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ABSTRACT

Doctor of Philosophy Thesis

ON HIGHER ORDER JACOBSTHAL NUMBERS

Evren EYICAN POLATLI

Zonguldak Biilent Ecevit University
Graduate School of Natural and Applied Sciences

Department of Mathematics

Thesis Advisor: Prof. Dr. Yiiksel SOYKAN
June 2022, 157 pages

In this thesis, we obtain various combinatorial formulas and matrix representations of higher
order Jacobsthal numbers and their certain special cases. Then in the last chapter, we define
generalized third order Jacobsthal matrix sequence and investigate their properties. This thesis

consists of seven chapters.

The organization of this thesis is as follows:

Chapter 1 provides a concise overview of what this thesis is about. Besides, there are properties
of generalized second and higher order Fibonacci, Pell and Jacobsthal sequences. The Fibonacci
sequence is an important integer sequence with many interesting properties in the literature.
This sequence has a number of applications within diverse disciplines. For example, Statistics,
Biology, Physics, Finance, Architecture, Computer Science, Medicine are some application
areas of this sequence. We begin the first chapter by presenting some properties of the Fibonacci
sequence. Then, we present the properties of Pell numbers and some properties of Jacobsthal

sequences that appear in many fields such as Fibonacci sequences.



ABSTRACT (continued)

Jacobsthal numbers, which are the subject of this thesis, have applications in many branches of

mathematics such as group theory, calculus, applied mathematics, linear algebra.

Chapter 2 includes some basic definitions and some significant theorems used throughout the
thesis. We present some basic definitions, theorems and properties of Jacobsthal and Jacobsthal-

Lucas numbers. Jacobsthal sequence J, and Jacobsthal-Lucas sequence j, respectively, are

defined by the following recurrence relations: J_ ., =J

n+l

+2J, where J,=0,J,=1 and

jn+2 = jn+1 +2jn where jo =2, jl =1.

Chapter 3 presents several combinatorial formulas and matrix representations of the generalized

third order Jacobsthal sequences. A generalized third order Jacobsthal sequence
A :{Vn (VO,Vl,Vz)}nZO is defined by the third order recurrence relations
V, =V, ,+V , +2V, , with the initial values V, =c,, V, =c,V, =c, not all being zero. In the
continuation of Chapter 3, we explore in detail four special cases of generalized third order
Jacobsthal sequences: third order Jacobsthal sequence J., third order Jacobsthal-Lucas
sequence j,, modified third order Jacobsthal sequence K, and third order Jacobsthal Perrin
sequence Q.. Throughout the chapter, some basic properties of generalized third order

Jacobsthal numbers such as Binet formulas, generating functions, and Simson formulas are

presented.

Chapter 4 includes the six special cases and some properties of generalized fourth order

Jacobsthal ~ sequences. A  generalized  fourth  order  Jacobsthal  sequence

Vot oo =1Va (Vou Vi V,,V, )} is defined by the fourth order recurrence relations

n
V.=V, ,+V , +V . +2V, , with the initial values V, =c,,V, =¢,,V, =c,, V, =c, not all being
zero. . In the continuation of Chapter 4, we investigate, in detail, six special cases: fourth order

Jacobsthal sequence J,, fourth order Jacobsthal-Lucas sequence j,, modified fourth order
Jacobsthal sequence K., fourth order Jacobsthal Perrin sequence Q,, adjusted fourth order

Jacobsthal sequence S, and modified fourth order Jacobsthal-Lucas sequence R, .



ABSTRACT (continued)

Chapter 5 consists of the basic information about generalized fifth order Jacobsthal numbers.

Firstly, in this chapter, we present the definition and some properties of generalized Pentanacci

sequence. The generalized Pentanacci sequence {W. }nzo:{Wn(WO’Wl'WZ’W3'W4)} is

n n>0

defined by the fifth order recurrence relations W, =rW_, +sW, , +tW_,+uW_, +vW_ . with
the initial values W,, W, W,, W,, W, are arbitrary complex (or real) numbers and r, s, t, u, v
are real numbers. In this chapter, we consider the case r=s=t=u=1, v=2 and in this case
we write W, =V, . After that, we give six special cases of the fifth order Jacobsthal numbers

and their properties.

Chapter 6 includes the some properties of the generalized sixth order Jacobsthal sequences and
its six special cases. First we present the definition and some properties of a generalized

Hexanacci sequence. The generalized Hexanacci sequence
W} :{Wn (W, W, Wy, Wy W, W T, s, t, U, v, y)}nZO is defined by the sixth order recurrence
relation W =rW, ,+sW, ,+tW ,+uW_,+vW, .+ YW, where
W, =¢,, W, =¢,, W, =¢,, W, =c;, W, =c,, W, =c, are arbitrary real or complex numbers and
r,s,t,u,v, yare real numbers. In this chapter, we consider the case r=s=t=u=v=1 y=2

and in this case we write W =V, . After that, we give six special cases of the sixth order

Jacobsthal numbers and their Binet formulas, generating functions, Simson formulas,etc.

Chapter 7 includes matrix sequences of generalized third order Jacobsthal numbers and to
examine the relationship between generalized third order Jacobsthal matrix sequences and their

special cases. For any integer n> 0, the third order Jacobsthal matrix sequence (7,) and third
order Jacobsthal-Lucas matrix sequence (M) and modified third order Jacobsthal matrix
sequence (K,) are defined by J,=J,,+J,,+27, 5, M,=M ,+M, ,+2M, , and

K,=K, ,+K,,+2K, , respectively, with initial conditions

1 00 11 2 2 3
J,=10 1 0|,7,=|1 0 0f,J,=(1 1 ,
0 01 010 10



ABSTRACT (continued)

1 4 4 5 5 2 10 7 10
M,=2 -1 2|, M,=|1 4 4|, M,=|5 5 2|
1 1 -2 2 -1 2 1 4 4
1 2 6 3 7 2 10 5 6
K,=| 3 =2 -1|K,=|1 2 6| K,=|3 7 2|
1 7 3 3 -2 -1 1 26
2 2 2

In addition, in this chapter, we give the n-th (general) term of the generalized third order

Jacobsthal matrix sequence with the following formula:

\Y

n+l
l)n = Vn Vn—l + 2Vn—2 2Vn—l s
Vn—l Vn—2 + 2Vn—3 2\/ -2

n

VAV,

n

Keywords: Fibonacci numbers, Jacobsthal numbers, higher order Jacobsthal numbers, Simson

formulas, Binet formulas, generating function, summation formulas, matrix sequence

Science Code: 403.01.00
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OZET

Doktora Tezi

YUKSEK MERTEBEDEN JACOBSTHAL SAYILARI UZERINE

Evren EYICAN POLATLI

Zonguldak Biilent Ecevit Universitesi
Fen Bilimleri Enstitiisii

Matematik Anabilim Dah

Tez Damismani: Prof. Dr. Yiiksel SOYKAN
Haziran 2022, 157 sayfa

Bu tezde, yiiksek mertebeden Jacobsthal sayilar1 ve bunlarin belirli 6zel durumlarinin gesitli
kombinatoryal formiilleri ve matris gosterimlerini elde ettik. Daha sonra son boliimde
genellestirilmis ti¢lincli mertebeden Jacobsthal matris dizisini tanimladik ve Ozelliklerini

inceledik. Bu tez yedi boliimden olugmaktadir.

Bu tezin organizasyonu asagidaki gibidir:

Boliim 1, bu tezin ne hakkinda olduguna dair kisa bir genel bakis saglar. Ayrica genellestirilmis
ikinci ve daha yiiksek mertebeden Fibonacci, Pell ve Jacobsthal dizilerinin 6zellikleri vardir.
Fibonacci dizisi, literatiirde bir¢ok ilging 6zelligi olan 6nemli bir tamsay1 dizidir. Bu dizi, gesitli
disiplinlerde bir dizi uygulamaya sahiptir. Ornegin Istatistik, Biyoloji, Fizik, Finans, Mimarlik,
Bilgisayar Bilimi, Tip bu dizinin bazi uygulama alanlaridir. Tk bdliime Fibonacci dizisinin bazi
ozelliklerini sunarak bashiyoruz. Ardindan Pell sayilarinin 6zelliklerini ve Fibonacci dizileri
gibi bir¢ok alanda karsimiza ¢ikan Jacobsthal dizilerinin baz1 6zelliklerini sunuyoruz. Bu tezin
konusu olan Jacobsthal sayilar1 grup teorisi, kalkiiliis, uygulamali matematik, lineer cebir gibi

matematigin bircok dalinda uygulamalar1 bulunmaktadir.
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OZET (devam ediyor)

Bolim 2, tez boyunca kullanilan bazi temel tanimlar1 ve bazi 6nemli teoremleri igerir.
Jacobsthal ve Jacobsthal-Lucas sayilarinin bazi temel tanimlarini, teoremlerini ve 6zelliklerini
sunuyoruz. Sirastyla Jacobsthal dizisi ve Jacobsthal-Lucas dizisi, asagidaki rekiirans

bagintilariyla tanimlanir: J, =0, J, =1 olmak tizere J ,,=J,,+2J, ve j,=2, j, =1 iken

n+l

jn+2 = jn+l+2jn dlr

Bolim 3, genellestirilmis ticlincii mertebeden Jacobsthal dizilerinin birka¢ kombinatoryal

formiiliinii ve matris temsillerini sunar. Genellestirilmis bir {i¢iincii mertebeden Jacobsthal

dizisi, {V,} = {Vn (Vo VL.V, )}n>0 olmak tizere V,=c,,V, =c,V, =c,baslangi¢ degerlerin

n

timi sifir olmayan V, =V ,+V_ ,+2V

', uclincli mertebeden rekiirans bagintisi ile tanimlanir.

Ucgiincii boliimiin devaminda, genellestirilmis {iciincii mertebeden Jacobsthal dizilerinin dort

6zel durumunu ayrintili olarak arastirtyoruz: tigiincii mertebeden Jacobsthal dizisi J,, tiglincii
mertebeden Jacobsthal-Lucas dizisi j,, modifiye edilmis tigiincii mertebeden Jacobsthal dizisi
K, veigiincii mertebeden Jacobsthal Perrin dizisi Q,. Boliim boyunca, Binet formiilleri, lireteg

fonksiyonlari, Simson formiilleri gibi genellestirilmis {iglincli mertebeden Jacobsthal

sayilarinin bazi temel 6zelliklerini sunulmustur.

Bolim 4, genellestirilmis dordiinci mertebeden Jacobsthal dizilerini ve onun alti 6zel

durumunu igerir.  Genellestirilmis bir dordiincii  mertebeden  Jacobsthal dizisi,

AR VA RVAVA ,VS)}n>0 olmak iizere V, =¢,,V, =¢,,V, =¢,,V, =¢, baslangi¢ degerlerin

timi sifir olmayan dordiincii mertebeden V, =V 4V, ,+V, ,+2V, , rekiirans bagntist ile

tanimlanir. 4. Bolimiin devaminda, alti 6zel durumu ayrintili olarak inceliyoruz: dordiincii

mertebeden Jacobsthal dizisi J,, dérdiincii mertebeden Jacobsthal-Lucas dizisi j,, modifiye
edilmis dordiincii mertebeden Jacobsthal dizisi K, , doérdiincii mertebeden Jacobsthal Perrin
dizisi Q,, ayarlanmis dordiincii mertebeden Jacobsthal dizisi R, ve modifiye edilmis dordiincii

mertebeden Jacobsthal-Lucas dizisi S dir.

Boliim 5, genellestirilmis besinci mertebeden Jacobsthal sayilari hakkinda temel bilgilerden

olusmaktadir.
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OZET (devam ediyor)

Ilk olarak, bu boliimde genellestirilmis Pentanacci dizisinin tanimin1 ve bazi dzelliklerini

sunuyoruz. Genellestirilmig Pentanacci dizisi, {W, }nzo:{wn (W01W11WzaW3’W4)}n>o olmak

n
tizere W,, W, W,, W,, W, baslangi¢ degerleri keyfi karmasik (veya gercel) sayilar ve
r, s, t, u, v gergel sayilar olan besinci mertebeden W, =rW_, +sW_, +tW_,+uW_, +VW._
rekiirans bagintisyla tanimlanir. Bu béliimde, r =s=t=u=1, v=2 durumunu ele aliyoruz ve
bu durumda W, =V, yaziyoruz. Daha sonra besinci dereceden Jacobsthal sayilarinin alt1 6zel

durumunu ve 6zelliklerini veriyoruz.

Bolim 6, genellestirilmis altinci mertebeden Jacobsthal dizilerinin bazi 6zelliklerini ve onun
alt1 dzel durumunu icerir. ilk 6nce genellestirilmis bir Hexanacci dizisinin tanimini ve bazi

ozelliklerini sunuyoruz. Genellestirilmis Hexanacci dizisi,

Wb o = (W, (Wo, W W, Wi W, W 18,8, U, v, ) | olmak iizere,

n n>0
W, =¢,, W, =¢,, W, =¢,, W, =¢c;, W, =c,, W, =c, keyfi gercel veya karmasik sayilar ve
rhstuvy gergel sayilar olan altinci mertebeden
W =rW, ,+sW, ,+tW ,+uW _,+VvW, .+ YW . rekiirans bagmtis1 ile tamimlanir. Bu
bolimde, r=s=t=u=v =1, y=2durumunu ele altyoruz ve bu durumda W, =V, yaziyoruz.

Daha sonra altinct dereceden Jacobsthal sayilarmin alti 6zel durumunu ve bunlarin Binet

formiillerini, lireteg¢ fonksiyonlarini, Simson vb. formiillerini veriyoruz.

Bolim 7, genellestirilmis tglincii mertebeden Jacobsthal sayilarinin matris dizilerini ve
genellestirilmis {iglinci mertebeden Jacobsthal matris dizileri ile bunlarin 6zel durumlari
arasindaki iliskiyi incelemeyi igerir. Herhangi bir n>0 igin, ti¢lincii mertebeden Jacobsthal

matris dizisi (J,), Uglincii mertebeden Jacobsthal-Lucas matris dizisi (M,) ve igiincii

mertebeden modifiye edilmis Jacobsthal matris dizisi (k) ,



OZET (devam ediyor)

1 4 4 5 5 2 10 7 10
M,=|2 -1 2|, M,=|1 4 4|, M,=|5 5 2|
1 1 -2 2 -1 2 1 4 4
1 2 6 3 7 2 10 5 6
K,=| 3 -2 -1|,K,=|1 2 6| K,=[3 7 2
1 7 3 3 2 -1 1 2 6
2 2 2

baslangi¢ kosullariyla birlikte, swrasiyla J, =7, , +J, , +2J, 53, M, =M+ M, ,+2M, ,

ve K, =K, ,+K, ,+2K,_; rekiirans bagintilar ile tanimlanir.

Ayrica bu boliimde genellestirilmis tigiincii mertebeden Jacobsthal matris dizisinin n. (genel)

terimini asagidaki formiille veriyoruz:

Vn+l
Vn = Vn Vn—l +2Vn—2 2Vn—l :
Vn—l Vn—2 + 2Vn—3 2V -2

n

V4V,

n

Anahtar Kelimeler: Fibonacci sayilari, Jacobsthal sayilari, yiiksek mertebeden Jacobsthal

sayilari, Simson formiilleri, Binet formiilleri, tirete¢ fonksiyonu, toplam formiilleri, matris dizisi

Bilim Kodu: 403.01.00
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CHAPTER 1

INTRODUCTION AND LITERATURE REVIEWS

The Fibonacci sequence is an important integer sequence with many interesting properties
in the literature. This sequence has a number of applications within diverse disciplines.
For example, Statistics, Biology, Physics, Finance, Architecture, Computer Science, Medi-
cine are some application areas of this sequence. Also, it is possible to see Fibonacci
numbers in nature. The presence of Fibonacci numbers is seen in the leaves and fruits
of some plants and in the bark of some animals. On the other hand, in Mathematics,
they also occur in Pascal’s triangle, in Pythagorean triples, computer algorithms, graph
theory, some areas of algebra, etc.

The Fibonacci sequence {Fn}:;o:0 is a sequence starting with 0 and 1, where F,, = F}, 1 +

F,_o for all n > 2. The first few Fibonacci numbers are:

0,1,1,2,3,5,8,13, 21, 34, 55, 89, 144, 233, 377, 610, ...

Like the Fibonacci sequences, Jacobsthal sequences appear in many fields. Jacobsthal
numbers have some applications in many branches of mathematics such as group theory,
calculus, applied mathematics, linear algebra, etc. At the same time, it is well known that
computers use conditional directives to change the flow of execution of a program. And
also branch instructions, some microcontrollers use skip instructions which conditionally
bypass the next instruction. This brings out being useful for one case out of the four
possibilities on 2 bits, 3 cases on 3 bits, 5 cases on 4 bits, 11 cases on 5 bits, 21 cases
on 6 bits,..., which are exactly the Jacobsthal numbers. In 1973, the first use of these
numbers appears “A Handbook of Integer Sequences” in a paper by Sloane by the title
applications of Jacobsthal sequences to curves in [62]. After that, in 1988, Horadam [41]
introduced and examined the Jacobsthal and Jacobsthal-Lucas sequences. Also in [40],

he gave several properties of the second order Jacobsthal and Jacobsthal-Lucas numbers.

The Jacobsthal sequence (sequence A001045 in [62]) {J,} is defined by the following



recurrence relation, for n > 0,
Jn+2 - Jn—i—l + 2<]n

where Jy = 0 and J; = 1. The first few terms of the Jacobsthal sequence (second order

Jacobsthal sequence) is
0,1,1,3,5,11,21,43,85,171, 341, 683, 1365, 2731, 5461, 10923, ...

In the literature, many researchers have studies on this sequence and its generalizations.
For more detailed information, see for example [1, 2, 6, 14, 15, 21, 22, 27, 40, 41, 46, 47, 51].
For higher order Jacobsthal sequences, see [7, 8, 9, 10, 11, 12, 19, 86].

The purpose of this thesis is to obtain various combinatorial formulas and matrix repre-
sentations of third, fourth, fifth and sixth order Jacobsthal sequences and their certain
special cases and also in the last chapter to describe the generalized third order Jacobsthal
matrix sequence and to investigate its properties. This thesis consists of seven chapters.
The first chapter is a concise overview of what this thesis is about, as well as a short litera-
ture review of Fibonacci sequences, Pell sequences and Jacobsthal sequences. The second
chapter consists of some basic definitions and some significant theorems used through-
out the thesis. The third chapter presents several combinatorial formulas and matrix
representations of the generalized third order Jacobsthal sequences. The fourth chapter
contains the four special cases and some properties of generalized fourth order Jacob-
sthal sequences. The fifth chapter consists a note on generalized fifth order Jacobsthal
sequences. The sixth chapter introduces the some properties of generalized sixth order
Jacobsthal sequences. The seventh chapter presents generalized third order Jacobsthal
matrix sequence and special cases of its and investigate their properties.

The following sections are summaries of Fibonacci-type sequences and higher order Fibonacci-

type sequences relevant to our studies in this thesis.

1.1 LITERATURE REVIEW FOR FIBONACCI TYPE SEQUENCES

In this section, we have given some integer sequences that have an important role in the
literature and some basic properties about them. We have divided the studies which we
examine in literature into three subsections as review on Fibonacci sequences, review on

Pell sequences and review on Jacobsthal sequences.



1.1.1 Review On Generalized Fibonacci Sequences

Fibonacci numbers and their generalization have many interesting properties and appli-
cations to almost every field of science and art. In [49, 50|, Koshy has devoted nearly
1400 pages to the properties of Fibonacci and Lucas number. More links can also be seen
in [32, 33, 92]. This subsection is concerned with the review of generalized Fibonacci se-
quences. Then, we have classified these studies into two subsubsections as some properties

of generalized second order Fibonacci sequences and higher order Fibonacci sequences.

Some Properties Of Generalized Second Order Fibonacci Sequences

In [36, 37, 38, 39], Horadam obtained several fundamental properties of W, (a,b;r,s),

where a, b are nonnegative integers and r, s are arbitrary integers.

e The recurrence relation of the sequence W, (a, b;r, s) is given by
Wy, =rWy_1+ SWn—Qa (n > 2)

where Wy = a and W; = b. For instance, Fibonacci and Lucas sequences are special

cases of this sequence, F,, = W,(0,1;1,1) and L, = W,(2,1;1,1).
e The characteristic equation of W,,(a,b;r, s) is

22 —rr—s=0.

r—l—\/z

e When A = r? + 4s, the roots of characteristic equation are a = — and
— VA
b= i Also
2
a+p =
aff = —s,

(a—pB)? = (a+p)°—4aB =r?+4s.

e Binet formula of generalized Fibonacci numbers are given by

blOén bgﬁn
a—f * b —«

where by = W, — W, and by = Wy — aW,,

W, =




e Suppose that f,, (z) =~ W,z" is the ordinary generating function of the gen-

eralized Fibonacci sequence {W,,}, -, . Then

Z ann _ Wo + (Wl - TWO) 33‘ (1.1)
n=0

1 —rz— sx?
e In [68], Soykan gave the following summation formulas for n > 1:

If(s+1)(r+s—1)(r—s+1)#0 then

(s+1)(r+s—1)(r—s+1)
(s =) W2+ 52 (s — 1) Wg — 2rsW W,
(s+1)(r+s—1)(r—s+1)

=, (1=s)W2,+(1—s—r>—r2s) W2 +2rsW, 1 Wi
S - .
i=1

i Wi W, = W2+ W2+ (1 =12 =) Wy Wigo — WP _
2 i+1 VWi (s+1)(r+s—1)(r—s+1)
rs*We +s(—r? + s — 1)W1 W,
(s+1)(r+s—1)(r—s+1)

For a proof, see [68].

Simson Formulas
There is a well-known Simson Identity (formula) for Fibonacci sequence F,,, namely,
Fo1Fpi — FS = (_1)n

which was derived first by R. Simson in 1753 and it is now called as Cassini Identity

(formula) as well. This formula can be written in terms of the following determinant

equation:
FnJrl Fn n
= (—1)".
Fn Fn—l

A search of the literature turns up that there are many identities including Simson
(Cassini), Catalan, d’Ocagne, Melham, Tagiuri, Gelin-Cesaro, Gould identities.

For all integers n, the Simson formula given above can be generalized for W,,(Wy, Wy;r, s)

as follows:
W W, Wy, W,
" =(-1mst| 0, (1.2)
Wn anl WO Wfl
see [64].



e The Catalan’s identity
FoyFppy — F2 = (1) F?
has several generalizations.

e The Gelin-Ces‘aro identity

Fn72anan+1Fn+2 = F;Ll —1

e In [60], Silvester showed that several properties of the Fibonacci sequence can be

derived from a matrix representation. If the following matrix is taken

A=
10
then
1 Up,
An " (1.3)
0 U,

where u,, represents the nth Fibonacci number.

Some Properties Of Higher Order Fibonacci Sequences

In [64], Soykan investigated generalized k-step Fibonacci numbers and gave an attractive

formula.
e For k > 2, the generalized k-step Fibonacci numbers,

{W, Wo, Wy, W, ..., Wi_1; 7172, ...,Tk)}nZk (or shortly {Wn}nzk ), is defined by the fol-

lowing k order linear recurrence relation:

k
W= Wi =r1Wait +raWoia + rsWos + oo+ res Wosimr + 16 Wy

i=1
with £ initial terms Wy = co, Wy = ¢1, Wy = ¢, ..., Wi_1 = c_1, where r;, 1 < i < k,
are all real numbers and ¢;, 0 < ¢ < k — 1, are all real or complex numbers. This type
of sequence is also called the generalized Fibonacci k-sequence or generalized k-nacci

sequence. {I/Vn}n2  can be extended to negative subscripts by defining

Tk—1 Tk—2 Tk—3 T 1
-_n — - —(n— - - —(n— —(n— e —(n— — —(n—
W ™ W (n—1) ™ W (n—2) - W (n—3) Tk” (n—(k—1)) Tk;” (n—Fk)

forn=k—2,k—1,k, k+1....



e For k > 2, the k order linear recurrence relation of the k step Fibonacci numbers,

Un(n > k) is
k

Up=2 Uni=Us1+ Urz + Upg + .+ Uny
1=1

with k initial conditions
U, =0, —k+2<m<Q0

U1 =1, m=k

e Indeed, Fibonacci numbers F,, (k =2, U = F'), Tribonacci numbers T, (k =3, U =

T), Tetranacci numbers M, (k = 4, U = M) and Pentanacci numbers P, (k = 5,

U = P) are some of the well known members of this k-step Fibonacci numbers.

Table 1.1 Some special cases of k-step Fibonacci numbers

m Name n -3 -2 -1 01 2 3 4 5 6 7 8

2 Fibonacci F, 2 = 1 011 2 3 5 8 13 21
3 Tribonacci T, -1 1 0 0 1 1 2 4 7 13 24 44
4  Tetranacci M, 1 0 0 0 1 1 2 4 8 15 29 56
5 Pentanacci P, 0 0 0 01 1 2 4 8 16 31 61

In [24], Dresden and Du presented a Binet-like formula that can be used to produce
the k generalized Fibonacci numbers for the nth k generalized Fibonacci numbers

F{Ek}, then
k

1
Fi = o nl
n 22+(l{7+1)(o¢i—2)a“

i=1

where ay, ..., ;. are the roots of the characteristic equation

In [43], Kalman defined the matrix A by

co €1 Cy ... Ck—g Ck_1
1 0 0 ... 0 0

A o 1 0 ... O 0 (1.4)
0 0 O 0 0
0 0 O 1 0




Then, by an inductive argument, he obtained the generalization of (1.4) as follows:

ag—1 Aptk—1
A" =
a1 Qp+1
) (7%

1.1.2 Review On Pell Sequence

In this subsection, we review some papers related to Pell Sequence in the literature.
Then, we have classified these studies into two subsubsections as some properties of Pell

sequences and some properties of higher order Pell sequences.

Some Properties Of Second Order Pell Sequences
The Pell sequence {P, } are defined by the following recurrence relation, for n > 2
Pnzzpn—1+Pn—2

where Py = 0 and P; = 1. The Pell-Lucas sequence {@,} and modified Pell sequence
{q,} satisfy the same recurrence with initial conditions Qy = Q1 = 2 and ¢y = ¢ = 1,

respectively. Actually,

Qn = 24n.
Table 1.2 The first few terms of the P,, Q,, and ¢,

n 01 2 3 4 5 6 7 8 9 10
P, 01 2 5 12 29 70 169 408 985 2378
Q. 2 2 6 14 34 82 198 478 1154 2786 6726
g 1 1 3 7 17 41 99 239 577 1393 3363

We present the following properties of Pell numbers given by Horadam in [34] and [35]:
e Characteristic equation of Pell sequences is

2 —2x—1=0,

e If the roots of the characteristic equation are o and 3, then

a=14++v2and f=1- V2.



Also

a+pf = 2
a—pf = 22,
af = —1.

e Explicit Binet formsulas of {P,}, {Q,} and {¢,} are

a — ("
p=2"" 1.5
— (15)

Qn =a" + 3",

o

qn = 5 )

Wherea:1+\/§andﬁ:1—\/§.

e The generating functions of Pell, Pell-Lucas and modified Pell numbers as follow:

0 x
Z.an 1 —2z— 2%

n=1

n 2— 2z
Zan 1 =2z — 2?2’

n=1

In [35] ,Horadam gave some results as follows:

e The following identities are true: ([35])

* _
Gn = n+1_Pna

* Qn+1:Pn+1+Pna

* _ Gnt1tgq
Pn+1_ = 2 nu

* g, =(-1)"q,
* P, =(=1)""P,

k 2Pn — Qn+1'gQ'nfl .



e The Simson Formula for the Pell sequence {P,}, Pell-Lucas sequence {@,} and
modified Pell sequence {¢,} are as follows: ([35])

* Pn+1Pn—1 - Pr% = (_1)”7
QnJrlQn 1= Q2 = ( )n-l-l — 2P,
* i@ — @2 =2(=1)"""

e The summation formulas for the Pell sequence { P, }, Pell-Lucas sequence {@, } and

modified Pell sequence {g,} are as follows: ([35])

g = T — 1= P — 1
£ > e Bt LR

i Qi1 = 22— f2n—1

()i g, = C )
)02 = m’

* Z?:l q—2i+1 = _q+”+1’

F T Q= (D),

* § p . PapitPa—l
D b= 75—

e In [57], by the aid of (1.5), Santana and D’iaz Barrero obtained the sum of the first

n nonzero Pell numbers which is denoted by S,

O/L—O—l + ﬁnJrl -9

Sp = 1

In the same paper, for all n > 0, they gave the following summation formulas:

n

2n 2n—r
Pop1+ Popy1 = Z o — T< . )2%%,

r=0

o+l 2041 =7\ o
N e
r=0

and
5,
=3 (")

r=0

where

()=



e In [3], Bicknell gave a matrix which generates the Pell sequence

2 1 Py P,
M = C M=
10 Pn Pn—l

which can be proved by mathematical induction.

e In [23], Dasdemir gave the matrix relation of Pell and modified Pell numbers as

follows:
Firstly, he introduced the following N matrix
N =

Considering the N matrix, he obtained the following equations:

n P, P, 1 A
qn+2 N +1 and +2 _ N In+1

qn+1 Pn Pn+1 2 Qn

In the same paper, the E matrix was defined as follows:

E =
1 -1

Then he obtained

dn+1 _ E Pn+1 or Pn—l—l _ EE dn+1

n P, P, 2\ g

In the same paper, Dasdemir also gave the following determinantal equations for all

positive integers n and m :

* Pn+1pn71 + P’r% = % (QZTL + (_1)”) )

* Qn+1Gn—1 + (]Z = Qo + (_1)71-1-1

* Gm+n = 'mGn+1 + Pm—lQm

10



Some Properties Of Higher Order Pell Sequences

In [87], Tasci and Kilic defined the k sequences of the generalized k order Pell numbers

as follows:
for n > 0 and 1 < i < k, with initial conditions

: 1 ifn=1-1,
P =
0 otherwise,

for 1 —k < n < 0, where P! is the nth term of the ith sequence. When k = 2, the
generalized k order Pell sequence, {PT’f } is reduced to the usual Pell sequence. The
above sequences are a special case of a sequence which is defined recursively as a linear

combination of the preceding k terms:
Ap+k = C10ptk—1 + Colpip—2 + ... + Crap,

where ¢y, ¢a, ..., ¢}, are real constants.

Table 1.3 A few values of generalized k order Pell numbers

k- Name 1 2 3 4 5 6 7 8 9 10

2 Pell 1 2 5 12 29 70 169 408 985 2378
3 3Pell 1 2 5 13 33 84 214 545 1388 3535
4 4Pell 1 2 5 13 34 88 228 591 1532 3971
5 HPell 1 2 5 13 34 89 232 605 1578 4116

By the aid of (1.6), the following matrix representation can be written:

P, 21 ... 11 P
P 10 ...00|]| P,
P, l=lo1 ... 00]|]| P,
P, 00 ...10)\P_,.,

11



The following R matrix is called generalized k order Pell matrix:

2 1 11
10 00
R:[rij]kxk: 01 ... 00
00 ... 10

In [87], Tasci and Kilic obtained the following formulas related to higher order Pell num-

bers:

e If P! is the nth term of the k order Pell number, for 1 < i < k, then for all positive

integers n and m

k
% _ § J D
Pn+m - Pmpn—j+17
j=1

Pn+m = Pm—l—an_"PmPn—l-

e If P! is given the generalized k order Pell number for 1 < i < k, then

Pé: Z Tk % T1+T‘2+...+7’k or1
T’1+7’2—|—...—|—Tk 1,72, ..., Tk

(r1,72,0,Tk)

where the summation is over nonnegative integers satisfying r1 + 2rs + ... + kry =

n—1i+k.

e In [44], for 1 < j < 2k + 1, Kilic gave the generalized k order Pell numbers ij in

terms of the Fibonaccl numbers as follows:

t
Pl = Fogrrrn) — Z Foi 1 Foii1-4).-
=1

1.1.3 Review On Jacobsthal Sequences

In our thesis, we studied on higher order Jacobsthal numbers. However, in this section,
we give a review of the studies on jacobsthal numbers in addition to our studies. The

Jacobsthal numbers related to our studied are given in detail in the second chapter.

12



e In [40], Horadam introduced the recurrence relations of {J,, } and {j,} for the Jacob-
sthal and Jacobsthal-Lucas sequences. He defined these sequences by the following

recurrence relations:

Jn == Jn—l + 2Jn_2, Jg = O, Jl = 1, for n Z 2,

jn = jn,1 + 2jn727 jo = 2, jl = 1, fOI' n 2 2.
He also gave Cassini-like formulas as follows:

Jn—i—lt]n—l_t]rzl = (_1)n2n—1,

Jngiinot —j2 = (=1 t2n L
e In [47], Koken and Bozkurt defined the Jacobsthal J-matrix

J =
10

and they showed that

[T e\ (T2}
Jo 2Jnes 10

for any natural number n. Then, they gave the following matrix equation for any

n,s>0andn+s>2:

Jn-i—s 2Jn+s—1 _ Jn+872
Jn+371 2Jn+572 10

e Jacobsthal-Lucas B-matrix was given by Koken in [48] and was examined by Dagdemir

in [21]:

B =
1 4

and for n,s >0 and n+ s > 2,

jn—l—s 2jn+s—1 _ Bn+5,2

jn+s—1 2jn+s—2 ]_ 4

13



e In [28], Djordjevic defined the generalized Jacobsthal polynomials {.J,, ,, ()} and

the generalized Jacobsthal-Lucas polynomials {j, ., (z)} as follows:
Jnm () = Jn1m (2) + 20— pm (), 1 > m,

where Jo, () =0, Jym(x) =1, n=1,2,...,m—1, and

Jnan (€) = Jn—1m () + 22 jn—mm (), 7 = m,

where jom (z) = 2, jum (z) =1, n = 1,2,...,m — 1. Djordjevic also gave following

generating functions of the polynomials {.J,,, (z)} and the polynomials {j, . (x)}

Fa,t)=0—t—2xt™) " = i Jnm () 771, (1.7)
and
G (x,t) = (L+4at™ ) (1 -t — 20t™) ' = ijn,m (z)t" 1. (1.8)

e In the same paper, Djordjevic obtained the following explicit representations from

(1.7) and (1.8) as follows:

o) [”ilj <n 11— ]im —1) k> (20)"

k=0

7]
Jnm (37) =

n—m-—1)k k

k=0

e In [20], Cook et al, gave the generalized Jacobsthal numbers recurrence relation as
follows:

k—1
T =00 20 (1.9)

1

<

where n > 0 and Jl(k) =0,for:=0,1,....k — 2 and J,g’i)l = 1. In this paper, they

gave the characteristic equation for (1.9) as follows:

(x—2) (" '+ 2" P+ L+ +a+1) =0,

14



with eigenvalues 2 and w; = e fort = 1,2,...,k — 1. They also gave the Binet

formulas for higher order Jacobsthal and Jacobsthal-Lucas numbers as follows:

) 1 . k—1 k—1 9 _ wm n
J" = 2 Z wt _ wm ’
H (2 —wy) "

0 1 . k—1 k-1 9 _
In’ = — 2 Z H wt — t '
H (2 — wy) "

t=1

In [19], Cook and Bacon studied ordinary generating function of higher order Ja-

cobsthal and Jacobsthal-Lucas numbers as follow:

o o IO+ (Jf’“’ - Jék)) Tt (J,g@l (R 2J[§k)) i1
J. L — ,

;Z & 1—z— 22— ... —2z%

N Jé“r(Ji)—Jé))er---Jr(J;i)l—J;i)z : —215)> -

;ji v 1—z—22—.. -2k )

15






CHAPTER 2
THE FUNDAMENTAL DEFINITIONS AND THEOREMS

In this chapter, we summarize some fundamental definitions, theorems, and properties

related to Jacobsthal and Jacobsthal-Lucas numbers given in [40, 41, 47, 64].

