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ABSTRACT

Conventionally, observables of quantum mechanical systems are represented by
Hermitian linear operators acting in a separable Hilbert space. This is mainly be-
cause Hermitian operators have real eigenvalues and eigenvalues of an observable
represent experimental results which are also real numbers. Recently, non-Hermtian
operators with real eigenvalues have been employed in the description of quantum
mechanical systems. The following key observations makes this possible: 1) A di-
agonalizable linear operator H with a discrete spectrum has real eigenvalues if and
only if H is n-pseudo-Hertmitian, i.e., HT = nHn~! , for a bounded, Hermitian, invert-
ible and positive-definite 7; 2) If we define a new inner product, namely (({|p)), =
(&|nlp) YIE),|p) in Hilbert space, then H is Hermitian with respect to this new inner
product. 7 is not unique, but can be uniquely determined up to an arbitrary multi-
plicative constant provided that one chooses an irreducible set of operators with real
spectra and require them to be n-pseudo-Hertmitian. We give a detailed discussion
of the related mathematical concepts and a proof of the uniqueness theorem for 7.
Furthermore we show, by explicit calculations, how this theorem applies for quantum
systems with a two-dimensional Hilbert space. In particular, for the latter systems we
obtain the general form of a diagonalizable operator H with a real spectrum, calcu-
late the most general 1 that makes it n-pseudo-Hertmitian, determine the form of any
other diagonalizable operator O with a real spectrum that is n-pseudo-Hertmitian,
and finally demonstrate how choosing a particular O that together with H form an

irreducible set fix n up to a multiplicative constant.



OZET

Geleneksel olarak, bir quantum mekanigi sistemindeki gozlenirler (observable)
Hilbert uzaymdaki Hermitik operatorler ile gosterilir. Bunun temel sebebi Hermi-
tik operatorlerin 6zdegerlerinin gercel olmasi ve bu ozdegerlerin gercel sayilar olan
deney verilerini temsil ediyor olmasidir. Son zamanlarda, Hermitik olmayan an-
cak Ozdegerleri gercel olan operatorler quantum mekaniksel sistemleri ifade etmekte
kullaniliyor. Bunu miimkiin kilan sebepler sunlardir: 1) Ayrik spektruma sahip diag-
onallegtirilebilir lineer operator H'nin 6zdegerleri gercel olur ancak ve ancak H sahte-
Hertmitik (pseudo-Hermitian) ise yani H' = nHn~!, burada n smirl (bounded),
Hermitik, tersi smirli ve tiim uzayda tanml (invertible) olan ve tamamen-pozitif
(positive-definite) bir lineer operatordiir; 2) Eger yeni bir i¢ carpim tanimlarsak, soyle
ki; Hilbert uzaymdaki tiim |£), [p) icin ((€|p)), = (€|n|p), H bu yeni i¢ ¢arpima gore
Hermitik olur. 7 tekil degildir, ancak gercel 6zdegerlere sahip operatorler seti secilip -
sahte-Hermitik (n-pseudo-Hermitian) olmasi saglanirsa, n sabit ¢arpimma kadar tekil
olarak belirlenebilir. Burada gerekli matematik temeli ayrintili olarak olugturulduktan
sonra 7 i¢in tekillik teoremi verildi. Ayrica bu teorem iki boyutlu kompleks Hilbert
uzaymdaki bir quantum sistemi i¢in ayrntili hesaplamalarla uyguland;. Bunun igin
diagonallegtirilebilir ve gercel 6zdegerlere sahip operatér H'nin genel formu elde edildi,
H’nin n-sahte-Hermitik oldugu en genel n bulundu, diagonallestirilebilir, gercel 6zdegerlere
sahip ve n-sahte-Hermitik diger bir operator O’nun formu belirlendi ve son olarak O
ve H'nin indirgenmez (irreducible) bir set olarak se¢iminin 7’y1 sabit ¢arpimma kadar

tekil olarak belirledigi gosterildi.
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Chapter 1: Introduction 1

Chapter 1

INTRODUCTION

Recently, there has been some interest in a new vision of quantum mechanics in
which one can describe a quantum mechanical system using certain non-Hermitian
operators. In conventional approach to quantum mechanics, one starts with an inner
product and a vector space which is complete with respect to the metric defined by
this inner product, i.e., it is a Hilbert space. Then operators which are Hermitian
with respect to this inner product are chosen to construct a quantum mechanical
system. In [20] Scholtz et.al. state that this is a restrictive point of view. They claim
that, instead, one can first choose a set of not necessarily Hermitian operators with
real eigenvalues and then find (if exists) an inner product or Hilbert space where this
set of operators are Hermitian. Naturally this new inner product should be uniquely
determined so that one can calculate physical quantities such as an expectation value.
This uniqueness problem is our main interest in this thesis. In [12] Mostafazadeh
shows that the eigenvalues of a diagonalizable! linear operator A are real if and only
if there is a bounded, Hermitian, invertible and positive-definite linear operator 1 such
that A is n-pseudo-Hermitian; that is?> AT = nAn~!. If we define a new inner product
in terms of our usual or reference inner product and 7 according to ((¢|p)), = (&|n|p)
for all |£),|p) in the Hilbert H, then A is Hermitian with respect to this new inner
product. However, in [14] Mostafazadeh shows that this 7 is not unique. Scholtz et.al.
state that if a set of n-pseudo-Hermitian operators are irreducible on the Hilbert space
‘H, then this 1 can be uniquely determined up to a constant multiple. We give detailed

discussion of the proof of this statement in this thesis.

'Tf A is a linear operator on a separable Hilbert space H with a discrete spectrum and admits a
bounded complete biorthonormal system of eigenvectors then A is said to be diagonalizable.

21 denotes Hilbert adjoint of the operator.
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In Chapter 2, we give some important definitions and theorems to constitute a
satisfactory mathematical background for the following chapters. In this chapter we
generally follow Kreyszig [9], Hislop et.al. [8] and Schmeidler [19].

Chapter 3 begins with some basic notions of quantum mechanics and in Section
3.2 one of the main concepts of this thesis, namely pseudo-Hermiticity, is discussed.
We generally follow Bohm [1] for the basic notions and Mostafazadeh [11] [12] [13]
[14] [15] for pseudo-Hermiticity.

Chapter 4 consists of a detailed discussion of the uniquness theorem for 7 as
proposed by Scholtz et.al.

In Chapter 5, we recall that n is not unique for a n-pseudo-Hermitian operator
A and calculate the most general n for a diagonalizable linear operator A with real
eigenvalues in finite-dimensions. Then we take another operator S and assume that
{S, H} is an irreducible set where S is pseudo-Hermitian with respect to one such 7
and study the effect of perturbing n on S.

In Chapter 6 we study two examples. We use Example 1 to provide an explicit
verification of the uniqueness theorem in two dimensions. Here we calculate the
most general 7 for a diagonalizable linear operator A with real eigenvalues. Then
we consider a general operator S and require it to be n-pseudo-Hermitian. We then
obtain the form of S such that if we fix one such S then, {S, H} will be a set of
n-pseudo-Hermitian operators. We observe that for the case det[S, H] # 0 * which is
equivalent to the irreducibility of the set {S, H} on C?, then 7 is determined uniquely
up to a constant multiple which verifies the uniqueness theorem. Example 2 is a

concrete application of the results of Section 5.2.

Sdet[S, H] = det(SH — HS) # 0.
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Chapter 2

MATHEMATICAL BACKGROUND

In this chapter, we review some basic notions that we will use in subsequent chapters.
We will generally follow Ref. [9] in our presentation. The proofs of all the theorems

and propositions of this chapter are given in Appendix A.1.

2.1 Preliminaries

Definition 2.1.1. (Vector Space or Linear Space)
A wector (linear) space over a field K (R or C) is a nonempty set X of elements
x,y, - (called vectors) together with two algebraic operations. The elements of X are
called vectors and the binary operations are called vector addition and multiplication of
vectors by scalars, that is, by elements of K. They are postulated to have the following
properties: Vector addition associates with every ordered pair (x,y) of vectors a vector
x + vy, called the sum of x and y, in such a way that the following properties hold.
Vector addition is commutative and associative, that is, for all vectors x,y, z we have
r+y=y+x andx+ (y+z) = (x+y)+ 2z ; furthermore there exist a vector 0, called
the zero vector, such that for all vectors x we have x + 0 = x and for every vector x
there exist a vector —z, such that x + (—x) = 0. Multiplication by scalars associates
with every vector x and scalar o a vector ax (also written xar), called the product of «
and x, in such a way that for all vectors x,y and scalars o, f we have a(fz) = (af)x
and 1z = = and the distributive laws a(x + y) = ax + ay and (o + f)xr = azx + [z
hold.

If X is defined on R then X is called a real vector space and if X is defined on C

then it is called a complex vector space.

Definition 2.1.2. [6/(Span, Linear Combination)
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Let X be a vector space over K. The vectors in a subset S = {v;|i € I : index set}

of X span (or generate) X if for every x € X, we have
T = v, + Qo + 0+ g, (2.1)

Jor some a; € K and v;; € S, j = 1,2,---n. ZFI a;v;; 08 a linear combination of

the v;; .

Definition 2.1.3. [6/(Independence)
The vectors in a subset S = {v;|i € I} of a vector space X over a field K are linearly
independent over K if the only way to express the zero vector as a linear combination

of the vectors v; 1s to have all scalar coefficients equal to 0, that is,
v, vy, + -t au, =0 = g =ay=...=aqa, =0. (2.2)

If the vectors are not linearly independent over K, they are linearly dependent over

K.

Definition 2.1.4. [6/(Basis)
If X is a vector space over a field K, the vectors in a subset B = {b;|i € I} of X

form a basis for X over K if they span X and are linearly independent.

Definition 2.1.5. [6/(Dimension)
Fuvery vector space has a basis. Any two basis have the same cardinality which is called

the dimension.

Definition 2.1.6. (Normed Space')
A normed space X is a vector space with norm defined on it. Here a norm on a (real
or complex) vector space X is a real-valued function on X whose value at an x € X

is denoted by ||z|| (read “norm of x") and which has the following properties.
Jll 0, 23

2] = 0 <z =0, (2.4)

Tt is also called “normed vector space” or “normed linear space’.
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|ax|| = |of||z]], (2.5)
|z +yll <zl +llyll  (Triangle inequality), (2.6)

where x and y are arbitrary vectors in X and « is any scalar.

Proposition 2.1.7. Let X be a normed vector space. Then for any x,y € X we have

[zl =Nyl T < flz = yl. (2.7)

Definition 2.1.8. (Metric or Distance Function Defined by the Norm)
The norm of a normed vector space X defines a metric or distance function d on X
which s given by

dz,y) =z —yll  (z,y € X) (2.8)

and is called the metric induced by the norm. Recall that a metric or distance function
is defined as a real-valued function of ordered pairs (x,y) of elements of X that satisfies

the conditions

d 1s real-valued and nonnegative;

d(xz,y) =0 if and only if x = y;

(2.9)
d(xz,y) =d(y,x) (Symmetry);
d(z,y) < d(x,z)+d(z,y) (Triangle inequality).
Definition 2.1.9. (Open Ball, Open Set, Interior point)
Given a point xo in a normed vector space X and a real number r > 0, then
B(zg;r) ={z € X | d(z,z0) = ||z — x| <1} (2.10)

18 called an open ball.

A subset M of a normed vector space X is said to be open if it contains an open ball
about each of its points.

An open ball B(xg;€) of radius € is often called an e-neighborhood of xo. By a neigh-
borhood xy we mean any subset of X which contains an c-neighborhood of xy. Ob-
viously every neighborhood of xo contains xo, and if N is a neighborhood of xo and

N C M, then M is also a neighborhood of xg.
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We call x¢ an interior point of a set M C X if M is a neighborhood of xy. i.e., M
contains an e-neighborhood of xo (i.e., contains B(xo;€)). The interior of M is the

set of all interior points of M.

Definition 2.1.10. (Limit or Accumulation Point, Closure)

Let M be any subset of a normed vector space X. A limit or accumulation point x
of M is a point in X that every neighborhood of xy contains at least one point of M
distinct from xq. FElements of M and all limit points of M, together constitute the
closure of M which is denoted by M. Note that the set M \M does not contain any

interior point.

Definition 2.1.11. (Convergence of a Sequence, Limit)
A sequence {x,} in a normed vector space X is said to converge or to be convergent

if there is an x € X such that
lim d(z,,z) = lim |z, —z| =0, (2.11)
or equivalently,

Ve>0, 3N eN suchthat, foralln > N, d(x,,x) =z, —z| <e. (2.12)

x is called the limit of {x,} and we write

lim z, =2 (2.13)
or simply
Ty, — T (2.14)

We say that {x,} converges to x or has the limit x.

Note that by (2.7) we have | ||z, || — ||z|| | — 0 and hence
[znll = =] (2.15)

Theorem 2.1.12. Let M be a nonempty subset of a normed vector space X, then

x € M if and only if there is a sequence {x,} in M such that x, — .
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Definition 2.1.13. (Closed Subset)
A subset M of a normed vector space X is said to be closed if M = M. Moreover
by above theorem we see that M is closed if and only if for any convergent sequence

{z,} C M with z,, — x, the limit point x € M.

Definition 2.1.14. (Dense Subset)
A subset M is said to be dense in the normed vector space X if M = X.

Definition 2.1.15. (Cauchy Sequence, Completeness)

A sequence {x,} in a normed vector space X is said to be Cauchy if
Ve>0, IN € N such that, YVm,n> N d(z, —z,) = ||[zm — x| <&, (2.16)

(i.e., |xm — x| — 0 as m,n — o0).
A normed vector space is said to be complete, if every Cauchy sequence converges

i this space, i.e., has a limit which is an element of this space.

Proposition 2.1.16. Every convergent sequence is Cauchy, but converse is not gen-

erally true.

Definition 2.1.17. (Inner Product or pre-Hilbert Space)

An inner product or pre-Hilbert space is a vector space X with an inner product defined
on it. Here, an inner product on X is a mapping of X x X ? into the field K of X ;
that is, with every pair of vectors x and y there is associated an element of K which
is written as (x,y) and is called the inner product of x and y, such that for all vectors

x,y, 2z and scalars o we have

(x+y,2) = (x,2) + (y, 2), (2.17)
(az,y) = a(z,y), (2.18)
(z,y) = (y,2)", (2.19)

(x, ) is real and non-negative,

) —0 o 0 (2.20)

2Set of all ordered pairs (x1,r2), where 1,72 € X.



Chapter 2: Mathematical Background 8

Here * denotes the complex conjugate of the scalar. Note that

(x,ayl + y2> = <‘r705y1> + <ZE,y2> = Oé*<l’,y1> + <I7y2>

where y1,y2 € X because, (x,ay; + y2) = {(ay1 + y2,2)* = ((ayr,z) + (Y2, x))* =
(ayr, )" + (Y2, 2)" = (Y1, ))* + (Y2, 2)" = o™ (Y1, 2)" + (y2, 2)" = a*(z,91) + (2, 2).

An inner product on X defines a norm on X given by
ol = /() (2.21)
and a metric on X given by
d(z,y) = ||z —yl| = V{z —y,z —y). (2.22)

Definition 2.1.18. (Hilbert Space)
A Hilbert space H is an inner product space which is complete in the metric defined
by its inner product.

Notation: In what follows we will use H to denote a Hilbert space.

Theorem 2.1.19. Every closed subspace® M of a Hilbert Space H is again a Hilbert
Space.

Definition 2.1.20. (Orthogonality)
An element x of an inner product space X 1is said to be orthogonal to an element
ye X if

(x,y) =0 (2.23)

We also say that x and y are orthogonal, and we write xLy. Similarly, for subsets
A, B C X we write x LA if xla for alla € A, and ALB if alb for all a € A and all
beB.

A set is said to be orthogonal if every two distinct elements are orthogonal to each

other.

3Subset that satisfies the conditions of a vector space.
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Definition 2.1.21. /8] (Orthogonal complement)
Let M be a closed subspace of a Hilbert Space H. The orthogonal complement of M

in 'H, denoted as M+, is the set of vectors in H which are orthogonal to M.
M+ ={z € H|{z,m) =0, Ym € M} (2.24)

Proposition 2.1.22. [8] Let M be a closed subspace of H. Then the subset M* is a
closed subspace of H and is therefore a Hilbert Space. Furthermore M N M=+ = {0}.

Proposition 2.1.23. /8] If M is a subspace of H which is not closed, then we can
still define the orthogonal complement of M as in Definition (2.1.21) and M* is still

a closed subspace of H. Moreover (M*)* = M and M+ = M

Theorem 2.1.24. /8] (The Projection Theorem)

Let M be a closed subspace of H. Then any x € H can be written uniquely as x = y+z
withy € M and z € M*, i.e., H is the direct sum of M and M~ (which are themselves
Hilbert spaces), and we write H = M & M*.

Proposition 2.1.25. H*+ = {0}.

Proposition 2.1.26. For any subset W # () of a Hilbert space H, the space M of all
(finite) linear combinations of elements of W, that is M = spanW, is dense in H

if and only if W+ = {0}.

Definition 2.1.27. (Fundamental Set)
A fundamental set in a Hilbert space H is a subset W C 'H whose span is dense in

H, that is W+ = {0}.

Definition 2.1.28. [8/(Orthonormal Set)

A collection {z,} of vectors in a Hilbert space H is called an orthonormal set if

(o) = g = Jora=p; (2.25)

0 fora#p,

that is, it is an orthogonal set and all its elements have norm 1.
An orthogonal set {y.} in a Hilbert space H can be made into an orthonormal set

by dividing all the elements by their norms.
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Definition 2.1.29. [8/ (Orthonormal Basis)
An orthonormal set B in a Hilbert space H is called an orthonormal basis if there
exist no other orthonormal set B' in H such that B is a proper subset of B'. Hence
an orthonormal basis B in ‘H is a maximal orthonormal set and clearly, B+ = {0}.
That is, B is a fundamental set in H. It is important to note that this is not a basis,
in the sense of algebra unless H is finite dimensional/9].

Let 'H be a finite-dimensional Hilbert space and {x,}?_, be an orthonormal basis

for H. Then any x € H can be written uniquely as

T =11 + CoTo + -+ + Cpty (2.26)
i terms of scalars ci,ca,- -+, c,. Then, for any x, from the basis,
(x,24) = <Z cag, xa> = Z<0gm5,xa> = Z%(%@,Iﬁ = Zcﬁéa/g = Cq. (2.27)
B=1 B=1 B=1 B=1
Hence
r = (x,r1)x1 + (T, T2)T0 + - - + (T, 1)) = Z(m, To)Ta- (2.28)
a=1

The norm of x is,

z|| = /(z, ) = \/ S, caxa,zgzl 05x5>
= \/Za 1 25 1Cacﬁ T, Tg) \/Za 1 25 1Cac,a ap (2.29)
- \/Za lca \/Z 1‘Ca|2 \/Z(:v 1 fl? $n>| )

briefly,
2] =) leal® =D 1, za)* (2.30)
a=1 a=1

Let y = dyxq + doxa + - - - + dpx,, be any vector in the same space, then

= <anxa,2daxa> = andz. (2.31)
a=1 p=1 a=1
Note that we can represent the vector x with the sequence (c1,co, -, ¢,) of scalars in

this basis.

Definition 2.1.30. [8/(Separable Hilbert Space)

A Hilbert space is said to be separable if it has a countable orthonormal basis.
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Theorem 2.1.31. Every finite dimensional inner product space is a separable Hilbert
space.

This is based on the theorem that; every finite dimensional subspace Y of a normed
vector space X is complete. In particular, every finite dimensional normed vector

space is complete.

In a separable Hilbert space we see that an orthonormal basis is a fundamental
set in this space. Representation of vectors in terms of an orthonormal basis in an

infinite dimensional separable Hilbert space is given by the following theorem.

Theorem 2.1.32. /8] Let B = {x,,} be an orthonormal basis for an infinite-dimensional

separable Hilbert space H. Then for any x € 'H

[e.9]

x = Z(m, Tn) Ty, (2.32)

n=1

where the sum converges absolutely and
1 =D [z, @)l (2.33)
n=1

Conversely, if {c,} is a collection of complex numbers satisfying > .~ | |c,| < 0o then

Y cny converges absolutely to a vector in H.

