
ANDERSON LOCALIZATION IN
NON-HERMITIAN SYSTEMS: SKIN EFFECT

AND SCALE-FREE LOCALIZATION

a thesis submitted to

the graduate school of engineering and science

of bilkent university

in partial fulfillment of the requirements for

the degree of

master of science

in

physics

By

Burcu Yılmaz

August 2024



Anderson Localization in non-Hermitian Systems: Skin Effect and
Scale-Free Localization
By Burcu Yılmaz
August 2024

We certify that we have read this thesis and that in our opinion it is fully adequate,
in scope and in quality, as a thesis for the degree of Master of Science.

Ceyhun Bulutay(Advisor)

Cem Yüce(Co-Advisor)

Hâldun Sevinçli

Seymur Jahangirov

Approved for the Graduate School of Engineering and Science:

Orhan Arıkan
Director of the Graduate School

ii



ABSTRACT

ANDERSON LOCALIZATION IN NON-HERMITIAN
SYSTEMS: SKIN EFFECT AND SCALE-FREE

LOCALIZATION

Burcu Yılmaz
M.S. in Physics

Advisor: Ceyhun Bulutay
Co-Advisor: Cem Yüce

August 2024

Localization properties of eigenstates change according to the lattice model. A
Hatano-Nelson model with asymmetric hopping constants exhibit non-Hermitian
skin effect(NHSE) where eigenstates localize near the edge of the lattice, the local-
ization length is finite and does not depend on the system size. With introducing
disorder to the Hatano-Nelson model, skin states start to become Anderson lo-
calized states. At a critical disorder strength all skin states become Anderson
localized states. Since localization length of skin states does not depend on the
system size, this model exhibits a size-independent Anderson localization. When
the Hatano-Nelson model is modified as a 1D Hermitian lattice with an impurity,
new model exhibits scale-free localized (SFL) states where unlike skin states, lo-
calization length scales with the system size. SFL states have a spatial profile that
does not change as the system size varies. With the introduction of disorder into
the system with SFL states, the interplay between SFL and Anderson localized
states is observed. At the critical disorder strength, all states become Anderson
localized states. Since localization length of SFL states scales with system size,
a size-dependent Anderson transition occurs.

Keywords: Hatano-Nelson model, non-Hermitian skin effect, scale-free localiza-
tion, critical disorder strength, Anderson localization, PT-symmetry, inverse par-
ticipation ratio.
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ÖZET

HERMİTYEN OLMAYAN SİSTEMLERDE
ANDERSON YERELLEŞMESİ: DERİ ETKİSİ VE

ÖLÇEKTEN BAĞIMSIZ YERELLEŞME

Burcu Yılmaz
Fizik, Yüksek Lisans

Tez Danışmanı: Ceyhun Bulutay
İkinci Tez Danışmanı: Cem Yüce

Ağustos 2024

Özvektörlerin yerelleşme özellikleri örgü modeline bağlı olarak değişir. Asimetrik
bağlantı terimlerine sahip bir Hatano-Nelson modeli, özvektörlerin örgünün
sınırında yerelleştiği Hermityen olmayan deri etkisi gösterir. Burada yerelleşme
uzunluğu sonludur ve sistem büyüklüğüne bağlı değildir. Hatano-Nelson modeline
düzensizlik eklediğimizde, deri etkisi özvektörleri Anderson yerelleşen özvektörlere
dönüşmeye başlar. Kritik bir düzensizlik şiddetinde, tüm deri etkisi özvektörleri
Anderson yerelleşen özvektörlere dönüşür. Deri etkisi özvektörlerinin yerelleşme
uzunluğu, sistem büyüklüğüne bağlı olmadığı için, bu model, büyüklükten bağım-
sız bir Anderson yerelleşmesi sergilemektedir. Hatano-Nelson modeli, bir boyutlu
içinde safsızlık bulunan bir Hermityen örgü olarak değiştirildiğinde, yeni model,
deri etkisi özvektörleri aksine, yerelleşme uzunluğunun sistem büyüklüğüne bağlı
olduğu ölçekten bağımsız yerelleşme özvektörler sergiler. Ölçekten bağımsız
yerelleşme durumların sistem büyüklüğü değiştikçe değişmeyen bir uzaysal pro-
fili vardır. Ölçekten bağımsız yerelleşme durumlarına sahip sisteme düzensiz-
lik eklendiğinde, ölçekten bağımsız ve Anderson yerelleşme durumları arasındaki
etkileşim gözlemlenir. Kritik düzensizlik şiddetinde, tüm durumlar Anderson
yerelleşme durumlarına dönüşür. Ölçekten bağımsız durumlarının yerelleşme
uzunluğu sistem büyüklüğüyle ölçeklendiğinden, büyüklüğe bağlı bir Anderson
geçişi gerçekleşir.

Anahtar sözcükler : Hatano-Nelson modeli, Hermityen olmayan deri etkisi, ölçek-
ten bağımsız yerelleşme, kritik düzensizlik gücü, Anderson yerelleşmesi, PT-
simetri, ters katılım oranı.
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Chapter 1

Introduction

Physical systems can be classified as being open or closed depending on the
boundary conditions. Closed systems, being isolated from their environments,
do not interact with the external surroundings and they are represented by a
Hermitian Hamiltonian, (Ĥ = Ĥ†) [1, 2, 3, 4, 5]. When a system is Hermitian,
its eigenvalues guaranteed to be real and its eigenvectors are orthogonal to each
other. Quantities like energy, particle number (probability in the context of quan-
tum mechanics) are conserved in Hermitian systems. Closed systems are useful
as idealized systems, but they cannot be observed in a laboratory environment,
as performing the necessary measurements causes the system to interact with
its surroundings, effectively making it an open system. Open systems are not
isolated from their environment and interact with external surroundings. Open
systems reflect the physical reality and in nature, particle number and energy
are not conserved due to flow of energy, information, or similar kinds of excita-
tions [6]. When Hermiticity is broken, system needs a non-Hermitian formalism,
(Ĥ ̸= Ĥ†). Non-Hermitian models describe the behaviour of the open systems
and in addition reveal new phenomena that is coming from the non-Hermiticity
including open quantum systems, electronic systems with interactions, and clas-
sical systems with gain or loss [7].
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1.1 Basic Concepts

In Hermitian systems, bulk states are generally insensitive to local impurities
except for a few impurity-induced bound states [8]. However, when a local non-
Hermitian impurity is introduced, it causes significant changes in the system’s
spectral properties [9, 10, 11, 12, 13, 14]. Specifically, the breaking of Parity-
Time (PT) symmetry can lead to changes in the energy spectrum, resulting in
imaginary parts of the eigenvalues accompanied by topological transitions [15,
16, 17, 18, 19, 20]. Recent studies have explored several aspects of non-Hermitian
systems such as the non-Hermitian skin effect (NHSE) [21, 22], and scale-free
localization (SFL) [23, 24].

Now, we will give some basic information about the key concepts this thesis
uses.

1.1.1 Parity-Time Symmetry

Hermiticity ensures the real eigenvalues, however non-Hermitian systems can also
have real eigenvalues if the so called parity-time (PT) symmetry is satisfied [2, 4,
25, 26, 27, 5, 28, 29]. Here, P̂ represent the parity operator which changes the sign
of spatial coordinates (r⃗ → −r⃗) and T̂ represents the time reversal operator which
reverses the direction of time (t → −t). PT-symmetric Hamiltonian commutes
with the product parity and the time reversal operators,

P̂ T̂ Ĥ(P̂ T̂ )−1 = Ĥ. (1.1)

Two non-isolated subsystems can be coupled with its time-reversed version
like in Fig. 1.1 to conserve the probability. The original subsystem Horiginal and
the time-reversed subsystem Htime−reversed has opposite flux of probability which
cancel out each other. Thus, the operator (i.e., matrix) Hcoupled in Eq. 1.3 has no
net flux of probability.
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Figure 1.1: Two coupled subsystems with gain and loss. g is the coupling strength.

Ĥoriginal := [a+ ib],

Ĥtime−reversed := T̂ Ĥ ˆT−1 := [a− ib],
(1.2)

Hcoupled =

[
a+ ib g

g a− ib

]
, (1.3)

where g is the coupling constant. Eigenvalues of Hcoupled can be written as E± =

a±
√
g2 − b2.

When g2 < b2, subsystems are weakly coupled. Eigenvalues are complex,
implying that PT-symmetry is broken. One subsystem will grow (gain) and other
will decay (loss) with time, thus the overall system is not in an equilibrium. When
g2 > b2, subsystems are strongly coupled that now system is in equilibrium. Note
that even though Hcoupled is not Hermitian, it has real eigenvalues. PT-symmetry
is unbroken [1, 30].

1.1.2 Anderson Localization

Random potentials introduced throughout a lattice cause impurities or irregular-
ities. In 1958, Anderson stated that when materials are disordered, waves change
their behaviours accordingly to these impurities. As a result, waves are unable
to move freely through the material and become localized around the impurities.
This phenomena is known as the Anderson Localization [31]. Here, a critical
energy which sets the so-called mobility edge plays a crucial role on separat-
ing localized states from extended states. Mobility edge is an energy threshold;
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localized states are the ones with energies below the threshold and delocalized
states are the ones with energies that are higher than the mobility edge threshold
[32, 33, 34, 35, 36, 37, 38].

1.1.3 Non-Hermitian Skin Effect

Non-Hermitian skin effect (NHSE) is caused from the non-Hermiticity of the sys-
tem and characterized by the extreme sensitivity of the spectrum to the boundary
conditions [39, 40, 41]. This high sensitivity to boundaries leads to the localiza-
tion of the eigenstates at the edges and mobility edge in Anderson localization
[32, 33, 34, 35, 36, 37, 22, 42, 43, 44]. Since NHSE is sensitive to the boundary
condition, it is important to observe whether it can survive when boundary con-
dition is changing from open boundary conditions (OBC) to periodic boundary
conditions (PBC).

Recently, NHSE gave rise to the generalization of Brillouin zone under the
OBC in both Hermitian and non-Hermitian systems [45]. Lately, NHSE has also
been studied as induced by on-site dissipations [46], under generalized bound-
ary conditions [38, 47]. Experimental demonstrations of the NHSE such as in
electrical circuits [48, 49, 50] and in acoustic setups are studied [48, 49, 50].

