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ABSTRACT

SOME CRITERIA OF SELFADJOINTNESS FOR
UNBOUNDED OPERATORS IN HILBERT SPACES

Mustafa Ismail Ozkaraca
M.S. in Mathematics
Supervisor: Assoc. Prof. Aurelian Gheondea
June, 2013

This is a detailed presentation of some criteria of selfadjointness for unbounded
operators in a Hilbert space, through operator Cauchy problems. We also include
detailed preliminary results on unbounded linear operators in Hilbert spaces, the
spectral theory of selfadjoint operators in Hilbert spaces, as well as the theory
of extensions of Hermitian operators. The material of this thesis is classical, it
was presented in the Operator Theory Seminar during the last two years, and
contains material that can be found scattered through the textbooks cited in the

bibliography list.

Keywords: Selfadjointness Criteria, Unbounded Operators.
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OZET

HILBERT UZAYLARINDAKI SINIRSIZ ,
OPERATORLERDE BAZI OZESLENIK OLCUTLERI

Mustafa Ismail Ozkaraca
Matematik, Yiiksek Lisans
Tez Yoneticisi: Dog. Dr. Aurelian Gheondea
Haziran, 2013

Bu tezde, Hilbert uzaylarindaki sinirsiz operatorler igin 6zeslenik olma kriterleri,
operator Cauchy problemleri temel alinarak, ayrintih bir gekilde sunulmustur.
Hilbert uzaylarindaki simirsiz dogrusal operatorler ve Hilbert uzaylarindaki
ozeslenik operatorlerin spektral teorisi hakkinda detayl bir 6n hazirhik caligmasi
da ekledik. Bu tezdeki bilgiler klasik olup, son iki yildaki Operatér Teorisi
Seminerlerinde sunulmustur, ve kaynakcada belirtilen kitaplardaki bazi sonuclari

igerir.

Anahtar sézcikler: Oze§lenik Kriterleri, Siirsiz Operatorler.
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Introduction

This is a detailed presentation of some criteria of selfadjointness for unbounded
operators in a Hilbert space, through operator Cauchy problems. We also include
detailed preliminary results on unbounded linear operators in Hilbert spaces, the
spectral theory of selfadjoint operators in Hilbert spaces, as well as the theory
of extensions of Hermitian operators. The material of this thesis is classical and
contains material that can be found scattered throughout the textbooks cited
in the bibliography list. The contents of this thesis was presented by us in the

Operator Theory Seminar during the last two academic years.

In Chapter 1 we briefly recall some results on the geometry of Hilbert spaces
and their orthogonal projections, then we prove a characterization of Borel mea-
sures through their Fourier Transforms and, finally, we prove, by means of the
Sobolev mollification method, the embedding of the space of locally integrable

functions in the space of distributions.

The second chapter is dedicated to recalling the basic results of operator
theory of unbounded operators in Hilbert space. As recognized more than one
hundred years ago, when dealing with unbounded operators defined on subspaces
we encounter difficulties from the very beginning, especially concerning the simple
algebraic operations as addition and multiplication. On the other hand, the lack
of boundedness (continuity) of general linear operators is treated by the weaker
but extremely useful notion of closability. In this respect, we briefly recall the
approach of J. von Neumann by means of operations on the graphs of operators

that provides an elegant approach to the duality, that is, adjoint operators.



Another big difficulty, probably one of the biggest, in the spectral theory of
unbounded operators on Hilbert spaces is the gap between Hermitian operators
and selfadjoint operators. In the third chapter we consider basic spectral prop-
erties of Hermitian operators and we define and prove the basic properties of
defect numbers and defect subspaces, which provide an illuminating approach to

estimating this gap.

Chapter 4 contains a detailed presentation of the von Neumann’s theory of
Cayley Transform of Hermitian operators that provides an elegant treatment of
the problem of selfadjoint extensions of Hermitian operators through the well-
understood geometric method of unitary extensions of isometric operators. From
the point of view of functional (operational) calculus, the Cayley Transform is
a fractional linear transformation mapping one of the complex half-planes into
the unit disc. The details of the extension theory for Hermitian operators are
presented in Chapter 5, where we also prove the positive selfadjointness of the

operators A*A, for any densely defined closed operator A in a Hilbert space.

Chapter 6 is dedicated to a careful presentation of the spectral theory of (un-
bounded) selfadjoint operators on Hilbert spaces, the construction and the basic
properties of spectral measures, the functional calculus with unbounded measur-
able functions, images of spectral measures, products of spectral measures, the
Spectral Theorem for selfadjoint operators, and the delicate question of commu-
tation of unbounded selfadjoint operators. As a by-product, we also make a brief
but consistent review of the spectral theory of unbounded normal operators on

Hilbert spaces.

The last chapter contains the main results that make the topics of this the-
sis. We start with a careful presentation of Stone’s Theorem on the infinitesimal
operator associated to a strongly one-parameter continuous group of operators
on a Hilbert space and provides, through relevant examples, the main technical
tool that we use, namely the operator Cauchy problems. As first main result, we
prove Schrodinger Criterion that characterizes the essential selfadjointness of a

Hermitian operator A by means of the unique solvability of an operator Cauchy



problem associated to the adjoint operator A*. The second main result is the Hy-
perbolic Criterion that says that a Hermitian operator A is essentially selfadjoint
if and only if a second-order operator Cauchy problem associated to the adjoint
operator A* is uniquely solvable. A similar result, called the Parabolic Criterion,
holds in terms of a first-order operator Cauchy problem. Then, we introduce and
briefly recall the Denjoy-Carleman Theorem on quasianalytic functions, that we
use in order to define the subspace of quasianalytic vectors associated to a Hermi-
tian operator and prove the criterion of selfadjointness of a Hermitian operator by
the totality of the set of its quasianalytic vectors. We also briefly discuss analytic
and Stieltjes vectors associated to Hermitian operators and correspondingly de-
rive criteria of selfadjointness. Finally we consider the selfadjointness of bounded

perturbations of selfadjoint operators by the subordinating method.



Chapter 1
Preliminary Results

Theorem 1.0.1 (The Riesz Representation Theorem). Let L : H — C be a
bounded linear functional. Then there is a unique vector hy € H such that L(h) =
(h,ho), Vh € H. Moreover, ||L|| = ||holl-

For a proof see [4].

Definition 1.0.2. An idempotent on H is a bounded linear operator £ on H
such that E? = E. A projection is an idempotent P such that ker P = (R(P))*
where R(P) is the range of P.

Proposition 1.0.3. If E is an idempotent on H and E # 0, then the following
assertions are equivalent.
(1) E is a projection.

(2) E is selfadjoint.

For a proof see [4].

Definition 1.0.4 (Fourier Transform of Measures). The characteristic functional

of a bounded Borel measure i on R is the complex function
i) = [ e duta). (1.0.1)
R
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Theorem 1.0.5 (Uniqueness of Fourier Transform of Measures). If two bounded

Borel measures have equal Fourier transforms, then they coincide.

Proof. 1t suffices to prove that any measure with zero Fourier transform equals
to zero. Suppose that u(y fR ~% d u(x) for some bounded Borel measure p.
We will show that for every bounded Borel function f of R, [, f(z)dpu(z) = 0.
Note that once we prove this, then by considering mollification functions on the

intervals [—n — €,n + €], we can conclude that p = 0.

Assume W.L.O.G ||p]| <1, and |f| <1 be a given bounded continuous func-
tion. Let 0 < € < 1 be given. Consider a continuous function f, with bounded
support K such that | fo| < 1and [, |f(z)— fo(x)|dpu(x) < e. Let k € N be a suf-
ficiently large number such that [—7k, k] contains K and |u|(R\ [-7k, 7k]) < €
By Stone-Weierstrass Theorem, there exists g of the form > 7" | cje”"i" such that
| fo(x) — g(z)| < € on [—7k, 7k]. Note that [ g(z)d p(x) = 0 by the assumption.

Hence
|/f ) dpu( |<|/f ~ fo(@) dp(a |+|/fo ) d ()

<€+|/Rfo($)du(x)|
<t / (fol) — 9(2)) d u(a)| + | / g(z)d
— et / (folw) — g()) d ()

<2e+| l9(x)] d p(z)].
R\[—7k,k]

| fo(z)| < 1 and by periodicity of g, we have |g| <1+ ¢ < 2 on R.Then

’/Rf(x)du(x)] < 2€ + 2¢
= 4e. 0

Lemma 1.0.6. Yu € L,(R"), Vh >0, V1 <p < o0

[lunllp < {lullp,



where || - ||, is the notation for the norm on L,(R™) and up(z) =[5, wh(z —

y)u(y) dy with wy(x) = 7rw(¥) and

1
{ c-e kP x| <1

w(r) =
(@) 0 : Jz|>1

where ¢ is a constant such that [, w(z)dz =1, (z,y € R").

Proof. Let y = hz and use the formula of change of variables to get
Un = / wa(z = y)uly)dy = / w(z)u(r — hz)dz.
So
l|lunllp, = (/R | / w(2)u(z — hz)dz|P dz)"/?
< (/ i lw(z)u(x — hz)dz|P dz)'/P

= (/n w(z) - lu(x — hz)dzPdz)V/P.

By translation invariance of Lebesgue measure

aall, s/R w(z)|full, d 2
= |lull,. 0

Lemma 1.0.7. Let 1 <p < oo, u € L,(R"), e >0. Then 36(u, €) > 0 such that
Yy € R, |y| < (u,€), we have

(- +y) —u()ll, <e
Proof. Cg° is dense in L,(R"), so 3¢ € C3°(R") such that [[¢) — u|[, < 5. By
translation invariance ||[u(- +vy) — ¥ (- + y)||, = ||v — ¥||,- Thus

19C+y) —ul)llp < lul-+y) =D+ o)l + [V +y) = POl + 1[90) = ul)ll

for sufficiently small y since ¢ € C§° we can make the middle term as small as

we want. So

190 +y) —ul)ll, <e/3+¢/3+¢/3
= €. O



Theorem 1.0.8. Let f € L*°(Q2), Q be a domain in R™ such that Y1 € C5°(9),
Jo f@)¢(x)da =0. Then f =0 almost everywhere on €.

Proof. Let K be bounded domain in Q such that K C K C  with distance
between K and boundary of €2 is positive. So there exists bounded domain such
that K C K CG C G CN. Let

sy = | f@hat@) a0
0 : z¢Q

Clearly, g € Li(R™). 3hg > 0 such that YO < h < hg, gn(x) =0 Vo € K. So
gn(x) =/ 9(y)wn(z —y)dy
F)xey)wn(z —y) dy.
Rn

wp(z—y)=0if x € Q\ (G + By, (0)), wp, wi(- —y) € C5°(2). Thus

- / f@)wp(z —y)dy.

In view of the fact gp(x) = Jan(g(@ — hy) — g(z))w(y) dy together with
Lemma (1.0.6) and Lemma (1.0.7) we get

Hgn —glli < [ lg(- —hy) —9(W)|hw(y)dy =0 as h— 07,
R’ﬂ

19| LL (K| = llgn — gl L1 (F)|] < llgn — g|LA(D)]] = 0 as h — 0"

where || - |L1(K)|| is the notation for the norm on the space Li(K). So, g =0
almost everywhere on K and this implies f = 0 almost everywhere on K where

K is arbitrary bounded domain. Hence, f = 0 almost everywhere on (2. O
Lemma 1.0.9. Let P, and Pg, be projections onto the subspaces G1,Gy C H,
respectively. Then, Pg, + Pg, ts a projection if and only if Pg, P, = Pg,Pa, = 0.
In this case P = Py + P» is a projection onto G1 ® Gs.

Proof. “ =" Let P = Pg, + Pg, then P? = P gives

PG1+PG2:(PG1 +PGQ)2:P(2}1 +PGlpG2+PG2PGl+PC2;2
:PGl +PG2+PG1PG2+PG2PG1- (102)
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Hence

Pg, Ps, + Pg,Pe, = 0. (1.0.3)
For given f € H set g = Pg,Pg, f, then we have

FPa,9 = Fg,Fa,Fa, I.

by using the equality (1.0.3) we get Pg, Po, = —Pg,Ps,. Then

PGlg: _PG2PC2}1f
=—Fe,Pe f
=g

which implies P, 9 = P4, g = —Pg,g. That is g = 0. Since f is arbitrary, we are

done.

“ <« 7 In view of the assumption Pg, Pg, = Pg,Ps, = 0 and (1.0.2) we get
P? = P. Moreover Vf, g € H we have

<vag> = <PG1f7g>+<PG2f7g>
= <faPG1g>+<f7Png>
= (f.Pf).

That is, P* = P. Thus, together with the fact P? = P, P is a projection onto the
subspace G = {f € H| Pf = f}. But that is, f = Pf = Pg,f & Pg,[ whence
f € G ® Gs. L]

Theorem 1.0.10. For any bounded measurable function f : R +— R defined in
a measurable space (R, R), there exists a sequence (f,)22, of simple measurable
functions that converges uniformly to f. If f(x) > 0, then the functions f, > 0

can be chosen to make the sequence (f,)%, nondecreasing.

Proof. Assume W.L.O.G. f is nonnegative. Indeed, once we proved the theorem
for nonnegative functions, then we can split f into negative and positive parts

and do the same calculations to get the desired result. Define

27’7/ 2”7
n : f(x)>n.

Bl Bl fa)y< & k=1,2,..,n2",
fn(x):{ ’

8



The sequence is clearly nonnegative, measurable and consists of simple functions.
Since f is bounded, there exists M such that 0 < f(z) < M, Vx € R. Then in
view of the construction of f,(z)’s we have Vn > M, Vz € R, |fu(z) — f(z)] < 5.

That is, f,, converges uniformly to f. m



Chapter 2

General Theory of Unbounded
Operators in Hilbert Spaces

2.1 Definitions

Definition 2.1.1. Let A, B two operators acting on Hilbert Space H with domain
D(A), D(B) and range R(A), R(B) respectively. Then

(a) A and B are equal if D(A) = D(B) and Af = Bf Vf e D(A).
(b) A is extension of B if D(A) D D(B) and Af = Bf Vf € D(B).

(c) A is restriction of B if D(A) C D(B) and Af = Bf Vf e D(A).

Throughout the thesis we will use these notations for domain and range of an

operator.

Remark 2.1.2. Note that if A is a bounded operator, then A can be extended
to a bounded linear operator on D(A), and then extended to H by letting A =0
on [D(A)]*. Thus, we always assume that bounded linear operators have full
domain, i.e. we suppose D(A) = H for all bounded operators A acting on H

unless we explicitly state D(A).

10



Example 2.1.3. We assume that H = Ly((a,b)), D(Ag) = C*([a,b]), and f +—
f € Ly (k€ N)(f € D(Ax) C Ly). Note that Vk € N, D(Ag) is dense in ‘H and
Al DA D A3 D ...

Definition 2.1.4. Let A, B two operators acting on Hilbert Space H and let
A e C. We set

(a) (AA)f = AASf) (f € D(AA) = D(A)).
(b) (A+B)f=Af+Bf (fe€ D(A+ B)=D(A)ND(B)).
(¢c) (AB)f = A(Bf) (f € D(AB) ={f € D(B) | Bf € D(A)}).
Note that D(A + B) and D(AB) may not be dense in H, even if D(A) and
D(B) are dense in H.

Definition 2.1.5. Let A be an operator acting on Hilbert Space ‘H and estab-
lishes a 1-1 correspondence between D(A) and R(A). Then we say that an (alge-
braically) inverse operator A~! exists with D(A™!) = R(A) and R(A™!) = D(A),
where R(A) is the range of the operator A.

Remark 2.1.6. Clearly a criterion for existence of the algebraically inverse op-
erator exists can be formulated as ker A := {f € D(A) | Af =0} = {0}.

Consider the orthogonal sum H@&H of pairs (f, g); f,g € H. Linear operators
with these pairs are ”coordinatewise” and their inner product is introduced as

follows:

(f1,91), (f2, 92Dy = (J1s fo) + (g1, 92)  (f1, f2s 91,92 € H).

Now we define the set
Pa={(f,Af) e H®H| f € D(A)}

which is called the graph of the operator A. It is clear by construction of graph
of an operator that, I'y C I'g if and only if A C B. Note also that, linearity of A
implies linearity of the set 'y in H & H.

11



Question: Do we have the inverse statement? That is, if a set L is linear in
H & H then does it follows that L is a graph of an operator? In fact, we have the

following proposition.

Corollary 2.1.7. Linear subset L of H® H is a graph of an operator if and only
if for any f such that (f,g) € L, g is uniquely determined.

Proof. “ =" Clear.

(13

< 7 If g is uniquely determined for given f, then we can define the operator

A such that Af = g. By assumption this is well defined, hence we are done. [

Remark 2.1.8. In view of the Corollary, a linear set L C H @ H is the graph of
an operator if (0, h) € L implies h = 0.

If D(A) is dense in H, then we say that A is densely defined operator.

Consider the following two operators acting on H & H: V(f,g) € H® H,

(f,9) = U(f,9) = (9, f) e HOH,
(f,9) = O(f,9) = (—g,f) e HOH. (2.1.1)

Claim: These operators are isometric.