Definition 2.1.33. (Linear Operator)
Let X andY be two vector spaces. A linear operator T is a mapping T : X — 'Y such
that

(i) the domain D(T) of T is a vector space and the range R(T) := T(D(T)) lies
i a vector space over the same field,

(i1) for all z,y € D(T) and scalars a,
Tx+y) =Tz +Ty (2.34)

T(azx) = aTz. (2.35)

By definition, the null space or kernel ker(T') of T is the set of all x € D(T') such
that Tx =0, i.e., ker(T) := {x € D(T)|Tz = 0}.
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Definition 2.1.34. (Inverse of a Linear Operator)
Let X and Y be two vector spaces and T : D(T) — Y, with D(T) C X, be a linear
operator. T is said to be injective or one-to-one if different points in the domain have

different images, that is, if for any x1,x9 € D(T),
T # Tg =  Txy # T (2.36)

or equivalently,

Txy =Txs = Tl = Ta. (237)
In this case there exist the mapping
T7': R(T) — D(T) (2.38)

which maps every yo € R(T) onto the xog € D(T) for which Txy = yo. The mapping

T~ is called the inverse of T.

Proposition 2.1.35. Let X and Y be two vector spaces and T : D(T) — Y, with

D(T) C X, be a linear operator. Then if T~' ewists, it is a linear operator.

Theorem 2.1.36. Let X and Y be two wvector spaces and T : D(T) — Y, with
D(T) C X, be a linear operator. Then T : R(T) — D(T) exists if and only if

Te=0 = =0 (2.39)
i.e., ker(T)= {0}.

Definition 2.1.37. (Bounded Linear Operator, Operator Norm,)

Let X and'Y be two normed vector spaces and T be a linear operator T : D(T) — Y,
with D(T) C X. The operator T is said to be bounded, if there is a positive real
number ¢ such that for all x € D(T),

[Tz < cfl]. (2.40)
We can define the operator norm for a bounded linear operator according to

Tx
= sop T
z€D(T), z#0 ||ZE||

(2.41)
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Hence

[T < [T[]]]]- (2.42)

Equivalently, we have ||T'|| = sup,ep(ry, joj=1 17|
Definition 2.1.38. (Continuous Linear Operator)
Let X and Y be two normed vector spaces. A linear operator T : D(T) — Y, with
D(T) C X, is continuous at a point xy € D(T) if for every e > 0 there is a § > 0

such that

| Tz — Txol| <e for all x satisfying ||z — xo|| < 0. (2.43)

T is said to be continuous if it is continuous at every point of D(T).

Theorem 2.1.39. Let X and Y be two normed vector spaces. A linear operator

T:D(T)—Y, with D(T) C X, is continuous at a point xo € D(T) if and only if
Ty, — x9 implies Tx, — Tx. (2.44)
That is for a continuous operator T, lim,, .o Tz, = T(lim, . z,) = Tx.

Proposition 2.1.40. Let X and Y be two normed vector spaces and T : D(T) —
Y, with D(T) C X, be a linear operator. If for each sequence {x,} C D(T) with

lim, . z, =0, we have lim,,_,., T'z,, = 0 then T is continuous.

Theorem 2.1.41. Let X andY be two normed vector spaces and T : D(T) — 'Y, with

D(T) C X, be a linear operator. Then the following two statements are equivalent:

1. T is continuous;

2. T is bounded .

Definition 2.1.42. [8/(Invertible Linear Operator)
Let T :D(T) — Hy be a linear operator, with D(T) C Hy, where Hy and Hsy are
Hilbert spaces. Then T is said to be invertible if it has a bounded inverse defined on

all of Hs.
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Definition 2.1.43. (Discrete Spectrum of a Linear Operator, Eigenvalue, Eigenvec-
tor)
Let X be a normed vector space and T : D(T) — X be a linear operator with domain
D(T) C X. Let A\ € C such that (T — NI)~! does not exist, i.e., ker(T — M) # {0},
where 1 is the identity operator, then X is said to belong to the discrete spectrum (or
point spectrum) o,(T) of T. It is said to be an eigenvalue of T.

If (T'— M)z =0 with x+#0. Then X is an eigenvalue of T', and x is said to be
an eigenvector of T for the eigenvalue \.

The subspace of D(T) consisting of 0 and all eigenvectors of T corresponding to

an eigenvalue X of T is called eigenspace of T corresponding to that eigenvalue .

Definition 2.1.44. (Linear Functional, Bounded Linear Functional)

A linear functional f is a linear operator with domain in a vector space X and range
in the field K of X; thus, f: D(f) — K, where K =R if X is real and K = C if X
is complex. A bounded linear functional f is a linear functional that is bounded, i.e.,

there exist a real number ¢ such that for all v € D(f),

|f(z)] < cll=]. (2.45)
Furthermore the norm of f is
flx
1= s T ) (2.46)
2en(f), a0 |[E] zen(s), ol=1
So we have,
Lf(@)] < fI=]- (2.47)

Definition 2.1.45. (Dual Space X')

Let X be a normed vector space. Then the set of all bounded linear functionals defined
on all of X, i.e., D(f) = X, constitutes a normed space, with the norm defined by
Equation (2.46); it is called the dual space (adjoint space or conjugate space) of X
and is denoted by X'.

4The identity operator I : X — X is defined by Iz = z for all z € X.
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Definition 2.1.46. (Adjoint Operator T of a Bounded Linear Operator T')

Let T : X — Y, with D(T) = X, be a bounded linear operator, where X and Y are

normed vector spaces. Let g be a bounded linear functional on'Y (g € Y'). Then g

defines a functional f on X, according to
f(z) :=g(Tx) r e X.
f is linear since g and T are linear. f is bounded because
[f (@) = [g(Tx)[ < gl T[] < {lgll T [l

sup |f(z)| < sup gl IT] ||z
zeX,|z||=1 zeX,||lz)|=1

A< llgll 117°]-

Since f is linear and bounded, f € X'.
Adjoint operator
T .Y — X'
1s defined by,
(T7g)(x) := g(Tx) = f(x) (g€Y’).

Theorem 2.1.47. [8/(Riesz’s Theorem)

(2.48)

(2.49)

(2.50)

(2.51)

FEvery bounded linear functional f : H — K on a Hilbert space H with D(f) =H can

be represented in terms of the inner product as

f(x) = (z,2)

where z is uniquely determined by f, and satisfies

z[F = 1l £1I

Definition 2.1.48. (Isomorphism)

(2.52)

(2.53)

First note that, a linear operator A : D(A) — Y, where D(A) C X and X and Y are

vector spaces, is called bijective or bijection if it is one-to-one® and onto®.

5See 2.1.34.
SRange R(A) =Y.
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An isomorphism of a normed vector space X onto a normed vector space X isa
bijective linear operator T : X — X, with D(T) = X, which preserves the norm, that
1s for all x € X,

[T]| = |- (2.54)

(Hence T is isometric.) X is then called isomorphic with X, and X and X are called

1somorphic normed vector spaces.

Proposition 2.1.49. Dual space H' of a Hilbert space H and H are isomorphic
normed vector spaces. One can express this more briefly by saying that dual space H'

is 'H.

Definition 2.1.50. (Hilbert-adjoint Operator of a Bounded Linear Operator)
Let T :Hy — Ha, with D(T) = Hy, be a bounded linear operator where Hy and Ha

are Hilbert Spaces. Then the Hilbert-adjoint operator Tt of T is the operator;
T Hy — Hy, (2.55)
with D(TT) = Hy, such that for all x € Hy and y € Ha,
(Ta,y) = (x,T"y). (2.56)

Next, we explain the relation between the adjoint of a bounded linear operator
T; T*, and Hilbert-adjoint of a bounded linear operator T; TT. Equation (2.48) in
Definition (2.1.46) states that

f(z):=g(Tx) x € H;. (2.57)
By Riesz’s Theorem (2.1.47) we can represent these functionals uniquely as
flx)=(z,2) z€eHy and ¢g(Tx)=(Tx,y) y € Hos. (2.58)
Hence Equation (2.57) is transformed into

(x,2) = (Tz,y) z€Hy and y € Ho. (2.59)
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Hence by Equation (2.51) and by one-to-one correspondence f < z between H) < H;

and one-to-one correspondence g < y between Hby < Hy we write
T g:=f «— Tly:=-z (2.60)

Hence

(x, Tly) = (Tx,y).

Theorem 2.1.51. (Existence)
The Hilbert-adjoint operator T of T in Definition (2.1.50) exists, is unique and is a

bounded linear operator with norm
reivaly (2.61)

Theorem 2.1.52. Let Hy, Ho be Hilbert spaces, S :H; — Ho and T : Hi — Ho,
with D(S) = D(T) = Hy, bounded linear operators and « any scalar. Then we have

(Thy, ) = (y,Tx) (v € Hi,y € Ha), (2.62)
()" = o*TH, (2.63)
("' =T, (2.64)
1TV T|| =TT = |7, (2.65)
T'"T=0 < T=0, (2.66)
(ST)" =T1ST  (assuming Hy = H,), (2.67)

where * denotes the complex conjugate of the scalar.

Definition 2.1.53. (Hilbert-adjoint Operator of a Possibly Unbounded Linear Oper-
ator on 'H)
Let T : D(T) — H, with D(T) C H , be a (possibly unbounded) densely defined’

linear operator in a complexr Hilbert space H. Then the Hilbert-adjoint operator

D(T) is dense in H.
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T : DT — H of T s defined as follows. The domain D(TT) of TV con-
sists of all y € 'H such that there is a y € 'H satisfying

(Tz,y) = (z.7) (2.68)
for all x € D(T). For each suchy € D(T") the Hilbert-adjoint operator T' is defined

by
j="Ty. (2.69)

It is easy to show that T is a linear operator.

Proposition 2.1.54. The adjoint TT of a linear operator T : D(T) — H with D(T) C
H and 'H a Hilbert space is not well-defined unless T is densely defined, i.e., D(T') is

dense in H.

Definition 2.1.55. (Hermitian or Self-adjoint Bounded/Unbounded Linear Operator
on 'H)

A linear operator T : H — H, with D(T) C H, on a Hilbert space H is said to be
Hermitian or self-adjoint if ®

T =T, (2.70)
that is, (Tx,y) = (x, Ty) for all x,y € D(T) = D(T").

Theorem 2.1.56. (Hellinger-Toeplitz Theorem)
If a linear operator T' : H — 'H is defined on all of a complex Hilbert Space 'H, and
satisfies (T'x,y) = (x, Ty) for all x,y € H, then T is bounded.

As a result of this theorem, an unbounded linear operator T : D(T") — H with
D(T) C H that satisfies (T'z,y) = (x,Ty) for all z,y € D(T), cannot be defined on
all of H . That is, D(T) # H.

Definition 2.1.57. [8/(Positive-definite Operator, Positive Operator)
A Hermitian linear operator T : D(T) — H, with D(T) C H, is said to be positive-
definite, if

(Tx,x) >0 forall x € D(T)—{0}. (2.71)

8Two operators T} and T, are defined to be equal, and written Ty = T5, if they have the same
domain D(Tl) = D(Tg) and if Tlx = TQQZ for all xz € D(Tl) = D(Tg)
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T is said to be positive, if
(Tx,x) >0 forall v € D(T). (2.72)
Note that, (Tx,z) = (x,Tz), so (Tx,x) is real.

Theorem 2.1.58. If a normed space X 1is finite dimensional, then every linear op-
erator on X s bounded and linear operators on finite dimensional vector spaces can

be represented in terms of matrices.

2.2 Biorthonormal Systems

Definition 2.2.1. [19/(Biorthonormal System)

Finite or countably infinite set of elements u, and vg of a Hilbert space H that satisfy

(U V3) = Oap (2.73)
are said to form a biorthonormal system {uq, vy} in H.
Proposition 2.2.2. [19] The sets {u,} and {v,} are linearly independent.
Proof. Let
CllUa, + Colg, + -+ + Cry, =0, (2.74)

then
D imn CifUa, Vay) = Dy cidy =¢; =0 (j=1,2,--,n).

Hence the set {uq}aen is linearly independent. Linear independence of the set {v,}

(2.75)

can be shown similarly. O]

Theorem 2.2.3. [19] Let H be an n-dimensional Hilbert space over a field K. For
any linearly independent set of elements uy,us, -+, u, in H, we can always find a set

of elements vy, vq,---,v, such that these two sets constitute a biorthonormal system

{tg, va}ly in H.
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Proof. First we orthogonalize the {u,}”_, with the Gram-Schmidt orthogonalization

procedure[22], and construct an orthonormal basis {®,}"_, for H;

P =y and & = /|| P
D) = uz — (ug, P1)P; and @z = Dy /|| B5|
By = g — (ug, D1)®) — (us, Do)®y  and By = B} /|| By (2.76)
O =, — " u,, D)0, and @, = @) /[ ].

Then, (®,,Pg) = dap by construction, and we write,

uy = |lu]| @4
Uy = (g, P1)P1 + [|us — (ug, 1) Py P2

ug = (uz, 1)1 + (ug, Po)Po + [|uz — (usz, 1)P1 — (ug, Po)Po|| O3 (2.77)

Up = S0t @) O+ [t — S (U, @) By || P

a=1
That is,
U = Y agPp. (2.78)
B=1

Here, anq = |Jua — Zg;ﬂum O3) D) # 0 because {u,}_; is a linearly independent
set. The determinant of the triangular matrix (a,g) is nonzero since the determinant
is the product of a,,’s. Hence (aqg) is invertible. Solving the equation (2.78) for the
P, we get
a
Do =Y Aaytis, (2.79)
y=1

for some A,, € K. Observe that,

A A a A «
uy = ZaMQ)a = Za/\a<zf4avuv> = ZZ(L,\QACWUW. (2.80)
a=1 a=1 y=1

a=1 v=1

Then, since {u,} is linearly independent,

A A
if A £ ~ then Z arxa Aoy, =0, and if A = v then ZaMAOM =1 (2.81)

a=1 a=1
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Hence R
Z UraAay = Oxy. (2.82)
a=1

Similarly,

o o o o o
q)a = Z 14,1@,’&7 = Z Aa’y( a%gfbﬁ> = Z Z Awaw@ﬁ (283)
y=1 =1 B=1 v=1 g=1

and since {®,} is linearly independent,
Z Aava%g = 5&6- (284)
y=1

Here (an3) and (A,p) are “triangular” matrices and each is a left (and right)
inverse of the other.

Now using (2.26) - (2.28) we write

Vg = D 01 (Vs Pa)Pa =D 0y <U5, Zf::l Aa7u7><ba
= > > Al (v ug) P = D0 S0 AL 65, P (2.85)
=y, Al 0.

Therefore,

(Ua,vg) = < 23:1 oy Py, DN Af\ﬁ(I))\> = Z::l D 5et1 Gay Ang (D, Dy)

(2.86)
= 27:1 21 GayArgdon = 27:1 GayAyp = Oagp-
forall a, 0 =1,2,---,n. O]
Note that any vector z in H can be written as,
=" Colla Co:constant
2o (2.87)

(2,08) = (D4, Callas V) = D, Callla; V) = D0 Cabap = Cp,

since the inner product is linear in its first entry. As a result,

n

xr = Z(x,vama, (2.88)

a=1

and similarly
n

r = Z(m, U ) V.- (2.89)

a=1
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Theorem 2.2.4. [19] Let {u,}32, be a countably infinite set of linearly independent
elements in a separable Hilbert space H. Then, we can find a set of elements {v, }52
such that these two sets constitute a biorthonormal system {uq, v}, in H, if and

only if the coefficients A, which arise in the orthogonalization of the u, when we

form ®q =377 Ao u, satisfy

Z Aoy P <00 forall y=1,2,---. (2.90)

a=1

Proof. We start as the preceding proof in finite-dimension and orthogonalize the set
{uat- N
Ue = Y aap®s  (@=1,2,--"), (2.91)
B=1

We construct the orthonormal set {®,}52 ;. Since (aqp) is a triangular matrix and aqq
are nonzero, columns of the matrix (a,3) are linearly independent and so the kernel
of the matrix as a linear operator is ker(a.g) = {0}. Hence by Theorem (2.1.36),

(aas) ™" = (Aup) exists.
P, = ZA(M7 (v=1,2,---). (2.92)
v=1
Then in view of Equation (2.85) we define

vg =Y AnyPa. (2.93)
a=1

We claim that (2.90) is necessary and sufficient condition to construct the biortho-

normal system {u,, v, }. Now calculate

vl = <ZZ°:1 Al s®a, 0 A§ﬁ¢x> = Y o 2oy As g Ang(Pa, Pr)
=Y o1 Yoot Al pAnglan = 2ol AbgAap = D ary [Aasl®.

For necessity; if biorthonormal system {u,,v,} exists then |lvg|| should be finite so

(2.94)

vl = Door |Aapl? < 0o. (2.90) is sufficient because if (2.90) satisfied then [lvg|] < oo
and so vz € ‘H and by construction {u,, vz} is a biorthonormal system in H.
Hence {v3} € H and {u,, vz} is a biorthonormal system in H iff

D |Agpl* <o forall B=1,2--. (2.95)

a=1
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We can show that
(U, vg) = (D_5_1 @ar®a, 23‘;1 A%@ﬂ» = 51 Z?yozl aarAys(Px; Dr)
= =1 Z:il aarAys0xy = D 3_1 GarArg = dag

forall o, 6 =1,2,---. O

(2.96)

Definition 2.2.5. (Hilbert Sequence Space Hy)
Let Hy be the set of sequences x = (x4) = (x1,9,--+) of scalars xo, € K such that

>0 @ < 00. Then Hy with inner product defined by

(@,y) =zl (2.97)
a=1
as a separable Hilbert space. The norm is defined by

ol = ()2 = (S0 loal?) (2.08)

a=1

Note that two algebraic operations in this linear space is given by

(1'1,5['2, . ) + (y17y27 o ) = (ml T Y1, T2+ Y2, ) (299)

7"(.%'1,332, o ) = (T$1, rXo, - )
where © = (4),y = (Yo) € Ho and r € K.
Definition 2.2.6. [5/(Bounded Infinite Matriz)

An infinite matriz with elements A,p is bounded if the sesquilinear form (see A.1.5)

Yot 2ot Aappyl, is bounded for all sequences of scalars (r,) and (ya) in Ho;

that is
S Avsranr| < €| S ol D il (2.100)
a=1 g=1 a=1 a=1

for some constant C.

Lemma 2.2.7. [19] (Landau)

Let ¢ = (¢, ¢, - +) be any sequence of scalars co, € K. If

o0
‘ g Call,
a=1

for some k € R and for all a = (a1, aq,---) in Ho then ¢ = (¢1,ca, -+ +) is in Hyp.

< kla| (2.101)
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Proposition 2.2.8. [19] If (Aug) is a bounded matriz then (2.90) is satisfied.

Proof. Let (A,p) be a bounded matrix, then

[e.e]

<ol S (2,102
a=1

a=1 =1 a=1

for some constant C and all z = (x,), ¥ = (ya) € Ho. Now we choose any 2 € H,
such that (0,0,---,0,1,0,0,---); all scalars x3 are zero except 3, which is equal to

1. This shows that

<Cllyll (2.103)

> Aasyi
a=1

for all y € Hy and any fixed § = ;. Then, by using Lemma (2.2.7) we have (A,z,) €

Ho, which means Y 0o | |Ang,|? < oo for any fixed 3 = ). Hence

D |Agpl* <00 forall (B=1,2,--). (2.104)

a=1

]

Definition 2.2.9. [19/(Bounded Biorthonormal System,)
If both (Anp) and (aag) are bounded. Then the biorthonormal system is said to be a

bounded biorthonormal system.

Definition 2.2.10. [19/(Complete Biorthonormal System)
A biorthonormal system {uq, vo} is said to be complete if {uy} and {v,} are funda-

mental sets ? in the separable Hilbert space 'H.

