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ABSTRACT

Master of Science Thesis
ON HIGHER ORDER FIBONACCI HYPER COMPLEX NUMBERS
Tiekoro KONE
Zonguldak Biilent Ecevit University
Graduate School of Natural and Applied Sciences

Department of Mathematics

Thesis Advisor: Assoc. Prof. Dr. Can KIZILATES
August 2021, 41 pages

This thesis deals with the study of the higher order Fibonacci quaternions and the higher order

Fibonacci hyper complex numbers.

The thesis consists of five chapters.

Chapter 1 is a concise overview of what this thesis is about and also is a literature summary for

Fibonacci numbers, Lucas numbers, quaternions, octonions, sedenions, and 2™-ions.

In Chapter 2, we shall define the fundamental concepts, the definition of Fibonacci, Lucas, and
higher order Fibonacci numbers. Their basic identities and the relations between these identities
will be given. We will also define quaternions, octonions, and sedenions whose components

Fibonacci numbers, and give some properties about these algebras.

In Chapter 3, we will define the higher order Fibonacci quaternions and study some properties

of these quaternions.
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ABSTRACT (continued)

In the Chapter 4, we will define and work on the higher order Fibonacci hyper complex
numbers. Then many algebraic properties of the higher order Fibonacci 2™ -ions will be given.
We will derive some identities such as Vajda's identity, Catalan's identity, Cassini's identity,
and d'Ocagne's identity with the aid of the Binet formula. Moreover, we develop some matrix
identities involving higher order Fibonacci 2™ -ions which allow us to obtain some properties

of these higher order hyper complex numbers.

Keywords: Fibonacci numbers, Fibonacci quaternions, Fibonacci octonions, Fibonacci

sedenions, Fibonacci 2™-ions.

Science Code: 403.01.01
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OZET

Yiiksek Lisans Tezi

YUKSEK MERTEBELI FIBONACCI HIPER KOMPLEKS SAYILARI UZERINE

Tiekoro KONE

Zonguldak Biilent Ecevit Universitesi
Fen Bilimleri Enstitiisii

Matematik Anabilim Dali

Tez Danismani: Do¢. Dr. Can KIZILATES
Agustos 2021, 41 sayfa

Bu tezde, yiiksek mertebeli Fibonacci kuaterniyonlar1 ve hiper kompleks Fibonacci sayilariyla

ilgilenecegiz.

Tez bes boliimden olugsmaktadir.

Boliim 1°de, bu tezin ne hakkinda olduguna dair kisa bir genel bakis ve ayni1 zamanda Fibonacci
sayilarin, Lucas sayilarin, kuaterniyonlarin, oktoniyonlarmn, sedeniyonlarin ve 2™-iyonlarin

literatir 6zetidir.

Boliim 2'de, Fibonacci, Lucas ve yiiksek mertebeli Fibonacci sayilarini tanimlayacagiz. Temel
ozellikleri ve bu 6zelliklerin arasindaki bazi iligkileri verecegiz. Ayrica bilesenleri Fibonacci
sayilar1 olan kuaterniyonlar, oktoniyonlar ve sedeniyonlar1 tanimlayacagiz ve bu cebirler

hakkinda baz1 6zellikler verecegiz.

Boliim 3°de, yiliksek mertebeli Fibonacci kuaterniyonlari tanimlayacagiz ve bu kuaterniyonlarla

ilgili baz1 6zellikleri verecegiz.



OZET (devam ediyor)

Boliim 4’de, yiiksek mertebeli Fibonacci hiper kompleks sayilart tanimlayip {izerinde
calisacagiz. Daha sonra yiiksek mertebeli Fibonacci 2™ -iyonlarinin bir¢ok cebirsel 6zellikleri
vericegiz. Vajda esitligi, Catalan esitligi, Cassini esitligi ve d'Ocagne esitligi gibi bazi
ozellikleri Binet formiilii yardimiyla tliretecegiz. Ayrica, bu yiiksek mertebeli hiper kompleks
sayilarin bazi 6zelliklerini elde etmemize yardimci olan yiliksek mertebeden Fibonacci 2™-

iyonlarini igeren bazi matris 6zellikleri ele alacagiz.

Anahtar Kelimeler: Fibonacci sayilari, Fibonacci kuaterniyonlari, Fibonacci oktoniyonlari,

Fibonacci sedeniyonlari, Fibonacci 2™-iyonlari.

Bilim Kodu: 403.01.01
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CHAPTER 1
INTRODUCTION

Leonardo Fibonacci, also called Leonardo Pisano or Leonard of Pisa, was the most out-
standing mathematician of the European Middle Ages. He was born around 1170 into
the Bonacci family of Pisa. At age of 9, after his mother passed away, he was broughted
by his father (Guglielmo) to the Algerian city of Bugia (now called Bougie) in order to
learn the art of computation from a muslim schoolmaster, who introduced him to the
Indian numeration system and Indian computation techniques. Fibonacci is also known

as the person who tooks mathematics from the Arabs and made Europe recognize it.

Around 1200, at the age of 30, Fibonacci returned to Pisa. He was convinced of the ele-
gance and practical superiority of the Indian numeration system over the Roman system
then in use in Italy. In 1202, Fibonacci published one of his most important works Liber
Abaci (The book of the Abacus). With this book, he introduced the modern number
system and arithmetic algorithms to Europe. And so the Liber Abaci book becomes the
handbook of all Europan scientists whom always used to work with the Roman number

System.

Fibonacci’s Liber Abaci contains many elementary problems but the most famous one is
the rabbits problem. According to this problem, rabbits in the farm cannot breed in the
first two months of their birth. From the third month, each pair of rabbits produces a
pair of babies every month. Assuming that the rabbits are immortel, how many pairs of
rabbits are in the farm in any n-th given month? Accordingly, the number of couples in
any given month is equal to the sum of the previous two months. So the number of pairs
of rabbits in the farm will be 1,1,2,3,5,8,13,21,34,55,89,144, ... It is known that the
limit of this sequence of numbers obtained from the ratio of consecutive terms is related

to the %g irrational number called "golden ratio".

Many mathematicians have studied on Fibonacci numbers, one of them was the Italian

mathematician Giovanni Domenico Cassini (1625-1712) who gave his name to the identity



he has found. Later, the more general form of this identity was found by Eugene Catalan
(1814-1894). For more details, please see [1].

Binet formula that allow us to find many identities with Fibonacci numbers, was proved
for the first time by De Moivre and later by Jacques-Philippe-Marie Binet (1786-1856)
by using the recurrence relation of Fibonacci numbers. The Binet formula allows us to
calculate directly the n-th Fibonnaci number [2].

