independent of
this choice. Recall that gr(x) = J(x,x) — 2 (W,x) + JTOW, W) + 1.

In this setting, it is obvious that J(x,x) = J(y,y) + 1, the difference arising from the
different pair of components. Moreover, Z(W,x) = Z(W,y) + # {r N W}, since the only
difference is that for w; € r, the pair (w;, z) adds one to Z(W,x) where zj, is the upper
right corner of r. Similarly, the lower left corner comes into play for Z(x, W) and we have
I(x, W) =Z(y, W)+ #{rnWh}.

Plugging these results in the definition of the grading, we get,

n

gr(x) =gr(y) +1— Qsz‘(T’)-

i=1

Finally,
gr(x, U Um0 y) = gr(x,y) + grly, U O )

= gr(x,y) +2) wi(r)
i=1

=1
O

Proposition 4.4. Let x € C~(T") be a generator. Then, 0~ (x) is either zero or a sum
of elements with filtration levels < A(x). In other words, the map 0~ respects Alezander

filtration.

Proof. Let again y be a generator such that Rect®(x,y) is nonempty, and let r € Rect®(x,y).
Assume the U; belongs to the f(i)!" link component for some f: {1,...,n} — {1,...,1}.

By a similar analysis as in the proof of Proposition [4.3] it is not difficult to see that

n

Ax) = A(y) = Y (zi(r) — wi(r)) - g(f()) -

=1
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Here, z; is a black dot which belongs to the same link component as w;, and z; is different
from z; if i # j. Compare the corresponding Alexander filtration formula in Subsection
0.9.2)

Therefore,

Alx) = AU U0 y) = AR = Aly) + Aly) = AU 00 )

O

Let’s introduce a final useful definition concerning a generalization of rectangles, in order

to ease our way in proving Proposition [4.5

Definition. Given x,y € C~(I'), a path from x to y is a closed oriented path v composed
of arcs on v and (3 curves, with orientation dictated by the grid diagram I', and with corner
points coinciding with components of x and y. A domain p from x to y is a two chain in I,

such that Jp is a path 7 from x to y. Let 7(x,y) denote the space of domains from x to y.

Observe that for p; € 7(x,y), p2 € 7(y, w), the concatenation p; *ps belongs to m(x, w).
Furthermore, w;(p1 * p2) = w;(p1) + wi(p2).

Now we are ready to proceed in the proof of 0~ 0 9~ = 0.

Proposition 4.5. The map 0~ : C~(I') — C— (") satisfies 0~ 09~ = 0.

Proof. Tt suffices to check the vanishing of 9~2 on the generators. Let x € C~(T) be a

generator. Observe that

0 00 (x) = Z Z N(p).U;UI(’")...Ugn(T).W,

{weP} {pem(x,w)}
where N(p) counts modulo 2 the number of ways in which p can be decomposed into
two rectangles p = 71 % ro where r; € Rect®(x,y), r2 € Rect®(y,w) for some generator
yeC (I).
Let now w # x be a generator and p € m(x,w) such that p can be decomposed into two

empty rectangles. Then, we claim that there are exactly two ways of decomposing p into
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Figure 4.7: The 3 possible types of domains that can be decomposed as two empty rectan-

gles, in the case where x # w.

two rectangles. Indeed, there are three possibilities for p, depicted in Figure [£.7] In the
first two cases, the two orders in which rectangles are concatenated give 2 possible ways to
recover p from the two rectangles. It is easy to see that there is no other way. It is also true
for the third case, see Figure[4.8] Since we count modulo 2, the sum corresponding to these
domains is therefore zero. We need finally to check for the domains connecting x to x that
can be decomposed into two empty rectangles. Or, such a domain has to be an annulus.
And if this annulus has height or width greater than 1, any decomposition will have at least
one nonempty rectangle. Therefore, we consider height 1 horizontal and width 1 vertical
annuli. On the other hand, any such annuli p has a unique decomposition p = rq *ry, where
r1 € m(x,y), r2 € m(y, w)for fixed y.

There are 2n such annuli, n vertical and n horizontal. Any given vertical annulus
contributes U; - x to the differential for some i. But the vertical annulus corresponding to

that U; also contributes U; - x, so in total, they cancel out to give zero. O
Therefore, the pair (C~(I'),07) is a chain complex.
Definition. The homology of the chain complex (C~(I"),07) is denoted by H™ (T").