2.1 SOME PROPERTIES OF GENERALIZED SECOND ORDER JACOB-
STHAL NUMBERS

In this section, we give some definitions and theorems related to Jacobsthal numbers.

e A generalized second order Jacobsthal sequence {V,,},>0 = {V.(Vo, V1) }n>o is de-

fined by the following recurrence relation
Vn - Vn,1 -+ 2Vn,2 (21)

with the initial values Vj = co, Vi = ¢; not all being zero. The sequence {V,,},>0

can be extended to negative subscripts by defining
1 1
V_n - —§V_(n_1) + §V_(n_2) (22)

for n =1,2,3,.... Therefore, recurrence (2.2) holds for all integer n.

e As {V,} is a second order recurrence sequence (difference equation), it’s character-

istic equation is
-2 -2=0. (2.3)

The roots of Equation (2.3) are & = 2 and 8 = —1. Note that the following identities

hold:

atf = 1,
aff = =2,

a—p0F = 3.

17



e The first few terms of generalized second order Jacobsthal numbers with positive

and negative subscript are given in Table 2.1.

Table 2.1 The first few terms of generalized second order Jacobsthal numbers

n V., V_.

Vo

Vi vi-1v
Vi+ 2V, —Vi+ 3
31 + 2V V-2
BV —SVi+ BV

1V +10V, 2V 4V
20V, + 22V, —&V; + 8y
2V, +42V, By, - By

128 128

82V1 + 86V  —am Vi + 25V

co I O Ot ks W N = O

e Two special cases of the sequence {V,, }, Jacobsthal sequence {.J,, },,>0 and Jacobsthal-

Lucas sequence {j, }n>0, are given by
e = Jnp1 +2J,

where Jy =0, J; =1 and

Jn+2 = Jnt1+ 2Jn

where jo = 2, j; = 1, respectively.

e In the rest of the chapter, for easy writing, we drop the superscripts and write J,

and j, for J? and jT(LQ) respectively.

Table 2.2 The first few terms of the J, and j,
n 0 1 2 3 4 5 6 7 8 9 10

J, 0 1 1 3 5 11 21 43 8 171 341
1 1 1 7 9 9 55 73 73

Jn 0 3 —7 —§ 1 ~—32 ~& 18 —256 53
. 2 1 5 7 17 31 65 127 257 511 1025
1 5 _71 1T _31 6  _120 27 _5l1 1025

jfn 2 4 8 16 32 64 128 256 512 1024

18



o0
e Suppose that fy, () = > V,a" is the ordinary generating function of the general-
n=0
ized second order Jacobsthal sequence {V},},>0. Then, fy, (z) is given by

Vo+ (Vi — Vo)
1—x—222

fv.(z) = Z Voya" =

e Binet formula of generalized second order Jacobsthal numbers {V,,} is given by

. dla” dgﬁn
"o E-a 24

where d; = Voa+ (V4 — V) and dy = Vo8 + (V1 — Vp).

e For all integers n, Binet formulas of second order Jacobsthal and Jacobsthal-Lucas

sequences are

J,=a=f
a—p

and

Jn = an+ﬁn'

e Matrix representations which are given in [45] for Pell numbers can be adapted to
second order Jacobsthal numbers. If we take & = ¢ = 2 in Corollary 3.1 in [45],

then the following matrices are obtained:

a 1 a1 1 a a1

aAlz A2:

A= ,
/6 1 Bn—l 1 6 Bn—l

Thus, for all integers n, the Binet formula for second order Jacobsthal numbers is

obtained alternatively as follows:

1 < 1

1

a1 1 Qa Oén_l a 1
- n—1 + n—1

5 1 5 B 61
Lo
= o ﬁ .

19



Similarly, for all integers n, the Binet formula for second order Jacobsthal-Lucas is

obtained as follows:

. 1
n = 1ot szet (A1) + j1 det(Ay))

a ot / a 1
= +
1 B gt g1

e For all integers n, the Simson formula of generalized second order Jacobsthal num-

bers is given by

Vo Vo Vi W
N = (=1 | 0, (2.5)
Vn anl % V,1

see [64].

e The following summation formulas hold for {V,,},>0 :

* ZZ:O Vi = %(Vn+2 —V1).

* 2 hmo Vor = 5((n+3) Vagz — 2 (0 + 2) Vanya + Vi — 3Vp).

* 3 ho Vart1 = 5(= (n+1) Vapya + 2 (0 + 3) Vanya — 2V1 +2V5.

* 3 o (=D Ve = 5(n 4 2) (1) Vaga + (204 3) (=1)" Voy + Vi — Vo).
* 3 o= 1) Var = 153 (= 1)" Vapaa + 2 (1) Vayy — Vi + 4Vp).

(D) Vair = (1) Vausa + 6 (=1)" Vaurs + 33 — 217).
2.2 SOME PROPERTIES OF J, AND j,

Now, we can list some properties of J,, and j, from [40] as follows:

e The Binet’s formula:

20



e Generating Functions:

T
* o 7 k _
— kL =

2—x
* o e} < ko
il wr— )

e (Catalan’s Identity:

* JnJrlJnfl - Js = (_1)n 2n—1

* Jusifnot — 32 =9(=1)"" 2" = =9 (S Ty — J2),

e Summation formulas:

" Jpio — 1
*Zk:OJk:%>

n n+3) Jopio —2(n+2) Jopiq +1
*Zk:OJQk:(( ) Jon+2 3( ) Jon+1 )’

n —n—+1)Jagp0+2n+3) Jopr1 — 2
Sy sy = C O ia 22049 s =2)

n . jn —1

no. —(n+1)Jopio+2n+3) Jopi1 — 2
g = O i 42050 S =)

n . —(n4+1)gopt2 +2(n+3) jopr1 + 2
*Zkzoj%-i-l:( ( ) Jon+2 3( ) Jon+1 )7

n 1 n n
* D o= = 5((” +2) (=1)" Juga + (204 3) (=1)"" Sy + 1),

n 1 n n
o) Ty = E(3 (=1)" Jopsa + 2 (1) Jppiy — 1),

n 1 n n
* Zk:o(_l)kj2k+l = _((_1) J2n+2 +6 (_1) J2n+1 + 3)7

10
© Y1) = (14 2) (<1 o+ (204 3) (<1 — 1),
n . 1 - il .
o= o = 1—0(3 (—=1)" jansz + 2 (=) figpy1 + 7),

(=) R g = E((_l) Jont2 +6(=1)" jopy1 — 1).
e Other Basic Identities:

* .]an - J2n7

* jn = Jn+1 + 2Jn—ly
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¥ Gpg1 4 gn = 3 (Jpg1 + Jn) = 3.27,

* Just = Jn =3 (Jnsr — Jp) +4 (1) =20 42 (=)™,
* Jntr + Jnor = 3 (Jngr + Jny) F4(=1)"TT =207 (2 + 1)+ 2(-1)",
* ntr = Jner = 3 (Jngr = Jnr) = 2777 (27 = 1),

* T+ Jn = 2Jp41,

¥ Juve + 200 = Jnga,

* 3Jp + = 2L

* it + Jno1 = 3 (2Jns1 + Juor) +6(=1)",

* nt2in-2 = Jp = =9 (Jnso o — J7) =9 (=1)" 2",
Jmin + 9Imdn = 2Jman,

Imgn = Indm = (=1)" 2 Ty,

* Jmdn = 9Imdn = (=1)" 2" jin,

* 9Jn = jnJrl + 2jn717

e Limit Properties:

* lim, (J;H) = lim,,_,o (J_+> — 9

In
* Tim, o (g-) _3.

22



CHAPTER 3
GENERALIZED THIRD ORDER JACOBSTHAL NUMBERS

In this chapter, we introduce the generalized third order Jacobsthal sequences and we
investigate, in detail, four special cases: third order Jacobsthal, third order Jacobsthal-
Lucas, modified third order Jacobsthal and Jacobsthal Perrin sequences. The results

given below are quoted from [83].

3.1 INTRODUCTION

In this section, we give basic information about generalized third order Jacobsthal num-

bers.
The generalized Tribonacci sequence {W,,(Wy, Wy, Wa;r, s,t)}n>0 (or shortly {W,,},>0)

is defined as follows:
Wn = T'Wn,1 + SWn,Q + thfg, W() = a, W1 = b, W2 =C, N 2 3 (31)

where Wy, Wi, Wy are arbitrary complex (or real) numbers and r, s,¢ are real numbers.
This sequence and it’s some special cases have been studied by many authors, see for
example [4, 5, 16, 25, 26, 53, 55, 58, 59, 63, 85, 96, 99].

The sequence {W,},>0 can be extended to negative subscripts by defining

S r 1
Won = =Wty = s Wonoa) + =Wy

for n =1,2,3, ... when ¢ # 0. Therefore, recurrence (3.1) holds for all integer n.

As {W,} is a third order recurrence sequence (difference equation), it’s characteristic

equation is

2 —ra® —sx—t=0 (3.2)
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whose roots are

a = oz(r,s,t):g—i—A—l—B,
8 = ﬁ(r,s,t):g+wA+w2B,
v o= fy(r,s,t):§+w2A+wB
where
r3 1/3 3 rs t 1/
A - - B: — — - — A
(27+6+ +\/_> ’ (27+6+2 )
3t r2s®2  rst s t? —1—|—z'\/§
A = Alrsit)=— -2 402y =5 = exp(2mi/3).
st =0r T+t w1 “ 2 exp(27i/3)

Here a,  and ~ satisfy the following equalities:

a+f+y =T,
af tay+py = —s,
afy = t.
If A(r,s,t) > 0, then the Equ. (3.2) has one real () and two nonreal solutions with

the latter being conjugate complex. So, in this case, it is well known that generalized

Tribonacci numbers can be expressed, for all integers n, using Binet formula

b n be 3" b3y"

L Py T P N C B 2 S evpuapey vy

(3.3)
where
by = Wo— (B+7)Wi+ByWo, by = Wo—(a+y)Wi+ayWy, by = Wo—(a+ )W +aBW.

Note that the Binet form of a sequence satisfying (3.2) for non-negative integers is valid
for all integers n. For a proof of this result, see [42]. This result of Howard and Saidak
[42] is even true in the case of higher order recurrence relations.

In this chapter, we consider the case r = s = 1, t = 2 and in this case we write V,, = W,,.
A generalized third order Jacobsthal sequence {V,,},>0 = {V,.(Vo, V1, V2) }n>0 is defined

by the following recurrence relation
Vn - Vn,1 + Vn,Q + QVn,;J, (34)
with the initial values Vy = ¢, Vi = ¢1, Vo = ¢ not all being zero.
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The sequence {V,,},>0 can also be extended to negative subscripts by defining

1 1 1
Vo, = _§V—(n—1) - §V—(n—2) + §V—(n—3)
for n > 1. Therefore, recurrence (3.4) holds for all integer n.
(3.3) can be used to obtain Binet formula of generalized third order Jacobsthal numbers.

Binet formula of generalized third order Jacobsthal numbers can be given as

bla” bgﬁn bg’}/n
V, =
@-Bla-7 B-a)B-7 (G -aG-0
where
by = Vo—(B+7)Vi+ BV, (3.5)
by = Va—(a+7)Vi+arV, (3.6)
by = Vo—(a+pB)Vi+apfV. (3.7)

Here «, 8 and ~y are the roots of the cubic equation 23 — 2?2 — 2 — 2 = 0 and

a = 2,
—1+14v3

g = 9
—1—1iV3

Also a, 5 and ~ satisfy the following equalities:

atf+y = 1,
af +ay+ Py = -1,

afy = 2.

The first few generalized third order Jacobsthal numbers with positive subscript and

negative subscript are given in Table 3.1.
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Table 3.1. The first few terms of generalized third order Jacobsthal numbers

n Vi V_n

0 Vo

1 Vi Wa—1ivi—1iv

2 V —e 43V — 1V
3 V+Vi+2V —tVa—tVi+ 1V

4 243V +2V) Ve — Vi — Vo
5 5Va+4AVi+4V, —2Va+ BV -2V
6 9V+911+10V, —&Ve—ZVi+ 21
7 18V, +19V; + 18V} 1281/2 Vi — 128%
8 37Vo+36V4 +36V, —LV, 4 By, — By

256 256 256

Now we present four special case of the sequence {V,,}. Third order Jacobsthal sequence
{Jn}n>0, third order Jacobsthal-Lucas sequence {j, }n>0, modified third order Jacobsthal
sequence { K, },>o and third order Jacobsthal Perrin sequence {Q, },>o are defined, re-

spectively, by the following recurrence relations:

Jn—i—?) = Jn—i—? + Jn+1 + 2Jn> JO = 07 Jl - ]-7 JQ = 1a (38>
Jn43 =Jnt2 T Int1+ 200, Jo=2, 1=1, ja=95 (3.9)
and

Kn+3 == Kn+2 + Kn+1 + 2Kn7 KO — 37 Kl - 1, K2 - 3 (310)

The sequences {J,,}n>0 and {ji,}n>o0 are defined in [19] and {K,}, ., is given in [7]. In
this chapter we introduce another third order sequence namely: third-order Jacobsthal

Perrin sequence which is given by the third order reccurence relations

Qnis3 = Qnio + Qni1 +2Q,, Qo=3, @1 =0, Q2 =2. (3.11)

The sequences {J,}n>0, {Jn}n>0, {Kn}tn>o and {@,}n>0 can be extended to negative
subscripts by defining

1 1 1

Jp=—=J -ty — =J_(n_ —J_(n_ 3.12
2<1>2(2>+2(3> (3.12)
1 1 1

) = —=J—(n-1) — =J—(n— =7 (n— 3.13

J 5J-(n-1) = 5J-(n-2) F - (n-3) (3.13)
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1 1 1
K ,=——K (_1)— =K__ —K_(,— 3.14
g 8=(n-1) = 5 (n-2) T 5B -(n-3) (3.14)
1 1 1
_ ——Q_ — —Q_(n— —Q)_(p— 1

for n > 1, respectively. Therefore, recurrences (3.12), (3.13) (3.14) and (3.15) hold for all
integer n.

In the rest of the chapter, for easy writing, we drop the superscripts and write J,, j., K,
and @,, for JT(ZB), j7(13), K and Qg) respectively.

Note that .J,, is the sequence A077947 in [62] associated with the expansion of 1/(1 —
r —x? —2x3), j, is the sequence A226308 in [62] and K, is the sequence A186575 in [62]
associated with the expansion of (1 + 2z + 62%)/(1 — z — 2% — 22®) in powers of x. @, is
not indexed in [62] yet.

Next, we present the first few values of the third order Jacobsthal, third order Jacobsthal-
Lucas, modified third order Jacobsthal and Jacobsthal Perrin numbers with positive and
negative subscripts:

Table 3.2. The first few terms of the J,, j,, K, and @,
n 0 1 2 3 4 5 6 7 8 9 10

J, 0 1 1 2 ) 9 18 37 73 146 293
T 0 3 —i —5 1 ~m “o& 1% 3 i
jn 2 1 5 10 17 37 74 145 293 586 1169
“n L -1 1 3 -} § % ~m & 1%
K, 3 1 3 10 15 31 66 127 255 514 1023
K _1 3 1T _15 _31 129 _121 _255 1025 _ 1023
n 2 4 8 16 32 64 128 256 512 1024
Q. 3 0 2 8 10 22 48 90 182 368 730
Qn -3 -1 ¥ -1 —H W ~I —m s “imm

For all integers n, third order Jacobsthal, Jacobsthal-Lucas, modified Jacobsthal and
Jacobsthal Perrin numbers ( using initial conditions in (3.5) ) can be expressed using

Binet formulas as

an+1 ﬁn—&—l n+1

(a=B)a—=v) B-)(B-7) G-—a)(y—=25)
i (202 —a+2)a" | (26° - B+2)p" N (272 — v+ 2"
"ola=B)la=v)  B-a)B-7) (—a)(y—=0)"
K,=a"+ 3" +~",
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(a® —3a —1)a" (35" -36-1)" (37" —3y—1)y"

O T hay T BB T (—a)r-5)

3.1.1 Generating Functions

In this subsection, we give the ordinary generating function of the sequence V,,.

Lemma 3.1 Suppose that fy, () = > V,a™ is the ordinary generating function of the
n=0

generalized third order Jacobsthal sequence {V,,},>0. Then, > V,a™ is given by
n=0

§ g - Vot 05—V 15 Vi Vo

1—2—a22— 223

(3.16)

Proof. Using the definition of generalized third order Jacobsthal numbers, and substract-

ing x> Vpa", 22y 7 Vea™ and 222 Y0 Vo™ from o V2™ we obtain

[e.o]

(1—x—2*—22%) Z A — i V" —x f: V,a" — x? f: V,x" — 223 i V,z"
n=0 n=0 n=0 n=0 n=0
= i V,a" — i V,a"tt — i Va2 — 2 i Va3
n=0 n=0 n=0 n=0
= i ann — f: Vn_ll‘n — f: Vn_gl'n -2 f: Vn_gl'n
n=0 n=1 n=2 n=3

= (Vo + Viz + Vo?) — (Vor + Via?) — Voa?
+ Z(vn - anl - Vn72 - 2Vn73)xn
n=3
= Vo + Viz + Voa? — Vor — Via? — Voa?

— Vo+ (Vi = Vo)z + (Vo — Vi — V)a™.

Rearranging above equation, we get

$ 2 Vot (= Vs (15 Vi = ola?

1—2—a22— 223

The previous Lemma gives the following results as particular examples.

Corollary 3.1 Generated functions of third order Jacobsthal, Jacobsthal-Lucas, modified
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Jacobsthal and Jacobsthal Perrin numbers are

- x

Jn "= )
; v 1 —2—a%— 223
i, n 2 — 1+ 222

nd - )
n:Oj 1—x—22—223
- 3 — 27 — a2
ZKnx” - $2 - ’
— 1—x—22—223
> n 3 — 3z — a2

nd = )
;}Q 1 —x—a%— 223
respectively.

3.1.2 Obtaining Binet Formula From Generating Function

In this subsecion, we next find Binet formula of generalized third order Jacobsthal num-
bers {V,,} by the use of generating function for V,,. In the rest of the thesis, we find the
Binet formulas with the help of the way given in [30].

Theorem 3.2 (Binet formula of generalized third order Jacobsthal numbers) For all in-

tegers m, we have

dloz" dgﬁn d3’}/n
Vi, = 3.17
@=Ba—7  G-aB-7 " G065 (347
where
dy = Voo + (Vi = Vo)a+ (Vo — Vi = Vp),
dy = VoB2+ (Vi —Vo)B+ (Va— Vi — Vo),
ds = Voy' + (Vi = Vo)v + (Vo = Vi = Vo).
Proof. Let
h(z) =1—2— 2% - 22°.
Then for some «, 8 and v we write
h(z) = (1 —ax)(1 - fz)(1 —~x)
Le.,
l—2—2*-22°=(1-az)(1 - Bz)(1 —72) (3.18)
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Hence é, %3, ve % are the roots of h(z). This gives «, 3, and ~ as the roots of
1 1 2
h(Z)=1--——— = =0
(x) x  x? a3

This implies 2® — 22 — x — 2 = 0. Now, by (3.16) and (3.18), it follows that

- n Vot Vi —Vo)o+ (Vo — Vi — Vp)a?
2V = o = A= 70)

Then we write

Vo+ (Vi = Vo) + (Vo — Vi — V)22 Ay A, As

(I—an)1—Br)(1—nz)  (—az)  (1-pz) (1—y2)

(3.19)
So
Vo+r(Vi=Vo)o+(Vo—Vi—Vp)2? = A1 (1—Bz)(1—yx)+As(1—ax)(1—yz)+As(1—ax)(1—Sz).

If we consider z = 1, we get Vo + (Vi — Vo)1 + (Vo — Vi = Vp) 5 = Ay (1 — £)(1— 2). This

gives

?Vo+ (Vi=Vo)g+(Va—Vi—W)iz) Voo + (Vi = Voo + (Vo = Vi = V)
(= B)(a—17) (= B)(a =) '

Similarly, we obtain

VBV —V)B+ (Va— Vi — V) yivdl Vot + (Vi —Vo)v+ (Vo = Vi = Vp)

= 3 3 —_— .
(B=a)(B =) (v =)y =£)

Thus (3.19) can be written as

A =

As

Z Vo™ = Aj(1 — ax) ™' + Ax(1 — Bo)t + As(1 — )t

n=0

This gives

D Vaat =AY aa" 4+ Ay B+ Az Y Atat = (A" + AB” + Azy")a"
n=0 n=0 n=0 n=0 n=0

Therefore, comparing coefficients on both sides of the above equality, we obtain

Vi = A1 + A" + A"

where

4, = Yt (i-Voat (Vo= Vi = Vo)
(= B)(a =) ’

4, = YWEFM V)5t (e = Vi~ W)
(B=a)(B~) ’

4, = YWt (= Voy 4 (Vo= Vi Vo)
(v —a)(y = 5B)
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and then we get (3.17). m

Note that from (3.5) and (3.17) we have

Vo— (B+NVi+ BV = Vo + (Vi = Vo)a+ (Vo — Vi — V),
Vo—(a+y)WVit+tayVy = Vo2 + (Vi —WVo)B+ (Va— Vi — V),
Vo—(a+BVi+aBVy = Vo’ + (Vi = Vo)y+ (Va — Vi — Vp).

Next, using Theorem 3.2, we present the Binet formulas of third order Jacobsthal,

Jacobsthal-Lucas, modified Jacobsthal and Jacobsthal Perrin sequences.

Corollary 3.2 For all integers n, Binet formulas of third order Jacobsthal, Jacobsthal-

Lucas, modified Jacobsthal and Jacobsthal Perrin sequences are

n+1 Bn-{-l n-+1

- + .l
(@=B)a=7) B-a)B=7) ©G-a)ly=0)
i (202 —a+2)a™ (282 - B+2)8" (29 —y+ 2"

! (@=B)a=7)  B-a)B-7) @G-a)y-5)"
K, = a"+p"+7",
0, — (3a2 —3a—1)a"  (36°=33-1)8" (39> =3y —1)y"
" (a—pB)(a—7) (B—a)(B=7) (v —a)(y—5)

I =

respectively.

Matrix method which is given in [45] for Pell numbers can be adjusted to third order

Jacobsthall numbers. Take & =i = 3 in Corollary 3.1 in [45]. Let

o? a1t a1
A = 52 L[ M= gt g1,
oyl oyl
2 1l o2 o anl
Ay = 2 g1 g | A= g2 B !
N | N



Then, for all integers n, the Binet formula for third order Jacobsthal numbers is

3
Jn = detl(A);J4_jdet(Aj):detl(A)(Jgdet(Al)+J2det(A2)+J1det(A3))
= detl( N (2det(Ar) + det(Az) + det(As))
" al a? a" 1 o a o™t o a1l
ol I e A R A A VA
LA 7ol 7oy oyl
a™tl gl L

+ + .
(@=pf)la=7) F-a)f-7) G-a)ly=F
Similarly, for all integers n, we obtain the Binet formula for third order Jacobsthal-Lucas,

modified third order Jacobsthal and Jacobsthal Perrin numbers as

Jn = &&Agﬁdamg+¢ﬂmwM)+ﬁdaM@)
a"t a1 a2 o™t 1 a? a ot o
= |10 gt B L|+5|p gt L |+ B B BT/ 8 B
oy v A4l v oy ! oyl

(20 —a+2)a" (26" —B+2)5" (29" =7 +2)7"
(a=PB)a=v)  B-)B-7) GG-a)y-5)

1
K, = —(Kszdet(A)+ Kydet(Ay) + K det(A3))

A
a1l a1 o a1 o a ol a? a1
= |10 "t g3 B gt |+ 52 g /8B
oyl ol Yoy oyl
= o'+ "+ "
and
Qu = E%G@ﬂmmg+gﬁmmg+gﬂmmm
a" !l a1 a? a1 a? a1
= |8t B2 ||/ B B
oy 1 oyl oyl
_ Ba?=3a-1a" (3830 -1)F" (39" =3y~ 1)y"
(@ =p)(a—7) B-a)B=7)  (y=—a)y—5)
respectively.
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3.1.3 Simson Formulas

In this subsection, the following theorem gives the generalization of Simson formula of

generalized third order Jacobsthal sequence {V/,},>o.

Theorem 3.3 (Simson Formula of Generalized Third Order Jacobsthal Numbers)

For all integers n, we have

Vn+2 Vn-‘rl Vn ‘/2
Vn-i—l Vn Vn—l =2" ‘/1
Vn anl Vn72 ‘/U

For the proof of (3.20), see [64].

Vi W

Vo V|- (3.20)
Vo, Vg

|

The previous theorem gives the following results as particular examples.

Corollary 3.3 For all integers n, Stimson formula of third order Jacobsthal, Jacobsthal-

Lucas, modified Jacobsthal, Jacobsthal Perrin numbers are given as

Jn+2 Jn+1 Jn

Jn+1 In Jn1 | = _27’&—1’
Jn Jn—l Jn—2
and

jn+2 jn+1 ]n

. . . n+1
In+l JIn Jn—1 =—9x 2"

jn jn—l jn—2
and

Kn+2 Kn+1 Kn

Kn Kn—l Kn—Q
and

Qn—i—? Qn+1 Qn

Kniw K, K, |=-147x2"72

QnJrl Qn anl = —35 X 2n7
Qn Qn—l Qn—2
respectively.
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3.1.4 Some Identities

In this subsection, we obtain some identities of third order Jacobsthal, third order
Jacobsthal-Lucas, modified third order Jacobsthal and third order Jacobsthal Perrin num-

bers. Firstly, we give some fundamental relations between {.J,,} and {j,}.

Lemma 3.4 For all integers n, the following equalities are true:

Jn = Jnta = 2043 + Jngo, (3.21)
Jn = —Jnys+ 20042 + 2Jn, (3.22)
Jn = Jnt2 + Jpp1 — 2Jy, (3.23)
Jn = 2Jpi1 — Jn+2J51, (3.24)
Jn = Jn+ 4 +4d, o, (3.25)
and
487, = B5jnia — 11,43+ 5jnsa, (3.26)
24J, = —3jn+3+ Bjnso + Sjni1, (3.27)
12Jp, = Jjn+2 + Jn+1 = 3Jn, (3.28)
6Jo = Jut1 = Jn + Ju-1, (3.29)
3Jn = Jn-1+F Jn-2, (3.30)

Proof. Note that all the identities hold for all integers n. We only prove (3.21). If we

write
Jn=aX Jypa +b X Jyiz+c X Jhpo
and solve the system of equations

jg = CLXJ4+bXJ3+CXJ2
jl = CLXJ5+bXJ4+CXJ3

j2 = axJg+bxJs+cxJy

then we get a = 1, b = —2, ¢ = 1. The other equalities can be proved similarly. =
Note that all the identities in the above Lemma can be proved by induction as well.

Secondly, we present some fundamental relations between {J,} and {K,}.
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Lemma 3.5 For all integers n, the following equalities hold:

8K,
4K,
2K,
Ky
Ky

and

294,
147J,
147J,
147,

147J,

17 4a — 23Jp43 — 150549,
_3Jn+3 + Jn+2 + 17Jn+17

—Jn42 + 7Jn+l - 3Jn7

3Jn+1 - 2Jn - Jn—la

I+ 2001 +6J, 9

—Kyqps — 15K, 3 + 55K, 19,
—8K 3+ 27K, 10 — K ig
19K, — 9K,11 — 16K,
10K,,41 + 3K, + 38K,,_1.

13K, +48K,,_1 + 20K,,_».

Thirdly, we give some fundamental relations between {j,} and {K,}.

Lemma 3.6 For all integers n, the following equalities hold:

495,
A9
495,

and

48K,
21K,

12K,

15K, 43 — 20K, 10 + 8K, 11,
—5K10+ 23K, 11 + 30K,

18K, 1 + 25K, — 10K, _1,

19jn+3 + 3jn+2 - 61jn+17
11jn+2 - 21jn+1 + 19jn>

_5jn+1 + 15]71 + 11jn—1-

Fourthly, we give some fundamental relations between {j,} and {Q,}.

Lemma 3.7 For all integers n, the following equalities hold:

70jn
70jn
70jn
70jn

70jn

4Qn+4 + 19Qn+3 — 26Qn 42,
23Qn+3 — 22Qn12 + 8Qn+1,
Qny2 + 31Qn11 + 460y,
32Qn11 +47Q, +2Q, 1,

79@71 + 34Qn—1 + 64@71—27
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and

96Q, = —Tljnra+ 1215,413 + 57jn 1o,
48Qn = 25ju13 — Tjnta — Tljn+1,
24Qn = YJnt2 — 23Jnt1 + 2540,

12Qn, = —Tjn+1 + 1740 + -1,

GQn = 5,]n + jn—l - 7jn—2'
Fifthly, we give some fundamental relations between { K, } and {Q,}

Lemma 3.8 For all integers n, the following equalities hold:

140K, = —33Quis + 97Quss — 13Qna,
0K, = 32Qui3 —23Qn 2 — 33Qn 41,
0K, = 9Qnt2 — Qni1 + 640y,
0K, = 8Qni1+ 73Qn + 18Qu 1,

70Kn = 81Qn —|— 26Qn—1 —|— 16Qn—27
and

588Q, = —145K,. 4+ 471K, 5 — 257K 0,
294Q, = 163K,.3 — 201K, 0 — 145K, 1,
147Q, = —19K,i2+ 9K,i1 + 163K,
147Q, = —10K,41 + 144K, — 38K,,_1,

147Q), = 134K, — 48K, 1 — 20K, .
Sixthly, we give some fundamental relations between {J,,} and {Q,}

Lemma 3.9 For all integers n, the following equalities hold:

70J, = Qnia —4Qni3+ 11Qn4o,
70J, = —3Qn43+12Qn42 + 2Qn41,
70J, = 9Qni2 — Qui1 — 6Qy,

70J, = 8Qn+1+3Qn + 18Qn_1,
70J, = 11Q, + 26Q,_1 + 16Q,_s,
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and

8Q, = 19,04 — 290,05 — 13], 19,
4Qn = —B5Juss+3Tuss + 190001,
2Q, = —Jpio+T7dhe1 — 5y,

Qn = 3Jpy1 =300 — Jua,

Qn = 2J,1+6J, 9.

3.1.5 Linear Sums

In this subsection, we present some formulas of generalized third order Jacobsthal num-

bers with positive subscripts.

Proposition 3.10 For n > 0, we have the following formulas:
(@) Yoo Vi = 3(Vars — Var — Vo + Vo).

(b) Do Vor = 3(Vons1 + 2Van — Vi + Vo).

(€) YioVarsr = 5(Vanso + 2Vany1 — Vo + V1),

Proof. See [67].
As special cases of above proposition, we have the following four corollaries. First one

presents some summation formulas of third order Jacobsthal numbers. (take V,, = J,

with Jo =0, J; =1, J, =1).

Corollary 3.4 For n > 0, we have the following formulas:
(@) YhoJk = 5(Jnss — Jnp1 — 1).

(b) > o Jor = %(J2n+1 +2J5, — 1).

(©) S0y okt = H(amsa + 2amsn).

Second one presents some summation formulas of third order Jacobsthal-Lucas numbers.

(take Vn = Jn with jg = 2, jl = 1, j2 = 5)
Corollary 3.5 For n > 0, we have the following formulas:
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(a) ZZ:O jk - %(.jn—&-?) - jn—l—l - 3)
(b) ZZ:O Jok = %(]ém—l + 2jon + 1).
() ookt = %(j2n+2 + 2jon+1 — 4).

Third one presents some summation formulas of modified third order Jacobsthal numbers.

(take V,, = K, with Ky =3, K; =1, Ky = 3).

Corollary 3.6 For n > 0, we have the following formulas:
(a) ZZ:o Ky = %(ng — Kpp1).

(b) Yi o Kop = 3 (Koni1 + 2K, + 2).

(€) Yopeo Kokr1 = 5(Koniz + 2Kn41 — 2).

Fourth one presents some summation formulas of third order Jacobsthal Perrin numbers.

(take V,, = @, with Qo = 3, Q1 =0, Q2 = 2).

Corollary 3.7 For n > 0, we have the following formulas:
(@) Yoo Qr = %(Qn-ﬁ-i’) — Qny1 +1).

(b) >hoQar = 3(Q2nt1 + 2Q2, + 3).

(€) Do Qarr1 = 5(Qang2 + 2Q2n41 — 2).

The following proposition presents some formulas of generalized third order Jacobsthal

numbers with negative subscripts.

Proposition 3.11 Forn > 1, we have the following formulas:
(@) Dop Vi =3(—4V_ 0y =3V 0 =2V, 34+ Vo — V).
(b) >hoi Voow = 5 (—Voanga + Voon + Vi — Vo).

(©) Yr Vigprr = 5 (—Vign =2V 1 + Vo = V1),
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Proof. See [67].
Taking V,, = J,, with Jy =0, J; = 1, Jo = 1 in the last proposition, we have the following

corollary which gives linear summation formulas of third order Jacobsthal numbers.

Corollary 3.8 For n > 1, we have the following properties:
(@) Yo Jw=3(—4J 1 —3J 0 —2J 3+1).

(b) >ioy Jook = 5(—T 201 + J20 + 1)

(€) DopiJoks1 = %(—J—m —2J 9p1).

