KARADENIZ TECHNICAL UNIVERSITY
THE GRADUATE SCHOOL OF NATURAL AND APPLIED SCIENCES

DEPARTMENT OF MATHEMATICS

MASTER THESIS

ARFAH ARFAH

JULY 2021
TRABZON



KARADENIZ TECHNICAL UNIVERSITY
THE GRADUATE SCHOOL OF NATURAL AND APPLIED SCIENCES

DEPARTMENT OF MATHEMATICS

RICCI SOLITONS ON LIGHTLIKE HYPERSURFACE

Arfah ARFAH

This thesis is accepted to give the degree of

"MASTER OF SCIENCE"
By
The Graduate School of Natural and Applied Sciences at
Karadeniz Technical University

The Date of Submission 2 20/04 /2021
The Date of Examination 1 05/07 /2021
Supervisor :Dr.O

Trabzon 2021



ACKNOWLEDGEMENT

This thesis entitled “Ricci Solitons on Lightlike Hypersurfaces” is written as a
requirement for completing the Master of Science in Mathematics Department of Karadeniz

Technical University.

Infinity thanks to my master thesis supervisor, Asst. Prof. Dr. Giil TUG from my deepest
heart for all supports, guidance, suggestions, and all help given to me. I would also thank to all
lectures and staff in the Department of Mathematics for their guidance and helps during my

study.

I would thank my lovely mother and my lovely father for all supports and motivation,
which always given to me to reach my dream. Next, thanks to all my friends in Indonesia

Student Association in Trabzon for togetherness, which always makes me feel at home.

Arfah ARFAH
Trabzon, 2021

I



DECLARATIONS

I declare that, this Master Thesis entitled “Ricci Solitons on Lightlike Hypersurface” has
been completed under the guidance of my Master supervisor Asst. Prof. Dr. Giil TUG. All
referred information in this thesis has been indicated in the text and cited in the reference list. |

have obeyed all research and ethical rules during my research and I accept all responsibility if

proven otherwise. 05/07/2021

Arfah Arfah

1A%



CONTENTS

ACKNOWLEDGEMENT ......cooiiiiiiiii e I
DECLARATIONS ..ottt sesesenenas v
CONTENTS ..ottt ettt b ettt b bbb st b e b e st sebese e es et ene e s enenens \Y
OZET ..ttt h ettt ettt et b st b et s et s b e st b s s bbbt et b et st s aenens Vil
SUMMARY ..ottt ettt b bttt s bbb s et b e s e st bebes e e s esenennenas VI
INOTATIONS ...ttt ettt b ettt s b st s et e s e b e s et s ebese st s esene e sesans IX
1 GENERAL INFORMATION ..ottt 1
L1, INEFOAUCTION. .. .eiiiiiiiiiieetieee ettt ettt ettt et e e st et e saeesneesaneennee e 1
1.2.  Topological Manifold ............coooiiiiiiiiiiiiiiiii et 3
1.3, Riemann Manifold ..........cccooiiiiiiiiiiiiee et 10
1.4. Lie Derivative and Differential Operators............cccueeerveeeiieeriieeniieenieeesieeesaeeeseveeenns 16
1.5. Riemann Submanifold ..........coccooiiiiiiiiiiiii et 21
1.6.  Semi-Riemann Manifold ...........cocooiiiiiiiiiiii e 23
1.7. Lightlike Hypersurfaces of Semi-Riemannian Manifolds...........c.ccceevuiieniiieeniieenniennns 25
2. RESULT AND DISCUSSIONS ..ottt 30
2.1, RICCT FIOW ..ottt sttt 30
2.2, RICCT SOIEOMS ..ttt ettt ettt e e e eneenaeees 32
2.3. Euclidean Hypersurface as RicCi SOItON.........cceoiiiiiiiiiiiiiiiiiiieiieeeeeee e 44
2.4. Ricci Soliton on Lorentzian manifolds ...........cccocueeiieriiiniiniiniieieeeeceeeeeeee 51
2.5. Ricci Solitons on Lightlike Hypersurfaces ............cceovieiniiiiniiiiniieiiieeieeeeeeeieeae 60
3. CONCLUSSION.. ...ttt ettt b et b et b b se s bese e s esene e s esenens 70
4.  RECOMENDATIONS ...ttt ettt b et s b esenas 71
5. REFERENCES ...ttt 72



CURRICULUM VITAE

VI



Yiiksek Lisans Tezi

OZET

LIGHTLIKE HIPERYUZEYLER UZERINDE RiCCi SOLITONLAR

Arfah ARFAH

Karadeniz Teknik Universitesi
Fen Bilimleri Enstitiisii
Matematik Anabilim Dali
Danmisman: Dr. Ogr. Uyesi Giil TUG
2021, 83 Sayfa

Bu tezde lightlike hiperyiizeyin, Ricci solitonun denklemini karsiladigin1 gosteriyoruz.
Ayrica, teoriyl destekleyen bazi teoremler ve sonuglar veriyoruz. Ricci soliton denklemini
saglayan concircular vektor alanlarini kabul eden hafif benzeri bir hiper-yiizeyin gradyan Ricci
soliton olma kosulunu da sagladigini ispatliyoruz. Son béliimde, screen homotetik ve tamamen
jeodezik lightlike hiperyiizeylerin Ricci solitonlar1 ve gradyan Ricci solitonlar1 olmasi igin

kosullar veriyoruz.

Anahtar Kelimeler: Lightlike hiperyiizey, Ricci solitonu, gradyan Ricci solitonu
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Master Thesis

SUMMARY

RICCI SOLITONS ON LIGHTLIKE HYPERSURFACES

Arfah ARFAH

Karadeniz Technical University
The Graduate School of Natural and Applied Sciences
Mathematics Graduate Program
Supervisor: Asst. Prof. Dr. Giil TUG
2021, 83 Pages

In the present work, we show that a lightlike hypersurface satisfies Ricci soliton equation.
Also, we give some Theorems and corollaries supporting theory. We prove that a lightlike
hypersurface admitting concircular vector fields which is Ricci soliton satisfies the condition
of gradient Ricci soliton as well. In the last part, we give conditions of the lightlike
hypersurfaces which are screen homothetic and totally geodesic to be Ricci solitons and

gradient Ricci solitons.

Keywords: Lightlike hypersurface, Ricci soliton, gradient Ricci soliton
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1. GENERAL INFORMATION

1.1. Introduction

In the early 1980s, Richard Hamilton, then at the University of California, San Diego,
suggested utilizing a notion known as Ricci flow to prove Thurston's geometrization
hypothesis. Every manifold has different kind of Riemannian metrics. The issue is that the
measure might not be homogenous. Hamilton's notion allows the manifold to "find its own
way" to metric which is homogeneous through enabling the evolution of metric in a term
similar to how heat flows. The temperature will ultimately equilibrate if heat flows
unobstructed across a space with no heat sources or sinks. If we do the same to a manifold,

the equilibration of the curvature will hold which imply the manifold to be homogeneous.

A partial differential equation describes heat flow by equating the temperature-change
rate in terms of time to its variation in space. Hamilton applied this concept to the metrics-
related equation in Riemannian space. Suppose the change of metric's rate with respect to
the time is proportional to a parameter known as the Ricci curvature. Ricci curvature is
strongly connected to the concept of theory of general relativity of Einstein of space-bending

curvature. The equation of Ricci flow stated by Hamilton has form: If g = g(t) is the metric
of Riemannian manifold at time ¢, it will satisfy Z—‘? = —2Ric(g), where Ric is the Ricci

curvature (Mackenzie and Cipra, 2006).

Many mathematicians have been interested in the geometry of Ricci solitons
throughout the last two decades. It became especially essential after Grigory Pereleman used
Ricci solitons for solving the long-standing conjecture proposed by Poincare's in 1904.
According to Perelman (2002), on compact simply connected Riemannian manifolds, the
Ricci solitons are gradient Ricci solitons which satisfy the equation of Ricci flow. The study
of Ricci solitons is divided into two parts: the effect of Ricci solitons on the topological
properties of Riemannian manifold and the effect of Ricci solitons on its geometry. (Chen

and Deshmukh, 2015).



For many years, theory of semi-Riemannian manifolds has studied by both
mathematicians and physicists due to its wide range of applications. One of the most
interesting theories of semi-Riemannian geometry is the concept of lightlike hypersurfaces.
Lightlike hypersurfaces itself has a significant place in the general relativity theory as the
event horizon region of the black hole. As Einstein's theory of gravitation was published in
1915, a considerable amount of studies about the theory of the black hole has conducted by
scientists. Theory of the black holes and applications of lightlike hypersurfaces has been
studied by Hawking (1973), Chandrasekhar (1983), and Chrusciel (2005). To study more
about lightlike hypersurfaces in semi-Riemannian manifold we refer to the papers written by
Duggal and Bejancu (1996), Duggal and Jin (2007), Giines (2003), Atindogbe (2014), Sahin
(2007).

Concircular vector fields are useful tools in many areas of mathematics and can be
applied in other fields such as physics. In mathematics, concircular vector fields can be seen
in concircular mapping study which is conformal and preserves the geodesic circle (Fialkow,
1939). Moreover, the concircular vector field is also important to study the projective and
conformal transformation theory (Chen, 2014; Yano, 1940). In physics, the time-like
concircular vector fields trajectories in the deSitter space show the lines of the world of
receding or colliding galaxies which are fulfilling the postulate of Weyl, i.e., the
orthogonality of the world lines orthogonal to a family of spacial hyperslices must be
everywhere (Takeno, 1967). Some studies related to concircular vector fields can be seen in

the studies by Brickell (1974), Kili¢ (2021), Al-Dayel (2020), Chen (2016), and Chen (2015).

In this thesis, we specify the conditions for lightlike hypersurfaces admitting
concircular vector fields to satisfies the Ricci soliton equation. Also, some theorems and
corollaries supporting theory are given. We prove that Ricci solitons on lightlike
hypersurface equipped with concircular vector fields satisfying the condition of a gradient
Ricci soliton as well. In the final section, the conditions for the screen homothetic and totally

geodesic lightlike hypersurfaces to be Ricci solitons and gradient Ricci solitons are given.



1.2. Topological Manifold

Definition 1.2.1. Let X be a set and 7 be the collection of all subset of X. T is called

topology if it satisfies the following conditions:
(T1).X,0 €,
(T2).VA, A, ET= A NA, ET,
(T3)A; €1, i€l = Uig/4; ET

where [ is index set (Hacisalihoglu, 2000).

Definition 1.2.2. A pair (X,7) consisting of set X and a topology 7 is called
topological space (Hacisalihoglu, 2000).

Definition 1.2.3. Given a nonempty set A and m: A X A — R be a function. m is

metric on X if it satisfies:

(i) Foranyx # y, m(x,y) >0,
(i) m(x,y) =0iff x =y,

(iii) m(x,y) = m(y,x),

iv) m(x,y) <m(x,z) + m(z,y)

forall x,y,z € X.

Definition 1.2.3. Let X and Y be topological spaces. If a function f: X — Y is
bijective, continuous and its inverse f~! is continuous as well, then f is said to be a

homeomorphism (Sahin, 2012).

Definition 1.2.4. Given a topological space (X, 7). X is called Hausdorff space if for
every two distinct elements in X, there will be open sets A and B such that x € A,y € B and

AN B = @ (Yildiz, 2005).

Definition 1.2.5. Given a topological space M. If the following conditions are satisfied,

M is called n-dimensional topological manifold:



(M1) M is a Hausdorff space,
(M2) there is a neighborhood homeomorphic to open subset of E™ at each point in M,
(M3) M is covered by finite open sets (Hacisalihoglu, 2000).

Definition 1.2.6. Let U < E™ be an open set. A map f: U — R is C¥ if and only if all
partial derivatives of the order less or equal to k of the component functions f! exist and

continuous on U.

Definition 1.2.7. A function f : R"® > R is smooth or C* if f is C* for all k > 0
(Renteln, 2014).

Definition 1.2.8. Let U,V € R™ be open sets and the function f: U — V be a
homeomorphism. If f and f~! are both smooth, then f is said to be diffeomorphism
(Renteln, 2004).

Definition 1.2.9. Given a topological manifold M. M is said to be a differentiable
manifold of equivalent class C* if a differentiable structure C* on M is defined.

(Hacisalihoglu, 2000).

Definition 1.2.10. Given an n-dimensional topological manifold M. A coordinate
chart on M is a pair (U,¢@), in which U c M is an open set and @:U - U is a

homeomorphism from U to U = ¢ (U) S R™ which is also an open set (Lee, 2013).

Definition 1.2.11. An n-dimensional atlas <A on a space S is a set of coordinate

systems of dimension n in S such that
(A1) for each point of S is contained in the domain of some coordinate system in V/, and
(A2) any two coordinate systems in A overlap smoothly.

(O’Neill, 1983).

Definition 1.2.12. Given an n-dimensional topological manifold M. The composition
mapping Y o @ L: (U NV) - (U NV)is said to be the transition map from ¢ to P if
(U, @) and (V, ) are two disjoint chart (Lee, 2013).



Definition 1.2.13. For any point p on a manifold M, the tangent vector at point p on

M is a function w: M — R™ which satisfy:

(TD (af + bg) = kw(f) + lw(g)

(T2 w(fg) =w(f)g) + f(p)w(g) forallk,l € Rand f,g € C*.
(O’Neill, 1983).

Definition 1.2.15. Given a manifold M be a manifold with T\, M is the space of tangent
vectors of M at point p. At each point p € M, a differentiable map X on T,,M is called a

vector field. Thus, the vector field of M can be written by
XM — UpemTpM
(Sahin, 2012).

Definition 1.2.16. Given a smooth map of manifolds by f: M — N and a smooth map
g:N - R. We define anew map g*h: M - Rby g*f = f o g. The map g*f is the pullback
of g by f because the function g is “pull back” from N to M (Renteln, 2004).

Definition 1.2.17. Given a mapping, F: M — N be differentiable mapping and X €
TpM be the tangent vector of a curve at point @(t,) = p on M. Then, the transformation

E:T,M — Tg)N is called differential transformation (Sahin, 2012).

Definition 1.2.18. For smooth manifolds M and N of dimensions m and n,
respectively with map f: M — N be a smooth map. f is immersion at p if m < n and the
ayt

Jacobian matrix (ﬁ) has a maximal rank (namely m) at p € M. Furthermore, if f is an

immersion for all p € M then M is called the submanifold of N (Renteln, 2014).