Theorem 2.2.11. [19/(Bounded Complete Biorthonormal System)
Any element x in a separable Hilbert space H can be represented by means of a

bounded complete biorthonormal system {uq,v,}22, as follows:

r = Z(x, Va)lUg = Z(x, Ugy) V.- (2.105)

9That is, span{ua} = span{v,} = H. See Definition (2.1.27)
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Proof. Let {®5}32, be an orthonormal basis of H, such that

Ua =Y _aax®y (@ =1,2,--) (2.106)
A=1
then we have
o, = X:A(wu7 and g ZA 5P, (2.107)
y=1

where (a,p3) and (A,p) are as in the proof of Theorem (2.2.4). Write, (since (aqp)
and (A,g) are bounded)

D thats = D (D Ap®:) = D0 (D0 Aspaia ) By = Do ey =
/=1 =1 y=1 =1 p=1 y=1
(2.108)
Now using (2.32), for any « € H, we have
= Z(x, ®,)P, = Z <a: Z aﬁav5> ( Z Aa7u7> (2.109)
a=1 a=1 /=1

where we used (2.107) and (2.108). Because for triangular matrix A we have: ~ >
a = Ay, =0, we can write ) 0 Agyu, =D 77 01 sign(a—r+1)Aaytiy 0. This together
with (2.82) and (2.109) imply:

T= 0l <$7 Z;O:I aZ’aUﬁ> ( Z'C;O:I 5l,sign(a—v+1)Aav“v>
= Z[oaozl Z:ozl D act @BaAayO1 sign(a—r+1) (T, V) Uy (2.110)
= 2211 Z:O:I Oy (T, vg)uy = Z;O:1<Iv Ug) U

Hence, we can represent any x € H as,

r =Y (x,v5)u (2.111)
B=1

Equality = = Y 3° | (7, ug)vg can be shown similarly. O

-1, forx <0
Dgign function is a function of R, such that sgn(z) = 0, for x =0; , hence here
1, for x > 0.

5 |0, forvy>a
Lsign(a—v+1) = ) 1 for v < a.
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Chapter 3

QUANTUM MECHANICAL BACKGROUND

3.1 Introduction

Definition 3.1.1. [3/(Bra-ket Notation (Dirac Notation))

In the Dirac bra-ket notation, a vector 1 in the Hilbert Space H is written as |¢),
and said to be the ket . H is called the ket space. Elements in the dual space H'
of the Hilbert space H are written as (| and said to be the bra ¢. H' is called
the bra space. In the previous chapter we see that the dual space H' is isomorphic
to 'H and this is the reason why we represent the elements in the H' with vectors in
‘H. The natural isomorphism from H onto H'; or from H' onto H, is called “taking
the adjoint " by physicist[3]. That is, (|Y))T = (| and ((¢|)T = |¢). The expression
(9| A|Y) can be thought as, A acting on |ib) on the right as a matriz times a column
vector, or A acting on (p| on the left as a row vector times a matriz [3]. Here,
the vector ¢, is in the domain of the Af, since <<¢|A )T = Af|@). Note that, the
Hilbert-adjoint of a matrix is the complex conjugate transpose of that matriz, that is
[(ai)]T = ([(ai))]F)* = (a;5)*[9], and (AB)" = BYAT, where, B is another matriz or
vector. An example can make it clear. Let H = C?, A:C? — C? be identified with

its matrix representation

a1 a2

(3.1)

Q21 A2
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c
in the standard basis' of C?, and |¢) be identified with its representation i
Co
this basis. Then (¢| = ( ¢ ) and
a1 a2
(9|]A = ( cp G ) = < ciai + c3a91  ciaj + cyag )
a1 A2
ay, as
Al = (AT = [ 1 (3.2)
ajp G
ay; Gy €1 c1ay; + 203, f
Aflg) = - = ((ela)
ai, asy Co €147y + C2a5y
where T denotes transpose, and * complex conjugate.
The inner product in the bra-ket notation is given by
(Pl) = (1, 9). (3.3)
Note that, (- |- ) is linear in the second entry, where (-, - ) is linear in the first

entry. The inner product of two vectors in the mathematicians convention is, {(¢,1) =

c d
¢T*, but in the bra-ket notation (|¢) = 1. If ¢ = " and P = "o
(&) d2
2 dT * * dl
e, then, (6,0)= (1 ) = eidi+exds and (919) (¢ e ) -
d; dy

cidy + chdy. Norm of any vector in H is, ||¢] = +/{(¥]).
An operator A and its Hilbert-adjoint A" satisfy

(¢l Av) = (ATo[y). (3.4)

Theorem 3.1.2. [17] If A is a Hermitian linear operator on a Hilbert space H,
then all its eigenvalues (if exist) are real, and eigenvectors corresponding to different

eigenvalues are orthogonal.

Proof. [17] Let |x) # 0 be an eigenvector of A and Alz) = A|z). Then

Mlz]l* = Malz) = (z]Az) = (]Az) = (Az|a) = (Az|z) = A (z|z) = A=) (3.5)

()
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Since |z) # 0, A = A*, so A is real. Now let |y) # 0 be another eigenvector of A with

a different eigenvalue and Aly) = uly). Then
Mylz) = (ylhz) = (y|Az) = (Aylz) = (uylz) = ™ (yle) = plylz).  (3.6)
Now since A # u we have (y|z) = 0 which shows orthogonality. O

Note that, the eigenvalues of an n-rowed square matrix A = (a;;) are given by

the solutions of the characteristic equation,

app — A 12 s q1p
Q21 Qo — A - Qop
det(A— M) = det . . ' ‘ =0, of A. Hence A has at
(6791 Ap2 o Opp — )\

least one eigenvalue (and at most n numerically different eigenvalues). All matrices
representing a given linear operator 7' : X — X on a finite dimensional normed space
X relative to various bases for X have the same eigenvalues. Hence a linear operator
on a finite dimensional complex normed space X has at least one eigenvalue[9)].

Moreover, let T': H — H be a Hermitian linear operator on a finite dimensional
Hilbert space H. Then there exist an orthonormal basis for H which is constructed
by the eigenvectors of T'[4]. If T': D(T) — H be a densely defined Hermitian linear
operator with a discrete spectrum, i.e., spectrum consists of eigenvalues of H, on a
separable Hilbert space H, then H has an orthonormal basis consisting of eigenvectors
for T.

If there are two or more linearly independent eigenvectors for an eigenvalue, then
this eigenvalue is said to be degenerate. In the following, we assume that there is no
degeneracy for simplicity. The operators appearing in the examples we shall study

are non-degenerate.

Definition 3.1.3. [1/(Eigenvector Expansion, Spectral Resolution of Identity Opera-
tor, Spectral Resolution of a Hermitian Operator)
Let A :"H — H be a Hermitian linear operator on an n-dimensional Hilbert space
‘H, and so

Ale;)) =eile;)  (i=1,2,--- n). (3.7)
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Let the eigenvectors {le;)} are normalized, that is (e;|e;) = 0;;. Hence {|e;)},
constitute an orthonormal basis for H. We can write any vector |zr) € H such that
|z) = c1ler) +ealea) +- - -+enlen), then, (eilx) = (ej|cier) + (ei]caea) +- -+ (eilcnen) =
cieiler) + caleilea) + -+ + enleilen) = ¢, since the inner product, in this notation, is
linear in the second entry. Then |x) =" (e;|x) |e;) or

n

[2) =) lei(elz). (3.8)

i=1
Equation (3.8) is called the eigenvector expansion of |x).

Now let A : D(A) — H be a densely defined Hermitian linear operator on a
separable Hilbert space H with a discrete spectrum. Hence the eigenvectors {|e;)}
of A constitute an orthonormal basis for H. Then the eigenvector expansion of any

|z) € H is

o0

[2) =) lei(elz). (3.9)

i=1

If we omit the arbitrary vector |z), in (3.9), then we obtain the identity operator

I= Z les) (e, (3.10)

which is called the spectral resolution of identity.

We can apply A to any |x) € D(A) as in (3.9). This yields

Alz) = ZA]eiMei]x) = Z eilei) (eilz). (3.11)

If the arbitrary |z) is omitted, then the spectral resolution of the Hermitian operator

A, having discrete spectrum, is obtained. That is,

A= Zei|ei><ei|. (3.12)

Definition 3.1.4. [8/(Projection Operator)
A bounded operator P is called a projection operator, if P? = P. If, in addition, P
is Hermitian P' = P, then P is called an orthogonal projection.

In general, if |v) is any normalized vector in the Hilbert space H, then |¢)(¢|
defines an orthogonal projection operator on H, since |P){(W|0) (| = [¥) (|, and
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(|0) ()T = [)(b]. The operator A = |} ()| projects to the one dimensional subspace
spanned by |1).
In particular, take the projection operator A; = |e;)(e;|, where |e;) is one of the

eigenvectors of A given in (3.7) and apply this operator to (3.8), then
lej)(eslz) = Z le)(esles) (esla) = Z lej)0i{eilx) = lej){ejlx) = cjleg). (3.13)

The projection of |x) = ci1ler) + calea) + -+ -+ culen) to the one-dimensional subspace

spanned by |e;) is the vector cjle;),

lej)(ejlz) = cjlej). (3.14)

Definition 3.1.5. [1/(Trace of an Operator)
Let {|e;)} be an orthonormal basis for the separable Hilbert space H, then the trace of
the operator A : D(A) — H, with D(A) C H, is defined by

[e.e]

Tr(A) = (el Ales). (3.15)

i=1
Tr(A) is independent of the orthonormal basis chosen. Tr(A) need not be finite.

Some properties of trace are

i. Tr(AB) =Tr(BA), in general; Tr(AjAs---Ay) = Tr(AAs--- AL A
iw. Tr((A+ B)C) =Tr(AC) + Tr(BC)

(3.16)
Note that the trace of a square matriz M = (my;) is the sum of its diagonal elements.
That is Tr(M) =Y, mi.

Definition 3.1.6. [1/(Commutator)
Let X be a vector space and A : X — X, with D(A) = X, and B : X — X, with

D(B) = X, are two linear operators on X. A and B are said to commute if
[A,B] := AB — BA =0. (3.17)

[A, B] is called the commutator of A and B.
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Mathematical Representation of a Quantum Mechanical System[1]:
We will start with an explanation of a quantum mechanics experiment?. The purpose
of this explanation is to show how a quantum mechanical system works. In this
experiment an ensemble of CO molecules which are quantum mechanical oscillators
is used . First let us think of a classical harmonic oscillator. Assume that we have
two masses connected to each other by a spring. If one of the masses is excited by a
projectile, then the system would start a vibration. The amplitude of the vibration
depends on the energy transferred by the projectile. This classical mechanical system
can have any energy value in [0, oc|. In the corresponding quantum mechanical system
the picture is different. A quantum mechanical oscillator, such as a CO molecule, can
have just discrete energy values. Furthermore, we are not able to measure one single
molecule, but only an ensemble of molecules in a microscopic system.

An electron beam in very narrow energy band is sent to the CO gas. After the
collisions of electrons with the CO molecules new energies of electrons are measured.
If an electron collides with a molecule elastically, it leaves the gas with the same
energy. In contrast, an inelastic collision causes the electron to transfer an amount
of its energy to the CO molecule, and then the CO molecule starts to oscillate with
this energy3. It is observed that after the collision the energies of the electrons tend
to take discrete values. Hence CO molecules can be in various discrete energy levels;
some of them oscillate with energy F; while some of the others oscillate with energy
E5, and so on. It is observed that the difference between two consecutive energy
levels are the same ( &~ 0.26eV'). In the experiment reported in Ref. [1], eight energy
levels were detected. They are FEy = 0 which is the ground state, £} = 0.26eV,
Ey = 2F,, E3 = 3FE;---. If all electrons had the same energy after the collision,
which means that all CO molecules oscillate with the same energy, then it would be
said that the ensemble of CO molecules is in a pure state. In this experiment we have

eight energy levels, therefore this ensemble is in a mixture of states. The probability

2From G.J. Schulz, Phys. Rev. 135, (1964) as quoted [1].

3Multiple scattering of electrons and CO molecules is negligible because the intensity of the
electron current and the density of CO molecules are sufficiently low[1].
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w,, for any molecule to have the energy F, is obtained by the measurement of the
relative intensity of the electron current which has lost the energy FE,. That is, if
it is possible to pick one molecule from the ensemble, the probability of picking the
molecule that has energy F, is w,.

In quantum mechanics a measurement changes the state of the system. In this
experiment, the electron beam prepares and measures the state. The preparation of
the state consists of setting up the apparatus and sending the electron beam in very
narrow energy band to the CO gas in a definite density. All experiments prepared
under the same conditions gives the same result.

In a quantum mechanical system, a pure state is represented by a vector in a sep-
arable (infinite or finite-dimensional) Hilbert space H.? An observable, like energy, is
represented by a Hermitian linear operator A acting in the H. Eigenvalues {\;} of
the observable A are values which are obtained in the measurement of A. An eigen-
vector |);), labelled with its eigenvalue, represents the state after the measurement
of A is performed and the value J\; is obtained.

Let a Hermitian linear operator H : D(H) — H with a dense domain D(H) C'H
be the energy observable of a quantum mechanical oscillator such that H has a discrete
spectrum. Then there is a set of eigenvectors of H that constitute an orthonormal
basis in the Hilbert space H. Eigenvalues of the Hermitian operator H are real and
these values are obtained in the measurement of the energy. Let FEj, Fy,--- be the
eigenvalues of H which is assumed to be non-degenerate and |Ep), |E}) - - - are a set
of the corresponding eigenvectors. Let wg, wy, - - - be the probability for any oscillator

to be in the states |Ep),|E1),- -+, respectively. Clearly,

» wi=1. (3.18)

The state of the system is represented by a positive Hermitian operator

W = Zwi\EiME,-\ - Zwi/\i, (3.19)

4A pure state is a 1-dimensional subspace defined by a nonzero vector |¢)) € H. [t)) is called a
state vector. Often one abuses the terminology and calls |¢) a state.
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which is called a statistical operator. Note that trace of the statistical operator is

given by
Tr(W) = 2, (B | ( s wil BB )| By ) = 52, 30, wil By B (il )
=2 2 wilEj|Ey)6i; = 3 wiE|Ey) = > w; = 1.

If the system is in a pure state, the statistical operator of the system is a projection

(3.20)

operator onto a one-dimensional subspace. Assume that, the system is in the pure

state |Fy). Then the statistical operator is
= [E) (Ex| = A (3.21)

We write H using its spectral resolution,

H= ZE|E (E;| = ZE/\ (3.22)

The expectation value of H, that is the average energy value of the ensemble of
oscillators, in the state W is
(H) :=Tr(HW) =Y (EJHW|E) =Y wE, (3.23)
The last equality follows from
Tr(HW) =) (E;|HW|E;)
(S, BIEME) ( Sy wnl B (Bl )| E:)
B\ (5 S Bwnl Ej) (B | BB ) | )
(%, 0 Bl B o (Bl ) | E:)
Y < (2 Ejw;|Ej) E|)‘E> (3.24)
=20, Ejwi(Ei|E;)(Ej| Ep)
=i 2, Ejwi(Ei|Ej)dy;
= 2. Biwi(E| Ey)
= Z, Eiw;,

where we used the fact that the inner product in this notation is linear in the second

_Z<
:Zz<
—Z<

entry and the eigenvectors {|F;)} of the Hermitian operator H form an orthonormal

basis of H.
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Assume that a quantum mechanical system is in the pure state W = A, =

|Ex)(Eg|, then the expectation value of H is given by

(H)y =Tr(HW) =Tr(HNy) = >_(Ei|H N |E;)
= S (B, BIENE BB | )
= 5 (Bi| (5, Bl Bl Bl )| o) = S BBl B (Bl )
= >, Eu(Ei| Ex)(Ew| Ei) = 3, Ex(Ei| Ex)0i = Ex(Ek|Ey) = Ej.

(3.25)

The projection operator Ay = |Ey)(FEx| is also an observable, and the expectation
value of it, (Ax) = Tr(AxW), gives the probability for an oscillator in the ensemble
to be in the state |Ej). That is,

() =Tr(nW) =3 <E

%

(1BE) (D wil BB )| ) = (3:26)

As mentioned above, in a quantum mechanical system measurement changes the
state. The measurement process both prepares and measures the state. Let the statis-
tical operator W describes the state of the system after a measurement is performed.
Experimental results of an immediate repetition of the measurement before the state
W has a chance to develop by time or to change by someway will agree with the
calculated value by W. State W can change by measurement of another observable.
We can not measure all the observables simultaneously. Hence by measurement of
another observable, W may change and turn into another state .

Let a system be in the state represented by the statistical operator W. If another
observable B is measured, where |by),|bs),... are eigenvectors of this observable

labelled by the eigenvalues of B, then the new state of the system is
W= [ba) (bW [bi) (bi] = > AW Ay, (3.27)

If the measurement yield (eigenvalue) b for the value of B, then the system would be

in the state,

1
W= ——— AW A 3.28
TT(/\bW/\b) b b ( )
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As we mentioned above, a pure state is represented by a nonzero vector or one-
dimensional subspace of the Hilbert space H. A system in a pure state W = |¢)(¢| =
Ay would yield a set of different numbers in the measurement of the observable B if
this pure state is not an eigenvector of B.

If two observables A =" a;|a;){a;| =Y, ai\g, and B =" b;|b;)(bi| = >, bily,
commute, then the projection operators A,, and A, which appear on the spectral
resolution of A and B, respectively, also commute. In the same way [A, Ap,] = 0 and
[B, A\g,] = 0. In light of this and previous paragraph, if B and A are the commuting
observables, then a measurement of B on the system in the state W = > w,,A,,

does not alter the state W.
W= AWA, =D Ao Ay, W= AW = [b) (bW =TW =W. (3.29)

Two such observables are called compatible. Compatible observables have common
eigenvectors [1].

Let A be an observable, and |a;) be any normalized eigenvector of A labelled
with its eigenvalue. Then the one dimensional subspace, h,, = |a;){a;|H = Ao, H =
{Nq,z | © € H}, contains many normalized vectors. They are obtained by multiplying

the normalized vector |a;) with a phase factor e’ where 0 < o < 27.

We write the energy observable H, namely the Hamiltonian, using its spectral
resolution. H = ), E;|E;)(E;|, where {|E;)} are a set of eigenvectors of H that
constitute an orthonormal basis for the Hilbert space H. Clearly (E;|H|E;) = E;d;;

which means H is diagonalized in the basis {|E;)}.

We will give an example. Let A : C?> — C? be a matrix on the Hilbert space C?
such that,

1 =2 . 1 2 1 =2
A= and Al = [AT]" = = = A. (3.30)
2 1 -2 1 2 1

Since A is Hermitian, its eigenvalues are real and eigenvectors are orthogonal to each



Chapter 3: Quantum Mechanical Background 36

other. We will find these eigenvectors and diagonalize the matrix A. Let X be a
eigenvalue of A, then by Definition (2.1.43), (A — AI)~! does not exist, (where I is
identity matrix). Hence, as we know from the linear algebra, the determinant of the
matrix (A — M) is zero, that is det(A — AI) = 0. Then, by Definition (2.1.43), the

vector x € ker(A — Al is the eigenvector of A for the eigenvalue .

1—-X —2
det —0 = (1-A?—4=0 = A>—21-3=0
2% 11—\ (3.31)
= )\1:3and/\2:—1,
—2 -2 -
forA\y =3, (A=30)z;=0 = =0 = 1= V2
2t =2 ==
V2 (3.32)
2 =X =
fOI')\QI—l, (A+I[)I2:O:> . To=0 = 29 = \gi
2t 2 7
Note that x; and z are normalized; ||z1]] = ||z2| = 1 and (z1|xze) = 0. Hence,

{|x;)} is an orthonormal basis for C?. Now write A using its spectral resolution
A=Y Nl (] (3.33)

That yields

1 i 1 —92

_ V2 S V2 - 1 _

A=31 (75 75) o (75 75)‘ 9% 1 (3:34)
V2 V2

We can obtain the eigenvalues of A as the following,

1 —2i L
(z1|Alz1) = ( X = > ‘/i =3 = A (3.35)

V2 V2 2 1 —

1 —2 <

— —1 1 V2 1 —

(2s| Al2) = ( =L ) . T ==x (330)

V2

A can be diagonalized as:
(1] > = 1 -2 SIS

A(Jar) o) )= | VB . VEVE ) (337)
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30 A0
_ — = Ap. (3.38)
0 —1 0 o
A i 1 =i
Note that, if 7= | V2 Vf ,then | V2 Jf =T so T-YAT = Ap.
VRV 2 2

Note also that, if A = (a;;), then Tr(A) =) .a; =1+1=Tr(Ap) = i+ =
3+ (—1) = 2. Recall that the trace of a matrix is an invariant of the matrix, and

equals to the sum of its eigenvalues. This comes from the property (3.16i) of the

trace, that is Tr(Ap) = Tr(T*AT) = Tr(ATT™') = Tr(Al) = Tr(A).