Proof.

(U(f1:91), U(f2, 92) ) qgan = (91, 1), (925 2)) pm
= (91,92) + (1, f2)
= ((f1, 91), (f25 92)) - (2.1.2)

Similarly,

(O(f1,91), O(f2, 92)) yare = (=91, f1), (=925 f2)) o
= (=91, —92) + (/1. f2)
= ((f1,91), (f2, 92)) - (2.1.3)
RU)=H®H, R(O)=H ®H. Thus, U and O are unitary operators. O

12



In particular one can easily get, U? =1, O? = —1 and OU = —UO.

Theorem 2.1.9. Let A be an operator with, in general, nondense domain. In or-
der that the algebraically inverse operator A=! ewist, it is necessary and sufficient

that the set UI' 4 be the graph of a certain operator. Furthermore, I'y-1 = Ul 4.

Proof. “ = 7 Suppose A! exists and (f,g) € ['4, i.e. f € D(A) and g = Af.
Then g € D(A™Y) and f = A71g, ie. U(f,g9) = (9,f) € [4-1. In other words
Ul'y CT'4-1.

Conversely, Let (~,f) €Ty, ie ge DAY = R(A) and f=A"1g So
Gg=Af, fe D(A) and (f,f]) € I' 4 or equivalently (f],f) =U(f,§) € UT4.

“ <« 7 Assume UI'4 be the graph of a certain operator. UI'4 consists of
vectors (g, f) with f € D(A) and g = Af. That is, first coordinate g of this

vector determines its second coordinates f uniquely. A~! exists. O]

2.2 Closed and Closable Operators

First we give three equivalent definitions of a closed operator A acting on H.

(1) Ais closed if its graph I'4 is closed in ‘H & H.

(2) A is closed if, for any sequence (f,,)>°, € D(A), the facts that f,, - f € H
and Af, = g€ H asn — oo imply f € D(A) and Af = g.

(3) In the domain D(A) of an operator A, we introduce graph scalar product

(fr9)ra = (f,9) +(Af, Ag) (f,9 € D(A)). (2.2.1)

Then, A is closed if D(A) is a complete space with respect to the graph

scalar product.

The norm corresponding to (2.2.1) is called graph norm.

13



Theorem 2.2.1. The definitions above are equivalent.

Proof. “(1) = (2)”

Suppose f, — fand Af,, — ginH. Then foreveryn € N, (f,,, Af,) CT'4 and
the sequence converges to (f, g) in H @ H which belongs to I'4 by the assumption
(1). Hence f € D(A) and Af = g.

“(2) = (3)

Let (fn)5e; € D(A) be a Cauchy sequence with respect to graph norm. Then
by construction, both (f,)2%, and (Af,)22, are Cauchy sequence in H. Let f
and g be their limits. By (2), f € D(A) and g = Af. Thus f, — f with respect

to graph scalar product.
u(3) = (1)77

Let T'a D (fu,Afn) — (f,g9) as n — oo. Then f, is Cauchy with respect
to graph norm, or equivalently Cauchy in ”coordinatewise” in H. Thus, Jh €
D(A), 3k € R(A) limits of fs, Afls respectively. f, — f in graph norm, so
Ah = k. In view of uniqueness of limits f = h and Af = k. So, (f,g9) € T4. O

Example 2.2.2. Each A, k € N appearing in Example(2.1.3) is not closed. Let

us prove the case k = 1. Consider the following sequence; f,(x) = § lel/g ly|dy.
One can easily show that the sequence converges to f(x) = |z|, and Af,, converges

to f'(x). Since both limits belong to #H, A is not closed.

Example 2.2.3. Let A be closed operator and B be a bounded operator on H.
Then A+ B is closed. Indeed, consider the sequence (f,,)%°; C D(A+ B) = D(A)
such that f, — f and (A + B)f, — h. Then using continuity of B we get
f € D(B)=Hand Bf, - Bf. Af, — h— Bf, so in view of closedness of A we

get h— Bf = Af. Thatis, f € D(A) = D(A+ B) and (A+ B)f = h.

Example 2.2.4. Let A be a bounded operator on D(A). Then A is closed if and
only if D(A) is closed. Indeed, if A is closed and suppose there exists a sequence
(fn)2, € D(A+ B) = D(A) such that f, — f. Then by boundedness of A
Af, — Af. In view of A is closed we get f € D(A). For the inverse implication

14



consider the sequence (f,)32, C D(A) such that f, — f and Af, — h, then
since D(A) is closed and A is bounded we get f € D(A) and Af,, — Af. In view

of uniqueness of the limit h = Af and so A is closed.

After recognizing not closed operators, natural question is that, is it possible
to add some vectors to their domains to make it closed? In fact, it does not work
unless for given f that we want to add to the domain of the operator, the range
of the closure operator does not depend on the choice of the convergent sequence
to f; i.e for given two different sequences converging to the same vector f, if their
ranges converge too then it must be the same vector. In particular following

theorem formalizes this idea and its equivalences as definition.
Theorem 2.2.5. The following assertions are equivalent.
(1) We say that A admits a closure operator A if the procedure outlined above
18 correct.

(2) We say that an operator A is closable if for any given sequence (f,)o, C
D(A) with f, — 0 and Af, — g € H, we have g = 0.

(3) A is closable if, the closure T 4 of its graph is the graph of some operator.

(4) A is closable if, there exists a closed operator B such that, A C B.

Proof. “(1) = (2)”
Clear by g = A0 = 0.
44(2) = (1)77

Let f € H such that 3f], f/ € D(A) for which f, — f, fi/ — f, Af, — ¢,
and Af) — ¢" asn — oo. Set f, = f/ — f/ then by the assumption we get
¢ =¢". That is, (1) holds.

“(3) & (2)7
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Let (0,h) € T4. That is, there exists a sequence (f,)%%,; C D(A) such that
fn— 0and Af, = h as n — co. Then

(2) <= h=0

T, is a graph.

“(3) & (4)7

This is a direct consequence of the fact A C B <14 C I'g. ]

Notice that we do not assume any denseness of the domain in this section.

Example 2.2.6. Let H = Ly(0,1), D(A) = C(]0,1]), and (Af)(z) = f(0). Now

consider the sequence of

fn<x) =

l—nzx : 0<z<1/n
0 : 1>z>1/n

Then, for each n € N, [|Af,|| = 1 and f, — 0 in H. Thus, operator A is

non-closable

2.3 The Adjoint Operator

For a bounded operator A, in view of Riesz Theorem we define A* by (Az,y) =
(x, A*y) Vo € H. Now suppose A is unbounded densely defined operator acting
on H. Then for given g € H, the functional F,(z) defined on D(A) by F,(x) =
(Az,y) maybe unbounded, so we cannot use the Riesz Theorem. Thus, consider
the following domain for the operator A*;

DA ={yeH ! sup —|<Aq:,y>\

< 00}. (2.3.1)
0#£z€D(A) || ]|

So, for y € D(A*), F,(x) is bounded and since A is densely defined there exists
unique extension ﬁ; to H. By Riesz Representation Theorem Jlz € H such
that /F;(x) = (z,z), Vo € D(A). Define z = A*y we get (Azx,y) = (x, A*y),
V€ D(A),Vy € D(A").
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We called A* the adjoint operator of A. Notice that the assumption of dense-
ness of A is indeed essential to have the uniqueness of the extension of the operator

F,. The denseness condition is indeed sufficient condition to define A*.

Lemma 2.3.1. Let D(A) =H. Then
[y = (OT4)" = (H®H) S (0T ). (2.3.2)
where O is the unitary operator defined in (2.1.1). In particular, if A is closed

then H @ H =T 4« ® (OT' ).

Proof. Let (g,A*g) € T'4-. That is, g € D(A*) and (Af,g) = (f,A*g), (f €
D(A)). Thus

<(gv A*g)a O(.fa Af))HEBH = <ga _Af> + <A*g, f) =0
which implies I'4- C (OT'4)*.

Conversely, let (g, h) € (OT 4)*. Then

0= {(g,h), (=AS, Nnan = =(9, Af) + (b, f) (V) € D(A)).
So,Vf € D(A), (f,h) = (Af,g);ie, g € D(A*)and h = A*g. (OT4)* CTyx-. O

Lemma 2.3.2. If (OT4)* is a graph of some operator, then D(A) = H and
FA* - (OFA)L

Proof. Let f € D(A) and (g,h) € (OT'4)*, then (—Af, f) € OT'4 and

0=((=Af, 1), (9. M))uen = (f,h) = (Af,9) (f € D(A)). (2.3.3)

Let by contradiction that A is not densely defined. Then 3h # 0 such that A L
D(A). But (0,h) satisfies (2.3.3) clearly and so (0,h) € (I'4)*. This contradicts
with the fact that h # 0. Hence, A* exists and by Lemma 2.3.1 it satisfies
(2.3.2) O

Theorem 2.3.3. Let A be densely defined operator acting on Hilbert Space H.
Then
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(1) A* is closed.

(2) If A is closable, then (A)* = A*.

(3) If R(A) = H and A™' exits, then (A*)™! emists and (A71)* = (A*)~L.

(4) If D(B) =H, then B D A= A* D B*.

(5) If D(B) = D(A+ B) =H, then (A+ B)* D A* + B*.

(6) If D(B) = D(BA) = H, then (BA)* D A*B*.

Proof. (1) Clear, since 'y~ = (OT'4)* is closed.

(2) Tz = (Or;)*t = (OT )t = (OT4)" =T

(3) (A™1)* exists since D(A~1) = R(A) = H. Note also that, (A*)™! exists too.
Indeed,

y€ker A" <= 0= (z,T"y) = (Tz,y) (Vx € D(T)) <=y L R(T)
together with the fact R(A) = # implies ker A* = {0}. So we have
U4yt = ULy = U(OT 4)" = (UOT4)*" = (—OUT )" = (OUT 4)" =T 41y
(4) BDA=T52Il4=0I'g 20T, = (OI'p)* C (OI'y)* = B* C A*.

(5) Let g € D(A* + B*) = D(A*) + D(B*). Then

(Af,9) = ([, A%q) (f € D(A)),
(Bf,g)=(f,B"g) (f € D(B)).

So, Vf € D(A+ B), by adding these equalities, we get
(f,(A+B)"g) =((A+ B)f.g) =(f, A9+ B'g).

That is, g € D((A+ B)*) and (A + B)*g = A*g + B*g. Hence, A* + B* C
(A+B)".
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(6) Let g € D(A*B*) and f € D(BA), then

using the fact Af € D(B) and g € D(B*)

(BAf,g) = (Af, B"g).
In view of f € D(A) and B*g € D(A*)

(BAf,g) = (f, A"B"g). (2.3.4)
Hence, g € D((BA)*) and (BA)*g = A*B*g.

]

Theorem 2.3.4. Let D(A) =H and B € B(H). Then, (A+ B)* = A*+ B* and
(BA)* = A*B*.

Proof. By Theorem 2.3.3 it is enough to prove the inverse inclusions. Let g €
D((A+ B)*) and f € D(A+ B) = D(A), then

(A+B)f,g9) =(Af,g9) +(Bf,g).

B is bounded operator so we get

(A+B)f,g9)=(Af,9) +(f,B"g).

That is, (Af,g) = (A+B)f.g) = {f, B"g) = (f.(A+ B)"g) = ([, B"g) = (9. (A+
B)*g — B*g). Hence g € D(A*) and A*g = (A + B)*g — B*g; consequently
(A+B)" C A"+ B*.

For the second relation similarly, let g € D((BA)*) and f € D(BA) = D(A).
Then by g € D(B*) = H; Af € D(B) = H we get

(Af,B*g) = (BAf,g) = ([, (BA)"g) (2.3.5)

whence B*g € D(A*) and A*B*g = (BA)*g. That is, ¢ € D(A*B*) and
(A*B*)g = (BAY'g. a
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Theorem 2.3.5. Suppose A is densely defined operator on H and A is closable,
then (A*)* exists and satisfies

(A*)* = A. (2.3.6)

Conversely, suppose A is densely defined and (A*)* exists. Then A is closable
and (A*)* = A.

Proof. First we suppose A is closed. Then by (2.3.2) we have HO®H = T' 4« HOT 4.
Apply O, unitary operator, to both sides we get; H & H = Ol' 4+ & I'4. Hence
(OT 4:)t =Ty, (2.3.7)

By Lemma 2.3.2 (A*)* exists and by (2.3.2), H ®@ H = ['(a+)» ® OI' 4-. Together
with (2.3.7) we conclude that I' 4«y» = I'4. So we proved the Theorem for the

case A is closed.

If A is closable, we do the same calculations to A and by the assumption of
(2.3.6) we get, ((A)*)* = A. At the same time (A)* = A*. Hence (2.3.6) follows.

Conversely, considering (2.3.2) for the operators A and A*, we have

HOH=T4 ®OI'y
:FA* @OE

Apply the unitary operator O to both sides,
HPH =0T 4 ®T 4 (2.3.8)
by (2.3.2) for the operator A* we have

In view of 2.3.8 and 2.3.9, ', = [(4+)«. That is, A is closable. n
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Chapter 3

Defect Numbers, Deficient

Subspaces

3.1 Defect Numbers

Definition 3.1.1. Let X # {0} be a complex normed space and T': D(T") — X
a linear operator with domain D(7T) C X. A regular value A of T" is a complex

number satisfying the following three properties:
(1) RA\(T) = (T — X\I)™! exists,
(2) RA(T) is bounded,
(3) RA(T) is defined on a dense set in X.
In particular, if we do not state D(R,(7")) explicity, then we can omit property

(3). Since we have already know R,(7T) is bounded, we assume D(T") = H by
Remark 2.1.2.

Definition 3.1.2. A point A € C is called a point of regular type for the operator
A if there exists ¢y > 0 such that

A = ANl z exllfIl - (F € D(A)). (3.1.1)
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Clearly (3.1.1) is equivalent that (A— AI)~! exists and continuous. Moreover,

if in addition we assume R(A — AI) = H, then A becomes a regular point.
Some properties:

(1) For a given operator A, the set of points of regular type is open.

Proof. Let Ay be a point of regular type. Then YA € C with |\ — X\g| < C*TO, we
have
(A= ADfIl = (A= XD f = (A=) fll = [[(A= XD fI| = [A = Noll[ 1]
= Ol 1] = A = ollIf]]
C/\o
> — .
> %o

So, we found open neighborhood around \g. O

(2) Let A be closed and let A € C be a point of regular type. Then R(A— AI)
is a subspace; i.e. R(A — AI) is closed. Conversely, let A\ be a point of regular
type and R(A — AI) be subspace. Then A is closed. Shortly, let A be regular type
point. Then A is closed if and only if R(A — AI) is closed.

Proof. Let, A be regular type point then (A — AI)~! is bounded. Since FAI are
continuous for fixed A, using Example 2.2.3, A — AI is closed if and only if A is
closed. Now, define (A — X\I)~' =T, T is bounded by assumption. Then in view
of Example 2.2.4, D(T) = D(T) <= T is closed. Hence, D(T) = R(A — \I)
with above observations we have the following assertions:
R(A—XI) is closed <= T is closed
<~ (A—=AI) is closed

< A is closed. O]

(3) Assume that A is closable, and denote its closure with A. Then every
point A of regular type for the operator A is also a point of regular type for A.

Furthermore,

R(A— XI) = R(A = XI). (3.1.2)
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Proof. Clearly by taking limit in |[(A—AI) f|| > cal|f||, A becomes a regular type
for A too. In particular, let f € D(A), then 3(f,) C D(A) such that f, — f
and Af, — Af. Now, letting n — oo in equation(3.1.2) we get the desired
conclusion. For the second part, closedness of A implies closedness of R(g — ).
Moreover, A C A implies R(A — M) C R(A — AI). Taking closure of both sides,
we get R(A— M) C R(A — MI). For the inverse inclusion, let g € R(A — )
and g = (A— \I)f for f € D(A). Thus, 3(f,)>>, C D(A) such that f, — f and

Af, — Af. But then (A= M) f, — g and therefore g € R(A — \I). That is,
R(A—\) C R(A— ). O

3.2 Deficient Subspaces

(4) Let A € C be a point of regular type for the considered operator A. The
subspace Ny = H O (R(A— AI)) = (R(A — X))+ is called the deficient subspace
of the operator A corresponding to .

H=R(A—X)® N,. (3.2.1)
In particular, by equation (3.1.2) if A exists, we can rewrite (3.2.1) as

H = R(A—\)& N,. (3.2.2)

(5) We say that 1 is an eigenvector of the operator B with a domain D(DB)
if 0 # 1 € D(B) and By = A with some A € C, which is called the eigenvalue

corresponding to the eigenvector .

(6) The set ®(A) which consists of 0 and all eigenvectors corresponding to the
same eigenvalue A is linear. It is clear that if B is closed, then ®(\) is closed. We
say that ®(\) is the corresponding eigenspace to A\. Note that ®(\) = ker(A—\I).

(7) Let D(A) = H. Then Ny = ®()\) where ®()) is for the corresponding

operator A*.