1.1.4 Scale-free Localization

When an impurity with non-Hermitian coupling is introduced to a Hermitian
lattice, it breaks the periodicity of the lattice and gives rise to the scale-free
localized (SFL) states where localization length scales with the system size [51, 8,
52]. [9, 10, 11, 13, 14] The scaling rule of the SFL length is shown to be determined
by the geometry of the generalized Brillouin zone [53]. States become localized
near this impurity. Scale-free localization is the type of localization where it is
induced by the non-Hermiticity of the system unlike Anderson localization where
localization is due to the disorder in the lattice. Thus, PT-symmetry breaking is

4



often associated with scale-free localization [54]. SFL has recently been expanded
to many-body interactions [54], and it is experimentally observed in electric circuit
lattices having a non-Hermitian defect [55].

1.1.5 Localization Length and Inverse Participation Ratio

The extent to which a wave function is spread out or localized in a system refers
to the localization length. It indicates the distance over which the wave function
remains significant before it begins to decrease sharply. It is the distance that
the wave function effectively extends [56].

For skin states and Anderson localized states, localization length is not de-
pendent on the system size. Localization length is finite and it is determined by
the disorder of the system. For example, when system size increases, localization
length of skin states and Anderson localized states stays the same. For scale-free
localization, localization length is proportional to the system size. If the sys-
tem size is increased, localization length of the SFL states increases accordingly.
When system size is increased the distance will be increased too [57, 51, 8, 52].

Inverse participation ratio (IPR) is a quantitative metric as to how localized
or delocalized given eigenstates are in a system [58]. If the wave function at a
lattice site, n is ψn, it is obtained using,

IPR =

∑
n

|ψn|4(∑
n

|ψn|2
)2 . (1.4)

IPR ranges between 0 and 1: completely localized states have 1 and it is close
to 0 for delocalized states which extends and spreads throughout the lattice.
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1.2 Outline of This Thesis

In this thesis, we first analyze the topological properties of the 1D Hatano-Nelson
model, which exhibits the NHSE in the absence of disorder in Chapter 2. Us-
ing the Hatano-Nelson model under generalized boundary conditions (GBC), we
observe scale-free localization in Chapter 3. Then, in Chapter 4, we introduce
random on-site energies into the Hatano-Nelson model and examine the competi-
tion between NHSE and Anderson localization. We determine the critical disorder
strength Wc, which is the disorder strength where all states become Anderson lo-
calized. Here, we will demonstrate the size-independent Anderson localization. In
Chapter 5, we restore the disorder-free lattice to a Hermitian form but introduce
an impurity non-reciprocally coupled to give rise to SFL states. In Chapter 6, we
introduce disorder into the lattice and observe the competition between SFL and
Anderson localized states. Here, we illustrate the emergence of size-dependent
Anderson localization. Fig. 1.2 presents the outline of this thesis in the form of
a mind map.

Figure 1.2: The outline of this thesis as a mind map. Anderson Localization
(AL), non-Hermitian skin effect (NHSE), scale-free localization (SFL), Hatano-
Nelson model (HN).
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Chapter 2

Non-Hermitian Skin Effect and

Spectral Topology

In this chapter, we analyze and provide a discussion about the topology of non-
Hermitian systems, the bulk-boundary correspondence and the behaviours of the
eigenvalues and eigenstates of Hatano-Nelson model and thus the non-Hermitian
skin effect (NHSE).

2.1 Non-Bloch Band Theory

In Hermitian systems, the difference of the energy spectra under PBC and OBC
decreases with increasing lattice size. As the lattice size increases, the effect
of boundary conditions become insignificant. For large lattice sizes, the energy
bands of PBC are asymptotically same as the energy levels of OBC. Bloch band
theory is used to state the electronic structure with using the Bloch wave number
k [59]. Bloch wave number is real for Hermitian systems. For non-Hermitian
systems, Bloch band theory fails to describe the bulk and boundary properties
because of the requirement of a complex wave number k ∈ C. Defining β = eik,
β lies on a complex loop and does not necessarily represent a unit circle [60, 61].
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Non-Bloch theory is used to describe the structure of non-Hermitian systems
using the complex k, energy bands of the system align with the energy levels of
the system [60].

Let us first consider a 1D tight-binding lattice under OBC. Hamiltonian of the
lattice is given as

Ĥ =
∑
n

L∑
i=−L

q∑
µ,ν=1

Ji,µν ĉ
†
n+i,µĉn,ν , (2.1)

where ĉn,µ (ĉ†n,µ) annihilation (creation) operators with µ = 1, . . . , q at n-th unit
cell, L is the hopping range, q represents independent degrees of freedom (sub-
lattices, spins, or orbitals) and Ji,µν represents the hopping constant to the left
and right to ith neighboring unit cell. If the Hamiltonian is non-Hermitian, the
hopping constants satisfy Ji,µν ̸= J∗

−i,µν . The eigenvalue equation is given by the
Schrödinger equation is Ĥ |ψ⟩ = E |ψ⟩, where |ψ⟩ can be written as

|ψ⟩ =


...

ψ1,q

ψ2,1

...

 , (2.2)

and ψ’s can be written as a linear combination of

ψn,µ =
∑
j

ϕ(j)
n,µ, (2.3)

where ϕ(j)
n,µ = (βj)

nϕ
(j)
µ with µ = 1, . . . , q [60].

For β = βj

q∑
ν=1

H(β)µνϕν = Eϕµ, (µ = 1, · · · , q), (2.4)

where ν = 1, . . . , q and generalized Bloch Hamiltonian can be written as

H(β)µν =
L∑

i=−L

Ji,µνβ
i, (2.5)
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where µ, ν = 1, . . . , q.

For a Hermitian case, Eq. 2.4 gives the Bloch eigenstates. The eigenvalue
equation for the Hamiltonian H(β) can be written as

det[H(β)− E] = 0. (2.6)

Now, we want to determine the generalized Brillouin zone, Cβ. It determines
the continuum bands. When j = 1, . . . , 2M , for βj satisfies

|β1| ≤ |β2| ≤ · · · ≤ |β2M−1| ≤ |β2M |. (2.7)

In order to get continuum bands, β must satisfy

|βM | = |βM+1|, (2.8)

and the trajectory of Eq. 2.8 determines the generalized Brillouin zone, Cβ. For
a Hermitian system, Cβ is a unit circle where |βM | = |βM+1| = 1 [60].

2.2 Bulk-Boundary Correspondence

Bulk-boundary correspondence provides the relation between the topological bulk
properties and the edge states in Hermitian systems [62]. In a topological phase,
topological invariants remains constant when the system’s parameters are de-
formed. Bulk topological invariants determines the presence of boundary states
and defined using the Bloch Hamiltonian [63]. We will observe how bulk-boundary
correspondence is being obscured and modified in non-Hermitian systems which
is related to the emergence of the NHSE [63, 12]. NHSE causes bulk modes to
localize on the boundaries of the lattice thus breaking the bulk-boundary corre-
spondence [39, 64].
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2.3 Non-Hermitian Skin Effect

Non-Hermitian systems often show a phenomenon called NHSE in which a sig-
nificant number of eigenstates are localized at the edge of the lattice [21]. NHSE
which is driven by the non-Hermiticity of the system, arises due to asymmetric
hopping in the lattice and demonstrates high sensitivity to boundaries meaning
that presence and position of the boundaries change the behaviour of the eigen-
states. For example, we cannot observe the NHSE under PBC because there are
no edges for the eigenstates to localize. High sensitivity to boundaries which leads
to the edge localization of eigenstates, motivated the generalization of Brillouin
zone under the open boundary conditions in both Hermitian and non-Hermitian
systems [45].

2.4 Hatano-Nelson Model

Figure 2.1: 1D non-Hermitian tight-binding Hatano-Nelson model with asym-
metric hoppings, J∗

R ̸= JL.

In order to analyze and understand the non-Hermitian topological properties,
we start with the Hatano-Nelson model. It is a 1D non-Hermitian tight-binding
lattice model with asymmetric hoppings [65, 66, 67]. The Hamiltonian of the
model as illustrated in Fig. 2.1 can be expressed as

Ĥ =
N∑

n=1

(JRĉ
†
n+1ĉn + JLĉ

†
nĉn+1), (2.9)
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where ĉn (ĉ†n) annihilation (creation) operators at site n, JR is the hopping con-
stant to the right, JL is the hopping constant to the left with J∗

R ̸= JL, and N is
the lattice size. To impose PBC, we assume that n = 1 coincides with n = N +1

(ĉ1 = ĉN+1).

Matrix representation of the single-particle Hamiltonian in Eq. 2.9 is

0 JL 0 · · · 0 0 · · · 0 JR

JR 0 JL · · · 0 0 · · · 0 0

0 JR 0 JL 0 0 · · · 0 0

0 0 JR
. . . ...

...
...

...
...

...
...

... . . . ...
...

0 0 0 · · · 0 0 · · · 0 JL

JL 0 0 · · · 0 0 · · · JR 0


N×N

(2.10)

The elements JR and JL that are highlighted in red to indicate that they appear
under PBC and disappear under OBC.

We will let JR, JL ∈ R, assume PBC and write down the Hamiltonian in
momentum space using Fourier transformations [32]

ĉn =
1√
N

∑
k

eiknĉk, ĉ†n =
1√
N

∑
k′

e−ik′nĉ†k′ , (2.11)

where k = 2πm
N

and m = 0, 1, ..., N − 1.

Canonical commutation relation states that

[ĉn, ĉ
†
n] = δn,n′1̂ (2.12)
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[ĉn, ĉ
†
n]∓ =

= ĉnĉ
†
n ∓ ĉ†nĉn

=
1

N

∑
n,k,k′

ei(k−k′)nĉkĉ
†
k′ ∓

1

N

∑
n,k,k′

ei(k−k′)nĉ†k′ ĉk

=
1

N

∑
n,k,k′

ei(k−k′)n[ĉk, ĉ
†
k′ ]∓

(2.13)

CCR satisfies if [ĉk, ĉ†k′ ] = δk,k′1̂.