Before we study the next example, let H : H — H be a non-Hermitian operator
with a discrete spectrum on a separable Hilbert space H. Let |£) be an eigenvector of
H with an eigenvalue &, H|€) = £[€), then (€| HT = £*(€]. Now let |a) be an eigenvector
of H' with eigenvalue a, H'|a) = ala). Then (¢|HT|a) = £*(¢|a) = alé|a) = £*(¢]a).
Hence if vectors [£), |a) are not orthogonal to each other, i.e., (¢|a) # 0 then a = £*.
We express this fact as HT|€*) = £*|€*) and (£]€*) # 0. Let |u) be another eigenvector
of H with an eigenvalue u # £. Using the equation (£*|H = &(¢*| we have (£*|H |u) =
(& ) = pl§ ) = &€ ) = (u— §){E"|n) = 0. Since p # &, (§*[u) = 0 which

shows orthogonality.

We now will study a non-Hermitian matrix, as an example. This example is
also an application of a biorthonormal system, discussed in the Section (2.2), in the
bra-ket notation and finite-dimension. Let B be a non-Hermitian matrix such that,
eigenvectors |¢;) of B and eigenvectors |¢;) of BT constitute bases {|1;)} and {|#;)} of
C? respectively. Here {|u;)} and {|¢;)} are not necessarily orthogonal bases. Then
we will see that {|¢;), |¢;)} constitute a (bounded) complete biorthonormal system
for C2. We will write B in its spectral resolution and diagonalize it. For example,

let

B = with eigenvalues A = 1, Ao =2, (3.39)
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and

0
BY = with eigenvalues A} = —i, Ay = 2. (3.40)
1 2

We can choose for the eigenvectors:

1
W1> = ) |¢2> =
0

(3.41)
1
|p1) = ;) =

1 1
2+1 2+1

Note that (¢1[ta) = (d2[thr) = 0 and (d1[t1) = (¢2|tp2) = 1. Hence, {|vi),[¢:)}

constitute a (bounded) complete biorthonormal system on C2. Since {|i;)}Z, is a

basis for C2, for any z € C?,

T = ci|thr) + colthe) ¢ : constant
(p1]|z) = (d1]crthr) + (P1|cathe) = ¢1, and similarly (¢po|x) = co.

(3.42)

Here we recall that, in the bra-ket notation, the inner product is linear in the second

entry. Then,

z = (dr]x) ) + (Pal2)[02) or x = |1h1){d1|z) + [P2)(¢2]x). (3.43)

Hence, any x € C? can be written as,

r=Y i) (o). (3.44)
Similarly, we have

z= ¢ {wil). (3.45)

If we omit arbitrary = in (3.44) and (3.45), then we get the spectral resolution of
identity, that is,

I= Z Wz><¢z’ = Z ‘¢i><¢i’a (3-46)

Now apply B to this arbitrary =,

Bx = Z Blibi)(¢ilx) = Z Ail i) (il ), (3.47)
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and omit x. We obtain the spectral resolution of B.
B =Y i) o,
and this really satisfies,

i1 {1 1
0 2 0 2—1

—1

Eigenvalues of B can be obtained by,

(p1|Blt1) =1 and  (¢o| Blthy) =2

that is,
< ) i1 1 ) i ,
) () (1)
2—1 0 2 0 2—1 0

1 1 1 2
(0 o) =(0 )
0 2 2—1 4 — 2

Diagonalize the matrix B by,

(91
(1)l ) =
(¢2]
that is,
1 —5= i1 11
0 5= 0 2 0 2—i
. 1 1 —2L
Note that letting T := , we have
0 2—i =
T-'BT.

Tr(B) =Tr(Bp) = A + A, because of the property (3.161) of trace.

We can write BT in the spectral resolution of it, by using (3.48),

B = ZAHQMKDJ

(3.48)

(3.49)

(3.50)

(3.51)

(3.52)

(3.53)

Bp =

(3.54)
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Finally, assume that energy observable H, with D(H) C H dense in H, is a non-
Hermitian operator on H with a discrete spectrum and eigenvectors {|¢;)} of H
and eigenvectors {|¢;)} of HT together constitute a bounded complete biorhonormal
system on H. Then H is said to be diagonalizable. Now let eigenvalues {E;} of H
be real. Then, the spectral resolution of H is, H = >°, E;|;)(¢;|, and that of H'
is, H' =>", Ei|¢;)(¢;]. Possible energy values can be obtained by (¢;|H|¢;) = E;.
Resolution of identity is T =) [1;)(d:| = >_, [¢s) (¥l

Note that here [¢;)(¢;| and |¢;)(1);] are projection operators, since |1;){(;|1;)(¢i| =
i) (@3] and |q) (Wil i) (Wi] = |di) (Wil

3.2 Pseudo-Hermiticity

Definition 3.2.1. [11] Let A : D(A) — H, with D(A) C H, be a densely defined
linear operator in the separable Hilbert Space H. If there exist a bounded, Hermitian

and invertible linear operator n: H — H, defined on all of H, and satisfying
Al =nAn™!, (3.55)

then A s said to be pseudo-Hermitian. In particular, given such an operator n, A is
said to be n-pseudo-Hermitian. Note that, if n = 1 satisfies (3.55), then A will be a

Hermitian operator.

Definition 3.2.2. [11] Let n be a linear operator as above. Then we can define a

modified inner product according to

(&lp))n = Elnlp) — VIE), |p) € H. (3.56)

Note that ({ .| .)) is not a genuine inner product, because it may be indefinite; we

may obtain imaginary numbers as norms by an indefinite inner product.

There are important results of these definitions of pseudo-Hermiticity and modified

inner product. Some of the results will be explained below. Others can be found in

References [11][12][13][14].
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Proposition 3.2.3. [11] Let A: D(A) — H, with D(A) C H dense in H, be a
n—pseudo-Hermitian linear operator in the Hilbert space H. Then A is Hermitian
with respect to the inner product (3.56), that is (({|Ap)), = ((A&|p)), where |p), |€) €
D(A).

Proof. Since A is n—pseudo-Hermitian then Afn = nA, and

((¢|Ap))y = (EInAp) = (¢|ATnp) = (A&Inp) = ((AE|p))y- (3.57)
0

Assume that, H : D(H) — H, with D(H) C H dense in H, is the energy
observable, namely Hamiltonian, in a quantum mechanical system. Let H has a
(real or complex) discrete spectrum, and the eigenvectors {|¢,)} of H, and the
eigenvectors {|¢,)} of HT, together constitute a bounded complete biorthonormal

system {|tn), |¢n)} on H. Then we have,

with
and,
H = ZEHWHM(M’ H' = ZEZ|¢n><wn|: (3.60)

D [addal =D 1) (Wul = 1. (3.61)

Proposition 3.2.4. [11/Let H be a pseudo-Hermitian Hamiltonian with these prop-

erties. Then the nonreal eigenvalues of H come in complex conjugate pairs.

Proof.
H(n ™ ¢n)) = 07 H|¢n) = B (7 dn)). (3.62)

Because 77! is invertible, n7!|¢,) # 0 is an eigenvector of H with eigenvalue E*.

1

More generally, 7~ maps the eigensubspace associated with F,, to that associated

with E. O
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Now write such an H as,
H= ZEnowno (Dol +Z En |tn, ) 0n.| + B} [n ) (n|) (3.63)

where ng denote real eigenvalues and n. denote complex eigenvalues with =4+ imag-

inary part. Then we can construct[11] n and 7! as,

=3 10no) Dol + D (160 G| + 60, ) (0| ), (3.64)
= > o) ol + D 1n ) (o, |+ [, Y| ). (3.65)

If the discrete spectrum is real, then

n= Z |Prg) {Pro |, (3.66)

= Z ‘wno><wno|~ (367)

no

Theorem 3.2.5. [11] Let H be a non-Hermitian Hamiltonian with a (real or com-
plex) discrete spectrum and bounded complete biorthonormal system of eigenvectors
{|tn), |Pn)}. Then H is pseudo-Hermitian if and only if one of the following condi-
tions hold

1. The spectrum of H is real.

2. The complex eigenvalues come in complex conjugate pairs.

Proof. [11] We have already shown in Proposition (3.2.4) that pseudo-Hermiticity of
H implies at least one of these conditions. To prove that these conditions are sufficient
for the pseudo-Hermiticity of H, write H as in (3.63) and construct 7 as in (3.64).
Then, by construction, H and 7 satisfy H' = nHn™'. O

Theorem 3.2.6. [12] Let H : H — H be a Hamiltonian that acts in a separable
Hilbert Space 'H, has a discrete spectrum, and admits a bounded complete biortho-

normal system of eigenvectors {|iy,),|on)}. Then the spectrum of H is real if and
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only if there is an invertible linear operator O : H — H such that H is OOT-pseudo-

Hermitian.

Note that OO is a bounded and full domain Hermitian linear operator on H. If

O is invertible then 5(O~1)T = (O")~! be a bounded full domain operator on H (see
Definitions (2.1.42) and (2.1.50)). They together imply that O = OOT(O)~! is a

bounded linear operator on H.

Proof. [12] Let {|n)} be a complete orthonormal basis of H, i.e.,
(mln) = 0mn, Y In)(n| =1
and O : ' H — H and Hy : H — H be defined by
0= lwal,  Ho= Y Eiln)nl.
Then O is invertible and the inverse is given by

07t =3 " In)(¢nl

00~ = (32, [a)(n)) (32, [m){(dml) = 22, 22, [¥n) (nm) (]
= 20 2o O ) (D] = D2, W) (Bn] =T
and
0710 = (32, Im)(dml) (32, [n)(nl) = 32, 32, [m) (b vhn) (n]
=20 2o Omnm)(n| =32, In)(n| =L
Then,

O HO = (Y [n)(@u) O Brltn) (k) (D [eom) (m]) = Y Enln)(n| = Hy

Now suppose that the spectrum of H is real so Hy is Hermitian, that is

H} = H,.

(3.68)

(3.69)

(3.70)

(3.71)

(3.72)

(3.73)

(3.74)

Ref. [9].
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Hence

O'H'O™ ' =07 'HO, (3.75)

or

H' = 0" MO HOO! = (00" ' H(OO). (3.76)

Define O := O™, This shows that H is OO'-pseudo-Hermitian. This completes the
proof of necessity. Next we suppose that H is OO'-pseudo-Hermitian. Then (3.76)
and consequently (3.75) hold. By (3.69) and (3.70), we have

O~ HO = (5, 1) (6nl ) H( S, [¢m) (m])
= 50 Eo Bnln) {9l (] = 5, . Bonl1)onn (i (3.77)
= 5, Baln)(n| = Hy

OTHIO™ = (52, In) (Wl ) HT (12, ) (]
= 0 o B m) il dm) (ml = 32, 3 Bl ()

=, Eiln)(n| = H{.
(3.78)

Therefore, (3.75) implies that Hy is Hermitian and the eigenvalues E,, are all real. [

Remark: OO! : H — H is a positive-definite operator on H. Moreover, the
modified inner product (( - | - ))pot satisfies all the conditions (2.17)-(2.20) of inner

product.

Proof. Let x be any vector in ‘H, then
(2|00Tz) = (xO7|0'z) = |O'z|* > 0 for x # 0. (3.79)

Let & = OOT for simplicity. Now ¢ is a bounded, Hermitian, invertible, positive-
definite linear operator on H. Then (( - |- ))¢ satisfies all the conditions (2.17)-(2.20).
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Let z,y,z € H and a € C, then

if(zlz +y))e = (2l€(x +y)) = (E(z +y), 2) = (€x,2) + &y, 2)
= (2l¢z) + (2l€y) = ((zlz))e + ((2[9))e
i.((ylox))e = (ylgar) = (Sax,y) = allz,y) = a(ylz) = a{(y|z))e
it ((ylz))e = (yl€z) = (§2,y) = (y,€x)" = (€y, )" = (z[y)” = ((z]y)):
. ((z|x))e = (x|éx) = ((x,xz) > 0 for all 2 € H— {0}

(3.80)

since ¢ is positive-definite and ((z|z)) =0 < x=0.

Note that, indefinite inner product (( - | - )), differs from inner product (({ - |- ))¢
in the iv'" property(2.20). O

So far, we have worked in the Hilbert space H, which is an inner product space,
and complete with the metric defined by the inner product ( - | - ). We defined a
modified inner product (( - | - ))¢ in this space. We will show in the next chapter
that H is complete with the metric defined by the inner product (( - | - ))e. Let
us denote the Hilbert space, with inner product (( - | - ))¢, by He. There is an

important property for a &-pseudo-Hermitian Hamiltonian in the space H.

Proposition 3.2.7. Let £ = OO as in the Theorem (3.2.6). Eigenvectors of the
&-pseudo-Hermitian Hamiltonian H that correspond to the different eigenvalues are
orthogonal to each other in the Hilbert space He.

Note that by the Theorem (3.2.6), the eigenvalues of H are real.

Proof.

HYE—EH =0, Hlgn) = Eultn),  (¥ulH' = E (Wl (B = Ey)
0 = (&nl(H'E — EH)ihn)
= (Yl HE|Yn) — (Yml€H [1hn)
= En(Yml€[¢n) — En($m€]tn)
= (Em = En) (Ym|lthn)
= (Em = En)((¢m|tn))e = 0.

Now if m # n then ((¢,]1n))e = 0 which shows orthogonality. O

(3.81)
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Note that, we can prove this theorem easily just saying that H is a Hermitian

operator acting in He.
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Chapter 4

CONSTRUCTION OF A CONSISTENT QUANTUM
MECHANICAL SYSTEM WITH NON-HERMITIAN SET
OF OPERATORS

4.1 Quasi-Hermiticity

In the previous chapter, a quantum mechanical system is explained in which the
observables are represented by Hermitian operators. Eigenvalues of a Hermitian op-
erator are real. This is very reasonable since they represent the possible values which
can be obtained in an experiment. Furthermore, eigenvectors of a Hermitian operator
with different eigenvalues are orthogonal to each other. Scholtz et. al. [20] state
that it is a restrictive point of view to choose the Hilbert space or the inner-product
first, and then choose the observables in such a way that they are Hermitian with
respect to the primarily chosen inner product. They claim that we can first choose
the observables and then find, if possible, a unique inner product with respect to
which these operators are Hermitian. In our discussion of the concept of pseudo-
Hermiticity, we have shown that under certain general conditions an operator has a
real spectrum if and only if it is 7-pseudo-Hermitian for a positive-definite 7. Here
in Quasi-Hermiticity, Scholtz et.al. first take a set of bounded operators, which are
actually T-pseudo-Hermitian with respect to a positive-definite, Hermitian, bounded
and invertible linear operator T', and they give a necessary and sufficient condition,
for determining this 7' uniquely. This 7T defines a new inner product on Hilbert
space namely (- |- )r = (- |T-). A unique T is required for a consistent quan-
tum mechanical system, since we should have a unique inner product to calculate
an expectation value for example. Scholtz et. al. claim that if we construct such a

consistent quantum mechanical system, then as long as the inner product ( - | - )7 is
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employed we can use all the usual theorems about Hermitian operators.
We will give the definition of quasi-Hermiticity, and the theorem which shows the
necessary and sufficient condition to construct such a consistent quantum mechanical

system with a set of quasi-Hermitian operators.

Definition 4.1.1. [20] Let {A;} be the set of (not necessarily Hermitian) bounded
linear operators on the Hilbert space M, with domain D(A;) = D(A!) = H. Then
we call the set of operators {A;} quasi-Hermitian if there exists an invetible linear
operator T' : H — H such that

D(T)=H (4.1)

Tt =T (Hermiticity) (4.2)
(@|Tep) >0; VoeH and ¢#0 (positive — definiteness) (4.3)
IToll < ITNll¢ll; VoeH  (boundedness) (4.4)

TA; = AlT; Vi (4.5)

We define the new inner product according to[20],

(616)r = (9 Tw). (4.6)

‘H is complete with the metric defined by the inner product (¢|i))r. This will be
proved in the following. We denote the Hilbert space H, with the inner product
(p|t)r, as Hy. The set of operators A; are Hermitian in Hy[20], because

(| Ait)r = (ST A) = (| AITY) = (40| TY) = (Aip|)r. (4.7)

4.2 Required Definitions and Theorems

We will generally follow Ref. [9] in this section.

Definition 4.2.1. (Positive square root)

Let T : ' H — 'H be a positive, bounded, Hermitian linear operator on a complex Hilbert
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space 'H. Then a bounded Hermitian linear operator A is called a square root of T
of
A*=T. (4.8)

If, in addition, A is positive, then A is called a positive square root of T and is
denoted by
A=T"%

Theorem 4.2.2. Fvery positive bounded Hermitian linear operator T : H — H on
a complex Hilbert space H has a unique positive square root A. This operator A

commutes with every bounded linear operator on H which commutes with T

Note that A is also positive bounded and Hermitian linear operator on H.
Remark: Let T': 'H — H be a positive bounded Hermitian linear operator on a

complex Hilbert space H. Then for all z € H,
Tl < ||| (x| T) 2 (4.9)

which implies

(x|Tz) =0« Tz = 0. (4.10)

Note that (4.10) shows that if 7" is invertible (or just ker(7') = {0}) then it is positive-
definite.

Proof. By using positive square root A of T, for all z,y € H we have
[(y|T)| < (y|Ty) /(x| Ta)? (4.11)
since by Schwarz inequality!
(y|Tz)| = [{y|A%x)| = [(Ay|Az)| < [|Ay][|Az]| = (Ay|Ay)'*(Az|Az)!/

= (y|Ty)"/*(z|Tz)"/>.

Now by using (4.11) for all € H we have (4.9) since for y = Tx

T ]|? < (Tar|T22) (@] Ta) 2 < || T2 T2 ||V (2| Tr) 2

e,y < llzllllyll.
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< Tl T2 T ||| T)? = (| Ta) V2| T 2| T
by using Schwarz inequality. m

Definition 4.2.3. Let T : H — H be a bounded linear operator. Then a subspace
Y CH is said to be invariant under T if T(Y) C Y .2

Remark 1: A closed subspace Y of H is invariant under 7T if and only if its orthogonal

complement Y is invariant under 7.
Proof. Let y be any element in Y. Then

(|Ty) =0 VreYt & (TTzly)=0 Ve eY!t & TH(YH) CYt

Remark 2: An eigenspace of T' is invariant under 7.

Definition 4.2.4. [20/A set of bounded operators {A;} on a Hilbert space H is termed
wrreducible if there are no proper subspaces which are invariant under the action of

all the operators A;.

Definition 4.2.5. [2] Let M be a set of bounded operators on a Hilbert space H.
Then the set M’ of all bounded operators on H which commute with each A; € M s
called the commutant of M.

Definition 4.2.6. [2] Let M be a set of bounded operators on a Hilbert space H.
Then a vector ¢ € H is called cyclic for M if the set Span{A; A € M} is dense in
H.

Theorem 4.2.7. [2] Let M be a set of Hermitian bounded operators on the Hilbert

space H. The following conditions are equivalent.

1. M s irreducible;
2. the commutant M’ of M consist of multiples of the identity operator;

3. every nonzero vector v € 'H is cyclic for M in H, or M =0 and H = C.

2P(Y)={Ty : VyeY}.
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4.3 Construction of a Consistent Quantum Mechanical System

Theorem 4.3.1. [20] Let {A;} be the set of quasi-Hermitian operators in the Hilbert
space H and T be a linear operator with properties given in the Definition (4.1.1).
Then T 1is uniquely determined up to a constant multiple, if and only if the set of

operators {A;} is irreducible on H.