French mathematician Edward Lucas changed the initial conditions to define a sequence
of number similar to the Fibonacci sequence which is called Lucas numbers. Researchers
have proven very interesting identities between these two sequences. These numbers are
sometimes used in nature and scientific fields [1].

In 1843, William Rowan Hamilton introduced quaternions as an extension of complex
numbers, which is a 4 = 22-dimensional associative and non-commutative algebra over
R. Shortly after this discovery, John Graves discovered the octonions, which is a 8 =
23-dimensional non-associative and a non-commutative algebra over R. In 1845, these
algebras were rediscovered by Arthur Cayley. They are also known as the Cayley numbers.
Passing from R to C, from C to Q, from Q to O is called the Cayley-Dickson doubling
process or the Cayley-Dickson process. The next doubling process applied to @ then
produces an algebra S, 2* = 16-dimensional called sedenions. This doubling process
can be extended beyond the sedenions to form what are known as the 2™-ions. High
order dimension algebras (or-hyper complex numbers) such as quaternions, octonions,
sedenions emerging in many fields, especially in mathematics, coding theory, physics,

robotics, computer science, etc. [3, 4, 5].



1.1 AIM OF THE THESIS

In this thesis, our main aim is to define the higher order Fibonacci quaternions and the
higher order Fibonacci 2™-ions (or higher order Fibonacci hyper complex numbers) and
give some properties of these algebras. This thesis consists of five chapters:

The chapter 1 is a concise overview of what this thesis is about and also is a literature
summary of Fibonacci numbers, Lucas numbers, quaternions, octonions, sedenions, and
2™-ions.

In Chapter 2, we define the fundamental concepts, the definition of Fibonacci, Lucas,
and higher order Fibonacci numbers. Their basic identities and the relations between
these identities will be given. We will also give the definition of quaternions, octonions,
sedenions whose components Fibonacci numbers, and give some properties about these
algebras.

In Chapter 3, we define the higher order Fibonacci quaternions. Many proprieties of the
higher order Fibonacci quaternions such as the Binet formula, the generating function,
the exponential generating function, the recurrence relation, and the Vajda identity will
be studied.

In the Chapter 4, we work on the higher order Fibonacci 2™-ions. Many algebraic prop-
erties of the higher order Fibonacci hyper complex numbers will be given. We will de-
rive some identities such as Vajda’s identity, Catalan’s identity, Cassini’s identity, and
d’Ocagne’s identity with the aid of the Binet formula. Moreover, we develop some ma-
trix identities involving higher order Fibonacci hyper complex numbers which allow us
to obtain some properties of these higher order hyper complex numbers. And the final

chapter consists of the conclusion.

1.2 REVIEW OF THE LITERATURE

In this section, informations will be given about references used in the thesis.

In [1] Koshy gave some basic properties of Fibonacci and Lucas numbers in the most

comprehensive way.



In [15] Vajda gave some properties about Fibonacci and Lucas numbers in his "Fibonacci
and Lucas Numbers and the Golden Section: Theory and Applications" book.

In [8] Ozvatan and her M.S advisor Pashaev developed the Golden-Fibonacci calculus
and obtained several applications of this calculus and they also defined the higher order
Fibonacci numbers and gave some properties of these numbers.

In [16] Harman took a new approach toward the significant extension of Fibonacci num-
bers into the complex plane.

In [3] Hamilton worked on quaternions and gave in the most comprehensively way prop-
erties about it.

In [10, 17] Horadam defined the Fibonacci and Lucas quaternions and obtained some
properties of the Fibonacci and Lucas quternions.

In [9] Haha investigated the Fibonacci and Lucas quaternions. She obtained some prop-
erties for these quaternions. Moreover, she derived some sums formulas for them.

In [4] Baez described the octonions and their relation to clifford algebras and spinors, Bott
periodicity, projective and Lorentzian geometry, Jordan algebras, and the exceptional Lie
groups. He also touch upon their applications in quantum logic, special relativity and
supersymimetry.

In [5] Carmody studied and developed some properties about circular and hyperbolic
quaternions, octonions, and sedenions.

In [11] Kecilioglu and Akkus introduced the Fibonacci and Lucas octonions and gave
some miscellaneous properties for these octonions.

In [6] Imaeda and Imaeda defined and gave some properties related to sedenions.

In [12] Bilgici et al. introduced the Fibonacci and Lucas sedenions. They obtained
generating functions and Binet formulas for the Fibonacci and Lucas sedenions, and
derived some identities for Fibonacci and Lucas sedenions.

In [13], a rationalized algorithm for calculating the product of sedenions was presented
by Cariow and Cariowa, which reduces the number of underlying multiplications.

In [20] Gocen and Soykan defined the Horadam 2*—ions, which are generalization of the
some above works, and examined their properties.

In [21] Kéme and Kirik defined modified generalized Fibonacci 2"—ions. Moreover they
presented some properties of generalized Fibonacci 2*—ions.

In [19] Bilgici and Dagdemir introduced unrestricted Fibonacci and Lucas hyper complex



numbers. Moreover they presented some algebraic properties of these type of numbers.
In [22] Kizilates and Kone introduced higher order Fibonacci quaternions that generalize
the Fibonacci quaternions studied by Horadam and Halici with the help of higher order
Fibonacci numbers. We gave recurrence relation, Binet formula, generating and exponen-
tial generating functions and some other algebraic properties of higher order Fibonacci
quaternions.

In [23] Kizilates and Kone deals with developing a new class of quaternions, octonions
and sedenions called higher order Fibonacci 2™-ions (or higher order Fibonacci hyper
complex numbers) whose components are higher order Fibonacci numbers. We obtained
recurrence relation, Binet formula, generating function and exponential generating func-
tion of higher order Fibonacci 2™-ions. We also derived some identities such as Vajda’s
identity, Catalan’s identity, Cassini’s identity, and d’Ocagne’s identity are derived with
the aid of the Binet formula. Finally, we developed some matrix identities involving
higher order Fibonacci 2™-ions which allow us to obtain some properties of these higher

order hyper complex numbers.






CHAPTER 2
SOME BASIC DEFINITIONS

In this part of the thesis, we will give some basic definitions and properties related to our

thesis.