Let k = k′

[ĉn, ĉ
†
n] =

1

N

∑
n,k

ei(k−k)n[ĉk, ĉ
†
k]∓ = 1̂ (2.14)

Now, let us express Eq. 2.9 in terms of ĉk, ĉ†k operators by using Eq. 2.11-2.14

Ĥ =
1

N

∑
n,k,k′

ei(k−k′)nĉ†k′ ĉk(JRe
−ik′ + JLe

ik). (2.15)

Using the identity 1
N

∑N
n=1 e

i(k−k′)n = δk,k′ and let k = k′

Ĥ =
∑
k

ĉ†kĉk(JRe
−ik + JLe

ik)

=
∑
k

n̂kEk,
(2.16)

where n̂k is the number operator and where

Ek = (JR + JL) cos k + i(JL − JR) sin k. (2.17)

Eq. 2.17 shows the energy spectrum of the Hamiltonian in Eq. 2.9 under PBC.

The corresponding eigenstates are extended, independent from JR, JL and can
be written as
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Ψ =
1

N



1

ψj

ψ2j

...
ψ(N−1)j,


(2.18)

where ψ = e
2πi
N .

The Bloch theory fails to exhibit energy spectrum under OBC, as the bulk-
boundary correspondence is broken due to the NHSE. Let us find the OBC spec-
trum and the corresponding OBC modes, known as skin modes. In order to find
the spectrum under OBC, we use the non-Bloch theory. Bloch wave number be-
come complex in non-Hermitian systems. Non-Bloch theory states that, we need
to determine the Brillouin zone β = eik for the complex k [60, 68]. Using the
state, |ψ⟩ =

∑
n ψnĉ

†
n |0⟩, the single particle Schrödinger equation Ĥ |ψ⟩ = E |ψ⟩

leads to the following discrete equations for the complex field amplitude ψn at
site n

JRψn−1 + JLψn+1 = Eψn, (2.19)

for n = 1, . . . , N . Imposing OBC by assuming ψ0 = ψN+1 = 0. General solution
for Eq. 2.19 is written as

ψn = (β1)
(n)ϕ(1) + (β2)

(n)ϕ(2) (2.20)

and eigenvalue equation is

E = JRβ
−1
i + JLβi, (2.21)

where i = 1, 2.

Using ψ0 = ψN+1 = 0 in Eq. 2.20 gives

ψ0 = ϕ(1) + ϕ(2) = 0,

ψN+1 = (β1)
(N+1)ϕ(1) + (β2)

(N+1)ϕ(2) = 0.
(2.22)

From Eq. 2.22, we see that

13



(
β1
β2

)N+1

= 1, (2.23)

and Eq. 2.23 can be written as

β1
β2

= e2iθj , (2.24)

where θj = jπ
N+1

, m = 1, · · · , N and |β1| = |β2|.

Using Eq. 2.21
JRβ

−1
1 + JLβ1 =E,

JRβ
−1
2 + JLβ2 =E,

(2.25)

we get
β1β2 = JRJL. (2.26)

We say that r =
√

JR
JL

and we can write βj
i as

βj
1 = reiθj , βj

2 = re−iθj . (2.27)

Using Eq. 2.27, the eigenvalue equation under OBC becomes

Ej = 2
√
JRJL cos θj. (2.28)

These are the energy levels of a system under OBC.

In the thermodynamic limit,

β1 = reiθ, β2 = re−iθ,

E = 2
√
JRJL cos θ,

(2.29)

and eigenvalues of OBC spectrum are real and distributed in the interval of [32]

[−2
√
JRJL, 2

√
JRJL]. (2.30)
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plane wave and energy level :


β
(j)
1 =

√
JR
JL
eiθj ,

β
(j)
2 =

√
JR
JL
e−iθj ,

E(j) = 2
√
JLJR cos θm,

(2.31)

where
(
θj =

jπ
N+1

, j = 1, . . . , N
)

In Eq. 2.17, it can be observed that when JR = JL, there are no complex
eigenvalues under PBC and the system is Hermitian. Otherwise, the system is
non-Hermitian and the PBC eigenvalues lie on an ellipse in the complex plane with
major, minor radii being |JR ± JL|. The corresponding eigenstates are extended.
For OBC, eigenvalues lie on the real axis inside the PBC loop as shown in Eq. 2.30.

Fig. 2.2c shows the PBC energy spectrum when Bloch wave vector k goes
through the 1D Brillouin zone for JR = 0.5 and JL = 1. Since J∗

R ̸= JL, the
system shows non-Hermitian behaviour. Eigenvalues of the system has real and
imaginary parts. As it can be seen in Fig.2.2c, imaginary part is not symmetric
with respect to the Bloch vector while real part remains symmetric with respect
to Bloch vector. Asymmetric behaviour of the imaginary part of the eigenvalues
arise since probability of the left hopping constant JL does not equal to proba-
bility of the right hopping constant JR. In addition, Fig.2.2a shows that, PBC
spectrum forms a loop on the complex plane while OBC spectrum lie on the real
axis. Localized states have real eigenvalues and delocalized states have complex
eigenvalues [65]. Thus, while the system under PBC shows delocalized states, the
system under OBC shows localized states since the eigenstates under OBC are
localized on the edge of the system, showing NHSE [32]. In Fig. 2.2b, eigenvec-
tors for the system under OBC are found to be localized near the left edge of the
system. Since JL > JR, particles have higher probability of hopping to the left
than to right. This causes the eigenvectors to tend to localize near the left edge
of the system under OBC and we observe NHSE. Also, Fig. 2.2b shows that we
cannot observe NHSE if the system is under PBC.
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(a) (b)

(c)

Figure 2.2: Eigenvalues and eigenvectors for the disorder-free HN-model under
PBC and OBC when JR = 0.5, JL = 1 and N = 40. (a) Eigenvalues under PBC,
shown in red dots, form a ellipse on the complex plane with major, minor radii
being |JR ± JL|. Eigenvalues under OBC, shown in blue crosses, lie on the real
axis in the interval of [−2

√
JRJL, 2

√
JRJL]. (b) Eigenstates under PBC, shown in

red, and OBC, shown in blue, for the disorder-free HN-model. NHSE can be seen
in OBC states where the eigenstates are localized at the left edge. (c) Energy
spectrum under PBC vs wave vector k.
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(a) (b)

(c)

Figure 2.3: Eigenvalues and eigenvectors for the disorder-free HN-model under
PBC and OBC when JR = 1, JL = 0.5 and N = 40. (a) Eigenvalues under PBC,
shown in red dots, form a ellipse on the complex plane with major, minor radii
being |JR ± JL|. Eigenvalues under OBC, shown in blue crosses, lie on the real
axis in the interval of [−2

√
JRJL, 2

√
JRJL]. (b) Eigenstates under PBC, shown in

red, and OBC, shown in blue, for the disorder-free HN-model. NHSE can be seen
in OBC states where the eigenstates are localized at the right edge. (c) Energy
spectrum under PBC vs wave vector k.

Next, we change the hopping constants as shown in Fig. 2.3 as JR = 1 and
JL = 0.5 thus making the probability of hopping to the right higher than the
probability of hopping to the left. As expected, eigenstates exhibit localization
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near the right edge, as depicted in Figure 2.3b. Like in Fig. 2.2c, PBC spectrum
shows real symmetric eigenvalues while imaginary part of the eigenvalues are
asymmetric with respect to the Bloch vector k. PBC spectrum again forms a
loop on the complex energy plane and OBC spectrum lies on the real axis as
shown in Fig. 2.3a.

(a) (b)

(c)

Figure 2.4: Eigenvalues and eigenvectors for the disorder-free HN-model under
PBC and OBC when JR = 1, JL = 0 and N = 40. (a) Eigenvalues under PBC
form a ellipse on the complex plane while eigenvalues under OBC, coalesce into
each other. (b) Eigenstates under PBC, shown in red, and OBC, shown in blue,
for the disorder-free HN-model. NHSE can be seen in OBC states where the
eigenstates are localized at the right edge, coalescing into each other. (c) Energy
spectrum under PBC vs wave vector k.
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(a) (b)

(c)

Figure 2.5: Eigenvalues and eigenvectors for the disorder-free HN-model under
PBC and OBC when JR = 0, JL = 1 and N = 40. (a) Eigenvalues under PBC
form a ellipse on the complex plane while eigenvalues under OBC, coalesce into
each other. (b) Eigenstates under PBC, shown in red, and OBC, shown in blue,
for the disorder-free HN-model. NHSE can be seen in OBC states where the
eigenstates are localized at the left edge, coalescing into each other. (c) Energy
spectrum under PBC vs wave vector k.

Fig. 2.4 and Fig. 2.5 show extreme cases in which one of the hopping constants
is zero. In Fig. 2.5c, JR = 0 and JL = 1, the system only allows left hopping,
and all eigenstates are localized on the left edge, coalescing into each other and
thus having the same eigenvalue. In Fig. 2.4c, JR = 1 and JL = 0, the system
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does not allow left hopping, and all eigenstates are localized on the right edge,
coalescing into each other and thus having the same eigenvalue.

2.5 Winding number

Topological nature of periodic lattices are quantified by the so-called winding
number which can be extracted from Ek as

w =
1

2πi

∫ π

−π

dk∂k lnEk,

=
1

2πi

∫ π

−π

1

Ek

∂Ek

∂k
,

(2.32)

Substituting Eq. 2.17 into Eq. 2.32 leads to

w =
1

2πi

∫ π

−π

dk
−(JL + JR) sin k + i(JL − JR) cos k

(JL + JR) cos k + i(JL − JR) sin k
. (2.33)

For JR = JL, i.e., Hermitian case, the winding number vanishes

w =
1

2πi

∫ π

−π

dk
−(JL + JR) sin k

(JL + JR) cos k
,

= − 1

2πi

∫ π

−π

dk tan k,

= 0.

(2.34)

Note that tan k has singularities at k = ±π
2
. However, since it is an odd function,

i.e tan−k = − tan k,
∫ π

−π
dk tan k = 0 in the interval of [−π, π]. Thus, winding

number is zero, w = 0. Similarly, at JR = −JL, 1
2πi

∫ π

−π
dk cot k = 0.

