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ABSTRACT

EVOLUTION OF THE HOFSTADTER BUTTERFLY IN
A TUNABLE OPTICAL LATTICE

Firat Yilmaz
M.S. in Physics
Advisor: Assoc. Dr. M. Ozgﬁr Oktel
August, 2015

There are a limited number of exact solutions for quantum mechanical systems.
It is critical to obtain solutions for complex systems. One of these unsolved
equations was the famous Harpers equation, which was proposed in 1955[1]. It
investigates the behavior of a particle in a periodic potential under a uniform
magnetic field in two dimensions. Douglas Hofstadter, in 1976, obtained a nu-
merical solution[?] for the first time, discovering a non-trivial energy spectrum as
a function of magnetic flux. The spectrum is a fractal structure, the Hofstadter
butterfly, and depends purely on the lattice geometry. In other words, primitive
lattice vectors and basis vectors determine the fractal energy spectrum under a

uniform magnetic field.

The experimental demonstration of such an energy spectrum requires a mag-
nitude of thousands of Teslas magnetic field in the solid state systems since the
area of a unit cell is on the order of a few square nanometers. Recently, two main
developments in cold atom physics led the way to the realization of the Hofs-
tadter butterfly energy spectrum. The first one as the creation and manipulation
of optical lattices. It provides a controllable environment with lattice constants
up to a few hundred nanometers, which means the required magnetic field is now
within experimental capabilities. The second development is the realization of
synthetic gauge fields on optical lattices. One recent development we focus in
this thesis is the creation of an adjustable lattice geometry[3].

The self-similar energy spectra for a uniform magnetic field depends purely on
the lattice geometry. Recently, the Zurich group presented a unique chance to
examine the connection between them. Particularly, we calculate the Hofstadter
butterfly for all lattice parameters which can be obtained by the Zurich group[3].
We then investigate the transition of the Hofstadter butterfly from a checkerboard
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lattice to a honeycomb lattice, which includes the observation of the change in
topological invariants, the Chern numbers of the self-similar energy spectra.

For this purpose, we first present the theoretical building blocks utilized
throughout the research. We show the step-by-step procedure to obtain the Hof-
stadter butterfly, starting from the continuous Hamiltonian and projection onto
a tight-binding Hamiltonian. We explicitly demonstrate the butterflies for the
square lattice and the honeycomb lattice. Next, we concentrate on the experi-
ment carried out by the Zurich group, and obtain the Hofstadter butterflies for
all lattice geometries.

The Hofstadter butterflies are analysed in detail. There are three different
regimes. In the first regime the spectrum is formed by two stacked square lattice
Hofstadter butterflies separated by a large energy gap. As the optical lattice
evolves from the checkerboard to the honeycomb geometry, the second regime
begins with the emergence of Dirac points for particular rational magnetic flux
values & = p/q, where p,q are mutually prime integers. In the third regime
infinitely many sequential closings of adjacent bands around zero energy give the
honeycomb lattice Hofstadter butterfly as a limit. This closing process can be
probed with current setups.

We show that the existence of Dirac points at zero magnetic field does not
imply its existence at a finite field. The topological properties of the energy
spectrum can change with the applied magnetic field. We calculate the Chern
numbers of the major gaps in the spectra and examine the exchange and the
transfer of these topological invariants during the evolution of the lattice geom-
etry. An analytic formula to determine the critical value for the emergence of

Dirac points around zero energy is obtained in Eq.5.2

Keywords: Hofstadter, Butterfly, Optical Lattice, Evolution.



OZET

HOFSTADTER KELEBEGININ AYARLANABILIR
OPTIK ORGULERDEKI DEGISIMI

Firat Yilmaz
Fizik, Yiksek Lisans
Tez Damsmani: Assoc. Dr. M. Ozgiir Oktel
Agustos, 2015

Kuantum mekaniksel sistemlerde simirli sayida analitik ¢oziim vardir. Bu
¢oziimler karmagik sistemlerin yaklagik ¢oziimleri igin onemlidir. Coziilmemis
denklemlemlerinden biri de iinlii Harper denklemidir. Harper denklemi, 2 boyutlu
periyodik potansiyel altindaki parcacigin sabit manyetik alan altinda davranigimi
inceler. Ik tam niimerik ¢oziimii Douglas Hofstader elde etmistir. Manyetik
kuantum akigin fonksiyonu olan enerji spekturumu, karmasik fraktal bir yapi
gostermektedir. Bu spekturum Hofstader kelebegidir ve sadece orgii geometri-
sine baghdir. Diger bir deyigle, sabit bir manyetik alan altinda fraktal enerji
spekturumunu, pirimitif orgii vektorleri ve unite vektorleri belirler.

Kat1 hal fiziginde, birim hiicresinin alan1 bir ka¢ nanometre kare olgeginde
oldugundan, bu enerji spekturumlarini deneysel olarak gozlemlemek binlerce
Tesla biytkliiginde manyetik alan gerektirmektedir. Son zamanlarda soguk
atom fizigindeki iki ana gelisme, Hofstadter kelebeginin gergeklestirilmesinin yol-
unu acti. Birincisi, optik orgiilerin yaratilmasi ve degistirilebilmesidir. Bu
geligme orgii sabitini bir kag nanometreden bir kag yiiz nanometreye kadar kontrol
edilebilen alan yaratmayi saglar ve enerji spekturumunu gozlemlemek igin gerekli
manyetik alan giiniimiiz deneylerinin ulagabildigi seviyelere iner. Ikinci gelisme,
sentetik ayar alanlarinin optik ag orgiilerinde gercellenmesidir. Bu tezde odak-
landigimiz bir geligme ise ayarlanabilir optik ag geometrilerinin yaratilmasidir|L.
Tarruell et al., Nature 483, 302305 (2012)].

Sabit manyetik alanlardaki eg-benzer enerji spekturumu sadece ag geometri-
sine baghdir ve Ziirih aragtirma grubu bu baglantiy1 incelemek icin bir firsat
sunmustur. Hofstadter kelebegini, Ziirih grubu tarafindan elde edilebilen tiim ag
parametreleri i¢in 6zel olarak hesapladik[3]. Sonrasinda dama orgiiden bal petegi
orgiisiine geciste Hofstadter kelebeginin degisimini inceledik ki bu topolojik sabit
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Chern sayilarinin es-benzer enerji spekturumlarindaki degigimlerini de igerir.

Bu amacla, ilk olarak arastirma siirecinde faydalandigimiz teorik yapitaglarini
sunduk. Siirekli Hamiltonian ve siki-bagli Hamiltonian’dan baslayip basamak
basamak Hofstadter kelebegi elde etme siirecini anlattik. Agik olarak kare orgi
ve pal petegi orgiisi i¢in kelebekleri tirettik. Sonrasinda Ziirih grubunca yapilan
deneye yogunlastik ve tiim ag parametreleri icin Hofstadter kelebegini elde ettik.

Bu Hofstadter kelebekleri detaylica incelendi. Ug farkli bolge bulundu. Birinci
bolgede spekturum, iki kare orgii Hofstadter kelebeginin aralarinda genis bir enerji
boslugu olacak gekilde st iiste halinden olugur. Optik ag dama geometrisinden
pal petegi geometrisine evrilirken Dirac noktalarimin manyetik akinin rasyonel
degerlerinde ortaya cikmasiyla ikinci bolge baglar. Ucgiincii bolge, sifir enerji se-
viyesi etrafindaki komgu bantlar bagta olmak iizere sonsuz sayidaki bantin bir-
biri tizerine kapanmasiyla pal petegi aginin Hofstadter kelebegine yakinsamasiyla
ulagilir. Bu kapanma stireci gliniimiiz deney aletleriyle aranabilir.

Gosterdik ki manyetik alansiz ortamda Dirac noktalarimin varligi sonlu
manyetik alanlarda aymi Dirac noktalarinin varligim garanti etmez. Enerji spek-
turumunun topolojik o6zellikleri uygulanan manyetik alanla degisebilir. Spektu-
rumdaki ana enerji bogluklarinin Chern sayilarini hesapladik ve bu sayilarin ag
geometrisinin degigim siirecinde degig tokusunu ve iletimini analiz ettik. Den-
klem 5.2°de gortldiigii gibi, bu siiregte sifir enerji etrafinda ortaya ¢ikan Dirac
noktalarinin kritik bir degere gore belirlendigi bir analitik formiil belirledik.

Anahtar sézcikler: Hofstadter, Kelebek, Optik Orgﬁ, Degisim, Dontigtim.
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Chapter 1

Introduction

This thesis investigates the evolution of the self-similar energy spectra, the Hof-
stadter butterfly, as the lattice geometry is adiabatically changed. The energy
spectra obtained is a numerical solution of the Harper’s equation[!] by Douglas
Hofstadter[2]. As the Harper’s equation describes a single particle subjected to a
2-D periodic potential and a constant magnetic field. The solution has a fractal
energy spectrum as a function of magnetic flux by flux quantum. Until the recent
developments [3, 1], it was not possible to realize an adjustable and transformable
artificial lattice with a uniform magnetic field. Within the current capabilities, we
can analyse how the fractal energy spectra differ from a one particular butterfly

to another.