2.1 FIBONACCI NUMBERS

Let F,, be the n-th Fibonacci number and Fy = 0, F; = 1 be the initial conditions. For

n > 0, the Fibonacci sequence is defined by the following recurrence relation:
Fn+2 - Fn+1 + Fn. (21)

The first ten terms of Fibonacci numbers are 0,1,1,2,3,5,8,13,21, 34.
From (2.1), the characteristic equation of Fibonacci sequence is 22 — 2z — 1 = 0, where
a = %‘?’ and g = %5 are the roots of this equation. So the Binet formula of the
Fibonacci sequence is
a — ("

a—fF "

The generating function and the exponential generating function of Fibonacci sequence

F, = (2.2)

are respectively

> T

E an":—Q,
l—z—2x

n=0

| 8

n e _ 6,336

! a—f

3

2P
n=0
The Cassini identity for Fibonacci sequence is as follows:
FuiFa — (R = (-1)".

For more details related to Fibonacci numbers, we refer to [1].



2.2 LUCAS NUMBERS

Let L, be the n-th Lucas number and Ly = 2 and L; = 1 be the initial conditions, the

Lucas sequence is defined by the following recurrence relation:
Ln+2 - Ln+1 + Ln (23)

The first ten terms of Lucas numbers are 2,1,3,4,7,11, 18,29, 47, 76.

The Binet formula for Lucas sequence is

The generating function and the exponential generating function of Lucas sequence are

respectively
p. — 74
e
T 1l-—ax—a?

o0 ajn

ZL” = P
n!

n=0

The Cassini identity for Lucas sequence is as follows:
Ly1Lpi1 + (Ly)> =5(=1)""".

For more properties and applications of Fibonacci and Lucas numbers, see [1, 7].
2.3 HIGHER ORDER FIBONACCI NUMBERS

The higher order Fibonacci numbers defined by Ozvatan and her M.S advisor Pashaev in

8], for s > 1 integer, as follows:

) _ Fus _ ()" =(B°)"
e (2.5)

Since F), is divisible by Fj, the ratio %‘ is an integer. So, all higher order Fibonacci
numbers are integers. Let us state here that for s = 1, higher order Fibonacci number
F,E”, turns into ordinary Fibonacci number.

According to special cases of s and n, some higher order Fibonacci numbers are given in

the following table:



Table 2.1 Some Higher Order Fibonacci Numbers
n\s | 1 2 3 4
1 | FY=1|FP =1 |F® =1 | FY =1

2 |FV=1|F?=3 |F¥ =4 |FY =7

3 |FV=2|FP=8 |FY=17|FY =48

4 |FV=3|FP=21FY =12 F =329

The Binet type formula for higher order Fibonacci numbers is given by

) ()" — (55)71‘

2.6

© = (26)
The recurrence relation for higher order Fibonacci numbers is

F&), = LE® + (=1 EY),. (2.7)

This formula is particular case of more general relation given below

Fs(n+1)+a = LstnJra + (_1>871Fs(n—1)+a7

where a = 0,1, ..., s — 1.
By extending n and s to negative integer numbers for higher order Fibonacci numbers

Fés), the formulas can be derived as
FU) = (=11 E®),

F9) — (<1)*0) B

n n

F(—S) _ (_1)8+1F7’([,S)‘

2.4 FIBONACCI QUATERNIONS

A quaternion p is a hyper-complex number and is defined by the following form [3]:

D = po + pii + p2j + psk, (2.8)

where pg, p1,p2, p3 are real numbers and e¢g = 1, e; = i, e;=j, e3= k are standard

orthonormal basis in R* which satisfy the quaternion multiplication rules as:

iZ=j2=k*=ijk = —1, (2.9)



ij=k=—ji, jk=i=—kj, ki =j = —ik. (2.10)

Note that we can write p = pg + u where u = p;i + poj + psk. The conjugate of the

quaternion p is denoted by p* = pg — u. The norm of a quaternion p is defined as

2
IplI* = p§ + pi + 03 + p3.
Now let’s summarize some simple arithmetic operations provided by real quaternions.

Let

P1 = ap -+ bli + Clj -+ dlk,

D2 = ag + boi + coj + dok,

and A\ be a reel number, then

P14+ p2 = (a1 + az) + (b + b2)i + (a1 + 2)j + (di + da)k,

p1— P2 = (a1 —ag) + (by — ba)i+ (c1 — c2)j + (dy — do)k,

>\p1 = )\CLl + ()\bl) i + (/\Cl)J + ()\dl) k,

pip2 = (@102 — biby — c1cy — dida) + (a1by + brag + c1dy — dic)i
+<(1102 - bldg + c1a9 + dlbg)J + (aldg + b162 — Clbg + dlag)k.

Many quaternions whose components are integer sequences were defined by researchers.

For example, Horadam defined the n-th Fibonacci quaternion, for n > 0, as
@Fn = Fn + Fn+li+Fn+2j+Fn+3k>

[10]. Here F,, is the n-th Fibonacci number. Also Horadam established a few relations

for the Fibonacci quaternions [9]:

3

QF, (QFn)* = Z (Fn+i)2 = 3F2n43

1=0

For n > 0, the Binet formula for the Fibonacci quaternions is

10



where @ = 1 + aita?j+a’k and § = 1 + Bi+3%j+5°k. Halici [9] also derived generating
functions and many other important identities of these quaternions.

The generating function for the Fibonacci quaternion QF), is

r+e+ (x+1)es+ (v + 2)es
1—x— 22 ’

GQF, =

The exponential generating function for the Fibonacci quaternion QF;, as

e n ~ _ar __ R, Bz

x ae Be
2 QR =
n=0 )

For m,n € Z, the generating function of the quaternion QF,, ., is

> F,, F,._
o l—z—=x

Then Halicr [9] gave the Cassini identity for Fibonacci quaternions as
QF1QF 1 — (QF)° = (=1)"(2QF - 3k).

2.5 FIBONACCI OCTONIONS

John Graves discovered the octonions, which is a 8 = 23-dimensional non-associative and
a non-commutative algebra over R. Short time after this discovery, these algebras were
rediscovered by Arthur Cayley. John C. Baez studied octonions and gave their some
important properties. For more details on octonions, see [4].

A p octonion, with real components py, p1, ..., p7, and eg, €4, ...,e7, as base components,

is defined by the following relation:

7
b= Z Ds€s
s=0

where g = 1,e; = i,es = j,e3 = k,e; = e, e5 = ie,eq = je,e; = ke. Note that
we can write an octonion p as p =Re(p)+Im(p) where Re(p) = po is the reel part and
Im(p) = Zzzl ps€s is the imaginary part of the octonion. The set of octonions is denoted
by O.