Proof. Let ¢ € N, then for any given f € D(A), ((A— A)f,v) = 0 implies
(Af, ) = (f, ). That is, 1b € D(A*) and A*) = \i, or equivalently 1) € ®())
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for the operator A*. For the inverse inclusion, if A*) = A\, then Vf € D(A) we

have

Afv) = (LAY) = (Af.4)
— ¢ L R(A— D). O

Theorem 3.2.1. Let A be a closed operator in H. Then ny = dim N, is invariant
under the changes of A within a connected component of the set of points \ of
reqular type for the operator A. Thus, every component G of this sort can be
associated with a fized number ny, where X\ € G. This number is called the defect

number of A (in the component G ).

Proof. Trivial Case:

Suppose that for each )y of regular type we can find a neighborhood U, that
consists of regular points and dim N,, = dim N, VA € U()). Now, since path
connectedness and connectedness are same, we can construct a closed rectifiable
curve 7 C G connecting any two points in (G. Then select a finite subcovering of
any covering of . By just passing through this curve, and using the assumption

we conclude the result.

Hence, it is enough to prove that for each regular point, we can find a neigh-
borhood satisfying dim Ny, = dim N\ VA € U()\g).

Suppose to the contrary, then there exists {\,} —, a sequence of points of
regular type such that A, — X\ and dim N, # dim N,, for all n € N. Assume
W.L.O.G we have the following two cases:

(a) dim Ny, < dim N,, for all n € N,

(b) dim N,, > dim N,, for all n € N.

Indeed, we can find, if necessary, a proper subsequence which would hold one of

these cases.
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Case (a):
Denote Py, the orthogonal projection onto the subspace N,. Then
dim(Py, Ny,) < dim N, <dim Ny, (n € N).
Thus, 3g, € Ny, © Pn, Ny, (n € N).

Claim: g, L N, for all n € N.

Proof of Claim. Let h € Ny, and h = hy + hy (hy = Py, h). Then

<gm h) = <gn7 h1> + <gn7 h2> =0

due to the facts that g, € N), © PNAO N, and hy L N,,. O

Since A is closed we have H = (R(A — A\,1)) @ N,, (n € N). By Claim,
gn € R(A—= X\, 1), 1e. 3f, € D(A), fn#0,suchthat g, = (A— N\, 1)f,. Assume
W.L.O.G || f,|| = 1. In addition, g, € N,, implies g, L. R(A—XoI). In particular,

L (A= XoI)f,. Hence

0= <gn7 (A )‘0 ) )) <(A A ])fm (A )‘0 )fn)>
<(A )\0 ) ( n_)\O)fm(A_)\ODfn»
|

‘(A )\O)anQ ()‘n_>\0)<fna(A_)\0[)fn>'

= |[(A = Xo) full? = (A = X0) (s (A = NoT) fr)

In view of ||(A — Xo)ful| > 0, we get

Letting n — 0o, we get a contradiction with the fact that )\ is a point of regular

type for A.

Case (b):
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Similarly consider the projector Py, and the subspace Ny,. Then
dim(PNM, N)\o) < dim N)\o < dim N>\n'

So 3g, € N», © Py, Ny, That is, g, L Ny, and g,, € R(A — AoI). Thus, there
exists {f,}22, € D(A) such that g, = (A — X\oI) f,. Assume W.L.O.G ||f,|| = 1.
gn € N, implies g, L R(A — \,I). In particular, g, L (A — \,I)f,. Hence

<(A - )‘Ol)fnu (A - /\n[)fn»
<(A - An[)fn - ()\0 - )‘n)fna (A - )‘n[)fn»
||<A - /\n)fn||2 - ()‘0 - An)(fm (A - An])fn>'

0= <gnu (A - An[)fﬂ))

= [|[(A = M) ful? = (Mo = Xa) (s (A = Xa) fr)

[|(A = X\,)fnll = 0, so divide both sides with it, we get
(A=) fall < Ao =Nl - [Ifull (V1 €N).

Letting n — oo we get a contradiction with the fact that A\g is a point of regular

type for A. m

Remark 3.2.2. Note that by Theorem 3.2.1 we can fix a complex number for a

defect number of each connected components.
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Chapter 4

Cayley and Inverse Cayley

Transformation

4.1 Hermitian and Selfadjoint Operators

Let A be an operator with D(A) = H. A is called Hermitian if

(Af,g) = (f,Ag) (f,g € D(A))

is called selfadjoint if
AT = A.

Proposition 4.1.1. Let A be densely defined operator on Hilbert space H. Then
the followings are equivalent:
(a) A is Hermitian.

(b) (Af,f) €R, (f € D(A)).

(¢) AC A~

Proof. “a=b" (Af, f) = (f, Af) and (Af, f) = (f, Af) concludes (b).
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“b= " Let f € D(A), then (Af, f) = (f, Af) = (f, Af) implies f € D(A*)
and A*f = Af for all f € D(A). That is A C A*.

“c = a” Trivial by considering the definition of Hermitian. ]

Notice that by part (¢) all Hermitian operators are closable.

Definition 4.1.2. An operator A is called essentially selfadjoint if its closure A

is selfadjoint.

Lemma 4.1.3. Any z € C\R is a point of regular type for an arbitrary Hermitian

operator.

Before the proof notice first that, if z is a point of regular type, then z is not

an eigenvalue. So, eigenvalues of Hermitian operators are real.

Proof.

(A= =zDf|]P =1|(A—al)f —iyf|
= (A= 2D I +iy((A = 2D) f, f) — iy(f, (A = 2D f) + || fI]”

Since A is Hermitian, second and third terms are cancelled.
(A= =zDfII* > v*|IFI> O

Remark 4.1.4. By Lemma 4.1.3, for an arbitrary Hermitian operator A there
exists at most two connected components. Thus, there exists (at most) two defect
numbers for each component. We will denote them as couples, say (m,n) for the

upper and lower half planes respectively.

Theorem 4.1.5. Let A be closed Hermitian operator acting on Hilbert space H.

Then the followings are equivalent.

(a) A is selfadjoint.

(b) o(A) C R. Recall that o(A) := complement of p(A) :={A € C | XA — Al is
boundedly invertible}.
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(¢c) m=n=0.

Proof. “b< ¢ If z € p(A) then by definition R(A F 2I) = H and we have;
0(A) CR <= ker(A* F 2I) = [R(A £ )] = H+ = {0}. (4.1.1)

And we know that m = dimker(A* — ZI) and n = dimker(A* 4+ ZI). Hence by
(4.1.1) we conclude that

0g(A) CR<= m=n=0.

“a = ¢” Let A= A* and fix z € C\ R. Notice that eigenvalues of A are real

numbers. Thus

m = dim(R(A — zI)*)
= dim(ker(A* — zI))
= dim(ker(A — Z1)).
=0.

Similarly n = 0.

“c < a" Tt is enough to prove D(A*) C D(A). Fix z € C\ R and let
g € D(A*). By assumption, N, = 0, and so 3f € D(A) such that (A —zI)f =
(A* — 2I)g € H. In view of the fact A C A* we can rewrite the last equality as
(A* —zI)f = (A* —zl)g or A*(f —¢g) = 2(f —g). Thatis, f —g € N, = {0}.
Hence f = g and g € D(A). O
Corollary 4.1.6. Hermitian operator A is essentially selfadjoint if its defect

numbers are zero.

Let A be a densely defined operator. Assume that there exists a € R such
that

(Af, f) Z ollfIP (f € D(A)). (4.1.2)

The operator A is called semibounded, and the number « is called its vertex.
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Remark 4.1.7. (Af, f) is real for semibounded operators, thus by Proposition

4.1.1, any semibounded operator is Hermitian.

Remark 4.1.8. Note that by taking limit we can conclude that if A is semi-
bounded operator with A its closure, then A also becomes a semibounded oper-

ator with the same vertex.

Lemma 4.1.9. Let A be a semibounded operator with a verter o € R, then any

z € R\ [a,00) is a point of reqular type for this operator.

Proof. Set £ =a — 2z > 0. Then Vf € D(A) we have
1A = 2D A1 = [[(A = aD)|? + &((A — aD)f, ) + €4, (A — aD) ) + €111
> &I fII". (4.1.3)
We used the facts that A is Hermitian and ((A—al)f, f) = (f, (A—ad)f) > 0. O

Remark 4.1.10. In view of Lemma 4.1.9 and Theorem 3.2.1, semibounded op-

erators have equal defect numbers.

Theorem 4.1.11. Any closed semibounded operator A with a vertex o € R has
equal defect numbers. In order for this operator to be selfadjoint, it is sufficient
that

RA-z2I)=H (4.1.4)

for some z € C\ [o, 00).

Proof. Proof follows directly by Theorem 4.1.5, and Remark 4.1.10. O

4.2 Isometric and Unitary Operators

Definition 4.2.1. An operator U acting from D(U) C H to R(U) C H is called

isometric if
{Uf,Ug) =(f.9) (f,g€DU)). (4.2.1)
This operator is called unitary if, in addition, D(U) = R(U) = H.
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Remark 4.2.2. Note that isometric operators are necessarily continuous; there-

fore, it is always possible to consider U in D(U) = D(U) closing it by continuity.

So, we always assume that D(U) = D(U); R(U) = R(U); and U is closed.

Lemma 4.2.3. Every z € C with |z| # 1, is a point of regular type of an isometric

operator.

Proof. Let U be an isometric operator and let |z| < 1, then
WU = 2D fI[ 2 U] = |z] - [[f]] = (0= [zDIIAI-

Similarly for |z| > 1 we have

WU = 2D fI] = (2] - I = IO I = (=] = DI O

So, there exists two connected components {z € C| |z| > 1} and {2z € C| |2| <

1} so as for Hermitian operators. Denote these defect numbers as m and n.

Theorem 4.2.4. An isometric operator U is unitary if and only if its defect

numbers m =n = 0.

Proof. We will prove that

m=dim(H S R(U)) and n=dim(H e D(U)). (4.2.2)

Note that once we show these equalities then we are done. Now, we have two
cases for m and n. First let z € C such that |z| < 1. Consider the point z = 0,
then n = ng = dim(H © R(U)) hence second equality follows. Secondly, let z € C
such that |z| > 1. The algebraically inverse operator of U exists and is isometric.
So let ny be its second defect number, then according to (4.2.2) second formula
applied to U™!, we have dim(H © R(U™' — zI)) = n; = dim(H & R(U™)) =
dim(He D(U))). Thus, it remains to show that R(U™'—z1) = R(U—27'1) (0 <
|z] < 1). But note that

RU—2)=U ' —2D)DU " —2I)= (U —20)D(U)
= (U~ 2RU) = (1-2zU)D(U).

31



In view of f € D(U) if and only if |z|f € D(U) for any z € C,
R(U™ —2I)=(U—-2z'1)D(U)
= R(U — z7'I).

Hence we are done. ]

4.3 Direct Cayley Transformation

Let H be a Hilbert Space and let A be a closed Hermitian operator. Fix z € C
with Im z > 0. Consider g € R(A — zI), i.e, g = (A — zI)f for some f € D(A).
We construct the mapping g — (A —ZI)f = Ug.

Since f is uniquely determined for given g by Lemma 4.1.3 and the fact that

Im z > 0, U is well defined. Moreover, in view of
g=(A==zD)f, Ug=(A-2D)f, (f € D(4)) (431)

U is linear with the domain R(A — z/) and the range R(A —ZI). Since ker(A —
zI) = {0} we can rewrite (4.3.1) as

Ug=(A-z)(A—zI)""g. (4.3.2)
The operator U above is called Cayley transformation of the operator A. Now

consider the following properties of Cayley transformation:

(1) The Cayley transform of a closed Hermitian operator is an isometric op-

erator.

Proof. By (4.3.1) Vf1, fo € D(A)

(91,92) = (A= 2I) f1, (A = 2I) f2)
= (Af1, Afa) —Z(Af1, f2) — 2(f1, Af2) + |21*(f1. fo), (4.3.3)
and
<U91,U92> = <(A—Ef)f1,(A—E[)f2>
= (Af1, Afo) — 2(Af1, f2) — Z(f1, Afa) + |21*(f1, fo)-
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Since A is Hermitian, U is isometric. n

(2) Let m(A),n(A) and m(U),n(U) ne the defect numbers of the operators
A and U, respectively. Then

m(A) =m(U) and n(A) =n(U). (4.3.4)
Proof. By (4.2.2) we have m(U) = dim(H & D(U)) and n(U) = dim(H © R(U)).
Also by construction of U we have D(U) = R(A — zI) and R(U) = R(A — ZI).
Thus, in view of closedness of A m(U) = dim(H © R(A — z1)) = m(A). Besides,

n(U) = dim(H & R(U)) = dim(H & R(A — zI)) follows by closedness of A and
the fact that z € {z | Im z > 0} implies 7 € {z | Im z < 0}. O

(3) Cayley transformation of a selfadjoint operator is a unitary operator.
Proof. This is a direct consequence of (1) and (4.3.4). O

(4) Let B O A be the closed Hermitian extension of an Hermitian operator A.
Then its Cayley transform V' is an isometric extension of the Cayley transform
of A, say U.

Proof. 1t follows by (1) and (4.3.1). O

4.4 Inverse Cayley Transformation

For a given closed Hermitian operator by Cayley transformation we can get an

isometric operator U. Suppose first that 1 is not an eigenvalue of U. That is;
ker(U — I) = {0}. (4.4.1)
Then for given g € D(U) consider the following transformation

f= U~ Dy Bf =

Z—Z z—Z

(zU —ZI)g (4.4.2)
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which is clearly well defined and linear by construction of U and the fact that
ker(U — I) = {0}. In view of (4.3.1) we have

U—-1Dg=(z=-2)f (Vfe€D(A) (4.4.3)
(zU —zl)g=(z—2)Af (Vf € D(A)) (4.4.4)

which the former implies D(A) = D(B) and the latter implies A = B. Thus, if
(4.4.1) satisfies, then A is called the inverse Cayley transform of the operator U

and we have
D(A)=R(U — 1) and R(A)= R(zU —ZI). (4.4.5)
Note that we can rewrite (4.3.2) in a similar way, as
Af = (U —=zD(U - 1)7'f. (4.4.6)
Now consider the following properties:

(5) The inverse Cayley transformation of an isometric operator is a closed

Hermitian operator.

Proof. In fact, by (4.4.2) Y1, g2 € D(U) we have

(Afr, f2) = (7—= (U = Zh)g,

—(U—1)g2)
= ﬁ[zwgh Ugo) — 2(Ugn, g2) — Z(g1, Uga) + Z{g1, 92)],

and similarly

(1 AR = (= (U~ D)gn,

1
= Z_zp _312[5@]91, Uga) — 2(Ugr, g2) — Z(91, Ug2) + 2(91, g2)]-

(U~ D))

Since U is isometric, we get (Afi, fo) = (f1, Afa) (f1, fo € D(A)). That is, A is
Hermitian. For closedness part, let (f,)>2, € D(A) = R(U — I), and f, — f,
Af, — h. Then f, = (z —2)"Y(U — I)g, and Af, = (z — 2)"'(2U — zI)g,
(9n € D(U)). By (4.3.1) g, = (A—zI))f, and Ug,, = (A — ZI)f,. Since U is
isometric operator, it is closed and D(U) is closed. Thus, 3g = limg, = h — zf
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and Ug = h —Zf. Thus, we get Ug =g+ z2f —Zf or (U—-1)g=(z—2)f. In
view of (4.4.2), f € D(A) and

2Ug—Zg=zh—7Zh
= (Af)(z —7).

That is, h = Af. m

(6) Defect numbers of U and A satisfy (4.3.4).

Proof. In particular almost same proof with property (2) with the equality (4.4.2)

proves the desired equalities. O

(7) The inverse Cayley transform of a unitary operator is a selfadjoint operator
provided that D(A) = R(U — I) is dense in H.

Proof. Since D(A) = R(U — I) is dense in H, A* exists and then proof follows
by (6). O

Remark 4.4.1. It is evident that a statement similar to (4) is also true, i.e,
V O U = B 2O A. However, in this case V should satisfy (4.4.1) so that A*
exists. In particular, by the following lemma we will prove that (4.4.1) is indeed
equal to the statement D(A) = R(U — 1) = H. That is, we do not need any

extra assumption in order to have inverse Cayley transform.

Lemma 4.4.2. R(U — I) =H if and only if ker(U — I) = 0.

Proof. " =7 Let h € ker(U — I); i.e, Uh = h (h € D(U)). Vg € D(U), in view

of U is isometry,
<(U - ])g’h> = <Ugv h) - <gah> = <Ug7 Uh> - <g7 h> =0.

R(U — 1) is dense in H, so h = 0.
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" <" By contradiction, let 3h # 0 with h L R(U —I). Vf € D(U),

O:<Uf_f7h>:<Uf7h>_<f7h>
— (Uf,h — Uh).

SoVfe DWU), (Uf,h —Uh) =0;1ie, h € ker(U — I). Contradiction. O

(8) Let U be the Cayley transform of the closed Hermitian operator A, and let
Ajq be the inverse Cayley transformation of the the isometric operator U. Then

we have A; = A. As aresult, A +— U — A. Similarly, U — A +— U.