From the last proposition, we have the following corollary which gives linear summation

formulas of third order Jacobsthal-Lucas numbers (take V,, = j, with jo = 2, j; = 1,

ja = 5).
Corollary 3.9 For n > 1, we have the following properties:
(@) Sk =2(—4j_n1—3jn2—2jns3+3).

(b) i1 jok = 3(—Joant1+J2n — 1).

(€) Shoidonir = 3(—Jjoon — 2j_2n1 +4).

Third one presents some summation formulas of modified third order Jacobsthal numbers.

(take V,, = K, with Ky =3, K; =1, Ky = 3).

Corollary 3.10 For n > 1, we have the following properties:
(@) Yp K op=3(—4K_ 1 —3K_ o —2K_,_3).

(b) Ypy Koor = 5(—=K gn1 + K 9, — 2).

(€) Yopoy Koopyr = 5(—K 20 — 2K 9,1 +2).

Fourth one presents some summation formulas of third order Jacobsthal Perrin numbers.

(take V;, = @y, with Qo =3, Q1 =0, Q2 = 2).
Corollary 3.11 For n > 1, we have the following properties:
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(@) Yp 1 Qo= 3(—4Q_n1 —3Q_n—2 —2Q__3 — 1).

(b) i Qook = 5(—Q-2n41 + Q—2, — 3).

(€) Dhoy Qokir = 5(—Q-20 — 2Q 2,1 +2).

3.1.6 Matrices related with Generalized Third Order Jacobsthal numbers

Matrix formulation of W,, can be given as

n

Whia r s i Wy
Woer | = 1 00 Wy |- (3.31)
W, 010 W

For matrix formulation of (3.31), see [43]. In fact, Kalman gave the formula in the

following form:

n

W, 010 W
Weer | = 0 0 1 Wh
Whia r s i Wy

We consider the following square matrix A of order 3

11 2
A=11100
010

such that det A = 2. From (3.4) we have

Vita 112 Vit
Vi 010 Va1

By using (3.32) and from induction, we get

n

Vn+2 112 ‘/2
Voo | =1 100 Vi
Vi 010 Vo

If we take V = J in (3.32), then we have

Jnt2 12 In+1
Jus1 | =11 0 0 J, ) (3.33)
I 010 Jn_1
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Now we consider the following matrices:

Jnt1 In+2J,1 2J,
B, = I Ino1+ 200 2J,4

Jn-1 Ip—2+2J,-3 2J,9
and

Virr V42V, 2V,
Co=1 Vi Vii42V e 2V,

Vier Vo +2V,3 2V, 5

Theorem 3.12 For all integer m,n > 0, we have
(a) B, =A"

(b) C1A™ = A"C,

(c) Chim = CoBy = BC,.

Proof.

(a) By expanding the vectors on the both sides of (3.33) to 3-columns and multiplying
the obtained on the right-hand side by A, we get

B, =AB,_;.
By induction argument, from the last equation, we obtain
Bn - AnilBl.

Since By = A, then it follows that B, = A™.

(b) Using (a) and definition of Cy, (b) follows.

(c) We have
1 1 2 Vi Voo +2V, o 2V, 4
ACnfl = 1 00 Vn—l Vn_g + 2Vn_3 2Vn_2
010 Vo Vs +2V, 4 2V, 3

Vn+1 Vn + 2Vn71 2VTL
= Vn Vn—l + 2vn—2 2‘/n—l = Cn
Vn—l Vn—2 + 2Vn—3 2Vn—2
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i.e. C,, = AC,_;. From the last equation, using induction we obtain C,, = A"~ 1.

Thus

Crin = A"T710 = AV A™C) = AV1C1A™ = C, B,

and similarly
Cn+m == Ban

Note that the matrix A" satisfies the following equalities:
At = AL A2 oA

and

AV = AT A™ = AMA™

for all integer m and n.

Theorem 3.13 For m,n > 0 we have

Vn+m - VnJm+1 + 2Jm—l‘/n—l - Jm (Vn—l I 2Vn—2)

- VnJm+1 + (Vn—l + 2Vn—2)<]m + 2Jm—l‘/’rz—l

(3.34)
(3.35)

Proof. From the equation C,,,, = C,,B,, = B,,C,,, we see that an element of C),,,, is the

product of row C),, and a column B,,. From the last equation we say that an element of

Chtm 18 the product of a row (), and column B,,. We just compare the linear combination

of the 2nd row and 1st column entries of the matrices C),,,, and C,,B,,. This completes

the proof. m

Remark 3.1 By induction, it can be proved that for all integers m,n < 0, (3.84) holds.

So for all integers m,n, (3.34) is true.

Corollary 3.12 For all integers m,n, we have

Jn+m = JnJerl + (Jnfl + 2Jn72)Jm + 2Jmfljnfl
jn+m - jnJm—i-l + (jn—l + 2]n—2)<]m + 2Jm—1jn—1
Kn+m - KnJm+1 + (Kn—l + 2Kn—2)<]m + 2<]m—1Kn—1

Qn+m = QnJm+1 + (anl + 2Qn72>Jm + 2Jm71Qn71
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CHAPTER 4
GENERALIZED FOURTH ORDER JACOBSTHAL NUMBERS

The aim of this chapter is to study the generalized fourth order Jacobsthal sequences
and we investigate, in detail, six special cases: fourth order Jacobsthal, fourth order
Jacobsthal-Lucas, modified fourth order Jacobsthal, fourth order Jacobsthal Perrin, ad-
justed fourth order Jacobsthal and modified fourth order Jacobsthal-Lucas sequences.
We state that the results of this chapter are cited from [82] which has been published by

Soykan and Eyican Polatli.
4.1 INTRODUCTION

In this section, we give basic information about generalized fourth order Jacobsthal num-

bers.

A generalized Tetranacci sequence {W, }n,>0 = {W,,(Wo, Wy, Wo, W33 11,79, 73,74) bn>0 1S

defined by the fourth order recurrence relations
Wo =riWy1+roWy o +1m3Wi 3 +14W, 4, Wo = co, W1 = c1, Wy = ¢, W3 = ¢c3 (4.1)

where the initial values Wy, Wi, Wy, W3 are arbitrary complex (or real) numbers and
r1, 79,73, 74 are real numbers. Tetranacci sequence has been studied by many authors and
more detail can be found in the extensive literature dedicated to these sequences, see for
example [31, 52, 54, 61, 65, 93, 94].

The sequence {W,, },>0 can be extended to negative subscripts by defining
r r r 1

W_, = __SW—(n—l) - _2W—(n—2) - _1W—(n—3) + —W_(n_g
T'q T'q T'q T4

for n = 1,2, 3, .... Therefore, recurrence (4.1) holds for all integer n.

In this chapter we consider the case r;y = ro = r3 = 1, r4 = 2 and in this case we write V,, =

W,. A generalized fourth order Jacobsthal sequence {V, },>0 = {V,.(Vo, V1, Va2, V3) >0 is
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defined by the fourth order recurrence relations
Vn = Vn—l + Vn—? + Vn—3 + 2Vn—4 (42>

with the initial values Vy = ¢, Vi = ¢1, Vo = ¢o, V3 = ¢3 not all being zero. The sequence

{Vi}n>0 can be extended to negative subscripts by defining

1 1 1 1
V===V — Vo) — 5Voinog) + =
5V =(n-1) = 5V-(n-2) (n=3) T 5

Ve
5 (n—4)

for n = 1,2, 3, .... Therefore, recurrence (4.2) holds for all integer n.
As {V,,} is a fourth order recurrence sequence (difference equation), it’s characteristic

equation is
zt -2 -2 —r—2=0. (4.3)

The roots «, 3, v and 4 of equation (4.3) are given by

a=—1,
g =2,
T=1
0= —i

Here o, 8, v and ¢ satisfy the following equalities:

a+B+y+o=1,
af+ay+ad+ fy+ B0+ =—1,
afy + afd + ayd + pyo =1,
afyd = —2.

The first few generalized fourth order Jacobsthal numbers with positive subscript and

negative subscript are given in the following Table 4.1.
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Table 4.1. The first few terms of generalized fourth order Jacobsthal numbers

n Va Vo,

0 Vo

1 Vi 3Va—3Vi— 3V — 3%
2 Va Vi iVo— Vs
3 Vs -V —5V— 5V
1 2o+ Vi+ Vot Vs Vo — 16V — V2 — Vs
5  2Vo+3Vi+2V5 + 2V; By, — 1y — 1y, — 1Ty,
6 AVo+4Vi+5Vh+4V; TV — 2Vi— Vo — & V3
7 8Vo + 8V1 + 8V, + 9V3 VL — 25 Vo — 22 Vo — 2V
8 18Vo+17Vi+1TVa+17Vs  38Vo — 556 Vi — 555V — 556 V3
9 34V, +35V; + 34V, 4 34V, By, Wy, My, Wy
10 68Vp + 68V4 + 73V, + 68V5 2LV, — 2By, 2B YL 2By,

Now we define six special cases of the sequence {V,,}. Fourth order Jacobsthal sequence
{J,g4)}n20, fourth order Jacobsthal-Lucas sequence { jT(L4)}n20, modified fourth order Jacob-
sthal sequence {Kff)}nzo, fourth order Jacobsthal Perrin sequence {Q7(14)}n20 , adjusted
fourth order Jacobsthal sequence {57(14)}”20 and modified fourth order Jacobsthal-Lucas

sequence {R£L4)}n20 are defined, respectively, by the following recurrence relations:

Spta = Spys+ Snt2 + Spt1 +25,, So=0, S1=1, Sa =1, S3=2,

Jnia = Jnaz+ Jpo+ Jpir + 240, Jo=0, J1=1, Jo=1, J3=2, (4.4)
Jnta = Jnt3 T Jnt2 F 1 + 200, Jo=2, 1 =1, j2 =95, j3 =10, (4.5)
Knyy = Kpis+ Ko+ Ky 2K, Ko=3, K1 =1, Ky =3, K3 =10, (4.6)
Qnia = Qniz+ Quia+ Qni1 +2Qn, Qo=3, Q1=0, Q2=2, Q3 =38, (4.7)
(4.8)
(4.9)

Rynys = Ryyzs+ Ruypo+ Ryp1 +2R,, Ro=4, Ri=1, Ro =3, R3=1T1.

The sequences {Jﬁ)}nzo, {j7(z4)}nzo,{K¢(L4)}nzo, Qv(fl)}nzo, {57(@4)},120 and {R$L4)}n20 can be
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extended to negative subscripts by defining

@ _ 1 1w 1w 1

Ton = =5 00~ 5wy — 500 T 5y (4.10)
@ _ 1. Law 1 L@

Jon = Tl T gl T g s T I < 4y (4.11)
@ _ _lrow L@ L @ @

Ko = =K gy =58 g~ 5B g T K—(n 1) (4.12)
y _ 1w LN 1 @) (@)

Q—n - _§Q7(n71)_§Q (nfg)_§Q,(n,3)+§Q7(ni4), (413)
@ _ low low 1ow 1o

@ _ _1lpwe 1w 1w 1

fon = =98 = 3l a ~ 31 s T 5 (4.15)

for n > 1, respectively. Therefore, recurrences (4.4)-(4.9) hold for all integer n.

Next, we present the first few values of the fourth order Jacobsthal, fourth order Jacobsthal-
Lucas, modified fourth order Jacobsthal , fourth order Jacobsthal Perrin, adjusted fourth
order Jacobsthal and modified fourth order Jacobsthal-Lucas numbers with positive and
negative subscripts:

Table 4.2. The first few terms of the J,, j,., K,, @, S, and R,
n 0 1 2 3 4 5 6 7 8 9 10

JY 0 1 1 1 3 7 13 25 51 103 205
J(4) _1 1 5 _3 _19 13 il 51 307 205
2 4 8 16 32 64 128 T 256 512 1024
W9 1 5 10 20 37 77 154 308 613 1229
(4) 1 1 _5 7 i 7 _8 103 103 103
j*” 2 4 8 16 32 64 128 256 512
KY 3 1 3 10 20 35 71 146 292 579 1159
K® 3 .5 _9 3 31 97 161 479 479  _ 1569
-n 2 4 8 16 32 64 128 256 512 1024
oW 3 0 2 8 16 26 54 112 224 442 886
Q<4> 3  _5 _13 35 35 93 _ 221 547 547 _ 1501
—n 2 4 8 16 32 64 128 256 512 1024
SWoog 1 1 2 4 9 17 34 68 137 273
(4) 1 1 1 1 15 17 17 17
ST 0 0 3 =4 =8 —% ® o1 “18 26
RY 4 1 3 7 19 31 63 127 259 511 1023
RW _1 _3 _T7 49 _31 _63 _ 127 769  _ 511 _ 1023
-n 2 4 8 16 32 64 128 256 512 1024

In the rest of the chapter for easy Writing, we drop the superscripts and write .J,,, j,, K,, Qn, S
and R, for JY , ]n , K ,Qn , and RY! ), respectively. Note that J,,, j, and S,, are the
sequences A007909, A226309 and A115451 in [62], respectively. K,,, @, and R,, sequence
aren’t in the database of http://oeis.org [62], yet.
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4.1.1 Generating Functions

In this subsection, we give the ordinary generating function of the sequence V,.

Lemma 4.1 Suppose that fv,(z) = > V,a™ is the ordinary generating function of the
n=0

generalized fourth order Jacobsthal sequence {V,,},>0. Then, > V,a™ is given by
n=0

+ (4.16)

— Vo + (Vi = Vo)o + (Vo — Vi — Vp)a?
Zan - 2 _ .3 4
o l—2—2*—2° -2z

(Vs = Vo = Vi = Vp)a®
1—x—a%— 23— 224

Proof. Using the definition of generalized fourth order Jacobsthal numbers, and sub-
stracting 2z f(x), 22f(x), 23 f(x) and 2*f(x) from f(x) we obtain (note the shift in the

index n in the third line)

(1—z—2®—2* 22" fy (2)

o o0 o0 o0 o0
= Vo™ —x Voo™ — 22 Voo™ — 13 Voo™ — 224 Vo.x"
n n n n n
n=0 n=0 n=0 n=0 n=0

00 00 00 00 00

_ n n+1 n—+2 n+3 n+4

= E V,a" — E V.x — E V.x — E V,.x -2 E V,.x
n=0 n=0 n=0 n=0 n=0
00 00 ) 00 00

= E an" - E Vn_lflfn - E Vn_2$n - E Vn_gl‘n -2 E Vn_4$n
n=0 n=1 n=2 n=3 n=4

= (Vo + Vix + Vox? + Vaz®) — (Vo + Viz? + Vox®) — (Vo + Via®) — Voa?
+ Z(Vn - Vn—l - Vn—2 - Vn—3 - 2Vn—4)$n
n=4
= (Vo4 Viz 4+ Vox? + Vaz®) — (Vo + Viz? + Vo) — (Vo + Via®) — Vpa?

= o+ WVi—=Vo)o+ (Vo= Vi = V)22 + (Vs — Vo — Vi — Vp)a?

Rearranging above equation, we get

l—x—a%—2a3— 224

ivxn_VO"‘(VI—Vo)x‘f‘(‘@—vl—V())$2+(V3—V2—V1—Vg)x3
n=0

The previous Lemma gives the following results as particular examples.

Corollary 4.1 Generated functions of fourth order Jacobsthal, fourth order Jacobsthal-
Lucas, modified fourth order Jacobsthal, fourth order Jacobsthal Perrin, adjusted fourth
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order Jacobsthal and modified fourth order Jacobsthal-Lucas sequences are

© 3

r—x

Jnn = )
nz:% * l—x—a%—23— 224
i,xn 22—z 4227+ 228
nzojn 1—x—a%— 23— 224
iK n 3 —2r — a2+ 323

nx = )
— l—x—a%—23— 224
f:@ n 3= 3x—a®+ 33
ot L e S R
= x

Spa" = :
nz:; l—x—a%—23— 224
f:R . 4 —3x —22% —

nL = )
— l—z—a%— 23— 224
respectively.

4.1.2 Obtaining Binet Formula From Generating Function

In this subsection, we next find Binet formula of generalized fourth order Jacobsthal

numbers {V,,} by the use of generating function for V.

Theorem 4.2 (Binet formula of generalized fourth order Jacobsthal numbers)

. dloz" dgﬁn
e PP Y N c e T i o (4.17)
dg’}/n 4 d45n

(Y—a)(y=B)(y=9) (6 —-a)(d=pF)d—7)

di = Vool + (Vi = Vo) + (Vo= Vi = Vo)a+ (Vs — Vo — V1 — 1),
dy = Vo +(Vi—=Vo)B?+ (Va—=Vi = Vo)B+ (Vs — Vo — Vi — Vo),
ds = Vo' + (Vi = Vo)y* +
(

) (Vz=Vi=Vo)y+ (V= V2 = V1 = V),
di = Voo’ + (Vi = Vp)o® + (Vo = Vi = V)8 + (Vs — Vo — Vi = Vj).

Proof. Let

h(z) =1—2—2* —2® — 2%

Then for some «, 3,7 and § we write
hx) = (1 — az)(1 — B2)(1 — y2)(1 — 6)
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i.e.,

l—2—2*—2°—22" = (1 - az)(1 - Bz)(1 —yz)(1 — éx). (4.18)
Hence é, %, % ve % are the roots of h(x). This gives «, 3, and 0 as the roots of
1 1 1 1 2
h - ) = 1 ——————— — = O
(a:) x x2 3 ot

This implies 2% — 2% — 22 — x — 2 = 0. Now, by (4.16) and (4.18), it follows that

o Vot (V= Vo)z + (Vo — Vi = Vo)a? + (Vs — Vo — Vi — Vp)a®
nz%an = (1—az)(1 - Bz)(1 —~yx)(1 - 6x)

Then we write

Vot Vi—=Vo)z+ (Ve —Vi—W)2* + (V3 — Vo — Vi — Vp)a’

(1—az)(l-— ix)(l - Vm)j(éil — 0x)
Al A2 3 4
- (1 —ax) + (1 —px) b (1 —~x) * (1—ox) (4.20)

(4.19)

So

Vot (Vi = Vo)o + (Vo = Vi = Vo)a? + (Vs — Vo — Vi = Vp)a?
= A(1—-32)(1 —~x)(1 —dz) + As(1 — ax)(1 —yz)(1 — ox)
+A3(1 —ax)(1 — Bx)(1 — dz) + As(1 — ax)(1 — Bx)(1 — yz).

If we consider z = 1, we get Vo+ (Vi = Vo)1 + (Vo= Vi = Vo) 5+ (Vs —Va— Vi = Vp) 55 =
Aj(1—2)(1—2)(1— 2). This gives

ABVo+ (Vi =Vo)t+ (Vo= Vi— V) b+ (Vs — Vo — Vi = Vi) )
(o — )( (e —3)
Voo + (Vi = Vo)? + (Vo = Vi = Vo) + (Vo = Vo = Vi = Vo)

(o — ﬁ)(a - 7)(04 )

A =

Similarly, we obtain

4 WV (- Vi - Vo)B+ (V= Vo — Vi — Th)
’ (B—a)B—)(B-9) ’
A — Vol + (Vi = Vo)vV2+ (Vo = Vi = Vo)y + (Vs = Vo — Vi = V)

(v —a)(y—B)(y—9) ’
o Vo (Vi = Vo)ot + (Vo = Vi = Vo)d + (Vs — Vo = Vi — Vo)
e C—a)6—B)(6—7) |

Thus (4.18) can be written as

Z Vo™ = Aj(1 — ax) ™t + Ay(1 — Bo)t 4+ Az(1 — ya)t + Ay(1 — dz)

n=0
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This gives

i Vot = Ay i oz + As i L™ + Az i Nt 4+ Ay i o"a"
n=0 n=0 n=0 n=0 n=0

= ) (A" + B + Ay + Agd")a"

n=0

Therefore, comparing coefficients on both sides of the above equality, we obtain

Vi = A" + A" + Asy" + Agd"

where
Voo + (Vi = Vo)a? + (Vo = Vi = Vo)a+ (Vs — Vo — Vi — V)
A = ,
(= B)(a—7y)(a—9)
4, — WA —1)5 (1= Vi = V)i + (Vo = Vo = Vi = Vo)

(B—a)(B—=)(8-0) :

e VPV (= Vi = Vo + (Vi = Vo — Vi = Vh)

3 (v =a)(v = B)(y = 9) :

Vol + (Vi = V)0 4 (Vo = Vi = Vo)d + (Vi — Vo = Vi = Vo)
)

(0 —a)(0—pB)(0 -7

Y

and then we get (4.17). m
Next, using Theorem 4.2, we present the Binet formulas of fourth order Jacobsthal,
Jacobsthal-Lucas, modified Jacobsthal, Jacobsthal Perrin, adjusted Jacobsthal and mod-

ified Jacobsthal-Lucas sequences.

Corollary 4.2 Binet formulas of fourth order Jacobsthal, fourth order Jacobsthal-Lucas,
modified fourth order Jacobsthal, fourth order Jacobsthal Perrin, adjusted fourth order

Jacobsthal and modified fourth order Jacobsthal-Lucas sequences are

_ (a? — 1) o (8°—1) n
K T ) AR (e Rl
("= 1) " Gl

e Ty v s R g 1 ) Y gy

. (20*-a’+2a+2) o (28% — %+ 28 +2) gn

T e Bla-Ne-0" T @F-a)E-NE-0)
N (273 — 42+ 2y +2) o (26° =82 +20+2) ,
(v=a)(v=B)(y—9) (0—a)(d=B)6—7) ~

. BeP-27-a+3) . (F-2"-5+3)
E T P P vy S (B B
3y =292 —~y+3) .  (38°—-282-6+3) _,

e =A6-0" TG -p-9"
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(30 =302 —a+3) o (38° —33*-B+3) _.
P = e Aa e T -GG 0"

(373 =3y —~y+3) , (30°—-36*—-5+3)

ICED Rl (5—04)(5—5)(5—7)5”’
S - ! Oén+2—|— 1 6n+2
" e Ae-e-9" TE-aE-)E-9)
1 1
n+2+ 5n+2’

e -A6-0 a6 -56—)

B (4@3—3a2—2a—1)an (48> —33* =26 1) .
o = a=Ba—e-0" T E-aE-10-9"
(493 =372 -2y —1) . (46° —36* —26 1)

ey oY ey A ey )T gy

respectively.

577,

The above formulas can be written as follows

In = %5" (—1—10 - %i)’y” + (—1—10 + 1%@)5”,

Jn = %04” + gﬁn + (% + %i)vn + (% - 2%@')5”,

K = %a" + 1—;6” + (% + ;—(1)2')7" + (;—(7) - %i)é",

Qn = %04” + 1—25” + (% + 1—702')7” + (% — 1—7Oi)5”,
Su=—ta b g (= Dy (L S

We can also find Binet formulas by using matrix method which is given in [45]. Take

k =i =4 in Corollary 3.1 in [45]. Let

a? o a1 a1l a2 a1 o ot a1l
3 52 n—-1  p2 3 an—l
1 1 1
A — B 54 A = o4 B= B Ay — Bge B B |
ooyl oy 1 oyt oyl
2 5% 51 P G | 5 o1
a3 Oé2 anfl 1 013 2 a a/nfl
A 53 2 57171 1 A 63 2 5 ﬂnfl
3 = s 44 —
,}/3 72 ,yn—l 1 73 2 ol ,yn—l
R R L | 02 62 5 ot
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Then the Binet formula for fourth order Jacobsthal numbers is

4
1
j=1
1
= K(J4 det(Al) + J3 det(Az) + JQ det(Ag) + Jl det(A4))
1
= Tx o (3det(Aq) + det(Az) + det(As) + det(Ayg))
anfl 2 a 1 O[S anfl a 1 O[S 2 Oénfl 1
57171 52 5 1 53 anl 5 1 53 2 ﬂnfl 1
— |3 + +
,yn—l 72 ol 1 73 ,Yn—l ol 1 '73 ,YQ ,Yn—l 1
I S R § st s 1 R SR L |
ad a2 a ot o o ol
+536255”_1/535251
3 2 n—1 3 2 1
AN A e DA e
R S B L 8 6% 51

Similarly, we obtain the Binet formula for fourth order Jacobsthal, fourth order Jacobsthal-
Lucas, modified fourth order Jacobsthal, fourth order Jacobsthal Perrin, adjusted fourth

order Jacobsthal and modified fourth order Jacobsthal-Lucas sequences as

1
gn = oy (20det(Ar) + 10 det(Ag) + 5 det(As) + det(Ay)),
K, = det 7 (20det(Ar) + 10 det(Az) + 3det(As) + det(Aq)),
1
Qn = -y (16det(A1) +8det(Az) +2det(As)),
S, = 1 tA(él det(A1) + 2det(Ag) + det(Asz) + det(Ay)),
(]
R, = deiA(w det(A1) + 7det(Ag) + 3det(Az) + det(Ay)),
respectively.

4.1.3 Simson Formulas

Now, the following theorem gives the generalization of Simson formula of generalized

Tetranacci sequence {W,,}.

Theorem 4.3 (Simson Formula of Generalized Tetranacci Numbers) For all in-
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tegers n we have

Wn+3 Wn+2 Wn+1 Wn WS

Wn+2 Wn+1 Wn Wn—l n.mn W2
= (=1)"r}

Wn+1 Wn an 1 Wn72 Wl

Wn Wn—l Wn—2 Wn—3 WO

For the proof of (4.21) see [64]. m

Wy Wi Wy
Wy, Wy W4
Wo W_o1 W,
W_1 W_y W_4

(4.21)

A special case of the above theorem is the following theorem which gives Simson formula

of the generalized fourth order Jacobsthal sequence {V},}.

Theorem 4.4 (Simson Formula of Generalized Fourth Order Jacobsthal Numbers)

For all integers n we have

The previous theorem gives the following results as particular examples.

Vn+3 Vn+2 Vn—l—l Vn ‘/3 Vv2
Vi Va Vi Vi Vo W
+2 +1 1 _ (_1)n2n 2 1
VnJrl Vn anl Vn72 ‘/1 VE)
vn Vn—l Vn—2 Vn—3 ‘/O V—l

Vi W
Vo Vo
Vo Vg
Voo Vi3

Corollary 4.3 Simson formula of fourth order Jacobsthal sequence, fourth order Jacobsthal-

Lucas sequence, modified fourth order Jacobsthal sequence, fourth order Jacobsthal Perrin

sequence, adjusted fourth order Jacobsthal sequence and modified fourth order Jacobsthal-

Lucas Sequence are given as

s Jntz Jng1 I
Jois Juei Ju Jns
ATPRE S SN
o Jnr Jno T3

jn+3 jn+2 jn—i-l ]n

jn+2 jn+1 ]n jnfl B 243

—1)"2"
4 ( ) )

jn+1 jn jnfl jnf2

jn jn—l jn—2 jn—?)
Kn+3 Kn+2 Kn—i—l Kn
Kn+2 Kn+1 Kn anl - 697
Kn+1 Kn Kn—l Kn—2 8

Kn Kn—l Kn—Q Kn—3

(=1)"2",
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Qn+s

Qnv2

Qn+1
@n

Sn+3
Sn+2

Sn+1
Sn

Riys

Riyo

Ry
R,

Qnt2
@n+1
@n
@n—1

Sn+2

Sn+1
Sn
Sn—l

Roso
Ry
R,
Ry

respectively.

Qn—H

@n

Qn—l
Qn—2

Sn+1
Sn
Sn—1
Sn—2

Ry
Ry,
Ry
Ry

Snfl
Snf2
Sn—3

@n
anl
Qn—Q
Qn—3

Sn

Ry,
Ry
Ry, 5
Ry

4.1.4 Some Identities

= 169(—1)"2",

— (_1)n+12n—1’

= 450(—1)"2",

In this subsection, we obtain some identities of fourth order Jacobsthal, fourth order

Jacobsthal-Lucas, modified fourth order Jacobsthal, fourth order Jacobsthal Perrin, ad-

justed fourth order Jacobsthal and modified fourth order Jacobsthal-Lucas numbers.

Next, we give some fundamental relations between {.J,,} and {j,}.

Lemma 4.5 The following equalities are true:

36J,
187,
9J,
9J,
9J,

_7jn+4 + 5jn+3 + 17jn+2 + 5jn+1>

_jn+3 + 5jn+2 - jn-}—l - 7]717

2jn+2 - jn+1 - 4,]n - jn—l;

jn+1 - 2]71 + jnfl + 4‘7.71727

_jn + 2jn—l + 5jn—2 + 2jn—3

(4.22)

Proof. Note that all the identities hold for all integers n. We only prove (4.22). If we

write

Jn:aXjn+4+bXjn+3+0><jn+2+d><jn+l
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and solve the system of equations

J() = an4+ij3+CXj2+de1
JI = axjs+bxjit+cxjgzt+dXx g,
Jo = aXje+bXjs+cXjus+dx 3

Js = axjr+bXjstcxXjst+dXjs

thenwegeta = —L, b= 2, c= &

_ 5 o, . . .
36 35 36> @ = 35- The other equalities can be proved similarly.

]
Note that all the identities in the above Lemma can be proved by induction as well.

We present some fundamental relations between {J,} and {K,}.

Lemma 4.6 The following equalities are true:

1394J, = —121K, 44 + 185K,.5 + 219K, 15 — 87K, 11
697, = 32K,is+49K, 10 — 104K,,1 — 121K,
697.J, = 81K, — T2Kni1 — 89K, + 64K, 1,
697J, = 9K,41 — 8K, + 145K, + 162K, _»,

697J, = K, + 154K, + 171K, 5+ 18K, _3.

We give some fundamental relations between {J,} and {Q,}

Lemma 4.7 The following equalities are true:

26, = —2Qnta+3Qnis + 4Qny2 — Qny1,
26, = Qnis +2Qn+2 — 3Qn1 — 4@y,
26, = 3Qni2 —2Qn11 —3Qn +2Qn 1,
26, = Qny1+5Qn_1+6Q,_2,

26J, = Qn + 6Cx?n—l + 7Qn—2 + 2Qn—3~

We present some fundamental relations between {.J,,} and {S,}.
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Lemma 4.8 The following equalities are true:

8J, = 5814 — 3813 — 11502 — 3541,
A, = Sniz— 382+ Spi1+ 55y,
2y = —Spio+ Syt + 35 + St

Jo = Sp— Spo.

We give some fundamental relations between {J,} and {R,}

Lemma 4.9 The following equalities are true:

150J, = —8Rpis+22Rn 3+ TRuis — 23Rps1,
150J, = 14R,3 — Ruyo — 31Rps1 — 16R,,
150J, = 13Ru40 — 17Rps1 — 2R + 28R, 1,
150J, = —4R,41+ 11R, +41R,_y + 26R,_o,

150, = TR, +37R,_1 +22R,,_2 —8R,_3.
We present some fundamental relations between {K,} and {j,}.

Lemma 4.10 The following equalities are true:

697j, = A4T0K, 14 — 805K,.3 + 215K,10 — 601K,41,
697j, = —335K,.5+ 685K, 10 — 131K, 1 + 940K, — 10K,_1,
697j, = 350K,40 — 466K,.1 + 605K, — 6T0K,_1,

697j, = —116K,.1 + 955K, — 320K,_1 + T00K,_o,

6975, = 839K, —436K, 1+ 584K, o — 232K, 3
and

24K, = —3Jn+a— jnis + 571 jny2 — 4315041,
54K, = 31jnis — Aljnie — 41jns + 497,
27K, = —5jny2 — SJnt1 + 407, + 31j,1,
27K, = —10jnr1 + 35jn + 26jn_1 — 10ju_o,

21K, = 25j, +167,-1 —20j,—2 — 20j,—3.
We give some fundamental relations between {j,} and {Q,}.
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Lemma 4.11 The following equalities are true:

267, = 11Qnta —16Qpn13 + 2 X Qny2 — 10Qn 41,
26§, = 11Qn+a — 16Qn+3 + 2Qni2 — 10Q+1,
26jn = —5Qn+3 + 13Qni2 + Qni1 +22Q,

26j, = 8Qni2 — 4Qnt1 +17Q, — 10Q;—1,

26]71 = 4Qn+1 + 25Qn - 2@71—1 + 16Qn—27

and

108Qn = 65jn4a — TJng3 — 151 jn40 — 1517541,
54Qn = 29jn+43 — 43Jn+2 — 4311 + 6575,
54Qn = 29jny3 — 43jnt2 — 43Jns1 + 6570,
21Qn = —Tjnt2 — Tin+1 +47Jn + 2951,

27Qn = _14jn+1 i 40.771 + 2251 — 14jn—2-
We present some fundamental relations between {j,} and {95, }.

Lemma 4.12 The following equalities are true:

4y = —5Syia+TSnes+TSnsz + 7Snin
2jn = Spisz+ Sng2 + Spg1 — 55,

Jn = Sny2+ Snp1 — 25, + Sn1

Jn = 2541 — S + 25,1+ 25,2

jn - Sn + 4Sn—1 + 4Sn—2 + 4Sn—3
and

275, = —4Jnya+ 5Jny3 + Sjns2 + Sjnt1
27Sy = Jn43 + Jnt2 + Jns1 — 8jn

278, = 2jny2 + 2Jnt1 — Tjn + 201
27S, = 4Jp+1 — DJn + 4dn-1 + 4jn_o

275, = —Jn+ 8Jn-1+8Jn—2+ 8jn—3
We give some fundamental relations between {j,} and {R,}.
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Lemma 4.13 The following equalities are true:

300j, = 64Rniq — 101R, 5+ 19R, s + 34Rps1,
300j, = —37Rni3+ 83Russ+ 98R,1 + 128R,,
300j, = A46R,so+61R,.1 +91R, — T4R, 1,
300j, = 107Rps1 + 137R, — 28R,_1 + 92R,_o,

3007, = 244R,+T9R, 1+ 199R, o+ 214R,, 3,
and

36R, = 13jn4a + Jn+3 — 11Jnio — T1jnia,

18R, = TJnts + Jn+e — 29jnt1 + 137n,
IR, = 4jpuo — 115,01 + 107, + 7901,
R, = —TJps1+ 147, + 115, 1 + 8Jn_2,

9Rn = 7X jn + 4jn—1 3 jn—2 — 14jn—3-

We give some fundamental relations between {K,} and {Q,}.