We remark here that although there are [ link components, the free module C~(I') is

generated over a polynomial algebra with n indeterminates, where n > [. But we have a
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Figure 4.8: The 2 possible decompositions of the third domain type into two empty rectan-

gles. The gray dots in the figures stand for two (different) auxiliary generators.

result proved in the next proposition linking the indeterminates corresponding to the same

link component.

Proposition 4.6. Suppose that w; and w; belong to the same link component. Then,

multiplication by U; is filtered chain homotopic to multiplication by U;.

Proof. The composition of filtered chain homotopies is itself a filtered chain homotopy,
therefore it is enough to check for w; and w; such that there exists z; in the same row as

w; and same column as w;. Then, define
H:c (') — Cc (I

x =Yy > um g Ly

{yeP} {reRecte" (x,y)
ZLET

The map H counts only the rectangles containing zx. Using similar decompositions as in the
proof of Proposition we find that 07 o H+H o0~ = U; —U;. Namely, all the domains on
the left hand side have 2 decompositions, except the horizontal and vertical annuli, which

contribute U; and Uy, since they are on the same row and column (respectively) as z;. [
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Corollary. Suppose the link L in the diagram has | components, and relabel VW = {w; }?:1 50
that w; belongs to the it link component for i =1,...,1. Then, the filtered chain homotopy
type of C~(I") viewed as a free module over Fa[Uy, ..., U] is independent of the ordering of
W.

There is also a simpler invariant (introduced in [§]), which corresponds to HFL in the
classical approach. First, we set U; = 0 for all ¢, and then we take the graded object
associated to the Alexander filtration. Recall that

gr(C~ (1) = P gri(C (1)),
SEZ[L]
where grs(C'~(T")) is the submodule generated by the generators at filtration level s. Then,
gr(C—(I")) corresponds to the free Fo-module generated by the intersection points, endowed
with the differential

5xzz Z y-

yeprP { r€Rect®(x,y) }
Wi(r)=Z;(r)=0 Vie{l,...,n}

Observe that here we do not count the empty rectangles intersecting with ZUW. It is clear
that setting U; = 0 guarantees that the rectangles intersecting with WW do not contribute to
the differential. Moreover, those intersecting with Z are eliminated while taking the graded
object; recall that in the proof of Proposition [£.4] we have proved that if there exists a
rectangle r connecting x to y, we have A(x) — A(y) = (Z21(r),..., Zn(r)). Hence, if r has
a black dot in it, the contribution of y to the differential of x is killed when we pass to
the graded object associated to Alexander filtration. To put it another way, not only the
differential O respects the Alexander filtration, but it also respects the filtration level.

The homology of this complex is denoted by H(T). Observe, if we denote by grs¢(C~(T"))
the sub-subcomplex generated by the generators at filtration level s and at grading ¢, we

have

HD) = @ @ H..D).

sez[L] t€Z
where the homology groups H, st(I') are
ker (és,t cgrs (C (1)) — grs’t_l(C*(F))>
1 (Jog41 : graa1 (C~(T)) — groa(C(T))
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4.3 Relation Between Combinatorial Link Floer Homology and Link Floer Ho-
mology with Multiple Basepoints

Recall that the grid diagram is a special case of a multiple-pointed Heegaard diagram (see
the beginning of Section , so we can associate both homologies to such a diagram. The
main result about these homologies is Theorem but it uses the fact that the Alexander
filtrations and Maslov gradings of both invariants are the same. For the proof of these
identifications, see [§], Lemmas 3.1 and 3.2. We will take those granted in the next theorem,
which states that combinatorial link Floer homology and link Floer homology with multiple

basepoints are basically the same.

Theorem 4.1. [8] Let I' be a grid diagram with grid number n and (X, 3,21, ..., wy,)
be the associated 2n-pointed Heegaard diagram, for the l-component link L, with k; pairs of
basepoints for the it" link component for alli=1,...,1. Then, we have

H(T) = HFLy(L)
Consequently, using Theorem [3.1], we obtain the identification

l
AT) = HFL(L) o ® VWY
=1

where V; is the 2 dimensional vector space spanned by one generator in Maslov grading
and Alexander filtration zero, and another in Maslov grading -1 and Alexander filtration

corresponding to —g(i).