The organization of the thesis is as follows: There are six chapters including
"Introduction” and ”Conclusion and Future Work” parts. In the Motivation
chapter, we discuss the two dimensional optical lattice systems and their potential
for the observation of the Hofstadter butterfly. We give a brief summary of the
history of the theoretical and the experimental developments in the self-similar

energy spectral literature.

In chapter Three, the Hofstadter butterfly is presented and discussed in de-

tail. The calculation procedure of a Hofstadter butterfly for a general lattice



with specific methods are explained. For this purpose, we present the square
and the honeycomb lattice geometries, and obtain the corresponding Hofstadter

butterflies. The general properties of the two spectra are shown.

In chapter Four, the calculations of the evolution of the Hofstadter butterfly are
presented. The numerical solutions of the energy values within a Brillouin zone
for the tunable optical lattice parameters are obtained. These energy values are
utilized to calculate the tunneling amplitudes for the tight binding approximation
by projection into the lowest two bands. The lattice geometry adiabatically
transforms from the checkerboard to the honeycomb geometry with an adiabatic
change of the basis vectors, so do the corresponding hopping amplitudes. We give
a generic method to calculate the butterfly and obtain the spectra to be discussed

and analysed in chapter five.

There are two sections in Chapter Five. In the first section, we examine the
energy spectra and discuss the topological properties for four particular lattice
geometries during the transition process. The topological transformation of the
Hofstadter butterfly from the checkerboard to the honeycomb geometry is non-
trivial. We find an analytical formula characterizing the topological transition
process. There are three topologically distinct parameter regimes. In the second
section, we analyze and display the topological change by calculating the first

Chern numbers of energy gaps during the adiabatic transition.

In the last chapter, we summarize our results and discuss possible extensions
in order to complete the picture for topological transitions as the lattice geometry

evolves.



Chapter 2

Motivation

The recent findings and developments in cold atom physics led the investigation
of various discoveries in an isolated environment. Two dimensional optical lat-
tices become one of the main focus areas of research due to the defect-free and
controllable environment. As the temperature of the system decreases, it be-
comes possible to investigate properties dominant in low-energy physics such as
the emergence of Dirac cones, superconducting Cooper pairs and other interest-
ing phenomena. One interesting theoretical finding in solid state physics is the
self-similar energy structure, the Hofstadter butterfly. Douglas Hofstadter inves-
tigated the behaviour of an electron under a periodic potential with a uniform
magnetic field. Using a tight binding model and imposing Bloch’s theorem, he
discovered a fractal energy graph as a function of magnetic flux in 1976[2]. This
fractal spectrum is a measure-zero Cantor set. In other words, the whole pat-
tern consists of only self-similar gaps [2]. Another exciting property is that the

self-similarity is closely related to number theory, namely the Farey sequence[5].

It is, however, difficult to observe this energy spectrum in solid state systems
because it is a function of magnetic flux per flux quanta,¢/¢y. It requires mag-
nitude of thousands of Tesla magnetic field to scan all flux values since a typical
solid state unit cell area is in the order of a few square nanometers. ¢, is the

single magnetic flux quantum, and ¢ is defined as the number of magnetic flux
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Figure 2.1: Hofstadter butterfly of a square lattice discovered by Douglas Hofs-
tadter in 1976.



quanta trapped in a unit cell. A typical solid state lattice length for a periodic
potential is tens of times smaller than the magnetic length at one Tesla. The
magnetic length is proportional to the square root of magnetic field while the
area that the magnetic field is trapped grows quadratically as the lattice length
is increased. If the area of a unit cell is enlarged, it is possible to scan the flux

values. This is now achievable with the current magnetic fields.

Recent advances in condensed matter physics and optics allow scientists to
investigate the Hofstadter butterfly. The first initiatives to realize the spectra
utilized superlattices so that the lattice constant is enlarged and becomes compa-
rable with the magnetic length[6, 7, 8]. These setups, however, lack the adjusta-
bility of lattice geometry, types and amount of particles, and types of interactions
predominant in the system. The cold atom systems, on the other hand, are capa-
ble of offering various lattice geometries formed with different types of particles,

controllable interactions and a defect-free environment.

There are two main developments in pursuing fractal energy spectra with cold

atoms.

The first one is the generation of artificial effective magnetic fields with a
technique called laser assisted tunneling [9, 10]. This allows experimentalists to
control the phase of the Fourier decomposed Bloch waves. This method can be

used to realize the effect of the magnetic field with the Peierls substitution[!1].

The second headway is the development of an adjustable optical lattice[3, 12,

, 11]. The Zurich group created an optical lattice which can adiabatically
change its geometry, namely from triangle to dimer, dimer to honeycomb and
other lattice geometries. They recently include an artificial gauge field [1] on
top of the experimental setup and realize the Haldane model [15]. Similarly,
a uniform magnetic field can be generated on this system as well. Therefore,
these two findings let us investigate the fractal nature of the energy spectra of

degenerate gases.

Combination of an adjustable lattice with a uniform magnetic field brings new



questions to mind. Two significant questions can be how the relation between
topological properties and the lattice geometry is, how the self similar energy
spectra do change if the lattice geometry transform from one to another. This
thesis aims to answer these two questions. However, it does not aim to explain
how the optical lattice is generated, how cold atoms are prepared or how the
band mapping technique is realized. We investigate how the Hofstadter butterfly

evolves as the lattice parameters are changed.

Our research starts with the analysis of different Hofstadter butterflies and
the topological nature of various lattice geometries that can be generated by the
Zurich group[3]. Then, we investigate the transition from the checkerboard lattice
to the honeycomb lattice geometry through energy spectra and Chern number

exchange.



Chapter 3

The Hofstadter Butterfly

The Hofstadter butterfly is a self-similar or fractal energy structure due to the
magnetic flux enclosed by a unit cell. It is fully dependent upon the lattice
geometry and the applied external field. In other words, the Bravais lattice
vectors and basis vectors fully describe the energy spectrum with the choice of

magnetic vector potential.

In this section, we go through the literature of the self-similar energy spectra
and obtain the Hofstadter butterfly for 2-D lattice geometries with a step-by-
step procedure. In the first part, we review the Hofstadter butterfly for a square
lattice which is a Bravais lattice. Next, we obtain the Hofstadter butterfly for

the triangular lattice with a two point basis, namely the honeycomb lattice.
The preliminary assumptions are as follows,

- A tight-binding model with NN (nearest neighbor) or NNN (next nearest
neighbor) hopping is used,

H=— > tomln)(ml,

<<n,m>>

where |n), |m) are states localized at two dimensional sites n, m, and t,,, is the

hopping matrix element between them.



- Landau Gauge is used as the magnetic vector potential,
A= (0, B:zc)7

B is the constant magnitude of the magnetic field. - The tunneling ampli-
tudes, t,,.,, are calculated by fitting to the dispersion relation of the continuum

Schrodinger equation. The numerical Schodinger equation is given in Appendix

A.

- The effect of the magnetic field is included with Peierls substitution[!1],
b Bon) (B| = €70 by | R ) (R

and the phase gained is the line integral of the magnetic vector potential along
the hopping path.
¢ [ -
Omn = — A-dl,
he Ji,
where | R,,) and |R,,) are the lattice sites. The Peierls substitution is shown to be

valid as long as the tight-binding approximation holds at zero magnetic field[16].

- The edge values of the energy bands are important for calculating the Hofs-
tadter butterfly. It is possible to find the critical momentum space points, (k;, k),
of band energies for most of the geometries when the magnetic flux by quantum
flux is a rational number, ¢ = p/q. The detailed explanation can be found in

litarature[17, 18].

3.1 Bravais Lattice Vectors with One Point Ba-

S1S

3.1.1 The Square Lattice

The square lattice is a bipartite lattice which makes the band energies symmetric

around zero. Each site in a unit cell (site A) is connected with the other site

8



(site B). Every site has 4 nearest neighbours and the nn tight-binding model
captures the single particle system if the potential minima are deep and narrow
so that Wannier functions are localized enough. The primitive vectors for the

square lattice are,

a is the lattice constant and the Bravais vectors are IR, n, = miad +meay where

(my1,me) € Z.

The nn tight-binding Hamiltonian at zero magnetic field is

N>

my,m2
€o|ma, ma)(ml, m2|
tlmy + 1, ma)(mq, ms

tlmy — 1, mg) (mq, mo|

+ o+ o+ o+ —

)
tlmy, mg + 1)(mq, ms
)

t]ml,mQ -1 ml,m2| .

We seek eigenstates 7:[|\I/> = E|¥) of the Hamiltonian and which can be expanded

as,

|\D> = Z 2ﬂm,nz’nlanﬁ-

ni,n2

and |nq,ng) are localized states at lattice sites ny, ng € Z.