Proof. [20] First note that since T is invertible 7! is bounded and D(T~!) = H.
Moreover 7! is Hermitian, since using (2.67) 1 = Il = (TT-) = (T"YHYIT =
T-' = (YT and T~ is positive-definite, since (x|T'z) = (TT 'z|T'z) =
(Tyly) = (y|Ty) > 0 Vo € H—{0}. Now we can introduce the unique positive-definite
bounded and Hermitian linear operator S satisfying 7' = S2? and T = (S71)*(see
Definition 4.2.1 and Theorem 4.2.2 and Remark of it). We also have ||S| = ||T||'/?
and ||S7Y| = ||T7|"/? by (2.65). Suppose {z,,}°2, is a Cauchy sequence with respect

to the norm ||z||r = (z|Tx)'/2. Then
10 = @mll = 157" S (@0 — ) | < NSTHIS (@0 — za)

— 1S YIS (@0 — 2n)[S (20 — T )) /2
= 1S7H{(2n — 20)|S* (20 — T )) /2
S (@ — ) [T — )2
= |57 (zn — zm) 7

Hence {z,} is Cauchy in the norm ||z| = (z|x)"/2. But H is complete with respect
to || - ||; hence there exist an = € H such that ||z, — x| — 0 as n — oo. Then

boundedness of S yields
l2n = zllr = [S(zn — o) < [[SNllzn — 2] =0 as n — oc.

Hence {z,} converges to = € H in the norm || - ||7. We conclude that Hr, endowed
with the inner-product (x|y)r = (z|Ty), forms a Hilbert space Hrp.
We now prove that T is uniquely defined on H if and only if the set of observables

A; is irreducible on H.
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First we prove that if irreducibility holds, T is unique. To do this we need the
Theorem (4.2.7), which asserts that

A set of Hermitian bounded operators on a Hilbert space H is irreducible if and only
if every bounded operator that commutes with every element of this set is proportional

to the identity.

By assumption the set of quasi-Hermitian observables A; are bounded on H.

Then they are bounded on Hy, since

Azl = (A Asa) i = (AT Az)V? = (Ax] S2Agx) 2
= (SA;z|SA;z)V? = ||SAx| = ||S A5 1Sz ||
< |SASTH[[ISz]| = [[SAST!|| (Sx|Sz)/?
= [|SASTH (x|S%)? = | SAS | (2] T)'/?
= | SASTY| (wle)y?
= |SAST =]z

(4.12)

Furthermore, they are Hermitian on Hy by (4.7) and by assumption they are irre-
ducible.

Assume that 7 satisfies all the properties of T. Then it follows from the property
TA; = AZTT, V1, that [T_IT, A;] =0, Vi. Because,

TA =AT = AT =T7'Al = AT'T=T7AIT

TA; = AT = T7'TA =T AT

then AZ'T_ljz‘ = T_1TAZ' = T_lj:’Ai - AZ'T_ljz’ = 07 ie. [T_lf, Az] =0.
Since, T—'T is bounded on H, it is also bounded on Hrg, as it is proved for A,
in (4.12). Hence by theorem just stated, T-'T is proportional to identity and T is,
therefore, proportional to T

To prove the converse we simply have to prove that if the set {A;} is reducible, T
is not unique.

Suppose the set {A;} is reducible on H, and therefore also on Hy. Then we can

find at least one proper subspace of Hp which is invariant under the set {A;}, and
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since these operators are Hermitian on Hp, they also leave the orthogonal complement
of this subspace in Hy invariant (see Definition (4.2.3) and Remark 1 of it). Let P
denote the Hermitian projection operator on Hy that projects onto this subspace and
(@ the Hermitian projection operator that projects onto its orthogonal complement in

Hr (see Definition 3.1.4). Since P and @ are Hermitian on Hrp, it follows that,
(u|Pv)p = (Pulv)r = (u|TPv) = (PulTv) = (u|TPv)= (u|P'Tv),

and by the same application for @),

TP = PIT

(4.13)
TQ = Q'T.

Now since PQxr = QPx = 0 for all z € H, PQ = QP = 0, then QTPT = PIQT = 0.
We also have (PT)?2 = PT and (Q")? = Q' in H. We construct the operator V =
aP + fQ with « and f positive real numbers. Now we maintain that 7 = TV,
which is clearly not proportional to 7', satisfies all the conditions stated in Definition
(4.1.1);

(4.1) Clearly, D(T) = H.

(4.2) TH=VIT = aPIT + QT =aTP+TQ =TV =T.

(4.3) (3IT6) = a(BITPE)+B(EITQS) = ald|PITe)1+B(6|QITS) = a(g|(P)?Te)+
BOI(QTT6) = alPYIPIT)+BQBIQITS) = alPYITPE)+HQ0ITQ0) = | Pli+
BllQel7 > 0o #0

(4.4) T =TV is clearly bounded since V is bounded.

(4.5) Finally, it follows from the invariance of PH and QH under the set {4;}
that [A;, V] =0, Vi. Since, by Projection Theorem (2.1.24) we can write any 1) € ‘H
such that ¢ = PY+Qu and [A;, aP+Q)(PY+Qu) = adi P(PY+Q)+BAQ(Py+
QU)—aPA(PY+Qy) —PQA(PY+QY) = adi PY+[A,QY—aPAPY— QA QY =
aA; Py + BAQY — aA; Py — BA;Qy = 0.

Multiply TA; = A{T from the right with V, TA;V = ATV = TVA; = AITV =
TA; = AlT. O
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Chapter 5

THE MOST GENERAL 7

In the discussion of the concept of pseudo-Hermiticity, we construct an n for which
the Hamiltonian H is n-pseudo-Hermitian. It is stated in Ref.[14] that 7 is not unique
and H is also n’-pseudo-Hermitian for an operator n” which has the same properties
as 7. We can obtain this kind of an operator 7’ by a formula n’ = A™nA [14] where
A:H — H (D(A) = 'H) is a bounded invertible linear operator, commuting with
H. Note that if A is the identity operator then ' = 7. Besides, in the concept of
quasi-Hermiticity, the operator T is defined with the same properties as a positive-
definite 1. Then each A; in a set of bounded linear operators {A4;} is assumed to be
T-pseudo-Hermitian and {A;} is called a set of quasi-Hermitian operators. Theorem
(4.3.1) shows that T'(if exists) is uniquely determined up to a constant multiple if and
only if the set of quasi-Hermitian operators {A;} is irreducible on H.

In Section (5.1), we calculate the most general positive-definite 1 according to
the equation 1’ = A'nA for a Hamiltonian H, with a real discrete spectrum, on a
N-dimensional Hilbert space ‘H. Analysis is given for N < oo though it can be gener-
alized to N = oo; separable co-dimensional H under additional conditions. In section
(5.2), we choose another observable S such that the quasi-Hermitian set of opera-
tors {S, H} is irreducible on H. According to Theorem (4.3.1), {S, H} determines
1’ uniquely up to a constant multiple. We assume that 7’ is determined uniquely as
n' =n by {S,H}. After that we perturb n and denote the perturbed 7 as 7. Then by
using first order perturbation, we try to find modified S, S, such that the irreducible

set of quasi-Hermitian operators {S, H} determines 7' uniquely as 7.
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5.1 Calculation of The Most General n

Let H be a non-Hermitian Hamiltonian in N-dimensional Hilbert space ‘H and discrete

spectrum of H is real and non-degenerate.

H=3" Eln){dul. (5.1)

Then, according to (3.66),
N
n=">>_|dn)(¢nl. (5.2)
n=1

The most general n[14]
n = AlnA (5.3)

where A:H — H (D(A) =H) is a (bounded) invertible linear operator, commuting
with H. We now will determine the operator A. First note that n in (5.2) is unique
up to the choice of (bounded) complete biorthonormal system {|i,), |¢,)}[14]. If
the matrix representation of H is written in another basis then another eigenvector
set {|th,)} of H and (bounded) complete biorthonormal system {|t,), |¢,)} will have
been chosen. Here the operator A transforms {|4,), [¢,)} to all possible {|i,), |fn)}.
That is, |¢n) = Af|¢,) and |ih,) == A~ ib,) and s0 (Gn|Um) = Opm[14]. Moreover

since A and H commute they possess common eigenvectors[1]. Therefore

N
A= "an|vn)(¢nl,  an€C. (5.4)
n=1

One can show that H is pseudo-Hermitian with respect to 1. Noting that A" com-

mutes with H' since A commutes with H we have

T]/HT]/_l _ ATT]AHA_l’T]_lAT_l _ ATUHAA—ln—lA’r—l _ ATan—lAT_l

(5.5)
— AtgtAt™ = gtatat™' = gt

Then A" and the most general positive-definite 7, 17/, is determined by

N N
AT =3 alon)nl  and 0= AfpA =Y |on) (6. (5.6)
n=1

n=1
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Now, supposing that a,, are smooth functions of E,,, A can be written as a function

of H, such that,

A=fH)=> 0w ddﬁmxk o Do k"
= Ypen( il Ebln)(enl (5.7

= S0 (i enBh ) lin) (6l
which is a Taylor expansion of f. Since > po ¢y EY = f(E,) by definition,
an = f(E.) =Y B}, (5.8)
k=0

We write an equivalence relation such that, two functions f, g would be equivalent,

if they take the value a, for E,, thatis f(FE,)=g(F,) =a,, n=1,2,---N,
F ={f:]0,00) — C, analytic and f(E,) =a,, n=1,2,---N}.

Then {a,} «— F ., that is there exists one-to-one correspondence between all

possible {a,} and equivalence classes of F.

Now we transform 7 to the form n = OO" 1 | where O : H — H (D(O) = H) is a

(bounded) invertible linear operator;

0 := Z |¢n)(n|  then O~ = Z 1) (Yl (5.9)

where {|n)} be an orthonormal basis for H. By using this form of  we obtain the

Hermitian operator OT HOT™" such that

Ht =nHy' = 0O'HO'"'0~' = O-'H'O=0tHO!'

(5.10)
= (OotHO'™hit =otHO!

Tet B: H — H (D(B) = H) be a Hermitian, positive-definite operator on the N-dimensional

Hilbert space H, such that B = 25:1 0| Pn){¢n|, where o, > 0 and {|¢;)} be any basis on H.
Let {|n)} be an orthonormal basis for H. Since (n|m) = dmn, B = 25:1 | ) (nn){(dn| =
25:1 22:1 | dn){n|m) (| Write ay, as a, = b,b; where b, € C and * denote complex

conjugation. Then B = (25:1 bn|¢n><n\)(zN b:, m){(pm|) = CCT, where C := 27]2721 bn|dn ) {n]

m=1"m
which is a non-Hermitian operator on H.
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and indeed

N N
OTHO ' = (Z 1) (] ) ( Z Eonltom) (b ) (Z ) k|> =S " EuJn)n] (5.11)
n=1 n=1
where H transformed to a Hermitian operator
N
Hy =Y Eyn)(n| (5.12)
n=1

with a similarity transformation.

Then we express A in terms of

() = O 'n) and  |¢,) = Oln), (5.13)
and obtain
A= Zanwn ¢n|—zanoT Vn|Ot = Of” 1(Za In) n|)oT Ot Ay, OF.
"~ (5.14)
Moreover
N 0o N o)
=3 anln)(n| = Z(chE)\n -3 e (ZE,’§|n><ny) =3 e
" " e = (5.15)
which means
Ao = f(Ho). (5.16)

The most general n, ' = ATnA, by using equations

A=O0""f(Hy)O" and Al =Of(Hy) O™, (5.17)
is in the form
7 = ATnA = Of(Hy) O"'00T0" ™ f(Hy)O" = Of(Hy)' f(Hy)O!. (5.18)
Let
Z = f(H,)" f(H,) (5.19)
then

Z= (i ckH(?)T( f: cmH6”> - (i c;Hg) ( i cmH6”> - i d,H"  (5.20)
=0 m=0 k=0 m=0 n=0
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o8

where d,, =)} CiCpi = CjCn + CiCn1 + -+ + 101 + Chep € R

Finally, using
i = 020" =0 i 4, Hy ) Of = i d,OHZO" = i 4,000t Hy o
n=0 n=0 n=0
and
(O ' H,0N = 0T H,0101 Hy 00T T HyO -+ - = O HPOT,

we obtain

0= ianOT(OTlHOOT)” = i d,O0"H" = idnnH" = ni dn H".
n=0 n=0 n=0 n=0

One can also check that
0= (S daH™) = Sy (B = S (HUHT - i)

=Yoo dn(H ™ Hiy™" - - - H'n)

= > oso dul(H )y~ (H )y~ - (HTn)]

= > lo dn[(nH )y (nH )" -+ - (nH)] = 3202 g donH"

=N o dnH" =17
If we define .

§i=) d,H",
n=0

then n’ satisfies

It is easy to check that

W Hy ™' =neHE ™t = nHEE ™t = nHy ! = HY,

since H and ¢ commute.

(5.21)

(5.22)

(5.23)

(5.24)

(5.25)

(5.26)

(5.27)

5.2 Determining The Second Observable by First Order Perturbation

Let H, n, 7’ =n& and & are as above, that is,

H:ZEn‘wnM(bM (En G]R),

n=1
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N
n=_|6n) (0l
n=1
and

n=né=n"  where §:ZdnH", d, € R.
n=0

Now let S be an operator such that the quasi-Hermitian set of operators {5, H} is
irreducible on ‘H. Then according to Theorem (4.3.1), one of 7’ is determined uniquely
up to a constant multiple by the set {S, H}. Assume that 7’ is determined as 0’ =7
(¢ =1) by the set {S, H}. Now we perturb £ around I and examine the alteration of

S by using first order perturbation. We express perturbed n as

i =né =n(l+~K) (5.28)

where y << land K = K(H) =), d,H". Here H is 1-pseudo Hermitian but S is
not since {5, H} determines 7' uniquely as 7. However we will try to find a modified
S, denoted as S, such that the irreducible set of quasi-Hermitian operators {5’ ,H}
determines 7’ uniquely as 7. The observable S changes as S = S +yW +O(?), where
O(~?) is terms of order two or higher in . We want to find W and for this purpose
we write the equation
7S = Sty (5.29)
which implies
NI+ yK) (S + W) = (ST +4WHn(I+ 1K) + O(v*). (5.30)
Noting that nS = STy we then obtain
W —n 'Win =[S, K]+ O(+?). (5.31)
By denoting W* = n~'WTn, we have

W — W =[S, K]+ O(y%). (5.32)

Now let
W =A+ (iB) (5.33)
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where
# _ T/t
WA p= MW (5.34)
1

A

Consequently, B can be calculated by
1 2
B = 2—@,[5, K]+ O(y%) (5.35)

where

S=S+~v(A+iB)+ 0. (5.36)

In view of the identities: nAn~' = A and n(iB)n~' = —(iB)", we write S in the form
S = (S+7A) +7iB + O(?). (5.37)

Here (S + «vA) is n-pseudo-Hermitian part of S and the condition 75 = ST7j leaves
A arbitrary. This is very reasonable since we can always add such an 7-pseudo-
Hermitian operator A to S. However ¢B, which is not n-pseudo-Hermitian, is fixed

by the condition 75 = ST7.
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Chapter 6

EXAMPLES

In this chapter we study two examples which are related to previous chapters.
In Example 1, we follow some consequences obtained in Section (5.1). We calculate
n' according to (5.6) for a general diagonalizable 2 x 2 complex matrix H with real
eigenvalues. Recall that 1’ is the most general (positive-definite) n for H. Then we
choose a general 2 x 2 complex matrix S as the second operator and require it to be
n’-pseudo Hermitian. Hence we obtain the form of S as a second operator and provide
the existence of T = 1’ such that {S, H} is quasi-Hermitian with. If det([S, H]) # 0!
for a fixed S then {S, H} is an irreducible set. Finally if we fix one such S, then we
observe that 7’ is determined uniquely up to a constant multiple which verifies the
uniqueness theorem (4.3.1). In Example 2, we just apply the conclusion of Section

(5.2) to a particular two-dimensional system.

6.1 Example 1

a
Let H be a diagonalizable 2 x 2 complex matrix, H = , with real eigen-

c d
values. The trace of this matrix, Tr(H) = a + d, which is equal to the sum of the

eigenvalues of H, is real. Let h := %i and M = H — hll. Then M is a traceless

matrix, since

a b %i 0 %1 b
M=H—hl= — = : (6.1)
c d 0 otd c —od

f {S, H} have any common eigenvector which makes the set reducible then det([S, H]) = 0[16].
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Clearly the eigenvectors of M and H are common. Let |E) be any eigenvector of H

and M and H|E) = E|E). Eigenvalues of M are real, since,
H|E) = M|E) + h|E) = E|E)=M|E)+ h|E) = M|E)=(E —h)|E). (6.2)

Similarly the eigenvectors of Mt and H' are common. Let {|¢;)}2, be eigenvec-

tors of MT. Obviously, if we construct the most general (positive-definite) 7' =

S22 il (éi] (e > 0 in R) for M according to (5.6), then H will be pseudo-
Hermitian with respect to 1. Note that n’Hn'™' = hl + /My~ = hl + MT = HT
where h is real.

Therefore, we may use M instead of H without loss of generality.

Let £ be an eigenvalue of M. Then, because M is traceless, —& must be also an
eigenvalue of M. If &€ = 0, then either M = 0 which would mean H = ol and is
a trivial case, or M is not diagonalizable which violates our assumption. So assume

& # 0, then we have
M = - T T717 (63)

and

det(M):—(f2+bc):det<T i ! T*1>

— det(Tydet | € Og (1/det(T)) = det(T)(—E)(1/det(T)) = —E2.
0 _

Hence,

det(M) = —(f* +bc) = —E? <0 (6.4)

and & = \/f% + be.

The eigenvalues of any pseudo-Hermitian matrix M’ are real or come in complex
conjugate pairs according to the Theorem (3.2.5). In addition, let M’ be a traceless

2 x 2 matrix. Then, the sum of the eigenvalues of M’ is zero. In the case that the
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eigenvalues are real, they will be equal to & and —&" where £’ is real. Therefore
det(M') = =& ? is negative. However, if the eigenvalues come in complex conjugate
pairs, the eigenvalues will be equal to ir and —ir, where r is real, and in this case
det(M') = r? is positive. Hence, the determinant of a traceless, pseudo-Hermitian,
2 x 2 matrix is negative if and only if it has real eigenvalues.
Any traceless 2x2 matrix can be written as a linear combination of Pauli matrices:
01 0 — 1 0

o1 = 09 = O3 — . (65)
10 0 0 -1

Note that all, 2 x 2 complex matrices, can be written as a linear combination of the
matrices {0y, I}.

We will write M using Pauli matrices, and find the eigenvectors of M to construct

01
M = < C1 Co C3 > 02 = (101 + Co02 + C303 , c; € C. (66)
03
In the view of the fact that the determinant of M is negative we choose ¢; as follows.

First we introduce [10],

( ¢ Gy Gy ) = ( sinfcos¢ sinf@sing cosb >, (6.7)
where 6, ¢ € C; Re(6) € [0,7), Re(¢) = [0,27). Then, since

R ~ . cos  sinfe
det([¢101 + G209 + C303)) = det . =—1, (6.8)
sinfe’® —cosf

we can set ¢; = £¢; where det(M) = —&?. Then

cosf  sinfe
M=E& ' , E€R, and 0,9 € C. (6.9)
sinfe®  —cosf

Using the identities:

0 il i 0" 0% | —i0*
(cosf)* = (%) = ¢ ;6 _ —;6 = cos 0", (6.10)
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i0 —i « —io* i0* i0* —i6*
e —e e —e e —e
i 0*:(—) - - — sin 6", 6.11
(sin 0) % DY 5 sin ( )
we have
cos@*  sinfre ¢
M =¢ N : (6.12)
sin @*e'® — cos 6*
Eigenvectors of MT are
cos %
¢1) = g (6.13)
sin 3€Z¢
and
. o*
gy = 7 (6.14)
2) = N )
—cos L et

2

The most general n, ’ = Z?Zl a;|é:)(ps|, where o; € RT, is given by

= ] cos &% + | sin ¢|? arsin g cos L e — aysin & cos e
arsin 2 cos 8e — apsin g cos L e | sin §12e"9T ) + | cos &[0 )
Let,
ar 0, 0
= | cos = = | sin = := sin = cos —
then,
o f + aoy e (¢ — ()
n = : (6.15)

e (1 C* — ) e ) (ayy + anfd)
where ay >0, ag >0, >0, y>0€R and (,¢ € C.