Definition 1.2.20. An injective immersion f is called embedding (or imbedding) if f

maps M homeomorphically onto its image f (M) in the induced topology (Renteln, 2014).

Definition 1.2.21. If F maps, m -dimensional manifold M into n -dimensional

manifold N with m < n then n — m is called codimension of F (Sahin, 2012).



Definition 1.2.22. Given a surjective mapping F from a manifold M of dimension m
to an n-dimensional manifold N with n = m. If mapping F,: T,M — Tg,)N atpointp € M

has rank n. Then, F is called submersion. (Sahin, 2012).

Definition 1.2.23. If f is submersion at p € M then point p is called regular on f,

otherwise, it is called critical point of f (Renteln, 2014).

Definition 1.2.24. Let the function f: E™ — R be differentiable and vp € Tgn(P).
Then, % = PQ such that vplf] = %(f(P1 +t(Q, —Py), ..., B, + (Q,, — Pn))) |;=o denote

the directional derivative of f according to the vector v (Hacisalihoglu, 2000).

Definition 1.2.25. Let X € y(E™) and f € C(E™, R). Forevery p € E™, (X(f))(p) =
X,[f], X[f] € C(E™, R) is called the derivative of function f in direction of the vector field
X (Hacisalihoglu, 2000).

Definition 1.2.26. For vector fields ¥V and W on open subset U of a differentiable

manifold M and f € C*, the mapping
[,]: T(TM) XxT(TM) — I'(TM)
V. Wif =Vv(Wf) -w(f)

is called Lie bracket operator of vector fields V and W. Here I'(T M) is a vector space over a
field R and V (f) stands for the derivative of function f in direction of the vector field V
(Sahin, 2012).

Lemma 1.2.1. The bracket operation on y(M) has the following properties:

(1) R-bilinearity : [aX + bY, W] = a[X,W] + b[Y, W]
[W,aX + bY] = a[W,X] + b[W,Y]
(2) Skew-symmetry : [V, W] = —[W, V]
(3) Jacobi identity : [V, [W, X]] + [W, [X,V]] + [X, [V, W]] = 0 (O’ Neill, 1983).

Definition 1.2.27. On manifold M, a curve is a smooth mappinga : € R — M in

which I is an open interval (O’Neill, 1983).



Definition 1.2.28. Let @ : I — M be a curve.

' (t) = da (%L) € Ty (M)

is called tangent vector at point a(t) at t € I corresponding to parameter t € I (O’Neill,

1983).

Definition 1.2.29. Leta : I — M be a curve. If ||a’(t)|| = 1 then «a is called unit
speed vector (Lee, 2009).

Definition 1.2.30. IV is called a vector space over field F if the operations:

i)  Addition;

ii)  Multiplication with scalar on T,
satisfy the following conditions:

1) V is a commutative group according to the addition operation with the identity
element 0 (zero vector);
2) Fora,pEF,x,yeW,
a) alx+y)=ax+ay,
b) (a+ B)x = ax + Bx,
) (ap)x = a(Bx),
d 0-x=0,1-x=x.

(Chern, et al, 2000).

Definition 1.2.31. Let V, Z be vector spaces over the field [F of finite dimension. A

map f:V - Z is called linear if for any v;,v, € V,a!,a? € F,
fla'vy + a?vy) = a'f(vy) + a®f (vy).
(Chern, et al, 2000).

Definition 1.2.32. Let V, W, Z be vector spaces over the field F of finite dimension. A
map f:V X W - Z is called bilinear if for any v, v;,v, € V,w,w;,w, € W and al,a? € F

satisfy the following conditions.

i) flalv, + a?v,,w) = alf (v, w) + a?f (v, w),



i) f(v,alw; + a?wy) = alf(v,wy) + a?f (v, w,).

Analogously, we define the r -linear map by f:V; XV, X ..XV, > Z where

Vi, V,, ..., V, are vector spaces over [F (Chern, et al, 2000).

Remark 1.2.1. When Z = [, the objects defined in definitions (1.2.31) and (1.2.32) is
respectively called F-valued linear functions, [F-valued bilinear function and [F-valued -

linear function.

Definition 1.2.33. The set of all linear function VV*on vector space V is called dual

space of V,i.e., V* = {f |f : V > F} (Renteln, 2004).
Definition 1.2.34. If {e;} is a basis of I/, there is a canonical dual basis or cobasis {&;}

of V*, defined by (e;, &) = (Sij , where (Sij is the Kronecker delta:

C (1 ifi=j
§) =
L {O otherwise.

(Renteln, 2004).

Definition 1.2.35. Let {¢;} and {&;} be two bases of V. Each new (tilde) basis vector
can be expressed as an old basis vector linear combination and by convention, we write
é] = ZieiAl-j,

for some nonsingular matrix A = (Ai ]-), called the change of basis matrix (Renteln, 2004).

Definition. 1.2.36. A covariant tensor of degree s ((0, s)-tensor) at a point p on a

differentiable manifold M is a multilinear mapping
Ay (TM) X ...x (T,M) - R.
A basis of the space of all (0, s)-tensor is given by the set

(dxj1|p ® ® dxjslp)jl,,,,,jszl,.. ’

,n

where

. N R BN
(dvh ® . ® di) )= ol .of

dxla’ " oxls

(Kuhnel, 2013).



Definition 1.2.37. An s-covariant and r-contravariant tensor ((r, s)-tensor) at a point

p on a differentiable manifold M is a multilinear mapping

Ay = (T,M)" % ..x (T,M)" x (T,M) x ...x (T,M) - R

T N

where (TpM )* =H om(TpM ; ]R) denotes the space of dual of the tangent space.

A basis (s, r)-tensor space is given by

9 9 | |
- R J1 Js
( 1y ® @, ® dxi], ® . ® dx lp)i1,...,ir,j1,...,js=1,...,n

where

a a
axl’ " axls

(52 ® . @ d¥s) (dx @ .. ® ) (

> . .
e ) =685t 60 o)
(Kuhnel, 2013).

Definition 1.2.38. Given finite-dimensional spaces X, Y and linear mapping

2(X,Y;F) by X X Y - R. The tensor product of V* and W* is defined by the mapping
R:X*"xXY* - 2(X,Y;F)
(xy) = x" @y =x"(x) -y (),
where x € X and y € Y (Kuhnel, 2013).

Definition 1.2.39. Given finite-dimensional spaces X, Y and linear mapping

2(X,Y;F) by X x Y - R. The tensor product of X* and Y* is defined by the mapping
R: X" XYY" - 2(X,Y;F)
x5y P @y =x(x) -y (),
where x € X and y € Y (O’ Neill 1966).

Theorem 1.2.1. Given a differentiable real-valued function f, then 1-form df on E3

can be expressed as df = Xf;dx;, where f; = % (O’ Neill 1966).
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1.3. Riemann Manifold

Definition 1.3.1. The symmetric bilinear form b is:

(1) Positive (or negative) definite if v # 0 and b(v,v) > 0 (or < 0),
(2) Positive (negative) semi-definite if b(v,v) = 0 (< 0),
(3) Nondegenerate if for all w € V b(v,w) = 0 then v = 0 (O’Neill, 1983).

Definition 1.3.2. Given a differentiable manifold M with differentiable vector fields

x(M). If the bilinear form

g:x(M) X x(M) — C*(M)

is symmetric and positive definite, that is for any vector fields V, W € y(M) the conditions

(@ gV, W) =gW,V)
b) gV,V)=0andVvVV g(V,V) =0V =0

are satisfied, the bilinear form g is called Riemannian metric or metric. The pair (M, g) is

called Riemannian manifold (Sahin, 2012).

Definition 1.3.3. The metric tensor components of g on U are g;; = (9;,0;) (1 <

i,j <n)if x4, x5, ..., X, is a coordinate system on U € M (O’Neill, 1983).

Definition 1.3.4. Given Riemannian manifold M with metric tensor <, >. If T is the
tangent vector of curve a given by atlas {([a, b], @), then the curve length from a(a) to

a(b) is given by

lali = [ <T@®,TE) >dt, te€ab] (1)

(Sahin, 2012).

Definition 1.3.5. The largest integer i.e., the dimension of a subspace V € W on which
b|W is negative definite is called the index of a symmetric bilinear form b on V (O’Neill,

1983).
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Definition 1.3.6. Let u', u?, ..., u™ be the natural coordinates on R™. If V and W =
YWio; € y(M) , the vector field V,W =Y V(W"0; is called the natural covariant
derivative of W with respect to V' (O’Neill, 1983).

Definition 1.3.7. Let V: y(M) X y(M) — x(M) satisfying

(1) V4Y is C*(M, R)-linear in V;
(i1) VY, is R-linear in W;
(i)  Vx(fY) = (X)Y + fVyY, Vf € C* (M, R).

V is called affine connection or linear connection and VY stands for the covariant derivative

of W in direction of V (Calin & Chang, 2005).

Theorem 1.3.1. Given a manifold (M, g). The Christoffel symbol of the first and

second kind of metric g are respectively given by

Y dgjk 09
KiT2\oxl T axt axk

and

o = L g (20 90y 004
o2 OxJ dxt  oxm

where gjkgki = 5]_1' (Ahsan, 2015).

Definition 1.3.8. The parametrized curve p(t) is said to be a geodesic if its velocity

vector is constant (parallel), that is, if it satisfies the condition %% = 0 (Ahsan, 2015).

Theorem 1.3.2. Let the coordinates of a point P on the curve 7 be x!(1), the curve 1

is given by real parameter A. In terms of this parameter A the tangent vector t' at the point P

; _ dxt . o
has the component t* = %. Now, if the curve i does not change its direction as we move

along it, then the change rate of t* along t is zero, i.e.,
0
t't) = 0.

The equation of the geodesic is expressed as
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d?xt . dx¥dx/
Tz + Ty TS 0
(Ahsan, 2015).
Definition 1.3.9. Given a liner connection V. The operator
T:x(M) X x(M) — x(M)
TW,W)=vV,W =V, V—[V,W]
is called torsion tensor (Calin & Chang, 2005).

Definition 1.3.10. Given a liner connection V. The curvature tensor of the linear

connection V is given by

R: x(M) x (M) X x(M) — x(M)

RV, W)Z =VyVyZ =V VyZ = VyuiZ (6)
(Calin & Chang, 2005).

Theorem 1.3.3. Riemann curvature connection components can be expressed by

) )
Rij = 5Tt =5, + T Tmj — T} T (72)

or
Rf, =T, —Tf, + TIPT; — TPy (7b)

(Ahsan, 2015).

Theorem 1.3.4. The covariant form of the Riemann curvature tensor can be

expressed by
Rpiit = —=Thit — —=Thii + Grom (TKI™ — TET™) (8a)
hijl dx) Rl axl hij km\tijtht il hj
or
_1(0%%gm , 9%9ij _ 9%gu _ 99w kpm _ pkpm
Rhij = 2 (axjaxi + axlaxh  axiaxh axlaxi) + gkm(rijrhl — Ty th)' (8b)

(Ahsan, 2015).

Theorem 1.3.5. The Riemann curvature tensor has the following properties:
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(1) In the last two indices and in the first two indices, R{lﬂ and Rp;j; are skew-
symmetric, i.e.,
R = —R[}; and Rpij = —Rpy;
Rniji = —Rinji

(ii) Rpij; is symmetric according to an interchange of the indices first pair (hi) and
the second pair of indices (jl), without changing the order of the indices in each
pair, i.e.,
Rpiji = Rjini

(iii) If we permutate the last three indices (ijl), then
RS, +Rf +R;=0
Rpiji + Rpjii + Ry = 0

(iv) The Riemann tensor also satisfies the identities

Rhijk;l + Rhikl;j + Rhilj;k =0 (Bianchi identities)
Rl'hjk;l + Rl’;(l,] + R{Ii],k = 0.
(Ahsan, 2015).

Definition 1.3.11. Let 0 < T;,M be a two-dimensional subset, spanned by V, W. Then,

the sectional curvature is given by

B (R(V,WHW, V)
TV, VW, WY —(V, )2

(Ahsan, 2015).
Remark 1.3.1. If V, W are orthonormal, then one has simply
K, = (R(V,W)W,V)
Definition 1.3.12. The Ricci tensor R;; components are defined by

— pk
Rij = Rij-

(Ahsan, 2015).
Theorem 1.3.6. Ricci curvature tensor components can be expressed by

k k.
_ o 9Ty

U= %0 kT V40 A W W (10)
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(Ahsan, 2015).

Theorem 1.3.7. The first contraction of the Riemann curvature tensor R(V, W)Z given

by
Ric(V,W) = L(R(E;,V)W,E;),
where E;, 1 < i < n = dim(M) is called the Ricci tensor (Ahsan, 2015).
Definition 1.3.13. The Ricci curvature scalar is defined by
R = gYR; e
Also, by the skew-symmetry properties, the only way to construct R from Ry;;; is
R = g"gYRyy; = —g" g Ry
while

9" gY Ry = 0.
(Ahsan, 2015).

Notes.

1. The Riemann tensor has the component R;;11, Which is always zero in one
dimension due to symmetry considerations.

2. In dimension two, the Riemann tensor has only one component, which may be
taken as Ry;1,. But due to the symmetries of the Riemann tensor, the other
components related to R;,1, are
Ri212 = =Rz112 = —Ri221 = Ra121
and
Ri111 = R1122 = R2211 = Rp222 = 0.

In any coordinate system, the relation among the components of the Riemann
tensor

Rijin = a(9i95 — 9u9jx), L,j=1.2

but

R =g;RY = Rll]] = a(gl-ig]].. - 9i9}) = a(4—2) = 2a.
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Thus, in any coordinate system, we have
Riji = %R(gijgjl — gugjx), Lj =12
In three dimensions there are six components of the Riemann tensor which is
independent and thus the curvature tensors are expressed in R;; alone.
To preserve the symmetry properties, we assume the following relation between
Riemann and Ricci tensors:
Rpijr = gnjRix + GixThj — 9ijRur — 9niRij-
Contracting the indices h and j, we get,
Rik = Ry + guT
where T = g™ R,,,. Multiplying this equation by g** and using g*g;, = 3, we

get R = 4T. Now put the value of R, we get after simplification

1
Rie = Rye = 7RG
When this value of Tj, is substituted into equation (26), we get Riemann tensor in

terms of the Ricci tensor and scalar curvature as

R
Rnijie = (gnjRix + giRnj — 9ijRui — gnicRij) — ;(gh;’gik — 9nkJij)-

(Ahsan, 2015).

g =1, g22 = G(x,y) =G, 911 =1, 922 =

Example 1.3.1. Calculate the components of the Riemann tensor for the metric
ds? = dx? + G(x,y)dy?>.