Proof. Proofs follow directly by constructions of Cayley and Inverse Cayley trans-

formations in view of Lemma 4.4.2. OJ
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Chapter 5

Extensions of Hermitian
Operators to Selfadjoint

Operators

5.1 Extension Theory

Below we assume that the defect numbers m,n of the operators acting on a
Hilbert space H take the values 0,1,2,... or oco. This is true if H is separable.

For general H, the numbers m, n are in fact cardinals.

Theorem 5.1.1. Let U be an isometric operator in H with the defect numbers
m = dim(H © D(U)) > 0 and n = dim(H © R(U)) > 0. Fiz k < min(m,n),
choose k — dimensional subspaces FF C H © D(U) and G C H © R(U), and
construct an isometric operator W acting from the whole F' to the whole G. The

orthogonal sum
V=Ua&W, D(V)=DU)&DW), R(V)=RU)&RW)

18 an sometric extension of the operator U. All possible isometric extensions

of this operator can be obtained by using the same procedure for all possible
k,F,G,W.
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Proof. Proof follows directly by the properties of orthogonal sums. O]

Corollary 5.1.2. If at least one defect numbers of an isometric operator U 1is

zero, then U has no nontrivial isometric extensions.

Corollary 5.1.3. In order that U has unitary extensions, it is necessary and
sufficient that m = n. In order to construct a unitary extension, one must set
F=HoeDU) and G = He RWU) and take an isometric operator W with
D(W)=F and RW) =G.

Remark 5.1.4. Let A be a closed Hermitian operator and let B be its closed

Hermitian extension. Then
ACBC B*C A*. (5.1.1)

Theorem 5.1.5. Let A be closed Hermitian operator. In order that A admits
nontrivial closed Hermitian extensions it is necessary and sufficient that m,n > 0.
In order that A admits a selfadjoint extension, it is necessary and sufficient that

its defect numbers equal; i.e, m = n.

Proof. In fact, this is a clear consequence of Corollary 5.1.3 and the property (6)

of inverse Cayley transform. O]

Remark 5.1.6. It is obvious that if we change the point z € C\ R, then F, G, W
would also change in order to get the same extension B. Note also that If m =0
or n = 0, then A does not have closed Hermitian extensions in 4. In this case it

is called maximal.

5.2 Von Neumann Formulas

(1) A linear set L C H is called the direct sum of linear sets Ly,---, L, CH
if, Vf € L, there exists unique representation f = f; + --- + f,, where f; € L;,
7 =1,...,n. In other words, 0 = f; +---+ f, implies f; =--- = f,, = 0. Denote

this direct sum as follows

L=ILi+Ly+---F L, (5.2.1)
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Now, let A be a closed Hermitian operator in H and let z € C\ R be fixed. Then
D(A*) = D(A) + N, + N;. (5.2.2)

Thus, according to (5.2.2), Vg € D(A*) there exists unique decomposition such
that

g=[+h.+hz where f = f(g) € D(A); h. =h.(g) € N:; hz = hz(g) € N=.
(5.2.3)

If (5.2.2) is correct, in view of h, € N, and hz € N; we get

Ag = Af + Zh, + zh=. (5.2.4)

Proof of equation (5.2.2). It is enough to prove the decomposition (5.2.3) exists

and unique.
Existence of (5.2.3):

Let g € D(A*). According to the decomposition H = R(A — zI) & N, the
vector (A* — zI)g € H can be written as

(A" —zl)g=(A—zI)f + (Z — 2)h.. (5.2.5)

Note that (Z — z) is just constant, here h, € N, and f € D(A — zI) = D(A).
Moreover, A*g = Af+Zh,+z(g—f—h.). We will show that g—f—h, € Nz = ®(2)
for the operator A*. Indeed,

A(g—f—h,)=A"g—Af — A’h,.

Since A is Hermitian and h, € N,, we have A*f = Af, Vf € D(A) and A*h, =
Zh.. Then in view of (5.2.5)

A*(g_ f_ hz) = (A* - Z[)g+2g—Af _Ehz
=(A—zD)f+(Z—2)h,+ 29— Af —Zh,
- Z(g - f - hz)
That is, hz :==g— f —h, € Nz and g = f + h, + hz where f € D(A), h, € N,
h= € N=. Hence existence part is proved.
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Uniqueness of (5.2.3):
Suppose 0= f+ h, + hsz where f & D(A), h, € N, and hz € N;. (5.2.6)
Consider A* for the equality above. Then

0=A"f+ A*h, + A*hs
= Af +Zh. + zh=
=(A—=zI)f +Zh, + z(hz + f)
— (A= z2I)f +Zh, + 2(—h.)
=(A—zD)f+ (Z—2)h.. (5.2.7)

But, (A—=zI)f € R(A—=zI), (Z—2)h, € N, and R(A — zI) ® N, = H. Thus,
by (5.2.7) (A —zI)f =0 and (Z — 2)h, = 0.z is a point of regular type for A, so
ker(A — zI) = {0}. Hence, f = h, = 0 and by (5.2.6), hz = 0. O

(2) Fix z € C\ R. Let W be the operator associated with the extension B
according to Theorem 5.1.5, D(W) = F C N,, and R(W) = G C N;. Then the

set D(B) admits a decomposition
D(B)=D(A)+ (W —1)F, (F=DW)). (5.2.8)
i.e, Vg € D(B) C D(A*), decomposition (5.2.3) takes the form
g=f—h,+Wh, (feD(A), h, e FCN, Wh,e WF CN;z). (52.9)
Since B C A*; the action of B upon g is defined by (5.2.4), namely

Bg=A*g=Af —Zh, + z2Wh,,. (5.2.10)

Proof. Apply (4.4.5) to V = U & W, we obtain

D(B) = R(U —I)+ R(W — 1)
(A)+ R(W — 1)

D
D(A) + (W = I)F. O
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Theorem 5.2.1. Let A be a closed densely defined operator acting on ‘H. Then
A*A is selfadjoint and nonnegative. That is, (A*Af, f) >0 Vf e D(A*A).
Proof. D(A*A) ={f € D(A) | Af € D(A*)} implies

(A"Af, ) = (Af,Af) 20 (Vf € D(A"A)).

That is, A*A is nonnegative. Moreover, since A is closed (A*)* = A. Conse-
quently, write (2.3.2) for A*, with the fact that T4« = (O 4)*

HEH=T4 0. (5.2.11)

Vh € H, (h,0) can be decomposed according to (5.2.11) as; there exists f € D(A)
and g € D(A*) such that

(h,0) = (f, Af) + O(g, A%g)
=(f,Af)+(-A'g,9) <= h=f—A%g and 0=Af+g. (5.2.12)

Thus Vh € H we have

h=f+A"Af = (I + A*A)f, feD(A), Af =—ge D(A).  (5.2.13)

We will prove that D(A*A) = H. Suppose to the contrary, then 3o € H such
that 0 # h L D(A*A). By (5.2.13) 3f € D(A*A) for which f+ A*Af = h and so

0= (h,f) = (f+AAf ) = IfII* + [[AfI]*.

Hence f = 0 and so h = 0. Contradiction, so D(A*A) = H. Now by (5.2.13)
R(A*A+1) = H, and so by Theorem 4.1.11 (with @« = 0 and z = —1 € C\ [0, 00))
we get A*A is self adjoint. O

Remark 5.2.2. Note that the Theorem is also correct for AA* too. Similar proof
can be done by just replacing A with A*.
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Chapter 6

Spectral Theorems for

Unbounded Operators

6.1 Spectral Measure and Its Properties

Definition 6.1.1. An operator valued function E : R — B(H) is called a spectral

measure on R if it satisfies

(a) Ya € R, E(a) is a projector in H; E() =0 and E(R) =1,

(b) E is countably additive, i.e, V(;)52; € R of disjoint sets, we have

E(|Jaj) =D E(ay), (6.1.1)

n=1

where the series converges in the strong sense.

Theorem 6.1.2. Let E be a spectral measure. Then

E(0)E(B) = E(anf) (a,B €R). (6.1.2)

Proof. Suppose first anNg = ). By finitely additivity of £, E(aUp) = E(a)+E(f)
which is indeed a projector due to the fact « U S € R. By Lemma (1.0.9)
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E(a)E(B) =0. So
B(a)B(B) =0 = B(®) = E(an f).

For the general case, let n = aN 5. Then, a = (a\n) Un and g = (5 \ n) Un.
By what we just proved

E(a\n)En) =EB\n)EMn) =E(\nEB\n) =0.

E(a)E(B) = (E(a\n) + Em)(E(B\n) + E(n))
a\n)E(B\n)+ E(a\n)EMn)+En)EB\n) + E*(n)

Corollary 6.1.3. F(«a), (« € R) commute.

Remark 6.1.4. In condition (b) of (6.1.1), strong convergence of (6.1.1) can
be replaced by weak convergence. Indeed Theorem (6.1.2) follows by finitely
additivity of E, and so it remains true if we consider the sequence for weak
convergence. Therefore, for mutually disjoint «;’s we get mutually orthogonal
vectors E(a;) f; and for mutually orthogonal vectors weak convergence and strong

convergence are equal.

Let E be a spectral measure on R and f € H. Then

prsla) =(E@)f, f) = [[E(@)f]* 20 (a€R) (6.1.3)
is clearly a nonnegative finite measure on R. Moreover, for f,g € H
prola) =(E(a)f,9) €C (a€R) (6.1.4)

is a complex measure on R.

Remark 6.1.5. Spectral measures are monotone, i.e, for given spectral measure
E and Vo, € R,

aC = FE(a) < Ep) (6.1.5)

where A < B & (Af, ) < (Bf,f) (Vf € H). Indeed, 5 = a U (S \ «) implies
E(B) = E(a)+ E(S\ «) which yields monotonicity. In view of f\a € R, E(S\ «)
is a projector and E (5 \ «) > 0.
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Theorem 6.1.6. Let (,)0%;, (8,)52, be decreasing and increasing sequences

respectively such that, o, B, € R (n € N), a1 Das 2 ..., f1 € By C .... Then

in the sense of strong convergence we have

lim E(a,) = E(NM2 an),

n—oo

lim E(B,) = E(U,8,). (6.1.6)

n—oo

Proof. We will show the first relation in which second follows similarly. Set
a=M 0, and n, = a, \ @ (n € N). Then n; D 2 ... and N2 7, = 0. Now
consider the measure (6.1.3) for fixed f € H. Then

E () f1I? = pg.s(n) = 0.

That is, E(n,) — 0 strongly. E(n,) = E(a,)— E(a), so letting n tends to infinity
we conclude the first relation. For the second relation follows similarly by setting

B = Uzozlﬂn and N = B \ ﬁn O]

Definition 6.1.7. A function b(z,y) : H & H +— C is called a bilinear form if it

is linear in the first variable and antilinear in the second variable.

Definition 6.1.8. A bilinear form is called bounded if;
(Fc>0) (Va,y € H) : [b(z,y)| < [lzl] - [ly]]. (6.1.7)

Theorem 6.1.9. For every bounded bilinear form b, one can indicate a unique

bounded operator A such that b(x,y) = (Az,y).

Proof. Fixed x € H. Set f(y) = b(x,y), then f(y) is a bounded functional on H.
By Riesz Theorem, there exits unique vector a, € H such that b(x,y) = (y, a,).
Now, define A : H — H by Ax = a, for given x € H. A is linear and continuous

clearly. Indeed, in view of b is linear in the first variable we have; Va,, as € C
(A(ar1m1 + agz2),y) = blayxy + asxs, y)
= a1b(z1,y) + azb(22,y)
= a1(Az1,y) + as(Aza, y).
That is, A is linear. In view of (6.1.7), |(Az,y)| < c-||z|| - ||y||- Hence ||Az|| <
¢ |lz||. That is, A is bounded. Uniqueness of A is clear. O
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Theorem 6.1.10. Let E be a spectral measure on the algebra R. Then there

exists unique spectral measure E, on the o-algebra R, such that EU|R =F.

Proof. Consider the complex measure py, (o) = (E(a)f,g), @« € R. Then by the
standard theory of extension for scalar measures, we have ps (a) = (E(a)f, g),
a € R,. Fix a € R,, then psy(a) = (E(a)f,g) is a bounded bilinear form.
Indeed, we know that pr,(a) = (E(a)f,g) is bilinear for @ € R, and by tak-
ing extension bilinearity preserves. Boundedness of p;4(a) is clear. Thus, by
Theorem (6.1.9) there exists E,(a) such that

Pro(a) = (Es(a)f.g) (f,.g€H;a €R,). (6.1.8)

Note that E,(0) = 0, E,(R) = I and E,(«) is countably additive in the sense
of weak convergence by (6.1.8). Thus, according to Remark (6.1.4), FE, is the
required spectral measure. Uniqueness follows by the uniqueness of the extensions

of the scalar measures. O]

6.2 The Construction of Spectral Integrals

6.2.1 Integrals of Simple Functions

Denote the collection of all simple functions over the measure space (R, R) by
S(R,R) =S. S is an algebra with respect to ordinary summation and multipli-

cation.

Definition 6.2.1.

Let F(A) =Y FiXa,(\) where Fy € CiapNa; =0, k#j;AeR. (6.2.1)
k=1
Now define the spectral integral as

/R FONAE() = / (zn: Fixa,(\) dE() ;:iFkE(ak). (6.2.2)

R g

45



Remark 6.2.2. Notice that (6.2.2) does not depend on the representation (6.2.1).

Indeed for two different representations such that

F()‘> = Z Fank()\) = ZFkXﬁk ()‘)

k=1

we have | J;_; ax = Ui, B = Uiy U;'n:1<ak nj;). So

F(N) =) Fixac) =) Fixa, () = D> GrjXagns, (V). (6.2.3)

k=1 j=1

In view of finite additivity of the spectral measure E, Definition (6.2.1) is well
defined.

Properties:
(1) Linearity:
Va,b € C;VF,G € S we have

/ (@F(\) +bGN) dEQ) = a / FOYdEQ) + b / GO AERN.  (6.2.4)
R R R
Proof. Proof follows directly from the linearity of the finite sum in (6.2.2) O

(2) Multiplicativity of an Integral:

VF,G € S we have

/R FONGA)dE() = /

FO)AE() / GO dE(N). (6.2.5)

Proof. Let F(A) =7, FiXo;(A) and G(A) = > 1| GiXa,(A). Then
[ FOVEEQ) [ G0aE) = (3 R0 MY GrB@)()

=) FiGvE(oy)E(ay).

k,j=1
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In view of the fact E(a;)E(ay) = 6 E(e;)

LFmdﬂnAp@mezﬁéﬂ@ﬂ%wmﬂ

:/F(A)G(A)dE(A).
3)
( / FO)dE(N)" = / FOVAEQ) (FeS)
Proof.

(4)

(6.2.6)

((/ F(A)dE(A))f,mZ/F(/\)d(E(A)f,g) (FebSif,geM). (627)
R R

Note that integral on the right hand side of (6.2.7) means integration with respect

to the complex measure (6.1.4).
Proof.
[ FoaEs.0) = gmmak)ﬁ 9
_ <Z FeB (o) f-9)

— (( / F(\)AEWN)f. ).
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(5)
It / FO)AEW) ] = / FOVPAENLf) (FESfeH). (628)

Proof.
I /R FO)AEW))|? = ((
— ((

F(\)dE())( / FO)AEWN)S. f)

R

:T:U\

FO) d BO))( /R FO)AEOW)S. f)
using (6.2.5), we get
— (( / FO)PAEON)S. f)

in view of (6.2.7),

_ /R FOPAEN. ). =

I /RF(A)dE()\)H <sw{[FO| | \e R} (FeSs). (6.2.9)

Proof. Let f € H, then by (6.2.8)

I / FO)dEW) S| = / FO)EA(EN, )
<sup{[FOWP | A€ R} - (E(R)S. f)
—sup{[FOV)P | A€ R} - [If]P 0

6.2.2 Integrals of Bounded Measurable Functions

Denote the collection of all bounded measurable functions over the measure space
(R,R) by Loo(R,R) = Ls. Just as S, this collection is also an algebra with

respect to standard algebraic operations.
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Remark 6.2.3. Recall that by Theorem (1.0.10), VF' € L, 3(F,)32, of sim-
ple functions, such that F, converges uniformly to F. That is, sup{|F,(\) —
FA)|| A€ R} = 0asn — .

In particular, we can define the spectral integral for bounded functions with

the following definition.

Definition 6.2.4.

/QmdeQyzlml Fo(\)dE(N) (6.2.10)

n—oo R

where the limit is understood in the operator norm.

Indeed, in view of (6.2.4) and (6.2.9)
] /R F,dE() - /R Fu(\)dEW)|| = | /R (Fa()) = (V) dEQV).

since sup{|F,,(A\) — F(A)| | A € R} — 0, we have

l / Fd E() - / Fru(N) A EW| < sup{IFa(A) — Fu(N)] | A€ R} — 0
R R
(6.2.11)

as m,n — oo. Thus, limit exists due to the fact that B(H), bounded measurable
functions on H, is complete. Further, limit (6.2.10) does not depend on the choice
of (F},) that approximates F'. In fact, if (F)) is another sequence of this sort, then
using (6.2.11) they have the same limit.