Note that 7' = ()T, as expected. Let a;/ay := a. Then

+ “(al - ¢
n = o ' b+ ? (a¢=¢) , a# 0, [, vare positive and ¢, ¢ € C.
¢ (ag" —C) D (ay + )

(6.16)
We first choose M and calculate the most general ' as above. Since we fix 6 and
¢ by determining M, (in addition to the coefficient o) there exists one independent
variable o in the expression for 7. Now we choose another traceless operator M

generally and require it to be 7'-pseudo-Hermitian.
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Let,

M = (6.17)

t —r
and note that there exist six independent real variables, Re(s), Im(s), Re(t), Im(t),
Re(r), Im(r) in M. Here, by requiring M to be 1/-pseudo-Hermitian, we require M
to be diagonalizable and to have real eigenvalues and hence negative determinant by
Theorem (3.2.6) and (5.9).
Then My’ = /M implies,

r(af +7) + e (a¢" = ) = r(af +7) +te (ol — (7), (6.18)
e (al — %) + @ =¢) (ay + B) = s(aB +7) —re (al — (), (6.19)
s*(af +7) = e’ (ag" = ¢) = re'? (ag” — () + """ (ay + ), (6.20)

Sl — ) — 1€ (ay 1 B) = 569 (al* — ¢) — rd® D (ay + B).  (6.21)

Note that (6.19) and (6.20) are complex conjugates of each other and we can obtain
two real equations from them; in equations (6.18) and (6.21), the left hand side of the
equation is complex conjugate of the right hand side of it. Hence we can obtain two
more real equations. If these four real equations is written for Re(r), Im(r), Re(s)
and Im(s), then determinant of the coefficient matrix is zero. This shows that at

most three of these equations are independent. Equation (6.18) yields

te" (a¢* — () — te?(al — ¢*) = (r — r*)(aB + )

= |te" (al" — C)} — [t*eid’*(ag* —() . 2iIm(r)(afB + ) (6.22)
= 2iIm(t e (aC* — €)) = 2ilm(r)(af + 7).
Let
A= (al*—(¢) and T:=af+7. (6.23)

Then by (6.22) and (6.23) we have

Im(t*\) = Im(r)r. (6.24)
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Now Equation (6.19) yields
s(af +7) =t ay + ) = (r+17)e " (a¢ = ¢¥)
= s(af +7) — te¥mO) (ay + B) = 2Re(r)e " (al — ¢*).

Let
o= 2™ (ay + B).

Then by (6.25), (6.26) and (6.23) we have
sT — "0 = 2Re(r)\".
Finally Equation (6.21) yields

e (a¢* = ¢) = s'e¥(ag = ¢*) = (r = 1) I ay + 9)

= |se? (0 = Q)] - s (a¢ = Q)| = 2iIm(r)em @ (ay + B)
= 2iIm(s\) = 2iIm(r)o

Then by (6.28), (6.23) and (6.26) we have
Im(s\) = Im(r)o.

Briefly, from (6.24), (6.27) and (6.29) we obtain the system of equations
Im(Xt*) = 7Im(r)

7§ — ot™ = 2X\"Re(r)
Im(As) = olm(r)

where

A=e?"(aC* =) o= ay+p) T=af+7.

Recall that
0*
¢ :=sin = cos —.

62 : 2
6‘_|COS§|7 7'_|Sln§|7 9 9

(6.25)

(6.26)

(6.27)

(6.28)

(6.29)

(6.30)

(6.31)

(6.32)

(6.33)

(6.34)

Before solving the system of equations (6.30)-(6.32), we use Euler’s formula to write

¢ in the form[16]
= %[sin(Re(@)) + isinh(Im(6))].

(6.35)
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This shows that § = 0 < ¢ = 0%. Note that, in the above system of equations, there
are six independent real variables Re(s), Im(s), Re(t), Im(t), Re(r), Im(r) and three
variables A\, o, 7 depending on «. Here ¢ and 7 are nonzero, hence we study the cases

A =0 and X # 0 separately.
Case 1: \ = 0;

1. (=0(&0=0)

or

2. C%:aERandinthiscaseCandQGRanda:1.

Equations (6.30)-(6.32) turn into

Im(r)=0 (6.36)
s —ot” = 0. (6.37)
According to (6.37)
o
= —t". .
s= (6.38)
Therefore;
- r s(t)
M = ., rekR (6.39)
t —r

Note that there are three independent real variables Re(t), Im(t), Re(r) in M

where s is a function of ¢ and Im(r) = 0.
Case 2: \ # 0;

1. (,0#0 and o # 1,

or

2. ¢ and 6 are not real.

2Recall that Re(0) € [0, ).
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The right hand side of the equation (6.31) is real, hence Im(7s—ot*) = 0 which
is a verification of (6.30) and (6.32). Moreover Re(rs — ot*) = 2\*Re(r) and
this yields

TRe(\s) — o Re(At*) = 2|\|*Re(r). (6.40)

Then using the system of equations (6.30), (6.40) and (6.32) we obtain

Re(t) = —(O\f—i/\)>lm(7’) - (%)m@) (6.41)

= (T o (PG e o () et

In this case,

M = , (6.43)
t —r

involves three independent real variables: Re(r), Im(r), Im(t).

Now we check that if we choose an M satisfying (6.30)-(6.32) and det[M, M] # 0
then « is fixed and 7 is determined uniquely up to a constant multiple, which is the
conclusion of Theorem (4.3.1). For Case 1; if § # 0 then o = 1 and if § = 0 then
(6.38) is a linear equation for o and has a unique solution. For Case 2; (6.41) is a

linear equation for o and therefore has a unique solution.

Recall that M = H —hl for a general 2 x 2 complex matrix H with real eigenvalues
where h € R. Let M = S—hI with 2 € R. Then all the results that we have obtained
for {M, M} are valid for {S, H}.
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6.2 Example 2

We apply the conclusion of Section (5.2) to the Hamiltonian[15]

D+1 D-1
H = D e R*. (6.44)
-D+1 —-D -1
0 a
Let S be another operator such that S = , a € R. One can see that H
a 0

and S do not have common eigenvectors hence they are irreducible on R2. Note that
they are diagonalizable. Here, an 1 can be determined uniquely up to a constant
multiple by the irreducible set of quasi-Hermitian operators {S, H}. Now we perturb
n according to (5.28) for K = H, that is 7 =n(Il+vH), v << 1. Then modified S is

S =S4 4W + O(H?*) = (S +~A) +vB + O(?)

where

1 N a—aD —a—aD N
B =[S, H]+0(y) = +0(v") (6.45)
2 a+aD —a+aD

and A is arbitrary. Note that we make a formal difference by setting W = A+ B

where A = W+TVW and B = W_2Wﬁ instead of (5.33) and (5.34) where W* = n~ W'y

since we work in real plane. Recall that n-pseudo-Hermitian part of W namely A is

leaved arbitrary, however B which is not 7-pseudo-Hermitian is fixed.
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Appendix A

We will generally follow Ref. [9] in the appendix.

A.1 Proofs of Theorems in Chapter 2.

Proposition 2.1.7. Let X be a normed vector space. Then for any x,y € X we

have

[l =1yl | < llz =yl (2.7)

Proof. By triangle inequality we have

2]l = l[(z = y) +yll < llz =yl + [yl

then

[zl = lyll < llz = yl|.
By the same way we have

Iyl = ll=ll < [ly — ||
and

[yl =Nzl < lly = f| = [(=1)(z = )| = [z =yl

which shows

2]l = llyll > =z =yl

Hence
—llz =yl <zl = lyll < llz —yll < |zl =yl | <[z =yl
O]

Theorem 2.1.12. Let M be a nonempty subset of a normed vector space X, then

x € M if and only if there is a sequence {z,,} in M such that z, — x.
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Proof. (=) Let x € M. If x € M, a sequence of that type is (z,z,---). If 2 ¢ M, it is
a limit point of M. Hence for each n = 1,2, - - the ball B(x; %) contains an z,, € M,
and x, — x, because % — 0 as n — oo.

(<) If {z,} is in M and z,, — z, then x € M or every neighborhood of = contains
points z,, # z, so that z is a limit point of M. Hence z € M, by the definition of the

closure. O

Proposition 2.1.16. Every convergent sequence is Cauchy, but converse is not

generally true.

Proof. Let X be a normed vector space and {z,,} be a convergent sequence in X such

that x, — 2. Hence for all € > 0, there exists an N € N such that
Vn>N, dx,,x) =z, —z| <e/2.
Now let m > N, then by using triangle inequality
|Tm — znl| < || Tm — || + ||z — 20| <e/2+e/2=c¢.

Therefore for all € > 0 there exists an N € N such that for all m,n > N d(z,,, —x,) =

|Tm — xn|| < e, ie., {z,} is Cauchy. O

Theorem 2.1.19. Every closed subspace M of a Hilbert Space H is again a Hilbert
Space.

Proof. Let M be any closed subspace of a Hilbert space H. We need to show that
for every Cauchy sequence in M, the limit of the sequence is in M. Let {z,} be
any Cauchy sequence in M. Since H is complete z,, — x in H. Hence {z,} C M
is a convergent sequence in H. Then since M is closed, x € M by definition of
closure. Consequently, every Cauchy sequence is convergent in M and so M is a

Hilbert space. O

Proposition 2.1.22. [8] Let M be a closed subspace of H. Then the subset M~ is a
closed subspace of H and is therefore a Hilbert Space. Furthermore M N M=+ = {0}.



Appendiz A: 72

Proof. Obviously for all x,y € M+ and scalar a,  + ay € M~ since Vz € M {(x +
ay,z) = (x,2) + ay, z) = 0 and hence M~ is a subspace.

Let {z,} C M+ be any convergent sequence in H and {x,} — x. For every y € M
and for all n € N (z,,y) = 0. Then (z,y) = (limy—oo®n,y) = limy_oo{Tpn,y) = 0 by
continuity of inner product. We obtain that (z,y) = 0 for all y € M and so x € M+
which shows closedness of M+ in H.

Now take any nonzero x from H and let M be any closed subspace of ‘H. If
x € M+ then for all y € M (x,y) = 0. However x ¢ M, since (z,z) > 0 for a nonzero
x. Moreover if z € M then z ¢ M~ by the same reason. There is no vector in a

space other than zero that inner product with all vectors in the space is zero. Hence

M A MY = {o}. m

Proposition 2.1.23: [8] If M is a subspace of H which is not closed, then we can
still define the orthogonal complement of M as in Definition (2.1.21) and M~ is still

a closed subspace of H. Moreover (M*)* = M and M+ = M.

Proof. Let M be any subspace of a Hilbert space H, which is not closed. Then M~
is closed subspace of H by continuity of inner product (it is obvious by above proof,
since we do not use the property of closedness of M there). For the second claim,
we first show that M C (M*)*. Let y € M and y,, — y where {y,} C M. Then
for any x € M+, (x,y,) = 0 and (z,y) = 0 by continuity of inner product. Since x
was arbitrary Vo € M+ (x,y) = 0 which means y € (M+)* by definition. Now we
show that (M*)* C M. Let y € (M*)* then for all x € M* (z,y) = 0 by definition.
Again by definition € M+ if and only if Vm € M (x,m) = 0. This shows that
y € M or at least y € M by continuity of inner product. Consequently (M=+)*+ = M.
For the last claim let M+ = N. N is the closed subspace of H. Since (M*)* = M,

0

we have N* = M and (N+)* = N = N. Hence N :ML, i.e., M+ —

The Projection Theorem:

Proposition A.1.1. [8] Let M be a closed subspace of a Hilbert space H. For any
r € H there exists a unique vector y € M such that if d = inf,cp ||x — 2], the

distance from x to M, then d = ||z — y||.
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Proof. [8] If x € M, then choose y = x.
If x ¢ M, then there exist a sequence {y,}, y, € M, such that

lim ||z =y | = d

by definition of d.! We will show that this implies that {y,} is a Cauchy Sequence.
Consequently, there exists y € M such that

y = lim y,.
Then, by continuity,
d=lm o~y = [l —y].

To show that {y,} is a Cauchy Sequence, begin with the parallelogram law;
(lu+vl? + llu —vl|* = 2[ju]|* + 2[|v]|*)

9 = ymll* = (g — 2) = W — 2)|1* = 2llyn = 2lI* + 2]y — 2* = [lyn + yim — 22]*.
Now as d = in fyem||z — yl|, it follows that
1(1/2)(Yn + yim) — || = d
since Y, + Ym € M. Then we get
1y = ynll* < 2l — 2[* + 2]y — 2* — 4d°

and so as m,n — oo, right side of this equation approaches 4d*> — 4d*> = 0.
Now we show that y is unique[9]:

We assume that y € M and yo € M are both satisfy
le—yll=d and [z -yl =d
and show that then yy = y. By the parallelogram law,
ly = voll* = Ity — =) = (yo — 2)|I* = 2]y — [1* + 2[lyo — z[* = [[(y — =) + (o — 2)*

— 20 + 24> — 2(1/2)(y + wo) — x>

'Because for A CR, A # () and bounded, 3 =infA = 3{y,} C A such that z,, — 3.
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Since 3(y + yo) € M we have

1(1/2)(y +yo) — | = d.

Hence

ly = wol* < 4d® — 4d* = 0,
then ||y — yo|| = 0 and y = yp. O

Note that as a geometric interpretation, here y is the projection of x on M. It

will be clearer if one applies this for any a € R? where M be the z—axis.

Theorem 2.1.24. [8] (The Projection Theorem)
Let M be a closed subspace of H. Then any z € H can be written uniquely as
r=y+zwithy € M and 2 € M+,

Proof. [8] Let y be the projection of x on M, and set z = = —y. We show that
ze Mt

Let t € R and m € M.

According to the Proposition (A.1.1) d = ||z — y|| = inf,ep ||z — n|| < ||z — (y +
tm)]|, since y + tm € M. Then by using parallelogram law (||u + v||*> + ||u — v||* =
2[Jul|* + 2||v||*) and the equation Re{u,v) = 1/4(||u+ v||* — ||u — v[]?),

d* < o= (y+tm)||* = [[(z —y) —tm|* = (1/2)[[(z —y) —tm|* + (1/2) | (z —y) — tm]*
= |llz = ylI* + £llml* = (1/2)(z —y) + thQ] +(1/2)l|(z — y) — tm]*
= [lo —ylI* +*[|m|* - [(1/2)||($ —y) +tm|* = (1/2)l|(z —y) - tmIIQ]
= llz — ylI* + £*[Im||* — 2tRe(x — y,m) = d* + t*|m||* — 2tRe(z — y,m)

for all ¢, so

t2||ml]? — 2tRe{x —y,m) >0 for all t € R

which implies that (z —y,m) = (z,m) =0 so z € M+ since m € M was arbitrary.
To prove uniqueness|9], let

r=y+z=1y+ 2
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where v, € M and 2,2, € M*. Then y —y; = 21 — 2. Since y —y; € M and
y—y =z21—2 € M+t y—y, € MN M+ = {0} by Proposition (2.1.22). Hence y = y,

and z = 2. O
Proposition 2.1.25: H+ = {0}.

Proof. By Projection Theorem (2.1.24) any « € H can be written uniquely as z = y+=z
with y € H and 2z € H*. Since z and y in ‘H then (z —y) = 2 € H. Here we also have
z € Ht. Then by Proposition (2.1.22) z € HN'H* = {0}. Therefore H+ = {0}. O

Proposition 2.1.26. For any subset W # () of a Hilbert space H, the space M of
all finite linear combinations of elements of W, M = spanW, is dense in ‘H if and

only if W+ = {0}.

Proof. (=) Let M = spanW is dense in H and x € W+. Here v € M = H and
so there is a sequence {z,} in M such that z, — z. Since z € W+ and W+ 1M
2 we have (z,,7) = 0 for all n € N. Then continuity of inner product implies that
(Tn, ) — (x,2) = ||z||*> = 0 which means # = 0. Therefore, W+ = {0} since z was
arbitrary in W+,

(<) Let Wt = {0} and M = spanW. Now assume that z € M+ which means z L M,
then z LW and so z € W. Hence z = 0 and since x was arbitrary in M+, M+ = {0}.
Then by Proposition (2.1.23) and Proposition (2.1.25), (M*)* = {0}* = M = H

which means M is dense in H. O
Proof of the Theorem 2.1.31:

Proposition A.1.2. Let {z1,---,x,} be a linearly independent set of vectors in a
normed vector space X (of any dimension). Then there is a number ¢ > 0 such that

for every choice of scalars oy, - -, oy, we have

lonzy + -+ - 4+ anzn|| > clloa| + -+ - + |an]) (¢c>0) (A.1)

2See Definition (2.1.20).
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Proof. We write s = |ag| 4 -+ + |a,|. If s =0, all a; are zero, so that (A.1) holds for

any c. Let s > 0. Then (A.1) is equivalent to the inequality

where 3; = a;/s and 7 [6;] = 1.
Hence it suffices to prove the existence of a ¢ > 0 such that (A.2) holds for every
n—tuple of scalars (31, -, 3, with Z?Zl |8;| = 1. Suppose that this is false. Then

there exist a sequence {y,,} of vectors
Y = B+ g, OB = 1)
j=1

such that

lym|| — 0 as m — oc.

Now obviously | ﬁj(-m)| < 1. Hence for each fixed j the sequence

"y =557+

is bounded. Consequently, by the Bolzano-Weierstrass Theorem, {ﬁfm)} has a conver-
gent subsequence. Let f; denote the limit of that subsequence, and let {y ,,} denote
the corresponding subsequence of {y,,}. By the same argument {y;,,} has a subse-
quence {ya,,} for which the corresponding subsequence of scalars Bém) converges; let
(o denote the limit. Continuing in this way, after n steps we obtain a subsequence

{Ynm} = Wn1,Ynas ) of {yn} whose terms are of the form

yn,m - Z,}/jm)xj (Z |’yjm)| = 1)
7j=1 7j=1

with scalars fy](-m) satisfying %(‘m) — [ as m — oo. Hence, as m — oo,
Ynm — Y = Zﬁjxj
j=1
where Y |3;| = 1, so that not all §; can be zero. Since {z1,---,z,} is a linearly

independent set, we thus have y # 0. On the other hand, v, ., — vy implies ||ynm| —
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|lyll, by the continuity of the norm. Since ||y,,|| — 0 by assumption and {yn..} is a
subsequence of {y,,}, we must have ||y,|| — 0. Hence |ly|| = 0, so that y = 0. This

contradicts y # 0 and the lemma is proved. O

Theorem 2.1.31. Every finite dimensional inner product space is a separable Hilbert
space.

This is based on the theorem that; every finite dimensional subspace Y of a normed
vector space X is complete. In particular, every finite dimensional normed vector

space is complete.

Proof. We consider an arbitrary Cauchy sequence {y,,} in Y and show that it is
convergent in Y. Let dimY = n and {ej,---,e,} be any basis for Y. Then each y,,

has a unique representation of the form

Ym = ozgm)el + o alMe,.

Since {y,,} is a Cauchy sequence, for every £ > 0 there exist an N € N such that
|Ym — yr|| < € for all m,r > N. From this and Proposition (A.1.2) we have for some

c>0
€ > Hym - Z/rH = H Z<&§m) . ay))ejH > CZ |a§m) _ a§.’“>|
=1 j=1

where m,r > N. Division by ¢ > 0 gives
(m) (r) - (m) (r) £
a; — <E - < - m,r > N).
| 7 7 | — = | 7 7 | c ( - )

This shows that each of the n sequences

() =W, a? ) =120

J J 2770

is Cauchy in R or C and so converges. Let agm) — ;. Using these n limits o, - - -, iy,
we define

Yy =aie1 + -+ auey,.