For |JR| ≠ |JL|, i.e., non-Hermitian case,

w =
1

2πi

∫ π

−π

dk
−(JL + JR) sin k + i(JL − JR) cos k

(JL + JR) cos k + i(JL − JR) sin k
. (2.35)
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When |JR| < |JL|, w = 1 and energy spectrum winds around the origin in
counterclockwise direction. When |JR| > |JL|, w = −1 and energy spectrum
winds around the origin in clockwise direction as shown in Fig. 2.6. At |JR| = |JL|,
there is a transition. NHSE occurs at a non-zero winding number as shown in
Fig. 2.2.

w =


1 if |JR| < |JL|;

−1 if |JR| > |JL|;

0 if |JR| = |JL|.

(2.36)

(a) (b)

Figure 2.6: (a) For |JR| < |JL|, energy spectrum winds around the origin in
counterclockwise direction indicating w = 1 and for |JR| > |JL|, energy spectrum
winds around the origin in clockwise direction indicating w = −1, (b) w = 0.
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Chapter 3

Scale-free Localization

In Chapter 2, we investigated the Hatano-Nelson model under PBC and OBC
and, demonstrated the presence of NHSE. In this chapter, we will analyze the
Hatano-Nelson model with generalized boundary conditions (GBC) which is il-
lustrated in Fig. 3.1. GBC behaves as an impurity at the boundaries and gives
rise to the formation of scale-free localized (SFL) states. Unlike skin states that
are demonstrated in Chapter 2, the localization lengths of the SFL states vary
proportionally with the system size, and their spatial profiles remain invariant,
regardless of the system size.

The Hamiltonian of the 1D lattice, illustrated in Fig. 3.1 is given by

Ĥ =
N−1∑
n=1

(JRĉ
†
n+1ĉn + JLĉ

†
nĉn+1) + ζRĉ

†
1ĉN + ζLĉ

†
N ĉ1, (3.1)

where ĉn (ĉ†n) annihilation(creation) operators at site n, JR is the hopping constant
to the right, JL is the hopping constant to the left, J∗

R ̸= JL and N is the lattice
size. ζR and ζL determine the GBC.
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Figure 3.1: 1D non-Hermitian tight-binding Hatano-Nelson model with asym-
metric hoppings, J∗

R ̸= JL with Generalized Boundary Conditions.

The corresponding single particle Hamiltonian can be given using bra-ket for-
malism

Ĥ =
N−1∑
n=1

(JR |n+ 1⟩ ⟨n|+ JL |n⟩ ⟨n+ 1|) + ζR |1⟩ ⟨N |+ ζL |N⟩ ⟨1| . (3.2)

Its matrix representation of the Hamiltonian reads

H =



0 JL 0 · · · 0 0 · · · 0 ζR

JR 0 JL · · · 0 0 · · · 0 0

0 JR 0 JL 0 0 · · · 0 0

0 0 JR
. . . ...

...
...

...
...

...
...

... . . . ...
...

0 0 0 · · · 0 0 · · · 0 JL

ζL 0 0 · · · 0 0 · · · JR 0


N×N

. (3.3)

The elements ζR and ζL highlighted in red to show the connections between the
first and last sites, imposing GBC.

The eigenvalue equation is given by Schrödinger equation is Ĥ |ψ⟩ = E |ψ⟩,
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where |ψ⟩ can be written as a linear combination of the basis states as

|ψ⟩ =
∑
n

ψnĉ
†
n |0⟩ (3.4)

where ψn describes the probability amplitude of the eigenstate at site n and |0⟩ is
the vacuum state for the lattice. Schrödinger equation leads to the following dis-
crete eigenvalue equations for ψs at site s, bulk equations (i.e., for non-boundary
nodes) can be expressed as

JRψs − Eψs+1 + JLψs+2 = 0, (3.5)

where s = 1, . . . , N − 2. Boundary equations are

JLψ2 − Eψ1 + ζRψN = 0,

ζLψ1 − EψN + JRψN−1 = 0.
(3.6)

Boundary equations can also be expressed as

JRψ0 = ζRψN , ζLψ1 = JLψN+1. (3.7)

Now, we set the general ansatz equation for Eq. 3.5 that satisfies the bulk
equations as [69]

Ψ = c1


z1

z21
...
zN1

+ c2


z2

z22
...
zN2

 =


ψ1

ψ2

...
ψN

 , (3.8)

where

Ψi =


zi

z2i
...
zNi

 , (3.9)

and

ψn =
2∑

i=1

(ciz
n
i ) = c1z

n
1 + c2z

n
2 , (3.10)
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where n = 1, 2, . . . , N .

Now, substitute Eq. 3.9 into Eq. 3.5 to get the eigenvalue expression

JRz
n
i − Ezn+1

i + JLz
n+2
i = JR − Ezi + JLz

2
i ,

=
JR
zi

− E + JLzi,

= 0.

(3.11)

The eigenvalue expression is

E =
JR
zi

+ JLzi. (3.12)

When c1 and c2 are both zero, there is a trivial solution where Ψ is a zero
vector. For nontrivial solutions when c1 = 0, c2 ̸= 0 or c1 ̸= 0, c2 = 0, two
solutions of zi as (z1, z2) must follow the below constraint

z1z2 =
JR
JL
. (3.13)

We now want to show that Ψi satisfies the boundary equations that are given
in Eq. 3.7. By inserting Eq. 3.9 to Eq. 3.7, we get HB(c1, c2)

T = 0

(
JR − ζRz

N
1 JR − ζRz

N
2

z1(ζL − JLz
N
1 ) z2(ζL − JLz

N
2 )

)
︸ ︷︷ ︸

HB

(
c1

c2

)
= 0. (3.14)

Taking the determinant of HB, det(HB) = 0, we get the general solution as(
zN+1
1 − zN+1

2

)
− ζRζL

t2L

(
zN−1
1 − zN−1

2

)
−

[
ζL
JL

+
ζR
JR

(
JR
JL

)N
]
(z1 − z2) = 0.

(3.15)

Using z1 = reiθ, z2 = re−iθ and r =
√
JR/JL, Eq. 3.15 can be written as
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sin[(N + 1)θ]− η1 sin[(N − 1)θ]− η2 sin[θ] = 0, (3.16)

where

η1 = (ζRζL/JRJL) , η2 = (ζL/JL) r
−N + (ζR/JR) r

N . (3.17)

Putting z1 = reiθ, z2 = re−iθ in Eq. 3.12 and using r =
√
JR/JL

E = =
JR
reiθ

+ JLre
iθ

= JR

√
JL
JR
e−iθ + JL

√
JR
JL
eiθ

=
√
JRJL(e

−iθ + eiθ)

= 2
√
JRJL cos θ.

(3.18)

Final expression in Eq. 3.18 gives the eigenvalues for the Hatano-Nelson model
with GBC. θ is determined by the solutions of the Eq. 3.16 [69].

3.1 Energy Spectrum under GBC

We consider arbitrary ζR and ζL in the region 0 ≤ ζR
JR
, ζL
JL

. Under GBC, we have
complex solutions thus we need to set θ as

θ = θR + iθi. (3.19)

Also,

η1 =
ζRζL
JRJL

, η2 =
ζL
JL
r−N +

ζR
JR
rN . (3.20)

Insert the new θ expression Eq. 3.19 into Eq. 3.16

sin[(N + 1)(θR + iθi)]− η1 sin[(N − 1)(θR + iθi)]− η2 sin[(θR + iθi)] = 0. (3.21)
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Using sin(x) = eix−e−ix

2i
Eq. 3.21 becomes

ei[(N+1)(θR+iθi)] − e−i[(N+1)(θR+iθi)]

2i
− η1

ei[(N−1)(θR+iθi)] − e−i[(N−1)(θR+iθi)]

2i

= η2
ei(θR+iθI) − e−i(θR+iθI)

2i
,

(3.22)

ei(N+1)(θR+iθI) − e−i(N+1)(θR+iθI) − η1
(
ei(N−1)(θR+iθI) − e−i(N−1)(θR+iθI)

)
= η2

(
ei(θR+iθI) − e−i(θR+iθI)

)
.

(3.23)

In the thermodynamic limit, we can ignore the small terms

ei(N+1)(θR+iθI) − η1e
i(N−1)(θR+iθI) =

η2
e−θIeiθR

(
1− e−2θIei2θR

)
, (3.24)

eNθIeθIe−iNθRe−iθR − η1e
NθIe−θIe−iNθReiθR = η2e

θIe−iθR
(
1− η1e

−2θIei2θR
)
,

(3.25)

eNθIeθIe−iNθRe−iθR(1− η1e
−2θIei2θR) = η2e

θIe−iθR
(
1− e−2θIei2θR

)
. (3.26)

Assume that θI > 0

eNθI = η2e
iNθR

(
1− e−2θIei2θR

)
(1− η1e−2θIei2θR)

, (3.27)

eθI = N
√
η2

N
√
α, θR =

2πj − θα
N

(3.28)

where α = 1−e−2θI ei2θR

1−η1e
−2θI ei2θR

and θα is the angle of the α so that α = |α|eiθα .

We stated that z1 = reiθ, z2 = re−iθ. Since θ now has complex parts, z1 and
z2 is written as
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z1 = rei(θR+iθI) =
eiθR

eθI
r, z2 = re−i(θR+iθI) =

eθI

eiθR
r. (3.29)

For the r > 1 case; |α| is a finite number, N
√
|α| → 1 and r =

√
JR/JL > 1

then JR > JL

η2 =
ζL
JL
r−N +

ζR
JR
rN ≈ ζR

JR
rN . (3.30)

By using Eq. 3.30 in Eq. 3.28 it can be seen that

eθI = N

√
ζR
JR
rN = r N

√
ζR
JR
, (3.31)

z1 and z2 becomes

z1 ≈ N

√
JR
ζR
eiθR ,

z2 ≈
JR
JL

N

√
ζR
JR
e−iθR .

(3.32)

When N goes to infinity, we can ignore the small terms

|z1| ≈ N

√
JR
ζR

→ 1, |z2| ≈
JR
JL

N

√
ζR
JR

→ JR
JL
. (3.33)

Eq.3.33 shows that GBC spectrum approaches to that of PBC spectrum in the
thermodynamic limit when r > 1.