(7) The integrals of bounded measurable functions F,G € L, also possess

properties (1) to (6).

Proof. Indeed, (1) to (4) follows directly by limit arguments.

ng%MdEODﬂFZHUml Eo(A) dE)fII*

n—oo R

~ lim ||(/ Fu(A) d E() f]2

n—oo

= lim [ IFWEAEWS. D),

n—o0

49



by using Lebesgue Dominated Convergence Theorem with the dominating func-
tion F,

I /R FO)AEW) ]2 = /R FO)PAEN, /).
Hence we proved (5).

(6) follows similarly by using Lebesgue Dominated Convergence Theorem with

the dominating function F'. O]

6.2.3 Integrals of Unbounded Measurable Functions

Denote the collection of all measurable functions with respect to R such that
E{Xe€R||F(\)| =oc}) =0 (6.2.12)

by Lo(R,R,E) = Lg. Similar as S and L., Lo forms an algebra with respect
to the ordinary operations. The definition of a spectral integral becomes more
complicated since we need a correct domain to be well defined. The following

lemma describes the domain.

Lemma 6.2.5. Let F' € Ly. Then, the set
Dr={fet| [ IFOPAENLN <o) (0213
R

18 linear and everywhere dense in H.

Proof. Let f,g € Dr and o € R. Then

(E(a)(f +9), f+9) =E@)(f+9)lI"
< (IE@) £l + [1E()gl])*.

using the fact aritmetic mean greater or equal than geometric mean,

(E()(f +9).f +9) < 2(|E()f|]* + [|E()g]*)
2((E(a) [, f) + (E(@)g, 9)). (6.2.14)
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In view of (6.2.14)
/ FOPAEN +9), (f +9)) <2 / FO)PAEMN. f) + / FO)[2A(E(N)g, 9)]
R R R
< Q.
Hence f 4+ g € Dp. Since clearly af € Dp too, D is linear.

In order to prove denseness of D, consider the sets o, = {\ € R | |[E(N)] >
n} € R (n € N). Clearly, a; 2 ay O ... and set a = (), —,. Notice that F' € L,

implies E(a) = 0. In view of

/R FO)PAENER o), E(R\ o) f) < n-|If]] < oo,

R(E(R\ ay,)) € Dr (n €N). (6.2.15)

Vf € H, consider the sequence of functions f, = E(R \ a,)f € Dpg; which
converges to E(R)f — E(a)f = f as n — oo. That is, Dp is dense in H. O

We now proceed to the definition of spectral integral for functions in L.
Indeed, VF € Ly and N > 0, denote Fly its cutoff function by

FN()\)—{F()‘) c Ae{AeR[IF(| < N}

N : otherwise

Then, by definition we set Vf € Dp;

IFf:/RF()\)dE()\)f = lim [ Fx(A)dE\)f (6.2.16)

N—oo R

where the convergence is in the sense of convergence in H.

Remark 6.2.6. In fact,YM, N > 0 using the facts (6.2.4) and (6.2.8) for bounded

measurable functions we obtain, Vf € Dp;
||/RFM(>‘)dE(>‘)f_/RFN()‘)dE(A)fH = ||/R(FM()‘)_FN(/\))dE()‘)f||
= [ 1Fu) = PP AW 1),
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In view of [, |[F(AN)|?d(E(N)f, f) < oo

H/RFM()\)dE(A)f—/RFN()\)dE()\)fHQ—>0 as M, N — oo.

Hence, (6.2.16) is well defined.

Let’s describe the properties of Ip. First notice that (6) is meaningless.
(8) For F' € Ly (4) and (5) satisfies for f € Dp.
Proof. Proofs follows by the same limit arguments together with the fact f € Dp

and Lebesgue Dominated Convergence Theorem with the dominating function
F e L. O

We will consider the first three properties in the following theorems:

Theorem 6.2.7. Let F,G € Ly and a,b € C. Then

/(aF(A)—FbG(A))dE(A) :a/F(/\)dE(/\)+b/G(/\))dE(/\), (6.2.17)

R

/R FO)GON)dEQ) = /R FO)d B / GO AEN).  (6.2.18)

R

If one of F, G is bounded then it is not necessary to take closure of the right-
hand side of (6.2.17) and (6.2.18)

Proof. We first prove (6.2.18).

Claim 1:

Ewichiof) = [ IGOPGMNABNLS (7€ DiclneR). (6219

Proof of Claim 1. Indeed, using (6.2.5) and (6.2.6) for G € L., we get

EmIaf, Iof) = (IghyIof, £) = Uiep £, ) / GO PN AEN S, ).
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For the case G € Ly, we take cutoff functions Gy and use the identity (6.2.19),

we get

(EmIcf, 1cf) = (E(n) lim Ig, f, ]\]fi_l;I;OIGNf>

N—oo

= lim oy, f f)-
By Lebesgue Dominated Convergence Theorem with the dominating function G
2

together with the facts; meausure is finite and |Gn(A)|?x, < |G|?, we conclude

(EmIaf Iaf) = (Liep,f: f)-

O
Claim 2:
D(Irlg) = D(Ire) () D(c). (6.2.20)
Proof of Claim 2.
D(Iplg) ={f € D(Ig) | Iaf € D(Ip)}
—{f € D(lc) | /R FOPAENI6f, Iof) < oo}
by Claim 1,
—{f e Do) | /R FOPIGOEA(EO) S, £) < oo}
= D(Irc) () D(a)- =

Let f € D(Iplg) C D(Irg) and Fy, Gy are cutoff functions of F, G respec-
tively. Then I, Iq, [ = Iryc, f- Letting M — oo we get I, f — Igf and
due to the fact that Fly is continuous we obtain Ip, Isf = Ir,¢f. Passing to the
limit as N — oo with similar arguments, we conclude that Irplgf = Ipqf. That
is, Iple C Ipe. Next we will show Ipe € Ipls. Then due to the fact that Ipq is
closed we are done for (6.2.18) Indeed, denote

an={A€R||F(N)|>n}eR, (neN),
Bn={ e R||G\)|>n}eR, (neN),
m={AER||F(\)+G\)|>n}eR, (neN),
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and set 8, = oy, |J B UM, (n € N). Then 6y D 02 O ... and E(() —, J,) = 0. For
f € D(Irg) consider f,, = E(R\d,)f € D(Irc)(\D(Ir) () D(Ig). Then as in the
proof of Lemma (6.2.5) this sequence gives the required approximation. Hence we
proved (6.2.18). Note that if G € L, then (6.2.20) turns to D(Ipls) = D(Ipq).
Since by above calculations their actions on the same domain coincide, we get
Irlg = Irg. Now, we will prove (6.2.17) for special case; if one of F, G is bounded.
Let F' € Lo,G € L. The fact arithmetic mean greater or equal than geometric
mean implies
[E(A) + GNP < 2(IFN] + (G P).

That is, D(Ip + Ig) € D(Ipyc). Moreover, by virtue of (6.2.4) for bounded
functions we have; Vf € D(Ip + 1), Iryionf = Ipyf + Igyf for N > 0.
Letting N — oo we get Ipyqf = Ipf + Iaf. So, Ir + I C Ip,g. Note also
that D(Ipiq) € D(Ip) = D(Ip + Ig) due to the facts that G is bounded and
|IF(\)|? < |F(\) + G(M\)|?. Hence we get Ip g = Ir + Ig. That is,we proved
(6.2.17) for the special case F' € Ly, G € L.

For the case F,G € Lg; by doing same calculations as in the special case, one
can deduce Ip + Ig C Ipig. So it is enough to prove Ip, ¢ C Irp + I5. Indeed

denote the sets
an={A€R||F(N)|>n}eR, (neN),
Bo={NeR||GN\)|>n}eR, (neN),
m={AER||FN)+G\)|>n}eR, (neN),

and set 8, = oy, |J B Uy (n € N). Then 6y 2 02 O ... and E((),—, d,) = 0. Let
f € D(Ipic), then consider the sequence of functions of the form f, = E(R \

o) f € D(Ipig)\D(Ir) N D(Ig). Letting f,, — f implies Ip afn — Iricf as
n — oo. In fact, last relation follows by

Irscfn = / (FO\) + GO\) dEVE(R\ 6,)

— /R (F(\) +G(\)dE()) /R Xr\6, (A) dE(A)f

we proved the special case of (6.2.17),
= [(FO) + GO)xms VA EO)S. (6.2.21)
R
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Hence
pscfn— Irsaf|l? /R FON) + GO)Prs, (N AEOV S, ).

By Lebesgue Dominated Convergence Theorem with the dominating function
F+ G,

‘|IF+an_IF+GfH2_>O (n—>oo),
whence f € D(Ir + Ig) and Ip. g = (Ir + Ig). O

Theorem 6.2.8. Let F' € Ly. Then Ip in (6.2.16) is closed, (Ir)* = Iz and
D((Ir)*) = D(Ir) = Dp. More precisely,

(/RF(/\)dE()\))* :/WdE(A) (F € Ly). (6.2.22)

R

Note also that, if F € Ly is real valued then Ip is selfadjoint.

Proof. Let f,g € Dp. (VYN > 0) in view of (6.2.6) for bounded measurable

functions,
( / Fv(NAEOWf.g) = (/. /R Fx(VdE(\)g).

Since Dy = Dp we can let n — oo and conclude that (Irf, g) = (f, Izg). That

is, I+ C (Ir)*. For the inverse implication we have;

(Ir,9) = (f,(Ir)"g) (f € Dr,g € D((Ir)")). (6.2.23)

Let f = E(R\ ax)h (h € H), which is possible by (6.2.15).
Ief = (| FO)AEO)(ER\a)h)
= (| PO AEW)( [ xia, B,
In view of Theorem 6.2.7

Inf = /R FO\) v, d EO)h. (6.2.24)

By using the boundedness of F(A)xg\a, We obtain
(| FOWme, dEWhg) = (B | FiNxima, dEN)g)
R R
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in view of (6.2.6) for bounded functions,

= (h Urxpma, ) 9)
= (b, (Iplyp,,)"9)
= (h, E(R\ a)(Ir)"9)-

Whence since h € H is arbitrary, we conclude that
[ Fma, W) dEW)g = E(R\ a)(12)’g
R

Using (6.2.8) for unbounded measurable functions we have; Vn € N,

/R\F(A)XR\%(A)IQd(E(A)g,g) = [E(R\ o) (Ir)"glI* < [|(Ip)"gl| < oo

(6.2.25)

Letting n — oo we conclude that g € Dp and (Ir)* C I. Closeness of I directly
follows by Ip = (Ig)*. O

Definition 6.2.9. A closed densely defined operator A acting on Hilbert space

H is normal if
AA* = A*A. (6.2.26)

Remark 6.2.10. VF' € L, I defined in (6.2.16) is normal. Indeed, in view of
the facts Theorem 6.2.8, Theorem 5.2.1 and 6.2.18,

(Ip)"Ir = (Ip)*Ir
= [|F|2

= Ip(Ip)".
That is, Ir is normal.

Remark 6.2.11. Note that F,G € L., (or more generally, if one of them are
bounded) the operators Ir and I; commutes. However, if both F,G € Ly then,

by (6.2.18), the commutation is conventional; that is, (Iplg) = (IglFp).
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6.3 Image of a Spectral Measure

Let (X, M) be a measurable space, Y be another space and ¢ be a fixed bijective
mapping from X to Y. Then by given M and v, we can define N/ the o-algebra
N that consists of all sets o/ C A whose preimage "' (a’) € R. One can deduce

easily that A is indeed a o-algebra. Thus, we have constructed the measurable

space (Y, \).

Let E be a spectral measure defined on (X, M). We now will describe spectral
measure on (Y, N'). We set

o — E'(d)=E@@ (), o €N. (6.3.1)
Claim: (6.3.1) is indeed a spectral measure defined on (Y, N).

Proof. Since by construction Va/ € Y, ¥~ (a’) € R, so E(¢~!(’)) is a projector
Vo € N. Moreover, E'(() = E(~1(0)) = E(@) =0 and E'(Y) = E(y"1Y)) =
E(X) = I. Hence we showed first property. Moreover, let (a)p2, be disjoint

sets, then

E(Jd) =Ew@ (] a))

n=1
by bijectivity of 11,
= B(Jv (o))
j=1
since (/) are disjoint, i)' (a/;) are disjoint too,

=Y E@W ()

Jj=z1
=> FE'(d)). (6.3.2)
Jj>1
Hence, we construct the spectral measure. O
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Remark 6.3.1. ¢ 1((F")"1(2)) = (F'o¢) ' (2) (2 € C). So, using this relation

and construction of N, we get
(F)YY6) e N <= ¢ H((F)H6)) € M <= (F' o)) (6) € M.

This implies that F” is measurable with respect to N if and only if F' o4 is
measurable with respect to M. In particular following theorem gives the inter-

pretation of change of variables.

Theorem 6.3.2. Let Lo(Y, N, E’) be the collection of complex valued functions
defined on Y, measurable with respect to N and finite E'-almost everywhere. If
F' € Lo(Y,N,E'), then F' o) € Lo(X, M, E) and followings holds:
/ F'(Yp(N)dE\) = / FNYdE'(N) = I, (6.3.3)
X

Y

D(Ir) = {f € H] /X FO)EAEN, f) < 00}
—{fen /Y FXPAENLS) <ok (634)

Proof. Let o/ = {N € Y| |F'(N)| = oo}, then ¥ 1(a/) = {\ € R| |F'(v(\))| =
oo}. Thus, E(¢yp~(’)) = E'(¢/) = 0 means that the function F’ o 1) is finite
E-almost everywhere. By the Remark 6.3.1 we know that E((F’ o (\))) = 0,
that is F” o 1) is finite E-almost everywhere or F' o ¢ € Lo(X, M, E). Hence we
proved the first statement of the theorem. Now, Let F' € S(Y, N, E’), then for
any disjoint sets aj, € N,

/ F(N)dE(N) = / (3 Flxa, (V) d E'(X)
Y Y k=1

=Y FE'(a}) =Y FE®W ' (a}))
k=1 k=1
using the fact that [ d E(\) = E(a) (o€ M),
_ /X(Z Fixuttapy (V) d E(V)

by X (6(N) = xgm1(ay () V! C Y,
ILFWWNMM
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Hence, for the special case F’ € S(Y, N, E’), we are done. Note that for the case
F' € Loo(Y,N, E') equation (6.3.3) can be observed by the limit transition in the
uniform approximation of F’ by F, € S(Y,N). In the case where Fy(()\)) =
(F" o )N (A) and the fact that integrals in (6.3.4) are equal into account. This
is a clear consequence of standart change of variables with respect to a scalar

measure. ]

6.4 Product of Spectral Measures

Let (R1,R1), (R2,R2) be two measurable spaces with spectral measures F; and
E5 respectively. Suppose F; and FE, commute for all a; € Ry and as € Ro.
Denote R the direct product Ry XxR,. More precisely, it is the o-algebra composed
of all subsets of R1 xR, that belong to the o span of all possible rectangles o x as
with a1 € Ry, as € Rs.

Now consider the following construction:

E(O&l X Ozg) = El(al)Eg(ag) (Oél ERyL, ay € Rg) (641)
E is a spectral measure defined on R:

Proof. (Ei(a1)Ex(az))” = E3(a2)Ef(an). So,

(E(on X a))* = E3(az) Ef(an)
= EQ(O[Q)E1<061).

By assumption £; and Es commute,

(E(aq X )" = E1(aq)Ea(az)
= F(a; X ag). (6.4.2)

Thus, it is self adjoint. Moreover,
E2((I1 X 052) = El(Ozl)EQ(Oég)El(Ozl)EQ(OZQ)

29



FE, and E5 commute,

= E} (1) B3 (a2)
= Ey(a1) Ea(az)

= E(a1 X 042).

That is, E? = E. Hence, E is a spectral measure defined on R. This E is called
the direct product of F; and E5 and denoted by E = E; x Es. O

Notice that the assumption of commuting spectral measures is essential.

Definition 6.4.1. Let R be a complete metric space and let R = B(R) be the
o-algebra of its Borel subsets. The spectral measure defined on R = B(R) is

called Borel spectral measure.

Theorem 6.4.2. Let Ey, Ey be two commuting Borel spectral measures in the
spaces Ry, Ry respectively. Then (6.4.1) determines a unique spectral measures
E = E; X Ey defined on R = B(R; X Ry).

Proof. First recall that every scalar finite measure is automatically regular; i.e.

p(a) = inf{u(o)| 0 D a, 0 is open} (a € B(R)) (6.4.3)
p(a) = sup{pu(u)| v 2 a, u is compact} (a € B(R)) (6.4.4)

Let R’ be the algebra spanned by the collection of all rectangles a; X ay. By

Theorem 6.1.10 it is enough to show that F is a spectral measure on R’.