Solution. Here

, 9ij=0,fori#j

[‘111:1"112:[‘211:[‘121:0

2 _
[12'_

106G . 106G , 106G

=——, Th= , I =——
2G Ox 22 2 0x 272G dy

In two dimensions, the only component of the Riemann tensor is R;,;,, which can be

calculated from equation (20b), and we have

R =
1212 2

1( 8%g1, 92921 9292, 92914 ) k k
- — — ST — TSI
(ax16x2 0x20x1  9xlox!  9x20x2 +gkm( 21712 22 11)
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1(9%G 1 1 1 o1 S 5 o
= (_) + 911 (T3 T — Toaliy) + g2 (T5i T — T I1)

2 \9x?2

1 (826G 1 (962
=G %)
Example 1.3.2. For the metric ds? = a?d6? + a?sin? 8 d¢?, we have

— 42 — A2 cin2 11 _ 22 _ Pa2 —
gll_a’ gzz_aSIrl 01 g Y g —ESIH 0, gl]_O

for i # j. The non-vanishing components of the Christoffel symbols are
I}, = —sinfcosé, I'Z, =T4 = cot®.

The only non-zero component of the Riemann tensor is Ry,12, which can be calculated

using equation (20b), and we have
Ri31, = —a’sin?4@

and the components of Ricci tensor, from equation (22), are
Ry, = -1, R,, = —sin? 6

while the scalar curvature,

1
R:—E.

(Ahsan, 2015).
1.4. Lie Derivative and Differential Operators

There are two sorts of transformations in Euclidean space: (a) discrete, such as
reflection, and (b) continuous, such as translation and rotation. The continuous
transformations are significant, and their applications may be found in the general theory of

relativity.
Consider the coordinate transformation

= J?i(e; xj)
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where
xt=%(0;x7)

and € is a parameter. The equation above describes a one parameter set of transformations

x! - %!, which can be explained as follow.

Assume that a given point 4 is labeled by a set of four coordinates x‘. Assign another
point B in the same coordinate system to this point A. As a result, each point in space may
be assigned to another point in space using the same coordinate system, and the equation

above explains the space's mapping into itself.
Consider the special case, of the infinitesimal transformation
xt o % =xt+eVi(x)

where € is a parameter (small an arbitrary) and Vi(x) is a continuous vector field, which

may be defined as

. oxt
Vl(X) = <¥> g
€=0

The transformation is called infinitesimal mapping, which means that “to each A (with
coordinates x°) of the space there corresponds another point B when the same coordinate

system used”.

Now let there be a tensor field T (x), which can be evaluated at point B in two different
manners, i.e., first, the value T(¥) of T'(x) at point B and secondly, the value of T (¥) of the
transform tensor T (using the usual transformation laws of tensor) at point B. The difference
between these two values of the tensor field T evaluated at the point B with the coordinate

X refer to the concept of Lie derivative of T.

Definition 1.5.1. Lie derivative of a general tensor T'(x) according to the vector field
& is defined as

T(x)-T(x)
€

LeT(x) = 161_1)% (12)

(Ahsan, 2015).
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Theorem 1.5.1. The Lie derivative of the scalar function f according to the vector

&' is the scalar product of &' with the gradient of f. Therefore, it can be written as

Lef = ek 2L (13)

oxk

(Ahsan, 2015).

Theorem 1.5.2. Suppose v' is a contravariant vector. Its Lie derivative according to

the vector field £ is given by

i _ gk OV k08
L;v =& 5k~ VU ok (14)

(Ahsan, 2015).

Theorem 1.5.3. Given a covariant vector v;. Its Lie derivative according to the vector

field ¢ is given by

 0v; a&t
LfU] =€la_x]l+v‘ﬁ (15)
(Ahsan, 2015).

Theorem 1.5.4. The Lie derivative of a vector field X on M according to the vector

fied V on M is given by
LyX =[V,X] (16)
(Duggal & Sahin, 2010).

Theorem 1.5.5. The Lie derivative of tensor T of type (7, s) according to the vector

field V is given by
Ly T (W, ..., 0", Xy, . Xg) = V(T(@Y ..., @, Xy, o X))
=3 T(wl, ..., Ly, ..., 0", Xy, ... X{))
=Y T(wh, ., 0", [V, X, o XS s 17)
where w?, ..., w" is r 1-forms and and X, .... X, are vector fields (Duggal & Sahin, 2010).

Theorem 1.5.6 The Lie derivative of the 1-form w = w;dx" according to the vector

field V is given by
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(Lyw)X) = V(X)) — w[V,X] (18)
(Duggal and Sahin, 2010).

Theorem 1.5.7. Given a tensor T7 of type (1,1), then its Lie derivative according to

the vector field V is given by

Ly TYW) = V(TW)) = T(V, WD) (19)
(Duggal & Sahin, 2010).

Theorem 1.5.8. Given a p-form w = al-l__l-pdxii A ..Adx' . Its Lie derivative

according to the vector field V is given by

Lyw = (Lvail,,,,,ip) dxli A A dxip .

(Duggal & Sahin, 2010).

Theorem 1.5.9. Given a metric tensor g. Its Lie derivative according to the vector

field V is given by
Lx)V, W) =X(gV, W) —g(IX,VIW) —g(V,[X, WD) (D)
(Duggal & Sahin, 2010).

Theorem 1.5.10. The Lie derivative of Levi-Civita connection V for arbitrary vector

field V,W on M, according to the vector field X is given by

L)V, W) =V, VX — Vg,wX + RX, V)W (22)
(Duggal & Sahin, 2010).

Theorem 1.5.11. Given vector fields X,Y,Z on M. Then,

i) (L)X, Y) = Ly (VxY) = V(L)) — V[V,X]Y,

i) —w((LyVX,Y)) = (Ly(Vxw) — Vx(Lyw) — Vi xj0)Y,

i) (LyVX,TY) = T(LyV)X, V) = (Ly(VxT) = Vx(LyT) = ViyxqT)Y ,
iv) (LyR)(X,Y,Z) = Vx(L,V)(Y,Z) — Vy (LyV) (X, 2)6

where w is a 1-form and T is a (1,1) tensor field. In local coordinates, these formulas can be

written as follow:
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D (L TH)Y = Ly (VY9 = Vi(LyY™);
i) —(LyTf)wyr = Ly (Viwy) = Vi(Lyw));
i) (L, T )T = T)L, (T = £,(V,T)) = vi(£,T)):
iv) LyRl. =V.L,T —v.L,T] .
(Duggal & Sahin, 2010).

Theorem 1.5.12. Lie derivative satisfies the following properties:

i) Ly(aX+bY)=aLlyX+bL,Y, foralla,b € Rand X,Y € I'(TM) : (linearity)
i) Ly(TRS)=ULT)QRQS+TQ L,S, where ® denotes the product of tensor T
and S

iii) Ly is commutative according to the contraction operator
(Duggal & Sahin, 2010).

Theorem 1.5.13. Suppose f is a smooth function. Then its gradient denoted by

grad f,is given by
grad f =%7j_,1 gV 0,f0; (23)
(Duggal & Sahin, 2010).

Theorem 1.5.14. The divergence X denoted by div X is given by

div X = X™;m = 2+ T X%, (24)
(Duggal & Sahin, 2010).

Theorem 1.5.15. The Laplacian of f, denoted by Af, is given by
Af = div(grad f)

_yn gij{az_f_pka_f} (25)

T &ij=0 dxiaxJ i axk
(Duggal & Sahin, 2010).

Theorem 1.5.16. The Hessian of a function f, denoted by Hess (f) = V(Vf), is given
by

Hess;(V,W) = VWf — (Vw\W)f = g(Vy(grad f),W), (26)
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for all V,W € I'(TM) (Duggal & Sahin, 2010).

1.5. Riemann Submanifold

Given a manifold M of dimension n immersed in manifold M of dimension m where
m > n. Suppose that g is the Riemannian metric of M, the submanifold M is a Riemannian

manifold as well equipped with Riemannian metric g called the induced metric satisfying
g, Y) =gX,Y)
for any vector field X,Y in M.

Suppose TM* is the normal vector bundle of M in M. The tangent bundle of M,
restricted to M, can be expressed as the direct sum between the tangent bundle TM and the

normal bundle TM* of M in M, that is

T,M = T,MOTM* (27a)
or

TM =TM @ TM*. (27b)

Vector V € T,M 1 is called a normal vector. The collection of normal vector fields is

labeled by y(M)* or T'(TM*). Now, for the Levi-Civita connection V on M, we define
(vXY)T = VY, (vXV)J- = V§V (28)

forall X,Y € y(M),V € y(M)L. T and 1 respectively indicate the projection of the tangent

bundle and the normal bundle of the submanifold. On the other side define
Vy)t =h(X,Y) (29a)
and
V)T = -4A,X. (29b)
It is easy to show that h is symmetric and bilinear such that

VyY = V¥ + h(X,Y) (30a)
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and
Lemma 1.6.1. For all X,Y € I(TM) and V € T(TM*) on submanifold M , the
equation

gAyX,Y) = g(h(X,Y),V) (31)
is satisfied (Sahin, 2012).

Definition 1.6.1. Given a submanifold (M, g)of Riemannian manifold (M, §) with
{e4,.., ey} as the orthonormal basis of the submanifold. The mean curvature vector field of

M is expressed by
H= %trace(h) = %Z?ﬂ h(eq ). .

The mean curvature vector field is independent of the orthonormal basis collection

(Sahin, 2012).

Lemma 1.6.2. Given a submanifold (M, g) of Riemannian manifold (M, g) with

{e4,.., ey} as the orthonormal basis of the submanifold. Then,
1
H =23, (trace Ay)m; (33)
(Sahin, 2012)

Definition 1.6.2. M is said to be totally geodesic if h, the second fundamental form of

the submanifold (M, g) vanishes identically or h = 0 (Chen, 1973).

Definition 1.6.3. A normal section N on M is said to be umbilical, if Ay is

proportional to the identity transformation I everywhere, that is
A =pl

for some functions p. In addition, M is said to be totally umbilical if the submanifold M is

umbilical according to all local normal sections in M (Chen, 1973).

Theorem 1.6.1. The necessary and sufficient conditions of totally umbilical properties

for submanifold M is

h(X,Y) =gX,Y)H (34)
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for all X,Y € y(M), where H stands for the mean curvature of the submanifold M (Sahin,
2012).

1.6. Semi-Riemann Manifold

Definition 1.7.1. The largest integer which is the dimension of a subspace W < V on
which b|W in negative definite is the index of a symmetric bilinear form b on V(O’Neill,

1983).

Definition 1.7.2. Metric tensor § on differentiable manifold M is non-degenerate
(0,2) the tensor field which is symmetric on M of a constant index. In other words, §
smoothly assigned to each point p of M a scalar product g,, on the tangent space T,,(M), and

the index of g, is the same for every p (O’Neill, 1983).

Definition 1.7.3. The common value of v of index g, is called the index of M where

0<v<n=dimM. Incase v = 0, M is called a semi-Riemannian manifold and if v = 1

with n > 2, M is called Lorentz manifold (O’Neill, 1983).

For an integer v with 0 < v < n, changing the first v having a plus sign to minus

yields a metric tensor
— v Lyt n .
(Vp, wp) = — i v'w' + X, v W

The Euclidean space is derived when R} reduce to R™ if v = 0. For n > 2, R} is
called Minkowski n-space. For case n = 4, we sometimes refer to a simple example of a

spacetime (O’Neill, 1983).
Definition 1.7.4. On semi-Riemannian M, the tangent vector v is said to be

1) spacelike when (v,v) > 0 orv = 0,
2) timelike when (v, v) < 0,
3) null when (v,v) = 0and v # 0.

(O’Neill, 1983).
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Definition 1.7.5.

i. Ifx and y is timelike vectors in R3 then 3! 8 > 0, the hyperbolic angle between
vectors x and y such that, (x,y) = —||x||[|y|| cosh 6.

ii. Ifx and y is spacelike vectors spanning timelike subspace in R} then 3!6 > 0,
origin angel between x and y such that (x, y) = [|x]||||y|| cosh 6.

iii. If x and y is spacelike vectors spanning spacelike subspace in R3 then 3!6 > 0,
the spacelike angle between x and y such that (x, y) = [|x]||||y|| cos 8.

iv. If x and y are timelike vectors in R3, 318 > 0, Lorentzian timelike angle between

x and y such that (x, y) = ||x]||||ly|| sinh 6.
(Birman and Nomizo, 1984).

Definition 1.7.6. A curve a(s) on a semi-Riemannian manifold M is spacelike,
timelike or lightlike (null) if all tangent vector along the curve is spacelike, timelike or

lightlike (null), respectively (O’Neill, 1983).

Theorem 1.7.1. V is called Levi-Civita connection on M if for any vector fields

X, V,W € x(M),

) [V,W]=V,W—V,V,
2) X(V,W) = (V,V, W) + (V, VW)

are satisfied. (O’Neill, 1983).
Definition 1.7.7. A connection V on a smooth manifold M is defined by,
V:x(M) x x(M) - x(M)

satisfying

1) V,W, is C*(M,R)-lineerin V,
2) Vy,W, is R-linear in W,
3) V,(fW) = (VAW + fV, W for f € C*(M,R)

(O’Neill, 1983).
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1.7. Lightlike Hypersurfaces of Semi-Riemannian Manifolds

For Vp € M, T,M denotes a hyperplane of the semi-Euclidean space (Tp, M, gp). We

define the normal bundle
T,M* = {v € T,M|g,(v,w) = 0,vw € T,M}. (37)

Let the metric g of M be degenerate. In this case, vector field & # 0 on M exists so

that for all X € y(TM) it satisfies g(&, X) = 0 (Duggal and Bejancu, 1996).
Definition 1.8.1. The radical (null) space T,,M is defined by
Rad T,M = {¢ € T,M|g,(§,X) = 0,vX € T,M} (38)

The dimension of Rad T,M is called nullity degree of g, denoted by null T,M.
(Duggal and Bejancu, 1996).

For all point p € M, the normal space T, M 1 is also degenerate, which can be written

by
Rad T,M = T,M n T,M".