For the r < 1 case; |α| is a finite number, N
√

|α| → 1, r =
√
JR/JL < 1 then

JL > JR

η2 =
ζL
JL
r−N +

ζR
JR
rN ≈ ζL

JL
r−N . (3.34)
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By using Eq. 3.34 in Eq. 3.28 it can be seen that

eθI = N

√
ζL
JL
r−N =

1

r
N

√
ζL
JL
, (3.35)

z1 and z2 becomes

z1 ≈
JR
JL

N

√
JL
ζL
eiθR ,

z2 ≈ N

√
ζL
JL
e−iθR .

(3.36)

When N goes to infinity, we can ignore the small terms

|z1| ≈
JR
JL

N

√
JL
ζL

→ JR
JL
, |z2| ≈ N

√
ζL
JL

→ 1. (3.37)

Eq.3.37 shows that GBC spectrum approaches to that of PBC spectrum in the
thermodynamic limit when r < 1.

In order to find the close form of the GBC eigenvalues insert the expressions
for z1 or z2 in Eq. 3.32 or Eq. 3.36 into the eigenvalue expression in Eq. 3.12

E = JL
N

√
ζL
JL
e−iθR + JR

N

√
JL
ζL
eiθR (3.38)

It is important to note that Eq. 3.38 shows the size-dependency of the eigen-
values under GBC since the energy spectrum is dependent to the lattice size N .
This size-dependent behaviour is characteristic of the SFL states. In Chapter 2,
we analyzed the Hatano-Nelson model under PBC (ζR = JR and ζL = JL) and
OBC (ζR = ζL = 0) and we stated that unlike SFL states, skin states do not
exhibit a size-dependent behaviour, i.e., energy spectrum of skin states is size
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independent. This shows us the importance of GBC in determining eigevalues
and eigenstates.

3.2 Results and IPR values

In Section 1.1.5, we introduce IPR as a tool for the assessment of the localization
of the states. Now, we want to see the relationship between IPR and lattice size
under GBC. In Fig. 3.2, hopping constants are chosen as JR = 1 and JL = 0.85

and kept constant while lattice size is increased from N = 10 to 80. Fig. 3.2
shows that when lattice size is increased, there is a corresponding decrease in
the IPR values, thus the size-dependency of SFL states [69]. We can see this
by observing the red areas that are gradually shrinking. Point a1 − a4 has IPR
values of 0.17, 0.10, 0.05, 0.02 respectively for N = 10, 20, 40, 80. From Fig. 3.3 to
Fig. 3.6, the corresponding eigenvalues and eigenvectors of points a1, a2, a3 and
a4 with GBC and as well as PBC and OBC spectrum is shown. Here, it is crucial
to note that while the OBC and PBC spectra remain consistent with increasing
lattice size, thus showing a size-independent behaviour, GBC spectrum changes
with increasing lattice size, showing a size-dependent behaviour.
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Figure 3.2: IPR values are plotted as a function of ζR and ζL for (a) N = 10,
(b) N = 20, (c) N = 40 and (d) N = 80. Common parameters are JR = 1 and
JL = 0.85. When lattice size is increasing, there is a corresponding decrease in
the IPR value.

Fig. 3.3 shows the eigenvalues and eigenvectors of the point a1 in Fig. 3.2(a)
under PBC, OBC and GBC. Eigenvalues are all real like the OBC spectrum
meaning that corresponding eigenstates are localized. However, as we mentioned
before, if localization length is larger than the system size, we observe the cor-
responding state as delocalized state. IPR value that is on the order of 1/N

indicates delocalized states. Here, even though the states are localized IPR value
of point a1 is 0.17, since the localization length is larger than the system size.
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(a) (b)

Figure 3.3: PBC, OBC and GBC cases are shown in red, blue and lime respec-
tively. (a) eigenvalues of a1, (b) eigenvectors of a1.

In Fig. 3.4a, eigenvalues under GBC begin to exhibit imaginary eigenvalues,
thus they start to form a loop on the complex plane. IPR is in the order of 1/20
(0.05). In Fig. 3.5a formation of this loop on the complex plane continues. IPR
decreases to the order of 1/40 (0.025). By the time we consider a system size of
N = 80, the GBC spectrum almost coincides with it PBC spectrum as shown in
Fig. 3.6a. IPR reduces to order of 1/80 (0.0125).

(a) (b)

Figure 3.4: PBC, OBC and GBC cases are shown in red, blue and lime respec-
tively. (a) eigenvalues of a2, (b) eigenvectors of a2.
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(a) (b)

Figure 3.5: PBC, OBC and GBC cases are shown in red, blue and lime respec-
tively. (a) eigenvalues of a3, (b) eigenvectors of a3.

(a) (b)

Figure 3.6: PBC, OBC and GBC cases are shown in red, blue and lime respec-
tively. (a) eigenvalues of a4, (b) eigenvectors of a4.
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Chapter 4

Anderson Localization in

non-Hermitian Systems: The

Hatano-Nelson Model

In this chapter, we study the Hatano-Nelson model to explore Anderson localiza-
tions in non-Hermitian systems.

Random potentials introduced throughout an otherwise periodical lattice cause
scatterings and disruption of wave diffusion. As reasoned by Anderson, charge or
spin transport behaviour in disordered lattices can remarkably change from that
of a periodic one having extended wave functions. The excitations can get trapped
in the vicinity of impurities and cease to diffuse, causing their localization. This
disorder-driven phenomenon is known as Anderson localization [31].

4.1 Introducing Disorder

We consider the one-dimensional and a one-band lattice model with asymmetric
hopping amplitudes and random on-site potentials, depicted in Fig. 4.1. The
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Hamiltonian is given by

Ĥ =
N∑

n=1

(JRĉ
†
n+1ĉn + JLĉ

†
nĉn+1) +

N∑
n=1

Vnĉ
†
nĉn, (4.1)

where ĉn (ĉ†n) annihilation (creation) operators at site n, JR is the hopping con-
stant to the right, JL is the hopping constant to the left with J∗

R ̸= JL, N is
the lattice size and Vn represents random uncorrelated on-site energies uniformly
distributed in the interval of W [−0.5, 0.5] with W being the disorder strength.
To impose PBC, assume that n = 1 coincides with n = N + 1 (ĉ1 = ĉN+1).

Figure 4.1: Introducing random on-site potentials to 1D non-Hermitian tight-
binding Hatano-Nelson model with asymmetric hoppings, J∗

R ̸= JL.

We can rewrite Eq. 4.1 without using second-quantized operators as

Ĥ =
N∑

n=1

(JR |n+ 1⟩ ⟨n|+ JL |n⟩ ⟨n+ 1|) +
N∑

n=1

Vn |n⟩ ⟨n| . (4.2)
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and its matrix representation is given by

V1 JL 0 · · · 0 0 · · · 0 JR

JR V2 JL · · · 0 0 · · · 0 0

0 JR V3 JL 0 0 · · · 0 0

0 0 JR
. . . ...

...
...

...
...

...
...

... . . . ...
...

0 0 0 · · · 0 0 · · · VN−1 JL

JL 0 0 · · · 0 0 · · · JR VN


N×N

(4.3)

The elements JR and JL that are highlighted in red show the connections between
the first and last sites, imposing PBC. They become zero when the system is
under OBC. This matrix will be used to find the eigenvalues and eigenvectors
in numerical calculations of the 1D lattice with asymmetric hopping amplitudes
and random on-site potentials.

4.2 Competition Between NHSE and Anderson

Localization

Disorder causes Anderson localization. All states become Anderson localized
states with sufficiently strong disorder strength, W . This sufficiently strong W
is referred to as the critical disorder strength Wc which is the point where the
Anderson transition occurs meaning all states are Anderson localized [70]. Quan-
titatively it is identified by the value of W at which the energy spectra of a lattice
under both PBC and OBC coalesce to the real axis. Fig. 4.2 shows the compe-
tition between NHSE and Anderson localization. We will observe the behaviour
of the eigenstates for increasing disorder strength W while keeping JR = 0.5 and
JL = 1 fixed.

• When there is no disorder, W = 0, system keeps its asymmetry and exhibits
a dominance of NHSE through out the lattice [70]. Fig. 4.2a shows the
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disorder-free case where all eigenvectors are localized near the left edge of
the lattice since JL > JR.

• When disorder is introduced to the system, states start to become Anderson
localized states. For a moderately strong disorders such as W = 2 and
W = 4 in Fig. 4.2b and Fig. 4.2c, NHSE and Anderson localized states
coexist.

• When W is strong, the system mainly exhibits Anderson localization. In
Fig. 4.2d, where the disorder strength is chosen as W = 6, the states are
Anderson localized.

In Fig. 4.3, we show the corresponding eigenvalues of the eigenstates in Fig.4.2.
In the disorder-free case, (W = 0), the PBC spectrum forms a loop on the
complex plane. When disorder is introduced into the system, the eigenvalues
start to coalesce onto the real axis, and the loop deforms. Fig. 4.3d shows the
Anderson transition point at Wc = 6 where both PBC and OBC spectra fall into
the real axis.
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(a) (b)

(c) (d)

Figure 4.2: Eigenstates under OBC for JR = 0.5, JL = 1, N = 40 and different
disorder strengths: (a) W = 0, NHSE; (b) W = 2, coexistence of NHSE and An-
derson localization; (c) W = 4, coexistence of NHSE and Anderson localization;
(d) W = 6, Anderson localization.

38



(a) (b)

(c) (d)

Figure 4.3: Eigenvalues corresponding to Fig. 4.2 under OBC (blue) and PBC
(red) for JR = 0.5, JL = 1, N = 40, and various disorder strengths: (a) W = 0,
the PBC spectrum forms a loop in the complex energy plane while OBC loops
lie on the real axis; (b) W = 2, the PBC loop begins to deform; (c) W = 4, the
PBC loop continues deforming; (d) W = 6, both the PBC and OBC spectra lie
on the real axis, and the corresponding states are Anderson localized.