Va € R', E(«a) is a projector, since « can be represented as finite union of
disjoint rectangles, that is F/(«) is the sum of finite projectors E(a; X ag) which
are mutually orthogonal. Moreover, E({)) = 0, E(R; x Ry) = 1. We prove that,
for every triangle oy X ag (a; € B(Ry), as € B(Rs)), f € H and € > 0, one can
find two rectangles 0, X 0 and u; X us where o; O «; O u;, o; are open, u; are

compact, (i = 1,2), such that

(E(o1 % 02) f, f) = (E(on X ag) [, f) <,
(E(ay x ao)f, fY — (E(u; x ug) f, ) <e. (6.4.5)
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We will only show the first relation. Since scalar measures are regular, for given
d > 0 we take open sets 01 O ay and 0s D ay such that (E(o; \ a1)f, f) < § and

(Eo(oa \ ca)f, f) < 0. (01 X 09) \ (a1 X a2) = ((01 \ 1) X 02) U (g X (02 \ a2)),

and notice that these two sets are disjoint. So

(E(o1 X 02)f, f) = (E(a1 X aa)f, f)
= (E((o1 \ 1) x 02) f, f) + (E(a1 x (02 \ ) f, f)
= (E1(o1 \ a1)Es(02) f, f) + (E1(an) Ea(o2 \ aa) f, f)
<IN Er (o1 \ an) fI| + || B2(02 \ a2) f]])
= [IfII((Ex(or \ en) f, )2 + (Ea(02 \ aa) £, /)V%)
< 2V4|f]I. (6.4.6)

By choosing § such that 2v/§||f|| = ¢, we proved (6.4.5). Let ay,...,€ R’ be
mutually disjoint sets such that a = (J;—, ax € R’. In order to prove E is

countably additive, it suffices to show

a)f, f) <D (E(a)f, f). (6.4.7)
k=1

Indeed, Vn € N

n

2 (B, f) = (B e

k=1 k=1

<(E(a)f, f)- (6.4.8)

Letting n — oo we get > o~ ((E(a) f, f) < (E(a)f, f). Thus, (6.4.7) is enough to
prove countably additivity.

Since « is union of finitely many rectangles, we can apply (6.4.5) and find,
for given € > 0, a compact set U C « such that (E(a)f, f) = (EU)f, f) < €
Similarly, open sets Oy 2 ay such that (E(Oy)f, f) — (E(ax)f, f) < 5¢. Suppose
the family (Og)g2, covers U. Since U is compact 3n € N such that Uk O D U.
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Thus
(E()f, ) <(EU)f, f)+e
<(BE(JOf.f)+e

<

(E(O)f. f) +€

I

hE

<E(ak’)f7 f> + 2e.

B
Il
—

Letting ¢ — 0 we conclude (6.4.7). Thus, F is indeed a spectral measure on

R ]

6.5 Spectral Theorem for Selfadjoint Operators

In this section we suppose we know the spectral decomposition theorems for

bounded cases.

Theorem 6.5.1. Let A be an arbitrary selfadjoint operator. Then there exists a

unique spectral measure E of A such that the following representation is true;
A:/AdE()\), D(A)={feH| /)\Qd(E()\)f, f) < oo} (6.5.1)
R R

In particular, R can be replaced by o(A), spectrum of the operator A.

Proof. Let A’ be an arbitrary selfadjoint operator. Set R = RU{oo} and R =T

(the unit circle). Consider, 1, the inverse mapping of the following mapping;

N i
N A=5 TlerR (WeR) (6.5.2)
—1
That is; VA € R,
A1
A b =i i e R (6.5.3)

Consider the Cayley transformation U of A’ for z = 1,
U= (A +il)(A —il)™ (6.5.4)
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We know by properties of Cayley transform, U is unitary. Let E be its spectral
measure of U. Denote E’ the image of F under the mapping (6.5.3). Therefore,
E’ becomes spectral measure on R'. Note that E'({oo}) = E({1}) = 0. Last
equality follows by the fact that ker(U — I) = {0}. So, E’ is a spectral measure
on R'. In view of (6.3.3) and (6.3.4),

/RXdE’(X)://XdE’(X):/if\\tidE(A):i(UJrI)(U—[)1:A’.

' (6.5.5)

That is (6.5.1) is proved. The statement, R can be replaced by o(A), follows by,

1
(U+DU-1)" = / 2By = / NAdE (V).
owy A1 o(4)
Uniqueness of E’ follows by the uniqueness of E. O

6.6 Commuting Operators

Definition 6.6.1. Let A be a bounded linear operator acting on ‘H. We say that
an operator A commutes with an operator B if AB C BA (notation: A — B).

Remark 6.6.2. If both operators are bounded, then commutation becomes in

the equality sense, i.e. A, B two bounded operators are commute if AB = BA.

Theorem 6.6.3. If a bounded operator B commutes with a spectral measure E,
then it commutes with any Ip == [, F(X)d E(X) where F' is measurable function
on (R,R) such that

E{X€eR | |F(\)|=oc}) =0. (6.6.1)
Proof. Vf € D(If), in view of (6.2.7)

(IrBf.g) = / F(\) d(E(\B.g).

R
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By the assumption of commuting B and E (notice both are bounded),

(IeBf,9) = | F(\)d(BEA)f,9)

5

FQA)A(EQN)f, B g)

(
(BIrf,g).

That is, BIr C I+ B. 0

Theorem 6.6.4. Let B be a bounded operator and V' be a unitary operator. Then

they commutes if and only if M commutes with Fy, spectral measure of V.

Proof. One side follows directly by Theorem (6.6.3). To prove inverse implication,
suppose M commutes with V. Notice both operators are bounded, so MV =V M.
Let V = fT Ad Fy(X) be spectral decomposition of the unitary operator V. In
view of VM = MV and (6.2.7) we have; Vf, g € H,

<MVf, g> = (VMf, g) = /T)\d(FV()\)Mf, g), (6.6.2)
(MVf.g) = (V,M"g) = / Ad(Fy(\) f, M*g). (6.6.3)

Note that by simple change of variables we get [ Ad u(A) = [ e d (). Thus,
by using the uniqueness of Fourier Transform of measures (Theorem (1.0.5))
together with (6.6.3) and (6.6.2) we conclude (Fy M f, g) = (Fy f, M*g). That is
FyM = MFy. O

Theorem 6.6.5. Let B be a bounded operator. Then B commutes with a selfad-

joint operator A if and only if B commutes with E 4, spectral measure of A.

Proof. One side follows by Theorem (6.6.3).

Denote R,(A) = (A — zI)~'. For sufficiently large |z|, (Rz(A))™! exists and

[e.e]

>~ ,(z) " tA". Thus, B commutes with A implies B commutes

equals to — >
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with Rz(A). Let U be the Cayley transform of A. Then

U= (A+z20)(A-zI)"
=A-zI+(z+2))(A-zI)""
=I+(z+2)(A-z)"
=1+ (z+72)R=(A),
in which implies B commutes with U. By Theorem (6.6.4), B commutes with

Fy, the spectral measure of U. So in view of the Cayley transform, B commutes
with EA. O

6.7 Spectral Theorem for Normal Operators

Theorem 6.7.1. Let A be nonnegative selfadjoint operator. Then there exists a

unique nonnegative selfadjoint operator B such that B?> = A.

Proof. Let E be the spectral measure of A. A is selfadjoint, so 0(A) C R. For
X € R, the function v\ is real and so define;

B:= [ VAdE). (6.7.1)

R+

Note that

B = ([ VAdEMW)

R+

in view of Theorem (6.2.8) and the fact that v/X is real on R¥,

= [ VAAE())
= B.

That is, B is selfadjoint. Moreover, in view of (6.2.7) for unbounded measurable

functions;

(Bf.f)= | VAENLD 20
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Thus, B is nonnegative selfadjoint operator.Further, in view of (6.2.18) and the

fact that B is closed we have

A /R+>\dE(>\)

= [ VAAEQD) | VAdEQ)

R+ R+

Since A is closed,

= [ VXAEQW) | VXdEQ)

R+ R+
= B*. [l

Lemma 6.7.2. Let T be closed densely defined operator on H. By Theorem
(5.2.1), T*T is selfadjoint and nonnegative on H. Define

K = (T*T)Y2. (6.7.2)

The operator (6.7.2) is the unique selfadjoint nonnegative operator on H satisfy-

mg,

D(K) = D(T), [IKfll=ITfll, Yfe D). (6.7.3)

Proof. Proof follows directly by Theorem (6.7.1) and the fact that;

K FIP = (K2f, f) = (T°Tf, ) = ITfI"

]

The operator (6.7.2) is called the modulus of T and denoted by K = |T'|. Note
that by (6.7.3)

ker |T| = ker T, (6.7.4)
which implies

R(|T|) = [ker |T|]* = [ker T]*" = R(T*). (6.7.5)
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Definition 6.7.3. A partial isometry is a linear map W between Hilbert spaces
H, and H, such that the restriction of W to the orthogonal complement of its
kernel is an isometry. We call the orthogonal complement of the kernel of W the

initial subspace of W, and the range of W is called the final subspace of W.

Theorem 6.7.4. Let T be closed densely defined operator on H and K = |T| be
he operator (1). Then there exists a unique partially isometric operator V' acting

on H with initial space R(T*) and range R(T) such that

T =VI|T|. (6.7.6)

Proof. Let x = K f for some f € D(T). Define Vo =T f. Let Vo = Vzy then
Tf =Vr, = Vay =Tf implies fi = fo, that is vy = Kf; = Kfy = x5. So
V' is well defined. By (6.7.3) V' is isometric, and its clear that (6.7.6) follows by
Tf=VKf. Note that D(V) = R(K)ND(T) and D(T) is dense in H. So we can
extend V' by continuity to R(K) = R(T*). Define V' to be zero on ker K = ker T

Uniqueness of V' is now direct consequence of the construction. O]

Representation (6.7.6) is called the polar decomposition of 7.

Lemma 6.7.5. Under the hypotheses of Theorem (6.7.4), the following ‘antipolar’

decomposition hold
T=|T"\V, T"=|T|V*. (6.7.7)
Proof. Let K = (T*T)"? and g € D(T) = D(K). Then for f € D(T) = D(K) =
D(K™),
(Tg.Vf)=(VKg,Vf)=(V'VKyg,f).

Since V' is isometric on R(7*) and Kg € R(K) C R(T*) by (6.7.5),

(Tg,Vf)=(Kg, f)= (9, Kf).

That is, V f € D(T*) and T*V f = K f, or equivalently K C T*V. Moreover, let
h € D(T*) and g € D(T), then

(T*h,g) = (h,Tg) = (h,VKg) = (V"h,Kg).
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That is, V*h € D(K*) = D(K) and T*h = KV*h. Hence, T* C KV*. Using
(6.7.5), the facts VV* = Prazy = Prerrt, V'V = Praey = Plrerx)+ implies
that (KV*)V = K. These with together 7" C KV* and K C T*V implies the
followings;
KV*C(T*V)V*=T* C KV*,
TV C (KV).

Hence we are done for the second equality.

In order to prove the first equality one can rewrite Theorem 6.7.4 for T and
deduce that U = V* where U is the corresponding partial isometry for 7. Hence

first relation follows by second equality with the fact that U = V*. O

Remark 6.7.6. Suppose T' is normal, i.e T is closed densely with T*T = TT"*.
Then proving the Lemma (6.7.2) for K = (T'T*)/? we get

K =|T|=1|T*|, D(K)=D(T)=D(T"). (6.7.8)
ker T* = ker T' = ker |T'|. (6.7.9)
R(T*) = R(|T|) = R(|T"|) = R(T). (6.7.10)

Theorem 6.7.7. Let T be a normal operator on H. Then V,|T| in (6.7.6) com-
mute. The restriction of V to R(|T|) = R(T) is unitary.

Proof. By (6.7.10) V' is unitary on R(T'). It follows from (6.7.8), (6.7.6) (6.7.7)
for T' that |T'| commutes with V. O

Theorem 6.7.8. Let T' be a normal operator (not necessarily bounded) on H.
Then there exists a unique spectral measure E = Er defined on the Borel subsets
of C such that

T:/szT(z). (6.7.11)

Proof. Simple Case: kerT = {0}

Consider the polar decomposition of 7', ' = V|T'|. By Theorem (6.7.7) K =
|T| and V' commutes. By (6.7.9) we have ker 7% = ker 7" = {0}. We know that
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K is positive selfadjoint, so ,its corresponding spectral measure is supported on
positive real axis; and spectral measure of unitary operator V' is supported on
unit dist T. Since K — V, the spectral measures Fx and Fy commutes. Recall
that this was the only requirement of well defined product spectral measure. Now
consider E of their product spectral measure, which is a Borel measure defined

on Ry x T.

Consider the map 7 defined on Ry x T to C by z =1y (r e Ry, n € T). The
image of E under the map 7 is a spectral measure, denote with £.. Note that
by construction of 7, E.{0} = Ex{0} = 0.

Thus, by using change of variables for spectral measures and the facts that
Ex(R,) = Fy(T) =1, we have

/|z|dET(z):/ rdE(r,n) = K = |T)|, (6.7.12)
C R+XT
/|z1|szT(z):/ nd E(rin) = V. (6.7.13)
(C R+XT

These equations together with multiplication property for spectral integrals yield

representation (6.7.11) for T'= V K. It is established simultaneously that
D(T) = D(T") = D(|T]) = {f € H| /|z\2duf(z) < oo}, (6.7.14)

T = /EdET(z). (6.7.15)

General Case: ker T # {0}

Let T be the restriction of T' to the subspace [ker T]* = R(T'). Then by above,
Ty admists representation (6.7.11) with corresponding spectral measure E., on
R(T). Consider now spectral measure E° on ker T’ defined by E°(C\{0}) = 0,
E°({0}) ker T = ker T, and define E, = E,, & E°. Tt is clear by the properties of
the orthogonal sum that E, is a spectral measure on H satisfying (6.7.11).

Uniqueness follows directly by the uniqueness of spectral measures Fx and
Fy. O
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Chapter 7

Criteria of Selfadjointness

7.1 Stone’s Theorem, Operator Differential

Equations

Let A be a selfadjoint operator acting on H, and let E be its spectral measure.

We construct the operator valued function
fs U(t) = / FNABE() = ¢ (At e R). (7.1.1)
R

In view of (6.2.8) for bounded functions, |[U(t)f]> = [ d( = [|f]*.
That is, U is unitary for each t € R. Moreover

Ut+s)=UMU(s) (tseR). (7.1.2)

Claim 1: The function defined on (7.1.1) is strongly continuous, i.e, (Vf € H)
(VteR):U(s)f - U(t)f as s — t.

Proof of Claim 1. By relation (6.2.8) we obtain
|U(s)f =U@® I =] /R(em — ™) d B f]?
_ / 6 — 2B, f) = 0 as s — ¢
R
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Last conclusion follows by Lebesgue Dominated Convergence Theorem, with the

dominating function ”72”. O

Claim 2: U(t) is strongly continuously differentiable, i.e. Vf € D(A) and
t € R, the strong derivative

U(t)f = lim (Ut + h)h_ U iiryay (7.1.3)

exists and is a continuous vector function.

proof of Claim 2.

||ZU(t)Af _ (U(t—F h)h _ ||/ zt)\/\ z(t—l—h _ ezt)\))dE(/\)fHQ

/|M e — DPA(ENS, f). (7.1.4)

We used the facts that e* is bounded, and multiplication of spectral integrals by
virtue of Theorem (6.2.7). Now, consider the functional g, from R to C defined

by,
ih/\_l
£-= . h#£0
ghy=4 "
N h=0
Then clearly, g is continuous function at A = 0. Thus, as h — 0, |2')\—€MT’1|2 — 0.

Note that for given f € D(A), iU(t)Af is a continuous vector function. Now
(7.1.3) follows by and using Lebesgue Dominated Convergence Theorem. O

Consider an operator differential equation
u'(t) = iAu(t) (t € R) (7.1.5)

where ¢ +— wu(t) € H is the required solution. The function w is assumed to
be strongly continuously differentiable and w(t) € D(A) Vt. Such solutions
are called strong. The strong solution of (7.1.5) satisfying the initial condition
u(0) = ug € D(A), i.e., the solution of the corresponding Cauchy problem, exists

and is given by the formula

u(t) = Uty (t € R). (7.1.6)



This Cauchy problem is uniquely solvable. In more details we will consider this
problem later. We say that a function from R to unitary operators in H defined

by, t — U(t) defines a one-parameter unitary group.

Note that, (7.1.2) implies U(t) are pairwise commuting and U(0) = 1,
U(—t) =[U(#)]"'. Thus, (7.1.1) is an example of a one-parameter unitary group

which is, in addition, strongly continuous.

Theorem 7.1.1 (Stone’s Theorem). A strongly continuous one-parameter uni-
tary group U(t), (t € R) always admits representation (7.1.1) with a certain
spectral measure E uniquely determined for a given group. The corresponding

operator A is called the infinitesimal generator of this group.

Proof. Let us construct a linear dense set D C ‘H and such that
t—=U®)f (teR) (7.1.7)

is strongly continuously differentiable Vf € D. Let D be the set of collection of

all linear combinations of vectors of the form;
gr = / F(s)U(s)gds FeCy and geH. (7.1.8)
R
(7.1.8) indeed exists since F'(.)U(.)f is continuous and F' has compact support.