For any p,q € O, and let

7
p= Zpiei
i=0

11



and

7
q = Z q:€;,
i=0

7

ptq= Z(pl + gi)ei,
i=0

7
p—q= Z(pz - Qi)ei-
i=0

)

And now let the conjugate of p be p*, and the p* =Re(p)—Im(p), so

The multiplication of two octonions is as following

pq = (Z Oéiez') (Z Bjej> o Z Oéiﬁj (eie)),

t,j=0

where satisfy the octonion multiplication rules as:

Table 2.2 The Multiplication For The Basis Of Octonions

X |1 |eg e e ey es € ey

1 |1 |e e e ey €5 € er
e;|e | —1 |e;s —ey | es —ey | —e7 | e

e | e | —e3 | —1 | e € er —ey4 | —e5
es | es3 | e —e; | —1 | ey —eg | es —ey |
€4 | €4 | €5 | —€g | —€7 | — 1 (S31 €9 €3

€5 | €5 | €4 —e7 | € —e; | — 1 —e3 | €

€5 | €5 | €7 (S71 —e€er | —€2 | €3 —1 —€eq
ey | er | —€g | €5 (S71 —e3 | —€9 | €1 —1

The Fibonacci octonions is defined as follows [11]:

7
OF, =Y F,je;,

i=0

12



where eg = 1,e; =i,e; = j,e3 = k, e, = e,e5 = ie,eg = je,e; = ke and F}, is the n-th
Fibonacci number.

The conjugate of Fibonacci octonion (OF,)" is

7
(OF,)" =F, =Y Fuje;.
j=1

The Binet formula for the Fibonacci octonions is

a*(a)" — B (B)"
a—pf ’

(O T g
where o =} ;_,c’e; and 8" =37 Ble;.

The generating function for the Fibonacci octonions is

OF, =

7
1
GOF, > (F.+ Foaz)e..
=0

1—2—22
S

Cassini’s identity for the Fibonacci octonions is as follows
QF, 1QF,_; — (QF,)* = (=1)"[Ko — OF, + 14e; + 14eg + Ter] ,

where K, is the n-th Lucas octonions. For more details about Fibonacci octonions see

11].
2.6 FIBONACCI SEDENIONS

The next doubling process applied to @ then produces an algebra S, 2* = 16-dimensional
called sedenions. Sedenions were detailly studied by Imaeda K. and Imaeda M. and
Cariow A. and Cariowa G. [6, 13]. Now let us define a sedenion p as follow.

A p sedenion, with real components pg, p1, ..., p15, and €g, €y, ..., €15, as base components,

is defined by the following relation:

15
b= Zpiei-
i=0

Note that we can write an sedenion p as p =Re(p)+Im(p) where Re(p) = py is the reel
part and Im(p) = Zi; ps€, is the imaginary part of the sedenion. The set of sedenion
is denoted by S.

For any p,q € S, and let
15

b= Zpieia
i=0
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and

15
q= Z 4i€,
i=0

then,
15

pPtq= Z(pz + gi)ei,
i=0
15

p—q= Z(pz —q;)e;.
i=0

and now let the conjugate of p be p*, and the p* =Re(p)—Im(p), so
15

" =pp=> 1.
i=0

The multiplication of two sedenions is as following;:

15 15 15
o= (z ) (z 6) _ 3 ot (o),
i=0 =0

4,j=0

where ey, e, ..., €15 are called unit sedenion such that eg is the unit element and ey, e,, ...

are imaginaries satisfying, for ¢, j,k = 1,2, ..., 15 the following multiplication rules:
2

ee; = eep =e;, () = —ey,

eie; = —e;je;, i F J,

e (ejer) = — (eiej) ey, 1#£j, ee;#tey.

For more linear properties of sedenions, please see [6, 13, 14].
In [12] Bilgici have defined Fibonacci sedenions as follows:

15

SF, = Z Foye.

1=0

The Binet formula for the Fibonacci sedenions is

sp _ &)~ BA"

a—p
where & = 3.0 (@)’e; and 5 = 3.2 (8)'e;.

14
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The generating function for the Fibonacci sedenions is

SFO + SF_l.T

1l—x—2a2

GSF, =
Cassini’s identity for the Fibonacci sedenions is as follows:
SFp1SFp_1 — (SE,)* = (=1)™ (2SF_; + w)

where w = 94eg + 94e1g + 188e1; + 282e1; — 188e;3 + 94eq4 + 893e1s.
This doubling process can be extended beyond the sedenions to form what are known as

the 2™-ions.

2.7 FIBONACCI 2™-IONS

The hyper-complex numbers known as 2"-ions can be regarded as linear combinations of

elements from a canonical basis set:

2m—1
W = Z w;€; = Wo€p + wi€1 + ... + Wom_1€9m_1 (211)
=0

where the e;’s are elements of the basis set and the w;’s are real numbers [4, 20]. The
conjugate of W is denoted by

2m_1
W* = Wop€p — Z w;€e; = Wop€p — Ww1€e1 — ... — Wogm_1€9m _1. (212)
i=1
According to choise of m in (2.11), we obtain the following special cases.
1. For m = 2, and w; = F;, we obtain the Fibonacci quaternions QF,, [9, 10].

2. For m = 3, and w; = F}, we obtain the Fibonacci octonions OF,, [11].

3. For m = 4, and w; = F;, we obtain the Fibonacci sedenions SF,, [12].

15






CHAPTER 3
HIGHER ORDER FIBONACCI QUATERNIONS

Initially, we express that the results of this chapter are cited from [22] which has been
published by us. In this part of our thesis, we will deal with the higher order Fibonacci
quaternions. Many properties of the higher order Fibonacci quaternions such as the Binet
formula, the generating function, the exponential generating function, the recurrence
relation, the Vajda’s identity, the Cassini’s identity and the Catalan’s identity will be
studied.