Proof. We assume that both homologies possess the same grading and filtration, so there
should be no confusion when we write A(x) or gr(x) for any generator x in the grid diagram.
Hence, it only remains to see that the differential maps are the same. Let then x be any

generator. Explicitly, we want to prove

> d(¢)-y =) > y.
yeP we)=1 yepP r€Rect®(x,y)
{¢E7r2(x,y) | Nawy 4 ((15):%21.,]. (¢) =0 V(Z,])GS} {wi(r):zi(r):() Vie{l,...,n}}

In [8], the Maslov grading is defined using the relation

gr(x) = gr(y) = Px(D) — Py(D) = Y wi(D),
i=1
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where D is any domain connecting x to y, Px(D) = > ., p=(D), and p,(D) is defined as
the number of the squares contained in D among the 4 squares surrounding z. We will use
this relation without proving.

By Proposition a Whitney disk ¢ € ma(x,y) is uniquely determined by its domain,
and such domains on the grid diagram are of the form

D(¢) = Z a; ;D ,

1<i,j<n

where D ; is the square lying in the i'" vertical and j*" horizontal strip, and a; ; is equal
to the algebraic intersection number n,(¢) for some p € D; ;. This is because the boundary
of ¢ is mapped on the o and (8 curves.

Assume now 9(D(¢)) Na; = 0 for all but one ¢ € {1,...,n}. Then, it must be zero on
all the « circles by the equality

0D(¢) = Y a;;0D;i; .
1<i,j<n

Hence, D(¢) is some formal sum of the vertical annuli. But then, x =y, and the Maslov
index u(¢) is even in view of Proposition

A similiar reasoning works for the § curves. Therefore, we can assume that 0D(¢) is

non-zero on «j,, &y, 3, and B;,. But then, there are permutations o and 7 such that

1/2 < Py 0(i2)) (D(0) + Plizoiz) (P(9) < Pu(D(0))

1/2 < piy r(ir)) (D)) + Pis,r(i2)) (P(@)) < Py(D(9))

but ¢ cannot intersect the subvarieties determined by the basepoints if it is counted in the
differential, therefore 1 = p(¢) = Px(D(¢)) + Py(D(¢)) [8], so the inequalities above are all
equal. Therefore, D(¢) is zero everywhere but on «;,, aj,, i, and 3;,. Hence, D(¢) is one of
the two rectangles with vertices (i1, 1), (i1, J2), (i2, 71), (2, j2). It is seen at once that D(¢)
is an empty rectangle, and no basepoints lie in its interior. We have proved that a disk with
non-negative multiplicities and Maslov index equal to 1 must admit a domain in the form
of an empty rectangle. Therefore, all the generators counted in the differential of link Floer
homology with multiple basepoints are also counted in the differential of combinatorial link

Floer homology. Conversely, suppose we are given an empty rectangle r connecting x to
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o O

o O

Figure 4.9: A grid diagram for the trefoil.

y, containing no basepoints. In that case, it is proved in [8] that the number of pseudo-
holomorphic representatives is odd, therefore d(r) = 1. Consequently, the two differentials

are the same. The result follows from Theorem [3.11 O

Finally, we will work an example for the trefoil and the figure eight knot. However, the
calculations for the homology H ™ (I') where I' is a diagram for the trefoil are too extensive
to carry out in the thesis, so we will calculate H(I') which is easier to compute since it

involves a fewer number of differentials.

4.4 Computation of H

4.4.1  Trefoil

In this section, we are going to compute H(T';) explicitly, where T’y is the grid diagram for
the trefoil depicted in Figure The results without the calculations can also be found in
[8]. T has grid number 5, therefore has 5! = 120 generators. For the sake of simplicity, we
will denote the generator consisting of the intersection of i** horizontal segment with o ()"

vertical segment as (o(1)o(2)o(3)o(4)o(5)).

Recall that when computing H (T"), we are only interested in empty rectangles that are
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also disjoint from W and Z. Let’s now list these rectangles by looking at which generators
they connect. For instance, there is one such rectangle connecting the generator (12345) to

(21345). First of all, it is seen at once that the only possible width, height values for these

rectangles are, 1-by-1, 2-by-1 and 1-by-2.

Let’s first classify 1-by-1 rectangles;

12 % %%
*23 * *

( ) —
( )
(% * 12x%)
( ) —

* ok %12

(3% %%2) —

For every type of arrows above, there are 3! = 6 differentials. In total, there are 15-6 = 90

arrows.