Claim 1: D is dense in H.

Proof of Claim 1. Let h L D. Then VF € C§°(R),

0= (gr, ) = / F(s)(U(s)g, b ds.

Define ¢ (s) = (U(s)g, h). It is continuous function and so define the distribution
Ty(F) = [ F(s)(U(s)g,h)ds. We get T,(F) = 0 VF € Cg° that is, T, = 0.
Hence by Theorem (1.0.8) ¢ = 0 almost everywhere on R. Since v is continuous
¥ =0onR. Let s =0, then U(0) = 1 by (7.1.2) and we obtain, (g,h) =0 (Vg €
H), that is, h = 0. Therefore, D is dense in H. O

Claim 2: (7.1.7) is strongly continuously differentiable for all f € D.
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Proof of Claim 2. Tt suffices to consider f of the form (7.1.8). By using (7.1.2)
and change of variables we get (Vt,h € R)

U(t+h) Ul(t)

LU+ hgr ~ Ult)ge) = / Fe)U(s)gds — -0 / F(s)U(s)gds.

Both U(t + h) and U(t) are independent for the variable s. So

F U+ e = Ult)gr) = 3 [ PO +RUG) = UOU()gds
::%AF@XU@+h+sts—%A&WQU@+$Mds

L/lgmﬁ¢—h) F(s — £)U(s))gd s
— — /F’s—t s)gds (as h—0) (7.1.9)
=g-r(—1) = U(t)gr. (7.1.10)

Note that (7.1.9), +(F(s —t — h) — F(s — t))U(s))g converges pointwisely to
F'(s—t)U(s)g. So (7.1.9) follows by Lebesgue Dominated Convergence Theorem
with the following inequality

||/F's—t ()9 ]| < sup| P >|./||U<s>g||ds (F' € Co(R); g € H),
R

(7.1.11)

and (7.1.10) follows by simple change of variables. O
Claim 3: U’(t)gr on the right side of (7.1.10) is strongly continuous.

Proof of Claim 3. This is a clear consequence of Lebesgue Dominated Conver-

gence Theorem with the equation (7.1.11). O

Construct an operator A on the space D by the formula

fHAfz%U@ﬁ (f D). (7.1.12)

Claim 4: A is Hermitian.
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Proof of Claim /. Tt suffices to show that (Agr, mg) = (gr, Amy) where F, K €
CP(R) and g,m € H. By (7.1.10),

(Ag, mic) = I (= (U (h) — Dgr, mic).

Since A is Hermitian and U*(t) = U(—t),

(Agr,mic) = lim{gr, ~— (U(~h) ~ m)

= lim e, - (U(H) = D)

= <gF7 AmK> . ]
Claim 5: A is essentially selfadjoint.

Proof of Claim 5. In order to prove A is selfadjoint we will use Theorem 4.1.5
and so its enough to show that ker(A* F zI) = {0} for some z € C\ R. To show
this we first show that

Ult)gr =iAU(t)gr (F € C°(R), g € H,t € R). (7.1.13)

Initially, note that using multiplication of spectral integrals and the fact that U(t)
is unitary we can say that U(t)gr is of the form (7.1.8) and so AU(t)gr makes
sense. Now compute AU(t)gr = gr(.—y) according to (7.1.12),

iAU(t)gr = U'(0)U(t)gr-.
In the view of (7.1.10) for ¢t = 0,
AU (1)gr = lim %(U(h) ~ DU (g
o1
= lim - (U(t + 1) = U(t))gr
— U'(t)gr. (7.1.14)

For any F' € C§°, g € H and ¢ € ker(A* — zI) in the view of (7.1.13),

d

&(U(t)gn?ﬁ) = (U'(t)gr, )
(AU (t)gr, V)

= i{U(t)gr, A™p).
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Using the fact 1) € ker(A* — z1I)

é%<U(ﬂgF’¢9::iz<U(ﬂgF,¢> (t €R).

Denoting «(t) := (U(t)gr, 1) and solving this first order differential equation we
get

a(t) = ({U(t)gr,¥) = e*a(0) (t€R).

Since Imz # 0, ¢! is unbounded, thus in order to be a(t) bounded it is necessary
and sufficient that a(0) = 0. That is, (gr,?) = 0 or equivalently ¢» L D.
So, ¥ = 0 and ker(A* — zI) = {0}. Similarly, one can deduce by doing same
calculations, ker(A* + zI) = {0}. O

Since A is selfadjoint, by the formula (7.1.1), we can construct V() = eitA
(t € R). We will show that U(t) = V(¢), ¥t € R. Indeed, by (7.1.5) and (7.1.6),

v(t) = V(t)vy, vo € D(A) is a strong solution for
V() = iAv(t) (t € R,v(0) = vy). (7.1.15)

But on the other hand, by (7.1.13), u(t) = U(t)gr (for some F' € C§°(R),g € H)
is also a strong solution for (7.1.15). Later in Theorem (7.2.1) we will show that
for essentially selfadjoint operators (7.1.15) is uniquely solvable. Thus, U(t) =
V(t), t € R. In order to prove the uniqueness of the spectral measure E it

is enough to consider the uniqueness of the Fourier transform of the measure

pla) = (E(a)f,g). Indeed Vf, g € H,

awmm:/wmwmﬂ@(mRy (7.1.16)

R
Left hand side is the Fourier transform of p(«) = (E(«)f, g), which is unique by

Theorem (1.0.5). Thus, F is uniquely determined. O

Remark 7.1.2. The strong continuity of a one-parameter unitary group is equiv-
alent its weak continuity. Indeed it is enough to prove only weak continuity

implies strong continuity. Precisely, for f € H,
U@ f = UG =(UM)f =Us) UGS =Us)f)

&) f -
(U@) =U)(UE) =Us) S 1)
(21 =U(t—s)—U(s—t)f, f) >0 as s —t.
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Remark 7.1.3. Throughout the chapter, If we do not specify the boundary
conditions of a Cauchy problem, we mean the trivial Boundary Value Cauchy
problem; that is u(0) = «/(0) = ... = u""1(0) = 0.

We say that a vector function u(t) is a strong solution of the equation

d"u
(dtr

)(t)+ Bu(t) =0 (tel) (7.1.17)

on [ if it is r times strongly continuously differentiable (i.e., has r strong deriva-
tives on [, the last of which is continuous), u(t) € D(B) for all t € I, and equation
(7.1.17) is satisfied.

An r times continuously differentiable vector function u(t) is a strong solution

of the equation;

(‘j{ﬁ)(t) L But) =0 (tel) (7.1.18)
if and only if
(S50, 1)+ ). By =0 (JeDByten)  (T119)

holds. Indeed by definition of strong solution and the fact that u(t) € D(B*),

Vit € I these equations are equivalent.

We say that the Cauchy problem for the equation (7.1.17) on I = [0,b) (0 <
b < o00) is uniquely solvable in the strong sense if each strong solution of this
equation on [0,b) such that u(0) = ... =u""Y(0) = 0 vanishes for all ¢ € (0,b).

Remark 7.1.4. If the Cauchy problem is uniquely solvable on I = [0,b) (0 <

b < 00), then it is uniquely solvable on [0, c0).

Proof. Let u(t) be strong solution of (7.1.17) on [0, 00) such that u(0) = ... =
u"1(0) = 0. By assumption of unique solvability on [0,b) we have u(t) = 0
on [0,b). Consider the point ¢ = b/2. wu(c) = ... = u/(¢) = 0 and define
u1(t) = u(t + ¢). Note that wuy(t) satisfies (7.1.17) since u(t) satisfies (7.1.17) on
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[0,00). Moreover, u;(t) € D(B) and

(ur(t+h) —ui (b)) f (u(t+h+c)—ult+c)f

H h = Jim h
=iu(t+c)Af

That is, u;(t) is strongly continuously differentiable. Hence wu;(¢) is a strong
solution of (7.1.17) on [0,00). So by uniquely solvability on [0,b), u;(f) = 0 on
[0,b). That is, u(t) = 0 on [0,b+ ¢). Repeating this argument we conclude that
u(t) =0 on [0,00) as desired. O

We consider two examples in which we assume A is selfadjoint operator in .

Moroever, for the second example we assume further A is positive.

Example 7.1.5. The formal solution of the Cauchy problem

(%)(t} Fedu(t) =0 (te€0,00);u(0) = u) (7.1.20)

has the form
u(t) Z/eE”dE(A)uO =e My (t€0,00)). (7.1.21)
R

Just as in the case of (7.1.1) (or as in the case of Stone’s Theorem) (7.1.21) is
a strong solution of the Cauchy problem (7.1.20) if ug € D(Ae~4). Indeed, for
f € D(4)

(0.0 = 3 [ P A, 1),

We can change the order of integration and differentiaon using Fubini’s Theorem
and the fact that uy € D(Ae™<4).

(G010 = [ e @ BN, £)
— /R —ede” N d(E(Nuo, f)
— /R e~ d(E(\)ug, —eAf)
= —(u(t), (cA)"f).
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Hence by (7.1.19) we show that u(¢) is indeed a strong solution (7.1.20) if uy €
D(Ae~<t4).

Example 7.1.6. The formal solution of the Cauchy problem

<i—§><t> +Au(t) =0 (t€[0,00); u(0)=ug, u(0)=mu) (7.1.22)
has the form

u(t) = /R cos VAt d E(\)uo + Rsuft E(\wu

— (cos VAt)ug + (Sm\/\%Zt)ul (t € ]0,00)). (7.1.23)

Indeed for f € D(A),

<i_‘t‘(t),f> = %/RCOS VALA(E(A)uo, f) + E Sui/[t d(ENur, f)-

We can change the order of integration and differentiaon using Fubini’s Theorem
and the facts that first integrant is bounded and u; € D(1/|A|)

(A, ) = / 4 cos VAL A(E(N o, f) + / AV 4 B, £)

dt dt rdt /X
:/—\/Xsin\/Xtd(E()\)uo,f)+/COS\/Xtd(E()\>U17f)'
:><(ciit2 dt/ —Vsin VAt d(E(\)uq, f)‘l'd—/COS\/_td( (AMu, f)-

We can change the order of integration and differentiaon using Fubini’s Theorem

and the facts that second integrant is bounded and uy € D(A).

<%(t)7f> = i — v/ Asin \/Xtd(E(/\)anf) + / icos \/Xtd(E(/\)ul,f)

rdt r d

/]R —Xcos VALA(E(N)ug, f / —VAsin VAt A(E(\)uy, f)
[//\COS\/_td Nug, f /—sm\/_td EN\)ug, f)]

—[/Rcosx/Xtd( Nug, Af) + /—sm\/_td E\u, Af)]

That is, by (7.1.19) u(t) is a strong solution of (7.1.22) if ug € D(A) and u; €

DA,
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7.2 Schrodinger Criterion of Selfadjointness

Theorem 7.2.1 (The Schrddinger Criterion of Selfadjointness). Let A be an
Hermitian operator acting on H. For its essential selfadjointness, it is necessary
that the Cauchy problem for the equation
du
(e
be uniquely solvable on [0,b) for all b € (0,00] (in the sense of strong solutions)
and it is sufficient that A be semibounded below and that the indicated Cauchy

)(t) £ (iA"u(t) =0 (t € [0,0)) (7.2.1)

problem be uniquely solvable in the same sense for some b > 0.

Proof. Before the proof first we shall prove two important lemmas:

Lemma 7.2.2. Let C' be an operator acting on H & H with domain D(C) =
D(A) @ D(A) according to the formula Cf = (Afi,—Afs), where f = (f1, f2) €
D(C). Suppose further C satisfies the following equation for some (b € (0,00]);
du
(T
for the wvector functions with values in H & H. Then, the Cauchy problems for

)(t) + (iC)u(t) =0 (te0,b)) (7.2.2)

both equations (7.2.1) are uniquely solvable in the strong sense on [0,b) if and
only if the Cauchy problem for equation (7.2.2) is also uniquely solvable in the

strong sense.

Proof. Let u(t) = (uy(t),us(t)) t € [0,b) be a strong solution for the Cauchy
problem in (7.2.2). Since C*f = (A*f1,—A*fa) (f € D(C*) = D(A*)® D(AY)),
the functions uy(t), us(t) are strong solutions of (7.2.1) with signs 7 +” and 7 —”
respectively. In the view of the assumption of uniquely solvability for (7.2.1)

implies uniqueness for (7.2.2). Converse statement can be proven similarly. [

Lemma 7.2.3. Suppose that there exists a dense set ® in H such that the Cauchy

problem
COW + -1y Bun =0 (1< [0.7))

() = o, " H(T) =tha (r=1,2) (7.2.3)
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has a strong solution for all T € (0,b) and vg,¢,_1 € ®. Then the Cauchy

problem for (7.1.18) is uniquely solvable on [0, b) in the sense of strong solutions.

Proof. First we shall prove the case r = 2. Let a(t),5(t) € H (t € [0,T]) be

twice strongly continuously differentiable functions. Then

| e smyar= a5l - / (@ (t), B() dt.
Since [T (o/(1), /(1) dt = ({a(t), SO — [T talt), (1) d

/0 (a”(t), B(1)) dt :/0 (a(t), B"(t)) dit — ({o/(t), B(t)) — {a(t), B'(t)]o
(7.2.4)
Let u(t) be a strong solution of (7.1.18) with » = 2 on [0,b) such that u(0) =

w/(0) = 0. Let 1) be a strong solution in (7.2.3). In view of (7.2.4) and the
assumption u(0) = u/(0) = 0,
/OT(<U”(t),w(t)> — (u(t),v"(1))) dt = (' (T), %) — (u(T),¢).  (7.2.5)
Write the "weak” equality (7.1.19) for f = 1)(s) € D(B) Vs € [0,T] we get
(W'(t),¥(s)) + (u(t), By(s)) =0 (t €[0,0)).

Setting ¢ = s yields,

(u"(s),¥(s)) = —(u(s), Bi(s)) (s €[0,b) 2 [0, 7). (7.2.6)
Also, by virtue of (7.2.3) with r = 2 we have
(u(t), (1)) = —(u(t), By(t)) =0 (t €[0,17). (7.2.7)

(7.2.6), (7.2.7) together with (7.2.5) implies that

(@' (T),%h0) = ((T),¢1) =0 (Yo,¢1 € D).

Since, ® is dense u(T") = v/(T') = 0, which yields desired assertion. In the case of
r = 1, we do similar calculations, instead of (7.2.4) we use following integration

by parts;
/0 (1), (1)) dt = — / (), B (1) dt + [(a(®), BONE,  (7.2.8)
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which is well defined since «, § are assumed to be strong solutions, so continuously

differentiable functions. O

Now back to the proof of the Theorem, we split it into 3 cases.
(1) Sufficiency part with A has equal defect numbers:

Suppose to the contrary, A is not selfadjoint, then since A has equal defect
numbers (and they are not zero) we can find two different selfadjoint extensions
Aj and Ay in H. Let Ey, E5 be their spectral measures respectively. In the view
of (7.1.3) for g € H

uy(t) = /R eMd By (N)g (7.2.9)

is strongly continuously differentiable and u}(t) = @ [, Ae"** d F;(X)g. Note that
by (7.1.3) this is indeed a strong solution of (7.2.1) with + sign on [0, 00). Simi-

larly construct
uy (1) :/ei”dEz()\)g (7.2.10)
R

and consider u(t) = wuy(t) — ua(t). Clearly wu(t) is also a strong solution, and
u(0) = g — g = 0. By assumptipn of uniquely solvability and Remark (7.1.4),
u(t) = 0 on [0, 00), that is;

/e”td((El(A) —B(\)g.h) =0 (g€ D(A),heH,te0,00). (7.2.11)

Note that u(t) is indeed Fourier Transform of d((E;(\) — E2(N))g, h), and so
unique. Thus, we get ((E1(\) — Ea(N))g,h) =0, t € R. Since g € D(A) which is

a dense set and h € H is arbitrary we conclude that F; = FE,. Contradiction.
(2) Sufficiency part with A has deficiency indices (m,n):

Consider the operator C' on Lemma (7.2.2). Denote its deficiency indices as
M, N where M = dim(R(C — zI))*, N = dim(R(C — zI))* where z = (21, 22)
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and Z = (Z1,73) with 21, 20 € RT. Then

M = dim(R(C — zI))*

= dim(R(A — 211) @ R(A+ z1))* (7.2.12)
= dim(R(A — 2 1)) + dim(R(A + z1))* (7.2.13)
=m + n.

Similarly N = m + n. Note that the orthogonal complements of (7.2.12) and
(7.2.13) have different meanings. (7.2.12) is orthogonal complement on ‘H & H,

while (7.2.13) are orthogonal complements on H.