Definition 3.1 The higher order Fibonacci quaternions, QEQS), is defined by
QF®) = F® 1+ F®) i+ FW5 4 FO.k. (3.1)

If we take s = 1 in (3.1), we get the Fibonacci quaternions defined and studied by
Horadam [10] and Halic1 [9]. By virtue of (3.1), the higher order Fibonacci quaternions

can be written as
QR = F{Y +u,

where u = F(Jr)ll + F(j_)zj + FT(LJr)gk
The conjugate of the higher order Fibonacci quaternion QF. is denoted by (@F,@) as

(QFY) =F{ —u. (3:2)

Proposition 3.1 For the higher order Fibonacci quaternions, we have

QFY + (QFW)" =2F. (3.3)

Proof. Using (3.1), we find that

QF® + (QFW)" = (F,§5> + F9 i+ F5+ F,Ef33k) + (F}ﬁ FULi— Gy — F}jﬁz,)k)
= (FY+FY) + (Fr(zi)l - Féi)l) it (Fﬁz - Fﬁi)z) J+ (Fr(wr):a Fr(i):’,) k

= 2F,

17



Proposition 3.2 The higher order Fibonacci Fibonacci quaternions satisfy the following

identity:
(QFY)* = 2FPQFY — QFY (QF¥)". (3.4)
Proof. Using (3.1) and (3.2), we find that

(@FY)" = QFIQFY
= (F,§S> +HFS +iFC), + kF,Ei)g) (F<S) +HFS, +IFC), + kFéi)E,,)
= EOE® + FOIES), + OGRS, + EORFS; +iFS) FO + ik i),
+ECVAES)L  + FOAES) Xk + FOLGFS + FOGES i+ FSLiFS i+ FULiF)k
+FULKEY + FOLKFS i+ FE kS,  + FOk S,k

= (Fés)Fvgs) - Fr(zi)lFrgi)l F F£?2F£?2 - F?E?BF?E??))

+ (FéS)F,Si)l + F?E?IF(S) 2 Féi)zFéi)s n+2> 1
+ (FO R — PO + FELFY + B nH) j
+ (FTES)FTE?:)) + F7(L?1FT(LS+)2 - FT(Li)2Fvgj~)1 ) k
- (A S>>2 (F,szlf (Fé%) (steg) + (2F£S>F£’i21)

2 2 2
) - <F,Ei)1> - (Féi)2> - (Fﬁ:’)) + 2F7ES) <F7§i)11 + F(+)2J + Frgi)3k>

2 2 2

= (Fags)f - (Féi)l) - <Fr(ti)2> - (Fr(i:a)

2R (R PO < R P LY

2 2
= — ((FY(LS))2 + (F,Ei)l) + (F,(Li)2> + (Féi)?)) ) + 2FT(L$)QF7(LS)
= —QFY (QFY)" +2FYQF).

18



Theorem 3.3 The Binet type formula for higher order Fibonacci quaternions is

s _ ala®)" — B(B")"
QFy) = RT3 (3.5)

where & = 1 + a*i+a®j+a*k and B = 1 + B°i+8%j+5%k.
Proof. By using (2.5) and (3.1), we have

QFY = FY+ F(i)ll + F(S)zJ + Frg+)3k

_ (as)n _ (BS)n (Oé )n+1 (ﬁ )n—f—l. (as>n+2 _ (68)n+2 . (048>n+3 _ (ﬂs)n+3
— s — 68 + o — ﬁs 1+ o — 68 ,]‘|“ o — ﬁs k
— = i - ((Oés>n (1 + Oési+0428j+a35k) o (ﬂS)n (1 +Bsi+ﬁ2sj+535k))

A &<&s>n _ B(ﬁs)n

= - ﬁS .

So the proof is completed. =

Theorem 3.4 The recurrence relation for higher order Fibonacci quaternions is given by

QFY), = LQFY + (-1 QFY,. (3.6)

n

Proof. By using (2.4) and (3.5), we have
&(&s>n+1 _ B(ﬁS)nH

as — [3°
o 1 [~/ s n+l _ DB/ psyn+l
= L [atory - B8

QF?S—I =

_ :&<as)nas _B(ﬁs)nﬁs}
o [ (B4 B - B
- - :(@(as)n o B(ﬁs)n)as + B(ﬁs)nas N 3(/65)71/88]

1 A A
5 (B e = By
[B(ﬁs)nas . B(ﬁs)nﬁs]
1
— 65
_ @Fq’(LS)(as +65) . Qsls)ﬁs + -

= —— @) =B+ —

1
— QF®as
QFfa’ + =

= QF(a"+ 5 -5+ —

[B(Bsyzas _B(Bs)nﬁs}
1
s _ 65

B(s7yar - By |
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also

= LQED + o [ alar) 8+ A
= L,QF siﬁs 370" — afa®)'s|

_ SQFr,ES) + (S&_ﬁ)ﬁs _B(ﬂs)n—l . &(as)n—l]

— L,QF® — a(saf ) 5 (o)t = B(an)]

_ [aty = by

- SQF <_1> [ o — Bs ]

— LQFEY — (=1)*QFY,
= L,QF® 1 (=1)*"'QEY,
= LQFY + (-1)""' QFY),,

and that gives us the desired recursion formula (3.6).

Theorem 3.5 By extending n and s to negative integer numbers for higher order Fi-

bonacci quaternions QFTES); the following identities can be derived as

QFY) = (-1)

@Fﬁ;s) _ (_1)571QFT(LS)7

QF™ = (-1 'QrY)
Proof. By using (3.5), we have

() — B(B7) "

F& =
d(ﬁs)n_s(as)n
_ @y
o — [3°
sn&(ﬁs)n B B(as)n
- (_1) s s )
o =

20
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QF.”

and

QF

= (O‘ﬁ)s ﬁs ?és
() et
- ( 1) Bs — o

So the proof is completed. =

3.1 GENERATING FUNCTION OF THE HIGHER ORDER FIBONACCI
QUATERNIONS

In this section, we give the generating function of higher order Fibonacci quaternions. To

obtain the generating function, we need the following lemma:

Lemma 3.6 The following identities hold:

a— f

and

= (o’ = B°)(i+ Lyj + (Los + (—1)"*H)k)

ap® = fa* = (=1)°(a® = 5°) (=1 +j+Lk) ,

where & = 1 + o’i + o**j + o**k and B =1+ B+ 8%j+ ¥k

Proof.

A

a— f

From the definitions of & and B, we have
= (1+a'i+a®j+a*k) — (1+ B+ 8%j + k)
= (=D (@ B (0 - ™)+ (0¥ - )k

= (&® = B°)(i+ Lej+ (Las + (—1)"1)k),

21
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and
<dﬁs _Ba5> _ (55 +&S/88i+&2853j +a3555k) _ (Oés—i—ﬂsasi—{—ﬂ%&sj +535045k)
(B =0+ (21 (0 = )i+ (1) (o — ) k

= (=1)°(e® = B3°) ((=1)**" +j+L:k) .