The eigenvalue equation can be written as,

H|U) = E|U)
HY) = — )

[ €o|my, ma) (M, my|

+ tlmy + 1,ma)(my, ma|
+ tlmy — 1, ma)(mq, ma|
+ tlmy,mo + 1)(mq, ma|
+ )

timy,mg — 1 mlamQ‘:|

X Unymlna,ne) = E Yty malna, ma).

ni,ne ni,n2

Projection by (my, ms| gives the difference equation:

- t[wml—l,mg + ¢m1+1,m2 + ¢m1,m2—1 + 77Z)m1,m2+1] - (E - 60)¢m1,m2‘ (31)

The Hamiltonian commutes with the translation operator and they do have mu-
tual eigenstates. Separating the wave functions, we can choose the mutual eigen-

states as plane waves,
ikimy ikam
wmhmg = 1/)06 1 etz

Substituting back into (3.1):
(E - 60)¢06ik1m16ik2m2 — et gikeme [ B t[e—ilﬂ 4 eik g ik | eikg}}
we can obtain the energy dispersion relation.
E(ky, ko) = €9 — 2t cos(ky) — 2t cos(k2), (3.2)

where k1 = k- a1 = aky, ko = k- a; = ak, and ¢y = 0. The first Brillouin zone

has square shape as expected (Fig.3.1.1).

Peierls substitution includes the effect of the magnetic field to the system by
using complex valued tunneling amplitudes. The Landau Gauge is chosen for

uniform magnetic field, A= Baxy.
b o) (Bo| = €707t | Ry} (R

10



Energy-band diagram and Reciprocal space vectos

Figure 3.1: Energy-band diagram of the square lattice without magnetic field.
The reciprocal lattice vectors are also shown.

The phase is,

e R"I’”Q = N
Omn = — A-dl
he Ry o
— (R, By) (Bt ),
= 2d (’I"LQ — mg) |:m1 + %} 5
where ® = ¢/¢g, ¢g = hc/e is the flux quantum and ¢ = Ba? is the magnetic

flux through a unit cell for the square lattice.

The modified nn tight-binding Hamiltonian with a magnetic field is written

11



as,

X,
|

3

miy,ma2
60’m17 m2><m1, m2|
timy + 1, ma)(mq, ms

timy — 1,mg) (mq, mo|

—i2rdPm,

+ o+ o+ 4+ —

)
tlmy, mo + 1)(mq, mole
)

timy, mg — 1) {my, mg|e®™®m |

Before going into the rest of the calculations for eigenvalue equation and energy
diagram, it is a good exercise to calculate the phase gained for a loop around a

unit cell.

0,0 = 1,0)(A¢ = 0),[1,0 — 1,1](A¢ = —27®), [1,1 — 0,1](A¢ = 0),[0,1 —
0,0](A¢ = 0) and the total phase gained around a unit cell is —27®. For an

integer value of magnetic flux, the phase phase around a unit cell is —27p/q

How can we interpret this result? Underlining the very definition of probability
distribution function (absolute square of a wave function in Born interpretation),
it is uniquely defined over a given domain and single-valued. Moreover, the
definition of a unit cell is that the localized wave function on a particular Bravais

lattice site repeats itself with a Bloch phase on other sites.

G(F+ Rp) = eFm iRy ()
W+ R = iy = o).

The unit cell at zero magnetic field does not repeat itself with a Bloch phase
determined by translation from one site to another. It gains an extra phase due
to the applied magnetic field, and the new unit cell must be chosen such that the
phase gained does satisfy its definition. From this point of view, we are seeking
for a 'magnetic’ unit cell, which is uniquely defined on a given domain. In other
words, phase gained around this cell must be 27 (or 27n where n is an integer) so

that phase gained becomes €™ = 1 and the wave function becomes single-valued.

12



The magnetic unit cell[19] is expanded along the necessary direction provided it
is single-valued. If the phase gained for each cell is £27p/q, where p and ¢ are
mutually prime numbers, the magnetic unit cell must include g-adjacent cells.
Then, 27r§ -q = 27p gives a self-consistent probability distribution. Consequently,

the Brillouin zone is narrowed by the same factor the real space unit-cell expands.

Now going back to calculations, the difference equation can is as follows,

_t [¢m1—1,m2 + ¢m1+1,m2 + wmhmz—le_iZ@ml + wml,mz-‘rleiz@ml] == (E - EO)wml,mQ-

The eigenvalue equation can be evaluated as,

HY) = E|T)
HY) = — )

€0|m17 m2><m1, m2|

tlmy + 1, ma)(mq, mo

—127dPmy

|
+
+ tlmy — 1, ma)(my, m2|
+  tlmy, mg + 1)(my, male
+

)
)

tlmy, me — 1><m1,m2\ei2“¢ml}
)

X Z ¢(n1,n2 |n1,n2> =F Z w(nl,n2)|n1,n2).

ni,ng ni,n2

The difference equation does preserve itself under translations in my with a phase
factor. In other words, the Hamiltonian commutes with the translation operator
along a3 and their eigenstates can be mutually chosen. Therefore, eigenstates can
be written as:

_ ikomo
¢m1,m2 - 9m1 €

where k; = k- a) = ak, and ky = E-a} = aky.
It is necessary to emphasise that, it is a matter of choice how we build our
magnetic unit cell. The simpler the choice is, the less likely we make mistakes.

Our eigenstates have plane wave behaviour along the direction of the magnetic

vector potential in the Landau Gauge, and plane wave part can be separated out.
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The resulting difference equation is the Harper’s equation.

—i(2nPm1+ka) i(27r<1>m1+k;2)]

(E - 60)gm1 = —t [grm—l + 9mi+1 + gm, € + gm, €

= —t[gml_l + Gmy+1 + Gm, 2 cos(2mPmy + ko).

The rational values of ® = p/q makes the equation periodic with ¢q. We take
€o = 0. Applying Bloch’s theorem,

—iqky igk1
) ;

g-1 = gq—1€ 9q = 9o€

and consequently, the system is reduced to ¢ independent equations to be solved

mutually. The resulting matrix equation is,

— t[gg—1e7"" + g1 + Gy 2 COS(27T§O +ky)] = Ego (3.3)
—t[go + g+ g12 cos(27r§1 + k)] = Egq (3.4)

(3.5

“tgor g™ + gy 2e08(2n (g = D)+ k)] = By (36)

The matrix equation is W (k,, ky)g—Eg = 0, where W (ky, k) is the corresponding
Hamiltonian. The secular determinant of the matrix equation is the characteristic
equation of energies for rational ® = p/q values. What remains is to solve the
characteristic equation for each rational ® value and form the butterfly energy

spectra.

Before going into the calculation of whole energy spectra, it is a good exercise
to generate the energy bands for ® = 1/3 as seen in Fig.3.2. The periodicity of
the unit cell becomes ¢ = 3. It means the Brillouin zone discontinuously folds
onto itself three times and there are three energy bands. The Hofstadter butterfly
is calculated by plotting each of the energy eigenvalues for momentum values over
the first Brillouin zone. In our system, here are ¢ bands for a particular & = p/q
value. If we can determine the critical values k§", kS™ for the maximum and the
minimum values for each energy band, we do not have to calculate energies in
between these values. Therefore, we can greatly reduce the computational work,
a single line can be drawn between the maximum and the minimum values of

each energy band. For this purpose, two papers in Ref.[2, 7] are utilized, where

one can find the theoretical procedure to calculate the critical points.
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Lowest Band Middle Band Highest Band

Figure 3.2: Energy-band diagram of Square lattice for & = 1/3. The single
band is now fractured into ¢ = 3 subbands with energy gaps between them. The
energy is degenerate the Brillouin zone is becomes 3 x 3 = 9 times narrower. The
reciprocal lattice vectors are shown accordingly.

The secular determinant obtained from Eq.3.3 is as follows, D(\, ki, ke) =
det(W (ky,kg) — M) = 0. It is a ¢'* order polynomial of \ for each k; and ky
values. The solution of this equation for A\ values are energy values obtained for

ki and k; momentum values.

The properties of this characteristic polynomial, D(\, k1, ko), are:
D(\, k1, ks) = DA k1, ko + 27 /q) = DA\, ky + 21 /q, k2).

It is periodic along k; and ko direction with 27 /q. The periodicity in k9 is due to
g-site periodicity in real space, the magnetic unit cell. In addition, the periodicity

in k; is due to the g-fold degeneracy along the direction k;.

If we can separate the characteristic polynomial into two parts, D(\, ki, ko) =
D1 (X) + Do(ky, k2), then the critical points of Dy(kq, ko) determines the zeros of

D(\, ky, ko) since (ky, ky) are free parameters in the equation.
Dy(k1,k2) = (=1)PVicos(qk,) + (—1)" cos(qk,). (3.7)
The critical points for Eq.3.7 are easily calculated.