(21 * *x)
— (%32 % )
— (k% 21%)

(% * %21)

(2 %% % 3)

The 2-by-1 rectangles are of the form;

So, there are 30 such rectangles. Finally, there also are 30 1-by-2 rectangles and they are;

(4% *%x2) —

(xx1%2) —
(3% %2x) —
(%4 * *3) —

(4% 5% %) —

(2% % x4

(kx2x1
(2 * %3
(%3 % x4

(5% 4 %

)
)
)
)
)

)
)
)
)

(5 % 1x) — (1 % 5x) .

( ) = ( )
( ) = ( )
(% % 51x) — (s * 15%)
( ) — (% %54)
( 5

— (5x*x1)
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Alexander filtration level = -5

Alexander filtration level = -4

Alexander filtration level = -3
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Figure 4.10: Chain complex for the grid diagram I'y in Figure [£.9] representing the trefoil.

Using MATLAB, we compute the Maslov gradings and Alexander filtration levels for the
generators, connect them with rectangles and plot the chain complex in Figure The
hollow circles correspond to generators, and the segments connecting two generators indicate
that the generator below appears in the image of the generator above under the differential
map. The homology ranks can be found in Table below.

Note that our computations agree with the results presented in [8]. Moreover, let I's be
the grid diagram for the trefoil presented in Figure 4.11] The computations result in the

exact same homology rank table, consistent with the independence of the homology under

cyclic permutation. The chain complex of 'y is plotted in Figure

4.4.2  Figure FEight Knot

A grid diagram for the figure eight knot is given in Figure We may denote this grid

diagram by I's. This is the diagram presented in [7]. Similar to the trefoil case, we find
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Rank of Hy,(T) || t=—4 | t=-3|t=—2|t=—1|t=0|t=1|t=2
s=—5 1 0 0 0 0 0 0
s=—4 0 5 0 0 0 0 0
s=—3 0 0 11 0 0 0 0
§=—2 0 0 0 14 0 0 0
s=—1 0 0 0 0 11 0 0
s=0 0 0 0 0 0 5 0
s=1 0 0 0 0 0 0 1

Table 4.1: Homology ranks for the trefoil. I'; is presented in Figure [4.9] s stands for the
Alexander filtration level, and ¢ for the Maslov grading. Note that the ranks are zero at the

half-integer valued filtration levels.

o O

Figure 4.11: Another grid diagram for the trefoil, obtained by applying one horizontal cyclic

permutation to I'y.
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Figure 4.12: Chain complex for the grid diagram I'y in Figure [4.11] representing the trefoil.

O @
O

O @

@
® O
o O

Figure 4.13: A grid diagram for the figure eight knot.
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6! = 720 generators, and below is the list of types of empty rectangles, consisting of all 58

templates.

23 % % % * 32 # * *k % *x 12 % %) —

* % 1 % 2%

65**** * % 24 % x

51 s sk %) — (15 % % * %

61 % % %) — (16 * * * %

( ) —
( )
( )
( )
(345 % % %) —
( ) —
( )
( )
( ) —

6 % 1 % %% (1% 6 % xx % % H6 * *

(13 % skk) — (%31 s %
(%1% 2% %) — (%2 1 %%
(%1% 3% %) — (%3 % 1 % *

(1 % %2%) — (%2 % x1x (%% %4 %5

(%23 % #k) — (%32 x xx (5 % %4 * *

(%2 % 3% %) — (%3 % 2 % %

(s % %61%) — (% x16x)

(45 % k) — (%54 * %% (s % %62%) — (s * *26x)

(%61 x sk) — (%16 * %

(k% %6 % 1) — (s % 1 % 6)

) ) = (
) ) = (
) ) = (
) ) = (
) ) = (
) ) = (
) ) = (
) ) = (
) ) = (
(#12 5 %) — (21 5 #) sox #125) — (% % %21
) ) = (
) ) = (
) ) = (
) ) = (
) ) = (
) ) = (
) ) = (
) ) = (
) ) = (

(%62 % xx) — (%26 * *x (s % % % 23) — (s * * % 32)

(%63 * xx) — (%36 * *x) .

Consequently, there are 58 -4! = 1392 rectangles. At this point we may remark that despite
the fact that the grid number is grown by only 1, the numbers of generators and rectangles
grow much more. In fact, our MATLAB code was unable to compute the homology rank
table of I's. Nevertheless, we presented the chain complex in Figure We may notice

once more the complexity of the algorithm by comparing figures [4.11] and [4.14]
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Figure 4.14: Chain complex for the grid diagram I's in Figure representing the figure

eight knot.
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