For hyperspace M, since the dimension TpML is 1 then dim(Rad TpM) =1.
Therefore, Rad T,M = T,M 1. Rad TM is called radical (null) distribution of M.

The tangent bundle of M is denoted by TM and the normal bundle of M is denoted
TM*. Therefore, we will let a complementary vector bundle S(TM)of TM* in TM, i.e.,

TM =Rad TM & S(TM) (39)
(Duggal and Bejancu, 1996).

Definition 1.8.2. S(TM) is a non-degenerate subspace called screen distribution on M

(Duggal and Bejancu, 1996).

The complementary vector bundle which is orthogonal to S(TM) in TM|,, is labeled
by S(TM)*. S(TM)+ is a non-degenerate vector bundle with rank = 2. Therefore, we have

the following decomposition

TM|y = S(TM) L S(TM)* where S(TM) n S(TM)* # {0}. (40)
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Moreover, Rad TM = TM* vector bundle is a subbundle of S(TM)*.

Lightlike hypersurface of semi-Riemannian manifold (M, §) of dimension (m + 2)is

denoted by (M, gS(TM)) (Duggal and Bejancu, 1996).

Theorem 1.8.1. There exists a unique vector bundle tr(TM) of rank 1 over lightlike
hypersurface (M ,9,S(TM )), such that for any non-zero section & of TM* on a coordinate

neighborhood U € M, the equation
giv,§) =1, gIN,N) = G(N,W) = 0, VX € x(S(TM))ly, (41)
are satisfied for unique section M of tr(TM) on U (Duggal and Bejancu, 1996).

Consider a complementary vector bundle F of TM* in S(TM)* and take V €
x(F|),V # 0. Then, g(V, &) # 0 on U, otherwise S(TM)* would be degenerate at a point
of U. As in case of null curves, we have

N=——{r-Z22¢} 42)

T gEN) 2G(EV)

For any u € M, we call tr(TM) the lightllike transversal vector bundle where
tr(TM),, N T,M = {0}. Therefore, we have decomposition

TM|y =TM @ tr(TM). (43)
(Duggal and Bejancu, 1996).

The Gauss formula and the Weingarten formulas of M are given by

ViY = VY + h(X,Y) (44a)

ViV = —AyX + VLV (44b)

where V is the Levi-Civita connection on M, X,Y € y(TM) and V € x(tr(TM)). VxY and
Ay X are elements of ['(TM) while h(X,Y) and V4V elements of F(tr(TM )) It is clear that
V is a linear connection on M with zero torsion. h is called the second fundamental form
and Ay is called the shape operator of the lightlike immersion of M in M. V and V% are

respectively called the induced connection on M and tr(TM). (Duggal and Bejancu, 1996).

In local coordinate, if {&, N} is a pair of sections on U € M. Then, a simetric bilinear

form B and a 1-form 7 on U is defined by
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BX,Y) = g(h(X,Y),$) (452)
t(X) = g(V¥N, §). (45b)
Therefore,

VyY = VyY + B(X,Y)N (46a)
VyN = —AyX + T(X)N. (46b)

Since B is the only component of h on U with respect to N, we call B the local second

fundamental form of M. Furthermore, since V is a metric connection, then for any X €

x(TM|y)
B(X,&) =0 47)
is satisfied (Duggal and Bejancu, 1996).

Proposition 1.8.1. Given two screen distributions, namely S(TM) and S(TM)' and
second fundamental forms with respect to tr(TM) and tr(TM)', namely h and h’ on M,
respectively. Then, B = B’ on U, which means that the local second fundamental form of M

on U is independent of the choice of screen distribution.

Corollary 1.8.1. The lightlike hypersurface second fundamental form is degenerate.

(Duggal and Sahin, 2010).

Assume P is the projection morphism of TM on S(TM) according to the

decomposition (39). Then, we obtain

VxPY = V4PY + h*(X, PY) (48a)
VW = —A5, X + ViW. (48b)

where VyY and Ay, X are element of F(S (TM )) whereas h*(X,Y) and Vi W are elements
of T(TM*Y). V* and V** are linear connection on vector bundles S(TM) and TM*',
respectively. h* is called the second fundamental form and Ay, is called the shape operator

of screen distribution S(TM). With the same way, for all X,Y € y(TM), we define on U
C(X,PY) = g(h*(X,PY),N) (49a)

e(X) = g(V¥E,N). (49b)
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Hence, £(X) = —7(X) and we have,
VxPY = VyPY + C(X,PY)é (50a)
Vyé = —ALX — T(X)E. (50b)

C (X, PY) is called local screen second fundamental form of screen distribution S(TM).

The second fundamental form and the shape operator of M and S(TM) satisfy
B(X,Y) = g(4;X,Y) (51a)
C(X,PY) = g(AyX, PY) (51b)
such that §(A;X,N) = 0 and g(AyY,N) = 0 (Duggal and Sahin, 2010).
Proposition 1.8.2.

1. The linear connection V* is a metric connection on S(TM).
2. The induced connection V on M satisfies,

forany X,Y,Z € I'(TM) (Duggal and Sahin,2010).

Proposition 1.8.3. Let (M, g,S(TM)) be a lightlike hypersurface of a semi-

Riemannian manifold (M, §). Then, the following assertions are equivalent:

1. The shape operator Ay of M has a zero eigen value.

2. The second form of screen distribution S(TM) is degenerate.

3. The shape operator Ay of screen distribution S(T'M) is symmetric according to the
second fundamental form of M.

4. The connection V* on S(TM) is a metric connection.

5. The sectional integral curve é € y(Rad TM) is a null geodesic based on the

connection V and V on M and M, respectively (Duggal and Sahin, 2010).
Theorem 1.8.2. The Lie derivative of metric tensor g is given by

where n(X) = g(X, N) (Duggal and Bejancu, 1996).
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Theorem 1.8.3. Let R and R be the curvature tensor on lightlike hypersurface

(M ,9,S(TM )) and semi-Riemannian manifold (M, §), respectively. Then, the relation
R(X,Y)Z = R(X,Y)Z + Apx.2)Y — Anw,pX + (Vxh) (Y, Z) — (Vyh) (X, Z) (54)
is obtained (Duggal and Bejancu, 1996).

Theorem 1.8.4. Suppose {ey,...,e,, &, N} is the orthonormal basis of TM and
{eq1,..., ey} is the orthonormal basis on F(S (TM )). The induces Ricci tensor of M is given
by

Ric(X,Y) = X711 9(R(e;, X)Y, ¢;) + g(R(E, X)Y,N) (55)
forall X,Y € TM (Duggal and Bejancu, 1996).

Theorem 1.8.5. Let (M,g,S(TM)) be a lightlike hypersurface of (n+2) -

dimensional semi-Riemannian manifold (M, g). Then,
Ric(X,Y) = ncg(PX,PY) — B(X,Y)a + X2, €, B(w;, Y)C(X,w;) (56)

where a = Y-, €;,9(Ayw;,w;y) , {w;},i €{1,2,..,n} and X,Y € [(TM) (Duggal and
Bejancu, 1996).

Definition 1.8.3. The mean curvature of a lightlike hypersurface (M, 9,5 (TM)) is
given by

H=3"_C(e;e). (57)
where {e; ,..., e,} is the orthonormal basis on T (S (TM )) (Giines, Sahin, and Kilig, 2003).

Definition 1.8.4. A lightlike hypersurface (M ,9,S(TM )) is totally umbilical if there

exist a smooth function F such that
B(X,Y) =Fg(X,Y), X,Y e I'(TM). (58)

(Duggal and Bejancu, 1996).



2. RESULT AND DISCUSSIONS

2.1. Ricci Flow

Definition 2.1.1. Suppose M is a manifold and g(t),t € (0,T) is a one-parameter

family of Riemann metrics on M. g(t) is said to be a solution of Ricci flow if

2 g(t) = —2Ric(g(®)) (59)
(Brendle, 2010).

Because it does not conserve volume in general, the preceding formulation of Ricci
flow is known as a Ricci flow equation which is unnormalized. As a result, it is frequently
beneficial to investigate the normalized Ricci flow by imposing the condition Vol(M, g) =
1. The Ricci flow equation possesses the form of a limited system with a Lagrange multiplier
which enters a vector field that is time-dependent to a parameter and has the goal of volume

conservation.

For any g € M there exist a unique volume element du,; on M. Locally, we have
(xhx?, ., x™) , dug = [detg;; dx' A..Adx™ . Let vol(M,g) = [, du, be the

Riemannian manifold (M, g) volume, R* = (0, »), and
vol: M - R, g- f dug = vol(M, g)
M

express the Riemannian metrics space of volume one.

Now, we write the Ricci flow equation as a constrained dynamical system

99 = —2Ri +
Fr ic(g) +cg
vol(M,g) =1

for curves

g:10,T) » M, t — g(t), with g(0) = g, € M, and
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c:[0,T) - R, t — c(t),
continues on the semi-closed interval [0, T) and smooth on (0,7),0 < T < oo,

To preserve the constrain equation vol(M, g) = 1, the value of ¢: [0, T) — R which is
Lagrange multiplier depends on time. As a result, it can be eliminated. Differentiating the

time yields
0 = 5vol(M,9) = g2 [, ditg = [ 57k = f 507 (57) kg
= fM%trg(—ZRic(g) +cg)dug = — [, R(g)dug + SC Sy g
= —Riorar(9) + gc vol(M, g), .......... *

where Riotai(9) = [ w R(9) dpiy denotes the total scalar curvature. Therefore,

2R 2 _
c=2 total(g) — —R(g)
nvol(M,g) n
where R(g) = Reftars) express the total scalar curvature volume average of g. As ¢

vol(M,g)

applying integrals over M, it is a global function of g and depends on g at every point of M.

Substituting ¢ into the dynamical system of Ricci flow yields

0

g _ 2 _
o = “2Ric(9) +~R(9)g, goEM

where vol(M, g,) = 1 is a constrain and only applied to the initial condition g,.
The constrain on the whole flow g; is derived from the last equation since

d 1 dg 1 , 2 _
avol(M,g) = EfM try (E) dug = EIM try <—2R1C(9) + gR(9)9> dig

n2_
_f R(g) d.ug +§;R(g)f d.ug = _Rtotal(g) + Rtotal(g) =0
M M

so that from the initial constrain g, € M, vol(M, g;) = 1 (Fischer, 2004)
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Theorem 2.1.1. Invariant of the curvature tensor R holds that is local isometry

@: (M, g) - (M, §) satisfies "R = R (Andrews and Hopper, 2011).

Therefore, in case the diffeomorphism¢: M — M is a time-independent such that

g(t) = @*G(t) and § satisfies the Ricci flow, it can be seen that

] (0
729 = (529)
= ¢"(=2Ric(9))
= —2Ric(¢°9)
= —2Ric(g),

In conclusion, g is a solution to Ricci flow as well. In other words, the invariant

property of Ricci flow under all diffeomorphism groups holds.

Besides, the Ricci flow possesses scaling features that are needed for bow-up
singularity analysis. Changes in spatial coordinates are permitted due to the time-
independent diffeomorphism invariance. It is able to move in the time coordinates that is
when g(x, t) fulfills the Ricci flow, g(x,t — ty) is also satisfies the Ricci soliton for any
to € R. In addition, the Ricci flow possess a scale invariance property that is when g

satisfies the Ricci flow with 4 > 0, then so does g;, where

1
92060) = g (x,73),

This property is important in singularity analysis developing under Ricci flow. In the
condition of the curvature limit to infinity, we apply a rescaling to find bounded-curvature

metrics and find a smooth limit of those metrics (Andrews and Hoper, 2011).

2.1. Ricci Solitons

In this part, we will look at the Ricci flow special solution. The most common type of
Ricci flow solution is self-similar solutions, also known as Ricci solitons, which can be

thought of as flow with generalized fixed points. The Ricci flow solution is classified into
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three forms based on its time interval parameter: eternal solution, ancient solution, and

immortal solution.

2.1.1. Generalized Fixed Points

Definition 2.2.1.1. Suppose that (M, g(¢t)) is an unnormalized Ricci flow solution
(a, w) containing 0, and set g, = g(0). One says g(t) is a Ricci flow self-similar solution

if there exist scalar o(t) and diffeomorphisms 1, of M such that

g(t) = o i (go) (60)

for all t € (a, w). Thus, a self-similar solution is a solution of Ricci flow equation that has

not been normalized and satisfies the equation (60) (Chow and Knopf, 2004).

Let m be the Riemannian metrics space on a differentiable manifold M, and assume

d to be the diffeomorphisms group of M. Take the quotient map m: m = m/d X R,, with
R, is scalar. We can show that a Ricci soliton g(t) is the Ricci flow solution where n(g (t))

is time-independent.

We begin from the initial conditions producing Ricci solitons. By taking the derivative

of equation (59) yields
2 Ric(g(t)) = 6(O0P;(go) + o (OW; (2) + 0 (O)P; (Lxg).

This follows the definition of Lie derivative. (It may help us to write ;(g(t)) =

(/M (g (t) — g(s)) + 1/;;‘(g (s)) and differentiate at t = s) As consequence

—2 Ric(g(®)) = 6(OP;(go) + o(OY; (Lxg), (61)

where g, = g(0), L stand for the Lie derivative, X is a vector field depending on time such

that X (1/)(1:) (p)) = % (l/)(t) (p)) foranyp € M, and ¢ = % (Chow and Knopf, 2004).

Definition 2.1.1.2. If J(t;) is > 0,= 0 or < 0, the Ricci flow g(t) is said to be
expanding, steady, or shrinking at time t, respectively (Chow et. al., 2007).

Since Ric(g (t)) = P*Ric(g,), we can drop the pullbacks in (61) and get
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—2Ric(go) = () go + L) Jo» (62)

where X(t) = a(t)X(t). Although g, is time-independent, 6(t) and X(t) still might be
time-dependent. For instance, the Euclidean space (M", g(t)) = (R, gcqn) is the solution
which is stationary to the Ricci flow and categorized as a steady Ricci soliton. However, this
solution can be expanding or shrinking as well based on the diffeomorphism. Given any
function a(t) > 0 and ¢(0) = 1, take the diffeomorphisms (t): R" - R" defined by
Y()(x) = o(t)"/?x for x € R™. Then, Y(t)* gean = () " Gean- Since g(t) = gean, We

may rewrite this as

9@ = Gean = a(®P()"g(0). (63)

By choosing a(t) so that the sign of &(t) changes, this metric can expand or shrink
at distinct times.