(kwuky) = (070)
(ko ky) = (7/q.7/q).
15



Figure 3.3: Hofstadter butterfly calculated for the Square lattice. Only the critical
points are used to obtain the edge energy values, which speed up the calculations
dramatically.
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We calculate and plot the Hofstadter butterfly for the square lattice. Fig.3.3
shows the butterfly as a function of magnetic flux has self-similar patterns. The
main skeleton does repeat itself with small scale deformations. The energy band
splits into ¢ bands for ® = p/q where p and ¢ are mutually prime numbers. For
® = 1/3, the main single band splits into 3-subbands, and for & = 1/33, it splits
into 33-subbands.

An interesting question is what happens when ® is an irrational number?
There is no direct answer for the irrational magnetic flux values since it cannot
be solved exactly without periodicity. However, it is possible to anticipate from

the butterfly that the main bands split into an infinite number of subbands.

3.2 Bravais Lattice Vectors with Two Point Ba-

Sis

3.2.1 The Honeycomb Lattice

The honeycomb lattice is a triangle lattice with two sites (A, B) in each unit cell.
It is a bipartite lattice, which consists of two sublattices and only the inter-band
hopping, A — B, B — A, are possible. The nn tight binding approximation does
exclude A — A and B — B hopping. The primitive vectors forming the Bravais

lattice vectors are,

a; = a\/g.@
ay = a§56 + oz\/—g 1
2 = 5 9 Y.

The coordinates are chosen such that a; is along y-axis. The Bravais lattice
vectors are Rm:,mg = mqyd) + medj, where (mq,my) € Z. The Hamiltonian

without the magnetic field has six nearest neighbors and the energy dispersion

17
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Figure 3.4: Honeycomb lattice geometry with primitive vectors.

amplitudes and sites in each unit cell are illustrated.

relation can be calculated.

N
/

—B
\
_/

The hopping

HW) = V)
2

+  t|my, ma, AY(my, may, B|

+ tlmy, ma, B)(mq, ma, A|

+ tlmq + 1,mq, A)(mq, ms, B

+ tlmy — 1,me, B)(my, ma, A|

+ t|m1,m2+1 A)(mq,ms, B|

+ tlmy,me — 1, BY{(mq,ms, A|

X [ Z VA (1, n2) |01, na, A) + 9P (ny, ng)|ny, ng, B)

ni,ng

Two coupled difference equations are obtained as

epP(my,my) =

— t[wA(ml, ma) + A (my + 1,ms) + ™ (my, may + 1)}

et (my,my) =

— t[;DB(ml,mg) + ¢B(m1 — 1,m2) -+ 1/)B(m1,m2 — 1)i| .
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Energy-band diagram and Reciprocal space vectos
: - 7 > :

\ 7]

Ay iy

Figure 3.5: Energy-band diagram of honeycomb lattice. There are two-sites in a
unit cell and two bands which do touch each other and form Dirac points.

Two equations are combined to give the following quadratic difference equation,

P my,my) = 3% (my, my) + A (my + 1,mg) + 4 (my, my + 1)
+ ¢A(m1_1’m2)+w14(m17m2_1)_‘_,¢A(m1_1’m2_‘_1)
+ YA (mi +1,me — 1)).

The Hamiltonian and the translation operators along @; and ds commute, and

therefore mutual eigenstates can be chosen as plane waves,

wklykz (m1, mz) = geiklmleikaQ'

The energy dispersion relation is

€hy ky = Ft\/3 + 2c05(k1) + 2c0s(ky) + 2cos(k; — ky), (3.8)

the corresponding energy-band diagram is in Fig.3.5.

In the presence of a magnetic field, the Hamiltonian is modified with Peierls

19



substitution and the Hamiltonian eigenvalue equation becomes

HE) = duy=- > |

mi,m2
+ €llmy, mg, A)(my, my, A
+  el|m1, ma, B)(my, my, B
+ thmy,ma, A)(my,mo, B
+ tlmy, ma, B)(ma, ma, Al
+ tlmy — 1,mg + 1, A)(my, my, B|e™®0m2F1/2)
 thmy 1 my — 1, B{my, my, Alemim®ma1/
+ tlmy, my + 1, A)(my, mg, Ble e m2+1/2)
+ tmy,me — 1’B><m1’m27A‘€mq>(m2,1/2)}
- [ Z VA (ny, ng)lna, na, A) + 0% (0, ng) g, n, Bﬁ

ni,n2

The coupled difference equations are

(6 - 5?) ¢B(m1,m2) =
—t [¢A(m17 my) + T2 YA (my g + 1) 4 e TP A (g — 1,my + 1)]
(6 - 664) ¢A(m1,m2) =

_t [ZZ)B(ml,mz) n e—z’ﬂ@(mQ—l/z)wB(ml,mz 1)+ 6i7r<I>(m2—1/2),[7Z}B<m1 +1,mg— 1)]

These two equations are periodic with a period of 2¢ when magnetic flux over
flux quantum is written as a rational number ¢ = p/q where p, ¢ are mutually
prime numbers. Moreover, two coupled equations with 2¢g periodicity requires

4gx4q equations to be solved, but there are actually ¢ independent equations[l&].
We can reduce 4q equations into ¢ independent equations through:

- put one difference equation into the other one eliminates ¥* or ¢, we take

;' = €8 = 0 for simplicity,

- make a Gauge transformation and obtain periodicity of q.
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The combined difference equation is as follows,

Vi ms =

£2[pA (my, my) + e TR YA () 1)

e~ P2t /2y A — 1,my +1)]

{2o—imP(m2—1/2) W)A(ml, me —1) + e+i7r<I>(m2—1/2)¢A(m17 ms)

e MLy Ay ] )]

et DA (my 4 1,my — 1) + T2y A (my 41, my)

€—i7r<1>(m2—1/2)¢’4 (ml, m2)] :

+ o+ o+ 4+ o+

A plane wave behaviour along a; follows by the translational symmetry. Trans-
lation operator along y-direction commutes with the tight-binding Hamiltonian,
and we can choose a plane wave solution as mutual eigenstates,

¢m1,m2 = eik1m19m2
The simplified equation is,
(62 - 3)gm2 = t2€ik1/22608(7r]_)(m2 - 1/2) - k1/2)gm2—1
q
+ t22003(27r]—)(m2 —1/2) — k1) g,
4q
+ t2e’ik1/22005(7r1—?(m2 +1/2) — k1/2)Gmys1-
q

There are still 2¢ equations since the periodicity is 2¢g. The following

transformation[15] reduces to a set of ¢ independent equations,

o iﬂ'gklmg—iwgm%
gmz =€ fmz'

We define A = (2 — 3)/t?, the final difference equation is
/\fmg _ (1 + eiQn%(mz—l/Q)—ik1)fm2_1
+ 2003(27r1—9(m2 —1/2) — k1) fin,
q

+ (1 + e*i?ﬁ%(m2+l/2)+ik’1)fm2+1’

where £k = a; - k= a\/gkya ko = do - k= a%kx + a%gky‘

Applying Bloch’s theorem, we obtain ¢ x g energy eigenvalue equation. The
Hofstadter butterfly is shown in Fig.3.6.
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Figure 3.6: The Rammal-Hofstadter butterfly calculated for the honeycomb lat-

tice up to ¢ = 51
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Chapter 4

Evolution of the Hofstadter
Butterfly in a Tunable Optical
Lattice Through Adiabatic
Change of the Basis Vectors

The contents of this chapter ere partially expanded in the article published in
Physical Review A Volume 91 in 23 June 2015 [20]

The Zurich research group realized an optical lattice system, where they can
change the laser parameters and create different lattice geometries|3]. If the lat-
tice parameters are changed, the evolution of the Hofstadter butterfly for different
lattice geometries can be observed. In this chapter, we present the numerical so-
lutions for all possible lattice parameters by the Zurich group, and calculate the

corresponding Hofstadter butterflies.

The optical lattice system uses three lasers to create the checkerboard, the tri-
angular, the dimer and the honeycomb like lattices by changing laser parameters.

The potential corresponding to the artificial lattice is shown in Fig. 4.1. The
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X

Figure 4.1: The real-space potential V; = 14,V, = 0.79,V, = 6.45 in units
of recoil energy Er and o = 0.9. The square unit cell has two basis. This
potential is used to demonstrate artificial graphene by Zurich group[l2]. The
tunneling amplitudes are obtained through projection of the two lowest band
energies to = ..,t; = .. that is calculated by numerical Schodinger equation. We
rotate the lattice by 7/4 so that the unit cell lies between (0,1) in x-y plane.
The distance between two sites can be adjusted adiabatically so that the lattice
geometry can evolve from the checkerboard to the honeycomb lattice. For this
purpose, the potential parameters are changed and the distance d between the
sites modifies the tunneling amplitudes.

potential is,

V(z,y) = Vycos®(kx+0/2)+V, cos?(kx) +V, cos? (ky) +2a/V, V, cos(kx) cos(ky),

(4.1)
Vi, Vi, V,, are the potential depths, k = 27/A, A is the wavelength of lasers. «
is the visibility of the interference pattern, and the phases § = m and ¢ = 0 are

chosen to be the same as the experimental values.