As another example, Fig. 4.4 shows the energy spectrum under PBC of a lattice
size N = 1000. As expected, PBC forms a loop and this loop starts to deform
with the introduction and increasing of disorder W . Critical disorder strength
is found to be Wc = 5 since the energy spectrum lie on the real axis and all
eigenstates are Anderson localized.
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Figure 4.4: Eigenvalues under PBC for N = 1000 and different disorder strenghts.

It is important to emphasize that, although Wc is found to be 5 for N = 1000

and 6 for N = 40, the critical disorder strength is not dependent on lattice size
in the Hatano-Nelson model. The difference between N = 40 and N = 1000

is due to the use of random potentials. If the results are averaged over many
potential realizations, this difference will disappear. Thus, now we want to ob-
serve the relationship between the critical disorder strength Wc and lattice size
N . In order to observe this relationship, Wc is determined for N = 40, 80, 160

and 1000. Results are averaged over 10000 potential realizations. Table 4.1 shows
that as the lattice size increases, there is no significant corresponding increase or
decrease in Wc. While there is a slight difference in the Wc values, this differ-
ence is to disappear if the results are averaged over more potential realizations.
This indicates a size-independent Anderson localization. With the introduction
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of disorder NHSE states transform into Anderson localized states. Localization
length of NHSE states are size-independent, thus a size-independent Anderson lo-
calization is expected in such a system. We will observe size-dependent Anderson
localization in Chapter 6.

N 40 80 160 1000

Wc 5.54 5.51 5.52 5.48

Table 4.1: Relationship between critical disorder strength Wc and lattice size N
in the Hatano-Nelson model. The results show no size dependency.
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Chapter 5

1D Hermitian Lattice with a

non-Hermitian Impurity and Scale

Free Localization

In this chapter, we will observe and analyze the behavior of scale-free localized
(SFL) states in a 1D Hermitian Lattice with a non-Hermitian Impurity. When
a local non-Hermitian impurity is introduced into a Hermitian lattice, scale-free
localization occurs. As we mentioned in Chapter 3, the spatial decay length of
SFL states is not fixed and scales with the size of the system while the profile of
SFL states is not dependent on the size, thus the name scale-free. In other words,
when the size of the system is rescaled, eigenstates keep their profile and shape.
This differs from the skin states where the localization length is independent of
the size of the system [51, 57]. In Chapter 6, we will add disorder to the system
and observe the coexistence of SFL and Anderson localization.
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Figure 5.1: 1D Hermitian lattice with a non-Hermitian impurity. t’s are the
Hermitian hoppings between the neighboring sites and non-Hermitian impurity
at site m has δ − γ to the right and δ + γ to the left.

5.1 The Model

In order to achieve this, we will first make the lattice Hermitian by setting JR =

JL = t, and then add a non-Hermitian impurity to the lattice when there is no
disorder.

As illustrated in Fig. 5.1, the Hamiltonian is given by

Ĥ =
∑
n̸=m

t(ĉ†n+1ĉn + H.c.) + (δ − γ)ĉ†m+1ĉm + (δ + γ)ĉ†mĉm+1, (5.1)

where t is the hopping constant between neighbouring sites, ĉn (ĉ†n) annihila-
tion(creation) operators at site n, δ and γ define the local non-Hermitian impu-
rity at site m and γ, δ,W ∈ R. For PBC, assume that ĉN+1 = ĉ1. We will set
t = 1 for simplicity.

We can rewrite Eq.5.1 for PBC without using second quantized operators and
in bra-ket notation

ĤPBC =
N−1∑
n=1

t(|n⟩ ⟨n+ 1|+ |n+ 1⟩ ⟨n|) + t(|N⟩ ⟨1|+ |1⟩ ⟨N |)

+ (δ − γ) |m+ 1⟩ ⟨m|+ (δ + γ) |m⟩ ⟨m+ 1| .

(5.2)
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Matrix representation of the model is as follows

0 t 0 · · · 0 0 · · · 0 t

t 0 t · · · 0 0 · · · 0 0

...
...

... . . . 0 δ + γ · · · ...

...
...

... δ − γ 0 · · · ...

...
...

...
... . . . ...

...

0 0 0 · · · 0 0 · · · 0 t

t 0 0 · · · 0 0 · · · t 0


N×N

(5.3)

where non-Hermitian impurities are highlighted in blue: δ − γ and δ + γ, PBC
is satisfied with the red t’s. This matrix will be used to find eigenvalues and
eigenvectors in numerical calculations of the 1D lattice with a non-Hermitian
impurity model.

The eigenvalue equation is given by Ĥ |ψ⟩ = E |ψ⟩, where |ψ⟩ can be written
as a linear combination of the basis states as

|ψ⟩ =
∑
n

ψnĉ
†
n |0⟩ (5.4)

where ψn describes the probability amplitude of the eigenstate at site n.

Eigenvalue equation for n ̸= m,m+ 1

tψn+1 + tψn−1 = Eψn. (5.5)

Eigenvalue equations for the impurity sites are

tψm−1 + (δ + γ)ψm+1 = Eψm,

tψm+2 + (δ − γ)ψm+ = Eψm+1.
(5.6)
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In Hermitian systems, bulk states are known to be insensitive to the local
Hermitian impurities except for a few impurity-induced bound states [71]. It is
important to ask whether local non-Hermiticity can cause drastic changes to the
original Hermitian systems. Non-Hermitian impurity as in Fig.5.1 is induced to
the 1D lattice.

The energy spectrum for disorder-free system that is given in Eq. 5.1 under
PBC and OBC have spectral differences where PBC spectrum may form a loop on
the complex energy plane and OBC spectrum lies on the real axis. This difference
leads to the formation of SFL states under PBC. A single non-Hermitian impurity
results in the emergence of a significant number of SFL states.

5.2 Distinct Parameter Regions

The disorder-free system exhibits intriguing symmetry properties [71]. The im-
purity strengths δ and γ determine the PT symmetry of the system. By varying
them, the system transitions through the PT-unbroken, PT-broken, and PT-
restoration regions as shown in Fig. 5.2. As PT-symmetry varies, extended and
bulk states transform into SFL states [71].

1. PT-unbroken region where γ < |δ − t|

2. PT-broken region where |δ − t| < γ < δ + t

3. PT-restoration region where γ > δ + t

In Fig. 5.2, the number of complex eigenvalues is plotted as a function of δ and
γ. Points a to d are selected for a detailed analysis of the system’s eigenvalues and
eigenvectors. We will examine the figure in three distinct regions: PT-unbroken,
PT-broken, and PT-restoration.

In Fig.5.3-5.7, the color codes are assigned based on the IPR values of the
eigenstates of Eq. 5.1. We use the following algorithm to assign the color codes:
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Figure 5.2: Phase diagram of the 1D lattice described by Eq. 5.1 for the disorder-
free case. The lattice size is N = 40, t = 1, and the impurity is positioned at
m = 20. The color map represents the number of complex eigenvalues. The
cyan line, where γ =

√
δ2 − t2, indicates the transition to SFL states for all

states. The black dashed lines, given by γ = |δ − t| and γ = δ + t, represent the
phase boundaries of PT-symmetry for there regions: PT-unbroken region where
γ < |δ − t|, PT-broken region where |δ − t| < γ < δ + t, PT-restoration region
where γ > δ + t. Points a to e lie along the vertical axis where δ = 5t.
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• Bound states are generally localized and have high IPR values. For our case,
bound states are caused by the impurity. These impurity-bound states have
real energies in PT-unbroken region and complex energies in PT-restoration
region. Bound states and corresponding eigenvalues are highlighted in blue.

• Extended bulk states are delocalized states that spreads through out the lat-
tice. These states have low IPR values. Extended states and corresponding
states are highlighted in magenta.

• Localization length of the SFL states scales with the system size and IPR
values of SFL states are between those of bound and extended states. SFL
states and corresponding eigenvalues are highlighted in lime.

5.3 Results

In the PT-unbroken region, where γ < |δ−t|, the system has extended bulk states
and two impurity-bound states with real eigenvalues under both PBC and OBC.
Fig. 5.3 shows the eigenvalues and eigenvectors of point a under PBC. In this
region, there are two impurity-bound states and extended bulk states with real
eigenvalues. Energy spectrum is entirely real. There are no SFL states in PT-
unbroken region. Since SFL states often emerge with the broken PT symmetry. It
is noteworthy that although the Hamiltonian is non-Hermitian, energy spectrum
is real indicating PT-symmetry is preserved.
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Figure 5.3: (a1) Eigenvalues and (a2) Eigenvectors of the PT-unbroken region.
Eigenvalues and eigenvectors are categorized as follows: extended bulk states with
real eigenvalues (magenta) and two impurity-bound states with real eigenvalues
(blue).

Figure 5.4: (b1) Eigenvalues and (b2) Eigenvectors of the PT-broken region.
Eigenvalues and eigenvectors are categorized as follows: extended states with real
eigenvalues (magenta), two impurity-bound states with real eigenvalues (blue)
and SFL states forming a loop on the complex plane (lime).
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When γ surpasses |δ − t|, the system no longer preserves PT symmetry and
enters to the PT-broken region. In PT-broken region, the PBC spectrum begins
to exhibit complex eigenvalues starts to form a loop on the complex energy plane.
This leads to the emergence of the SFL states. In Fig. 5.4, the system is now in
PT-broken region. We observe the coexistence of extended and bound states with
real eigenvalues and SFL states starting to form a loop on the complex plane.
The localization lengths of the SFL states vary proportionally with the size of
the system while spatial profiles of the states remain independent of the system
size. It is important to mention that this coexistence of bound, extended and
SFL states continues until γ =

√
δ2 − t2 as shown in Fig. 5.5. Note that extended

and SFL states coexist in the system, and all eigenstates become SFL states at
γ =

√
δ2 − t2 [8]. In Fig. 5.6, system still is in PT-broken region and we observe

the coexistence of extended, bound and SFL states since the point d is above
the γ =

√
δ2 − t2 curve. Extended states have real eigenvalues but in this point,

impurity-bound states have complex eigenvalues and loop that SFL states forms
in the complex plane starts to lie on the real axis.