On the other hand, in general, a Ricci soliton solution is evolving purely by scaling
(modulo diffeomorphisms). As the derivative of the metric according to the time is equal to
the negative of twice the Ricci tensor, it is thus natural to ask whether one can put the general
soliton equation in a canonical form where o (t) is equal to a linear function (Chow and

Knopf, 2004).

Proposition 2.1.1.1. Suppose that (M, g(t)) is a Ricci soliton with unique initial
metric g, = g(0) among the solutions of the soliton. Then, we can find a diffeomorphism

@(t):M - M and a constant € € R satisfying the equation

g =1+ e)p() go (64)
(Chow et.all, 2007).

Proof. Differentiating (62) with respect to time gives

g(t)go + Ls90 = 0. (65)

Casel. If 6(t) = 0, then o(t) = 1 + &t for some constant €. Hence, by (60), we may
simply take @ (t) = Y (t) to obtain (64).

Case2. If (t) is not identically zero, then let Y, = —X (to)/d(ty) at some t, where
d(ty) # 0. We then have

Ly,go = 9o (66)
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Substituting (66) into (62), we have
—2Ric(go) = Lswyvy+2190

for every t. Take the vector field
X, = d(0)Y, + X(0).
Consequently,
—2Ric(go) = Lx,90

Suppose generates X, the 1-parameter diffeomorphism group ¢(t). Then, it is clear
that G(t) = @i g, is also the steady solution of the Ricci flow with g, as the same initial
conditions. Therefore, by our assumption about the uniqueness of Ricci soliton solutions

with initial metric g,, we may change ¥ (t) with ¢(t) so that (t) = 1 in (60) is obtained.

As the geometric properties of every Ricci soliton g(t) is the same as that of its initial
condition, we can use g, and construct another Ricci soliton in canonical form. Take
arbitrary time t, and take € := 6(t,) and X, :== X(t,). As a result, the equation (62)

becomes
—2Ric(go) = €go + Lx, 9o
at t = t,. Using indices, the equation above can be written as
—2R;j =V X; + V;X; + €gj, (67)

where X; = g;; X J, the one-form derived from X by the way of lowering indices using g. The

equation (67) is called Ricci soliton structure denoted by (M, g, X, €).

If we set o(t) = 1 — 2At and a vector field X on M, so that € = 6(ty) = —2A. So that,

the equation of Ricci soliton structure or equation becomes

—2Ric(go) = Lxgo — 2490 (68)
or

—2R;; =V Xj + V;X; — 2Ag,;.

Note that the flow is steady, expanding or shrinking Ricci soliton depending on

whether 1 = 0,4 < 0 or 4 > 0, respectively (Chow and Knopf, 2004).
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Lemma 2.1.1.1. Assume that (M, g) is a Ricci flow solution with a special form given
by equation (60). Then, we can find a vector field X on M such that (M, gy, X) is the solution
of Ricci soliton (68). Conversely, given any solution (M, go, X) of the Ricci soliton (68),

then we can find a family of 1-parameter of scalar o(t) and diffeomorphisms ¥, of M so
that (M , g(t)) is a Ricci flow solution in case of g(t) given by equation (60) (Chow et.all,
2007).

Proof. Let (M, g(t)) be a Ricci flow solution with form given in equation (60).

Without loss of generality, take 6(0) = 1 and ¥, = id. Therefore, we have

0 .
—2Ric(go) = ag(t)h:o =6(0)go + Ly0)Jo

where Y (t) is the vector fields family generating the diffeomorphisms ;. This implies that
Jo satisfies (68) with A = —% d(0)and X =Y.

Conversely, suppose that g, satisfies (68). Define

o(t) ==1-21t,

and define a family of a 1-parameter of vector fields Y;, where Y, = id),, and define a family

of smooth 1-parameter of metrics on M by
9(@) = a(O)p; (go)-
Then, g(t) has the special form (60). The computation

d do
509 =77 ¥i(90) +(®)  ¥i(Ly.g0) = Yi(=2490 + Lxgo)

implies by (68) that

9
579 = Wi (=2Ric(go)) = —2Ric(g).

Hence, that g(t) satisfies the Ricci flow.

Definition 2.1.1.3. A Ricci soliton (M, g, X) is called gradient soliton if we can find a
smooth function f: M — R such that X? = df. This function is called the potential function
(Chow et al., 2007).

In this case (68), becomes
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Rij +V,V;f +-gi; = 0. (69)
or

R;j + Hesgl.j(f) = 190,
where Hes, (f) = V,V;f = %LXgO and € = —24.

Proposition 2.1.1.2. Given a complete gradient Ricci soliton structure (M, go, Vfo, €)
is on M. Then, we can find a solution of Ricci flow that is g(t) with g(0) = g, a
diffeomorphism ¢ (t) with ¢ (0) = id,,, and functions f(t) with f(0) = f; defined for all
t with

(t)=1+¢et>0,
satisfying

(1) @(t):M — M is the diffeomorphisms family of 1-parameter derived from X (t) :=

1 .
%gradgofo; that is,

% p(O() = — (grady fo) (@)
ot @ X) = T(t) gra gofO @ X))
(2) g(t) is the pull-back by ¢(t) of g, up to the T(t) as the scale factor,

g(®) = (e (t)"go,
(3) f(t) is the pull-back by ¢@(t) of fy:

f@) = foep®) =) fo.
Moreover,

Ric(g(t)) + VIOTIOf(¢) + % g(t) = 0,

where V9O stand for the covariant derivative according to g(t), and

0
T (0 = lgradyof©|

(Chow et.all, 2007).

2
g’

Proposition 2.1.1.3. Suppose g(t) = a(t)p;(gy) is a steady gradient soliton with

potential f. Then, the equations

i) Ric+ Hess(f) =0,
i) R+Af=0,
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iii) |Vf|? + R = constant,
iv) 0.f = |Vf|2

are satisfied (Muller, 2006).

Proof. If we differentiate g(t)y;(g,) with respect to t, using Ricci flow equation and

the definition of Lie derivative Ly g yields

Hence, —2R;; = 2V, V;f and the first equation holds. The calculation of Ly g, where
g is a tensor of type (0,2). To find the second equation we can trace the first equation. Next,
to find equation iii, taking the covariant derivative of part 1, permutating the indices, and

substracting the two following equations:
VkRij + Vi V,Vif =0
ViRkj + ViV Vif =0
= ViR;j — ViRyj + Ryijp Vo f = 0.
Taking the trace the equation above with g%/ we find
ViR;j —V;R + R;,V,,f = 0.
By using the second Bianchi identity and the equation i) we have V;R;; = %ViR and

Ry, = —=V;V,f, so that

1 1
0=—2ViR=ViVpfVpf = = Vi(R + [VfI*).

which is nothing but equation iii). Next, with using the definition
f&,p) = f(0, %), e, ft) =i (f(0, .))

and differentiating it according to t we find iv), namely
Ocf = Lxf =X.Vf = |Vf|%

Analogously to the previous case, a Ricci soliton is shrinking if we can find potential
f generated by vector field X(p) := —0d:¥:(p). By setting o(t) = (T — t) we have g(t) =
(T — t)y{(go). Without loss of generality we write (T — t) by o.
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Proposition 2.1.1.4. Suppose g(t) = a(t);(g,) is a shrinking gradient soliton with

potential function f, g(t) = (T — t)y;(g,). Then, f satisfies the equations

i) Ric+ Hess(f) — 2“% =0,

.. n

i1) R+Af—§— 0,

iii) [VF|? + R — § = constant,

iv) 0.f = |VfI? = —0,f
(Muller, 2006).

Proof. Differentiating g(t) = (T — t)¥;(g,) and using the equation of Ricci flow
implies

hence —2R;; = 2V,V;f — %, which implies i). To find the second equation, we can trace

the first equation. Since Vg = 0, taking the covariant derivative of the first equation we get

R,
V]RU - VLR + — = 0,
Vo
where R, = —=V,;V,,f + ‘Z—Z’. As aresult, we have

1 i 1
0=—2ViR—Vi¥pfV,f —22V,f = =2, (R+ |Vf? +1).

20

Hence the third equation is proven. Finally, the last one follows the steady case. Q.E.D.

The expanded Ricci soliton is analogous to the shrinking Ricci soliton, with a different
sign. If t > T, and g(t) is a expanding gradient Ricci soliton then g(t) = (t — T)Y;(go)
and we can find a potential function f generated by X (p) = 9,y (p). We usually write T

instead of (t — T) in this case.
Replacing o with —7 and d, by —0d; in the previous proposition, we get

Proposition 2.1.1.4. Suppose g(t);(g,) is a gradient expander soliton with potential
f,g(t) = (t —T);(gy). Then, f satisfies the equations

i) Ric+ Hess(f) + % =0,
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.. n

i1) R+Af+;— 0,

iii) |[VFI?+ R+ { = constant,
iv) O f = |VfI? = 0-f

(Muller, 2006).

2.1.2. Eternal Solution

The eternal solution of a Ricci flow is a solution that exists time —oo < t < 0. On an
eternal solution, one can look arbitrarily far backward or forwards in time without
encountering any concentration phenomena. This implies that such a solution must be

extremely stable, with no concentration of curvature at any finite point in the past or future.

One of the eternal solutions of Ricci flow is  Hamilton’s Cigar soliton. This soliton

is complete Riemannian surface (R?, g5 ), which is given by the metric

dx? + dy?

t) = —F/F—5—.

To see that g5 (t) is a Ricci flow solution, we compute its Ricci tensor with respect to

the coordinate system z; = x, z, = y. The Christoffel symbols are computed by the formula
k1 Kl
Iij = Ez g""(0:9j1 + 994 — 0,9:)-
K

and it is easy to find

1 X y X
= Th=——p—— Th=—p———
B et 4 x2 4 y2 et +x2 + y? e*t + x2 + y?
x
It = —— ’ ML= I3, = - .
e4t+x2 +y2 e4t+x2 +y2 e4t+x2 _|_y2

In terms of Christoffel symbols, the Ricci tensor has components

R;j = akFiI; —o;Tf + F’Z’Fg N I}I;Fi?"

Using Christoffel symbols for gs(t) we obtain
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4t

Ric(t) = 2 (dx? + dy?).

et + x% +
On the other hand, we have

4t

gs(t) = 52 (dx? + dy?).

Ty

Thus, g5 (t) satisfies the Ricci flow equation.

By making the change of parameter group of diffeomorphisms 1: R? » R? by
Y.(e % x,e ?'y),and o(t) = i, so that

gs(t) = a(O)y¢(go) and ¢ = 0.

Therefore, g5 (t) is a steady eternal solution of Ricci flow and soliton.

Remark 2.2.2.1. The cigar soliton is actually a Kahler metric

_ dzdz
14+ |z)?

Is

On C =~ R?, and hence a Kahler-Ricci soliton. In fact, the cigar is the simplest
representative of an entire family of Kahler-Ricci soliton that exists on C>™ for allm € N

and on certain other complex manifolds.
The cigar metric on the topological cylinder
C={(xy):x€Randy € R/Z}

is

dx? + dy?
14+e2x°

2.1.3. Ancient Solution

The ancient solution of the Ricci flow is a solution that exists on time interval —oo <
t < w < oo. Some metrics, which are categorized into the ancient solution of Ricci flow, are

Einstein manifold, the round sphere, and the Rosenau solution.
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If (M, g) is Einstein, i.e., Ric, = Ag, then g(t) = (1 —24t)g, is a Ricci flow

because

d
59() = —24gy = —2Ric(go) = —2Ric(g(0)).

When A > 0 Ricci flow can only be defined up to time t = % After which it becomes

extinct.

Let g.qn denote the standard round metric on S™ of radius 1, and taking the family of

1-parameter conformally equivalent to the metrics

g(t) = r(t)zgcan;
where r(t) is to be determined. Observe that g(t) is a Ricci flow solution iff

dr

d
Zragcan = ag = _ZRiC(g) = _ZRiC[gcan] - —Z(Tl - 1)gcan;

Note that an n-dimensional sphere of radius 1, the sectional curvatures are all 1. Thus,

for any unit vector v, Ric(v,v) =n — 1 and
Ric(g) = (n— 1)g.
Hence, if only if r(t) is a solution of the ODE

dr (n—1)
dt r

that is

r(t) = \/ro —2(n—1)t,

2

where 1y is the initial radius of the sphere. The manifold shrinks to a point as t — 2D

(Chow and Knopf, 2004).

Now, we will consider the Rosenau solution as the Ricci flow ancient solution. For

each t € (—,0), we define a metric on R? by

8 sinh(—t) "
1+ 2 cosh(—t) |x|? + |x|* "~

g() =
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where h is the flat metric on the manifold M2 = R x S} and for x € R2. Note that g(t)

extends to a smooth metric on S2. The scalar curvature of g(t) is given by

Seal = cosh(—t) 2 sinh(—t)
cat= sinh(—t) 1+ 2cosh(—t) |x|? + |x|*
This implies

0 .
ag(t) = —scalg)g(t) = —2Ricy).

Consequently, the metric g(t),t € (—o0,0) form a Ricci flow solution (Brendle,

2010).

2.1.4. Immortal solution

The immortal solution of the Ricci flow is the solution that exists on time interval
—o0 < @ <t < —oo. One of the examples categorized into immortal Ricci flow solution

which is expanding is hyperbolic n-space.

Let g.qn denote the standard round metric on H" of radius 1, and taking the family of

1-parameter which is conformally equivalent to the metrics

g(t) = r(t)zgcan;
where r(t) is to be determined. Observe that g(t) is a Ricci flow solution iff

dr d
Zragcan = ag = _ZRiC(g) = _ZRiC[gcan] = 2(71 - 1)gcanr

Note that an n-dimensional hyperbolic of radius 1, the sectional curvatures are all 1.

Thus, for any unit vector v, Ric(v,v) = —(n — 1) and
Ric(g) = —(n—1)g.
Hence, r(t) is a solution of the ODE if only if

dr  (n—1)
a  r
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that is

r(t) = \/ro +2(n—1)t,

where 1y is the initial radius of the hyperbolic. The manifold expands to infinity (Brendle,

2010).

2.2. Euclidean Hypersurface as Ricci Soliton

Given m -dimensional Riemann manifold (M, g) and n -dimensional Riemann
manifold (M, g). Suppose ¢: M — M is immersion from M into M and V and V are the

Levi-Civita connections on (M, g) and (M, g), respectively.