Lemma 4.14 The following equalities are true:

26Kn - 10Qn+4 - 7QTL+3 - 13Qn+2 - 9Qn+1,
26Kn = BQn—i-B - 3Qn+2 + Qn—H + ZQna
26Kn - 4Qn+1 + 23@71 + GQn—lv

26K, = 27Qn + 10Qn71 + 4Qn72 + 8Qn737
and

1394Q, = 983K, — 1261K, .5 — 581K, .0 — 1125K, 1,
697Q, = —139K, 3+ 201K, 3 — T1K,;1 + 983K,
697Q, = 62K, — 210K, + 844K, — 278K, 1,
697Q, = —148K, 1+ 906K, — 216K, 1 + 124K, _»,

697Q, = T58K, — 364K, 1 — 24K, o — 296K, 3.

We present some fundamental relations between {S,,} and {R,}.
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Lemma 4.15 The following equalities are true:

9005, = —44R,is+ 121R. 5+ Ross — 14Rps1,
9005, = T7Rni3— 43Rni2 — 58R,.1 — 88R,,
9005, = 34Rnis+ 19R,s1 — 11R, + 154R,_,
9005, = 53Rni1 + 23R, + 188R,_1 + 68R,_o,

9005, = T6R,+241R,_; +121R, >+ 106R,_3,

and

8Rn - _7Sn+4 —+ Sn+3 -+ 98n+2 -+ 495n+1,
4Rn = _35n+3 + Sn+2 + 2]-Sn—|-l - 75717
2Rn = —Onpt2+t 95n+1 - 5Sn - 3Sn—17

Rn = 4Sn—|—1 . ?)Sn — 2Sn—1 — Sn—27

Rn - Sn + 2;51”,1 —+ 3Sn,2 —+ SSnfg.
We now present a few special identities for the fourth order Jacobsthal sequence .J,,.

Theorem 4.16 (Catalan’s identity) For all natural numbers n and m, the following iden-

tity holds

JntmIn-m — Jr = (Sntm — Sntm—2)(Snm — Sn-m-2) — (Sn — Sn—2)*.
Proof. We use the identity

Jp = Sp — Sp—a.

|
Note that for m = 1 in Catalan’s identity, we get the Cassini identity for the modified

fourth order Jacobsthal sequence.

Corollary 4.4 (Cassini’s identity) For all natural numbers n and m, the following iden-

tity holds

Jn+1<]n—1 - J2 = (Sn—i—l - Sn—l)(Sn—l - Sn—3) - (Sn - Sn—Q)Q-

n

The d’Ocagne, Gelin-Cesaro and Melham identities can also be obtained by using J,, =
Sp — Sp_2. The next theorem presents d’Ocagne’s, Gelin-Cesaro’s and Melham’ identities

of modified fourth order Jacobsthal sequence {.J,}.
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Theorem 4.17 Let n and m be any integers. Then the following identities are true:
(a) (d’Ocagne identity)
Jm+1Jn - JmJn—i-l = (Sm—i-l - Sm—l)(Sn - Sn—?) - (Sm - Sm—2>(Sn+l - Sn—l)-

(b) (Gelin-Cesaro identity)

TnaTni1In-1Jn-2=Jn = (Sn42—=5) (Sns1=Sn-1)(Sn-1—Sn-3) (Sn-2—Sn-14) = (Sp—5n-2)".
(c) (Melham identity)

Ini1Int2dnre — Jnys = (Sna1 — Sne1)(Snaz — Sn)(Snt6 — Snta) = (Snis — Sns1)’.
Proof. Use the identity J, = S, — S, 2. &

4.1.5 Linear Sums

In this subsection, presents summing formulas of generalized fourth order Jacobsthal

numbers.

Proposition 4.18 For n > 0, we have the following formula:
S W, = T Wos = Wi = 2Wips — Wy + W) 4 2).

k=0

Proof. See [66].

Corollary 4.5 We have the following properties:
(a) ZZ:O Ji = i(Jn+4 — Jnp2 — 2<]n+1)-

(b) > ok = Al;(jn+4 — Jni2 — 2jns1 — D).

(€) Do Ki = §(Konpa — Kpyo — 2Kp41 — 3).
(d) Do @k = %(Qn+4 — Qni2 — 2Qn11 — 2).

(€) dpoSk= i(5n+4 — Spto — 25,41 — 1).
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(f) Yo Bi = §(Rnta — Rugr — 2Ry 1 +2).

Proof.

(a) Take W,, = J, with Jy =0,J; =1,J5 = 1,J3 = 1 in the last proposition.

(b) Take W,, = j,, with jo = 2,71 = 1,jo = 5, j3 = 10 in the last proposition.

(c) Take W,, = K,, with Ky =3, K; = 1, Ky = 3, K3 = 10 in the last proposition.
(d) Take W, = @, with Qy = 3,Q1 = 0,Q2 = 2,3 = 8 in the last proposition.
(e) Take S, =S, with Sp =0,5; = 1,5, = 1,53 = 2 in the last proposition.

(f) Take S, = R, with Ry =4, Ry =1, Ry = 3, R3 = 7 in the last proposition.

The following proposition presents summation formulas of generalized fourth order Ja-

cobsthal numbers with negative subscripts.

Proposition 4.19 Forn > 1, we have the following formula:
i W_i = %l(—WnH + W1 +2W_, + W5 — Wy — 2.
k=1

Proof. See [66].

Corollary 4.6 We have the following properties:

(@) Dory Tk = (=Jopys + o1 +2J ).

(b) > iij-r= %(_j—n—i—?) + Jont1+2jn +5).

() Yo Ky=3(-K_ s+ K 11 +2K_,+3).

(d) Yr Qo =3(-Q nis+Qnp1 +2Q_, +2).

(€ Yoh 1Sk =3(—-Snss+ S i1 +25,+1).

(f) >r iRk =3(-R_pss+ R_pi1 + 2R, — 2).
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4.1.6 Matrices Related with Generalized Fourth Order Jacobsthal numbers

In this subsection, we consider the following the square matrix A of order 4 as:

1112

1 0 00
A—

01 020

0010

such that det A = —2. From (4.2) we have

Vi 111 2 Voo
Vo _ 1 000 Vit (4.23)
Vi 0100 v
Vo 0010 Vi1
using (4.23) and from induction we get
Vi 1112\ (v
Var | [ 1000 v
Vir | [ o100 "
Vo 0010 Vo
If we take V' = S in (4.23), then we have
Siis 1112 Sy
Swrs | _[ 1000 S o)
Spis 0100 S,
S, 0010 Sp1

We consider the following matrices:

Sn+1 Sn + Snfl + 287172 Sn + 251171 QSn
Sn Sn—l + Sn—2 + 2Sn—3 Sn—l + 28n—2 2Sn—1

b= St St Sns+25 4 Suo+25 5 25, s
S SugtSna+25 5 Sus+25 4 25, s
and
Vier Vot Vioa42Veo Vad2Ve, 2V,
o | Ve Vet ey Vet 2

Vn—l Vn—2 + Vn—3 + 2Vn—4 Vn—2 + 2Vn—3 2Vn—2
Vn—Z Vn—3 + Vn—4 + 2Vn—5 Vn—S + 2Vn—4 2Vn—3
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Theorem 4.20 For all integer m,n > 0, we have
(a) B,=A"

(b) C1A™ = A™CY

(c) Chim = CoBy, = BC.

Proof.

(a) By expanding the vectors on the both sides of (4.24) to 4-colums and multiplying
the obtained on the right-hand side by A, we get

B, = AB,_;.

By induction argument, from the last equation, we obtain
B, = A" 'B.

But B; = A. It follows that B, = A".

(b) Using (a) and definition of Cy, (b) follows.

(c) We have
1 11 2 Vo Vaoi+Vo+2V, 5 V1 +2V, o 2V,
AC 1000 Vier Vo + Vo3 +2Vy Vo +2V, 5 2V,
n—-1 =
0100 Vocoa Vs +Vou +2V, 5 Vo3 +2V,4 2V,_3
0010 anS Vn74 + Vn75 + 2Vn76 an4 + 2Vn75 2Vn74

Vier Vit Vi +2Veo Vo+2Ve, 2V,

Vi V4 Via+2Ves V42V, 2V,
Vit Vo4 Vg +2Vis Vio+2Vi s 2V, ,
Vs Vg + Vs +2Vis Vs +2Via 2Vi_s

i.e. C,, = AC,_;. From the last equation, using induction we obtain C,, = A"~ 1.

Thus
Cham = A”+m_101 = A"_lAmC'l = A”_lClAm =C,B,,
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and similarly

Cn+m - Ban .

Note that the matrix A" satisfies the following equalities:

At = AL AnTE g AnT3 oA

and

AT = AT A™ = A™ A"

for all integer m and n.

Theorem 4.21 For m,n > 0 we have

Vitm = VaSma1 + (Vac1 + Vo + 2V, 3) S+ (Vi1 + 2Vi2) Si1 + 2V,1Sm—2. (4.25)

Proof. From the equation C),,,, = C,, B, = B,,C,, we see that an element of C},,,, is the
product of row C,, and a column B,,. From the last equation we say that an element of
Chim is the product of a row C,, and column B,,.We just compare the linear combination
of the 2nd row and 1st column entries of the matrices C,,,,, and C,,B,,. This completes

the proof. m

Remark 4.1 By induction, it can be proved that for all integers m,n < 0, (4.25) holds.

So for all integers m,n (4.25) is true.

Corollary 4.7 For all integers m,n, we have

Jnim = JnSma1 + (Jno1 + Jno+2J0-3) Spn + (Jne1 +2J—2) St + 2J5-15m—2,
Jntm = JnSma1 + (Jn-1 + Jn—2 + 2jn-3) Sm + (Jn-1 + 2Jn—2) Sm—1 + 2jn—1Sm—2,

Kpiw = KuSmii+ (Kp1+ Ky 2+2K, 3)S, + (Kn1+ 2K, 2)Sm_1+ 2K, 15,2,
Quim = @nSmi1+ (@n-1+ Qn2 4+ 2Qn—3) S + (Qn-1 + 2Qn-2) Sm-1 + 2Qn-15m-2,
Spam = SpSma1+ (Snc1+ Sno +25,-3) S+ (Sn—1 + 2S,-2) Si—1 + 25,-1Sm—_2,

Rn+m = Rnsm—l—l + (Rn—l + Rn—2 + 2Rn—3) Sm + (Rn—l + 2Rn—2) Sm—l + 2Rn—1Sm—2-
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CHAPTER 5

GENERALIZED FIFTH ORDER JACOBSTHAL NUMBERS

In this chapter, we introduce the generalized fifth order Jacobsthal sequences and we
investigate, in detail, six special cases which we call them fifth order Jacobsthal, fifth
order Jacobsthal-Lucas, modified fifth order Jacobsthal, fifth order Jacobsthal Perrin,
adjusted fifth order Jacobsthal and modified fifth order Jacobsthal-Lucas sequences. We
state that the results of this chapter are cited from [79] which was published by Soykan
and Eyican Polatli.

5.1 INTRODUCTION

In this section, we give basic information about generalized fifth order Jacobsthal num-
bers. First, we recall the definition and some properties of generalized Pentanacci se-
quence.

The generalized Pentanacci sequence (or the generalized (7, s,t, u,v) sequence or 5-step

Fibonacci sequence)
{Wn}nZO = {Wn(W07 W17 W27 Wg, W4a r,s, t? u, v)}nZO
is defined by the fifth order recurrence relations

Wn = TWn_l + SWn_2 + th_g + UWn_4 + UWn_5, (51)
WO = G,Wl :b,WQ :C,Wg :d,W4 =€

where the initial values Wy, Wy, Wy, W3, Wy are arbitrary complex (or real) numbers and
r,s,t,u,v are real numbers. Generalized Pentanacci sequence has been studied by many
authors and more detail can be found in the extensive literature dedicated to these se-
quences, see for example [52, 54, 56, 76]. The sequence {W,},>¢ can be extended to
negative subscripts by defining



for n = 1,2,3, .... Therefore, recurrence (5.1) holds for all integer n.
As {W,} is a fifth order recurrence sequence (difference equation), it’s characteristic
equation is

5

2° —rat —s2® —ta* —ur —v =0 (5.2)

whose roots are «a, 3,7, 0, X\. Note that we have the following identities:

at+B+y+o+A=r,

af+al+ay+ A+ ad+ By + Ay + B+ A0+ 70 = —s,

aff A+ afy+ aly + afd + aXd + Ay + ayd + A0+ Byd + Ay =t

af Ay + afAo + afyd + alyd + BAyd = —u

afyor =v.

Generalized Pentanacci numbers can be expressed, for all integers n, using Binet formula.

Theorem 5.1 [76] (Binet formula of generalized (r,s,t,u,v) numbers (generalized Pen-

tanacci numbers))

_ pra” p23"
P PO A ARSI B By (5:3)
p3y" Pad”

B ey o) Y vy T oy
p5)\n

A=a)A=B)A =7 =6)

(0 =)0 =P =70 =A)
+

where

pro= Wi—(B4+v+0+NWs+ (BA+ By + My + B0+ A6+ 75) Wy
—(BAY + BN + By6 + Myd) Wy + (BAy6) W,

pr = Wi—(a+7+5+N)Ws+ (aX+ay+ad+ Ay + A5+ v0)W,
—(aXy + aé + ayd + Ay0) Wy + (aAyo) Wy,

p3 = Wa—(a+B+0+NWs+ (af +ar+ A+ ad+ B0+ N0)Ws
—(afA 4+ afd + aXd + BAO)W; + (aBAS) Wy,

pe = Wi—(a+8+7v+ANWs+ (af +aX+ ay + BN+ By + Ay)W,
—(afBX + afy + aXy + BA\y)Wy + (S Y)Wy,

ps = Wi—(a+B8+7+0)Ws+ (af+ay+ ad + By + B0+ v0)Ws
—(afy + afd + ayd + pyo)Wi + (afyd)Wy.
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Usually, it is customary to choose 7, s,t,u, v so that the Equ. (5.2) has at least one real

(say a) solutions.

Note that the Binet formula of a sequence satisfying (5.2) for non-negative integers is
valid for all integers n, (see [42], this result of Howard and Saidak [42] is even true in the

case of higher order recurrence relations).

Next, we give the ordinary generating function of the sequence W,.

Lemma 5.2 [76] Suppose that fw, (x) = > W,a™ is the ordinary generating function of
n=0

the generalized (r,s,t,u,v) sequence {Wy},>0. Then, > W,a™ is given by
n=0

o0

Q
E W, z" =
‘ 1—rz—sz?2 —tx3 — uxrt — vxd
-

where

Q = Wot(W,—rWo)z + (W,—rW,—sWg)a>
—|—(W3—TW2—SW1—tWO)SC3+(W4_TW3_3W2_tW1_UWU)'T4-

We next give Binet formula of generalized (r, s, t, u,v) numbers {W,,} by the use of gen-

erating function for W,,.

Theorem 5.3 [76] (Binet formula of generalized (v, s,t,u,v) numbers)

o qa” q28"
L P O [ R 3T S Rl e - s T T - Jp (5:5)
q3Y" qad"

B G [ oy
Q5)\n

(A =a)A=B)A=7)(A=9)

0 =)0 =P =70 —=A)
_l’_
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where

q = Weat + (W —rWy)a® + (Wy — rWy — sWh)a?

+(W5 —rWy — sWy — tWo)a + (Wy — rW3 — sWo — tW; — v),
@ = WoB*+ (Wr—rWo)B° + (Wa — Wy — sWy) 52

+(W3 — rWy — sWy — tWy) 3 + (Wy — rW3 — sWy — tWy — vWy),
s = Wyt + (Wi —rWo)y® + (Wy — rWy — sWy)y?

+(W5 — Wy — sWy — tWo)y + (Wy — rWs — sWo — tW; — oWy),
@ = Woo* + (Wi — rWp)6® + Wy — rWy — sTWp)6?

+(W3 — rWy — sWy — tW)d + (Wy — rWs — s3Wo — tW; — vTVy),
g5 = WoN' + (Wy — rWo) NP + (Wy — rWW; — sWp)\?

+(W5 — Wy — sWp — tWo)A + Wy — rWs — sWo — tW; — oWp).
In this paper we consider the case r = s =t = u = 1, v = 2 and in this case we write V,, =

W,. A generalized fifth order Jacobsthal sequence {V;,},>0 = {Vi.(Vo, V1, Va, V3, Vi) }rso

is defined by the fifth order recurrence relations
vn - Vn—l + Vn—2 + Vn—?) + Vn—4 + 2Vn—5 (56)

with the initial values Vi = ¢o, Vi = ¢1, Vo = ¢o, V3 = ¢3, V4 = ¢4 not all being zero.
The sequence {V, },>0 can be extended to negative subscripts by defining

1 1 1 1 1
Vop=—==Voet) — Vo) — Vo3 — 2Vemet) + 5 Voo
5V ~(n=1) T 5Vo(n-2) = 5Vo(n=8) T 5V (n—4) T 5 V-(n-5)

for n = 1,2, 3, .... Therefore, recurrence (5.6) holds for all integer n.
As {V,,} is a fifth order recurrence sequence (difference equation), it’s characteristic equa-

tion is
a2t —2=(r-2)2* + 2+ ¥+ +1)=0. (5.7)

The roots «, 3, v, 6 and A of Equation (5.7) are given by:

a =2,

1 2v5+10 .
g= s Y2,

4 4

1 2v5+10 .
y= s - A,
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1
A:—Z(\/5+1)—

—2v5+10 .
L V2V5 410

1) 1 i,
—2/5+4 10,
—_—1.

4

Here «, (3, v, 6 and A satisfy the following equalities:

a+f+y+o+A=1,

af+al+ay+ A+ ad+ By + Ay + B0+ Ao+ 0 = —1,

af A+ afy+ aly + afo + ald + BNy + ayd + A6 + By + Ayd =1,

af Ay + aBAd + afvd + alyd + fAyd = —

afyoN = 2.

The first few generalized fifth order Jacobsthal numbers with positive subscript and neg-

ative subscript are given in the following Table 5.1.

Table 5.1. The first few terms of generalized fifth order Jacobsthal numbers

n Vi V_n

0 Vo

1 Vi sVi—3sVi— Ve — 3V — 314

2 Va Vy—iVi—3Va—3Vo— 3V

3 V3 Va—tVi— Vo — Vs — 3V,

4 Vi 2Vi—35Vo— 15V — 165 — 15 Va

5 2Vo+ Vi + Va+ V3 + Vi V- mVi—5Ve— 5V — 35 Va

6 2V + 3Vi + 2V, + 2Vs + 2V, SVi— BV - Bv, - By - 8y

7 4% + 4‘/1 + 5‘/2 + 4% + 4‘/;1 128‘/3 128‘/1 128‘/2 128% 128‘/;l

8 8Vo +8V1 + 8V + 9V5 + 8V, %V? 256‘/1 256‘/0 256‘/3 256V4
9 16% + 16‘/1 + 16‘/2 + 16‘/}’ + 17‘/21 %Vi 512% 512‘/2 512‘/Ei 512‘/;l
10 34V0 + 33V1 + 33V, + 33V5 + 33V, %VO - 1024Vl 1024V2 1024‘/:’” 1024‘/;1
11 66Vp + 67V; + 66V, + 6615 + 66V LV — 38Ty, — 18Ty, — 10Ty, — 198ty
12 132Vp + 132V; + 133V, + 132V; + 1321, 30389y, 4087y, _ 087y, 057y, 1057y,
13 264V, + 264V, + 264V + 265V; + 2641, 232y, — 1087y, 105747 1057y, 1057y,

Now we define six special cases of the sequence {V,}. Fifth order Jacobsthal sequence

{J,.50, fifth order Jacobsthal-Lucas sequence {j } =0, modified fifth order Jacobsthal
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sequence {K }n>0, fifth order Jacobsthal Perrin sequence {Qn tn>o , adjusted fifth
order Jacobsthal sequence {Sn }n>0 and modified fifth order Jacobsthal-Lucas sequence

{R%S)}nzo are defined, respectively, by the fifth order recurrence relations

JO = g8 g0 P, ) 4 20) (5.8)

P = 0,07 =1, =1,1 =1, =1,

5 5 5 .

.]7(L—25 = ]7(1424 + ]7(1423 + Jq(mlz + JT(L+)1 +25%), (5.9)
. (5 . . .

i = 27 =157 =545 = 10,4 = 20,

KRy = KU+ KO+ KP, + K, + 2K, (5.10)

K = 3,KP =1,KY =3, K =10, K{” = 20,

QWls = Qi+ Qs+ Qi + QUL +200, (5.11)
85) = 37 QEE)) = 07 an — 27 ng) F 87 QA(L5) i

SP = 88 450 1 50 4 50 4 25®) (5.12)

P = 0,87 =1,50 = 1,59 = 2,5
RO, = RY, + R®. + R®), + R®) 1+ 2R (5.13)
R = 5 RP =1RP =3 RY =17 RY =19.

The sequences {J7(L5)}n207 {jT(zB)}nzo,{Ky(f)}nzo, Q%S)}ngo, {Sy(f)}nzo and {R&s)}nzo can be

extended to negative subscripts by defining

78 = ;ﬂ F %Jf?n 2~ §J_(n A A 2J_(n . (5.14)
i = —%](() )—%j(5(’n2)—%j(‘r’()n3)—%y(5() )+;y(5() 5 (5.15)
K5 = _%K( - >_%K—5<)n—2> %K(—5<)n—s> %K<_5(>n_4)+%z(<_5(>n_5), (5.16)
Q% = Q% 1~ 5@~ 5@~ 5 %+ 50 5 (5.17)
SO = —%S( g)—%sf’g”)—; <53n3)—5553“)%5(52”5), (5.18)
RS = 2RO, - SRS - 1RO - 1RO+ 1RO, (5.19)

for n = 1,2, 3, ... respectively. Therefore, recurrences (5.8)-(5.13) hold for all integer n.
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In the rest of the chapter, for easy Writing, we drop the superscripts and write J,,, j,, K,, @Qn, S
and R, for JP , ]n) K ,Qn , S’ and Ry , respectively. Note that J, and j, are the
sequences A226310, A226311 in [62], respectively.

Next, we present the first few values of the fifth order Jacobsthal, fifth order Jacobsthal-
Lucas, modified fifth order Jacobsthal, fifth order Jacobsthal Perrin, adjusted fifth order
Jacobsthal and modified fifth order Jacobsthal-Lucas numbers with positive and negative
subscripts:

Table 5.2. The first few terms of the J,, j,., K,, @, S, and R,
n 0 1 2 3 4 5 6 7 8 9 10
1

J o0 1 1 1

4 9 17 33 65 132

(5) 1 3 1 17 1 31 95 33
I -1 0 3 i T8 T "% &1 128 256
i 9 1 5 10 20 40 77 157 314 628 1256

/(%) 1 1 1 _u 13 13 13 13 _ 371 397
j—n 2 4 8 16 32 64 128 256 512
K® 3 1 3 10 20 40 75 151 306 612 1224
K® 3 3 13 21 59 59 59 453 709 1851

—-n 2 4 8 16 32 64 128 256 512 1024

3 0 2 8 16 32 58 118 240 480 960
@<5> 3 3 _13 29 67 67 67 445 957 2115

-n 2 4 8 16 32 64 128 256 512 1024
s®» o 1 1 2 4 8 17 33 66 132 264

(5) 1 1 1 1 1 31 33
S5 O 0 0 5 =1 —§% —1% “3 & i
R® 5 1 3 7 15 36 63 127 255 511 1028
R® _1 .3 _7 _15 129 _ 63 _ 127 _ 255 _ 51l 4097

-n 2 4 8 16 32 64 128 256 512 1024

Next, we give the ordinary generating function of the sequence V,,.

Lemma 5.4 Suppose that fv, () = > V,a™ is the ordinary generating function of the
n=0

generalized fifth order Jacobsthal sequence {V,}n>o. Then, > V,a™ is given by
n=0

ZV ‘/E)‘i‘ V V())ZL"F (V Vl—V())ZE +(V Vg—vl—V())l’ +(V V3 VQ—Vl—V())I4

l—x—22—a3—a*— 225

Proof. Taker = s =t=u=1,v =2 in Lemma 5.2. [J

The previous Lemma gives the following results as particular examples.

Corollary 5.1 Generating functions of fifth order Jacobsthal, fifth order Jacobsthal-
Lucas, modified fifth order Jacobsthal, fifth order Jacobsthal Perrin, adjusted fifth order
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Jacobsthal and modified fifth order Jacobsthal-Lucas numbers are

o0

. r— 3 — 22
E Jpx" =
n=0

1—2—a%— 23— 2% — 225

i, " 2 —x + 227 + 223 + 22
nl = )
n_Oj 1—2—22 — a3 — a4 — 225

= . 3—2x — 2%+ 323 + 32*
ZKnx - 2 3 4 57
o l—z—2°—2°—2*— 22

ZQ :Ij'n_ 3-3I—ZE2+3$3+3$4
Tl — a2 — a3 — gt — 205

respectively.

We next give Binet formula of generalized fifth order Jacobsthal numbers {V,,} by the
use of Theorems 5.1 and 5.3.

Theorem 5.5 (Binet formula of generalized fifth order Jacobsthal numbers)

. Cloz” Cgﬁn
Vi = (= B)a—7v)(a—0)(a—2A) + B-a)B-1B -8B N (5.20)
c3y"
+(7—04)(7—5)(7—5)(7—/\)
+ C4(5n n C5)\n
G—a0-BG-N0-N (=== —0)

where

¢ = Vi—B+7+d+0)Va+ BN+ By + Ay + 85+ A +70)Vs,
—(BAY + BAS + 876 + Ay6) Vi + (BMA6) Vo
= Voo + (Vi = Vo) + (Vo — Vi — V)a?
+(Vs=Voe—Vi—=W)a+ (Vi—Vs—=Va = Vi = 1),

co = Vi—(a+7+5+M)Vs+ (XA +ay+ad+ Ay + A0 +70)Vs
—(a\y + aXd + ayd + M) Vi + (aXy0)V,
= Vo' + (Vi = Vo) B° + (Vo = Vi = Vp) 32
+(Vs=Vo=Vi=W)B+ (Va—Vs—=Va = V1 — V),
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ez = Vi—(a+B8+3+NVa+ (af + a4+ BN+ ad + S0 + A)) Vs
—(afBA + afd + ard + AO)V1 + (afXO) Vg
= Vor' + (Vi = Vo)7* + (Vo = Vi = Vp)?
+(Va=Vo=Vi=Vo)y+ (Vi = Vs = Vo = Vi = 1),

e = Vi—(a+B8+7+ Vst (af+ad+ay+ A+ By + )k
—(afA + afy + aly + BANVL + (afI)V
= Voot + (Vi = Vp)8® 4+ (Vo — Vi — V)62
+(Vs=Vo=V1 = Vo)o+ (Vy — V3 — Vo — V] — Vj),

cs = Vi—(a+B+v+0)Va+ (af +ay+ad+ By + B3 +75)Vk
—(aBy + aBd + ayd + Bv6)Vi + (aBv6) Vo
= VoA + (Vi = Vo)X* + (Vo — Vi — Vo)A
+(Va=Va=Vi= Vo)A + (Va— Vs — Vo — V1 = Vj).

Next, using Theorem 5.5, we present the Binet formulas of fifth order Jacobsthal, fifth
order Jacobsthal-Lucas, modified fifth order Jacobsthal, fifth order Jacobsthal Perrin,
adjusted fifth order Jacobsthal and modified fifth order Jacobsthal-Lucas sequences.

Corollary 5.2 Binet formulas of fifth order Jacobsthal, fifth order Jacobsthal-Lucas,
modified fifth order Jacobsthal , fifth order Jacobsthal Perrin, adjusted fifth order Ja-

cobsthal and modified fifth order Jacobsthal-Lucas numbers are

7 (@’ —a—2)a" n (8° =B -2)8"
! (@a=B)la=7)(a=08(a=2A)  (B-a)B-7)B-0(B-A)
N (¥ —y-2n" N (6° =3 —2)8"
(Y=—a)(y=B)v=08)(v=A)  (0—a)(d=F)(0—7)(0—2)
N (AP — A —2)\"
(A=a)A=B)A=7A=0)

(' +4eP+ 4 +da+4)ant (B AR+ AR+ 48+ 4)8" !
T e Bl a-0a-AN | B-a)B-1NB -G -N
(V4P + 492 + 4y + 4y (6 +46° + 407 + 46 + 4)0 !
(=) =By =08)(v=A)  (6—a)(d—=B)6 =)0 —A)
+()\4 + AN 4N AN+ A
A=—a)A=B)A=7(A=0)"
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(a* +2a3 + 602 + 6 + 6)a™ !

(B*+28° + 66468 +6)3" "

b = B —e-0a-2 " G-a)B-DE -GN
(Y4 4 29% + 692 + 67 +6)y* 1 (6% 4 20° 4+ 60° + 60 + 6)5"
(Y=—a)(y=B)(v=0)r—=A)  (—a)(d—=B8)0—7)(—A)
(A 20% £ 6A% + 6 +6)A" !
A=a)A=B)A=7)(A=9)’

0. — 2(a® + 302 + 3a + 3)a" ! 2(8° + 3% +35+3)3" 1

! (a=B)a—=7)(a=d(a=A)  (B=a)(B—=7)(B-0)(B—-))
2(73 4+ 392 + 3y + 3)y ! 2(6% + 362+ 36 +3)0" !
(Y—a)y=B)v=0)(vy=A)  (0—a)(d—=B)6—7)(—A)
2(A% + 3N + 30 + 3)A" !

A =a)A=B)A—=7)(A—=9)’
S B Ozn+3 Bn+3
" T = Bla-Na-0a-  B-a)B-7B—-0)B-N
N ,yn+3 A (5n+3
(V=) (y=B)(v=90)(r—=A)  (0—a)(0—=B)—=7)(0—A)
/\n+3

a0 —0)

respectively.

Binet formulas of fifth order Jacobsthal, fifth order Jacobsthal-Lucas, modified fifth order

Jacobsthal, fifth order Jacobsthal Perrin, adjusted fifth order Jacobsthal and modified

fifth order Jacobsthal-Lucas numbers can be given in the following forms:

J, = 34—1a" _ 1—;)5((6\/5 +5) +2v24/V5 + 5(6 + V5)i) 3"
+%(—(6\/§ +5) +2v2/ V5 +5(6 + V5)i)y"
ﬁ%mﬁ—mmﬁ5—ﬁwimm”
+%((6\/5 —5) +2v21/5 — V5(—V5 + 6)i) A",

o = g—foﬁ + %40(12(20 — 7V5) + 1/ V5 + 5(111V2 + 3v/10)i) 8"
1 (12020 — TV5) — \/ V5 + 5(111v/2 + 3v10)i)y"

1240
+T140(12(20 +7V5) +1/5 — V5(111v2 — 3v/10)i)5"
+T140(12(20 +7V5) +1/5 — VB(—111v2 + 3v/10)i)\",
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37 1

K, = 70"+ m(4(13\/5 + 140) + v24/ V5 + 5(73i + 69iv/5)) 3"
+ﬁ(4(13¢3 +140) — v24/V/5 + 5(73i + 69iv/5) 7"
oo (H(-13V5 4 140) 4 V35— V(131 — 69iv/5))0"
+ﬁ(4(_13\/5 +140) + v24/5 — V/B(=T3i + 69iV/5))\",

Qn = D Lo(s(0+3v5) + 10vEVE 45011 4 7B
505 (880 +3V5) — 10v2y/v/5 + 5(11 + 7V5)i)y"
7330 (8(80 = 3v5) + 10v2y/5 — V5(11 — 7V5)i)o"
3545 (8(80 = 3V5) + 10v2y/5 — v/5(= 11+ 7V/5)i)\",

Sy = 38—104” + TZ()(4(—20 +7V5) — v24/ V5 + 5(37i + iV/5)) 5"
+%40(4(—20 +7V5) + V21/ V5 + 5(37i + iV/5) 4"
+%40(—4(20 +7VE) + V2 V5 4 5(21 — 19v/5)i)o"
+%40(_4(20 +7V5E) + V21 V5 4 5(—21 + 19VE))A,

5.1.1 Simson Formulas

The following theorem gives the generalization of Simson formula of generalized Pen-

tanacci sequence {W,, }.

Theorem 5.6 (Simson Formula of Generalized Pentanacci Numbers) For all in-

tegers n, we have

Wois Wirs Wasa Wary W W Ws W, W, Wi
Wiz Wipo Wopr W, Wi Ws Wy, Wy W, W_
Wiie Wod Wo Way Woo |=0"| Wy Wi, Wy W Wo|.  (5.21)
Wpe W, Wiaa Wiho Wi_s Wy Wy Wy W_o W_g
Wn Whoe Who Wihs Wiy Wo W1 W_o W_g W_4
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For the proof of (6.15) see [64, Theorem 5. [J
A special case of the above theorem is the following theorem which gives Simson formula

of the generalized fifth order Jacobsthal sequence {V,,}.

Theorem 5.7 (Simson Formula of Generalized Fifth Order Jacobsthal Numbers)

For all integers n, we have

Vits Vigz Vase Vi Wy Vi Vi Vo Vi W
Vits Vipz Vo Vi Vi Vi Vo Vi W Vo
Vire Viopr Vi Vo Ve [=2%| V2 Vi Wy Vy Vo, |- (5.22)
Vier Voo Var Vo Vs Vi Vo V1 Vo Vg
Vi Vaor Vaeo Vs Vi Vo Voo Vo Vg Vou

The previous Theorem gives the following results as particular examples.

Corollary 5.3 Simson formulas of fifth order Jacobsthal, fifth order Jacobsthal-Lucas,
modified fifth order Jacobsthal, fifth order Jacobsthal Perrin, adjusted fifth order Jacob-
sthal and modified fifth order Jacobsthal-Lucas are given as

Jnta Jnvs Jnve o1
Jovs Jure Jnir Jn o Ja
Jnv2 Jnrr I Jncr Jna =11 x 2"
Joer Jn Jna Juis T
o In-1 In—o Jn—s Iy

Jnta  Jn+3 Jn+2 Jn+1l Jn
Jn+3 Jnt2 Jntl Jn Jned
Jni2 Jnil Jn Jne1 Jno2 | = 1939 X on—3
Jntl Jn Jn—-1 Jn—2 Jn-3

jn jn—l jn—? jn—3 jn—4

Knya Knyz Kpp2 Kppn Ky
Knvs Knio Kpii K, Ko
Knio Knsi K, K, K, o |=17057x2""*
Knyi Kn Kyq Kn2 Ky
K, K, K, K, 3 K,_4
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Qnia Qniz Qniz Qnia @n
Qns @niz Qnia @n @na
Qniz Qnit @Qn  Qno1 Qn_o | = 1595 x 2"
Qni1 Qn  Quno1 @2 Qs
@n  G@n-1 Qna Qn-3 Cna
Spta Spts Sn+z Syl Sn
Sp+3 Snt2 Snt1 Sn Sp
Snt2 Snp1 Sn Sne1 Speo =271
Snt1 Sn Sn—1 Sn—2 Sh-s
Sp Sn-1 Sn—2 Sn—z Sn-4
Ruys Royz Ruyo Ropn R,
Rui3 Rpy2 Rupr Ry Ry
Ruso Rni1  Rn Rp_i Rn_o | =120125 x 2"7*
R.,vv R, Ry.1 Rn2 R,3
R, R,1 R,2 R,3 R,
respectively.