Theorem 3.7 The generating function of the higher order Fibonacci quaternions QF,&S)

s given by

GO () = (i+ Lo + (Los + (=1)*)k) + (=1 (=1 +j+Lk) @ (3.1
1—Lgx+(—1)" a2 :

]

Proof. Let

T) = f: QE®)zm
n=0

be the generating function of QFTSS), then using (2.5) and (3.1), we have

D_QFIa" = 3 (R 4+ Fi+ B+ Fk) o
= n=0

= D (ot 0¥ 0t - (1 A 50) o
n=0
1 - S\n A~
- as — ﬁs ;((O& ) Q 5 Z
d = S\n . .n 3 > s\n.n
_ as_ﬁs;(&)x ‘as_gs;;;(ﬂ”
& 1 B 1

—fl—a’r o —f(3°1— [z
& —af°z — B+ Batx
(o = B%)(1 — a®z)(1 — B°x)
(&= B) — (a8° — Bar)e
(a® = B°)(1 = Lz + (=1)"2?)
Then using (3.10) and (3.11), we have

(@® = B)(i+ Lej + (Las + (=1)°)k) = (=1)°(a® = B°) (=1)*"! +j+Lk) z
(a* = B°)(1 = Loz + (—1)" 2?)

(i+ Lgj+ (Las + (=1)7)k) — (=1)° (( )" 4 j+Lk)x

1— L+ (—1)x

(-1)

1

(i+ Lgj+ (Los + (=1))k) + (-1
1— L+ (—

(=) 4 LK)
)"
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Now let us give the general formula of generatig function of the higher order Fibonacci

quaternions. ®

Theorem 3.8 For m,n € Z, the generating function of the higher order Fibonacci

quaternions QF, ,(,i)rn IS

X e QFY 4+ (-1pTQFY @
nz; BN S sy ) L (3.13)
Proof. Using (3.5) we have,
Sorr - 3 ()
n=0 n=0
T oo i 3° Z aa”)™ " — Zﬁ(ﬂs)mﬂﬂl
:n:O n=0
1 g . 0
= L [ ey - b Z(@S)%n]
L n=0 n=0
1 -A s\ym 1 2 s\m 1
i L )
1 Jale)m(1 = ) — BB - at)
a7 1 — t2)(1 - 57)
1 [aled)m — alet)mBrn — BBY)™ + BB orx
a4 1= Lx + (-1 22
L afaym By @p" (a(a*)" = B )
T (@ - ) A-Lat(-1)7e?) (o= F) (1 La+ (-1)a?)
= QFW® 1 . (G(as)™t — B(B*)™ ) (—1)%x
" 1= Lo+ (=1)7a? (a* = %) 1= Loz + (—1)° 22
QFy QY (-1)’

1— L+ (—1)°22 1— L+ (—1)"2?
QFy + (-1)*"'QF
1— Lex+ (—1)"22

[
Now, we shall give the exponential generating function of the higher order Fibonacci

quaternions.

Theorem 3.9 Ezponential generating function of the higher order Fibonacci quaternions

QE(LS) 18

o0 n Aoatr _ ,B%
Y orT = 20T (3.14)
et n! as—f3
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Proof. Let

xn

U9a) = QR
n=0

n!

be the exponential generating function of QF', then using (3.5), we have

s S 92" e~ )" = B3 @

n=0 n=0
L@ 0 o (B
s = [anzzo nl _anzo nl
]. . S
— Aot B8 a:]
T [ae Be
B he®’r — Beﬁ x
= o Bs

3.2 SOME ADDITIONAL IDENTITIES FOR HIGHER ORDER FIBONACCI
QUATERNIONS

In this part of our thesis, we derive some identities involving higher order Fibonacci

quaternions. In order to compute our next result, we will give the following lemma.

Lemma 3.10 The following identities hold for

af = A—AB (3.15)
and
Ba = A+ AB, (3.16)

where A = a—3°, A=2 (—1)* "+ Li+ Lagj+ L.k and B=F i+ (—1)*"' FVj+(-1)* Fk.

Proof. By virtue of (2.9) and (2.10), we get

A

aB = (1+a'i+a®j+a®k) (1 + B°i+8j+6%k)
= 2(=1)" + (Le + B° — @) it (Lo + (=1)° (0™ — %)) ]
+(Lss + (=1)° (B° — o)) k
= 2(=1)*" + LyitLogj+ Lak — AR it (=1)° AFRPj + (=1)" ARk
— o (—1)" 4 (LS - AFl(S)) it (LQS +(-1)° AF§S>) i+ (Lgs (-1 AFP) k
— A-AB.
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Ba = (1+4i+5%j+67k) (1 + a’i+a®j+a’k)
= 2(=1)" 4 (L, — B+ ) it (Lo + (—1)° (=0 + 5%)) ]
+ (Las + (=1)° (—5° + ) k
= 2= 4 (Lo + AFD )itk (Lay — (<1) AR ) o (oo + (1) AF )
= A+AB.

We now give the following result that we will use to obtain a number of special identities.

Theorem 3.11 (Vajda’s identity) For any integers n, m, and r, we have
@Fr(rf—i-nQFnj?r QF;S,S)QFTS-)FTL-‘—T — (_1>n8 F7§15) [AFT(S) + BLS’I“] ©

Proof. By using the Binet formula for the higher order Fibonacci quaternions, we find

that

QFY),QFY), — QFYQFEY),..
1 <d(0‘s)n+m - B(ﬁs)“m) (d(as)mr _ B(ﬂs)”+7">

_Aﬁ(()és)n+m</63)n+7' _ B&(QS)H+T(68)n+m + @[3(@8)”(6 )n+m+r + Ba(as>n+m+r<63)n]
_dﬁ(as)m(ﬁs)r _ B@(as)r(ﬁs)m + &B(ﬁ )m—i—r +ﬁOé 5 m—l—r)

N— 1
—~
Q
W
=
V)
S~—
3
/N

= T A + AB(@®)" — A(B°) + AB(°)"]

— Tm [A((@®)" = (B°)") + AB ((*)" + (8°)")]
— (-1 FY [AF + BL,].

So the proof is completed. m

Now, we have the following special cases from the Vajda’s identity:
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Corollary 3.1 For m = —r, we have Catalan’s identity

QED,QF), — (QFY)* = (-1 F) [AF® + BL,] .

Corollary 3.2 Forr = —m =1, we give Cassini’s identity

QFLQF — (QFY) = (-1 [A+ BL.

Corollary 3.3 Forr =j —n, and m = 1, we reduce to d’Ocagne’s identity

QAR ~QFPQR, = (-1 [AF{", + BLy)
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CHAPTER 4
HIGHER ORDER FIBONACCI HYPER COMPLEX NUMBERS

Initially, we express that the results of this chapter are cited from [23] which has been
published by us.