For any vector fields X,Y € y(M) and vector field N normal to M. Then, the Gauss

and Weingarten formulas are given by
VY = VY + h(X,Y) (70)
VXN = _ANX + DxN, (71)
respectively where VyY is the tangent component and h(X,Y) is the normal components of
VyY while —Ay X is the tangential component and Dy N is the normal components of VyN.
h is the second fundamental form, A is the shape operator, and D is the normal connection
of M in the ambient manifold M. Note here that (VyY)T = VY, (VyY)* = h(X,Y),

(V4N)T = —ApyX and (VyN)* = DyN, where T and L denote the tangent bundle and
normal bundle, respectively (Al-Sodais, Deshmukh and Alodan, 2014).

For a normal vector N € TpML,p € M, Ay is a self-adjoint endomorphism that has

relation to the second fundamental form by

Then, for hypersurface in M, we have the Gauss formula and Weingarten formula as

follow:

VY = VY + g(AyX, Y)N. (73)
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VxN = —ApX. (74)
The mean curvature of hypersurface M in M is defined by
H = %trace(h). (75)
The equations of Gauss and Codazzi are respectively given by
gRX, V), Z,W) = g(R(X,Y),Z,W) + g(h(X,W),h(Y,2))
—g(h(X,2),h(Y,w)) (76)
(RX,V)Z)* = (Vxh)(Y,Z) — (Vxh)(X, Z) (77

for vectors X,Y,Z, W tangent to M, (R(X,Y)Z)* is the normal component of (R(X,Y)Z)
and Vh is defined by

(Vxh)(Y,Z) = Dxh(Y,Z) — h(VyY,Z) — h(Y,V42). (78)
The hypersurface Ricci tensor Ric is given by

Ric(X,Y) = na(AyX,Y) — g(AnX, ANY) (79)
(VAN (X, Y) = (VAR (Y, X) (80)

where X,Y € y(M) and na = trace(Ay). The equation of Codazzi of the hypersurface is
given by

(VAN (X, Y) = (VAN (Y, X), (81)
where the covariant derivative (VAy)(X,Y) = Vi (AyY) — Ay (V4Y).

Now, assume an orientable Riemannian manifold (M, g) of dimension n is immersed
into a Euclid R®*! isometrically with immersion : M — R™*1 . Then, 1) express the
position of vector field of M in R™**1 so that it can be written as ¥: t + pN. Here t € y(M)

is the tangential component on M and p = g(i, N) is called support function. As a result,

we have
Vyt = X + pAyX and Vp = —ApX (82)

where Vp denotes the support function gradient (Al-Sodais, Deshmukh, and Alodan, 2014).
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2.2.1. Conditions for Ricci Solitons

Theorem 2.3.1.1. Given Mas an orientable hypersurface of the Euclidean space R"**1,
immersion ¥: M - R™*1,4) =t + pN and Ay as the shape operator. (M, g,t, 1) is a Ricci

soliton if and only if we can find a constant A satisfying
A2 = (p+na)Ay+A—-1DI=0 (83)

where « is the mean curvature of the hypersurface. Moreover, M is also satisfying gradient

Ricci soliton (Al-Sodais, Deshmukh, and Alodan, 2014).

Proof. Given an immersion : M — R™*1 of the hypersurface M. By using the

equation (81) the Lie derivative (L.g)(X,Y) is given by
(L)X, V) = t(g(X, ) — g(LX,Y) — g(X, L, Y)
= —g(Vxt,¥) — g(X,Vyt) — g(VeX — Vit Y) — g(X, VY — Vyt)
=g(Vxt,Y) + g(X,Vyt)
=gX + pANX,Y) + g(X, Y + pAyY)
=29(X,Y) + pg(AnX,Y) + pg(X, AyY)
=29X,Y) + 2pg(ANX,Y).
Therefore, together with the equation (79), we may have,
Ric(X,Y) +%(Ltg)(X, V) =na(AyX,Y) — g(ANX, ANY) + g(X,Y) + pg(AnX,Y)
=g(X,¥) + (p + na)g(AnX,Y) — g((An)*X,Y)
= g, V) + g (((o + ne)Ay — (4y)? + 1)(X),Y).

Assume that we have the equation (83), then we can find a constant A so that Ay fulfils

the equation (83), then, the last equation above gives
9(((An)? = (p + na)Ay + (A - DD(X),Y) = 0

g(((An)? = (p+na)Ay — D(X),Y) + Ag(X,¥) = 0
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9((=Aw)? + (p + na)Ay + D(X),Y) = Ag(X,Y)
Ric(X,Y) +=(Leg)(X,Y) = Ag(X, ).

Hence, M is a Ricci soliton with the potential vector field t.

Conversely, let (M, g, t, 1) be the Ricci soliton. By working from the end part, we have

the equation (83).

In addition, Mis also satisfying the condition of gradient Ricci soliton. Taking f =
%||1/J||2, we have X(f) = g(X,t),X € y(M), which implies t = Vf. This shows that M has

a potential function f which implies that M is gradient Ricci solitons.

Theorem 2.3.1.2. Given Mas an orientable hypersurface of the Euclidean space R"*1,
support function p and shape operator Ay. (M, g, p, A) is a gradient Ricci soliton iff we can

find a constant A satisfying
(VA X, t) + (1 —na)AyX + (1 + p)(Ap)*X = —AX (84)
(Al-Sodais, Deshmukh and Alodan, 2014).

Proof. Given an immersion ¥: M — R™*! of the hypersurface M. By applying the

equation (82), the Hessian Hess,, can be calculated as follow

Hess,(X,Y) = g(Hesst, Y) = g(VxVp,Y)
= g(Vx(—Ayt),Y)
= —g(VxAyt — AyX — p(AN)*X + AnX + p(Ay)*X,Y)
= —g(VxAnt — Ay(X + pAyX) + AyX + p(Ay)2X,Y)
= —g(VxAyt — Ay(Vxt) + Ay X + p(Ay)2X,Y)
= —g((A) (X, t) + AyX + p(Ap)?X,Y).

Therefore,

Ric(X,Y) + Hess,(X,Y)
= nag(AyX,Y) — g((An)*X,Y) — g(VAN) (X, t) + AyX
+p(Ay)*X,Y)
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= —g((VA X, 0),Y) — g((1 — na)(AxX) — (1 + p)(AN)*X,Y)

= —g((VAWX,1),Y) + g((1 = na)(AyX) + (1 + p)(Ay)°X,Y)  (85)
In case we find a constant A satisfying the condition given in equation (84), we obtain
Ric (X,Y) + Hess,(X,Y) = Ag(X,Y).

Conversely, assume that (M, g,p,A) is a gradient Ricci soliton. By applying the

equation (85) above and working backward, we can easily find the equation (84).

Next, let M be a hypersurface that is orientable in S™*1(1) with immersion y: M —
S$™*1 and Z be vector field which is constant on the Euclidean space R™*2. If N is a unit
normal vector field on S"*1(1) in R**2, we will have smooth functions f and ¢ on the
hypersurface M defined by f = g(Z,M )|, and 0 = g(Z, N)|,,. As a result, we can write
vector field Z as Z|y, = u+ fN + oN, for u € y(M) (Al-Sodais, Deshmukh and Alodan,

2014).

Theorem 2.3.1.3. Given an orientable hypersurfaceM of S™*1. Let : M —» S™*1 be
immersion and Z be a constant vector field on R"*2. Then, (M, g, p, A) is a Ricci soliton iff
it satisfies (Ay)? — (na + f)Ay + (p + 1 + 2 — n)I = 0. Furthermore, with the potential
function g, M satisfies the condition of gradient Ricci soliton (Al-Sodais, Deshmukh, and

Alodan, 2014).

Proof. Suppose that V, V and D are the Riemannian connection on M, S™*1 and R"**?2,

respectively and Z be a constant constant vector field on R™*2. Then it can be written as
Z|5n+1 =§+01V (86)

where |y = u + fN is the tangential component of Z. If we take the covariant derivative

of the equation (86) , we obtain
DXZ = 0 = Dx(f + O-N), X E X(Sn+1).

which gives Vy& — g(X,&)N + X(o)N + X = 0. Thus, equating tangential and normal
components on S™1(1) as hypersurface of R**?, V& = —0X, X(0) = g(X,§),X €
x(S™1). Therefore, Vo = &, with Vo on S™*1. Next, since Vyé = —oX and substituting in
E=u+fN we obtain Vy& =Vyu+ X(f)N — fAyX which implies —cX = Vyu +
g(Ayu, X)N + X(f) — fAyX. By this, equating tangential and normal components of M,
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we obtain Vyu = —aX + fAyX,Vf = —Ayu, where Ay is the shape operator of M. Next,

the Lie derivative can be computed as
(Lug)(X,Y) = =209(X,Y) + 2fg(ANX,Y), XY € x(M).
Applying the equation of Gauss for M in S™*?1 yields
Ric(X,Y) =(n—1)gX,Y) + nag(AyX,Y) — g(AxX, ANY).

Therefore, by these two equations, we get

Ric(X,Y) + % L,g9)X,Y)
=(n-1-0)gX,Y) + ma+ gAnX,Y) — g((A)*X,Y)
Assume that we have a constant A4 satisfying the given condition, then we easily find
Ric(X,Y) + % (L,g9)X,Y) = Ag(X,Y) which implies that (M, g, u, 1) is a Ricci soliton. By

working backward, the converse if the part above is obvious.

Furthermore, consider that Vo = &. As a consequet, for X € y(M),X(0) = g(X, &) =
gX,u+ fN) = g(X,u), that is u = Vp. Therefore, M satisfies gradient Ricci soliton.

2.2.2. Compact Ricci Solitons

Theorem 2.3.2.1. Given a compact steady Ricci soliton(M, g, t, 1). Then, we cannot
find any isometric immersion ¥: M - R"*1 given by ) = t + pN (Al-Sodais, Deshmukh
and Alodan, 2014).

Proof. Given an isometric immersion : M —» R™*1 then since f = %Ill,l)ll2 implies
t =Vfand (M, g, t, 1) is the gradient Ricci soliton. For steady Ricci soliton, we have
Af = —Scal, (87)

where Scal and Af denote the scalar curvature of M and the Laplacian of the smooth
function f. By applying the equation (80) together with the Schwarz inequality ||B||? = na?,

we find § < na?(n — 1), which together with the equation (87) gives Af = na?(n — 1).
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Taking the integral of this equation over the compact manifold M, we get 0 >
[ na?(n — 1)dv, which gives us @ = 0. As a result, the hypersurface is minimal which
implies a contradiction as there is no compact minimal hypersurface in R™*! and this

completed the proof.

Theorem 2.3.2.2. Let (M, g, t, 1) be a compact Ricci soliton which is immersed into
R"™*1 isometrically by : M - R™*1,1) = t + pN and a be the constant mean curvature of

hypersurface of M. Then A < (n — 1)a?. (Al-Sodais, Deshmukh and Alodan, 2014).

Proof. Taking the trace of the gradient Ricci soliton equation in Riemannian space M
yields Scal + Af = An or An — Af = n?a? — ||B||*>. Applying the Schwarz inequality to

this equation yields
An<na’(n—1) +Af (88)

Taking the integral of the above equation and assuming a constant, the proof is

completed.

Theorem 2.3.2.3. Given a compact Ricci soliton (M, g, t, 1) which is isometrically
immersed into R"*1by : M - R™*1, ) = t + pN. The mean curvature « is a constant and
M is isometric to S™(c) where ¢ = a? if a satisfies 1 > (n — 1)a? (Al-Sodais, Deshmukh

and Alodan, 2014).

Proof. Since M is immersed into R"**1 isometrically, from equation (88) we have 0 <
1] ((n — Da? - A)dv. If we assume the condition holds, the inequality above gives us
(n—1)a? = A, which implies that a is a constant. Since t = Vf,f = %Ill,l)ll2 is the

potential vector field, applying the above value of A of the gradient Ricci soliton in the

previous theorem with potential function f, we have
Af = |IB||> — na? (89)

It can be seen that the Schwarz inequality gives us ||B||? = na? and the equality holds
iff B = al. Taking the integral of the equation (89) and applying the Schwarz inequality we
have B = al. Therefore, the hypersurface M is totally umbilical and isometric to the round

sphere S™(a?).
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2.3. Ricci Soliton on Lorentzian manifolds

Definition 2.4.1. A semi-Riemannian manifold (M, g) is a Ricci soliton if it admits a

smooth vector field X satisfying
Lyg + Ric = Ag, (90)

where Ly is the Lie derivative in the direction of X, Ric denotes the Ricci tensor and A is a

real number (Vazquez, et.al., 2012).

Definition 2.4.2. A Ricci soliton (M, g) is called gradient Ricci soliton if it admits a
vector field X satisfying X = grad f, for some smooth function f. In this case, equation

(90) can be expressed by
2 Hesy + Ric = Ag, o1
where Hesy denotes the Hessian of f (Vazquez, et.al., 2012).

A gradient Ricci soliton on a semi-Riemannian manifold with potential function f

satisfies the equation
Sc+ 2||grad f||> — 2Af = C, (92)

where C is a constant. As a result, when the scalar curvature is constant, by performing the

2=

rescaling of the potential function, can find ||grad f| Ah, which implies that the soliton

is steady if and only if grad f to be a null vector field on (M, g).

Riemannian manifolds equipped with an isometries group of dimensions at minimum
1
En(n — 1)+ 1 are of constant curvature or products of constant curvature space of
dimension (n-1) with a line or a circle. In this thesis, we will provide examples of Ricci

soliton on the Lorentzian manifold.