5.1.2 Some Identities

In this subsection, we obtain some identities of fifth order Jacobsthal, fifth order Jacobsthal-
Lucas, modified fifth order Jacobsthal, fifth order Jacobsthal Perrin, adjusted fifth order

Jacobsthal and modified fifth order Jacobsthal-Lucas numbers. Firstly, we give some

fundamental relations between {.J,,} and {j,}.

Lemma 5.8 The following equalities are true:

o7 Jy
o7 Jy,
o7 J,
LY
o7 J,

_9jn+4 + 1Ojn+3 + 29jn+2 - 9jn+1 - 28jna

jn+3 + 2Ojn+2 - 18jn+1 - 37]71 - 18jn—1a

21jn+2 — 17jn+1 — 36jn - 17jn—1 + 2jn—27

4jn+1 — 15]n -+ 4jn71 + 23jn72 + 42jn737

_11.]77, + 8jn—l + 27jn—2 + 46jn—3 + 8jn—47
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and

2%, = —TJnia +41T0ss — 13J0s0 + 23T0s1 — Ju,
115, = 17Juss — 10J0r0 + 8Jpp1 — 4y — TJn_1,
11j, = TJura+25Jne1 + 13J, +10J, 1 + 34J, o,
115, = 32Ju1 + 20, + 170y + 41T, o + 14,5,

115, = 52J, +49J,_1 +73J,_2 +46J,,_3 + 11J,,_4.

Proof. Note that all the identities hold for all integers n.

write

Jn:aXjn+4+bXjn+3+CXjn+2+den+l+€Xjn

and solve the system of equations

Jo = axji+bXjztexXjat+dXjiteXjo
J1 = aXjs+bXjitexjztdXjat+exj
Jo = axjet+bXjstceXjat+dXjz+eX
Js = aXjr+bXjet+cxjst+dxjit+eXxys

Ji = axXjs+bXxjr+cxXje+dxjgs+exgy

3 p— 10 20 g _3 ,_ _28

then we get a = —15, &0, C = o, 15 €= — %=

proved similarly. [

We only prove (5.23). If we

. The other equalities can be

Note that all the identities in the above Lemma can be proved by induction as well.

Secondly, we present a few basic relations between {.J,,} and {S,}.

Lemma 5.9 The following equalities are true:

2Jn = Sn+4 - Sn+3 - 3Sn+2 + Sn—i—l + BSna
J’n = —Opy2t SnJrl + QSn + Snfla
Sy = Sn - Sn—? - 2571—37
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and

118, = 3Jnia — 5Jnss + 4dpss — 2Jpr + 2J,,
11S, = —2Jpis+ Tpsa + Just + 5 + 6J0_1,
118, = BJurs — Jnst + 3Jn 4+ 4Ju_y — 4o,

118, = 4Jps1 +8Jy 4 9Jn_y + Jug + 10J,_s,

115, = 12J, +13Jp—1 +5Jp—2 + 14J, 3 + 8Jp_4.
Thirdly, we give a few basic relations between {.J,,} and {R,}.

Lemma 5.10 The following equalities are true:

4805.J, = B319R, 4+ T1Rpis — 425R 0 — 1417R, 1 — 518R,,,
4805J, = 390R, 3 — 106R, 2 — 1098 R, 41 — 199R, + 638R,_1,
4805.J, = 284R, 5 — T08R, 1 + 191R, + 1028R,_; + T80R,_o,
4805.J, = —424R,,1 + 475R, + 1312R,_1 + 1064R,_5 + 568R,_3,

4805J,, = bH1R, +888R,,_1 + 640R,,_o + 144R,,_5 — 848R,,_4,
and

A44R, = —9TJnsa + 191015 — Jypo + 12700y + 115,
2R, = ATJpis — 49009 + 1541 + 9T, — 97J0_1,
1R, = —Juyo+31Ju1 + 28, — 2571 + 47, o,
11R, = 30Jn.1 + 27J, — 26J,_1 + 46J,_5 — 2003,

11R, = 57J, +4J,-1 +76J,_2 + 28J,_3 + 60J,,_4.
Next, we present a few basic relations between {j,} and {5, }.

Lemma 5.11 The following equalities are true:

4jn = Sn+a+ Snys + Sni2 + Sp1 — 115,
2jn = Spis+ Snao+ Spe1 — 55, + Sn_1,

Jn = Spio+ Sny1 — 25, + Sn1+ Sn_a,

Gy = 281 — S+ 25, 1+ 25, s+ 28, 3.

jn = Sn + 4571—1 + 4Sn—2 + 4571—3 + 4Sn—4a
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and

575, = Jnta + Jnts + Jns2 + Jns1 — 187,

575, = 243+ 2Jn42 + 2Jn41 — 17jn + 2jp1,
575, = 4jnr2 + 41 — 15jn + 4Jn-1 + 4jn—2,
578, = 8Jp+1 — 115, + 8Jn-1+ 8Jn—2 + 8Jn_s,

57Sn = —3jn + 16jn_1 + 16jn_2 + 167, + 16jn_as.
Now, we give a few basic relations between {j,} and {R,}.

Lemma 5.12 The following equalities are true:

4805j, = —581Rps+ 907Rpys + 1000R, 4o + 1186 R, 41 + 1558R,,,
48057, = 326R,i3+419R, 15 + 605R, 41 + 977R, — 1162R,,_1,
4805j, = T45Rnis + 931 Ryt + 1303R, — 836R,_1 + 652R,,_»,
48055, = 1676R, 1 + 2048R,, — 91R,_1 + 1397R,_ + 1490R,,_s,

48055, = 3724R, + 1585R,, 1 + 3073R,,_o + 3166 R,,_3 + 3352R,, 4,
and

114R,, = 4ljnia+ 3jnts — 3DJnt2 — 263jn41 + 79)n,
5TR, = 22juss + 3jusa — 111jnss + 60j, + A1) 1,
5TR, = 25jny2 — 89nt1 + 82jn + 63751 + 44,2,
5TR, = —64j,4+1 + 1075, + 88jn—1 + 697,—2 + 507, 3,

57Rn - 43]71 + 24jn—1 + 5jn—2 - 14jn—3 - 128]71—4
Next, we present a few basic relations between {5, } and {R,}.

Lemma 5.13 The following equalities are true:

48055, = 297Rpis — 199R, 5 — 230R,s — 202R,, 1 — 416R,,,
48055, = 98R,i3+ 67Rpss + 5Rni1 — 119R, + 594R,, 1,
48055, = 165R,so+ 103Ry.1 — 21R, + 692R,,_1 + 196R,_o,
48055, = 268R,i1 + 144R, + 857R,_1 + 361 X R, 5 + 330R,_3,

48055, = 412R, + 1125R, 1 + 629R,_5 + 598 X R,,_3 + 536 X R,,_4,
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and

8Rn - —7Sn+4 + Sn+3 + 9571—1—2 + 57Sn+1 - 155717
4R, = —3Spi3+ Spyo+25S5,41 — 115, — 75,1,
2R, = —Spy2+ 115,41 — 7S, — 55,1 — 35,2,

Rn = 5Sn+1 - 4Sn - 3Sn—1 - 2871—2 - Sn—?n

R, = S,+2S5,1+35,_2+4S,_3+ 105, _4.

Note that we also can give some other identities which related to {K,} and {@,}. For

example, we have

8Kn — —135n+4 + 195n+3 + 195n+2 + 195n+1 — 21Sn,

8Qn = —13S,14+ 195,45+ 195,45+ 195,11 — 295,

5.1.3 Linear Sums
Sums of Terms with Positive Subscripts:

The following proposition presents some formulas of generalized fifth order Jacobsthal

numbers with positive subscripts.

Proposition 5.14 For n > 0 we have the following formulas:

(@) Yoo Ve =+ (Vais — Vigs — 2Vigo — 3V — Vi + Vo + 2V4 + 3Vj).

(b) >ig Vot = 25(—Vanta+5Vans1 +11Van+2Va 1+8Vay o+ Vi—5Vs+4V5—2V4+7Vp).
(€) Yohro Vars1 = £ (4Vopyo+10Vani1+ Vo +7Van 1 —2Vay_o —4Vi+5V3 — Vo +8V1 +2Vp).

Proof. Taker =1,s=1,t =1,u = 1,v = 2, in Theorem 2.1 in [77].
From the last proposition, we have the following corollary which gives sum formulas of

fifth order Jacobsthal numbers (take V,, = J, with Jo =0,J; =1, =1,J3 =1,Jy = 1).
Corollary 5.4 For n > 0, we have the following formulas:
(a) ZZ:o Je = %(Jn+5 — Jny3 — 2Jppo — 3Jny1 + 2).

(b) > f—o Jor = %(_‘]271—&-2 + 5Joni1 + 11Joy + 2051 + 8J2,-2 — 2).
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(C) ZZ:O J2k+1 = 1—15(4J2n+2 + 10J2n+1 + Jzn + 7J2n—1 — 2J2n_2 + 8)

Taking V,, = j, with jo = 2,51 = 1,72 = 5,j3 = 10, j4 = 20 in the last proposition, we
have the following corollary which presents sum formulas of fifth order Jacobsthal-Lucas

numbers.

Corollary 5.5 For n > 0, we have the following formulas:

(@) > p—ojr = é(jn+5 — Jnt3 = 2jnt2 — jnt1 — 7).

(b) Yook = 15(—Jans2 + 5jant1 + 1ljan + 2jon1 + 8jan—2 +2).
(€) Yoheodokr1 = 15 (4Jant2 + 10j2ns1 + Jon + Tjan-1 — 2j2n—2 — 23).

From the last proposition, we have the following corollary which gives sum formulas of
modified fifth order Jacobsthal numbers (take V,, = K, with Ky = 3, K; = 1, K, =
3, K3 = 10, K, = 20).

Corollary 5.6 For n > 0, we have the following formulas:

(@) Yoo K= 3(Knys — Kni3 — 2K,00 — 3K, 11 — 6).

(b) Yi_o Kow = 1 (—Kont2 + 5Koni1 + 11Ky, + 2Ks, 1 + 8Ks,-5 + 1).
(€) Yp_o Koni1 = 15 (4Koni2 + 10K2 11 + Kop + TKyy1 — 2K2,-2 — 19).

Taking V,, = @, with Q¢ = 3,Q1 = 0,Q2 = 2,Q3 = 8, ()4 = 16 in the last proposition, we
have the following corollary which presents sum formulas of fifth order Jacobsthal Perrin

numbers.

Corollary 5.7 For n > 0, we have the following formulas:

(@) YpoQk = +(Quis — Quis — 2Qni2 — 3Qui1 — ).

(b) Y3 o Qo = = (—Qanta + 5Qons1 + 11Qo, + 2Qo,—1 + 8Q20—2 + 5).
(€) Yo o Qors1 = & (4Qans2 + 10Q2n41 + Q2n + TQ2n—1 — 2Qa— — 20).
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From the last proposition, we have the following corollary which gives sum formulas of
adjusted fifth order Jacobsthal numbers (take V,, = S,, with Sp = 0,5, =1,5, = 1,53 =
2,5, =4).

Corollary 5.8 For n > 0, adjusted fifth order Jacobsthal numbers have the following

properties:

(a) ZZLO Sy = %(Sn+5 — Sp43 — 28,42 — 3841 — 1).

(b) > i_o Sk = 15 (—Sans2 + 5S2nt1 + 1152, + 255,-1 + 8522 — 4).
(€) YioSamt1 = 15 (4S2n42 + 108211 + San + TS2n—1 — 252,-2 + 1).

Taking V,, = R, with Ry = 5,Ry = 1,Ry = 3,R3 = 7, R4 = 15 in the last proposi-
tion, we have the following corollary which presents sum formulas of modified fifth order

Jacobsthal-Lucas numbers.

Corollary 5.9 For n > 0, modified fifth order Jacobsthal-Lucas numbers have the fol-

lowing properties:
(a) ZZ:O Ry, = %(Rn+5 — Ryi3— 2R, 10 — 3R, 11 +5).
(b) 3o Ror = £ (—Ranso + 5Rops1 + 11Ry, + 2Rpn1 + 8Rap_s + 25).

(€) Sp_o Rori1 = 15 (4R2n42 + 10Rg0 41 + Roy 4+ TRop—1 — 2R, — 10).

Sums of Terms with Negative Subscripts

The following proposition presents some formulas of generalized fifth order Jacobsthal

numbers with negative subscripts.
Proposition 5.15 Forn > 1, we have the following formulas:
(@) Yroy Vir = $(—Vonga + Vopao + 2V + 3V, + Vi — Vo — 2V4 — 31)).

(b) ZZ:1 Voo, = 1—15,(—4V—2n+3 +5V oni0— Vo1 +8Voo, +2V 9, 1 =V, +5V5 — 4V, +
2V, — TVp).
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(c) Zzzl Vookyr = 1—15,(V—2n+3 — 5V opio +4V_ 9,1 — 2V 9, — 8V 9, 1 +4Vy =5V + V5 —
8V1 — 2Vj).

Proof. Taker =1,s =1,t =1,u = 1,v = 2 in Theorem 3.1 in [77].
From the last proposition, we have the following corollary which gives sum formulas of

fifth order Jacobsthal numbers (take V,, = J,, with Jo =0,/; =1, o =1,J3=1,J, =1).
Corollary 5.10 For n > 1, fifth order Jacobsthal numbers have the following properties.
(@) Yor i Ik =2(=J s+ Jopya +2J 1 + 3, — 2).

(b) >or_ Jook= %(—4J_2n+3 +5J oni2 — Jooniy1 +8J oy + 2J 9,1 + 2).

(c) Zzzl J ok = %(J72n+3 —5J anto +4J 9ni1 — 2J 9, — 8J 91 — 8).

Taking V,, = j, with jo = 2,51 = 1,72 = 5,j3 = 10, j4 = 20 in the last proposition, we
have the following corollary which presents sum formulas of fifth order Jacobsthal-Lucas

numbers.

Corollary 5.11 Forn > 1, fifth order Jacobsthal-Lucas numbers have the following prop-

erties.

(@) Yhijw= %(_j—n+4 +Jon2 +2) 1 +3jn + 7).

(b) > 1 j—2k = 15(—4j—2n4s + 5j2ns2 — Jon+1 + 8J—2n + 2j_2n—1 — 2).
(€) Sopiid—2k+1 = 15 (J-20+3 — Bj2nt2 + 4j-2n1 — 2j-20 — 8j_2n-1 + 23).

From the last proposition, we have the following corollary which gives sum formulas of
modified fifth order Jacobsthal numbers (take V,, = K, with Ky = 3, K; = 1, Ky =
3, K3 =10, K = 20).

Corollary 5.12 For n > 1, modified fifth order Jacobsthal numbers have the following

properties.
(@) Yr Ko =3(—K s+ K o +2K 1 +3K_, +6).

(b) >pi Koow = 15 (—4K 943 + 5K 2p12 — K_pi1 + 8K 9, + 2K 9,1 — 1).
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(c) Dory K opn = 1_15(K—2n+3 — 5K g0 +4K 911 — 2K 9, — 8K _5,_1 +19).

Taking V,, = @, with Q¢ = 3,Q1 = 0,Q2 = 2,Q3 = 8, (4 = 16 in the last proposition, we
have the following corollary which presents sum formulas of fifth order Jacobsthal Perrin

numbers.

Corollary 5.13 For n > 1, fifth order Jacobsthal Perrin numbers have the following

properties.

(@) > @k = %(—Q—n+4 + Qny2 +2Q 11 +3Q—n, +5).
(b) >hi Qoon = =(—4Q 2p43 + 5Q 2042 — Q2041 + 8Q -2, + 2Q_2,-1 — 5).

(¢) Y1 Q-oky1= %(Qf2n+3 — 5Q_2nt2 +4Q 211 — 2Q_2n — 8Q 2,1 + 20).

From the last proposition, we have the following corollary which gives sum formulas of
adjusted fifth order Jacobsthal numbers (take V;,, = S,, with Sy = 0,57 =1,5, = 1,55 =
2,8, =4).

Corollary 5.14 For n > 1, adjusted fifth order Jacobsthal numbers have the following

properties:
(@) Y Sk =3(=Snsa+ S ni2+25 41 +35, +1).
(b) > pii S—ok = 15 (—4S 243 + 552012 — S_oni1 + 85 5, + 25 9,1 +4).

(€) SpoiS-okr1 = 15 (S-an+s — 5S_api2 + 45 2p11 — 25 9, =85 9,1 — 1) .

Taking V,, = R, with Ry = 5,Ry = 1,Ry = 3,R3 = 7, R4 = 15 in the last proposi-
tion, we have the following corollary which presents sum formulas of modified fifth order

Jacobsthal-Lucas numbers.

Corollary 5.15 For n > 1, modified fifth order Jacobsthal-Lucas numbers have the fol-

lowing properties:

(a) Yop_ Ry = %(—R_n+4 +R i 0+2R 11 +3R_,, —5).

(b) >r_ R o= %(—4}%,2%3 +5R 9p40 — R_9pi1 +8R 9, + 2R 9,1 — 25).
(¢) Di i Rook1 = %(R—2n+3 — bR o2+ 4R 9p11 — 2R 9, —8R_9,-1 + 10).
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5.1.4 A Sum Formula

The formula in the following proposition can be used to calculate the sum of the gener-

alized fifth order Jacobsthal sequence.

Proposition 5.16 For all integers m and j with S3 — 352 — 355, + 2S3m + 359, +
65, — 6 x 2™ x (S_,, — 1) — 6 # 0, we have

" A+ U
> Vinkes = —q— (5.24)
k=0
where

A = 6Vinssmss + 6(1 — Ron)Vinsomas + 3(R2, — Rom — 2R + 2)Vansms + 6Vionomaj X
2™ —6 % 2" X (R_p, — 1) Vipny,

WUy = —6Vamy; — 6(1 = Rin)Vamy; — 3(Rz, — Rom — 2R +2) Vg — 6V 0y X 27 + (RS —
3R2, — 3Ry R + 2R3 + 3Ray + 6R,, — 6)V

Q= R% — 3R2 — 3RomRm + 2R3m + 3Ram + 6B — 6 x 2™ X (R_p, — 1) — 6.

Proof. Take r =1,s =1,t = 1,u = 1,v =2 and R,, = H, in Soykan [76, Theorem 13.].
O
Note that (5.24) can be written in the following form:

- A+,
D Vi =
k=1 Q

where
\112 = —6‘/3m+j — 6(1 — Rm)‘/Qm+j — 3(R3n - RQm — 2Rm + 2)Vm+j — 6V,m+j X 2™+ 6 X
2" % (R_py — 1) Vi

As special cases of the above proposition, we have the following identities.

Corollary 5.16 The following identities hold:
1. m=1,;5=0.

(1) Yi_g ik = +(nes = Jnst + 3jn + 21 — 7).
(c) ZZ:O K, = %(Kn+3 — Kp1 + 3K, + 2K, —6).

(d) ZZ:U Qk = %(Qn-ﬁ-?) - Qn-H + 3Qn + 2Qn—1 — 5)
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(e) ZZ:O Sk = %(Sn-i-?) - Sn+1 + ?)Sn + 2Sn—1 - 1)

(f) ZZ:O Rk = %(Rn‘f‘?) - Rn—i—l + 3Rn + 2Rn—l + 5)
2 m=-1,j=0.

(@) Yhodw=2(—Jps1—4J 1 —3J 20— 2] 3—2).
(b) > oik =3 (—Jons1 —4jn1— 3jn2 — 2j_ns+17).
(©) S oK =2 (=K 1 — 4Ky — 3K g — 2K, 5+21).
(d) Y oQk=12(—Qont1 —4Q 1 —3Q_—2 —2Q_n_3 +20).
(€) YpoSk=2(—Sns1—45 51 —35 2 —25 , 3+1).

(f) YpoBRx=3%(-Ron1—4R_ 1 —3R_ 5 —2R_,_3+20).
3 m=3,j=1.

(@) Yop o Jsks1 = 35 (Jans10 — 6J3n47 — 133014 + 15J3041 + 8302 + 3).

(b) Y i dsk+1 = 3= (Jan+10 — 6J3nt7 — 13Ji3nra + 1573041 + 8Jzn—2 — 38).

(€) Sp_o Kapir = o (Kznt10 — 6K3ni7 — 13K314 + 15K3,41 + 8Ky, — 44).
(d) Ypo Qi1 = 3 (Q3nr10 — 6Qsnt7 — 13Q3n44 + 15Q30 41 + 8Q3—2 — 50).
(€) koo Ssk+1 = 35(S3n410 — 6Ssn47 — 135314 + 15S3n41 + 83,5 + 6).

(£) >r_o Ra1 = 32 (Rans10 — 6Rapy7 — 13Ray4a + 15Rs,41 + 8Ry,—0 — 45).
J. m=-3,j=—1

(a) Spio skt = e (— T sny2 +6J 301 —22J 354 — 15J 3,7 — 8] 3,10 — 13).
(b) Ykod-sh-1 = 35(—J sny2+ 65 301 — 22 304 — 15 307 — 8] 3510 + 13).
(€) Sh oK g1 = o (—K _3p0+6K 3, 1—22K 3, 4—15K 3, 7—8K_3,_19+39).
(d) Yo Q-si-1 = 35 (—Q_3n42F6Q_3,-1—22Q_3,-4—15Q_3,,_7—8Q _3,_10+30).
(€) poS-sk-1=35(—S_sn+2+ 65 3,1 — 225 3,4 — 155 3,7 — 85 3,10 +9).

(£) Yo Rosi-1 =3 (—R_3n42+6R_3,1—22R_3,_4—15R_3, 7—8R_3, 10— 15).

5 m=4, 5 =-2
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(@) Yo Jan—2 = g505(4Jan+10 — 56Janr6 — 116542 + 124J 4,5 + 644, + 160).
(b) > i jar—2 = 510(4]'4%10 — 56jan+6 — 1167442 + 12474n—2 + 64j4n— — 70).

(€) Yio Kan—2 = 555(4Kap4110 — 56 K6 — 116 Kapyo + 124Ky, 5+ 64Ky, —275).
(d) Yp_o Qur—2 = 555(4Qun110 — 56Qun16 — 116Qun+2 +124Q 42 +64Q 4,6 — 295).
(€) >r_ San—2 = 505(4San+10 — 5654016 — 116Sus4 + 12454, 2 + 6454, 6 + 20).

(£) Yo Rak—2 = 505(4Rant10 — 56 Rant6 — 116 Ry 2 + 124 Ry, o + 64 Ry — 305).

6. m=—4,j=-2.

(@) SpoJoan—2 = & (14Jan—2 — 16Jay_14 — J_apso — 46J_4p_6 — 31J_4n_10 — 40).
(b) Yh o Jab—2= 7= (14jan—2 — 16j4n—14 — j-tant+2 — 46j_sn—6 — 31j_4n—10 + D5).

(€) S o Ko ss = L (14K 4y 16Ky 1a— K s p2—A6K 45— 31K 4 19+125).
(d) Yo Q-sh—2 = 7= (14Qun—2—16Qun—14— Q12— 46Q 16— 31Q_1,_10+130).
(€) S oS soa = L (1484, 5 — 16S4 14 — S—snpa — 46545 — 31S_4n_10 — 5).

(f) Zzzo R_gp—0 = % (14R4p—2 — 16 Rap—14 — R_4pp2 —46R_45_6 — 31R_45,_19+20).

5.1.5 Matrices Related with Generalized Fifth Order Jacobsthal Numbers

In this subsection, we consider the following square matrix A of order 5 as:

11112
1 0000
01 00O
001O0O0
000T1O0

such that det A = 2. We consider the following matrices:

Spi1 Spt Suo1 4 Sna+253  Spt+ Su1+250 S,+259,., 28,

Sp St 4 Spez+ Sns + 2804 Spot+ Suo+ 285 St + 259 2 28,
Spo1 Sua+ Sn 5+ Sna+2S8 5 Suo+Sn3+2S 4 Suo+253 28, s
Sp_z Sng+ s+ Sn-s+2%_6 Sns+ Sns+2% 5 Sus+254 29,3
Sp-s Sua+ Sns+ Sn6+2% 1 Sna+ Sns+28 -6 Sus+255 25,4
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and

Vi Va+ Va1 + Vo +2V, 3 Voo + Va1 + 2V, Vo +2V, 4 2V,
Vi Vi + Vo4 Ves3+2V, 4y Vo 14+ Vao+2V, 3 V142V, 5 2V, 4
Co=\| Voot Voot Vs +Vou+2V s Vot Vua+2Vuy Vig+2V, 3 2V, ,
Vico Vs +Vau+ Vs +2Vie Vis+Vau+2V, 5 Vi sg+2V, 4 2V, 3
Vies Voa+Vus54+Vae+2Ve 7 Viu+Vus+2Vie Via+2V, 5 2V, 4

Theorem 5.17 For all integer m,n > 0, we have

(a) B, =A"

(b) CLA" = A"C,

(€) Cpim = CoBu = BuCh.

Proof. Taker =1,s=1,t=1,u=1,v=2and S, = G, in Soykan [76, Theorem 16.].
Il

Theorem 5.18 For all integers m,n, we have

Vn+m = VnSm—l—l + Vn—l(Sm + Sm—l + Sm—2 + 2Sm—3>

+Vn72(sm + Smfl + 2Sm72> + an?)(sm + 28’mfl) + 2Vn74Sm-

Proof. Taker =1,s=1,t=1,u=1,v=2and S, = G, in Soykan [76, Theorem 17.].
O

Corollary 5.17 For all integers m,n, we have
Jner = JnSerl + Jnfl(Sm + Smfl + Sme + 2Sm73)

+Jn72(sm + Smfl + 2Sm72) + JnfB(Sm + 2Smfl) + 2Jn748m7

jner == jnSm+1 + jnfl(Sm + Smfl + Smf2 + 28m73)

+jn—2(5m + Sm—l + QSm—Q) + jn—S(Sm + 2Sm—l) + 2jn—4Sma

Kn+m = KnSm+1 + anl(sm + Smfl + Smf2 + 2Sm73)

+Kn—2(Sm + Sm—l + 25’m—2) + Kn—3(Sm + 2Sm—l) + 2Kn—4Sm>
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Qn+m - QnSm+1 + Qn—l(sm + Sm—l + Sm—Q + 2Sm—3)
+Qn72(5’m + Smfl + 25m72) + anS(Sm + 2Smfl) + 2Qn745m7

Sn—l—m = SnSm+1 + Sn—l(Sm + Sm—l + Sm—2 + 25771—3)
+Sn72(Sm + Smfl + 2Sm72) + Snf?)(Sm + 2Smfl) + 2Snf4Sm7

Rn-‘,—m = RnSm—H + Rn—l(sm + Sm—l + Sm—Z + 2Sm—3)
+Ry—2(Sm + Sm—1 + 2Sm-2) + Rn—3(Sm + 2Sm-1) + 2R, 45m.
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CHAPTER 6
GENERALIZED SIXTH ORDER JACOBSTHAL NUMBERS

In this chapter, we introduce the generalized sixth order Jacobsthal sequences and we
investigate, in detail, six special cases which we call them sixth order Jacobsthal, sixth
order Jacobsthal-Lucas, modified sixth order Jacobsthal, sixth order Jacobsthal Perrin,
adjusted sixth order Jacobsthal and modified sixth order Jacobsthal-Lucas sequences.
Initially, we express that the results of this chapter are cited from [80] which was published
by Soykan and Eyican Polatli.

6.1 INTRODUCTION

In this section, we give basic information about generalized sixth order Jacobsthal num-
bers. First we recall the definition and some properties of a generalized Hexanacci se-
quence. The generalized Hexanacci sequence (or the generalized (7, s,t,u, v, y) sequence

or 6-step Fibonacci sequence)
{W,(Wo, Wy, Wa, Wa, Wy, Wy r, s, t,u,v,9) bnso
(or shortly {W, },>0) is defined by the sixth order recurrence relation

Wn = TWn_l + SWn_Q + th_g + uWn_4 + UWn_5 + yWn_G, (61)
Wo = co,Wi=c1,Wa=co, Wa=c3, Wy =cq, Ws =c5, n >6

where Wy, Wy, Wy, W3, W4, W5 are arbitrary real or complex numbers and 7,s,t,u,v,y
are real numbers. Generalized Hexanacci sequence has been studied by many authors,
see for example [54, 56, 73, 74, 75]. The sequence {W,,},>0 can be extended to negative
subscripts by defining

v U t s r 1
W_, = __an+1 - _an+2 - _an+3 - _an+4 - _an+5 + _anJrG
Y ) Y ) Y )
for n =1,2,3,... when y # 0. Therefore, recurrence (6.1) holds for all integers n.
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As {W,} is a sixth order recurrence sequence (difference equation), it’s characteristic
equation is

6 5 4

28 —ra® — szt — ta® — uz?

—vr—y=0 (6.2)
whose roots are «, 3,7,0, A, p.

Note that we have the following identities:

a+B8+y+o+A+pu=r,
af+ar+ay+ap+BAX+ad+ By +Bu+ Ay + A+ B0+ A+ v+ 0 + pd = —s,
af N+ afby+ afu+ aly + a4+ afd + ard + ayu + BAy + A+ ayd + apd + BAI +
By + Ay + Byo + Bud + Ayd + A\ud + yuod = t,

af Ny + afAp+ afA + abyu + adyu + afyd + afud + a yd + aiud + LAy + aypd +
BAYO + BApS + Bypd + Aypd = —u

afAyp + afAyd + afAud + afyud + adyud + BAyud = v,

afAyud = —y.

Throughout the paper, we use the following notations interchangeable.

r=rmr,s :TQat =T3,U=T4,V=T751Y =T¢

and

a=ai,f=ayy=0a30=a,)=as 1= qas.

So (6.1) and (6.2) can be written as follows:

Wy, =riWho1 +1roWh_o +1r3sWy s +1ryWi g +15Wiis + W6

and

28— —rext — s — g — s — 16 =0

respectively.

Generalized hexanacci numbers can be expressed, for all integers n, using Binet formula.

Theorem 6.1 [73](Binet formula of generalized (r, s,t,u,v,y) numbers (generalized Hexanacci

numbers))
B pra” 23" (o
o) [ NP Yy T Py N ) e 5 v
n p3y" n pad”
(Y—a)y=B)v=0) (v =Ny —p) (=)0 —B)(6 =)0 —A)(0—p)
n psA” Dejt”

A=a)A=B)A=7)(A=0)(A—p) " (1 —a)(p—B) (e —7) (= 0) (e — A)
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where

P =

P2 =

pPs =

Pe =

Ws—(B+y+d+ A+ )W,

F(BAN+ By + B+ Ay + A+ 56+ X6+ v+ v + pd)Ws

—(BAy + BAp A+ BAO + Bryp + Myp+ By + Bud + Ao + Apd + ypd)Wo
(BN A+ BAYE + BAUO + Bypd + Nypud) Wi — BAyudW,

Ws — (a+7+6+ A+ )Wy
+Had+ay+ap+ ad + Ay + A+ N0+ yp + 45 + pd)Ws
—(a\y 4+ aAp + aXd + ayp + ayd + apd + Ayp 4 Ay + Apd 4 yud) W

(@AY + aAyo + arpd + aypd + Aypud) Wy — adyud W,

Ws—(a+B8++A+p)Wi+t (af +ar+ap+ A+ ad

+0u 4+ M+ B+ A0+ 1d)Ws

—(afA 4+ afu+ arp+ afd + ard + BAu + apd + A + Bud + Aud)Wa
+(afAp + afA + afud + alud + BAud) Wy — afAud W,

Ws —(a+B4+v+ A+ p)W,y
+Haf +ar+ay+ap+ A+ By + B+ Ay + A+ yu)Ws
—(afBX+ afy + afp + ary + a4+ ayp + Ay + BA + By + Ayu)Wa

+(aBMy + afAp + abyp + adyp + BAyp) Wi — adyuW,

W5—((I+B+’7+5+M)W4
+(af +ay+ ap+ad + By + Bu+ B+ v+ 0 4+ ud)Ws
—(afy + afu+ afd + aypu + ayd + apd + By + Byo + Bud 4+ yud) W

+(aByp + aByd + abpd + aypd + Byud)Wi — aByudWh,

Ws —(a+B4+v+0+ W,y

+(af +ar+ay+ A+ ad + By + Ay + B + A6 + 75) W

—(afA 4+ afy 4+ aly + afBd + add + fAy + ayd + BAI + By0 + Ayd)Ws
+H(afAy + afA) + afyd + alyd + BAYO) W1 — afAydW.
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Usually, it is customary to choose 7y, 79,73, 74,75, 7¢ SO that the Equ. (6.2) has at least
one real (say 1) solutions.

Note that the Binet form of a sequence satisfying (6.2) for non-negative integers is valid
for all integers n, (see [42], this result of Howard and Saidak [42] is even true in the case
of higher-order recurrence relations).

o0
Next, we give the ordinary generating function »_ W, z™ of the sequence W,,.
n=0

Lemma 6.2 [73/Suppose that fw, (x) = > Wya™ is the ordinary generating function of
n=0

the generalized (r,s,t,u,v,y) sequence {W,},>0. Then, >  W,zx™ is given by
n=0

= A
Wypa" = 6.4
; ’ 1 —rx—sa? —tad — uzt — vad — yab (6.4)

A

1— 7z —r9x?2 — 1323 — 4zt — 1525 — 126

where

A = Wo+ (W) —rWo)x + (Wy — rWy — sWo)a? + (Ws — rWo — sW; — tWy)a?
+(Wy — rWy — sWy — tW; — ulWy)z*
+ (W5 — rWy — sW3 — tWy — ulVy — UWO)I5
or (in short formula)
A = Wo+ (W —rmWo)z + (Wy — riWy — roWo)2®
+ (W3 — riWa — roWy — r3Wo) 2
+(Wy — riWs — roWo — rsWp — ry W)
+(Ws — riWy — 1oWs — r3Wo — ryW; — 15W)a®

6—1 i
= WO + ZZEZ <Wz — ZT’]‘VVZ‘_]‘> .
i=1 j=1

We next give another form of Binet formula of generalized (r, s, t,u,v,y) numbers {W,}

by the use of generating function for W,,.