In this chapter, we will work on the higher order Fibonacci 2™-ions. Many identities
about the higher order Fibonacci 2™-ions will be given and also the relations between the
higher order Fibonacci quaternions and the higher order Fibonacci 2™-ions will be found.
We now define the higher order Fibonacci 2™-ions and derive some new identities con-

cerning higher Fibonacci 2™-ions.

Definition 4.1 The higher order Fibonacci 2™-ions HCY) (or higher order Fibonacci
hyper complex numbers), are defined by

om_1
]HICS) = Z Fqgi)heh = Ffls)eo + Féi)ﬁl +- éizm—1e2mfla (4.1)
h=0

where the ey, ’s are elements of the basis set and EFY s the n-th higher order Fibonacci

number.

According to choice of s and m in (4.1), we obtain the following special cases.
1. For m = 0, we obtain the original higher order Fibonacci numbers F\” [8].
2. For m = 1, we obtain the higher order Fibonacci complex numbers CF,ELS).
3. For m = 2, we obtain the higher order Fibonacci quaternions QF." [22].
4. For m = 3, we obtain the higher order Fibonacci octonions OFY.
5. For m = 4, we obtain the higher order Fibonacci sedenions SE.

6. For s =1 and m = 0, we obtain the original Fibonacci numbers F,, [1, 15].
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7. For s =1 and m = 1, we obtain the Fibonacci complex numbers CF,, [16].
8. For s = 1 and m = 2, we obtain the Fibonacci quaternions QF;, [9, 10].
9. For s =1 and m = 3, we obtain the Fibonacci octonions OF,, [11].

10. For s = 1 and m = 4, we obtain the Fibonacci sedenions SF,, [12].

The conjugate of the higher order Fibonacci 2"-ions, HC'®) is denoted by (HC?) as

(HC;S)) = e — Z +heh = )eo _ Féj}lel e — 751)2"171627”_1' (4'2)

Proposition 4.1 For the higher order Fibonacci 2™-ions, we have

HCY + (HCS))* — 2F e, (4.3)

Proof. Using (4.1) and (4.2), we find that

HC,,(S) _'_ (HC;S)) = (Fés)eo _'_ * F( )2m 162m 1) + <F7§S)e[) -t Féj_)zm_leQm,1>

= FYey+ FlVe

= 2FT(LS)GO

Theorem 4.2 Binet type formula for the higher order Fibonacci 2™-ions is

HC®) = 4.4
n Oés _ Bs ? ( )
where
om_1 ’
&= (oﬁ)heh = (eo + (Oés)el + (@8)282—|— ce +(@5)2,,L7182m71) y
h=0
and
. 2771 1
p= (8°)"en = (€0 + (B°)er + (5°)%ext -+ +(8°)*" leam_1)
h=0
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Proof. By using (2.5) and (4.1), we have
HC®) = Z F¥en = F9ey+ F& ey + Fhes + -+ Fyegm
s\n __ s\n s\n+1 __ s\n+1 s\n+2 __ s\n+2
o) W 0 e o s WA 0 et o i WY
as—f as —f3 af—f

+»<(asyH2m1__(€syH2m1) oo
ot —f3

1 (o)™ (e + ()er + (a%)?ea+ - - + ()" TLegm_1) —
o — f° (B°)" (e0 + (B%)er + (B°)%ext - - +(B°)*" "Legm_1)
a(o®)" = B(B°)"
as — [3° ’

So the proof is completed. m

Now we will give some special cases of the Binet-type formula for the higher order Fi-

bonacci 2™-ions.
Corollary 4.1 For special choices of s and m, the following cases can be obtained.

1. If s =1 and m = 2 are selected, we have the Binet-like formula for the Fibonacci
quaternions as
aa" — "

QFn: 04—5 )

(4.5)

3 3
where & = E ale, and B = g Sley, .
h=0 h=0

2. If s =1 and m = 3 are selected, we have the Binet-like formula for the Fibonacci

octonions as

oF, = “° - B°p

e (4.6)

7 7
where o = g aley, and B* = E Sley, .
h=0 h=0

3. If s =1 and m = 4 are selected, we have the Binet-like formula for the Fibonacci
sedenions as
aa™ — pp"

F:
SF, gy

(4.7)
15 BERL

where & = Z aley, and B = Z gley, .
h=0 h=0
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Theorem 4.3 For n > 1, the recurrence relation of higher order Fibonacci 2™-ions is

given by
HCY), = LHCY + (-1)*"'HCY .

Proof. By using (2.4) and (4.4), we have

(4.8)

HC}),

A (as)n+1 _ B(ﬁS)nH

Q

5 (alera By )

— (e = 5@y ) o+ Beyar - e e

L (atey =By o+ L (Bt - By )
— HCYo" + == (B(")a* = B5)8")

= HCY(a® + ) — HCY B +

(
= LHCY +— L (B0 — a(ary's)
(

and that gives us the desired recursion formula (4.8). m

v BS <B(ﬁs)nas 4 ﬂ(ﬁs)nﬁs
B35 = ala)" 8" + B(B")"a* = B(87)"6")

Now, we will give the generating functions of higher order Fibonacci 2™-ions in the

following theorem.

Theorem 4.4 The generating function of the higher order Fibonacci 2™-ions HCS) 18

given by

6 (n _ (&= DB) = (aB° = Ba*)x
O oA Lar (D)
Proof. Let

GW () =) HCz"
n=0
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be the generating function of HC)| then using (2.4), (4.1) and (4.4) respectively, we have

STHCY " = Y (FVeq+ Fiier + -+ Fyn_jeany) a"
n=0 n=0
= S et - S (@ e
= s — 58 vt s — 68 rar
o = s\n ,.n B = sS\n.n
B oﬁ—ﬁsnzzo(a)x _as—ﬁsnzzow>x
o 1 3 1

o — [ 1l—a’c o —p°1— [z
& —af°z — B+ Pax

(@° = 5°)(1 — ofz)(1 — %)
(& —B) = (ap° = Ba*)x

(a5 — 3°)(1 — Lyx + (—1)° 22)

Corollary 4.2 For special choices of s and m, the following cases can be obtained:

1. If s =1 and m = 2 are selected, we have the generating function for the Fibonacci

quaternions as

GQFn:J:+e1+(x+1)eg+(x+2)e3'
1—o2— 22

2. If s =1 and m = 3 are selected, we have the generating function for the Fibonacci

octonions as

7

Z (Fs+ Fs_q17) €.