Definition 2.4.3. Egorov space is a space in Lorentzian manifold (M , gf) equipped

with Egorov metric defined as
95 = W, Xq, ..., xp) = dudv + f(w) XL, (dx;)?, (93)

where f is a positive real-valued function with a real variable (Vazquez, et.al., 2012).
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Let (]R"”, gf),n > 1 be an Egorov space. Denote V the Levi Civita connection of

(]R"”, g f) and R is the curvature tensor defined by
R(X,Y) = V[X,Y] - [VX: VY] 94
According to the basis of coordinate vector fields {ai = %}, so that the metric

components are

gfl,j = 5ijf fori,j<n
If i = 9ryy = 0 93)
gfuv =gfvu =1

By equation (95), a direct calculation, the only non-vanishing Christoffel symbols are
I;})z_f?l rlzf_ i=11"'rn_2 (96)

Therefore, the non-vanishing covariant derivatives of the coordinate vector fields are

4

Vaiai = —f?av, Vaiau = ;—fai, i= 1, e, n (97)
Using the equations (94) and (97) the only non-vanishing curvature components are
1 ’ " i 1 / " .
Rgllzﬁ[(f)z_sz ]' Rlluuz_m[(f)z_sz ]l i=1,..,n—-2. (98)

As a result, the components of the (4 — 0) curvature tensor R(X,Y,Z,W) =
g(R(X,Y)Z, W), with respect to {9;} are given by

1 ! 17 .
Riyiu =§[(f )2 =2ff"], i=1,.,n
Rijxn = 0, otherwise.

(99)

We can now calculate the components of the covariant derivative VR with respect to

{0;}. By equations (97) and (98), we easily get

(VouR)(00 00 ) = 35 [(F)> + f21" = 2f f'f"] 0 i=1,.m

1

(Vo,R)(0:,0u,0) = =3z [(F° + f2f" = 2ff'f"10p-r . i =1.m

(VaiR)(aj, O, au) =0, otherwise.
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N3, 2011 1 et n2_ "
(') +r2r -2/ 7'y is the first derivative of — Uy 2"

Note that 273 R

Next, the Ricci

tensor Ric is derived by contracting the curvature tensor such that
Ric(X,Y) = tr(R(X,.,Y,.)
and in local coordinate, it can be written as
Ric;; = Ric (8;,0;) = ERJY.
Therefore, by equation (98) we then obtain
Ricy, = # [(f)? — 2ff"], Ric;j = 0 aksi takdirde. (100)

Moreover, from equations (97) and (100) we get

n
VyRicy, = ~23 [(F3+f2f" = 2ff'f"], ViRicj, = 0 otherwise.

Next, we will show that Egorov metric is Ricci soliton and gradient Ricci solitons.

Theorem 2.4.4. Let (]R"”, g f) be Egorov space, then Egorov space is Ricci soliton
(Vazquez, et.al., 2012).

Proof. Suppose that g is Ricci soliton and X = ¥,y 1,1,..», X;0; be a vector field on

(]R"”, g f). Recall the Lie derivative of (0,2) tensor g;; is given by

Lxgij = XmOm8ij + 9u0;X; + gi;j0iXy
Consequently, for1 <i#j<n
Lxgij = XmOmdij + 9u0;Xi + gij0iXx

= 9ii0;X; + 9;;0:X;

= f0;X; + f0X;.
Since R;; = 0 and g;; = 0, then the equation (91) becomes
Lxgij + Rij = Agi; = Lxgij = 0

= fo;X;+f0,X;=0
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For1<i<n
LxGiu = XmOmGiu + 910uXi + Gru0iXk
= 9ii0uXi + 9pu0:Xy
= f0,X; + 0;X,.
Since R;;, = 0 and g;;, = 0, then the equation (91) becomes
Lx9iu + Riy = A9 = LxGiy = 0
= f0.X; +0:X, =0 (102)
Next,
Lx9iv = XmOmGiv + 9u0vXi + Grv0i X
= 9i10,X; + g0; Xy
= f0,X; + 0;X,,.
Since R;;, = 0 and g;,, = 0, then the equation (91) becomes
LyxGiv + Riy = 291 = Lxgi» = 0
= f0,X; + 0;X, =0. (103)
For1<i<n
LxGii = XmOmii + 900iX) + Gri0:i X
= Xu0u9ii + 9i10vX; + Guv0i Xy
= X f + 2f0;X;.
Since R;; = 0 and g;; = f, then the equation (91) becomes
Lxgii + Ry = 291y = Lxgu = Af
= fX,.f +2f0,X; = Af. (104)
Next,
Ly Guu = XmOmGuu + Gui0uX1 + Gru0uXy

= guvauXv + gvuauXv
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= 20,X,.
Since R, # 0 and g,,, = 0, then the equation (91) becomes
LyGuu + Ruy = Agyy = Ricy, + 20,X, = 0. (105)
Now,
LxGuv = XmOmGuv + Gui0vX1 + Grv0uXy
= G0y Xy + GuvOuXy
= 0,X, + 0,X,,.
Since R, # 0 and g,,,, = 1, then the equation (91) becomes
LyxGuv + Ruy = AGuy = 0,X;, + 0, Xy, = A, (106)
With the same way
Ricyy + Ly Goy = Agwy
20,X, =0
d,X, = 0. (107)

To show that Egorov space is Ricci soliton, take
n
1. . A
X = <—§f Ricy, du + Av) 0, + sziai.
i=1

It is clear that X satisfies the equations (111) to (117). Consequently, Egorov space is

Ricci soliton.

Theorem 2.4.5. Egorov space (]R"”, gf) is a gradient Ricci soliton iff its metric

satisfies the following equations.

( flo,h+203h=1f, 1<i<n

zafuh—éaihz 0, 1<i<n

< 202, + Ricyy, = 0 (108)
02,h =2

\07h=03h=02,h=0,1<i#j<n
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(Vazquez, et.al., 2012).

Proof. (=) Given Egorov space (IR{”J'Z, gf) as a gradient Ricci soliton and X =

grad h as a vector field on (IR{”*Z, gf) with potential function h. In the coordinates of

Egorov space we have grad h = (a,,h, d,h, % dh, ... % Onh).
From equation (104), we have
1
X f' +2f0.X; = Af = [0,k + 20, (]—C aih) = Af = f'd,h + 202 = Af

From equation (105), we have

Ricyy + 20,X, = 0 = Ricy, + 202,h = 0.

From equation (101), we have

0;.X;+ 0;X; =0=>0;h+ 0 h=0=20;h=0= 09} = 0.

From equation (103), we have
2 1 2 2 2
0iXy +f0,X; =0=03,h+ f0, (?aih> =0=0,h+03,h=0=0;,=0.

From equation (107), we have
0,X, = 0= 02,h = 0.

(&) Let the equation (108) is held. Integrating the equation (108), we find that the

potential function can be separated as h(u,v,xy,...x,) = ho(W, x4, ..., x,) + hy (W) v for

. . 2

some functions hgy,h; . Moreover, equations 02,h = h and afjh =0 so that
2 .

h(u, v, x4, .., X)) = ho(uw) + Z;h; (u, x;) + (Eu + K) v for some constant k and functions

h;,i =1, ...,n. Therefore, equation (108) can be reduced to,

(k+2u)f +203h, =2f, 1<isn
2fd%,h; = f'0;hy, 1<i<n, (109)
Ricyy + 2hy + 23;02,h; =0

Taking the integral of the first equations in (109), ones have
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hiunx) = 5 EQAF = i+ U + ko) + k),

for some functions h; (u) and k;(u). Substituting the above into equation (109) and deriving

the second equation 2f;},,h; = f'9%h;, one gets

(Fu+r) @2 -27/ =0

This equation allows us to take A = k = 0 only if the manifold is flat. Therefore, the
potential function can be written as h(u, v, xq, ..., X,,) = ho(u) + Z;x;h;(u). Next, by the

second equation in (109), we have
2fhi = f'h,

and hence h;(u) = cim for some constants c;. After this, taking the derivative of the
last equation in (109) according to x;, we have 0 = ¢;((f")? — 2ff"") so that all ¢; must be
zero. Therefore, the potential function can be expressed as a function of the single variable
u, h(u,v,xq, ..., x,) = hy(w). Finally, from the last constrain in (109) we find Ric,, +

2hy = 0. As aresult, we can state the following corollary.

Corollary 2.4.1. With potential function h(u) given by h" = —%Ricuu, non-flat

Egorov space is gradient steady Ricci soliton (Vazquez, et.al., 2012).

Cahen-Wallach Symmetric Spaces

Definition 2.4.4. Cahen-Wallach space (R"*2, g.,) is Lorentzian space, which is

defined by metric tensor

Iew W0, %1, 0, %p) = (i kix) (dw)? + dudv + XL, (dx;)? (110)
where [ = 1, ..., n are non-zero real numbers (Vazquez, et.al., 2012).

The non zero Levi-Civita connection of the metric are given by

Va, 0y = —ZiK;ix;0;, Va,0i = V5,0 = K;iX;0y.

Therefore, we have

R(Ou, Oi, Ou, 81) = —Ki, i = 1,...,7’1
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and otherwise is zero. The Ricci tensor satisfies Ric,,, = — Yi=; K;, the other terms being
zero. Furthermore, the scalar curvature is also 0. e-space is a flat Cahen-Wallach symmetric

space where k; = -+ = K,,.

Theorem 2.4.6. Cahen-Wallach symmetric spaces are Ricci solitons (Vazquez, et.al.,

2012).

Proof. Given a vector field X = X,,0,, + X,,0,, + £;X;0; on R"*2. By direct

calculation the Lie derivatives of the components of the metric g.,, are given by

2Tk X + (Tirpx?) 0,Xy + 0,X,) Ay Ayj
LxGew = Ayy 20,X, anu + avXj
Au] anu + avX] A]k

(111)
where
Ay = 0%, + 0,X, + (Biiixf) 0,X,,;
Ay = Cirix?)0;Xy + 0;X, + 0,X;;

Note that 1 = ( )div (X) and div (X) = 8,X,, + 8,X, + £;8;X;. Thus, the Ricci

2
n+2
soliton of equation (110) is equivalent to

(Tikc; — 22k %, Xy — 20, X, — (Zikx?)(20,X, — A) = 0,
9,X, =0,
(Zikix?)0,Xy + (0,Xy + 0,X,) — 1 =0,
3 (Zikix?)0; Xy, + 0;X, + 0,X; = 0,
0;X, +0,X; =0,
20,X; —1=0,
L 0; Xy + 0, X; = 0.

where j,k =1,..,nand j # k.

It can be seen that

1 A
Xy, ny) = (0,5 Zx)u + Av,ixl, ...,—xn)
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is a solution of the previous system where A is a constant. The choice of this particular

Rn+2

spacelike vector fields family implies that ( , Jew) 18 an expanding, steady, or shrinking

Ricci soliton.

Theorem 2.4.7. All the Cahen-Wallach symmetric spaces are steady gradient Ricci

solitons (Vazquez, et.al., 2012).

Proof. Given a function h on R"*2, Then, the gradient of the function h according

to the metric given in equation (110) is
grad(h) = (0,h, (—Z;Kk;x?)d,h + d,h, d1h, ..., 0, h)
and thus equation (111) becomes

le'Ki - ZZiKixial'h - 265uh + (Zl'Kixl'z)A =0,

0z, =0,
202,h — 1 =0,
) KjXx;j0p,h — 05 ;h = 0, (112)
205h—21 =0,
L dh = 0.

where j,k =1,..,n,j # k.

Using that d2,h = 02;h =07h=0,j # k , the function h separates variables

v, X4,.., Xy and the previous system reduces to

El'Ki - ZZiKixial'h - 265uh + (Zl'Kixl'z)A =0,

200, —2=0, 113
K]'Xjavh - aijh = 0,
20;h = 0.

where j = 1, ..., n.

Taking the derivative of the third equation gives us k;x;0;,h — a2, 7h =0 and by

second equation we have

205, ih = Kjx;A. (114)

uuj

Next, taking the derivative of the first equation with respect to x;, we get
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J uuj
By using the equations (113) and (114) to simplify the previous identity we have

This indicates that h is independent of the variable x; (j = 1,..,n). Simplify the third

equation of (113) we find d,h = 0, so that h is the only function of the variable u, h = h(u),

and by equation (113) it can be reduced to
Ik; —2h"(u) =0

Taking the integral of the equation above we find
1
h(uw) =c¢c; + cou + ZZikiuz

where ¢; and ¢, are constants as the general solution of the system of the equations (113). It

can be seen that grad (h) is a null vector field satisfying equation (110) for A = 0; indeed

1 = pdivlgrad®) _ \p _

n+2

2.4. Ricci Solitons on Lightlike Hypersurfaces

Definition 2.5.1. Given a differentiable Riemann manifold M with a linear connection

V. A tangent vector field v is said concircular with respect to V if
Vyv = uX, X eT(TM), (114)

where u: M - R is a smooth function. If 4 = 0 or u #0, the concircular vector field v is

said to be non-trivial or trivial 0, respectively (Al-Dayel, 2020).

The concept of concircular vector fields can also be extended to the semi-Riemannian
manifolds exactly in the same way (Chen, 2016). In case 4 = 1 in the definition above, a

concircular vector field v is called a concurrent.

Theorem 2.5.1. Given a lightlike hypersurface (M, g) of semi-Riemannian manifold

(M, g). (M, g) is a Ricci soliton iff it satisfies the equation
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Ric(X,Y) = (A —2w)g(X,Y) — (V,rg)(X,Y) — 2g(A,:X,Y) (115)
for any vector fields X,Y € I'(TM).

Proof. Suppose ¢: M — M is an isometric immersion. Then, the tangent vector field

v on M can be written by
v=vl +vt (116)
where v7 is the tangential component and v+ is the null transversal components of v.

Since v is concircular vector field on I'(TM) then Vyv = uX,X € I'(TM). As a

consequence, by Gauss-Weingarten formula, we have
pX = Vyv = Vv + Vyvt = Vyv” + B(X,vT)N — A, . X + 1(X)N
From the equation above we get
VyvT = A,u X + uX (117)
B(X,vT)N = t(X)N. (118)
From equations (53) and (117) we obtain
(L,rg)X, V) = (V,rg)X, V) + g(Vxv T, Y) + g(X, VyvT)
= (V,rg)(X,Y) + 2g(A,.X,Y) + 2ug(X,Y)
Therefore, by equation (89), we get equation (115).
From theorem above, we have some corollaries as follow:

Corollary 2.5.1. A lightlike hypersurface (M, g, v7, 1) is a trivial Ricci soliton iff M

is v+ umbilical.

Proof. Suppose the lightlike hypersurface (M, g, v7, 1) is a trivial Ricci soliton. Then,
v’ =0, so that v = vt by using (117). As a consequence, by equation (116) we have
A,1X = —uX. Conversely, if M is v umbilical then it can be expressed by 4,1 X = —uX,

which implies vT = 0.