The lattice is modeled by tight-binding Hamiltonian projected onto lowest two
bands with nearest neighbor hoppings. The reason for lowest two bands is that
there are two local minima in each unit cell and the number of energy bands is
doubled. The derivation of the Hamiltonian starts from single particle continuous
Schrodinger equation to the tight-binding model, which is discussed in Appendix
A. The tunneling amplitudes for the model are fitted to the exact numerical

energy eigenvalues of the Schrodinger Equation for each k; and ks couple. As
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optical lattice parameters change, the Bravais lattice vectors do not change. This
is an advantage for the calculations since the size of the unit cell does not change,

and the general shape of the Brillouin zone is constant as well.

4.1 The Tight-Binding Hamiltonian without
the Magnetic Field

We choose the primitive vectors for the optical lattice as,

CL1:Z1A3

QL
)
|
<>

They are made dimensionless with the lattice constant a and construct the Bravais

vectors, Ry, m, = M1y + mady where (mq, my) € Z. The basis vectors are

- d
d I
i, = ¢ j

—(z — 7).
5 \/5( 9)
It is a bipartite symmetric lattice where the band energies are symmetrical. More-

over, each site in a unit cell (site A) is going to be connected with the other site

(site B ). Every site has 3 nearest neighbours and nn tight binding model is,

o= -3

mi,ma2

it lmy, ma, AY(my, ma, Al
el|m1, ma, BY(my, ma, B
)
)

t1|m1 + 17m2aA><m17m27 B|

to|ma, ma, A)(my, mq, Bl

A)(
t0|m17m27 B <m17m27A‘

tilmy — 1,mg, B)(mq, ma, A

+ o+ o+ 4+ o+ o+ o+t

)
tllml,mg + 1,A><m1,m2, B’
)

t1|m1,m2 — 1, B <m1,mng|] .
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We seek eigenstates H|U) = ¢|U) for the Hamiltonian, and the real space expan-

sion is as follows:

W) = D7 0 (1, ma) s, o, A) + 4P (1, ma)ma, ma, B).

ni,n2

A coupled difference equation is obtained for the eigenvalue equation:
—top™ (1, n2) — 1 (ny + 1,na) — 1 (ng, o + 1) = (e — 6(133) P (n1,ms)

—to’l/JB(nl, ng) — tle(nl — 1, Tlg) — tle(nl,ng — 1) = (6 — 664) ¢A<nl,n2)

We eliminate the self-energy terms and combine the equations. Assuming plane

wave behavior along di and @y and 42 (ny, ny) = ge*1™lei*2n2 | we get

62962k1n1 ezk‘zng — [(t(Q) + Qt%)gemml ezk‘gng

totlgei(kzl—l—l)nleikgnz + totlgeiklnlez‘kg (na+1)

+

totlgeih(nlfl)eikznz + t%geikl(mq)eikz(nzﬂ)

+

totlgeiklnl eikz(nz—l) + t%geik1(n1+1)€ik2(n2—1)].

+

The diagonalization of the Hamiltonian is done through Fourier transformation,

€hiky = i\/t(% + 2t2 4 2tgty cos(ky) + 2toty cos(ka) + 2t3 cos(ky — ko),  (4.2)
where klzlg-a]:kx, ]{IQ:E'G_é:ky.

Before continuing our calculations with finite magnetic field, we need to ex-
plain how the optical lattice system is modeled with the nn tight-binding model
ensuring the reliability of our analysis throughout the calculations. For this pur-
pose, the tunneling amplitudes of tight-binding Hamiltonian are estimated from
each set of optical lattice parameter. This procedure starts with the numeri-
cal solution to the potential generated with optical tunable lattice. The energy
eigenvalues for the lowest two bands are obtained. Therefore, it is going to be
compared to the tight-binding energy dispersion relation over the whole Brillouin
zone. Consequently, it becomes possible to use LMSE (Least mean-square error)
method to fit ¢, and t;.
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Figure 4.2: The energy-band diagram of the honeycomb lattice. The Brillouin
zone is square since the real-space unit cell is square. Each site has three nearest
neighbors as in the honeycomb lattice.

4.2 The Tight-Binding Hamiltonian under a
Magnetic Field

In order to obtain the tight-binding Hamiltonian under finite magnetic field, we
need to include the hopping phases that each projection operator gains during
hopping. The hopping phase is dependent on the line integral of the Landau
gauge along the path. This integral is evaluated as,

Ol = i [ A dil = 2 <g-(ﬁn—ém+@_cﬁ.)> [fﬁw 7

O = ¢/¢y, where ¢y = hc/e and ¢ = Ba? in the checkerboard lattice. The
hopping phase then evaluated as,

@:ij — 9 d (31 + Q‘(dj—di)> [m2 + 332 + i'(dj+di)i|

a 2a

where (s1,$2) = (n1 — my,ne — mgy) and i, j corresponds to sites A, B.
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Hence the Hamiltonian becomes

H=— Z {t0|m1, mo, A> <m1, ma, B|6—i27r<1>d’m1

mi,m2

+ty|my 4 1, ma, A)(my, ma, Ble 274 (mi+2)

-+ t1|m1, mo — 1, A) <m1, maoy, B‘eimﬂ-q)(dlil)ml + h.C.}, (43)
and d’ is defined as \%, h.c stands for the Hermitian conjugate.

The phase gained circulating around a unit cell is [0,0, B — 0,1, A|(A¢ =
2r®d'3)[0,1,A — 0,1,B](A¢ = —27®d)[0,1,B — 1,1, A)(A¢ = 27D(d —
1)[1,1,A — 1,0, B](A¢ = —2xbd'})[1,0,B — 1,0,A](A¢ = 0)[1,0,A4 —
0,0, B](A¢ = 0), in total —27P as it should be. The magnetic unit cell is
enlarged ¢ times for a rational magnetic flux value, ® = p/q, ensuring magnetic

translation invariance.

We seek eigenstates H|W) = €|¥) and € is the energy eigenvalue,

W) = Z Wy, ma)|ny, na, A) + 9P (n1, n2)n, na, B).

ni,n2

Two coupled difference equations are obtained from the eigenvalue equation:

El/JB — t16i27r<l>d/(m1+1/2)wA

mi,m2 mi1+1,m2
27®dd'mq 1, A
— toe wmlme
—27®(1—d')my /A
_tle ¢m17m2_1, <4.4)
A _ —27®d' (m1-1/2),/ B
E/wml,mg - tl@ ¢m1—1,m2

—i2n®d'm1 ) B
- toe ,(pml,mz

- tle’iQﬂfD(lfd’)mle (45)

m1,m2+1?
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Substituting one of the equations into another, we get a finite difference equa-

tion,

el = (t 423

mi,m2 mi,m2

2rdmq 1, A —indd' | A
+ tOtl{e 1¢m1,m271 +e wmlfl,mg

2rdmq ) A in®d’ A
+ € ¢m1,m2+1 + € ¢m1+1,m2}

I t%{e—ﬂw@(ml—l)e—méd’d]A

mi1—1,mo—1

2rdmq _indd A
+e e m1+17m2+1}. (4.6)

~

The translation operator along a3, T(as - ©) and Hamiltonian are commuting
operators, [T (G - a‘:’),?—l} = 0. Therefore, we can seek mutual eigenstates for
both operators. In other words, the Hamiltonian (hence the difference equation)

does not depend on n;. Thus the solutions can be chosen as

77Z)m1,m2 (ky) — 6ikym2€—i7r<1>d’m1 fmu ’ (47)

where k, is quasi momentum along the y-direction. Reorganizing the terms in a

simplified manner, we obtain the following one-dimensional difference equation,

t .
)\fm1 = (1 —+ ie_Z(ZWq)(ml_l)‘f'ky)) fml—l

+ 2cos(2nPmy + ky) fin,

t1 .

+ <1 + iez(%rfbnu-i-ky)) fm1+1' (48)

The eigenvalues are defined as

€ — (2 + 2t3)
toty '

A= (4.9)

If we assume ® to be a rational number, & = §, with p, ¢ mutually prime
integers, the equation is symmetric under translation by ¢ indices. This is a good
place to discuss the shape of the magnetic unit cell, and the restrictions on it.