s=0

1

1—2—22

GOF, =

3. If s =1 and m = 4 are selected, we have the generating function for the Fibonacci
sedenions as

SFO + SF,LT

1l—x—2a2

GSF, =

Theorem 4.5 For n, k € Z, the generating function of the higher order Fibonacci 2™ -

ions H(C,(:ln is

[e%S) HC(S) + -1 s+1H(C(5)
Z HC® 4 — p (1) k-1 (4.11)
n=0

Bn ™ 1 — Lo + (—=1)° 22
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Proof. Using (4.4) we have,

o [yt = BB
ZHC’H-N = Z(aa 045—68 )ZE

n=0
_ 1 i i&(QS)k-i-nxn _ iﬁ(ﬁsy@—i—nxn]
o’ — ﬁ Ln=0 n=0
1 B o9 . )
— = _ﬁs d(as)k Z(as)nmn _ﬁ(ﬁs)k Z(ﬂs)nxn]
L n=0 n=0
_ 1 P s\k 1 _ D(ps\k 1
a7 _a(a) 1 —asx bE”) l—ﬁsx]
1 @)1= ) = BB — o)
 at - I (1 —asx)(1 - p°x)
1 [ae)t )t — BB + BB et
ot —ff I 1— Lex+ (—1)"22
B a(a®)t — B(B): a5 (o)t = BB) 1) a
C (=) -La+ (-1)2?) (o0 =) (1— L+ (-1)2?)
_ HCY (@) - BB (-1
 1— L+ (—1)° 22 (as — %) 1— Lgx+ (—1)"22
HC! HCY (—1)%z

1— L+ (—1)°22 1-— L+ (—1)"22
HCI(:) + (= )SHHCk v
1— Lex+ (—1)"22

Theorem 4.6 FEzxponential generating function of the higher order Fibonacci 2™-ions

HC®) s

e n Ao nB%c

ZHCS)JC— = M. (4.12)
n! ot —f

Proof. Let

0 (z Z HC s) z"

32



be the exponential generating function of HC'”, then using (4.4), we have

0 N o Q)" = BB 2
n=0 n=0
_ 1 A - (as)n n e (Bs)n n
= az 7 —BZ T
n=0 n=0
]. o s
— Aot B°x
T [ae Be ]
e — Beb’=
= T ﬁs

4.1 SOME ADDITIONAL IDENTITIES FOR HIGHER ORDER FIBONACCI
HYPER COMPLEX NUMBERS

In this part of our thesis, we derive some identities involving higher order Fibonacci

2™-jons.

Theorem 4.7 (Vajda’s identity) For any integers n, k, and r, we have

1) F(s) .
ML, HCL, - HEPHCY,,, = STk (Bt - ap(y). (113)

Proof. By using the Binet formula for the higher order Fibonacci 2"-ions, we find that

HCY) HCS), - HCYHCY),
| (a<as>n+k B(ﬁ )y (ales)m = B(any)
( <A A n) (&<as>n+k+r _ B(/@S)n+k+r)
QY = Ba(at ) (B 4 aB(at) (B + Balat) T (8)")

A

( Bla*)H(B) = Ba(a®y (B + aB(8)*" + Bala®)))

I
e
/—\ A /—\ /—\
Q
\/
x>
|
—~
®
@
S—
-
SN—
_.I_
w
(o}
—~
Q
)
SN—
2
—
—~
o)
»
N—
B
|
—
=
@
S—
-
SN—
——

<—1> F@

So the proof is completed. m

Now, we have the following special cases from the Vajda’s identity:
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Corollary 4.3 For k = —r, we have Catalan’s identity

ns (s)
HC{, HCY), — (HCY) = —<_als)_ 1;5_7« (Batay - ad(a)). (4.14)

Corollary 4.4 Forr = —k =1, we give Cassini’s identity

HC®, HCY), — (Hcy)z - (_QL_;H ([3@@8 . aBBS) . (4.15)

Corollary 4.5 Forr =j —n, and k = 1, we reduce to d’Ocagne’s identity

(_1)n$
as — [3°

HCY), HC! — HCWHC), = (Bd(oﬁ)j_" - dﬁ(ﬁs)j‘”> . (4.16)

4.2 A MATRIX REPRESENTATION FOR HIGHER ORDER FIBONACCI
2m-IONS

In this part of the the thesis, we derive the matrix representation of the higher order

Fibonacci 2™-ions. We first introduce two matrix Q® and P®®) as follows:

Ls —1 s+1

QY = =) , (4.17)
1 0

and
HCYY HCY

Pl = 2 ! (4.18)
HCY HC

where L is the Lucas numbers. Now we give the following theorem regarding our result.

Theorem 4.8 Forn > 0, the following equality holds:

(s) (s)

(Q(s))nP(s) _ HC?J;Z HC ‘ (4.19)
H(CnJrl HCS)

Proof. For the proof, we use induction method on n. The equality holds for n = 0.

Assume that our assertion holds for n = k. Namely,

HCY), HCY),

S k S
Q) P = (s) (s)
HC,y, HCG,
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Then for n = k + 1, we have

k+1

Qype — (-1 HCSY HCS
0 HC{ HCY
L, (—1)* HCY), HCY),
1 0 HC), HCY
_ ( mel, neg,

HC;), HCY,
So the proof is completed. =

With the help of the matrices above, we can also give the Cassini identity for higher order

Fibonacci 2™-ions in the following theorem.
Theorem 4.9 Forn > 1, we have

2
HC) HCY | — HCY = (=1)™° (HCQSW@@” — (mc) ) .

Proof. If we take the determinant both sides in Equation (4.19), the proof is completed.

35






CHAPTER 5

CONCLUSION

In this thesis, our main aim is to define the higher order Fibonacci quaternions and the
higher order Fibonacci 2™-ions and give some properties of these algebras.

Firstly, we have introduced and studied higher order Fibonacci quaternions which are
defined by means of the higher order Fibonacci numbers. Then we have derived several
fundamental properties of these higher order Fibonacci quaternion.

We have also introduced and studied higher order Fibonacci 2™-ions which are defined by
means of the higher order Fibonacci numbers. Then we have derived several fundamental
properties of these higher order Fibonacci 2™-ions such as Binet formula, generating
function and exponential generating function. With the help of the Binet formula, we
derive Vajda’s identity, Catalan’s identity, Cassini identity, and d’Ocagne’s identity. Also
by means of the matrix representation of the higher order Fibonacci 2™-ions, we prove the
another type Cassini identity. The algebra of hyper complex numbers is noncommutative,
whereas the algebra of hyper-dual numbers is commutative. For the interest of the readers
of our paper, the results presented here have the potential to motivate further researchers

of the subject of the higher order Fibonacci hyper-dual numbers.
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