By virtue of Lemma (7.2.2) and the assumption of the sufficiency part, we get
(7.2.2) is uniquely solvable on [0,b). Replacing A with —A we get (7.2.2) with —
instead of 4 sign. Thus, our problem turns into the same problem with Case (1),
replacing A with C. Hence we conclude that C' is essentially selfadjoint, that is

m + n = 0 or equivalently m = n = 0; whence A is essentially selfadjoint.
(3) Necessity part:

Let A be selfadjoint and E be its spectral measure. Apply Lemma (7.2.3) by
setting 7 = 1, B = (iA)* = —iA. A strong solution of (7.2.3) with these settings

exists and equal to
U(t) = / e MDD AEBN )y (t€[0,T)). (7.2.14)
R

Note that (t) is clearly continuously differentiable by the same argument as
(7.1.3), ¥(T) € D(A) and it satisfies the Cauchy problem (7.2.3). Thus, by
Lemma (7.2.3) equation (7.2.1) with + sign is uniquely solvable on [0,b). For the

equation (7.2.1) with — sign we do similar calculations by changing B = iA. [

7.3 Hyperbolic Criterion of Selfadjointness

Theorem 7.3.1 (The Hyperbolic Criterion of Selfadjointness). Let A be an Her-

mitian operator acting on H. For its essential selfadjointness, it is necessary that
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the Cauchy problem for the equation

(i—tg)(t) +A%u(t) =0 (te]0,b)) (7.3.1)

be uniquely solvable on [0,b) for all b € (0,00] (in the sense of strong solutions)
and 1t is sufficient that A be semibounded below and that the indicated Cauchy

problem be uniquely solvable in the same sense for some b > 0.

Proof. Sufficiency:

Suppose to the contrary, A is not selfadjoint. Then A has two different self-
adjoint extensions A;, As in H bounded below by a number ¢ > —oco. Let Ei, Ey

be corresponding spectral measures respectively. For g € D(A) C D(Ay),
w (t) = / eVt d E1(\)g (7.3.2)

is strongly continuously differentiable(we use the fact that [, A*d(E1(N)g,g) <
00). In the view of the "weak” equality of (7.1.19) and by Stone’s theorem,

(—4 / TR A B (Ng, f) + {ult), Af) =

(=Au(t), f) + (u(t), Af) = 0.

Last equality follows by the fact that A is Hermitian.

Thus, (7.3.2) is a strong solution of (7.3.1) on [0, 00). We can construct similarly
us(t) and then consider u(t) = uy(t) — ug(t). Then it is easy to see that u(0) =
uw'(0) = 0. That is u(t) is a strong solution of (7.3.1) with trivial boundary
conditions. In the view of the assumed uniqueness of strong solutions of the
Cauchy problem u(t) = 0 for ¢ > 0. Multiplying this equality scalarly by h € H,

we obtain
/ T (BN — Ey(\)g ) =0 (> 0).

Since the measure is uniquely determined in terms of its Fourier transform by
(1.0.5). This concludes that E; = FE5, contradiction.
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Necessity:

Let A be selfadjoint operator and E be its corresponding spectral measure.
Consider Lemma (7.2.3) with r = 2, B = A* = A, and ® = U, E((—n,n))H.
A strong solution of (7.2.3) exists and is equal to

sin(vA(t —T))
VA

Thus, the Cauchy problem for (7.3.1) is uniquely solvable on [0, b) for all b € (0, 00|

0(t) = [ cosVA(E =T B0 + [ dE(M\y.

in the sense of strong solutions. O]

Theorem 7.3.2. Let A be an Hermitian operator acting on H and semibounded
below. Assume that there exists a linear set ® C H dense in H and such that the
Cauchy problem
d* /
EDO+ AN =0 (t€[0.T]); UT)=vo, () =v1) (183
has a strong solution for some b > 0 and all T € (0,b) and gy, € . Then the

operator A is essentially selfadjoint.

Proof. By virtue of Lemma (7.2.3), it follows by assumption of the theorem that
the Cauchy problem for (7.3.1) has a unique solution on [0,b). Then by Theorem
(7.3.1), the operator Ais selfadjoint. ]

7.4 Parabolic Criterion of Selfadjointness

Theorem 7.4.1 (The Parabolic Criterion of Selfadjointness). Let A be an Her-
matian operator acting on H. For its essential selfadjointness, it is necessary that

the Cauchy problem for the equation

(i—?;)(t) AUt =0 (t€[0,00)) (7.4.1)

be uniquely solvable in the sense of strong solutions. For an operator semibounded

below, this is also sufficient condition.
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Proof. Sufficiency:

Suppose to the contrary Ais not selfadjoint. Let A;, A5 be different selfadjoint
extensions of A bounded below by ¢ > —oo and let Ey, E5 be the corresponding

spectral measures. Its clear by (7.1.1) that the vector function
s (1) = / eMAB (g (te[0,00) (g€ D(A) C D(A))  (7.4.2)

is strongly continuously differentiable and u;(t) € D(A;) C D(A*). The deriva-
tive uy(t) = [TeMdE (Mg (t € [0,00)) (9 € D(A) C D(A;)). The ex-
pression A*uy(t) = Ajui(t) also of the same form. Thus, (7.4.2) is a strong
solution of equation (7.4.1) with u;(0) = g. Further, similarly we construct
u(t) = uy(t) — us(t) and then u(t) = 0, whence by totally same argument with

the proof of (7.3.1) we arrive a contradiction to F; = FEj.
Necessity:

Consider Lemma (7.2.3) with » = 1, B = A, and ® = |J°°, E((—n,n))H,
where F is the corresponding spectral measure of A A strong solution of the

corresponding Cauchy problem exists and is equal to

b(t) = / AT AEW W (¢ € [0,T)). m

7.5 Quasianalytic Criterion of Selfadjointness

Definition 7.5.1. Let [a,b] be a finite interval and let (m,)32, be a sequence
of positive numbers. Then, the class C{m,} is defined as the linear set of all

functions f € C*([a, b)) satisfying the estimates
[(D™(f)(t)] < K}my, (t € [a,b];n € N) (7.5.1)

where Ky is a constant depending on f.

For example m,, = n! gives the class of analytic functions defined on [a, b].
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Definition 7.5.2. The class C{m,} is called quasianalytic if f € C'{m,} such
that (D"f)(t9) =0 (n € N) and f(to) = 0 at a fixed point ¢y € [a, b] implies that
f(t) =0 (t € [a,b]).

Theorem 7.5.3 (Denjoy-Carleman Criterion). The class C{my} is quasianalytic
if and only if

[e.9]

> (inf{m/*| k> n})™ = o0 (7.5.2)

n=1

For a proof see [5] or [9].

Example 7.5.4. The class of analytic functions is quasianalytic.

Proof. First we will show that k!'/* is an increasing sequence. Indeed for k > 1,
(k+ DWHEL > gk o (] 4 1)1k > g1kt
& (k+ 1D)FKF > Ik g

& (k+1)F >kl

k+1>14 4=1,...k, sok!"* is indeed an increasing sequence. Thus, for
m, = n!

S Gt {EYH) k>0t =S ()

n=1 n=1
n"™ > n! implies (n!'/")~! > 1/n, so

> (f{kM* >0} > ) (1/n) = o

n=1 n=1
That is, the class of analytic functions is quasianalytic. O

Example 7.5.5. The class C{n?"} is quasianalytic if and only if p < 1.

Proof. Suppose p < 1. Then kP, (k € N) is a decreasing sequence and inf{k?| k >
n} = n?. By Denjoy-Carleman Criterion C{n*"} is quasianalytic if and only if
S (inf{k?| k > n})™! = .

n=1
i(mf{k”\ k>np) = P
n=1 a n=1 nr
Inverse part can be deduced similarly. O]
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Definition 7.5.6. Let H be Hilbert space and let A be an Hermitian operator
on it. Then, a vector f € H is called quasianalytic (with respect to A) if f €
N2, D(A™) and the class C{||A"f]|} is quasianalytic.

Lemma 7.5.7. A vector f € (\)_, D(A") is quasianalytic if and only if

> AT = oo (7.5.3)
n=1

Proof. Assume W.L.O.G ||f|| = 1. We will show that
(A fl[m) (7.5.4)
is nondecreasing. Indeed, since A is Hermitian,
IAFIP = (Af Af) = (A2 F ) < IA2FIIAL = 1A £l (7.5.5)
e, [|AfII < [|A%f]|'/2. Now suppose ||A™f[[V/" < A" f][*/"+ is proved.

JA™Lf|] = (A, AT
— <An+2f, Anf)
< [JA™= - 1A A

by using the assumption we get

<A (AT

(7.5.6)

Hence ||A"+f||"+2/m+1 < ||A+2 f|| and (7.5.4) is nondecreasing. So
nf{|| A" f]|*] & > n} = []A" ]| (7.5.7)
Hence, proof follows by the Denjoy-Carleman criterion. O

Theorem 7.5.8. Let A be closed Hermitian operator acting on H. It is selfadjoint

if and only if H contains a total set that consists of quasianalytic vectors.
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Proof. Let A be selfadjoint. Then it suffices to prove that each quasianalytic
vector 1 has the form FE(a,b)f where E is the spectral measure corresponds to
the selfadjoint operator A, a,b are some real numbers and f € H. Since a,b are
finite it is clear that ¢ € () —, D(A™). Indeed,

/fvaﬂ»ﬁns@mxmmmnwwﬂﬁ<m.

Similarly,

b
waP:/A%am»ﬁﬁ
< (maxc(Jal,]b], 1)) - | FI1
< M|
Ny LSS VAR
(7.5.8)

That is, (7.5.3) diverges, and so the vector ¢ is quasianalytic. Take a = n,

b= —n, (n € N) we get total set consists of quasianalytic vectors.

For the inverse implication, suppose that A has a total set M of quasianalytic
vectors 1. By using closedness of A and Theorem 7.2.1 it is enough to prove the
uniqueness of strong solutions of the Cauchy problem for the equations (7.2.1) if

b = oco. Let u(t) be the strong solutions of the Cauchy problems

du

(1) = (PAYu(t) =0 (t € [0,00), u(0) =0 ¢ = Fi). (7.5.9)

Let ¢ be quasianalytic and fix 7' > 0. Then

d du
L), v) = (50, )

using the "weak” equality (7.1.19) for (7.5.9)

= <U<t>, (¢A)¢> (t € [07 T])

But (¢pA)y € ,—; D(A") and so change ¢ to (¢A)i at above equality we get

d

(u(t), (94)¢) = (u(t), (9APY) (¢ € [0,T]).
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We can keep on the process, so (u(t),) € C*°([0,7])) and by induction
D™(u(t),v) = (u(t), (pA)"p) (t€[0,T] n € N). (7.5.10)
u(t) is strong solution, that is it is bounded; and [0, 7] is also bounded, so
D™ (u(t), )| < M -[|[(9A)"y[| = M - [[A"p][ (£ €[0,T]; neN).  (7.5.11)

Thus, f(t) = (u(t),®) belongs to the class C{||A"||}. By (7.5.10) and the
assumption u(0) = 0 implies that (¥n € N), (D"f)(0) = 0. By definition of
quasianalytic vector v, the class C{||A"||} is quasianalytic. Thus, we get f(t) =
(u(t),v) = 0 (t € [0,7]). Since M is total and ¢ is arbitrary on M, we get
u(t) =0, (t €[0,T]). T is arbitrary, so we are done. O

7.6 Other Criteria of Selfadjointness

Definition 7.6.1. Let A be a Hermitian operator acting on a Hilbert space H.
Then, a vector f € H is called analytic (with respect to A) if f € ()2, D(A")

and the power series,

n!

SIS, .
n=0

has a nonzero radius of convergence. It is called entire if the radius is infinity.

It is clear that analytic vectors are quasianalytic. Indeed, suppose the series

has nonzero radius of convergence. Then

SO 1A,
n=0

n! n!

= [|A"f||7Y™ = 0o faster than n!™Y™
oo o0 [e.9] 1

= DMl = Y e = Y
n=1 n=1 n=1 n

= ATV = oo
n=1
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Remark 7.6.2. If A is selfadjoint, then it possesses a total set of entire vectors.
Indeed, this follows by (7.5.8) and the fact that A" < M™|[¢]|.

Definition 7.6.3. Let A be an Hermitian operator on H. A vector f € H is
called a Stieljies vector (with respect to A) if f € (2, D(A") and the class
C{||A™f]|*/?} is quasianalytic. It is clear by definition that every quasianalytic
vector is a Stieljies vector. Thus, if we denote entire, analytic, quasianalytic,
and Stieljies vectors (with respect to the operator A) by €(A), A(A), Q(A), S(A)

respectively, then we clearly have
€(A) C A(A) C Q(A) C S(A). (7.6.2)

Theorem 7.6.4. Let A be a closed Hermitian operator semibounded below. Then,
it 1s selfadjoint iof and only if H contains a total set that consists of Stieljies

vectors.

Proof. By (7.6.2) one side is trivial. For the nontrivial part, by Theorem (7.3.1)
it suffices to prove the uniqueness of strong solutions of the Cauchy problem for
equation (7.3.1) with b = oco. let u(t) be strong solution of the Cauchy problem
with «(0) = u/(0) = 0. As in the proof of Theorem (7.5.8), suppose M is a total
set of Stieljies vectors, T' > 0 is fixed and set f(t) = (u(t), ) for some ¢ € M.
Then by the ”"weak” equality (7.1.19) written for (7.3.1) with f € C?([0,T]) we
get

d f

(W)(t) = —(u(t), AyY) (t €[0.7]). (7.6.3)

Since Ay € (), —, D(A™), by the same reason, we conclude as in the proof of
Theorem (7.5.8) that, f € C*°([0,T]) and

(D* f)(t) = D*(u(t), ¥)
= =DM {u(t), Ap) = ...
= (=DF{u(t), A¥) (t€[0,T] k € N). (7.6.4)
Similarly,
(DA () = (=D)F @/ (t), A%p) (€ [0,T] k € N). (7.6.5)

u(t) is strong solution, so wu(t),u'(t) are bounded on [0.7]. Therefore by doing

the same calculations as in Theorem (7.5.8) we are done. O]
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7.7 Selfadjointness of Perturbed Operators

Remark 7.7.1. Let A be a selfadjoint operator on H and let B be a bounded
selfadjoint operator. Then A + B is selfadjoint. Indeed, by Theorem (2.3.4),
(A+ B)*=A*+B*= A+ B.

However, in the case of both unbounded operators situation is more compli-

cated. First we introduce the following definition:

Definition 7.7.2. Let A, B acts on H with D(B) O D(A). We say B is subor-
dinated to A if

IBfIl < pllAfIl +dllfIl (f € D(A)) (7.7.1)

where p, g > 0 are constants(constants of subordination). If, ¥p > 0 there exists

g such that (7.7.1) satisfies, then B is called infinitely small as compared to A.

Theorem 7.7.3. Let A be selfadjoint and B be Hermitian on H such that D(B) 2
D(A). If B is subordinated to A with a constant subordination p € [0,1), then
A+ B is selfadjoint.

Proof. Notice first that by Theorem (2.3.3), (A + B)* D A* 4+ B* D A+ B; that
is A+ B is Hermitian. Thus, by Theorem (4.1.5), it is enough to prove that
R(A+ B —iyl) =H and R(A+ B +iyl) = H for some y > 0. We will prove the
first relation in which the second one can prove with changing signs of + and —

in front of 7y. In other words, we will prove that
(A+ B—iyl)f =g (f € D(A)) (7.7.2)

is solvable for all g € H. Since A is selfadjoint iy is a point of regular type for A,
thus, (A —dyl)~! is exists and bounded, and thus we can transform (7.7.2) to:

(I+ B(A—iyl)™ ) A—iyl)f =g (f € D(A)). (7.7.3)

We used the fact D(A) C D(B), so that (7.7.3) is indeed well defined and equals
to (7.7.2). Denote C(y) = B(A — iyl)~'. Since (A —iyI)~! is bounded, in the
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view of Remark 2.1.2, D(C) = D(B) D D(A). We will show that for sufficiently
large y > 0, ||C(y)|| < 1. First we will establish some inequalities;

(A —ayD) fII* = (A= iyD) f, (A~ iyD) f)

Since A is selfadjoint,
(A —ayD) fII* = [JAFII” + I I
Set (A —iyl)f = g, then in the view of Remark 2.1.2; last equality turns to
Il = [[A(A = iy D) gl + y?*[[(A = iyD)"'gl* (9 € D(A—iyI)™") =H)).
Thus, we get
IA(A —iyI) gl < llgll, and [|(A—dyl)"gl| < éHgH (geH). (7.74)
By (7.7.1) and (7.7.3) together with the fact that (A —iyl)~'f € D(A) we have
ICW£Il = IB(A—iyl)~ f]]

recall that D(C) 2 D(A),

< PlJA(A — iyD) " f|| + gl (A — iy D)~ f]]
< plIf]| + gufn (f € D(A)). (7.7.5)

Hence by taking limit for the last inequality we conclude that

HC@VHSMVH+3UH(f€DKm- (7.7.6)

Since p € [0,1) and y is arbitrary, by picking y sufficiently large we can conclude
that [|C(y)|| < 1. Thus, (1+C(y))~"! exists. But that is, (7.7.3) can be solved. [

Remark 7.7.4. Notice that Theorem fails for p = 1. Indeed, for A is unbounded
selfadjoint and B = —A we get all conditions satisfied, but A+ B = 0|p4) which

is not even a closed operator.
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