Figure 5.5: (c1) Eigenvalues and (c2) Eigenvectors of the PT-broken region.
Eigenvalues and eigenvectors are categorized as follows: SFL states form a loop
on the complex plane (lime).
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Figure 5.6: (d1) Eigenvalues and (d2) Eigenvectors of the PT-broken region.
Eigenvalues and eigenvectors are categorized as follows: extended states with
real eigenvalues (magenta), two impurity-bound states with complex eigenvalues
(blue) and SFL states with real and complex eigenvalues (lime).

Figure 5.7: (e1) Eigenvalues and (e2) Eigenvectors of the PT-restoration region.
Extended states with real eigenvalues and two impurity-bound states with com-
plex eigenvalues.

When γ is increased enough to exceed |δ+ t|, system enters the PT-restoration
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region. In this region, SFL states disappear since the emergence of SFL states
are related to broken PT symmetry. There are two impurity-bound states with
complex eigenvalues and extended states with real eigenvalues in PT-restoration
region as shown in Fig. 5.7.

In order to show that the spatial profile of the SFL states is independent of
the lattice size, we now will compare the N = 40 case with the extreme case
N = 1000. Fig. 5.8 shows that the localization length of SFL states scales with
the system size.

(a) (b)

Figure 5.8: Eigenstates when γ =
√
δ2 − t2 for lattice sizes (a) N = 40 and (b)

N = 1000. Impurity is positioned at m = N/2.

As an example and to analyze the energy spectrum in more detail, energy
spectra with respect to γ for δ = 5t which is the gray line in Fig. 5.2 is shown in
Fig. 5.9. As we discussed above in detail, when γ < |δ − t| which in case γ < 4,
system is in PT-broken region. There are two real eigenvalues corresponding to
two impurity-bound states and N − 2 real eigenvalues corresponding to extended
bulk states. Increasing γ to exceed |δ − t|, system enters the PT-broken region.
The number of real eigenvalues starts to decrease, reach its minimum value at the
cyan line in Fig. 5.2 which is γ =

√
δ2 − t2 and start to increase when it passes this

line. When γ is increase to exceed δ+ t, system enters the PT-restoration region
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and regains the extended bulk states with real eigenvalues. In PT-restoration
region, impurity-bound states now have imaginary eigenvalues.

Figure 5.9: Energy spectrum of the disorder free case with respect to γ for a fixed
δ = 5t value. Real parts of the eigenvalues are marked in red, imaginary parts of
the eigenvalues are marked in blue.

52



Chapter 6

Size-Dependent Anderson

Localization

In this chapter, we introduce random on-site potentials into the 1D lattice with
non-reciprocal impurity to observe size-dependent Anderson localization. This
forms the main result of the thesis.

6.1 Extended Model

Consider a one-dimensional disordered Hermitian lattice with a non-Hermitian
impurity, as illustrated in Fig. 6.1. The Hamiltonian is given by

Ĥ =
∑
n̸=m

t(ĉ†n+1ĉn + H.c.) +
N∑

n=1

Vnĉ
†
nĉn

+ (δ − γ)ĉ†m+1ĉm + (δ + γ)ĉ†mĉm+1,

(6.1)

where t is the hopping constant between neighbouring sites, ĉn (ĉ†n) annihila-
tion(creation) operators at site n, δ and γ define the local non-Hermitian im-
purity at site m, Vn represents random uncorrelated on-site energies uniformly
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Figure 6.1: 1D Hermitian lattice with a non-Hermitian impurity. t’s are the
Hermitian hoppings between the neighboring sites, on-site potentials are Vm and
non-Hermitian impurity at site m has δ − γ to the right and δ + γ to the left.
The Hermitian Anderson model shows an Anderson transition at any non-zero
disorder strength. Adding a single impurity makes the Anderson transition point
dependent on the system size. In the Hermitian Anderson model, extended states
become Anderson localized states at the Anderson transition point. However,
when a single impurity is introduced, both extended and SFL states turn into
Anderson localized states at the transition point. This leads to a significant shift
and size dependency in the Anderson transition point.

distributed in the interval of W [−0.5, 0.5] with W being the disorder strength and
γ, δ,W ∈ R. For PBC, assume that ĉN+1 = ĉ1. We will set t = 1 for simplicity
when performing numerical calculations.

We can rewrite Eq.6.1 for PBC without using second quantized operators and
in bra-ket notation

ĤPBC =
N−1∑
n=1

t(|n⟩ ⟨n+ 1|+ |n+ 1⟩ ⟨n|) + t(|N⟩ ⟨1|+ |1⟩ ⟨N |)

+ (δ − γ) |m+ 1⟩ ⟨m|+ (δ + γ) |m⟩ ⟨m+ 1|

+
N∑

n=1

Vn |n⟩ ⟨n|

(6.2)

Its matrix representation of the model is as follows
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

V1 t 0 · · · 0 0 · · · 0 t

t V2 t · · · 0 0 · · · 0 0

0 t V3
. . . ...

...
...

...

...
...

... . . . Vm δ + γ · · · ...

...
...

... δ − γ Vm+1 · · · ...

...
...

...
... . . . ...

...

0 0 0 · · · 0 0 · · · VN−1 t

t 0 0 · · · 0 0 · · · t VN


N×N

, (6.3)

where non-Hermitian impurity couplings are highlighted in blue: δ − γ and δ + γ;
PBC is assured with the red highlighted t’s. This matrix will be used to find eigen-
values and eigenvectors in numerical calculations of a one-dimensional disordered
Hermitian lattice with a non-Hermitian impurity.

The eigenvalue equation is given by Ĥ |ψ⟩ = E |ψ⟩, where |ψ⟩ can be written
as a linear combination of the basis states as

|ψ⟩ =
∑
n

ψnĉ
†
n |0⟩ , (6.4)

where ψn describes the probability amplitude of the eigenstate at site n. We can
write eigenvalue equation for n ̸= m,m+ 1 as

tψn+1 + tψn−1 + Vnψn = Eψn, (6.5)

and eigenvalue equations for the impurity sites are

tψm−1 + (δ + γ)ψm+1 + Vmψm = Eψm,

tψm+2 + (δ − γ)ψm + Vm+1ψm+1 = Eψm+1.
(6.6)
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6.2 Results

6.2.1 General Traits

Since we introduce disorder to the model in this section, we first want to observe
what changes occur in the disorder-free complex count shown in Fig. 5.2 when
disorder is introduced. Results are shown in Fig. 6.2. The number of complex
eigenvalues are plotted as a function of δ and γ for N = 40 and different disorder
strengths. In both the PT-unbroken and PT-restoration regions, the introduction
of disorder does not alter the eigenvalues’ behavior as they remain real in the
absence of disorder, except for the two-impurity bound states, which exhibit
complex eigenvalues in the PT-restoration region. Excluding the two-impurity
bound states in the PT-restoration region, the eigenvalues remain real. In the PT-
broken region, when disorder is introduced to the system, the energy spectrum
under PBC begins to transition from forming a loop in the complex plane to
coalescing onto the real axis. As the disorder increases, the number of complex
eigenvalues decreases. If the disorder strength is sufficiently strong, the entire
energy spectrum of the system will lie on the real axis.

In Chapter 4, we discussed about how to find the critical disorder strength
Wc at which Anderson transition occurs. Now, we will find the Wc for the impu-
rity induced disordered 1D lattice for various different lattice sizes and compare
them. At the critical disorder strength, all eigenstates have real eigenvalues as
we discussed in the previous chapters.

For the disorder-free case, we showed in Chapter 5 that there are two impurity-
bound states in each PT-unbroken, PT-broken and PT-restoration regions. Ex-
cluding the energies of these two impurity-bound states, Wc is the point where
the both the PBC and OBC spectrum coalesce to the real axis.
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Figure 6.2: Phase diagram of the 1D lattice in Eq.6.1 for different W , disorder
strength values. The number of complex eigenvalues are coded in the color bar
as a function of δ and γ for N = 40 and (a) W = 0, "Disorder-free" , (b) W = 1,
(c) W = 2, (d) W = 3, (e) W = 4, (f) W = 5

6.2.2 Critical Disorder Strength

In Fig. 6.3, we numerically calculated the critical disorder strength Wc for lattice
sizes N = 40, 80, 160 and 1000 and Wc is plotted as a function of δ and γ. This
process is averaged over many random potential realizations since Wc changes
with each choice of random potential sets. High sensitivity to the boundary
conditions disappears at the critical disorder strength.

Fig. 6.3 will be analyzed in three distinct regions:

1. PT-unbroken,

2. PT-restoration,

3. PT-broken.
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Figure 6.3: Phase diagram of the critical disorder strength (Wc) as a function of
δ and γ for different system sizes: (a) N = 40, (b) N = 80, (c) N = 160, (d)
N = 1000 for t = 1. White dashed lines are given by γ = |δ − t| and γ = δ + t
and represent the phase boundaries of the PT-symmetry for there regions. PT-
unbroken region where γ < |δ − t|, PT-broken region where |δ − t| < γ < δ + t,
PT-restoration region where γ > δ + t. Results are averaged over many random
potential realizations. Impurity is positioned at m = N/2. Competition between
Anderson and SFL states. Anderson and SFL states coexist until W = Wc in
which Anderson transition occurs.
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6.2.3 PT-unbroken and PT-restoration Regions

Both PBC and OBC spectrum have real eigenvalues and lie on the real axis in
the complex energy plane even in the disorder-free case in PT-unbroken region.
We analyzed this behaviour in Chapter 5. Localization of eigenstates occurs with
infinitesimally small random potentials like the Hermitian model. Thus, Anderson
localization takes place at introducing infinitesimally small random potentials.

Similarly, excluding the two impurity-bound states that have complex eigen-
values, PBC and OBC spectrum lie on the real axis even in the disorder-free case
as discussed in Chapter 5. Here, Wc is the point where extended bulk states turns
into Anderson localized states. Both PBC and OBC spectrum coalesce into the
real axis excluding the two impurity-bound states. Infinitesimally small random
potentials cause the localization of the eigenstates like in the PT-unbroken region.