Clearly, y € Y. Furthermore,

g — yll = 11> (4™ = ap)esll <3 1ad™ — ayllle; -
j=1 j=1
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Here since oz;m) — «; then ||y, —y|| — 0, that is, y,, — y. This shows that {y,,}
is convergent in Y. Since {y,,} was an arbitrary Cauchy sequence in Y, this proves

that Y is complete. O
Proof of the Theorem 2.1.32:

Theorem A.1.3. [§8/(Pythagorean Theorem)

Let {z,}2_, be an orthonormal set for a separable Hilbert space H, then for all x € H

N N
21> = W, wa) P+ e = (@, )zl (A.3)
n=1 n=1

Proof. [8] Write 2 = y + z, where y = SN (2, 2,)x,, and 2 =  — y. We check that
(y,2) =0

(y,z) = <§:<x,xn)xn, xr— ﬁ:(:c,xm>xm>

n=1 n,m=1
N N
=Y ) = [z, z)P =0
n=1 n=1
Consequently, [|z[|* = (y + 2,y + 2) = [ly||* + || 2[>. 0

An immediate consequence of the Pythagorean theorem is the following inequality,
known as Bessel’s inequality[8]. For any orthonormal set {z,})_, and any vector

x € H, we have
N

Dz, za)l? < el

n=1
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Theorem 2.1.32.[8] Let B = {x,,} be an orthonormal basis for an infinite-dimensional

separable Hilbert space ‘H. Then for any x € H

[e.e]

T = Z(m,xn>xn

n=1

where the sum converges absolutely and

[e%9)
l)* = [, za) .
n=1

Conversely, if {c,} is a collection of complex numbers satisfying Y, |c,| < oo then

Yo | cay, converges absolutely to a vector in H.

Proof. [8] Let x € H and = # 0. Consider the sequence {(z,z,)} in C. By
Pythagorean Theorem (A.1.3) we have

m

>z, za) P < )l (A4)

n=1
. m 2 - . . . .
for any m. Since > " | |(x,z,)|* is a monotonically increasing sequence, it converges,

by (A.4), as m — oo and

e}

D M,z <l (A.5)

Now define a sequence of vectors in ‘H by

m

2™ = Z(m, L) T (A.6)

n=1
Then (A.6) is a Cauchy sequence, since for m > k we have
2 = 2@ = Y (wza)zal? = Y (@)
n=k+1 n=k+1
which, by (A.5), converges to zero as m,k — oo. Consequently, 3z’ € H such that

&' = liMy—0or™. By construction (z',x,) = (x,z,), and so for all n
(' —x,2,) =0

which shows that 2’ — x is orthogonal to the orthonormal basis {z,}. But by maximal-

ity of the orthonormal basis, we must have 2’ —xz = 0, for otherwise {2’ —x, x1, 29, - -}
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would be an orthonormal basis properly containing {x,}. Consequently, z = 2’ and

the sum
(o)

x = Z(x,xn>xn

n=1

converges where
o
2 1. (TL) 2 2
> = tim (o] = 3" |2, 2,)]
n=1
by continuity of the norm. O]

Proposition 2.1.35. Let X and Y be two vector spaces and T : D(T) — Y, with

D(T) C X, be a linear operator. Then if T~! exists, it is a linear operator.

Proof. First we show that the range R(T") of any linear operator T is a linear space.

Take any y1,y2 € R(T) and show that ay; + By, € R(T) for any scalars o and
B. Since y1,y2 € R(T), we have y; = Txy, yo = Ty for some 1, x5 € D(T), and
axy + Bxe € D(T') because D(T) is a vector space. The linearity of 7" yields

T(axy + fro) = aTxy + fTay = ayr + Byo.

Hence ay; + Bys € R(T). Since y1,ys € R(T) were arbitrary and so were the scalars,
this proves that R(T') is a vector space.

Now we will show that 7! is a linear operator. Assume that 7! is exist. The
domain of T~! is R(T) which is a vector space as shown above. We consider any

x1, xo € D(T) and their images
yp =Txy and yy = Txs.

Then

= T_lyl and z9 = T_lyQ.
T is linear so for any scalars «, 3 we have
ayr + Pys = aTxy + fTxy = T(oxy + Bs).
Since x; = T 1y;, we have
T~ oy + Bin) = axy + Py = oIy + BT 'y

which shows linearity of 7. O
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Theorem 2.1.36. Let X and Y be two vector spaces and T : D(T) — Y, with
D(T) C X, be a linear operator. Then T~!: R(T) — D(T) exists if and only if

Ter=0 = 2x=0,
i.e., ker(T)= {0}.
Proof. (<) Suppose that Tx = 0 implies = 0. Let T'xy = T'zo. Since T is linear,
T(xy —x9) =Taxy — Txg =0,

so that 1 — 29 = 0 by hypothesis. Hence Tz, = Tz, implies x; = x5, and so T}
exists.

(=) If T~} exist, then Tz, = Txy implies x; = x5. From that with 25 = 0 we obtain,
Tx,y=T0=0 = z; = 0.
UJ

Theorem 2.1.39. Let X and Y be two normed vector spaces. A linear operator

T:D(T)— Y, with D(T) C X, is continuous at a point xg € D(T) if and only if
T, — x9 implies Tz, — Txy.
Proof. Assume T is continuous on xy. Then, for all € > 0 there is a § > 0 such that
|lx — x|l < implies ||Tx — Tzl < e.
Let x,, — x9. Then there is an N € N such that for all n > N we have
|z, — nol| < 0.

Hence for all n > N,

| Tx, — Txo| < e.

By definition, this means that T'x,, — T'zo.

Conversely, we assume that

Tp — o implies T, — Tz
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and prove that then T is continuous at xg. Suppose this is false. Then there is an

e > 0 such that for every § > 0 there is an x # x satisfying
|lx —xo]| <0  but ||[Tz— Tzl > €.
In particular, for § = 1/n there is an x,, satisfying
|xn —zo|| < 1/m but ||Tz, — Tzl > €.

Clearly x,, — o but (T'x,) does not converge to Txy. This contradicts Tz, — Tz

and proves the theorem. O

Proposition 2.1.40. Let X and Y be two normed vector spaces and 7" : D(T') — Y,
with D(T)) C X, be a linear operator. If for each sequence {z,} C D(T) with

lim, . z, = 0, we have lim,,_,o, Tz, = 0 then T is continuous.

Proof. Take any sequence {z,} from D(T) such that x,, — = € D(T). Let {y,} be a
sequence such that {z,, — x} = {y,}. Then {y,} be in D(T') since D(T') be a linear

vector space and y,, — 0. Now by assumption Ty, — 0 then
Ty, =Tz, —z) =Tz, —Tr - 0= Tz, — Tx.

Since {x,} was arbitrary 7" is continuous linear operator on D(T). ]

Theorem 2.1.41. Let X and Y be two normed vector spaces and T : D(T) —
Y, with D(T) C X, be a linear operator. Then the following two statements are

equivalent:
1. T is continuous;
2. T is bounded .

Proof. (2) = (1) We have ||Tz|| < ¢||z|| and we want to show that 7" is continuous

ie., for any {z,,} — 0, {T'z,} — 0. Then since

lim || Tx,| <clim ||z, =0
n—od n—oo
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T is continuous linear operator.

(1) = (2) Suppose T is continuous but unbounded. This means that there exists
a sequence {z,} in D(T), with ||z,|| < M, such that |[Tz,| > n||z,|. Let y, =
T, ||Tz,|| 7. Then {y,} C D(T) since D(T) is a linear vector space and |y,|| =
o/ | Tz, || < L. Here y,, — 0 but [|Ty,|| = 1, ie., y, — 0 but lim,_.o Ty, # 0.
This contradicts the continuity of T, so T" must be bounded. O

The Riesz’s Theorem:

Proposition A.1.4. [8] For any bounded linear functional f : H — K, with D(f) =
H and K =R or K = C, on a Hilbert Space 'H, kernel of f,

ker(f) = {z € H[f(z) = 0},

is a closed subspace of codimension one (by codimension of a subspace M in H, we

mean dim M~ in H) provided f # 0.

Proof. [8] ker(f) is a subset of H, and so vector addition and multiplication by
scalars is defined in this set. ker(f) is a vector space, because obviously for any
z,y € ker(f), x +vy € ker(f) and for any scalar o, ax € ker(f). To show ker(f)
is closed, let {z,} C ker(f) with z,, — z in H. Then f(z) = f(lim, o T,) =
lim, .o f(x,) = 0 by continuity of f. Note that f is continuous by the Theorem
(2.1.41), since it is a bounded linear (operator) functional. Hence = € ker(f), and
since {z,} is arbitrary, ker(f) is closed. For the codimension, assume f # 0, then
ker(f) # H. By Projection Theorem (2.1.24), there exists g # 0 € H such that
zo € ker(f)* and so f(xg) # 0. Then by linearity of f for any x € H we have

flx = f(@)f(zo) ') = flx) — fz) = 0.

Hence (z — f(x)f(z0) tzo) € ker(f) for all x € H. But if y is any vector in ker(f)*
where xg € ker(f)* then (y — f(y)f(zo) ‘xo) € ker(f)*. Therefore by (2.1.22)

y = f()f(wo) wg =0

which implies that ker(f)* is one dimensional. O
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Theorem 2.1.47. (Riesz’s Theorem)
Every bounded linear functional f : H — K on a Hilbert space H with D(f) = H

can be represented in terms of the inner product as
f(@) = (z, 2)
where z is uniquely determined by f, and satisfies

(1= 1I£I

Proof.

1. f has a representation f(x) = (z, z).

2. z is unique.

3. |lzll =[£Il

If f =0, then take z = 0so f(z) = (z,2) and ||z|| = || f||-
Let f # 0;

1. [8]What properties z must have if a representation f(x) = (z, z) exist.
i) z # 0, otherwise f = 0.
i) (y,z) =0 Vy € Null(f). Then by Proposition (A.1.4) there exists a nonzero
z € Null(f)* and we can set

_ (=)

= 2
N

for a nonzero 29 € Null(f)*. Now given any = € H,

Sz — f(x)f(z0) '20) =0, hence (x— f(x)f(z0) '20) € Null(f).

Hence, by computation:

(.2 = T gy = LEO oy () 10) 20+ @) (0 20). 20
ol ol
f(20)
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= L 04 (@) o))
_ ﬁfﬁl [F@)f o)zl
~ /()

2. [9]Let for all x € H, f(z) = (x,21) = (x,22) then (x,2; — z2) = 0 for all z.
Choosing the particular & = z; — 2o we have (2; — 29, 21 — 29) = |21 — 22||* = 0.

Hence z; = z5.

3. [9]Let f # 0. Then z # 0. By the equation f(z) = (z,2), f(2) = (2,2) =
121 < LFIl 1z[ and so [|z]| < [|f]l. Moreover |f(z)] = [{z,z)| < [l [lz[| by
Schwarz inequality (|(z,y)| < ||z|||ly|]|) and by taking the sup over ||z| = 1,
[FII < [|=]]- Hence [|z[| = [|f]

[]

Proposition 2.1.49. Dual space H' of H and H are isomorphic normed vector

spaces. One can express this more briefly by saying that dual space H’ is H.

Proof. By Theorem (2.1.47), any f in H' is defined uniquely by a z € H in f(z) =
(x,z). Conversely for any z € H we can define a bounded linear functional on H
such that (z,z) = f(z), « € H. Hence there is a one-to-one correspondence between
the elements of H' and H. These elements are also isometric by the same theorem.

Hence H' and H are isomorphic normed vector spaces. O
Proof of the Theorem 2.1.51:

Definition A.1.5. (Sesquilinear form)
Let X andY be vector spaces over the same field K (= R or C). Then the sesquilinear

form (or sesquilinear functional) h on X x Y 3 is a mapping

h:XxY —K

3Set of all ordered pairs (z,y), where 7 € X and y € Y.
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such that for all x,x1,x0 € X and y,y1,y2 € Y and all scalars «, 3,

h(zy + z2,y) = h(z1,y) + h(xe,y) (A.7)
Wz, y1 +y2) = bz, y1) + h(z, y2) (A.8)
hax,y) = ah(z,y) (A.9)
h(z, By) = B"h(z,y). (A.10)

Hence h is linear in the first argument and conjugate linear in the second one. If X

and Y are real (K =R), then (A.10) is simply

h(x, By) = Bh(z,y)

and h is called bilinear since it is linear in both arguments.
If X andY are normed vector spaces and if there is a real number ¢ such that for

all x,y
|h(z, y)| < cllzllllyll,

then h is said to be bounded, and the number

h(x,
= sp @O0 @) (A.11)

vex—{o}, yev—ioy NZllYll  jej=1, lyl=1

18 called the norm of h.

Lemma A.1.6. If (v;,w) = (vy,w) for all w in an inner product space X, then

vy = ve. In particular, (vi,w) =0 for all w € X implies vy = 0.
Proof. By assumption, for all w,
(v1 — vy, w) = (v, w) — (vy,w) = 0.

For w = v; — vy we obtain |[[v; — v,]|> = 0. Hence v; — vy = 0 and v; = vy. In

particular, (v;,w) =0 with w = v; gives |v1||* =0, so that v; = 0. O

Theorem A.1.7. (Riesz representation)

Let Hy, Hy be Hilbert spaces and

hIH1XH2—>K
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a bounded sesquilinear form. Then h has a representation
h(z,y) = (Sx,y) (A.12)

where S : 'Hy — Hs is a bounded linear operator. S is uniquely determined by h and
has norm

151 = [IAdl- (A.13)

Proof. We consider h(z,y)* which is linear in second argument because of complex

conjugation. To make Riesz Theorem (2.1.47) applicable, we keep x fixed and define
fe(y) i= hlz,y)" = (y, 2).
Hence z is uniquely determined by f, depending on z and
W) = (29). (A.14)
Then (A.14) with variable = defines an operator
S:Hy — Hy given by z=Sx.

Substituting z = Sz in (A.14), we have (A.12).
Now we show that S is linear, bounded and ||S|| = ||h]|. S is linear since

(S(awi + Br2),y) = h(aw: + Bra,y) = ah(zr,y) + Bh(z2,y)

= a(Sxy1,y) + B(Sz2,y) = (aSxy + fS2, )

for all y € Hy and hence by lemma (A.1.6),

S(axy + Bry) = aSxy + BSxs.

S is bounded since

= sup Em®LS o BSmSHl 1Sz

sroer, y2oer I T sroers, sozo) 21182l wroer, [l

by (A.11) and (A.12). Now we just show that ||| < [|S]| for obtaining (A.13). By

= [I5]

Schwarz inequality (|(x,y)| < [|z|||y||):

(S, y)]
zr0et, y2oers |12 [yl

e USellsl o lSal

Al = < = =
TA0EH 1, yA0EH, [yl z£0€H | ]|

151]-
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S is unique. Assume that there is a linear operator 1" : H; — Hs such that for all

x € Hy and y € Hy we have

h(z,y) = (Sz,y) = (Tz,y).
Then for all x € Hy, Sx = Tz by Lemma (A.1.6) and hence S = T by definition. [

Theorem 2.1.51. (Existence)
The Hilbert-adjoint operator T of T in Definition (2.1.50) exists, is unique and is a

bounded linear operator with norm
17| = [|T. (2.61)
Proof. The formula
h(y,z) = (y,Tx) (A.15)

defines a sesquilinear form on Hs X H; since inner product is sequilinear by definition

and 7 is linear. Then A is bounded because
\h(y, )| = [{y, Tx)| < [yl T=|| < [|T]]|[||yl (A.16)

by Schwartz inequality(|(z,y)| < ||z|/||ly||). Equation (A.16) also implies that ||h| <
|T||. Next we show that ||| > ||

T Tz, T T
= s &IOS [Tz, Ta)| _ [
y#0er, ar0ery |||yl (To20), s2ocks 1T TZ]  zr0emn. |7

I7°]-

Hence,

1A= {17l

By Theorem (A.1.7) there exists a unique bounded linear operator, denote as 17, for
h such that
h(y,x) = (T'y, z) (A.17)

where T7 : Hy — H; has the norm || T7]| = ||k||. Then we have
1T = IR = 11T

which proves (2.61). Moreover by (A.15) and (A.17) we obtain (y, Tx) = (T'y, x)
and that gives (2.56) by taking complex conjugates. O
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Theorem 2.1.52. Let H;, Hs be Hilbert spaces, S :H; — H> and

with D(S) = D(T') = Hy, bounded linear operators and « any scalar.

1L (Tly,z) = (y,Tx) (z € Hi,y € Hy),

2. (aT)" = a*TT,

3.(TH =T,

4|77 = |77 = ||T|P%,

57T =0 & T =0,

6. (ST)' =T1ST  (assuming Hy = H,),
where * denotes the complex conjugate of the scalar.

Proof. We need following lemma for the proof;

T:HIHH27

Then we have
(2.62)

(2.63)
(2.64)
(2.65)
(2.66)

(2.67)

Lemma:Let X and Y be two inner product spaces and ) : X — Y a bounded linear

operator. Then, @ =0 if and only if (Qz,y) =0forall z € X and y €Y.

Proof: @ = 0 means Qz = 0 for all x and implies (Qz,y) = (0,y) = 0 for all y.

Conversely, (Qz,y) =0 for all z and y implies Qz = 0 for all z by lemma (A.1.6)

and shows () = 0 by definition.

1. From (2.56) we have,
(Thy,x) = (&, T"y)" = (Tw,y)" = (y, Tx).

2. By using (2.62),

(aD)ly, ) = {y. (aT)a) = (y, a(Tw)) = a*(y, Ta) = a* (T'y,2) = (@ Ty, 2).

Then let Q = (aT)" — o*TT and apply the above lemma.
3. By using (2.62) and (2.56), for all = € H; and y € Hy we have,

(TN, y) = (@, Ty) = (Tz,y),

then (2.64) follows from the above lemma with Q = ()T — T.
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4. Note that T'T : H; — H; and TT' : Hy — Hs. By Schwarz inequality

(K2, ] < llzllllylD)
|T|* = (T, Tow) = (T'Tw, ) < |T"Tx|||l«|] < |77 ||

Then [[Tal?/|je|? < |TT| and |[T2]/|lz] < /T moreover
sup#(]eHl(HTxH/HxH) < V/|ITTT|| and hence ||T|| < +/||TtT|| which implies

T < IT*7].

By using the inequality ||T175|| < [|T1]||| 72| for two bounded operators (since
1T Tox|| < ITall[[Toxl| < I3 T2Mllll, (T3 Toxll/ll=]] < T2l 2]l and by taking

supremum over z # 0 we obtain related inequality) and (2.61)
ITI* < 7' < |\THITI = ITIIT] = 1T
Hence ||T7T| = ||T||>. Replace T by T and apply (2.64) then by (2.61)

ITHTH| = 1T = |77 = | T

5. From (2.65), we easily see (2.66).

6. Repeated application of (2.56) gives
(z, (ST)'y) = ((ST)a,y) = (T, S'y) = (z, T"Sy).

Then ((ST)'y,z) = (I"STy,z) for all € H = H; = H, and so by (A.1.6)
(ST)'y = T1STy for all y € H which is (2.67) by definition.

]

Proposition 2.1.54. The adjoint 77 of a linear operator T : D(T) — H with
D(T) C 'H and H a Hilbert space is not well-defined unless T is densely defined, i.e.,
D(T) is dense in H.
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Proof. First note that D(T) consists of all y € H such that there is a § € H satisfying
(Tz,y) = (z,7) for all z € D(T) and TT is defined in terms of that § by § =
Tty.* Assume that D(T) is not dense in H, i.e., D(T) # H. Hence the orthogonal
complement of D(T') contains a nonzero y; such that (x,y;) = 0 for all x € D(T).

Then

(,9) = (z,9) + (&, 1) = (2, § + y1),
which shows non-uniqueness. On the other hand, if D(T') is dense in ‘H then D(T)+ =
{0}. Hence (x,y;) = 0 for all z € D(T) is just satisfied for y; = 0. O

Hellinger-Toeplitz Theorem:

Definition A.1.8. (Category)

A subset M of a normed vector space X is said to be

(a) rare (or nowhere dense) in X if its closure M has no interior points,

(b) meager (or of the first category) in X if M is the union of countably many sets
each of which is rare in X,

(c) nonmeager (or of the second category) in X, if M is not meager in X.

Theorem A.1.9. (Baire’s Category Theorem) If a normed vector space X # () is
complete, it is nonmeager in itself.

Hence if X # 0 is complete and
X = U Ay (Ay closed) (A.18)
k=1

then at least one Ay contains a nonempty open subset.