T T
—— <k <—, —m<k,<m.
q q

In the presence of a finite uniform magnetic field, ® = p/q, the magnetic unit cell

is expanded in real space along d, by ¢. In the reciprocal space, only 52 contracts
by q.
29



Applying the Bloch theorem, the system is reduced into a set of ¢ independent

difference equations,

b, fo = (1 + tloe_i(zwq’(_l”ky)) fq

+ 2008(27®0 + k) fo + (1 + 10" ™*0TR)) £,
Aeyfii = (L4 tyoe  Cm2OFR) £

+ 2cos(2n®l + k) fi + (1 + tw@i(27”1>1+k’y)) fy

)‘kyfq—l _ (1 + 75106—1’(27r<1>(q—2)—|-ky)) fq—2
+ 2c08(2r®(q — 1) + ky) fy1 + (L + 10’ P@ DR £ (4.10)

Then, the Bloch theorem allows us to write

fn+q — eiqkz fn

The effect of the magnetic field on the system is easy to visualize when the energy-
band diagram is plotted for a particular & = § values. We first plot the bands
for & = 1/3 and determine the maximum and minimum points for each band.
As seen in the energy band diagram for ¢ = 1/3, the Brillouin zone is 3-fold
degenerate as a consequence of Floquet’s theorem. Therefore it is possible to use

the reduced unit cell without any information loss.

4.3 Determining the Critical Points of the En-
ergy Bands

A set of ¢ independent difference equations forms a ¢ x g energy eigenvalue matrix
equation for particular k,, k, values, W (k, ky)f = Af. The secular determinant

of W(k k,) is set to zero for non-trivial energy eigenvalues.

It is time to analyse the determinant in detail and obtain the maximum and
minimum values of energy for all k values so that we reduce the computational

work. The difference equation does not change itself as m; — mq + q.
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Figure 4.3: Energy-band diagram of modeled optical lattice for & = 1/3, tq =
t; = 1. The periodicity becomes ¢ = 3 along d; direction or m; index, which
means the Brillouin zone shrinks by factor of 3 along b_i. Moreover, Brillouin zone
splits into ¢ = 3 degenerate parts along b;.
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Table 4.1: Critical (k,, k,) Momentum Pair for the Minimum and Maximum
Values of the Energy Bands at & = p/q.

q q
(2) >3 (8) <3
qeven | (gks,qk,) = (:F cos ! 3 (%) _q,j:cos_1 z (i—é) _q) (ks, ky) = (0,0)
(quaqky) = (m,7) (qkquky> = (m,m)
—q —q
qodd | (qks,qk,) = <7T Fcos' 1 (%) ,m+cos! 3 (%) ) (¢kz, gk,) = (7, 7)
(kxv ky) = (07 0) (kx’ ky) = (07 O)
The secular determinant is defined as D(\, ky, k) = det(W (ky, k) — M) = 0.
It is a ¢*" order polynomial of \.
D(\, kg, k) satisfies
D\, kg, ky) = DX, kg, by + 27 /q) = D(N\, ky + 27/ q, ky). (4.11)

The periodicity in k, is due to g site periodicity in real space, the magnetic unit
cell. In addition, the periodicity in k, is due to the g-fold degeneracy along the
k. direction by the Floquet’s theorem.

The terms in the secular equation which are independent of A can be calculated

as,
Dy, ky) = (=1)** cos(qka) + (=10 cos(gk,)

T (—1plabrent (i-)(g(% k). (4.12)

These special k points are given in Table.4.1.
The estimation of the tunneling amplitudes for specific optical lattice param-
eters and the calculation of the Hofstadter butterfly for those tunneling rates

are numerically efficient. The next section distinguishes and investigates three

different energy spectra and discusses the transitions between them.

32



Chapter 5

The Energy Spectra and the
First Chern Number for the

Optical Lattice Parameters

The content of this chapter were partially published in Physical Review A Volume
91 in 23 June 2015 [20]

In the previous section, we explained how to calculate the Hofstadter butterflies
for all experimental lattice parameters in Ref.[3]. Now, we analyse the results.
What is called Hofstadter butterfly is Lebesgue zero measure fractal spectrum
consisting of infinitely self-repeating energy gaps[21]. The closure of any two
gaps result in a topologically different spectrum and physical properties as well.
The smaller the gaps in the spectrum are, the less likely it is to observe them
experimentally because of the temperature effects, imperfections, finite size effects
[22] or edge states. The closing of the largest gaps in the spectrum are easiest to

observe.
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5.1 The Energy Spectra of the Adiabatic Lat-
tice Transition from the Checkerboard Lat-

tice to the Honeycomb Lattice

The butterfly energy spectrum can be divided into three categories as the ma-
jor gaps are examined. The first category is the energy spectra consisting of
two square lattice Hofstadter butterflies separated by an energy gap. The next
category is similar to the honeycomb lattice Hofstadter butterfly except for the
presence of infinite number of small gaps. The third category is the honeycomb

lattice butterfly (the Hofstadter-Rammal butterfly).

The transition, starting from the first category till the third energy spectra, is
non-trivial. The spectrum is plotted for the rational values of the magnetic flux
per unit cell, ® = p/q, and the major gaps near zero energy do not close simulta-
neously as the lattice geometry transforms from the square to the honeycomb-like
structure. The critical lattice parameter is distinct for each ¢ value. As the cen-
tral zero energy gap is closed for a specific ® = p/q value, this gap fractures into
smaller and self-similar gaps. We choose four different sets of lattice parameters

where the resulting energy spectra are topologically distinct[23].

In the experiment, the geometry is tuned by organizing the potential inside
a unit cell keeping the shape of the unit cell constant. Specifically, the Bravais
lattice remains square. By adjusting the number, the deepness and the position
of the potential minima, it is possible to obtain square, dimer and honeycomb
like lattices. If we understand the periodic potential a in real-space unit cell,
different energy spectra can be interpreted as well. The parameter 6 in Eq.4.1
determines if the potential has one or two minima in a unit cell if the other
parameters are kept constant. This transition can be modeled with a tight-
binding Hamiltonian with three nearest neighbors if the neighboring Wannier
functions which are accumulated around potential minima have small overlaps.
Then, it is possible to project the system into tight-binding Hamiltonian with the

lowest two energy states. The two bands obtained from these two states forms the
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fractal energy band spectra with a gap in between. This gap can be controlled by
the amount of overlap between the Wannier functions. The lattice in the dimer
and checkerboard regimes, the energy spectrum in the presence of the magnetic

field is made of two square lattice Hofstadter butterflies.

Our first example is the spectrum obtained for the experimental parameters
Vz =4.5,V, =1,V, =5 and a = 0.95. For these parameters, each real space unit
cell has two local minima which are close to each other compared to the distance
to the neighboring unit cells. This lattice is called dimer lattice(see Fig.5.1).
We calculated the estimated values for tunneling amplitudes for the given lattice
parameters as to = 0.3488, t; = 0.0843. The corresponding Hofstadter butterfly
is plotted in Fig.5.1. The energy spectrum consists of two square lattice butterflies
separated by a large energy gap. It can be observed that the centers of square
butterflies are controlled by %y, in-cell hopping parameter while the width of the
square butterflies are controlled by ¢;. The lower band is generated by square
lattice bonding states and the upper band by anti-bonding states in each unit
cell. As the distance between potential minima in a unit cell increases, the in-
cell tunneling amplitude, ¢y, decreases. Simultaneously, the distance between
adjacent cells decreases and the overlap of inter-cell Wannier functions increase
t1. This process makes the system closer to honeycomb regime. When there is
no magnetic field, the band structure shows the creation of Dirac points at the
zone corners. The first topological transition happens and the gaps at & = 0,1
are closed. Dirac point appears as long as i—(l) < % This critical value was used to
distinguish the honeycomb regime in the previous experimental and theoretical

work[3, 24].

In the presence of a non-zero magnetic field, the lattices which have Dirac
points at zero field do not guarantee the existence of Dirac points or closed gaps.
In Fig.5.2, the butterfly is illustrated for the lattice parameters V; = 12,V, =
0.79,V, = 6.45 and a = 0.9. This spectrum is significant because there are two
square Hofstadter butterflies touching and forming Dirac points only at the edges.
However, the gap between the butterflies remains for all rational flux values. In
the light of the shape of the spectrum under the magnetic field, it is convenient

to state that the spectrum is closer to two square Hofstadter butterflies on top
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Figure 5.1: Real-space lattice potential and the corresponding energy spectrum
as a function of magnetic flux per unit cell. For V; = 4.5,V, = 1,V, = 5 and
a = 0.95, we have lattice in a Dimer regime. The energies are normalized with
the recoil energy, Fr, and flux is normalized with the flux quantum. Estimated
tunneling amplitudes are ty = 0.3488 and ¢; = 0.0843 in E'z. The fractal spectrum
is made of two square lattice Hofstadter butterflies separated by a large gap. The

center of the butterflies are at ¢, while the widths are proportional to t;.

Inset

shows the energy bands at zero field as a function of k,, k,. The largest gap at
zero field is maintained at non-zero field, as well.
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Figure 5.2: Real-space lattice potential and the corresponding energy spectrum
as a function of magnetic flux per unit cell. For V; = 12,V, = 0.79,V, = 6.45 and
a = 0.9, the spectrum is barely at the honeycomb topological regime. Estimated
tunneling amplitudes are t, = 0.0691 and ¢; = 0.0361 in Fr. Comparing with
Fig.4.3, two square lattice Hofstadter butterflies comes near and touch only at
® = 0,1. In addition, the inset shows the emergence Dirac points at zero field.
In the presence of finite field, however, there occurs a energy gap at zero energy.

of each other. Now, we analyse a lattice closer to the honeycomb lattice. The
tunneling amplitudes are tg = 0.0441, ¢; = 0.0361 and these hopping values can be
generated by V; = 13.5,V, = 0.79,V,, = 6.45 and a = 0.9. The central gap splits
into four big parts. The gap closings are only at flux p/q =0,1/3,1/2,2/3, 1.