6.2.4 PT-broken Region

In the PT-broken region, the energy spectrum is highly sensitive to the boundary
conditions. Energy spectrum can be significantly altered when boundaries are
introduced. In the absence of disorder, the energy spectrum under PBC forms
a loop on the complex energy plane while the energy spectrum under OBC lies
on the real axis. With extended and SFL states co-existing under PBC, varia-
tion in the energy spectrum between PBC and OBC indicates the characteristic
properties of the corresponding eigenstates. When we introduce disorder into the
system, extended and SFL states start to transform into localized ones. First,
the extended state with the highest absolute value of the imaginary part of the
energy becomes localized. Then, the SFL state with the smallest absolute value
of the imaginary part becomes localized. Last one the localize is the SFL state
with the highest imaginary part of the eigenvalue. Fig. 6.4 shows the ratio of the
Anderson localized states over all states. Up to Wc, all states turn into Anderson
localized states one by one, so the ratio is increasing. At Wc all states becomes
Anderson localized states.
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Figure 6.4: Ratio of the Anderson localized states over all states at γ =
√
δ2 − t2.

For the PT-broken region, the critical disorder strength Wc is the point where
extended and SFL states turn into Anderson localized ones. At this point, energy
spectrum is no longer highly sensitive to the boundary conditions. Since SFL and
extended states are the ones that become Anderson localized states, this contrasts
with the Hatano-Nelson model that is discussed in Chapter 4 where skin states
turn into Anderson localized states with the introduction of disorder and thus
leading the formation of the mobility edge in one dimension. These mobility
edges are the critical energy values that separate localized states from extended
states. In other words, states below the mobility edge are typically Anderson
localized, while states above it are extended [32, 33, 34, 35, 36, 37].

Note that skin states are characterized by their size-independent localization
lengths, meaning that their localization lengths remain constant regardless of
the system size. As a result, the Anderson localization transition point in the
Hatano-Nelson model does not depend on the system size. Our results in Chap-
ter 4 demonstrate the size independency of Wc in Hatano-Nelson model. In this
chapter, the model is also different from the Hermitian Anderson model, where
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mobility edge is absent. This is because all disorder-free states are extended,
which localize in the presence of disorder. When a single impurity is introduced
into the Hermitian Anderson model, not only extended but also SFL states turn
into Anderson localized states, leading to size-dependent transition point due
to the size-dependent character of the SFL states. This shows how an impurity
changes the Anderson transition point, which has no Hermitian counterpart. Note
that the fraction of extended states to SFL states varies with the parameters δ
and γ. Therefore, the Anderson transition point changes with these parameters.

At γ =
√
δ2 − 1, all disorder-free states become SFL states [71]. We perform

numerical analysis to obtain Wc as a function of δ and γ, and present our results
in Fig. 6.3. As shown, there is a sharp transition in Wc at the boundary between
the PT-broken and other regions. In the PT-broken region with a fixed δ, Wc

increases until it reaches its maximum value at γ =
√
δ2 − 1, then decreases until

it reaches the border between the PT-broken and PT-restoration regions. The
size-dependency of the Anderson transition point is evident from the figure. As
illustrated in Fig. 6.3, increasing the lattice size from N = 40 to 1000 leads to a
decrease in the critical disorder strength, Wc. For N = 1000, it is observed that
in the PT-broken region, the maximum value of Wc is close to one, indicating
that Anderson localization begins to appear even at a weak value of disorder.
Note that Wc approaches zero in the thermodynamic limit.

6.2.5 IPR Values

Anderson localization might occur at arbitrary values of disorder strength in the
PT-unbroken and the PT-restoration regions. In practical terms, a lattice has a
finite and limited length. When W is greater than the critical disorder strength
Wc, localization length may surpass the system size. As a result, the corre-
sponding states act as they are delocalized and exhibit a delocalized behaviour.
Likewise, localization lengths of the eigenstates may exceed the system size in
PT-broken region. Thus, Anderson localization might not be observed.

Inverse participation ratio (IPR) is used to study the localization properties of
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the eigenstates. As stated in Section 1.1.5, IPR is a measure of the localization
of an eigenstate with energy E and defined as

IPR =

∑
n

|ψn|4(∑
n

|ψn|2
)2 , (6.7)

where ψn at energy represents the states at energy E.

IPR values range between 0 and 1. A more localized state, has a higher IPR
value. IPR value of a completely localized state is 1. When a state is delocalized
meaning that its amplitude spreads more evenly across many sites, IPR value
is close to 0. For a completely delocalized state, IPR value approaches to 1/N .
The average IPR is calculated as the average of all individual IPR values at each
energy level and this is averaged over many realizations. Intermediate IPR values
indicate partial localization, with the amplitude distributed over several sites but
not uniformly.

To observe the localization properties of the eigensates, the eigenstate with the
lowest IPR value for each W is calculated and averaged over 10000 realizations
and compared to that of the Hermitian Anderson model, as shown in Fig. 6.5.
The eigenstate with the lowest IPR value is the one that is most delocalized
and is the last to transition into the Anderson localized state. This particular
state also corresponds to the SFL state with the highest imaginary value for the
disorder-free case, W = 0.

As depicted in Fig. 6.5, the SFL state with the minimum IPR value first
becomes more extended with increasing disorder, resulting in a decrease in the
IPR value for all cases for N = 40, 80 and 160. Following the decrease in the
IPR value, SFL states start to become more localized and thus have higher IPR
values. In the Hermitian case, we observe a different and somewhat opposite
behaviour. States with the lowest IPR value initially becomes more localized
and have higher IPR values monotonically with increasing disorder. Fig. 6.5
shows that non-Hermitian and Hermitian systems start to overlap near the critical
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(a) (b)

(c)

Figure 6.5: The minimum IPR among all IPR values as a function of disorder
strength, averaged over 10000 realizations for both Hermitian (yellow) and non-
Hermitian (lime for W < Wc and green for W ≥ Wc) cases when γ =

√
δ2 − t2

for (a) N = 40, (b) N = 80 (c) N = 160.
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disorder strength, Wc. This overlap approaches to Wc with higher lattice sizes as
it can be seen in Fig. 6.5a, 6.5b and 6.5c.

We can also observe the size dependency of the critical disorder strength in
Fig. 6.5a, Fig. 6.5b and Fig. 6.5c. After the Anderson transition at Wc, all states
are Anderson localized and min(IPR) values start to increase with a increasing
disorder. The number and strength of Anderson localized states increase with a
increasing disorder strength while the mobility and SFL modes shrink towards
the real axis. Fig. 6.5 also shows a size-dependent localization by observing the
critical disorder strength points of different lattice sizes, N = 40, 80 and 160.
When N = 160, we can see that non-Hermitian and Hermitian case overlaps
before N = 40 and N = 80, meaning that N = 160 has a lower critical disorder
point. Same applies for N = 40 and N = 80. Wc is decreasing with higher lattice
sizes as the overlap point of the Hermitian and non-Hermitian case happens at
lower W values.

Next, average IPR values of all states at the critical disorder strength is ob-
served. Fig. 6.6 shows the average IPR of all individual IPR values at the An-
derson transition point, (W = Wc), for the lattice sizes N = 40, 80, 160 and
1000. This procedure is averaged over many realizations. At the critical disorder
strength, Wc, the average IPR values are moderate, suggesting that a large por-
tion of eigenstates are localized with smaller localization lengths than the system
size, while a few are acting as if they are delocalized as their localization lengths
exceed the system size. Fig. 6.6 also shows a decrease in average IPR values with
higher lattice sizes which can be observed in the color codes. Average IPR values
approach zero in thermodynamic limit. This indicates that the size dependency is
more significant for smaller lattice sizes. It is noteworthy that Anderson localized
states in PT-broken region have shorter localization lengths than the Anderson
localized states of PT-unbroken and PT-restoration regions. Since, in the PT-
broken region SFL states turns into Anderson localized states and localization
length of SFL states scales with system size unlike the skin states. Consequently,
the average IPR values undergo a sharp transition for the same disorder strength
at the boundaries between PT-broken and other regions.
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Figure 6.6: Average IPR values at W = Wc for various system sizes: (a) N = 40,
(b) N = 80, (c) N = 160, and (d) N = 1000. The white dashed lines are given by
γ = |δ− t| and γ = δ+ t. Notice the difference in average IPR values between the
PT-broken region and the other two regions at the same disorder strength. This
difference arises because SFL states transform into Anderson localized states in
the PT-broken region, whereas extended states undergo this transformation in
the other regions. Impurity is positioned at m = N/2.
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Chapter 7

Conclusion

To summarize, we have studied the localization properties of the 1D Hatano-
Nelson model with and without disorder, and 1D Hermitian lattice with a non-
Hermitian impurity.

We stated that for a Hermitian Anderson model, Anderson transition occurs
at infinitesimally small disorder strength and is not size-dependent. Then, 1D
Hatano-Nelson model exhibiting NHSE is studied. Bulk-boundary correspon-
dence in Hermitian systems gets a modification in non-Hermitian systems and
is related to the emergence of NHSE. With introducing disorder to the Hatano-
Nelson model, we can observe the competition between NHSE and Anderson
localization. The critical disorder strength Wc is the point where the Anderson
transition takes place. Since the localization length of the skin states are not
dependent on the lattice size, a size-independent Anderson localization occurs.

Restoring the lattice to be Hermitian but introducing a non-reciprocally-
coupled impurity gives rise to a unique localization called SFL. The spatial decay
length of SFL states is not fixed and scales with the size of the system while
the profile of SFL states is not dependent on the size, thus the name scale-free.
We observe the competition between SFL and Anderson localized states. Since
the localization length of SFL states scales with the system size a size-dependent
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Anderson localization emerges. When the lattice size is increased, there is a
corresponding decrease in the Wc value.

For future work, complex on-site energies, complex hopping terms or com-
plex impurity can be introduced into the different lattice models and higher-
dimensional systems to observe the behaviour of non-Hermitian skin effect and
scale-free localization. In addition, in this thesis we worked with a specific 1D
lattice model to show size-dependent Anderson localization. Working with higher
dimensions and different lattice models can forge the versatility of size-dependent
Anderson localization. In addition, by introducing a non-reciprocal impurity to
Hofstadter’s butterfly model, the model can be made non-Hermitian and the
eigenvalues and eigenstates can be investigated.
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