Proof. Assume by contradiction that the complete normed vector space X # () is

meager in itself. Then

X =J M (A.19)
k=1

with each M rare in X. We will construct a Cauchy sequence {p;} whose limit p

(which exist by completeness) is in no M, hence contradicting the representation

(A.19).

4See Definition 2.1.53.
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By assumption, M; is rare in X, so that, by definition, A, does not contain a
nonempty open set. But X does (for instance, X itself). This implies M; # X.
Hence the complement Mlc = X\M, of M is not empty and open. We choose a

. . == C .
point p; in M,  and an open ball about it, say,

—C 1
By = B(pl;ﬁl) C Ml , e < 5

By assumption, M, is rare in X, so that M, does not contain a nonempty open set.
. . .. . — C .
Hence it does not contain the open ball B(pl;% £1). This implies that M, is not

empty and open, so that we may choose an open ball in this set, say,

—C 1 1
By = B<p2;€2> C M2 ﬂB(pl; 5 81), g < 5 £1.

We obtain a sequence of balls
By = B(pier), ex<2F
by induction such that B, N M, = () and

1
Bk+1 C B(pk7§ 5k> C By k:1,2,

Since g, < 27, the sequence {py} of the centers is Cauchy and converges, say, pr —
p € X because X is complete by assumption. Also, for every m and n > m we have

By, C B(pm; 5&m), so that

1 1
12m = Dl < Ipm — pull + l2n — 2| < 5 Emt lpn — Il — 5 Em

. —C
as n — oo. Hence p € B, for every m. Since B,, C M, , we now see that p ¢ M,,
for every m, so that p ¢ \,._, M,, = X. This contradicts p € X. Baire’s theorem is

proved. 0

Theorem A.1.10. (Uniform Boundedness Theorem)
Let {T,,} be a sequence of bounded linear operators T, : H — H, with D(T,)) = H,
such that {||Tx||} is bounded for every x € H, say,

1Tzl <ex n=1,2,-- (A.20)
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where ¢, is a real number. Then the sequence of the norms ||T,|| is bounded, that is,

there is a ¢ such that

T <c n=1,2,---. (A.21)
Proof. For every k € N, let Ay C H be the set of all x such that
|Thz|| <k for all n.

Now we show that Ay, is closed. Let {z;} be any sequence in Ay, such that z; — = in
H, then we have ||T,,x;|| < k for all j and for all n. Then by continuity of norm and
continuity of T, ® we have ||T,,z|| < k and hence x € 4.

By (A.20), each € H belongs to some Aj. Hence

k=1

Since H is complete, Baire’s Theorem (A.1.9) implies that some Ay contains an open
ball, say,
By = B(xg;1r) C Ag,. (A.22)

Let a nonzero x € ‘H be arbitrary. We set

. r
2|

2=xo+yT 7 (A.23)

Then ||z — x¢|| < 7, so that z € By. By (A.22) and from the definition of Ay, we
have ||T,,z|| < ko for all n. Also ||T,xo| < ko for all n since xz¢ € By. From (A.23) we
obtain

xr = ;(z — Zp).

Then for any nonzero x € 'H

2][x]

1 1 1 4
[Tnz]l = T (z=zo)|| < Z (I Tnzl|+[Tazol]) < Z(kothko) = ~2ko = ——2ko = —||z[|ko
g g g r r

= |~

for all n. Hence

4
[Tl = sup [|Thzl] < ~ko
Jall=1 r

for all n, which is of the form (A.21) with ¢ = 2k. O

5Ty, are continuous by Theorem (2.1.41) since they are bounded.
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Theorem 2.1.56. (Hellinger-Toeplitz Theorem)
If a linear operator 1" : H — H is defined on all of a complex Hilbert Space H, and
satisfies (T'x,y) = (x, Ty) for all =,y € H, then T is bounded.

Proof. Otherwise H contain a sequence {y,} such that
lynll =1 and || Tyy|| — oo.
We consider the functional f,, defined by
ful@) = (T, yn) = (x, Tyn)

where n = 1,2, ---. Each f, is defined on all of H and is linear. For each fixed n, the

functional f,, is bounded since the Schwarz inequality (|(x,y)| < ||z|/||y]|) gives

[ fu(@)| = [z, Tyn)| < 1 Tyall llz]-

Moreover, for every fixed x € H, the sequence {f,(x)} is bounded. Indeed, using

Schwarz inequality and ||y, || = 1, we have

[fn(@)| = (T, yn)| < | T|

From this and Uniform Boundedness Theorem (A.1.10), we conclude that {||f,||} is

bounded, say, ||f.|| < k for all n. This implies that for every x € H we have

(@) < [ full [l2]] < K]

and, taking x = T'y,, we arrive at

I Tynll> = (Tyns Tyn) = | fa(Tyn)| < K[| Tyal-

Hence [|Ty,|| < k, which contradicts our initial assumption ||Ty,| — oo and prove

the theorem. N

Theorem 2.1.58. If a normed space X is finite dimensional, then every linear
operator on X is bounded and linear operators on finite dimensional vector spaces

can be represented in terms of matrices.
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Proof. Let dimX =n and {ey,---,e,} a basis for X. We take any x = > 7 {;e; and

consider any linear operator 7" on X. Since T is linear,
n n n
Tzl = 11D &Te;| <D 1611 Tes < max || Tey >4
j=1 j=1 j=1

To the last sum apply Proposition (A.1.2) with a; = §; and z; = e;. Then we obtain

= R 1
> lgl < Al > el = ]
j=1 j=1

Hence T is bounded, since
1
Tz <Allefl, where 5= —max|[Te.

Let T: X — Y and Y is a vector space over the same field as X and {by,---,b,}
is a basis for Y. Vectors in bases are arranged in a definite order which is kept fixed.

Every z € X has a unique representation as
x==E&e+ -+ &en (A.24)

and since 7' is linear, x has the image
y=Te=T( &e) = &Te;. (A.25)
j=1 j=1

Since the representation (A.24) is unique; 7' is uniquely determined if the images
y; = T'e; of the n basis vectors ey, - - -, e, are prescribed.

Now y and y; = T'e; have unique representation in Y such that

y=>_ mb
k=1

r
Tej = E Tkjbk-
k=1

Substitution into (A.25) gives

T T

y=> mbi =Y &Te; => &Y b = > (O 7&)bi.
k=1 j=1

j=1 k=1 k=1 j=1
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Since b,’s are linearly independent, coefficients of each b, on the left and on the right

must be the same, that is
ﬁk:ZTkjgj k=1,--,r (A.26)
j=1

In these chosen bases, matrix representation of 7' is,

T= (Tkj).
&
That is, since x has a unique representation in the basis {ey, -, e,} as : and
€n
m
y has a unique representation in the basis {b;,--, b} as : we have
M
m T 0 Tin &1
Ny Tr1 - Trn gn
for
y="Tux.
[
Lemma 2.2.7. [19] (Landau)
Let ¢ = (c1, ¢, -+ +) be any sequence of scalars ¢, € K. If
‘ RRARA (2.101)
a=1

for some k € R and for all a = (a1, as, - -+) in He® then ¢ = (c1, co, -+ +) is in Hy.
Proof. 7 First define ¢ such that

no.__
c = (Cl7627c37”'7cn70707”'>

6See Definition (2.2.5).
"Thanks to Prof. Ali Ulger for his suggestion for the proof.
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which is in Hy obviously, since finite sum >~ _, |co|> < 0o. Then define the sequence

of linear functionals f,, : Hy — C, with D(f,) = Ho, according to
fnla) = anaz.
a=1
Then by Schwarz inequality (|(z,y)| < |lz|/||yl|)
> caa] <\ [ leal)(S laal?).
a=1 a=1 a=1

Now define k,, := (3"'_, |cal?)'/?. Noting that (32"_, |aa|?)/? < ||a|| we obtain

fal@)] = | Y cac
a=1

for all a € Hy. Hence {f,} is a sequence of bounded linear functionals. Observe that

< knllall

Jn = D oer Caal as n — oo, and for every a € Hy
lim | f,(a)| < kf|al]
n—oo

by (2.101) and continuity of the norm. Then by Uniform Boundedness Theorem
(A.1.10) there is a [ € R such that

Ifall <1 forallm e Z7*.
Next, note that
1P = fule) < Walll?l = el < 1.

Furthermore,

| fn(a)] (", a)l " ||[]al
||fn|| = Supa;zéOGHomT” = Supa;éOEHoW < 5upa7é0€HoW = HCRH,

by Schwarz inequality. Hence
[fnll = lle™]
and .
Jim (| = el = (3 Jea)? < 1.
This shows that . -
Z lcal® < o0
a=1

and ¢ € H,. O
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A.2 Proofs of Theorems in Chapter 4.

Positive Square Root of a Positive Operator:
Let 7Y : ' H — H and T, : 'H — 'H be two bounded Hermitian linear operators on
a Hilbert space H. Note that, in the following

(Thax,x)y < (Tyx,x) ¥V o € H written as T < Ty,

(Tx,x) >0 Vxe€H writtenas T >0 and

T1§T2 = OSTQ—Tl

Theorem A.2.1. (Product of positive operators)
If two bounded Hermitian linear operators S and T on a Hilbert space H are positive

and commute, then their product ST is positive.

Proof. We must show that (STz,z) > 0 for all =z € H. If S = 0, this holds. Let
S # 0. We proceed in two steps (a) and (b):
(a) We consider

1
Sl = ms, Sn+1 = Sn - 8727, (n = 17 27 o ) <A27)

and prove by induction that
0<S, <L (A.28)

(b) We prove that (STz,z) > 0 for all = € H.
The details are as follows:

(a) For n =1 the inequality (A.28) holds. Since 0 < .S implies 0 < S; and

(17, 2) = 7o (97, 2) < ISzl < Jl2ff* = (Lz, 2)

< ol
HSH HSH

shows that Sy < I by using Schwarz inequality (|(x,y)| < ||z]/||y||) and the inequality
1Szl < [1S][{l{]-
Now assume that (A.28) holds for n = k, that is,

0<S5.<I, andhence 0<I-5,<L
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Then since Sy is Hermitian, for every x € H we have
(SET — Sp)x, ) = (T — Sg) Sk, Spr) = (T — Sp)y,y) >0
where we set y = Spx. By definition, this proves
SEHI — Sy) > 0.

Similarly,
Sp(I — Sk)* > 0.

By addition and simplication,
0<SEI— Sy) + Sp(l— Sp)* =57 — S+ 5 — 257+ S = S — S7 = Sy
Hence 0 < Siy; and since S >0 and I— Sj > 0 we have
0<T—Sp+Si=1- Sk

which implies Syy; < I. This completes the inductive proof of (A.28).
(b) We now show that (STx,z) > 0 for all = € H. From (A.27) we obtain

successively
S =87 +8 =8 +S3+S3=---=S7+ S5+ + 52+ 5,11

Since 5,11 > 0 we have

Then
oISl =D (Sjx, Sjx) = > (Siw, ) < (Siw, )
j=1 j=1 j=1

by Hermiticity of Sj.
Since n is arbitrary, the infinite series ||Siz||* + ||Sax||* + - - - converges. Hence

|Snx|| — 0 and S,z — 0. By (A.29),

(iSf)x = (51— Shy1)r — Sz (n— o0). (A.30)
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All the S;’s commute with 7 since they are sums and products of S; = [|S]|7'S and
S and T commute. Using S = ||5||S1, (A.30), inequality 7" > 0 and the continuity
of the inner product, we obtain for every x € 'H
(STw,x) = |SI(TS1z, ) = |S|| lim Y (TSFx,x) =||S|| lim » (Ty;,y;) >0
j=1 j=1

where we set y; = 5. O

Definition A.2.2. (Monotone Sequence)
A monotone sequence (1,) of bounded Hermitian linear operators T, on a Hilbert

space 'H is either monotone increasing, that is,

I <Th<T3<---
or monotone decreasing, that is,

2T, 213> ---.

Theorem A.2.3. (Monotone Sequence)
Let (T,,) be a sequence of bounded Hermitian linear operators on a complex Hilbert

space 'H such that
<< <T,<---<K (A.31)

where K is a bounded Hermitian linear operator on H. Suppose that any T; commutes
with K and with every T,,. Then (T,) is strongly operator convergent (T,x — Tz
for all x € H) and the limit operator T is linear, bounded and Hermitian and satisfies

T<K.

Proof. Let S, = K — T, and prove:

(a) The sequence ((S2z,z)) converges for every = € H.

(b) T,xr — Tx where T is linear and Hermitian. Moreover T' is bounded by
Uniform Boundedness Theorem (A.1.10).

The details are as follows:

(a) Clearly, S, is Hermitian. We have

S2 — 8,8 = (Sp = 8p) S = (T, — T (K —Tp,,).
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Let m < n. Then T,, — T,, and K — T,, are positive by (A.31). Since these operators
commute, their product is positive by Theorem (A.2.1). Hence S2, — S,,S,, > 0, that

is, S% >S5S, for m < n. Similarly,

SpSp — 82 = S, (S — Sn) = (K —T,)(T, — Tp,) > 0,

n

so that S,S,, > S2. Together,
S2 > 8,5, > S2  (m<n).
By definition, using the Hermiticity of S,,, we have
(S2x,x) > (S, Spx,x) > (S%x,x) = ||S,z]|* > 0. (A.32)

This shows that ((S2z,x)) with fixed x is a monotone decreasing sequence of nonneg-
ative numbers. Hence it converges.

(b) We show that (T,x) converges. By assumption, every 7, commutes with
every T, and with K. Hence the S;’s all commute. These operators are Hermitian.

Since —2(S,,Spx, ) < —2(S5%z,z) by (A.32), where m < n, we obtain
1Smx — Spz||* = ((Sm — Sn)T, (S — Sn)x) = (S — Sn)?x, )

= (anx, x) — 2(SpShz, ) + <Si$, z) < <S§1x,x) — (Sflx, x).

From this and the convergence proved in part (a) we see that (S,x) is Cauchy. It
converges since H is complete. Since T,, = K — S, (T,,x) is also converges. Clearly
the limit depends on =z, so that we can write T,z — Tx for every x € H. Hence
this defines an operator T :H — ‘H which is linear. 7' is Hermitian because T, is
Hermitian and the inner product is continuous. Since (T,,x) converges, it is bounded
for every 2 € H. Then Uniform Boundedness Theorem (A.1.10) implies that 7 is
bounded. Finally, T' < K since T, < K. O

Theorem 4.2.2. Every positive bounded Hermitian linear operator 7T : H — H on
a complex Hilbert space 'H has a unique positive square root A. This operator A

commutes with every bounded linear operator on ‘H which commutes with 7.
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Proof. We proceed in three steps:
(a) We show that if the theorem holds under the additional assumption (Tz,z) <
(Iz,z) for all x € H, (i.e T <), it also holds without that assumption.
(b) We obtain the existence of the operator A = T2 from A,z — Az, where
Ay =0 and
1

Ania :An+§(T—A3), n=0,1,---, (A.33)

and we also prove the commutativity stated in the theorem.

(c) We prove uniqueness of the positive square root.

(a) If T =0, we can take A =T"2=0. Let T # 0. By the Schwarz inequality

(€2, 9) ] < ll=[lllyl]),
(Tz,x) < || Tz < [ T]]l=[*.

Dividing by ||T'|| # 0 and set @ = (1/||T'||)T", we obtain
(Qw, ) < ||z||* = (Iz, ).

Assuming that @ has a unique positive square root B = Q'/? we see that a square

root of T = ||T||Q is ||T||*/?B since
(ITI1B)? = ||T|B* = | T||Q = T

Also, it is easy to see that the uniqueness of B implies uniqueness of the positive
square root of T.

Hence if we can prove the theorem under the additional assumption 7" < I, we
are done.

(b) We consider (A.33). Since Ay =0, we have Ay = 3T, Ay =T — T, et
Each A, is a polynomial in 7. Hence the A,’s are Hermitian and all commute, and

they also commute with every operator that 7' commutes with. We now prove
A, <I n=20,1,---; (A.34)

Ay < At n=0,1,- (A.35)

Apr — Az,  A=TY?% (A.36)
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ST=TS = AS=SA (A.37)

where S is a bounded linear operator on H.

Proof of (A.34):

We have Ay <T. Let n > 0. Since I — A,_; is Hermitian, (I — A, {)> >0 8%.
Also (Tz,z) < (Ir,z) Vee H= (I-T)z,z) >0 Vx € H,ie. I—T > 0. From
this and (A.33) we obtain (A.34):

Proof of (A.35):
We use induction. (A.33) gives 0= Ay < Ay = %T. We show that if A, < A,
for any fixed n then A, < A,;;. From (A.33) we calculate directly

Anir = A= Au b o (T = A) = Auy = ST = A2 = Ay = Auy — (42— A2)

= (A, — A1)l - %(An + A1)

Here A, — A,_1 > 0 by assumption and [I — %(An + A,_1)] > 0 by (A.34). Hence
Api1 — A, >0 by Theorem (A.2.1).

Proof of (A.36):

(A;,) is monotone by (A.35) and A, < Iby (A.34). Hence Theorem (A.2.3) implies
the existence of a bounded Hermitian linear operator A such that A,z — Ax for all

xr € H. Since (A,x) converges, (A.33) gives
1 2
Appir — Apx = §(Tx —Aix) — 0

as n — oo. Hence Ta — A%x = 0 for all z, thatis, T = A% Also A > 0 because
0=A <+ <A, <A, <--- by (A.35), that is, (A,z,x) >0 for all n € N and
for every x € H, which implies (Az,z) > 0 for every x € H by continuity of the

inner product.

8If T : H — M is a bounded Hermitian linear operator then T2 is positive since (T%x,z) =
(Tx,Tz) = ||Tz||* > 0 Vo € H.
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Proof of (A.37):

Obviously if T' commutes with S then any A, also commutes with S. That is
A, Sz = SA,z for all x € H. Letting n — oo, we obtain (A.37).

(c) Let both A and B be positive square roots of 7. Then A% = B? =T. Also
BT = BB? = B?B = TB, so that AB = BA by (A.37). Let x € H be arbitrary
and y = (A — B)z. Here (Ay,y) >0 and (By,y) > 0 because A >0 and B > 0.
Using AB = BA and A% = B2, we obtain

(Ay,y) + (By,y) = (A+ B)y,y) = (A = B*)z,y) = 0.

Hence (Ay,y) = (By,y) = 0. Since A > 0 and A is Hermitian, it has itself a
positive square root C, that is, C? = A and C is Hermitian. We then obtain

0= (Ay,y) = (C*y,y) = (Cy,Cy) = ||Cy|?

and Cy = 0. Also Ay = C?y = C(Cy) = 0. Similarly, By = 0. Hence (A—B)y = 0.
Using y = (A — B)x, we have for all z € H

|Az — Bz||* = ((A = B)*z,z) = (A — B)y,z) =0,
This shows that Ax — Bx =0 for all x € ‘H and proves that A = B. O

Theorem 4.2.7. [2] Let M be a set of Hermitian bounded operators on the Hilbert

space H. The following conditions are equivalent.

1. M is irreducible;
2. the commutant M’ of M consist of multiples of the identity operator;

3. every nonzero vector 1 € H is cyclic for M in H,or M =0and H =C.
Proof. [2]

(1) = (3) Assume there is a nonzero ¢ such that Span{Ay; A € M} is not dense
in H. The orthogonal complement of this set then contains at least one nonzero
vector and is invariant under M (unless M = {0} and H = C), and this

contradicts condition (1).
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(3) = (2) If Te M then TT e M' (AT =TA = TTA = ATT VA € M) and,
furthermore T+ TT € M’ and (T —T")/i € M’ (they are Hermitian). Thus
if M’ 2 CI then there is a Hermitian operator S € M’ such that S # Al
for any A € C. As all bounded functions of S must also be in the commutant,
one deduces that the spectral projectors of S (projection to its eigenspace) also
commute with M. But if E is any such projector and 1 a vector in the range
of E then 1 = E1 cannot be cyclic ( AE = FA = Ay = E(AY) VA € M)

and condition (3) is false.

(2) = (1) If condition (1) is false then there exist a closed subspace ) of H which
is invariant under M. But then (the projection to subspace ) Py € M’ and

condition (2) is false.
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