We find an analytical formula of the critical ratio t§, = t;/t, for the closing of
a gap at a particular flux. Dirac point admits a zero point energy solution for the
coupled equations Eq.4.5 and Eq.4.4. When the self energy terms are omitted
and the energy is set to zero, the difference equations are uncoupled and solved
with ¢ fold iteration equivalence up to a Bloch phase,
AN p(g—1) Jikaq _ q,ikyq
)t (1) el = (—1)e"™vi, (5.1)
0
This equation has solution for some point in the Brillouin zone only if
by 1
to — 24
For a mutually prime rational flux value & = §, zero energy gap is ensured to be
211/q. The critical value is independent of the integer value of p. The

(5.2)

close if % >
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Figure 5.3: Real-space lattice potential and the corresponding energy spectrum as
a function of magnetic flux per unit cell. For Vz = 13.5,V, = 0.79,V,, = 6.45 and
a = 0.9, the spectrum is in the deeper honeycomb topological regime. Estimated
tunneling amplitudes are ¢, = 0.0441 and t; = 0.0361 in Er. The Dirac points
emerge at the edges (& = 0,1) and the flux values p/q = 1/2,1/3,2/3. The
parameter i—é = 0.0819, Eq.5.2 shows that the bands around zero energy do
not touch at all rational flux values with ¢ > 3. The main gap at zero energy
is fractured into four parts. The inset is topologically same with the inset in
Fig.5.2, except the position of Dirac points. This indicates that it is not possible
to determine the energy spectra for finite magnetic field through analysing only
the non-zero field case.
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evolution of the energy spectrum from the dimer to the honeycomb lattice, the
first closing of the bands is for zero field where the periodicity of the unit cell is
q = 1. Therefore the critical value is at ¢, = 2% = 1. For the ratio between
0.5 < i—é < \% ~ (.7071, there is no gap closing and no zero energy solution in
the presence of magnetic field. Following the gap closing at flux ® = 1/2, the
next flux values to have gap closings are & = %,% at i—; = 2% ~ 0.7937. The

spectrum is plotted in Fig.5.3 for :—(1) = 0.819. The central gap is fractured into

four parts.

The merging of two square lattice Hofstadter butterflies to form a honeycomb
butterfly is a topologically non-trivial process. As discussed in Eq.5.2, there must
be an infinite number of sequential gap closings. The critical values for the gap
closings at zero energy depend only on the denominator of a particular flux, ¢ in
a simple but non-analytic way. The closings of the gaps finalises when t7, = 1,

and this actually corresponds to the honeycomb lattice.

We must determine if the optical parameters that were used to demonstrate
graphene structure [12] maintain the same characteristics at finite magnetic field.
We calculated the Hofstadter energy spectra for the experimental parameters
that were used to realize artificial graphene, as seen in Fig.5.4. The estimated
tunneling amplitudes give the ratio {{ ; = 0.923, which tells us that the central
energy gap is closed for all flux values, ® = p/q where ¢ < 9. Although the
central gaps are not fully closed as in ideal graphene (see Fig.3.6), the general
shape of the energy spectra is almost the same apart from small unclosed gaps.
The outcomes of the energy spectral analysis can be candidate for the realization
of graphene until the energy resolution of measurement systems are finer than a

typical size of the energy gaps.

We described the characteristics of the spectrum that can be obtained by the
optical lattice parameters within the current experimental capabilities. In the
next section, we calculate the first Chern numbers of the gaps and discuss the

evolution of the topological properties.
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Figure 5.4: Real-space lattice potential and the corresponding energy spectrum as
a function of magnetic flux per unit cell. The parameters V; = 14,V, = 0.79,V, =
6.45 and a = 0.9, are utilized to demonstrate graphene [12]. Estimated tunneling
amplitudes are ty5 = 0.0391 and ¢; = 0.0361 in Ez. For these values, the energy
spectra almost overlaps with graphene Hofstadter butterfly as seen in Fig.3.6.
The only difference is the open gaps for & = p/q values whose denominator is
q > 9 around zero energy. The inset shows the translation of Dirac points.

5.2 The First Chern Number and Topological
Properties of the Adiabatic Tunable Lattice

Transition

Each Bloch energy band (and gap) in the presence of magnetic field is associated
with an integer which is a topological invariant. This invariant is called the
first Chern number and the contribution of each band to the Hall conductance
turns out to be e€2/h times this integer[25]. The perturbative effects in the lattice
potential or the magnetic field does not affect the Chern number for particular
energy band. It allows associating each gap with a particular Chern number as
well[26]. Moreover, the Hall conductivity is proportional to Chern number, o, =
ve? /h as long as the Fermi energy is confined within a energy gap with Chern
number v. The conductivity is a measurable operator and lets theoreticians and
experimentalists investigate the topological and physical properties of a specific

system[27, 28, 29, 30, 31]. There are several novel measurement methods for
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cold atom systems to detect the Chern number and the Berry curvature. From a
historical point of view, the calculation or measurement of the Chern number was
used to require a long procedure, but the Streda formula greatly simplifies both
the experimental and numerical measurement of the Chern number [32]. This
formula approaches the problem from a statistical perspective and defines the
Hall conductivity as the differential change of the density of states with changes

in magnetic flux. The conductivity is

ON

Ozy = OB’
N represents the number of states below the Fermi energy which is defined in a
band gap. Since the cold atom experiment setups are more favorable to measure
density instead of transport properties of a system, we can comfortably utilize
this relation [22]. The relation, for a cold atom system, can be modified when
each term is multiplied with the area of the unit cell:

on
= — 5-3
n is the density of fermions in each unit cell and ® = ¢/¢, is the magnetic flux

per unit cell normalized by the flux quantum.

The numerical calculation of Chern numbers for each energy gap turn into
the counting of the number of bands below the Fermi energy with the Eq.4.10 for
two closely spaced flux values and obtaining the derivative as a difference[22]. We
investigate the evolution of the bands from the checkerboard to the honeycomb
structure for particular flux values. Starting with & = 1/3, all the large gaps
except the central gap remains open throughout the evolution as shown in Fig.5.5.
The gaps with Chern numbers +1 are preserved for 0 < i—; < 1. The lower limit
indicates two separate square lattice bands and the upper limit indicates the
honeycomb lattice bands. Two bands around zero energy merge at i—é = 2% and

the main gap with zero Chern number diminishes and disappears.

As we discussed in Sec.5.1, the central gap fractures into smaller gaps and dis-
appears when i—; = 1. However, the progress is not trivial for other gaps. the clos-
ing and reopening of infinitely many gaps during the transition can be observed

in [23]. What we know about this transition is quite limited. The total number
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Figure 5.5: The evolution of bands for flux & = 1/3 from the checkerboard
to the honeycomb regime as a function of tl. We labeled the gaps with their
Chern number. Only the gap with zero Chern number is closed throughout the
transition. The main gap is closed at tl = 5 /3 In the lower limit of , the energy
gap between mirror symmetric bands with respect to zero energy resembles the
two square lattice butterflies. In the upper limit where the ratio approaches one,
the spectra gets closer to honeycomb lattice butterfly.
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Figure 5.6: The evolution of bands for flux & = 1/5 from the checkerboard to
the honeycomb regime as a function of i—(l) We labeled the gaps with their Chern
number. The obtained sequence of the Chern numbers in the spectrum in the low
limit of i—; is1,2,-2,-1,0, 1, 2, -2, -1. It is within the expectations for two square
lattice butterflies. In the upper limit, the Chern number sequence is 1, 2, 3, -1,
0, 1, -3, -2, -1. It is identical with the sequence obtained from the honeycomb
lattice energy spectrum. The eighth-thirds band and seventh-fourth bands touch

and split while Chern numbers are exchanged. The main central gap closes at
o 1

to  21/5°

of bands at a particular flux & = p/q is 2¢ for two square lattice Hofstadter
butterflies on top of each other, while it is 2¢ — 1 for the honeycomb butterfly.
It means, no matter how many closings and reopenings of energy bands happen,
the number of these topological changes must be equal to each other except the
central gap closing for the honeycomb structure. One interesting observation for
band touching and splitting is the transfer of Chern number, but the total Chern
number is conserved during this process. The evolution of the bands for & = %
as a function of is plotted in Fig.5.6. As we reach the first closing in the spec-

trum, the sequence of Chern numbers of the gaps is 1, 2, -2, -1, 0, 1, 2, -2, -1
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where the Fermi energy of the gaps is in increasing order. It is substituted with

a sequence 1, 2, 3, -1, 0, 1, -3, -2, -1 when reach the honeycomb spectrum region,

where % = 1. The central gap closes at i—é = 21%, and the eighth(third) band

and seventh(fourth) bands touch and split while Chern numbers are exchanged

1l 5
13713

split more than once depending on the denominator ¢q. In the low limit of ¢,

at % = 0.5. Another example is for & = in Fig.5.7. Bands can touch and
there are 2¢ bands for the two stacked square lattice Hofstadter butterflies. On
the other limit, there are 2¢ — 1 bands for the honeycomb Hofstadter butterfly.
The Chern number sequences at both limits are known and must transform into
another during the evolution. Thus, the Chern number transfers become essential

during the transition.