Theorem 6.3 [73/(Binet formula of generalized (r,s,t,u,v,y) numbers)

6
a?
Wy=) ——Fk— 2% (6.5)
k=1 H(ak—%)
=1
k#]
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where
6—1 i

qr = W()OZ?_l + Zalﬁ—l—z [Wz — ZT’J‘VVZ‘_]‘] s 1 S l S m = 6.
i=1 j=1

In this chapter we consider the case 1\ = r9 = r3 = ry = r5 = 1, r¢ = 2 and in
this case we write V,, = W,,. A generalized sixth order Jacobsthal sequence {V,,},>0 =

{Viu(Vo, Vi, Vi, V3, Vi, V) }iso is defined by the sixth order recurrence relations
Vn = Vn—l + Vn—? + Vn—3 + Vn—4 + Vn—5 + 2Vn—6 (66>

with the initial values Vo = co, Vi = ¢1, Vo = ¢o, V3 = 3, Vi = ¢4, V5 = ¢5 not all being
Zero.

The sequence {V,,},>0 can be extended to negative subscripts by defining

1 1 1 1 1 1
Vo, = _iv—(n—l) ~ §V—(n—2) — =V -3 = Vo) — zV_(n—s) + 3

9 9 2 Voo

for n > 1. Therefore, recurrence (6.6) holds for all integer n.
As {V,,} is a sixth order recurrence sequence (difference equation), it’s characteristic

equation is
- -t -’ —2=(z-2)(z+D(a*+2>+1)=0. (6.7)

The roots 61, 05,03, 04,05 and 0 of Equation (6.7) are given by

61:CYZ2,

02:6:_17
143

83:7: 9 ’
1—1iV3

0, =0 = TR
_1 y

g, — y— LTIV

2

—1—1iV3

Note that we have the following identities:
a+BHy+o+Atpu=1,
af+al+ay+ap+ BN+ ad+ By + Bu+ Ay + A+ B0+ N+ v+ 0 + pd = —1,
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aff X+ afby + afu+ aly + a4+ afd + ald + ayu + BAy + BApn + ayd + apd + A +
By + Ay + Byo + Bud + Ayd + Aud + ypo = 1,

af Ny + afAp+ afA + afyu + adyu + afyd + afud + a yd + aiud + Ay + aypd +
BAYO + BApS + Bypd + Aypd = —1

afAyp + afAyd + afAud + afyud + adyud + BAyud =1,

afAyud = —

Now we define six special cases of the sequence {V,,}. Sixth order Jacobsthal sequence
{Jr(LG)}nZO, sixth order Jacobsthal-Lucas sequence { jT(LG)}nzo, modified sixth order Jacob-
sthal sequence {Kflﬁ) }n>0, sixth order Jacobsthal Perrin sequence {Q%G)}nzo , adjusted
sixth order Jacobsthal sequence {Sﬁﬁ)}nzo and modified sixth order Jacobsthal-Lucas se-

quence {Rﬁlﬁ)}nzo are defined, respectively, by the sixth order recurrence relations

‘]7(1(26 = Jn+5 + Jn+4 + J(+3 + J?iiZQ + ‘]7(1(21 + 2‘](6)’ (68)
I = 0,10 =1,0Y =10 =1,7 =1, 1Y =

Jods = Jags T dnta dnta + duge + duia + 258, (6.9)
3 = 2,50 =150 = 5,58 =10, = 20, j§* = 40,

Ky = Kpls+ K0+ K+ K0 + K0+ 2K, (6.10)

K = 3, K9 =1,k =3, K =10, k¥ = 20, k¥ = 40,

Q;G-&)-G = Qn+5 + C271—{—4 + Qn-‘r?) + Qn—‘r? + Qn—l—l + 2Q7(’16)’ (611>

P = 307 =00 = 2.0 =8.0 = 16,0 =

SO = 89 450, 459, 45O, 459 1250 (6.12)

n

S = 0,50 =1,50 =1,5 =2,50 = 4,5 =38
R7(16-i)-6 = R( n+5 + Rn+4 + Rn-‘r?) + Rn+2 + Rn—l—l + 2R7(16)7 (613)
RY = 6,R” =1,RY =3,RY =7,RY =15 R =31.

The sequences {Jéﬁ)}nzo, {j'r(LG)}nZO,{KT(L(S)}nZO, Q1(7,6)}n207 {57(16)},120 and {Réﬁ)}nzo can be
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extended to negative subscripts by defining

JE = _%JEG()n—U - %JSG()nq) - %Jﬂ_g) - %JEG()n—4) - %JSG()n—s) + %JEG()n—G)
i = —%j_ﬁ()n_l) - %J_G(’n_Q) - %J(_G()n_g) - % A 23(6(2_5) - %J(f()n_ﬁ)

KE = _%K o= %K G2 % G %K(6<)n4> - %K AP %K Coo)
QY = —5Q% 1~ 5@y~ 5@~ 5%~ 5@ + 5@
SO = —%sﬁ(’nl) - %5(63“) —% O s~ %Sﬁ()n4) %S(ﬁ()m) + %5(%6)
R = —% - %ngn_Q) %R@@n_g) - %Rf()n_4) - %R(_ﬁ(’n_g,) + %Rw(’n_&

for n > 1, respectively. Therefore, recurrences (6.8)- (6.13) hold for all integer n.

Next, we present the first few values of the sixth order Jacobsthal, sixth order Jacobsthal-
Lucas, modified sixth order Jacobsthal, sixth order Jacobsthal Perrin, adjusted sixth order
Jacobsthal and modified sixth order Jacobsthal-Lucas numbers with positive and negative
subscripts:

Table 6.1. The first few terms of the J,,, j., K,, Qn, S, and R,
n 0 1 2 3 4 5 6 7 8 9 10

J9 09 1 1 1 1 1 5 11 21 41 81

J© 3 _1 3 1 27 5 19T 69 187 699
-n 2 4 8 16 32 64 128 256 512 1024
9 9 1 5 10 20 40 80 157 317 634 1268
:(6) 1 1 1 1 _23 25 25 25 25 25
j*n 2 4 8 16 32 64 128 256 512
K9 3 1 3 10 20 40 80 155 311 626 1252
K© 3 3 3 _20 _45 15 15 5 us 1933
-n 2 4 8 16 32 64 128 256 512 1024
©® 3 0 2 8 16 32 64 122 246 496 992
Q<6> 3 3 3 _29 _61 131 131 131 131 _ 1917
—n 2 4 8 16 32 64 128 256 512 1024
S© o 1 1 2 4 8 16 33 65 130 260
(6) 1 1 1 1 1 1
SZn 0 0 0 0 5 -3 —§ “% “m @
R ¢ 1 3 7 15 31 69 127 255 511 1023
R 1 .3 _7 _ 15 31 31 127 25 511 _ 1023
—-n 2 4 8 16 32 64 128 256 512 1024

In the rest of the chapter, for easy writing, we drop the superscripts and write J,,, j,,
K,, Q,, S, and R, for Jr(LG), jT(LG), KT(L6), Q%G), S and R,(lﬁ), respectively.

Next, we give the ordinary generating function of the sequence V/,.
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o
Lemma 6.4 Suppose that fy, () = > V,a™ is the ordinary generating function of the

n=0

generalized sixth order Jacobsthal sequence {V,,}n>0. Then, > V,a™ is given by

n=0
(o] . A
Zan T 1z —a2— g3 — gt — 25 — 22 (6.14)
n=0
where

A= Vot (Vi=Vo)z+ (Vo = Vi = Vp)a? 4+ (Vo — Vo — Vi — Vp)a®
F(Va=Va=Vo= Vi =Vp)a + (Vs = Va— Vo — Vo — V; — Vp)a®

6—1 %
= Vo> o (W—ij) .
i=1 j=1

Proof. Take r=s=t=u=v=1,y =2 in Lemma 6.2. [

The previous Lemma gives the following results as particular examples.

Corollary 6.1 Generating functions of sixth order Jacobsthal, sixth order Jacobsthal-
Lucas, modified sizth order Jacobsthal, sixth order Jacobsthal Perrin, adjusted sixth order

Jacobsthal and modified sixth order Jacobsthal-Lucas numbers are

o0
ZJ n CC—.ZUS—ZIA—SCCE)
T =
n
. 1—2—a2?—a3— % — 25 — 226
n—=

i, " 2 — x4+ 222+ 223 + 22 + 22°
nt = )
n:Oj l—z—22—a3 -4 — 25— 226

= w3 —2x—a® + 323 + 3% + 32°
ZKM = 2_ .3_.4_ .5 6’
—~ l—zx—2?—23—2*—2°—2x

iQ W 3—3x— 22+ 32% + 32 + 32°
nt = )
— l—oz—a?—a3—a* — 25— 226

> T

anxn: 2 3 4 5 6’
‘ l—z—a2—23—2*—2°—2¢
n=

iRnxn: 6 — bx — 4a? — 323 — 22* — 2°

1—o—a?—a3—a%— 25 — 226

n=0

respectively.

We next give Binet formula of generalized sixth order Jacobsthal numbers {V,,} by the

use of Theorems 6.1 and 6.3.
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Theorem 6.5 (Binet formula of generalized sixth order Jacobsthal numbers)

Vo ca” N co 3"
" T a—Aa-Na-0a-Na-u  B-a)B-10B-00B-NG-n
c3y" ca0”
T ) o ey 7y Bl ey O )T i gy ry
A" Colt"
Dm0 =A== =) (=)= B) i — 1) — 0 — A
where

a = Vo—(B+y+i+A+u)Vi
+(BAN+ By + B+ Ay + A+ B+ X6+ vy + v + pd)Vs
—(BXy + BAp A+ BAS + By + Ay + By + Bud + Ayd + Aud + yud)Va
+(BNy A+ BAYS + BAUG + Bypd + Myud)Vi — BAyudVy
= Vo’ + (Vi = Voot + (Vo — Vi — Vo)o + (Vs — Vo — Vi — Vp)o?
+Va=Vas=Vo=Vi—=Vo)a+ (Vs = Vi— Vs = Vo = V1 = 1),

o = Ve—(a+v+0+A+u)Vy
+Har+ay+ap+ad+ Ay + A+ N0+ yu+ 55 + po)Vs
— (@AY + ap + aXd + ayp + ayd + apd + Ay + Ay + Apd + ypd) Vs
+(aAyp + Ay + aApd + aypd + Aypd)Vi — adyudVy
= Vo’ + (Vi = Vo)B' + (Va = Vi = V)% + (Vs = Vo = Vi — Vp) 2
+(Va=Va=Vo=Vi—=Vp)B+ (Vs = Vi—=Vs = V2 = V1 = 1),

cg = Vs—(a+B+0+A+p)Vy
+af+ar+apu+ B+ ad + Bu+ A+ S0+ Ao+ pd) Vs
—(afBX+ afu+ arp + afd + add + BAp + apd + A + Sud + Apd)Va
+(aBAp+ afAd + aBud + aiud + BAud) Vi — aBAudVy
= Vo’ + (Vi = Vo)y* + (Va = Vi = Vo)7* + (Vs = Vo = Vi = Vo)y?
+Va=Va=Vo=Vi=Vo)y+ (Vs = Vi— Vs = Vo = V1 — V),
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aa = Vi—(a+B8+7+A+u)Vy
+Haf +aX+ay+ap+ BN+ By + Bu+ Ay + A+ yu) Vs
—(aBA + afy + afu+ aly + adp + ayp + BAy + BAp + Byp + Ayu) Ve
+H(aBAy + afAp + afyu+ adyp + BAyp)Vi — aBAypVy
= Voo® + (Vi = Vo)o* + (Va = Vi = Vp)0° + (V3 — Vo — Vi — 1) §°
+(Va=Va=Vo=Vi=Vo)d + (V5 = Vi = V3 = Vo = V1 — V),

s = Vs—(a+B+y+d+p)Va
+af +ay+ ap+ad + By + Bu+ B+ v+ 70 + po) Vs
—(apy + afu+afd + ayp + ayd + apd + Byp + Byo + Bud + yud) Vs
+(aByp + apyd + aBud + aypd + Bypd)Vi — afyudVy
= X+ (=W)X + (Vo= Vi = V)X + (V3 = Vo = Vi = ) A2
+(Va=Va=Vo=Vi=Vo)A+ (V5 =Vi= V3= Vo= V1 — V),

6 = Vs—(a+p+y+d+N)V,
+ab+ar+ay+BA+ad+ Py + Ay + 55+ A6+ 70)V3
—(afA 4+ afy + ady + afd + aXd + BAY + ayd + BAS + Syd + Ayd) Vs
+(afNy + afAd + afyd + aryd + BAY6) Vi — afAydVy
= Vo + (Vi = Vo)u' + (Vo = Vi = Vo)pi® + (Vs = Vo = Vi = V)i
+(Va=Va=Vo=Vi=Vo)u+ (Vs = Va—=Vs = Vo= V1 = 1}).
Next, using Theorem 6.5, we present the Binet formulas of sixth order Jacobsthal, sixth

order Jacobsthal-Lucas, modified sixth order Jacobsthal, sixth order Jacobsthal Perrin,

adjusted sixth order Jacobsthal and modified sixth order Jacobsthal-Lucas sequences.

Corollary 6.2 Binet formulas of sizth order Jacobsthal, sizth order Jacobsthal-Lucas,
modified sixth order Jacobsthal, sixth order Jacobsthal Perrin, adjusted sixth order Jacob-

sthal and modified sixth order Jacobsthal-Lucas sequences are

. (a'—a®-20-3a" (8' - 6* — 28— 38"
! (a=pB)a—y)(a=d0)(a—N(a—p) (B-a)(B—7)(B=8)B—NB~n
N (vt =% =2y = 3)y" N (6% — 6% — 26 — 3)5"
(V=) (v =By =)=y —p)  (—a)d—B)(0 =) —A)(0—p)
N (M =N =23 =3)\" (u* = p* —2p = 3)p"

A=a)A=B)A=7)(A=0)(A—p) " (=)= B) (e —y) (= 0)(n—A)’
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(20 —a* +20% + 207 + 20 + 2)a” N (28° — p* 4+ 2B% + 28* + 23 + 2) 5"
T @ Bla-Ne-da-Na-pn  B-a)B-1E-0B-NEB-n
N (29° — 44 + 293 + 292 + 2y + 2)4" N (20° — 6% +28° + 26% + 25 + 2)6"
(Y—a)y =By =)y =Ny —p)  (0—a)d=B)0 =)0 — A —p)
(20° — AT+ 203 4207 42X + 2)\" (2% — pt + 203 + 202 + 2u + 2) "
A=a)A=BA=71)A=0) A=) (p—a)(p=B3) (=) (=08 (n—2A)

(3a® — 22t — a® + 302 + 3a + 3)a™ (38° —28* — B> + 3582 + 36+ 3)"
(a=B)a=)(a=d(a=N(a=pn) B-—a)B-7)B-0)B—-N(B—-n
(3v% — 29* — 3 + 392 + 3y + 3)y" N (30° — 26" — 6% +36% + 35 + 3)6"
(y=—a)(y=B) v =)y =N —p)  (6—a)(d=B)6 =)0 =)0 —p)
N (BA° —2X" — A3 £ 3A% + 3N + 3)\" (3p® — 2u* — p + 3p® + 3 + 3)u™
A=a)A=B)A=1A=0)A=p)  (p—a)(p—B) (=) (—0)(n—2A)

K, =

0. — (3a® — 3a* — o® + 3a? + 3a + 3)a™ (36° —3p* — B> +38% + 358 + 3)"
" (a=B)a=y)(a=8)(a=AN(a—pn) (B—a)(B—7)(B-0)B—N(B—n)
N (37° — 3v* — 2 + 372 + 3y + 3" (30° — 36% — 6 + 362 + 35 + 3)5"
(V=) (y=B)v =)=y —n)  (6—a)(d =)0 =) —A)(d— n)
(3X° — 3" — X3 4+ 302 +3)A + 3)\" A (3u® — 3pt — p + 3p% + 3p + 3)u
A=a)A=B) A=A =)A=p)  (p—a)(p—B)(r—7) (=) —A)

g _ an+4 . 5n+4
" T a—Ala-—Ne-0a-Na-mn  B-aB-NB-0)BF-N0@-n
,yn+4 5n+4
e ) g5 gy sy S e ) (- gy gy
)\n+4 Iun+4
_l’_

A=a)A=B)A=7)(A=0)(A—p) " (=) —B) (=7 (= 0)(u—A)
R,=a"+ 8" +~4"4+ 0"+ X"+ u",

respectively.

Binet formulas of sixth order Jacobsthal, sixth order Jacobsthal-Lucas, modified sixth
order Jacobsthal, sixth order Jacobsthal Perrin, adjusted sixth order Jacobsthal and

modified sixth order Jacobsthal-Lucas sequences can be given in the following forms:

5 1 5) 1
Jn [y ) ~an 23 == n
63" "o’ +( 18 6)7
5 N, (1 5. (5 1\
—|—<1—82 3—6>(5 —|—<14 422\/§)A +(422\/§+14)u,
Jn = @ +35 —|—62\/§7 62\/55 +<7Z\/§—|—14>>\

3 1, .
+<ﬁ—?l\/§>ﬂ,
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11 1 7. 1 1 7. 1 1
Kn:—an+§6n+ (1—82\/§+ g) v+ (——— \/g) 5n+§)\n+—,un,

Qn:

9

37 18" 2

61 2 4 1 1 4
3¢ +95 +(92\/_+3>7 +(3 9@\/_)

1~ 4\, (4 1. .

1 1 1 1 1 1
n+4 n-+4 . n+4 . n+4
ottt gt [ /34 — +(=—-—=iV3)s¢
9 (36@f 12) | ( 36“/_)

63 12
+ (8%2' 3— %) AT 4 (—8342' 3— %) prt,

ga” - %5” - %i\/gv” + %z’\/ﬁ(s” + (—%z’ 3— i))\”
+(%i 3— ﬁ)u",

6.1.1

Simson Formulas

The following theorem gives the generalization of Simson formula of generalized Hexanacci

sequence {W,,}.

Theorem 6.6 (Simson Formula of Generalized Hexanacci Numbers) For all in-

tegers n we have

Wiis Wopa Wiz Wige Wi W,
Whia Wigs Wipo Wi W, Wo
Wais Wirs Wasr Wo Woq Wi
Wave Wi Wi Wag Wi Wig
Wok W, Wy Wi Wos W
Wn, Whpe Wy Wy Wyoy W, 5

(6.15)



Proof. (6.15) is given in Soykan [64]. [J
A special case of the above theorem is the following theorem which gives Simson formula

of the generalized sixth order Jacobsthal sequence {V/,}.

Theorem 6.7 (Simson Formula of Generalized Sixth Order Jacobsthal Numbers)

For all integers n we have

Vits Vira Vags Vigo Vo Vo Vi Vi Wz Vo Vi W
Vira Vs Varo Vo Vi Vi Vi Va3 Vo Vi Vo V4,
Vars Varz Vapr Voo Vaer Vao | (—1)rx 2 Vs Vo Vi Vo Vg Vo
Vieos Vorr Voo Vier Ve Vs Vo Vi Vo Vi Vo Vg
Vier Voo Vaor Vo Vs Vg i Vo Vo1 Vo Vg Vg

Vi Vaor Vo Vs Vg Vis Vo Voo Vo Vg Vo, Vg

The previous Theorem gives the following results as particular examples.

Corollary 6.3 Simson formulas of sizth order Jacobsthal, sixth order Jacobsthal-Lucas,
modified sixth order Jacobsthal, sixth order Jacobsthal Perrin, adjusted sixth order Jacob-

sthal and modified sixth order Jacobsthal-Lucas numbers are given as

Jnts Inga Iz Jnye Jnp Jn
Toca Jois Juvs Josr Ju Ty
AV U S SN S
Jnvo Jui1 Jn Ju1r Jno Juis
Toir  Ju Juy Jas Jus Jus
o I Jneo Jnz Jna Jus

= 35(—1)"" x 2",

jn+5 jn+4 jn+3 jn+2 jn+1 Jn
jn+4 jn+3 jn+2 jn—‘rl ]n jn—l
In+3 In+2 In+1 In JIn—1 JIn—2 _ 9477(_1>n+1 y 2n,47
jn+2 jnJrl Jn jnfl jnf2 jnfi‘)

jn+1 ,]n jn—l jn—2 jn—3 jn—4

jn jn—l jn—2 jn—?) jn—4 jn—5
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Kn+5
Kn+4
Kn+3
Kn+2
Kn+1

Qn+s
Qn+a
Qn+3
Qn+2
Qn+1
@n

Sn+5
S
Sn+3
Sn+2

Sn+1

Rpts
R4
Rpis
Rio
Ry
Ry

Kn+4
Kn+3
Kn+2
Kn+1

Kn—l

Qnta
Qn+s
@n+2
@nt1
@n
@n-1

Riya
Roys
Rpio
Ry
Ry
Ry

Kn—i—?)
Kn+2
Kn—l—l

anl
Kn—Q

Qn+3
Qnt2
@n+1
@n
anl
QTL—Q

Ryis
R0
Rpq
R,
Ry
Ry

Ko
Ko
K,
Kn
Ko
K

Qn+2
Qn+1
@n
@n—1
anZ
Qn—3

Sn+2
Snt1
Sn
Sn—1
Sn—2

6.1.2 Some Identities

Kn—i—l Kn
Kn anl
K, 1 K,
' 2| = 08637(—1)"+! x 277,
Kn—2 Kn—3
Kn73 Kn74
Kn—4 Kn—5
QTL+1 Qn
Qn Qn—l
@t Qnz | _ 8113(—1)"*! x 2n,
Qn—Q Qn—?)
Qn73 an4
Qn—4 Qn—5
Sn+1 Sn
Sn Sn—l
Sp—1 Sn—
U (Crx oo
Sn72 Sn73
Sn—3 Sn—4
Sn—4 Sn—5
Rn+1 Rn
Rn Rn—l
R,1 R,_
PO 2 301489(— 1) x 2771,
Rnf2 RnfS
Rn—3 Rn—4
Rn—4 Rn—5

In this subsection, we obtain some identities of sixth order Jacobsthal, sixth order Jacobsthal-

Lucas, modified sixth order Jacobsthal, sixth order Jacobsthal Perrin, adjusted sixth or-

der Jacobsthal and modified sixth order Jacobsthal-Lucas numbers. Firstly, we give some

fundamental relations between {.J,} and {j,}.
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Lemma 6.8 The following equalities are true:

234J, = —b53jnss + 25Jn1a + 103743 + 1817510 — 53jps1 — 1315, (6.16)
117J, = —14jn4a + 25043 + 64Jny2 — 53jnt1 — 9275 — 53Jn—1,

17J, = 11jnes+50juss — 67jnss — 106, — 67jn_1 — 28jp_a,

17J, = 6Ljnss — 56jnss — 95jn — 56jn1 — 17jn_s + 225,

117Jn = 5jn+1 - 34]71 + 5jn71 + 44jn72 + 83jn73 + 122jn747
and

70jn = —26Jnrs + 109J,4s — 11J,05 + 49040 + 190,01 + 34T,
70jn = 83Jpsy — 3T Jnss + 23Jpsn — Tnps + 8J, — 52,1,

70j, = 46Jn43 + 106J,40 + T6Jpsq + 91T, + 31,1 + 166.J,_s,
T0jn = 152Jp40 + 1220501 + 137 + T7Jn 1 + 212, + 92.J,_s,

707, = 274J,41 + 289J, + 229, 1 + 364J,, 2 + 244J,,_5 + 304J,,_4.

Proof. Note that all the identities hold for all integers n. We only prove (6.16). If we

write
Jn =0 X Juis +0X Jppa+ X Jnyz+d X Jurat€ X juy1+ f X jn
and solve the system of equations

Jo = axXjs+bXjteXjztdxjatexji+f X
Ji= aXje+bXjsteXjatdXjztexjp+ X
Jo = axjr+bXjetexXjstdXjateX gzt f X
Js = axjs+bXxjrtexXjetdXjs+eXjat fxjs
Ji = aXjot+bXjsteXjrtdXjetex s+ f X

Js = aXjio+bXxjo+exjg+dxjr+exje+ fXJs

53 b= 25 103 d:181 53 f:_&

then we get a = —537, = 2320 € = T 330> 234"

531 C= 5315 The other equalities
can be proved similarly. []
Note that all the identities in the above Lemma can be proved by induction as well.

Secondly, we present some fundamental relations between {.J,,} and {S,}.
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Lemma 6.9 The following equalities are true:

16J, = 118,15 — 5814 — 218043 — 37Snsa + 118,41 + 275y,
8J, = 3Spia—5Snuis — 138,19 + 118,41 + 1985, + 115,_1,
4J, = —Spis—5Snso+ TSps1 + 118, + 7Sn_1 + 3Sn_o,
2J, = —3S,1243Sni1 + 55, 4 35,1+ Sn_2 — Sy_s,
Jo = Sp—Sp_o—2S,_ 35— 35,4,

and

708, = 18Jni5— 27Jnia + 13J0ss — Thnio + 3Just — 2,
708, = —9Jpis+31Jnis + 11Jpso + 21J,q + 16, + 36J,_1,
70S, = 22Jn.5+ 2T0se + 120000 + T, + 27T, 1 — 18, s,
708, = 24Jnis + 34T,i1 + 290, + 49001 + AT, o + 44,3,

705, = 58Jy41 +53J, + 731 + 28,9 + 68J,,_3 + 48.J,,_4.
Thirdly, we give some fundamental relations between {.J,,} and {R,}.

Lemma 6.10 The following equalities are true:

3969.J, = 178R,.5+ T3Rnia — 137TRpss — 55T Ryis — 1397TR, 41 — 431R,,
3969.J, = 251Rn. 4+ 41Ry. 3 — 379R,s0 — 1219R, 11 — 253R, + 356 R,i_1,
3969.J, = 292R,.3— 128R,io — 968 Ry 1 — 2Ry, + 607 Ry 1 + 502R,_s,

3969, = 164R, 42 — 676,41 +290R,, +899R,,_1 + 7T94R,,_o + 584 R,,_3,

3969/, = —512R, 11 +454R, + 1063R,,_1 + 958R,,_o + T48R,,_3 + 328 R,,_4,
and
35Rn = —73Jn+5 + 127Jn+4 + 27Jn+3 + 77Jn+2 + 52Jn+1 + 117Jn,

35R, = B54Juiq —46J,05 + ATpse — 21T,y + 44, — 1461,
35R, = 8Jui3+ 58010+ 3301 + 98T, — 92, 1 + 108.],,_o,
35R, = 66Ju.0+ 410, 1 + 1067, — 84T, 1 + 116.J,_5 + 16,3,

35R, = 107J,41 +172J, — 18,1 + 182, + 82J,,_3 + 132J,,_4.
Next, we present some fundamental relations between {7, } and {S,}.
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Lemma 6.11 The following equalities are true:

8Jn =
45, =
20n =

Jn =

jn:

and

11785,
1175,
1175,
1175,
11785,

St + Snva -+ Surs + Snia + Sust — 235,
Spia+ Snis+ Snao+ Spi1 — 118, + Snq,
S+ Sosz + Soet — 58y + Sy + Sus,
Snt2 + Snp1 — 28, +Sp—1 + Sn—z + Sp-3s,

211 — S+ 2851 + 2S_5 + 2505 + 25,4,

= Jnt+s + Jn+a + Jnts + Jntz + Jner — 38)n,

= 2Jnta + 2Jn13 + 2Jnt2 + 20041 — 3Tjn + 251,
= 4jn+s + Ynt2 + 4jnt1 — 3500 + djn—1 + 42,
= 8jnt2 + 8Jnt1 — 3Ljn + 8Jn-1 + 8jn—2 + 8jn_3,

= 16jn+1 —23Jp + 16,1 + 167, 2 + 16,3 + 167, 4.

Now, we give some fundamental relations between {j,} and {R,}.

Lemma 6.12 The following equalities are true:

26467,
26467,
26467,
26467,

26467,
and

8RR,
39R,
39R,,
39R,,
39R,

= —295R, 5+ 37TTRpia + 398R,15 + 440R, 15 + 524R, 41 + 692R,,
= 82R,44+ 103R, 3 + 145R, 10 + 229R,41 + 397R,, — 590R,,_;

= 185Rp43 + 227Ryis + 311Rys1 + 47T9R, — 508R,_1 + 164R,,_5
— 412R,40 + 496 R, 1 + 664R,, — 323R,_1 + 349R,_» + 3T0R,,_3

= 908R, 41 + 1076 R,, + 89,1 + T61R,,_o + 782R, 3 + 824R,_4

2T]n+5 + Jnta — 2513 — Oljn+o — 233jnt1 + 537n,
147014 + Jnas — 12510 — 1037,01 + 405, + 277, 1,
157n43 + 2jns2 — 89Jn1 + 544, + 41jp 1 + 28,2,
1T jn+2 — T4jnt1 + 6975 + 567n—1 + 43752 + 30 X Jy—s,

_57jn+1 + 86jn + 73jn—1 + 60jn—2 + 47jn—3 + 34jn—4-

Next, we present some fundamental relations between {S,,} and {R,}.

107



Lemma 6.13 The following equalities are true:

79385, = 379Rni5 — 293Rn4 — 314R, .5 — 356 R4 — 440R,, 41 — 608R,,
79385, = 86Rni4+ 65Rus5+ 23Rs0 — 61R,1 — 229R, + T58R,_1,
79385, = 151R,.3+ 109R, 2 + 25R, 1 — 143R,, + 844R,_1 + 172R,,_5,
79385, = 260R,.2 -+ 176Ry 1 + SRy + 995R,_1 + 323R,_s + 302R,_s,

7938S,, = 436R, .1 + 268R, + 1255R,,_1 + 583R,,_o + 562R,_3 + 520R,,_4,

and

16R, = —15S,15+ Snia + 175,413+ 335,12 + 1455, 11 — 315,
8R, = —T7Snta+ Snis+ 9542+ 655,11 — 235, — 155,41,
4R, = —3Spi3+ Snio+29S,41 — 155, — 115, 1 — 75,2,
2R, = —Sn42+ 135,41 —9S, — 75,1 —bSp_2 — 35,3,

R, = 6Sup1—5S, —4S,_1 — 3Sp_2 — 2Sn_3 — Sn_a.

Note that we also can give some other identities which related to {K,} and {Q,}. For

example, we have

16Kn == —298n+5 + 35Sn+4 + 35Sn+3 + 35Sn+2 + 35Sn+1 - 45Sn,

16Q, = —29S,.5+ 35Sn1a + 355,45 + 35Sn12 + 355,41 — 615,,.

6.1.3 Linear Sums
Sums of Terms with Positive Subscripts:

The following proposition presents some formulas of generalized sixth order Jacobsthal

numbers with positive subscripts.

Proposition 6.14 Forn > 0 we have the following formula:

- 1
2 Vi = (Vars = Vapa = 2Vigs = 3V — 4Voga — Vo 4 Vs + 212 + 313 + 4V0)
k=0

Proof. Taker =1, s=1,t=1,u=1,v =1,y =2, in Theorem 2.1 in [78]. [J

From the last proposition, we have the following corollary which gives sum formulas of
sixth order Jacobsthal, sixth order Jacobsthal-Lucas, modified sixth order Jacobsthal,
sixth order Jacobsthal Perrin, adjusted sixth order Jacobsthal and modified sixth order

Jacobsthal-Lucas numbers, respectively.
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Corollary 6.4 For n > 0, we have the following formulas:

(@) Yop ok = %(Jn% — Jpsa — 2Jpy3 — 3Jpio — 4Jny1 +5).

(b) > i ik = &(int6 — Jnra — 2jn+3 — 3jnt2 — 4jns1 — 9).

(€) Ypo K = §(Knso — Kpya — 2Kp43 — 3K 40 — 4K, 11 — 9).
(d) YioQr = §(Quis — Qnia — 2Qni3 — 3Qni2 — 4Qni1 — 8).
(e) ZZ:O Sy = é(sn% — Spya — 28,43 — 3Sn42 — 45,41 — 1).

(f) ZZ:O Rk = %(Rn+6 - Rn+4 - 2Rn+3 - 3Rn+2 - 4RnJrl + 9)

Sums of Terms with Negative Subscripts

The following proposition presents some formulas of generalized sixth order Jacobsthal

numbers with negative subscripts.
Proposition 6.15 For n > 1 we have the following formula:

- 1
d V= 6 (Vonts + Vongs + 2Vonia +3Vongn + 4V + V5 = V3 = 213 = 3V; — 4V)).
k=1

Proof. Taker =1, s=1,t=1,u=1,v =1,y =2, in Theorem 3.1 in [78]. [J

From the last proposition, we have the following corollary which gives sum formulas of
sixth order Jacobsthal, sixth order Jacobsthal-Lucas, modified sixth order Jacobsthal,
sixth order Jacobsthal Perrin, adjusted sixth order Jacobsthal and modified sixth order

Jacobsthal-Lucas numbers, respectively.

Corollary 6.5 Forn > 1, we have the following formulas:

(@) Yo Jon=g(=Jonis + Jonys +2J i + 3y + 4T, — 5).

(b) Yroijk = §(—Jonss +Jontz + 20 ni2 + 3jnp1 +4jn +9).

() Y K= %(_KfnJrS + K i3+ 2K 0+ 3K 5 +4K_, +9).
(d) i Qo= ¢(—Q pis+ Qnys +2Q_pi2 4+ 3Q_ni1 +4Q_, +8).
(€) Ypii Sk =3(—S-ni5+S-niz3+25 ni2+35 1 +45, +1).

(f) Yh Ry =¢(—R_pis+ R i3+ 2R s+ 3R 1 + 4R, —9).
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6.1.4 A Sum Formula

The formula in the following proposition can be used to calculate the sum of the gener-

alized sixth order Jacobsthal numbers.