Corollary 2.5.2. Every Ricci soliton on a totally umbilical lightlike hypersurface M is

trivial.
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Corollary 2.5.3. If (M, g,v7, 1) is a Ricci soliton on an (m + 1)-totally geodesic

lightlike hypersurface M, then its scalar curvature can be given by
S=n(A-2u)—-2BWT", &), n+1=dimM. (119)

Proof. From equation (115), we have Ric(X,Y)=A-2wgX,Y)—
(erg)(X, Y)—-2g9(A,.X,Y) . This equation is equivalent to Ric(X,Y) = (1—
29X, Y) — BT, X)nY) — B(X,v"n(X) — 2g(h(X,Y),vt). Since (M, g) is a totally
geodesic lightlike hypersurface then h(X,Y) = 0, which implies g(h(X,Y),vt) = 0. As a

consequence, we have

Ric(X,Y) = (A - 2 g(X,Y) — BW", X)n(¥) = B, V)n(x) (120)

and taking the trace of the equation (120), yields (119).

Theorem 2.5.2. Let the lightlike hypersurface (M ,9,S(TM )) be a Ricci soliton with

a concircular vector field v on I'(TM). Then, the Ricci tensor of M satisfies

Ric(X,Y) = (A — wg(X,Y) — B(v,X)n(¥) — B(v, )n(X), (121)
for any X,Y € I'(TM).

Proof. Using equations (53) and (114) gives us

(Lyg)X,Y) = B(v,XIn(Y) + B(v,Y)n(X) + g(Vxv,Y) + g(X, Vyv)

=B, X)n(Y)+ B, Y)n(X) + 2ug(X,Y).

Subtituting this equation to (89) yields

Ric(X,Y) + Bw,X)n(Y) + B(v,Y)n(X) + 2ug(X,Y) = Ag(X,Y)
which is nothing but (121).

Theorem 2.5.2. results the following corollary

Corollary 2.5.4. Let the lightlike hypersurface (M, g, v, 1) be a Ricci soliton. Then,

the scalar curvature of M satisfies

S=n(A—u) —2nB(v,é). (122)
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Theorem 2.5.3. Let (M, g,S(TM)) be a lightlike hypersurface of the semi-
Riemannian manifold (M, g) . Then, (M, g,v,A) is a Ricci soliton if and only if
(M, g,S(TM)) is an Einstein hypersurface.

Proof. Let {e,, ..., e, £} be a basis on I'(TM) and {e;, ..., e,,} be an orthonormal basis

on I'(S(TM)). By using (11) we get
Ric(e;, e)) = A —wyg(eie;) — Bw,en(e;) — B(v,e;)n(e;)
=(A—wé;;—Bw,e)g(N,e)—B(v,e)g(N,e)
= (A —wdy;
It is easy to check by using (46a) and (46b) B(v, ¢;) = B(v,¢;) = B(v,€) = 0. So,
R(e;, &) = (A—wgle;,§) — B(w,edn(§) — B, $ n(e;)
=—-B,e)g(N,§) —B(w,&)g(N,e;) =0
and
R, =A-wgE &) —BwHm&) —Bw,¢)n)
=—-B,§)gN,§) —B(v,§)g(N,§) =0
Conversely, it is clear that Einstein manifold must be a Ricci soliton.

Corollary 2.5.5. A lightlike hypersurface (M, g,S(TM)) is a Ricci soliton with
potential vector field v iff u satisfying (114) is constant. Moreover, (M, 95 (TM)) is flat
lightlike hypersurface when yu = A.

Theorem 2.5.4. Let the totally geodesic lightlike hypersurface (M, g, vT, 1) be Ricci

soliton. Then, the screen principal curvatures of M are give by
k; =§(nc+2u—,1) (123)
where ¢ denotes the constant curvature of M.

Proof. Suppose M is a lightlike hypersurface of semi-Riemannian manifold (M, g) of
dimension (m+2) of constant curvature c. Let {¢, N} be the canonical null pair on M such

that 1-form t vanishes. Because ¢ is the eigenvector field of AE with respect to the
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eigenvalue 0 and A} is T (S (TM)) -valued real symmetric, A;é has n diagonalizable

orthonormal eigenvector field in S(TM). Suppose {ey, ...,e,, € } is a frame field of eigen

vectors of A} and {ey, ..., e, } is the orthonormal frame field of S(TM). Then, we have,
szel- = kiei, 1<i<n, (124)

where k; is the screen principal curvature. On the other hand, since M is totally geodesic,

then Aye; = 0.

From equation (56), we have

Ric(ei, ej) = ncé;; (125)
and from equation (115),

Ric(e; e) = (A — 2)8;; — 2k;5;; (126)

is obtained. As a consequence, from (125) and (126) we get
1
ki = E(nc +2u— A7)

Next, we show that a lightlike hypersurface admitting concircular vector fields is also

a gradient Ricci soliton. We also show some properties of the gradient lightlike Ricci soliton.

Theorem 2.5.5. The lightlike hypersurface (M, g, v, 1) satisfies the condition of a

gradient Ricci soliton, where
1
f=51vl (127)

is the potential function and v is a concircular vector field.

Proof. For any X € I'(TM), we have
Xf = Uy (52 1) = 2, 6(7,0,0) = gt )
f= XZ,le —M,g v, v) = gX,v).

This implies v = grad(f). Therefore, the lightlike hypersurface endowed with a
concircular vector field is gradient Ricci soliton with potential function f = % g(v, v), which

is nothing but (127).
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Corollary 2.5.6. A lightlike hypersurface(M, g, S(TM)) with concircular potential
vector field v satisfies the condition of a gradient Ricci soliton iff it is an Einstein lightlike

hypersurface.
Proof. Since v = grad(f) then equation (89) can be written by
Ric(X,Y) + Hess;(X,Y) = Ag(X,Y) (128)
Therefore, we find
Ric(X,Y) + g(VxVf,Y) = 1g(X,Y)
Ric(X,Y) + g(Vxv,Y) = 1g(X,Y)
Ric(X,Y) + ug(X,Y) = 2g(X,Y)
Ric(X,Y) = (A1 —-wgX,Y)

From corollary (255), u is constant. As a consequence A — u is constant. Conversely,
let (M, g,S(TM)) be an Einstein lightlike hypersurface. Then, there exist a constant k suct
that Ric(X,Y) = kg(X,Y). By expressing k as subtraction of two constants, it is easy to
find (128), so that (M, g, f, A) is a gradient Ricci soliton.

Corollary 2.5.7. If the lightlike hypersurface (M, g, f,A) of the semi-Riemannian

manifold (M, §) is a gradient Ricci soliton, then
Ric(X,Y) = (A —pw)g&X,Y). (129)

Theorem 2.5.6. A gradient Ricci soliton on a lightlike hypersurface (M, g, f, 1) is

trivial if and only if it satisfies:

(1) |lv|l = constant

(i1) Concircular vector field v is normal to M.

Proof. Suppose (M, g, f, 4) is a gradient Ricci soliton. By Theorem 2.5.3, we find that
M is an Einstein hypersurface and by corollary 2.5.5, u is constant. As consequence, we have
the statement (i) by applying (30). Next, taking the derivative of g(v, v) in the direction of
X gives 0 = Xg(v,v) = 2ug(X, v). This gives statement (ii). Conversely, it is clear that if
the statement (i) and (ii) hold then (M, g, f, A) is a trivial gradient Ricci soliton.
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Theorem 2.5.7. If a ligtlike hypersurface (M, g) with potential vector field v is a

gradient Ricci soliton, then the potential function of (M, g, f, 1) can be expressed as

1

f=77(C-n@-p), (130)

where C is a real constant.

Proof. From theorem 2.5.5 we have ||grad(f)||> = 2uf . Therefore, by using

equation (92), we find
n(A—p)+4uf —2Af =C
nA—w+ @u-20)f=C

1
T 4u—22

f (C —n(1— y)).

Next, we assume that (M ,9,S(TM )) is totally umbilical screen homothetic lightlike
hypersurface. This condition provides easiness since the screen distribution is non-

degenerate.

Definition 2.5.2. A lightlike hypersurface (M, g,S(TM)) of a semi-Riemannian

manifold (M, §) is said to be locally screen conformal on any coordinate neighborhood U if
Ay = pA; (131)

where Ay and A} are the shape operators of M and S(TM), respectively and ¢ is a non-zero

function on U which is smooth everywhere.
It can be seen that (131) is equivalent to
C(X,PY) = B(X,Y), (132)

for all X,Y € I'(TM|y). In case ¢ is a non-constant on M, then M is said to be screen

homothetic. Furthermore, in case of ¢ = 0 or € = Ay = 0, M is said to be totally geodesic.
If semi-Riemannian manifold (M, §) has constant curvature c, then we have
9gRX,Y)ZW) =cg(Y,Z)gX,W) — g(X,Z)g(Y,W).

Let dim(M) = n + 2. Locally, Ric is given by
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n+2

Ric(X,Y) = Z .9(R(e, X)Y, &),

i=1
where {e;, ..., €42} is an orthonormal frame field of M.
As a consequence, we get
Ric(X,Y) =(n+ 1cg(X,Y). (133)
Therefore, we have the following lemma

Lemma 2.5.1. Given a semi-Riemannian manifold (M, ) of dimension (n + 2) with

constant curvature. Then, (M, g ) is an Einstein manifold.

Theorem 2.5.8. Given a totally umbilical screen homothetic lightlike hypersurface
(M, 9,S(TM )) of semi-Riemannian manifold M of constant curvature of dimension (n+2).

Then, M is a Ricci soliton iff we can find a constant A satisfying
A=nc—aF —neF? + 2y, (134)

where c is the constant curvature of M, @ is the smooth function on M, F is a smooth

function and a denotes the mean curvature of M.

Proof. Let M be a totally umbilical screen homothetic lightlike hypersurface such that
the equations (131) and (132) hold. Consider {ey, ..., e,, £} as a basis of TM and {ey, ..., e,}
as a basis of S(TM). Using equation (56), we have

Ric(ei, ej) = ncg(ei, e]-) — Fag(el-, ej) + X eiFg(el-, ej)prg(el-, e]-)
= ncé;; — aF §;; + npF%5;;,
Ric(e;, §) = ncg(e;, §) — Fag(e;, §) + Xk, eiF g (e, §)@Fg(e;, §) = 0,
Ric(§,8) =ncg(§,8) —Fag(§,§) + Xz, €Fg(§,eFg(§,§) = 0.
Then, using (52) we have the Lie derivative of the metric tensor as follow
(ng)(ei,ej) = B(v, ej)g(N, e;) + B(el-,N)g(N, ej) + 2ug(ei, ej) = 2ud;;,
(Lv9)(ei,§) = B(v,e))g(N,§) + B(e;, N)g(N, §) + 2ug(e;, §) =0,

(£Ly,9)(, &) =B, §)g(N,§) + B(§,N)g(N,¢&) +2ug(§,¢) = 0.
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Therefore,
RiCij + ngij = nc5l-j - aFSij + Tl(sz(Sij + 2,1151] (135)

is obtained. If the given condition holds, i.e., we have A satisfying the equation (134), then
equation (135) gives Ric;; + £, g;; = Ag;j and hence, totally umbilical screen homothetic

lightlike hypersurface M is a Ricci soliton with potential v.

Conversely, assume that (M, g, v, 1) is a Ricci soliton, then by direct computation we

get equation (134) easily.

Corollary 2.5.8. Let the totally umbilical screen homothetic lightlike hypersurface M
of semi-Riemannian manifold M of dimension (n + 2) be totally geodesic. Then,

(M, g,v, 1) is a Ricci soliton if and only if we can find a constant A such that
A=nc—aF +2u (136)

where c is the constant curvature of M, @ is the smooth function on Mand «a stand for the

mean curvature of M.

Theorem 2.5.9. Let (M ,9,S(TM )) be a totally umbilical screen homothetic lightlike
hypersurface of semi-Riemannian manifold M of ddimension (n + 2). Then, M is a gradient

Ricci soliton if and only if there exists a smooth function f on M such that

2 2 pF2—
1= n c+naF2+fn @F“-C + I, (137)

where c is the constant curvature of M, @ is the smooth function on Mand a denotes the

mean curvature of M.

Proof. Given a totally umbilical screen homothetic lightlike hypersurface
(M, 9,S(TM )) of semi-Riemannian manifold of constant curvature. Suppose (M, g, f, 1) is

a graddient Ricci soliton.

By theorem 2.5.5,

lgrad(ONI? = llvll = 2uf

is obtained. From theorem 2.5.8, the scalar curvature of M is
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S = z Ric(e;, ;) + Ric(§,8) = n(nc + aF + neF?).

=1

As a consequence, substituting these two equations into (91) yields
n(nc + aF + npF?) 4+ 2uf —2Af =0
So that, it is easy to find (137).

Conversely, since S + ||grad(f)||? = n(nc + aF + n@F?) + 2uf, if there exist A
such that (137) holds, then we have S + ||grad(f)||> — 2Af = C. Hence, totally umbilical

screen homothetic lightlike hypersurface (M, g, f, A) is a gradient Ricci soliton.

Corollary 2.5.9. Let the totally umbilical screen homothetic lightlike hypersurface
(M, 9,5 (TM)) of (n+ 2) semi-Riemannian manifold M be totally geodesic. Then,

(M, g, f, A) is a gradient Ricci soliton if and only if there exists a constant A satisfying

n?c+nafF-C
A= T + U, (138)

where c is the constant curvature of M, @ is the smooth function on M and a denotes the

mean curvature of M.



3. CONCLUSSION

From the result and discussion in the previous section, we have the following

conclusions:

1. Egorov space (]R"”, gf) of Lorentzian manifolds is Ricci solitons and gradient
Ricci solitons.

2. Every Cahen-Wallach symmetric space is Ricci solitons.

3. Lightlike hypersurface (M, g, v7, 1) is a trivial Ricci soliton if and only if M is v+
umbilical.

4. Every Ricci solitons on totally umbilical lightlike hyperspace are trivial.

5. Alightlike hypersurface (M, g, v, 1) is Ricci solitons if and only if (M, g, S(TM))
is an Einstein hypersurface.

6. Lightlike hypersurface (M, g, f,4) is gradient Ricci solitons if and only if
(M, g,S(TM)) is an Einstein hypersurface.



4. RECOMENDATIONS

Ricci solitons on semi-Riemannian geometry is a new theory in both mathematics,
which can be extended to other fields, especially physics. Therefore, this thesis can be a
reference for further study to find new properties of applications of Ricci solitons on semi-

Riemannian manifold, especially in lightlike case.
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