Coming back to the experiment in Ref.[12], we can easily check to what extent
the experimental setup realizes graphene under finite magnetic field. It can be
shown that the ¢ values greater than 8 in experiment are different from graphene.
It is because the main gap is open for ¢ > 8 in the experimental system while
it is closed for all ¢ values in honeycomb lattice. As long as the resolution of
energy probes are not less than the width of the gaps (almost one percent of
the full energy band width), the energy spectra of experiment and graphene
are consistent with each other. It is possible to investigate the Chern number
transfer adiabatically. The optical lattice can be arranged with various :—(1) ratio
as in Ref.[12], with a constant magnetic field as it was done in Ref.[!]. The
adiabatic change of the optical lattice parameters can connect the checkerboard
lattice gaps to the honeycomb lattice energy gaps, and the Chern numbers for

large gaps can be measured.
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Figure 5.7: The evolution of bands for flux values ® = 1/13,5/13 from the
checkerboard to the honeycomb regime as a function of i—; Bands can touch
and split more than once depending on the denominator g. The Chern number
sequences at both limits need to be connected obligatorily. Thus, the Chern num-
ber transfers are essential throughout the transition. Notice that Chern numbers
not labeled for smaller gaps for visual clarity.
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Chapter 6

Conclusion and Future Work

Demonstration of an artificial uniform magnetic fields in an optical lattice opens
up a new area where it is possible to observe the Hofstadter butterfly energy
spectra with cold atoms. This fractal spectra is determined completely by the
lattice geometry and the applied field. The adjustable optical lattice created by
the Zurich group lets the study of the Hofstadter butterflies for different lattice

geometries.

This thesis aimed to investigate the evolution of the Hofstadter butterfly and
its dependence upon the adiabatically changing lattice geometry in a periodic
potential. A lattice geometry is defined by two properties: The primitive vectors
for the Bravais lattice and the basis vectors in each unit cell. We examined the
transition from the checkerboard to the honeycomb geometry, which indicates the

change of basis vectors and keeping the primitive vectors constant.

Instead of going into the calculations for the main research, we first step-by-
step calculated and discussed the Hofstadter butterflies for the square lattice
and honeycomb lattice, which are essential for theoretical background. Starting
from continuous exact Schrodinger equation, we approximated the system with
the nn Tight-Binding Hamiltonian. Next, Peierls substitution is used to include

the effect of magnetic field on the system. The energy difference equation was
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obtained with the aid of Bloch theorem. It gives ¢ X ¢ matrix equation, and
gth order characteristic polynomial. Then, we utilized the periodicity of the
characteristic polynomial to greatly reduce the computation time for obtaining

the Hofstadter spectrum.

After the theoretical background is provided, we calculated the self-similar
spectrum for experimentally obtainable lattice parameters[3]. The results show
that it is possible to examine the evolution of the energy spectrum for the transi-
tion from two square lattice butterflies with a large gap to the honeycomb lattice
energy spectrum if a uniform magnetic field is generated on the tunable optical
lattice in Ref.[3, 12]. The largest skeleton gaps except the central gap remains
open during the transition process. However, the central gap disappears with the
sequential touching of adjacent bands around zero energy. We found an analyt-

ical formula for the critical ¢;/ty ratio where the Dirac point emerges for each
® =p/qas (’;—;)C = i

Another important result is that one cannot simply guarantee the Dirac points
under finite magnetic field for the honeycomb lattice even if the Dirac points
exist for zero field. The closer the i—é is to 1, the more the energy spectrum
of the Hofstadter butterfly is similar to the honeycomb lattice butterfly. Ideal
honeycomb lattice spectrum and the experimental lattice spectrum become the
same if ’;—(1) = 1. There are infinitely many closing and opening of minor energy

gaps during the transition through which the Chern numbers are exchanged.

It is possible to investigate the Chern number transfer between neighboring
bands, but these bands are so narrow compared to the width of the general energy
spectrum, and the energy resolution may not be small enough to observe these
closing and opening. That is why the artificial graphene demonstrated by the
Zurich group can realize the honeycomb lattice Hofstadter butterfly[!2].

As future work, we are planning to keep the basis vectors constant and change
the primitive vectors arbitrarily, and examine the Hofstadter butterflies. Then,
we can simulate the transition from one Bravais lattice to another, and examine

resulting butterflies. We aim to combine the results and get a complete picture
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about the dependance of the Hofstadter butterfly energy spectrum on lattice

geometry.
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Appendix A

Single Particle Numerical
Schrodinger Equation in Periodic

Potentials

We consider the single-particle spectrum in a two-dimensional periodic potential
under a magnetic field perpendicular to the lattice plane. When the magnetic
field is strong enough so that the flux passing through a cell is proportional to
flux quantum h/e, it must be included into the Hamiltonian directly. The effect
of the magnetic field is basically to introduce spatially dependent tunneling rates
between neighboring sites which can be implemented to tight-binding Hamilto-
nian via Peierls substitution [11]. The exact diagonalization of the Hamiltonian

is carried out by Nur Unal.

In this work, in order to administer one-to-one correspondence to experiments,

we start with the single-particle Hamiltonian without the magnetic field.

h? [ 0? 0?
H = ——<@+a—y2>+‘/(l‘,y>,

where for V' (z,y) we use the potential created by Zurich group,
Viz,y) = —-Vz cosz(kx—kg)—\/; cos®(kz) =V, cos® (ky)—2a+/V,V,, cos(kz) cos(ky) cos(y),
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k = 2w /X is the wave vector where \ is the wavelength of the laser. « is the
visibility of the interference pattern, the phases 8 = m and ¢ = 0 are set to the

experimental values accordingly.

Exact Schrodinger eigenvalue equation is,

H|Y) = E|U)
(x| H|V) = E(z|v)
[_%(8§+3§) + V(fv,y)]w(x,y):Ew(x,y)
[— ;—2(8§+8§) — Vg—;cos2(kx+g) — V, cos® (k) — V,, cos(ky)

— 20/ V.V, cos(kx) cos(ky) cos(p) |¢(x,y) = EY(z,y).

The first job is to rotate the coordinate system by 7/4 to be consistent with the

experiment.

/ Tty

V2
' —T+y
y = :
V2
The equation is made dimensionless. & = 2//l, §j = y//l, ¢ = ql, E = h?/Z% =
E/Eg and Vo = % = W/ER, where Er = % is recoil energy. I = \/y/2 is

optical lattice constant and set as the length scale.

Ep(z,9) =
[ —%(6@% +07) — Vz cos® (i + g) — V, cos*(7i) — V, cos?(mij)

_ 204\/\71% cos(mZ) cos(my) cos() | (Z, 9)

We need to approximate the partial derivatives, and then make the equation

dimensionless. £ = nA, § = mA

Y((n+ DA, mA) — p(nA, mA)

(. y) =~ A
~ ¢n+1,m - ¢n,m
- A
n m + n—1m 2 n,m
QRufa,y) o Lritmlain =2

o4



Rearranging the terms and defining A = 1/N where N is the number of points

the dimensionless length 1 is divided into. Then, we get,

~ 0
A B, = [4— 1A% cos®(mnA + 5) + V, cos?(mnA) + V, cos?*(mmA)
+ 204/ V.V, cos(mnA) cos(mmA) cos()|¢nm

- wn-&-l,m - ¢n—l,m - wn,m—i-l - wn,m—l'

~ n 0 n m
T Etpm = [AN? — (V3 COSZ(’/TN + 5) -V COSQ(WN) -V, COSQ(WN)

+ 2ay/V,V, COS(?T%) COS(W%) cos(©))nm
N2 (wn-l—l,m + 77Z}n—1,7n + ¢n,m+l + ¢n,m—1)

It is time to apply Bloch condition to impose the periodic nature of wavefunction

by a translation phase.

T )
¢n+N,m = ¢ alwn,m = 6m—wn,m

¢n,m+N = eik.(bl/)n,m - eiﬂwn,m

The unit cell is divided into N? parts and the Bloch condition connects the
boundary values. It is N? x N? matrix equation, which must be diagonalized
for each k,, k, pairs within the first Brillouin zone. Then, the lowest two energy
values are what we are seeking for. Then, we implement a simple python code

that calculates the optimum values for ¢ty and ¢; for lowest two bands.
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