Proposition 6.16 For all integers m and j with Rﬁl —4an +3R2 + 12R2 — 6R2 Ry, +

8R3,m Ry + 12Rom Ry, — 6 R4y — 8R3,, — 12Rs,,, — 24R,, — 24 (—=2)" (R_,,, — 1) + 24 # 0,
we have

A —|— v
Z Vinkaj = —— (6.17)
where

A= =24V, i5mij + 24(R — 1) Vinnramsj — 12(R2, — 2R, — Ry + 2)Vinamj +4(R3, —
3R2 —3Rom Ry + 3Rom + 2R3+ 6 Ry, — 6)Vinny2mj + (— R +4R3 + 6 R% Ry, — 12R2, —
3R3,,—12Ry,, Ry, —8R3m Ry +6 Ry +8 R+ 12 Ry + 24 R, —24) Vit j+24 (—2)" Vi
Uy = 24Vipmij — 24(Ry — 1)Vt + 12(R2, — 2R, — Roy, + 2)Vapyj — 4(R3, — 3R2, —
3Rom Ry + 3Rom + 2R3y 4 6R,y, — 6)Vayy; — (— R, + 4R34+ 6R2 Ry, — 12R2, — 3R3,, —
12Rgy, Ry —8 R3m Ry +-6 Ryp +-8 Ry +-12Rop, +24 R, —24)V,, j— (— R +4R3 —12R% +-6 R2,
Roym—3R3,, —8R3m Ry —12Roy, Ry + 6 Rap +8R3,, + 12 Roy + 24 Ry 424 (—2)™ R, —24)V;
Q =R} —A4R3 +3R3,, + 12R% — 6R2 Ray, + 8R3n Ry, + 12Ro,, Ry, — 6 R4y, — 8R3,, —
12Rop — 24R,, — 24 (—=2)™ (R_py — 1) + 24

Proof. Taker =1,s=1,t=1,u=1,v =1,y =2 and R, = H,, in Soykan [73, Theorem
13]. O

Note that (6.17) can be written in the following form:

Z Vs = A + v,

where

Uy = 24Vspij — 24(Ry — 1)V + 12(R2, — 2R, — Roy, + 2)Vapmyj — 4(R3, — 3R2, —
3Rom Ry, + 3Rom + 2R3, + 6R,;, — 6)Vayy; — (—R: +4R3 + 6R2 Ry, — 12R% — 3RS
12Rom Ry, — 8 R3m Ry + 6 Ry + 8Rap + 12Roy, + 24R,, — 24) Vi — 24 (—y)" V.

As special cases of the above proposition, we have the following identities.
Corollary 6.6 The following identities hold:
1.m=1,7j5=3.
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(@) Yo Jirs = #(Jnss — Jnte — 2Jngs — 3Jnia + 253 — 7).

(b) > okt = %(jn+8 — Jnt6 = 2Jn+5 — jna + 2jny3 — 57).

(€) Yoo Kiss = $(Knys — Knpg — 2K 45 — 3K 4 + 2K, 45 — 51).
(d) > i Qrrs = %(Qn+8 — Qnie — 2Qni5 — 3Qnia +2Qn 43 — 38).
(€) Yh_oSkts = 5(Snss — Snte — 2Sn45 — 3Sn4a + 25,13 — 13).

(f) ZZ:O Rk+3 = %(RnJrg - Rn+6 - 2Rn+5 - 3Rn+4 + 2Rn+3 - 51)

2.m=-1,7=

(@) STk = L (=T — 6Ty — 5t — Ay — 3T s — 2] s — ).
(b) > odr=g(=Jn—6jn1—5jn2—4j n3—3jna—2jns+2l).
(€) S0 oK =L (—K_y — 6Ky — 5Ky — AK_, 5 — 3K_, 4 — 2K_,_5+27).
(d) Y@k =5 (—Qn —6Q_n1 —5Q_p_2 —4Q_n_3 —3Q_n_s — 2Q_,_5 + 26).
(€) S0 oS k=L (—Sy —6S 1 —B5Sys—AS s — 35 425 5+1).

(f) roRyx=5(-R,—6R_ 1 —BR_, 5 —4R_, 3—3R_, 4 —2R_,_5+27).

6.1.5 Matrices Related with Generalized Sixth Order Jacobsthal numbers

In this subsection, we consider the following square matrix A of order 6 as:

111112
100000
010000
001000
000100
000010
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such that det A = —2. We consider the following matrices:

and

where

7
> rk—1Sn+3—k
=3

8
> rk—2Sni3—k

k=4

9
> rk—3Sn+3—k

k=5

10

Z T‘k—45n+3—k
k=6

11
Z Th—5Sn+3—k
k=7

12
Z Tk—65n+3—k
k=8

7
Z Tk—1 Vn+3fk
k=3

8
> Th—2Viis—k

k=4

9
Z Th—3Vnis—k
k=5

10
> Th-aViis—k

k=6

11
Z Th—5Vn+3—k
k=7

12
> Tk—6Vnis—k

k=8

6
> TESnis—k
=3

7
> rk—1Sn+3-k

k=4

8
> rk—2Snt3—k
=5

9
Z r k—35n+3—k
k=6

10
> Tk—aSnta—k
=7

11
Z r k—5Sn+3—k
k=8

6
> reVois—k
=3

7
> 1 Vogs—k
o4

8
Z Th—2Viis—k
k=5

9
> Th—3Vits—k

k=6

10
Z Th—aVits—k
k=7

1
> ks Vits—k

k=8

7’1:1,’/"2:1,T3:1,T4:1,T5:1,T6:2.

5
> Tht1Sn43—k
=3

6

Z Tk5n+3—k

k=4
7

> rk—1Snt3—k

k=5

8
Z Tk—25n+3—k
k=6

9
> rk—3Snt3—k
=7

10
Z Tk—4Sn+3—k
k=8

5
> Tht1 Vars—k
=3

6
> Tk Vais—k

k=4

7
Z Tk—1 Vn+3fk
k=5

8
> rr—2Vais—k

k=6

9
Z Th—3Vits—k
k=7

10
> TheaVags—k

k=8

Theorem 6.17 For all integer m,n > 0, we have

(a) B, =A"

(b) CLA" = A"C,

4
> Tht2Sn43—k
=3

5

> Tht1Sn43—k
=4

6

> TESnis—k
=5

7

> Tk—1Snt3—k
=6

8

> Tk—2Snt+3—k

k=7

9
Z k-3 Sn+3—k
k=8

4
> Thr2Vais—k
=3

5
> Tht1Vats—k

k=4

6
Z Tk Vinis—k
k=5

7
> The1Vais—k

k=6

8
Z 711672‘/n+37k
k=7

9
> Th—3Vais—k

k=8

TGSn
7’65”_1
T(;Sn_z
7’65”_3
T(;Sn_4

T6Sn—5

Proof. Taker =1,s=1,t=1,u=1,v=1,y =2 and S, = G, in Soykan [73, Theorem

16). O
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Theorem 6.18 For all integers m,n, we have
Vigm = VaSmir +Va1(Sm + St + Sm—2 + Sz + 25m-4)
+Vn2(Sm + St + Sm—2 + 25m_3)
+V—3(Sm + Sm—1 4+ 2Sm—2) + Vara(Sm + 2Sm-1) + 25V,
Proof. Taker =1,s=1,t=1,u=1,v=1,y =2and S, = G, in Soykan [73, Theorem
17]. O

Corollary 6.7 For all integers m,n, we have

Jn—l—m - JnSm-i-l + Jn—1<Sm + Sm—l + Sm—? + Sm—3 + 23m—4>
+Jn—2(Sm + Sm—1 + Sm—2 + 2S1,_3)
+Jn73(Sm + Smfl + 2Sm72) + Jn74(Sm + 2Smfl)

+25mJn—5>

jner = jnSerl + jnfl(Sm + Smfl + Smf2 + Sme + 2Smf4)
+jn—2(5m + Sm—l + Sm—2 + 2Sm—3)
+jn—3(8m + Sm—l + 25771—2) + jn—4(Sm + 2Sm—l)

+2Smjn—57

Kn+m - KnSm+1 + Kn—l(sm + Sm—l + Sm—2 + Sm—3 + 2Sm—4)
+K—o(Spm + Sm—1 + Sm—2 + 2S51,-3)
+ K, 3(Sm + Sm1+2Sm-2) + Kyoa(Sm +255,-1)

+2SmKn—5>

Qnim = QnSmi1+ Qun1(Sm + Sm—1 + Sm—2 + Sm_3 + 2S5,,_4)
+Qn—2(Sm + Sm—1+ Sm_2 + 25,_3)
+Qn_3(Sm + Sm_1 + 2Sm_2) + Qu_a(Sm + 2Sm_1)
+25,Qn_s5,

Sn—l—m - SnSm+1 + Sn—l(Sm + Sm—l + Sm—2 + Sm—3 + 2Sm—4)
+S5—2(Sm + Sm—1 + Sm—2 +25,,_3)
+Sn73(Sm + Smfl + 2S’mf2) + Snf4(Sm + 2Smfl)

+2SmSn—57
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Rn+m - RnSm+1 + Rn—l(sm + Sm—l + Sm—2 + Sm—3 + 2Sm—4)
+Rn72(Sm + Smfl + Smf2 + 2Sm73)
+Rn73(5’m + Smfl + 25m72) + Rn74(5m + 25’mfl)

+25 Rps.
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CHAPTER 7

MATRIX SEQUENCES OF GENERALIZED THIRD ORDER
JACOBSTHAL NUMBERS

Our purpose in this chapter is to construct matrix sequences of generalized third order
Jacobsthal numbers and to examine the relationship between generalized third order
Jacobsthal matrix sequences and their special cases. The matrix sequences have taken
so much interest for different type of numbers. Here are some researches on matrix
sequences of numbers: [17, 18, 29, 88, 89, 90, 91, 95, 97] for generalized Fibonacci numbers,
[13, 70, 71, 84, 98, 100] for generalized Tribonacci numbers, [69] for generalized Tetranacci
numbers. We state that the results of this chapter are cited from [81] which has been

published by Soykan and Eyican Polatli.

7.1 THE MATRIX SEQUENCES OF THIRD ORDER JACOBSTHAL AND
THIRD ORDER JACOBSTHAL-LUCAS NUMBERS

In this section, we define generalized third order Jacobsthal matrix sequence and investi-

gate their properties.

Definition 7.1 For any integer n > 0, the third order Jacobsthal matriz sequence (V,,)

and third order Jacobsthal-Lucas matriz sequence (M.,,) are defined by
Vi =Vpo1+ Vaa+2V,_3 (7.1)

with initial conditions
Vi Vo—V1 2Vo
Vo = Vo Vi—Vo Vo=Vi—=W ;
lWVa=WVi=V) 18V +Wi—1h) 138V —1,— 1)

Vo 2Vo+ W4 A%
Vi=|Vvi V-V 2Vo ;
Vo i—=WVo Va-Vi—-V
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QW+ Vit Ve 2Vi+ Ve 214
V2: ‘/2 2%+V1 2V1
Vi Vo—=Vi 2W

The sequence {V,, }n>0 can be extended to negative subscripts by defining

1 1 1
V., = —§Vf(n71) - §Vf(n72) + §Vf(n73)

for n > 1. Therefore, recurrence (7.1) holds for all integers n.

Three special cases of generalized third order Jacobsthal matrix sequence (take V,, = J,,

Vi = jn, Vo = K, respectively) can be defined as follows.

Definition 7.2 For any integer n > 0, the third order Jacobsthal matriz sequence (Jy,)
and third order Jacobsthal-Lucas matriz sequence (M,,) and modified third order Jacob-

sthal matriz sequence (IC,,) are defined by
jn = jnfl + jnf2 + 2L7n737
Mn = Mn—l + Mn—? + 2Mn—37

lCn - lCn—l + lCn—2 i 21Cn—37

respectively, with initial conditions

1 00 11 2 2 3 2
J=1010]|.J=100]|, =112/,
001 010 1 00
1 4 4 5 5 2 10 7 10
Mo=12 -1 2 | Mi=]|1 4 4 |, Ma=]| 5 5 2
1 1 -2 2 —1 2 1 4 4
1 2 6 3 2 10 5 6
Ko = 3 -2 -1 |.Ki=|1 2 6 [|.,Ka=]| 3 7 2
7
-3 7 -3 3 -2 —1 1 26

The sequences {Jy, tn>0, {My}n>0 and {K, },>0 can be extended to negative subscripts
by defining

1 1 1
Tn= _§j—(n—1) - _j—(n—Z) + 5\7—(71—3)7

2
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for n = 1,2, 3, ... respectively.

The following theorem gives the nth general terms of the generalized third order Jacob-

sthal matrix sequence.

Theorem 7.1 For any integer n, the nth general term of the generalized third order

Jacobsthal matrix sequence is

Vn+1 Vn + 2anfl 2Vn
Vn = Vn Vn—l + 2Vn_2 2Vn_1 . (72)
Vn—l Vn—Q + 2Vn—3 2Vn—2

Proof. Suppose that n > 0. We prove (7.2) by strong mathematical induction on n. If
n=20 thenu since V—l = %‘/2_%‘/1_%%7 V—Q = _i‘/Q—F%‘/l_%%a V—3 = _%‘/2_%‘/1+§%7

we have

Vi VW+2V_, 2V,
Vo = Vo Voi+2V, 2V,
Vo1 Voa+42V_3 2V,
14 Vo =W 2V,
= Vo Vi— Vo Vo= Vi—Vp
MWVo=Vi=Vo) LBVo+Vi—Va) LBV —V,—Th)
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which is true. Assume that the equality holds for n < k. For n = k + 1, we have

Viti = Vigi-1 + Vipi—2 +2Vi1-3

= Vi + Vi1 +2Vi o

Vi Ve + 2V 2Vy Vicisr Vieer + 2V 2V
= Vi Viei +2Vig 2Viy | + Vet Vimio1 +2Visi9 2V
Vier Vo +2Vi_s 2Vjo Vicizr Viemi2 +2Viemio3 2V

Vicor1 Vi—a +2Vi_ay 2Vi—a
+2 Vice Vo1 +2Via_9 2Vi_9 g
Vicocr Vieea o +2Vi9 3 2V 99

Vil + Vi +2Vilr Vi + 3V +4Vi o +4Vis 2V + 2V + 4V,
= Vit Vier +2Vieo Viea +3Vi o +4Vi 3 +4Vi g 2V + 2V 5 +4V 3
Vici + Vo +2Viies Vo +3Vis +4Via +4Vis 2V o+ 2V 3+ 4V y
Viee Vg1 +2Vi 2V

= Vier Ve +2Vi 2Vy,

Vi Vi1 +2Viee 2V

V141 Vg1 +2Viepia 2V
= Vier Vipio1 +2Vipi2 2V

Vivi-1 Vipi2+2Vi3 2Viga2

Thus, by strong induction on k + 1, this proves (7.2).

For the case n < 0, similarly, (7.2) can be proved by strong mathematical induction on
n. U

The following theorem gives the nth general terms of the third order Jacobsthal, third

order Jacobsthal-Lucas and modified third order Jacobsthal matrix sequences.

Corollary 7.1 For any integer n, we have the following formulas of the matriz sequences:

Jn-i—l Jn + 2Jn—1 2<]n
jn = Jn Jn—l + 2Jn—2 2Jn—1 )
Jnfl Jn72 + 2Jn73 2Jn72

jn+1 ]n + an,1 2]71
M” = jn jn—l + 2jn—2 2jn—1 )
jn—l jn—2 + 2jn—3 2jn—2
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Kn-i—l Kn + 2[(n—l 2Kn
’C” = Kn anl + 2Kn72 2Kn71
Kn—l Kn—2 + 2Kn—3 2Kn—2

We now give the Binet formula for the generalized third order Jacobsthal matrix sequence.

Theorem 7.2 For every integer n, the Binet formula of the generalized third order Ja-

cobsthal matrix sequence are given by
V, = Aa" + Bp" + Cy"

where

aVs + ala— D)V + 2V,

A= e -p
B— BYe + BB —1)Vi + 2V,
BB=7)(B-a)
oo WVety(y - DN+ 2V
Yy=0)(y—a)

Proof. We need to prove the theorem only for n > 0. By the assumption, the characteristic

3

equation of (7.1) is 2 — 22 — x — 2 = 0 and the roots of it are a, 3 and 7. So it’s general

solution is given by
V, = Aa" + BS" + CH".

Using initial condition which is given in Definition 7.1, and also applying lineer algebra
operations, we obtain the matrices A, B, C' as desired. This gives the formula for V,,. J
The following theorem gives the Binet formulas of the third order Jacobsthal, third order

Jacobsthal-Lucas and modified third order Jacobsthal matrix sequences.

Corollary 7.2 For every integer n, the Binet formulas of the third order Jacobsthal, third

order Jacobsthal-Lucas and modified third order Jacobsthal matriz sequences are given by
jn = Aloz” + Blﬁn + Cl’}/n,

My, = A" + By " + G,

’Cn = A304n + B3ﬁn + 03’Yn7
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where

aty+ala—1)T + 20 _ BT+ BB —1)T1 + 2T

S P ¥ ey R Y N B B
c — T2 +y(y = 1) + 2T
Yy =8)(y—a)
A, — aMs + a(a — 1)M; + 2M, B :6M2+6(6—1)M1+2M0
’ al@=y)(@=-p 7 BB-7B—a)
o, — Metaly - DM +2My
Y(y=8)(v—«a)
4y — aks + ala — 1)K, + 2K, BgzﬁngJrﬁ(ﬁ—l)}Cl—l—QICO
ala=7y)(a=p) 7 BB-=7)B-a)
C, — 7K + (v — DKy + 2K
Yy =8)(y—a)

Now we will obtain these functions in terms of generalized third order Jacobsthal matrix
sequence as a consequence of Theorems 7.1 and 7.2. To do this, we will give the formulas
for these numbers by means of the related matrix sequences. In fact, in the proof of next
corollary, we will just compare the linear combination of the 2nd row and 1st column

entries of the matrices.

Corollary 7.3 For every integers n, the Binet formula for the generalized third order

Jacobsthal numbers is given as

bia™ n by 3" n bsy"
(a=B)a=v) B-a)B-7) H-—a)v—5)

Vo =

where

by = Va—(B+9)Vi+ 67V, ba=Va— (a+7)Vi+ aqlh,
by = Vo—(a+ B)Vi+ aflp.

120



Proof. From Theorem 7.2, we have

V, = Aa"+ BB"+Cy"
Vo +ala—1DVi+2V, . B+ BB -1V +2V

T T aee-p T EG-G-a
AL Bl G 0) W] P
Yy =B8) (v —a)
- (a—j)(a—ﬁ) aVa+a(a—1)Vi+2V,
ﬁnfl
RCEDICED BVa+B(B—1)Vi+ 2V
+(7—g)(7—o¢) Wa+v(y =1V + 2V

(we only write the 2nd row and 1st column entries of the matrices). By Theorem 7.1, we

know that

Vn+1 Vn + 2Vn71 2VTL
Vn = Vn Vn—l + 2Vn—2 2Vn—1
Vn—l Vn—? + 2Vn—3 2Vn—2

Now, if we compare the 2nd row and 1st column entries with the matrices in the above

two equations, then we obtain

n—1
Ve = e e e D)
n—1
rEr T RPN 0
n—1
HeE emr LR LRI
blOén bgﬂn bg’)/n

@—Ba-7 B-aB-7 G-a)r-5

by = Vo—(B+Vi+069Vo, bo=Vo— (a+7)Vi + ary g,
by = Va—(a+B)Vi+aflh.
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Note that

Vi tala-)Vi+2V = a(l+(@-1)Vi+-%)

= (Ve — (B+ Vi + B7V0) = aby,
BVa+B(B—1)Vi+2Vp = ﬁ(‘/g+(ﬁ—1)%+%%)

= B(Va— (a+ Vi +arVp) = fby,
7%+7W—DW&2%==vW%F7—U%+%%)

= 7(Va— (a+ B)Vi + afVy) = 7bs.

O
Now, we present summation formulas for the generalized third order Jacobsthal matrix

sequence.

Theorem 7.3 For all integers m,j we have

nz_:l V — an-i—m-i-j ain Qmen—m-i-j + (1 r— Km)vmn-i-j — Vm+j E ZmVj—m + (Km _ 1)V]
£ mk+j Km + 2m(]_ — K—m) -1

(7.3)

Proof. Note that

[asy

n—1 n—
> Vnits = D (AQ"H BT 4 Oy
=0

o™= (-1 S -1
A« (am_1>+Bﬁ (5,”_1 + Cy po—

Simplifying and rearranging the last equalities in the last two expression imply (7.3) as

I
o

required. [l
As in Corollary 7.3, in the proof of next corollary, we just compare the linear combination
of the 2nd row and 1st column entries of the relevant matrices to obtain summation

formula for the generalized third order Jacobsthal sequence.

Corollary 7.4 For all integers m,j we have

n—1 m
Z v o an+m+j + 2menfm+j + (1 — Km)an+j — Vm+j -2 V},m —+ (Km — 1)‘/J
e mk+j Km 4 2m(1 . K,m) 1 .

We now give generating functions of V), .
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Theorem 7.4 The generating function for the generalized third order Jacobsthal matrix

sequence s given as

i ann Vo + (Vl — V[)).T + (Vz - Vl — Vo)$2
n=0

1—xz—22—223

11 Aaiz2 13
1
T ]y 2293 21 Q22 (23

a31 Q32 as3

where

ann = Vi+ (=Vi+Vo)x + 2Vpa?

asr = Vo+ (—Vo+ W)z + (—Vo — Vi + Va)a?

ag = %(%—%—%H%(S%ntvl—Vg)a:+%(—vg+3vl—%)m2
ay = Vo—Vi+ (2Vh + 2V = Va)o + (—2Vp + 2V})a?

aze = Vi—Vo+ (Vo —2Vi + WVo)a + (3Vo + V4 — Va)2®

azy = %(3‘/2—5‘/1—%)I2+%(V2+V1—5V0)x+%(3v0+v1—Vg)
az = (=2Vo —2Vi +2V3)a® + (=2Vp + 2Vi)z + 214

agz = Va=Vi—Vo+ (BVo+ Vi —Wo)x + (=Vp + 3V; — Va)a?

a = (3o~ Vi~ Vo) (T — Vi = Va)a? + 3 (~Va + 3Vi — 14)

Proof. Suppose that g(z) = > 7 V,2™ is the generating function for the sequence
{Vn}n>0. Using the definition of the matrix sequence of generalized third order Jacobsthal
numbers (7.1), and substracting =Y >0 V2", 22> 2 V2" and 2233 07 V2" from

Yoo Vax™ we obtain

(1—z—a2® —22%) i V" = i V" —x i Vo' — x? i V" — 223 i V,x"
n=0 n=0 n=0 n=0 n=0
= i V,x" — i YV, — i V,a"t?— 2 i Y, a3
n=0 n=0 n=0 n=0
= i V,x™ — i V,_1z" — io: Vyp_oz" — 2 i Vy_3z"
n=0 n=1 n=2 n=3

= Vo +Viz + V2172) — (Vo + V1$2) —Voz?
+ Z(Vn - anl - anZ - 2Vn73)xn
n=3
= Vo + Wz + Vor® — Vor — Vy22 — Vo

= V() + (Vl — Vo)SB + (Vg — Vl — Vo)l‘Q.
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Rearranging above equation, we obtain

> o VotV = Vo)x 4+ (V= Vi — Vy)a?
ZVTL:U - 2 3
—~ 1—ox—2%2—2x

which equals the )">°  V,2" in the Theorem. This completes the proof. [
The following corollary gives the generating functions of the third order Jacobsthal, third

order Jacobsthal-Lucas and modified third order Jacobsthal matrix sequences.

Corollary 7.5 The generating functions for the third order Jacobsthal, third order Jacobsthal-

Lucas and modified third order Jacobsthal matriz sequences are given as

- 1 222+ 2z
1

Zj"xnzl—x—x2—2x3 r l-—u 21 ;
n=0

? -2 —2t—z+1

42 +4zx+1 222 +x+4 422 -2x+4
> 1
D Mua" = | 22742 %P4br—1 —4?+22+2 |
n=0

2% +x+1 42?2 —-2z+1 42?44z —2

622 +22+1 —42?+5r+2 —22%—4x+6
> 1
ZICngc":1_x_a€2_2:lg3 —r?—2x+3 Trf*+44r—-2 324+ Tr-—1
n=0

e led b Yer] Seideod

The well known generating function for generalized third order Jacobsthal numbers is as
in (3.16). However, we will obtain these functions in terms of generalized third order
Jacobsthal matrix sequences as a consequence of Theorem 7.4. To do this, we will again
compare the the 2nd row and 1st column entries with the matrices in Theorem 7.4. Thus

we have the following corollary.

Corollary 7.6 The generating function for the generalized third order Jacobsthal se-

quence {V,,} is given as

S vy = ot (A= Vo) + (Vo — Vi = Vi)a
n=0

1l —x— 22— 223
Using Theorem 7.1 and Corollary 7.1, we see that

Vo Vi -V, | R 7
Va=| fWwm-vi—-V) 18%+Vi-V) BVi-V—-Va) |,
LB3Vi—Vo— V) 138Va—5V —Vp) L7V — Vi — W)
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lVa—Vi—Vo) LB%+Vi—-Va) 1(3Vi—Vo—1h)
Voo=| 1B -V—1) i@Bhk-5V-V) iM-Vi-W) |,
HVo=Vi—=Va) (TVi —9Vo — Vo) &(7TVa—9Vi — 9Vj)
and
0 1 0 0 0 1
j—l = 0 0 1 7j_2: % —% —% s
i 1 _1 _1 3 _1
2 2 2 4 4 4
2 -1 2 1 1 =2
Mo = 1 1 -2 |, Moo= -1 2 2 |,
-1 2 2 1 -2 1
3 ! =V 4=
Ka=1-3 4§ 3| K2=|-7 1 7
_3 1 17 17 _ 23 _ 15
4 4 4 8 8 8

We now give generating functions of the generalized third order Jacobsthal matrix se-

quence V), for negative indices.

Theorem 7.5 For negative indices, the generating function for the generalized third order

Jacobsthal matrix sequence is given as

d n 2V0 + (Vz — V1>Q? + V1$2
ZV*”‘% - 2 _ .3
— 24 x+ax* -2

b31 b32 b33

by = 2Vi+ 2V + Vi) @ + Voo
byy = 2V()+(—V1+V2)$+V1$2

bsy = Vo—Vi—Vo+ (=Vo+Vi)x + Vpa?

bio = 2V —2Vi +a (Vi —2Vp + Vo) + 2% (2Vp + W)
by = 2Vi—2Vo+ (2Vo +2Vi — Vo) z + (=Vi + Va) 2”
by = —Vo+Vi+3Vo+ (Vo—2Vi+Va)z+ (Vo + V7)2?
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and

bis = 4Vo+ (=2Vi +2V5) 2 + 2Vi2?
by = 2Vo —2Vi — 2V + (=2V, + 2V4) = + 2Vp2?

bz = —Vo+3Vi—=Vo+ BV +Vi—W)o+ (=Vo—Vi+ V) a?

Proof. Then, using Definition 7.1, and substracting —3z Y7 V_,a", =122 3> V2"

and 2233 V_,2" from Y o0 V_,2", we obtain
(1+ lx + le - 1:703) f: V_,a" = f: V_,x" + lw i V_,x" + le i V_,a"
2 2 2 ~ o 2 ~ 2 ~
1 oo n
—551: Zv,nx
n=0
= i V_,z" + E i V_,z" 4+ 1 i VY "t
n=0 2 S 23
1 ¥ n+3
5 Z V_,x
n=0
_ N V_ " Ly )% ny Ly V "
= nZ:O _n® + 5 ; 1T T+ 5 ; —n+2L

_% nz; Vo

1
= Vo+Voiz+V_or?) + E(VOI +V_12?)

1
V2
+2 oL
> 1 1 1
V_,+=V_, YV _ 00— =V_, "
+;( + 5 41+ 5 +2 7 5 +3)T

1
= (Vo+Vo1z+V_02?) + §(Vox +V_12?)
+%V0[L‘2

1 1
= Vo + §(V2 — Vl)l' + §V1£C2

where
1
V—l —= Z(VQ - TVl - SVO),
1
V72 = t_Q(_SV2 + tV1 + SQVO -+ TSVl — TtV()).

Rearranging above equation, we get

s w20+ (V2 —Vi)z 4 Via?
ZV—”I = 2 3
o 24 x+2°—1x
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which equals the ) >° ;V_,z" in the Theorem. [
The following corollary gives the generating functions of the third order Jacobsthal, third
order Jacobsthal-Lucas and modified third order Jacobsthal matrix sequences with neg-

ative indices .

Corollary 7.7 The generating functions for the third order Jacobsthal, third order Jacobsthal-

Lucas and modified third order Jacobsthal matriz sequences with negative indices are given

as

24+ rx+2 2242 222
o . 1
Zj_nx i S —— 7 r+2 2z |,
n=0

T 2 — 2

5x2+5xr+2 5r24+2x+8 222+8r+8
> 1
d Mot = P 4dr+4 da?+r—2 4da?—22+4 |,
— 2 A 15

22 —x+2 —224+5x+2 222+2x—4
- 32+ T +2 T2 —2x+4 222 +4x+12
ZIC_nx" = ! 22 +2x+6 222+5r—4 622 —4x—2
— 2+ 42?2 — a3 ’

302 -2 —1 222 +4x+7 —224+Tr—3
respectively.

Now, we will obtain generating functions for generalized third order Jacobsthal numbers
in terms of generalized third order Jacobsthal matrix sequences with negative indices as
a consequence of Theorem 7.5. To do this, we will again compare the 2nd row and 1st

column entries with the matrices in Theorem 7.5. Thus we have the following corollary.

Corollary 7.8 The generating function for the generalized third order Jacobsthal se-

quence {V_p }n>0 is given as

. 2Vo+ (=i + Vo) z + Via?
E V_,x" = )
2+ w422 —a3

The previous corollary gives the following results as particular examples.
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Corollary 7.9 Generating functions of third order Jacobsthal, third order Jacobsthal-

Lucas and modified third order Jacobsthal numbers with negative indices are

= . 2Jo + (= J1 + Jo) & + Jya? 22
ZJ,H.I' - 2 3 = 2 37
=0 2+r+at—vw Q4r4a2—z
i o _ 2ot (—jr+j)w+ju2*  d+dr4a?
n—oj_n N 2+z+2%—2? 24w+ 22— g3
iK n 2K + (=K, + Ky) v + Ky2? 6 + 22 + 22
= — :
s 2+ 2+ a2 —a3 24+ +x2—a8
respectively.

7.1.1 Some Identities

In this section, we assume that m and n are arbitrary integers, unless otherwise men-
tioned. We obtain some identities of generalized third order Jacobsthal and third order
Jacobsthal, third order Jacobsthal-Lucas and modified third order Jacobsthal numbers.

First, we can give some fundamental relations between {V,,} and {.J,}.

Lemma 7.6 The following equalities are true:

(a) 8V, = (Vo = Vi = Va)Jpya + (=9Vo + TVi — Vo) Jpqs + (—9Vo — OV1 + TV5) T o
(b) 4V, = (=Vo + 3Vi — Vo) Juys + (—Vo — 5V4 + 3Va) o + (TVo — Vi — Va) g
(€) 2V = (=Vo = Vi + Va)Jugo + (3Vo + Vi = Vo) Jps + (= Vo + 3V — Va) ],

(d) Vo =Vodni1 + (Vi = Vo) Ju + (Vo = Vi = Vo) Jno1.

(e) Vi=Vidn+ (Vo= V1)Ju1 +2Vo s 2.

Proof. Note that all the identities hold for all integers n. We prove (a). If we write
Vi=aX Jya+bx Jyig+cX o

and solve the system of equations

‘/0 = a><J4+b><J3+c><J2
Vi = axJs+bxJi+exJs

‘/2 = (IXJ6+b><J5+CXJ4
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then we get a = §(7Vo — Vi — Va), b= g(=9Vo + 7TV1 — Va), ¢ = (7V2 — 9Vy — 91%). The
other equalities can be proved similarly. []
Note that all the identities in the above lemma can be proved by induction as well.

Next, we present some fundamental relations between {.J,,} and {V,,}.

Lemma 7.7 The following equalities are true:

() 2(4V5 +4VRV; +2V2Va + 3V V2 — 5V ViV — VoViE 4+ 3VP — 2V ViR + V) I, = (= V2 —
ViVa —2VoVi + VA)Va + (BVE+ ViV 4+ 2V Vi — Vi2 — 2V Vo) Vi + (4VE + 4V, V) +
VoV + V2 = ViV — V2 ) Vi

(b) (4V5 4+ 4V@Vy + 2VEVa + 3V V2 — 5VoWi Vo — Vo Vi + 3V — 2V V2 + Vi3 )T, = (VP —
VoVa)Vars + (2VF + VoVi + VoVa = ViVa)Voyo + (=V = ViVa = 2V Vi + V) V1.

(c) (4VE +4VRVL +2VEVs + 3V V2 — 5V Vi Vo — Vo V2 + 3V — 2ViV2 + Vi3 I, = (V2 +
VoVi + V2 = VoV Voyo + (V3 = 2V Vi = Vo Vo — ViVo)Vin 4 2(VE = Vo Va) V.

(d) (4VE +4VEV +2V@Va + 3V} — VoW Va — VoV + 3V — 2V + V) J, = (2 —
VoVi = VoVa + V2 = 2ViVe + V3)Vaia + (V7 + VoVi — 2VaVh + 3V7 — VW)V, +
202VE 4+ VoVi + V2 = VoWV, 1.

(e) (4VE +4VEVi 4 2VEVa + 3V VP2 — 5V ViVa — VoV + 3V — 2ViVE + Vi) J, = (4V —
3VoVa + 4V? = 3NV + V)V, + (6VF + VoWi — Voo + 3V — 4ViVa + V)V, +
2(2V5 — VoVi = VoVe + V22 = 2ViVe + V3) Voo

Now, we give some fundamental relations between {V,} and {j,}.

Lemma 7.8 The following equalities are true:

(a) 96V, = (—27Vo+5Vi+5Va) jnra+ (37Vo =27V +5V2) jras + (37TVo +37TV1 —27V5) jna.
(b) 48V, = (5Vp — 11V4 +5V2) jurs + (5Vo + 21V1 — 11Va) o + (—27Vo + 5Vi + 5V5) jinsa.
(c) 24V, = (5Vo + 5Vi — 3Va)jinsa + (—11Vh — 3V4 + 5Va) jns1 + (BVo — 11V4 + 5V4) j,.

(d) 12V, = (=3Vo + Vi + Va)jut1 + (5BVo — 3Vi + Va)jn + (5Vo + 5V4 — 3Va)jn1.
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(e) 6V, = (Vo —Vi+Va)jn+ (Vo +3Vi— Va)jnor + (=3Vo + Vi + Vo) jn—2.
Next, we present some fundamental relations between {j,} and {V, }.

Lemma 7.9 The following equalities are true:

(@) (Vo+ Vi +Va)(4Vg +3VE2 4+ V3 — 2VVa — 3ViVa)jn = (2V5 + 3V — Vi + 31,14 —
VoVa)Viya + (2VE — 3V2 +2V2 — 3V Vi + 2VoVa — 3ViVa) Vs 4 2(—2V2 — 2V Vs —
3‘/1% + VYQZ)VTL-‘,Q-

(b) (Vo+Vi+Vo)(4VE +3VE+ Vi —2VoVo —3ViVa) g = (VG + V32 + VoVo = 3ViVa)Vis +
(—2VZ — 3VoVi — 5VoVa + 3V2 + V2 Voia + 2(2V2 + 3V2 — V2 + 3V Vi — Vo Vo) Vias-

(€) (Vo -+ Vi + Vo) (AVE +3VZ + V2 — 2VoVs — 8VAVa)jn = (2VF + 3VE + 2VF — 3VoVs —
4VoVo — 3ViVa)Viyo + (8VE+ 6VE = V2 +6Vo Vi — VoVo — 3ViVo) Vi +2(4VE + V2 +
VoV — 31AVa) Vi

(d) (Vo+Vi+ Vo)V +3V2+ V2 —2VgVa — 3V Va)jn = (10VE + 9V + V2 + 3VpV —
5VoVa — 6ViVa) Viyn + (10VE + 3V2 + 4V — 3VoVy — 2VpVa — OViVL)V, + 2(2V2 +
3VE+2VE — 3VoVy — 4VoVa — 3ViVa) V1.

(e) (Vo+Vi+Vo)(4VE+3V2+VE—2VVa —3ViVa)jn = (20V2 + 12V2 +5V2 — TV Vs —
15ViVa)V,, + (14VE + 15V2 4+ 5V2 — 3V Vi — 13V Ve — 12V4 Vo)V, 1 + 2(10V2 + 9V2 +
Vi +3VoVi — 5VpVa — 6V415)V, s,

Now, we give some fundamental relations between {V,} and {K,}.

Lemma 7.10 The following equalities are true:

(a) 588V}, = (—85Vy—5TVi+55Va) Kypa+ (195Vy+27Vi — 57Va) K,y g+ (—29Vp + 195V, —
85V5) Ko

(b) 294V, = (55Vy — 15V} — Vo) K3 + (—=57Vy + 69V) — 15V5) K,y 9 + (—85Vy — 57V} +
55Va) Kyt

(c) 147V, = (—Vo+27V4 —8V3) Ky o+ (—15Vo —36Vi +27Va) K1 + (55Vo — 15V1 — Vo) K.
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(d) 147V, = (—16Vo—9Vi+19V5) K1+ (54Vo+12Vi —9Va) K +2(— Vo +27V1 —8Va) K.

(e) 147V, = (38Vh + 3Vh + 10V5) K, + (—18Vp + 45V; + 3Vo) K, 1 + 2(—16V, — 9V; +
19V5) K, _o.

Next, we present some fundamental relations between {K,,} and {V,,}.

Lemma 7.11 The following equalities are true:

(a) 4(4VE + 4VEV1 + 2V@Va + VoV — 5VoWiVe — WV + 3V — 2ViVE + V9K, =
(—4VE + 4VoVi — 14V Vo + 15V2 + 514 Ve — 3V Vg + (28VE + 12V V; + 22V Vs, —
IVE—15Vi Vo + V) Vyis + (—12VE — 40V V) — 2VoVa — 21V — 11V Va + 17TV V.

(b) 2(4VE +4VEVL+2V2Va+ 3V V2 =5V Vi Vo — VoV2 +3VE -2V VE+ VR K, = (12VE +
8VoVi +4VoVa + 3VE = 5ViVo — V) Vs + (—8VE — 18V Vi — 8Vp Vo — 3V2 — 313 Vo +
TV ) Varo + (—4VE + 4V — 14V, Va + 15VE 4 5V Va — 3V3) V.

(c) (4VE +4VEVi+2VEVa + 3V VP — 5V ViVa — VoV + 3V — 2ViVE + VP K, = (2VF —
2VoVa — 5 Vo + 3V3 — diVa)Viso + (AVE + 61011 — 5VoVa + OV — 2V Vi +
(12VZ + 8V Vi + 4VoVa + 3V2 — 5V Vy — VAV,

(d) (4V§ +4VEV 4+ 2V2Va + 3VoVE — 5V Vi Vo — Vo V2 +3VE — 2V V2 + VK, = (6VZ +
VoVi — TVoVa + 9V — AViVa + V)V, + (14VE 4 3V Vi + 2V Vo + 3V — 9V Vs +
VAV, + 22V — 2VoVa — 5ViVp + 3V2 — 4ViVa) V1.

(€) (4V3 +4VEVL+2VEVa+3VoV2 — 5V ViVy — VoVE 4 3VE — 2V V2 + V) K, = (20V2 +
AVoVi = 5VoVa+12V2 — 13V1 Va4 3VE)V,, + (10VE — 9Vo Vi — 11V Vo + 9V — 12V, Vo +
TV Va1 + 2(6VE + VoVi — TVoVa + 9V — 4ViVy + V2V, .

7.1.2 Relation Between Generalized third order Jacobsthal Matrix Sequences

and It’s Special Cases

In this subsection, we assume that m and n are arbitrary integers, unless otherwise
mentioned.
The following theorem shows that there always exist interrelation between generalized

third order Jacobsthal and third order Jacobsthal matrix sequences.
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Theorem 7.12 For the matriz sequences {V,,} and {7}, we have the following identi-

ties:

(a) 8V, = (Vo = Vi = Vo) Tnsa + (=9Vo + VI = Vo) Tngs + (—9Vo — 9IV1 + TVa) Tt
(b) 4V, = (=Vo + 3Vi = Va) Tys + (Vo — 5Vi + 3V2) Tnya + (TVo — Vi = V2) T
(€) 2V = (Vo = Vi + Vo) Tng2 + BVo + Vi = Vo) Tng1 + (=Vo 4 3V1 — Vo) T,

(d) Vo =WTnir + (Vi = Vo) T + (Vo = Vi = Vi) Tna-

(€) Vi =ViTo + (Va = Vi) Tt + +2VoTno.

(£) 2(4VE +4VEVi +2V2Va +3VoVy = 5VoViVe — VoV + 3V — 2ViV2 + V) T, = (V2 —
ViVa = 2VoVi + V3 Vs + (87 + ViVe + 2VoVi = V3 — 2VoVa) Vs + (4V5 +4VoV1 +
2VoVs + V12 - WV, - ‘/22)Vn+2-

(g) (4V@ +4V2Vi 4 2V2Vy + 3VoV2 — 5VoWiVy — VoV + 3V — 2ViVi2 + V) T = (V2 —
VoVa)Vars + (2VE + VoVi + VoVa — ViVa)Vso + (=V2 = ViV — 2V Vi 4 V) Vi1

(h) (4V5 +4VPVi +2VPV, + 3V V2 — 5V ViVa — VoV + 3V — 24 V2 + V3) T, = (2VF +
VoVi 4+ V2 = VaVi)Voyo + (V2 — 2VpVi — VoV — ViVa) Vi + 2(V2 — VoVa) V.

(1) (4V§ +4V@Vi+ 2V@Ve + 3V V2 — 5V WiV — VoVZ + 3V — 2Vi V2 + V) 7, = (2V@ —
VoVi = VoVa + V2 = 2ViVa + VEWia + (2VE + VoVi — 2WaVg + 3V — Vi)V, +
2(2\/02 + VoW1 + V2 = VoWV 1.

(G) (4V§ +4V2VL +2V2Vy + 3V V2 — 5VoViVa — VoV + 3VE — 2V V2 + Vi) T, = (4V2 —
3VoVa + 4V2 — 3Vi Vo + VAV, + (6VE + VoVi — VoV + 3VE2 — 4ViVe + VAV, 1 +
22V2 — VoVi — VoVa + V& — 2Vi Vs + V2)V, .

Proof. From Lemmas 7.6 and 7.7, (a)-(j) follow. O
The following theorem shows that there always exist interrelation between generalized

third order Jacobsthal and third order Jacobsthal-Lucas matrix sequences.

Theorem 7.13 For the matriz sequences {V,} and {M,}, we have the following iden-

tities:
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(a) 96V, = (—27Vp + 5V4 + 5Va)Mypa + (37Vo — 27V4 + 5Va) Muys + (37Vo + 37V; —
27V5) M.

(b) 48V, = (5Vo—11Vi+5Va) M, 3+ (5Vo+21Vi —11Vo) M, o+ (—27Vo+5V1+5Vo) M, 41
(c) 24V, = (5Vo+5V1 —3Va) Myyo + (—11V — 3Vi +5Vo) M,y + (5Vo — 11V4 +5Va) M,
(d) 12V, = (=3Vy + Vi + Vo) Myt + (5V — 3V3 + Va)M,, + (5V, + 5V; — 3Va) M, _1.
(€) 6V, = (Vo — Vi + V)M, + (Vo 4 3V4 — Va) M1 + (=3Vo + Vi + Vo) M, .

() (Vo+Vi+Vo)dVE+3V2+VE—2VVy — 3ViVo)M,, = (2VZ2 +3V2 — V2 + 3V V) —
VoVa)Via + (2V3 — 3V2 + 2V2 — 3VoVi + 2V Vi — 3ViVa) Vngs + 2(—2V2 — 2V Vs —
3ViVo + \/22)Vn+2.

(8) (Vo+Vit+Vo) (Ve +3VE+V3 —2VgVa =3V Vo) M, = (AVE+ V5 +VoVa—3ViVa) Vs +
(—2VE = 3VoVi — 5V Vo + 3V + V&) Voo + 2(2VE + 3VE2 = V2 4+ 3V Vi — VoVa) Vi1

(h) (Vo+ Vi +Vo)(4VE+ 3VE2 + V2 —2VyVa — 3V Vo) M, = (2VE + 3V +2VE — 3V Vy —
AVoVo = 3ViVa)Vyo + (8VE +6V2 = V2 + 6V Vi — VoV — Vi Vo) Vi + 2(4VE2 + V2 +

(1) (Vo+ Vi + Vo) (4V2 + 3V + V2 — 2V Vo — 3V Va)M,, = (10VZ + 9V + V2 + 3V, Vs —
5VoVe — 6ViVa) Vst + (10VE + 3V + 4V2 — 3VpV; — 2VpVe — OV Vo)V, + 2(2VE +
BV + 2V — 3VoVi — 4V Vs — 3ViVa)V, .

G) (Vo+Vi+Vo)(@dV2+3V2+VE—2VoVa —3ViVo) M, = (20VE + 12V2 +5VE — TV Vs —
15ViVa)V, + (14VE + 15V2 + 5V — 3V Vi — 13V Vo — 12V Vo)V, 1 +2(10V2 + 9V2 +
Vi 4 3VoVi = 5VoVa — 6V1V2) Vo

Proof. From Lemmas 7.8 and 7.9, (a)-(j) follow. OJ
The following theorem shows that there always exist interrelation between generalized

third order Jacobsthal and modified third order Jacobsthal matrix sequences.

Theorem 7.14 For the matriz sequences {V,,} and{K,,} we have the following identities:
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(a) 588V, = (—85Vy —57Vi+55Va)Kna+ (195Vy+27V; — 57V5) Kyis + (—29Ve +195V; —
85V5) Konsa.

(b) 294V, = (55Vy — 15V} — Vo) Kpis + (=57Vo + 69V) — 15V3) Ky + (—85Vy — 57V; +
55V3) K1

(c) 147V, = (—Vo+27V1 —8V3)Kpso+ (—15Ve —36V1 +27V5) Kyt + (55Ve — 15V4 — Va) K.
(d) 147V, = (—16Vo—9Vi+19V3) K1+ (54Vo+12V1 —9V3) Ko +2(— Vo + 27V —8VA) Ky 1.

(e) 147V, = (38V + 3Vi + 10V3)K,, + (—18V} + 45V + 3Va) Ky + 2(—16V, — 9V; +
19V3) K.

(£) A(AVE -+ VRV + 2V + 3V V2 = 5VoViVe — VoV 4 3VE — 2V V7 + V3K, = (—4VE+
AVoWi — 14VoVa + 15V + 5ViVe — 3V3)Vira + (28V + 12VpV1 + 22V, — OV —
15ViVa + V) Vs + (—12V2 — 40V V4 — 2VoVa — 21V — 11V4Va + 17TV Vo

(8) 2(4V5 +4VEVAI+2VEVa+ 3V V2 — 5V Vi Vo — VoVZ 43V — 2N V2 + VK, = (12VE +
8VoVi + 4VoVa + 3V — 5V Vo — V) Vis + (—8VE — 18V Vi — 8V Ve — 3V — 313 Va +
TV Vso + (—4VE + 4VoVi — 14VpVs + 15V2 + 5Vi Vs — 3V2) Vas.

(h) (4V3 4 4V2VL + 2V2Va + 3V V2 — 5VoWi Ve — VoV + 3V — 2 V2 + VHK, = (2V2 —
2VoVa — BViVo + 3VE — AViVo)Vosa + (4VE + 6VoV1 — 5VoVo + 9V — 2V2) Vi1 +
(12V3 + 8VoVi + 4VoVa + 3V2 — 5ViVs — VA,

(i) (4V3 +AVEVL 4+ 2V2Va + 3VoVE — 5V ViVa — VoV +3V3 — 2 V2 + VK, = (6V2 +
VoVi — TVoVa + V2 — 4AViVa + V) Vi + (14VE + 3V Vi + 2V Ve + 3V — 914 Vs +
VAV, + 2(2V2 — 2VoVa — 5ViVy + 3VE — 4ViVo)V, 1.

() (AVE +4VEV: +2V2Va + BV V2 — 5V ViVe — VoV2 + 3V — 21V + VK, = (2013 +
AVVi = 5VoVa + 12V — 13Vi Vo + 3V3)V,, + (10VF — 9Vo Vi — 11V Vo + 9V — 12V1 Vo +
TV ) Wn1 4 2(6V5 + VWi — TVpVa + 9V — 4ViVa + V)V .

Proof. From Lemmas 7.10 and 7.11, (a)-(j) follow. O

To prove the following Lemma 7.16 (c) we need the next lemma.
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Lemma 7.15 Let A, B,C as in Theorem 7.2 and Ay, By, Cy; As, By, Cy; A3, B3, C3 as in
Corollary 7.2. Then the following relations hold:

A} = Ay, B} =B, Ci=0C,

AB = BA=AC=CA=CB=BC=(0),
A1B; = BjA; = A,C, = C1A; = C1B; = B,C; = (0),
A3By = ByAy = A0y = CyAy = CoBy = ByCy = (0),
AsBs = BsAs = AsC5 = C3A3 = C3B3 = B3Cs = (0).

Proof. Using a+(+~v =1, af+ay+ By = —1 and afvy = 2, required equalities can be

established by matrix calculations. [J
Lemma 7.16 For all integers m and n, we have the following identities:
(@) JoVa =VauTo = V.

(b) VoTn = TVo = V.

(©) TnTn = TnTm = Tnin

(d) TwVa = VuTm = Vi

(€) TnMp=MpTm = Mpin.

(£) Tk = KT = K-

(g8) VoVu = V).

(h) VoV =V Vo = VoV

(1) Jon = (Tn)~"

(@) Vou= W) (V)"

Proof. Identities can be established easily.

(a) Since Jp is the identity matrix, (a) follows.
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(b) It can be seen by using Lemma 7.6.

(c) (c) is given in [84]. We supply the proof for completeness. Using Lemma 7.15 we

obtain

InTn = (A1d™ + B™ + C1y™)(Ara™ + B " + C1y")
= Ala™" 4+ BIS"" + Ciy" T + A Bia™ B + By Ao BT
+AC1a"" + C1 A1 Q"™ + B1CL A"y + CLB1 "™
= A ™" B g 4 Oyt

= jm+n-

(d) From (b), we have
jmvn = jmjnVO'

Now from (c) and again from (b), we obtain J7,,V,, = TminVo = Vimin-

It can be shown similarly that V, 7, = Vian-
(e) Take V, =M, in (d).
(f) Take V, =K, in (d).
(g) After matrix multiplication, just compare the row and column entries of the matrices.
(h) Using (d) and (g) and (b) we get
VoVimsn = VoVuIm = VaVoTIm = Va Vi

Again, using (d) and (g) and (b), we obtain

VOVm+n = Vovmjn = vaojn = VmVn

This completes the proof of (h).
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(i) Suppose first that n > 0. We prove by mathematical induction. If n = 0 then we

have
-1
100 100
Jo=lo10]|=]l010 =(J)™*
00 1 00 1

which is true and

-1

0 1 0 11 2
Ji=]l0 0 1 |=]100 = (7)™
b)) oo

which is true. Assume that the equality holds for n < k. For n = k + 1, by using

(c), we obtain
(Tipa) ™

= () = () N(Te) ™ =TT

0 1 0 Topn Ja+20a 2T
=1 0 O 1 J g Jp1+2J 50 2J 54
3 —3 —3 J g1 Jpo+2J 43 2J_ 4o
J_ J g1 +2J p 2J k1
J k-1 J o+ 2J p 3 2J ko

i — s — 3 3wt s — ST e — Jokey Jok— Joj1 — ok

Jk Jak1+2J 59 2J 5
= | Jopmr Jop2t+2J 43 2J 4o
Joho Jp3+2J kg 2J k3

J_+1)+1 I T2 ery—1 2J )
= J_tbr1)y -t —1 + 20 er1)—2  2J_(kg1)—1

J k-1 S22t 2J g1)-3 2 _kr1)-2
= J-(k+1)

Thus, by induction on n, this proves (g) for n > 0. Suppose now that n < 0. Say

m = —n. Then (g) can be written as
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and we prove this. Since m > 0, from the first part of the proof, we have
Tem = (Jm) ™!

and so

(T=m) ™ = ((Tn) ™) = T

which completes the proof.

(j) Taking —n+1 for m and 1 for n in Vy V,100y = ViV, which is given in (h), we obtain
that

VoV_p = V_piV_1. (7.4)

If we multiply both side of the equation (7.4) with V, we have the relation

VooV, = VoV_pni1V-1
= V2V aVo1.

Repeating this process we obtain
7S VA Vi
Thus, it follows that
Y, = Vimpn
This completes the proof. [
Note that using Lemma 7.16 (j) and (d), we obtain
Vo= (Vo) (Vo) = (VaTo) TV = TV TV
and then by Lemma (i), we get
Vo, =Jrvimyn.
Using Lemma 7.16 and comparing matrix entries, we have next result.
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Corollary 7.10 For generalized third order Jacobsthal, third order Jacobsthal, third or-
der Jacobsthal-Lucas and modified third order Jacobsthal numbers, we have the following

identities:

(@) Vinan = InVor1 + (It + 2Jm2) Vo + 2001V = Tt Vi + I (Vi1 + 2V, 0) +
2Jm—l‘/n—l-

(b) Jm—i—n - JmJn—l-l + (Jm—l + 2Jm—2) Jn + 2Jm—1<]n—1 - Jm—l—lJn + Jm (Jn—l + 2Jn—2) +
2Jm—lJn—l-

(C) jm—f—n = ijn—l—l + (Jm—l + 2<]m—2) jn + 2Jm—1jn—1 = Jm—i—ljn + Jm (jn—l + 2jn—2) +
2Jm—1jn—1-

(d) Km+n - JmKn+1+(Jm—1 ot 2Jm—2) Kn+2Jm—1Kn—1 = ‘]m+1Kn+Jm (Kn—l + 2Kn—2)+
2Jmfll(nfl'

(e) %Vm+n+l + (‘/l - ‘/O)Vm—i-n + (‘/2 - ‘/l - %)Vm—i-n—l = Vm+1Vn + (Vm + QVm—l)Vn—l +
2van72 = VmVnJrl + (mel + 2Vm72>vn + 2Vm71Vn71-

(f) Jern = JerlJn + (']m + 2Jmfl)Jnfl + 2JmJn72 = JmJnJrl + (Jmfl + 2Jm72)']n +
2Jm—lJn—l-

(g) 2jm+n+1 _jm+n + 2jm+n71 = .jerljn + (]m + 2jm71)jn71 +2jmj"72 - jm‘jnJrl + (jmfl T
2jm_2>jn + 2jm—1jn—1'

(h) 3Km+n+1 - 2Km+n - Km+n—1 = Km+1Kn + (Km + 2Km—1)Kn—1 + 2KmKn—2 =
KmKn-l—l + (Km—l + 2Km—2)Kn + 2-Kvm—l-Kvn—l-

Proof. We prove (a) and (e) by using Lemma 7.16 (d) and (h). The others are special
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cases of (a) and (e). Lemma 7.16 (d), i.e., JnVn = VoTm = Vinin, can be writtten as

Imt1 Im+ 21 2Jy
I Im1 4+ 2Jm—o 21
Im-1 I+ 23 2Jm_o
Vier V42V 2V,
= Vi Va1 +2Vo 2V,
Vier Voo +2V, 3 2V,
Vinintt Vin + 2V
= Vinen Vinane1 + 2Vign2
Vinin—1 Vinsn—2+ 2Viin-3

Ve Va42V,i 2V,

Ve, V42V 2V,

Vit Vo +2Vi_s 2Vio

Tmst T+ 2y 200

T Tt + 2Jms 20

Tt s+ 2Jm s 2Jp s
Wonin
2Vinin—1
2Vimtn—2

Now, by multiplying the matrices and then by comparing the 2nd rows and 1st columns

entries, we get the required identities in (a).

Lemma 7.16 (h), i.e., V,,2V;, = ViV = VoVinan, can be writtten as

Vn+1
Vi
v’nf 1

Vm+n+1 Vern + 2Vm+n71
X vm+n vm—i—n—l + 2Vm+n—2
Vm+n—1 Vm+n—2 + 2Vm+n—3

Vi +2V,4 2V,
Vi1 +2V, o 2V, 4
Vo +2V,_3 2V, 5

Vin + 2V 2V
Vine1 + 2V 2V
Vineo +2Vi—3 2Vi_9
Vi Vo=V
Vo Vi—W

Virr Vi + 2V 2V,
Vin Vine1+ 2V o 2V,
Viner Vg +2Vi_s 2V,

Vier V42V, 2V,
Vi Vaoi+2V,o 2V,
Vet Voo + 2V 2V,

2V
Vo—=Vi—=W

TVa—=Vi—=Vo) 13BVo+Vi—Va) 1(3Vi =V —1h)

2Vm+n
2Vm+n— 1
2Vm+n—2

Now, by multiplying the matrices and then by comparing the 2nd rows and 1st columns

entries, we get the required identities in (e). [J

As an application of Lemma 7.16 (i) and Corollary 7.10 (b), we present the following

example.

Example 7.1 For all integers n, we have the following identities.

1
:ﬁ

Jn

(/s

-1~ Jan—Q)
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and
(Jnr2 + Jngr + o) (J2ig + 3J200 + 4T — 3Jpr2dni1 — 2Jng2n) = 271

Solution. Note that for all integers n, we have

1

Jn—l = E(Jn—i-Q - Jn-i—l - Jn)7 (75)
1

Juz = 7 (a4 3T = ). (7.6)
1

Jn,3 = g (—Jn+2 - Jn+1 + 7Jn) . (77)

By using (taking m = n) Corollary 7.10 (b) and (7.5)-(7.6) we get
Jon 2J§+2 2J§+1 Jg 4+ 3Jps1dn — Jnsodn — Jnsodnit. (7.8)

In [[72], Corollary 12 (a)], the following formula is presented for J_,

J,n - <3J2 -+ 2J2n —+ Jn+2Jn - 7Jn+1Jn).

2n+1

Using (7.8), we obtain

1

J_n on+1

ot (o + T + 208 = 2Jni2dni1 — Jny2dn = JnirJn). (7.9)

By comparing the 2nd rows and 1st columns entries of both sides of the relation J7_, =
(J)~" which is given in Lemma 7.16 (i), we get
1 Jg—l —J, an—Q

Jn=75 T F T2y s+ I ydnit — Jnsrdn1dns — 2Jndn1Jn_2 (7.10)
Note that by using (7.5)-(7.7) we get
J2 = Jpdpo = %(me + 2+ 20 = 2000 dni1 — Jngadn — Jng1dn)
and
I TP T s+ T i1 — T In1Jnes — 2 1 s
= é(zu;’; + AT Tpi1 + 20 T + 302
—5dndni1dnie — Indis + 30 — 2Jpi1 iy + J2L)
= é(Jn+2 + Tt + Jn)(Jog + 3T+ 4T2 = 3dniadnst — 2Jn42dn)
and so (7.10) can be written as
I = oo+ Iy 207 = 2010 dni1 — Jngadn — JuirJn (7.11)

(Joa2 + Jna1 + Jn)(J2+2 + 3J2+1 +4J2 — 3Jps0dni1 — 2Jp10dn)
So the rights sides of the equations (7.9) and (7.11) must be equal. This completes the

solution. [
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Theorem 7.17 For all integers m and n, we have the following identities:

(a) V0 Vi = ViV = (VO + Vi = V2)Qu7m+n+4 - 2(3% +Vi— ‘/2)(‘/0 +Vi— %)jm+n+3 +
(11VZ = 5V — V4 2VpVi — 6VoVa +6ViV3) T s — 2(Vo — 3V + V3) (3Vo + Vi — 13)
jm+n+1 + (Vb - 3Vl + V2)2n7m+n-

‘/2)Vm+n

(C) 2g7m]}n = 2Vn«7m - (_‘/0 - Vvl + %)Jm—i—n—i—Q + (3% + ‘/1 - ‘/é)jm—&—n—&—l + (_Vb + 3‘/1 -
‘é)jm+n-

(5Vo — 11V4 + 5Va) M.

(55V — 15V4 — Vo).

Proof.

(a) It follows from Theorem 7.12 (c¢) and Lemma 7.16 (c).
(b) It follows from Theorem 7.12 (c¢) and Lemma 7.16 (d).
(c) It follows from Theorem 7.12 (c) and Lemma 7.16 (c).
(d) It follows from Theorem 7.13 (c¢) and Lemma 7.16 (e).
(e) It follows from Theorem 7.14 (¢) and Lemma 7.16 (f). O

Note that in Theorem 7.17 we use (c¢)’s of Theorems 7.12, 7.13 and 7.14. Using (a), (b),
(d), (e), (f), (g), (h), (i), (j)’s of Theorems 7.12, 7.13 and 7.14 we can establish other
recurrence relations.

Using Theorem 7.17 and comparing matrix entries, we have next result.

Theorem 7.18 For generalized third order Jacobsthal, third order Jacobsthal, third or-
der Jacobsthal-Lucas and modified third order Jacobsthal numbers, we have the following

identities:
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(@) 4(VVigr + (Vinet + 2Vio) Vi + 2V 1Vio1) = 4(Vid Vi + Vi (Vioy + 2V, o) +
2Vin-1Vao1) = (Vo + Vi = Vo) Jgnga — (6V0 + 2V1 — 2Va) (Vo + Vi — Va) Jimgngs —
(—11VEZ — 2V Vi + 6V Vo + 5VE — 6Vi Vo + Vi) Jiinae — (2Vo — 6V4 +2V5) (3Vo + V4 —
Vo) Tmins1 + (Vo — 3Vi + V)2 T

(b) Z(van+l + (mel + 2vm72)Vn + 2melvn71) = 2<Vm+1vn + Vm(vnfl + 2Vn72) +
2V aVi1) = (=Vo=Vit+ Vo)V pnpa + (BVo+Vi= Vo) Vi1 + (= Vo +3V1i = Vo) Vi

(C) Q(van-i-l + ((Jm—l + 2Jm—2) Vn + 2Jm—1Vn—1) - Z(Jm-i-lv’n + Jm(Vn—l + 2Vn—2) +
2Jm71Vn71) = (_%_%+%)Jm+n+2+(3%+‘/l_‘/2)‘]m+n+1+(_%+3‘/1_‘/2>‘]m+n-

(d) 24(van+1 + (Jm—l + 2Jm—2)vn + 2Jm—1Vn—1) = 24(Jm+1vn + Jm(vn—l + 2Vn—2) +
2Jm-1Va-1) = (5Vo +5Vi —=3Va) jmnr2 + (—=11Vo — 3VA +5V2) jmps1 + (5V0 — 11V1 +

(e) 147(van+1 + (Jm—l + 2Jm—2)Vn + 2Jm—1vn—1) = 147(Jm+1vn + Jm(vn—l + QVn—Q) +
2Jmflvnfl> = (_‘/U + 27‘/1 - 8‘/2)Km+n+2 o (_15‘/0 - 36‘/1 =+ 27‘/2>Km+n+1 +

Proof. By multiplying matrices and then by comparing the 2nd rows and 1st columns
entries in Theorem 7.17 (a), we get the required identities in (a). The remaining of
identities can be proved by considering again Theorem 7.17. [

Taking V,, = J,, in Theorem 7.18, we obtain the following corollary.

Corollary 7.11 For third order Jacobsthal numbers, we have the following identities:

(a) JmJn+1+(Jm—1 +2Jm—2)Jn+2Jm—1Jn—1 = Jm+1Jn+Jm(Jn—1 +2Jn—2)+2Jm—1Jn—1 =

T

(1) 12(JoJni1 + (Tt + 2Jm2)Jn + 201 du1) = 12(Jnsrdp + T (Juo1 + 2J02) +

2Jm—1Jn—1) = jm+n+2 + jm—l—n—i—l - 3]m+n

(C) 147(ijn+1 + (Jm_1 + 2Jm_2)<]n + 2Jm_1Jn_1) = 147(<]m+1jn + Jm(Jn_1 + 2Jn_2) +
2Jm—1Jn—1) = 19Km+n+2 - 9Km+n+1 - 16Km+n

Taking V,, = j, in Theorem 7.18, we get the following corollary.
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Corollary 7.12 For third order Jacobsthal-Lucas numbers, we have the following iden-

tities:

(a) jmjn—l—l + (jm—l + 2jm—2)]n + 2jm—1jn—1 - jm—l—ljn + jm(jn—l + 2jn—2) + 2jm—1jn—1 -

Jm+n+4 + 2<]m+n+3 - 3Jm+n+2 - 4Jm+n+1 + 4Jm+n

(b) jmjn+1 + (jmfl + 2jm72)]n + 2jm71jn71 = jerl.jn + jm(jnfl + 2jn72) + 2jm71jn71 ==

jm+n+2 + jm+n+1 - 2jm+n-

(C) ijn+1+((<]m—l + 2Jm—2) jn+2<]m—1jn—l = Jm+ljn+Jm(jn—1+2jn—2)+2Jm—1jn—l =

Jm+n+2 + Jm+n+1 - 2Jm+n

(d) ijn+1 + (Jm—l ks 2Jm—2)]n + 2Jm—1jn—1 - Jm—i—ljn + Jm(jn—l + 2jn—2) + 2Jm—1jn—1 -

jm—i—n-

(e) 49<ijn+1 + (Jm—l + 2Jm—2)]n == 2Jm—1jn—1) - 49(Jm+1jn + Jm(jn—l + 2jn—2) +
2Jm—1jn—1) = 30Km+n + 23Km+n+1 i 5Km+n+2-

Taking V,, = K,, in Theorem 7.18, we obtain the following corollary.

Corollary 7.13 For modified third order Jacobsthal numbers, we have the following iden-

tities:

(a) 4(KmKn+1+(Km—l+2Km—2)Kn+2Km—1Kn—1) = 4<Km+1Kn+Km(Kn—1 +2Kn—2)+
2Km71Kn71) = Jm+n+4 - 14Jm+n+3 + 55Jm+n+2 - 42Jm+n+1 + 9Jm+n

(b) Q(KmKn—H+(Km—1+2Km—2)Kn+2Km_1Kn—1) - Q(Km+1Kn+Km<Kn_1+2Kn—2)+
2Km—1Kn—1) = _Km+n+2 + 7Km—|—n+1 - 3Km+n

(C) 2(JmKn+1 + ((Jmfl + 2Jmf2) Kn + 2Jm71Kn71) = 2(Jerll(n + Jm(anl + 2Kn72) +
2Jm—1Kn—1) - _Jm+n+2 + 7Jm+n+1 - 3<]m+n

(d) 24(JmKn+1 + (Jm—l + 2Jm—2)Kn + 2Jm—ll(n—l) = 24(Jm+1Kn + Jm(Kn—l + 2Kn—2) +
2Jmflanl) = 11jm+n+2 - 21jm+n+1 + 19]m+n

(e) JmKn+1+(<]m—1+2Jm—2)Kn+2Jm—1Kn—1 - Jm+1Kn+Jm(Kn—1+2Kn—2)+2Jm—1Kn—1 -
Ko .
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The next two theorems provide us the convenience to obtain the powers of generalized
third order Jacobsthal, third order Jacobsthal, third order Jacobsthal-Lucas and modified

third order Jacobsthal matrix sequences.

Theorem 7.19 For all integers m,n and r, the following identities hold:
(@) T = T,

(b) i1 = I T

() TnerTnir = T2 = T3

Proof. We prove for m,n,r > 0. The other cases can be proved similarly.
(a) We can write J" as

TN =TT Tn (m times).

Using Lemma 7.16 (c) iteratively, we obtain the required result:

—
m times
- \7271\771&771\771
——
m—1 times

~——

m—2 times

= \7(m71)n\7n

(b) As a similar approach in (a) we have

7;3_1 = jn+1-\.7n+1-'-\.7n+1 = jm(n+1) = jmjmn = jljmfljmn-

Using Theorem 7.16 (c¢), we can write iteratively J,, = J1Jm-1, Tm-1 = J1Tm—2, -
To = J1J1. Now it follows that

T;ﬂj_l == jljln-jljmn - jlmjmn-

m times
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(c) Lemma 7.16 (c) gives
jnfrjnJrr = j2n = jnjn = jnz
and also

jn—rjn—i—r - \7271 - j2\72---\72 - an-
—_—

n times

We have analogues results for the matrix sequence V,.

Theorem 7.20 For all integers m,n and r, the following identities hold:
(@) ViuiViir = V2,

(b) VvT - V0m«7m+n-

Proof.

(a) We use Binet formula of generalized third order Jacobsthal sequence which is given

in Theorem 7.2. So

Vn—’rVn—H’ - VEL
_ (Aoz”_T + Bﬁn—r + O’yn_T)(AO/H_T + Bﬁn-&-r + C’Yn+T) _ (Aan + Bﬁn + 07”)2
— ABan—rﬁn—r<ar o 57’)2 4 Acanfr,ynfr(ar - 'YT)2 4 Bcﬁn—'rynfr(ﬁ'r . 77‘)2

=0
since AB = AC' = BC = 0 (see Lemma 7.15). Now we get the result as required.

(b) By Theorem 7.19, we have

—_——N—

m times m times

When we apply Lemma 7.16 (b) iteratively, it follows that

= VoV =V,

This completes the proof. []
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